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Abstract :   
 

We present an analytical model reproducing literature‐based numerical simulations of the Marine 
Atmospheric Boundary Layer (MABL) over a SST front, with wind blowing from the cold to the warm side. 
Turbulence is parameterised through a varying diffusion coefficient with two critical features: it is parabolic 
on the vertical and its mean value is decoupled from the MABL height (unlike an Ekman layer model). 
These two novel features are found essential to recover the internal structure of the MABL from numerical 

simulations. Different dynamical regimes are obtained and interpreted in terms of non‐dimensional 

numbers characterising the relative importance of terms driving the momentum equation. A closed‐form 
expression of the vertically integrated wind divergence in the MABL is then obtained. The resulting 
divergence is linearly linked to the SST Laplacian and to the downwind SST gradient. This shows that the 
response of the MABL wind divergence to a SST front is highly dependent on its spatial scale. The 
coupling coefficients vary with the ratio of MABL height to turbulence strength, i.e. the inverse Ekman 
number. We further show different regimes in the rate of variation of the coupling coefficients, depending 
on the Ekman number value. This can result in qualitatively different vertical winds, having potential 
implications for the coupling of the MABL with the free troposphere. 
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1. Introduction

Air-sea interactions over sea surface temperature (SST) fronts have aroused renewed interest in recent years (see the reviews Xie 2004;

Small et al. 2008). Observations of the marine atmospheric boundary layer (MABL) structure, surface winds and wind stress over SST

fronts show persistent patterns, on monthly time scales and on spatial scales from 50 to 100 km (e.g. Businger and Shaw 1984; Liu

et al. 2000; Chelton et al. 2004, 2007; Chelton and Xie 2010; O’Neill et al. 2003, 2005), with stronger surface wind stress and speed

over the warm part of the front. These imprints and associated horizontal wind divergences have been shown to have important impacts

on the free troposphere dynamics (e.g Foussard et al. 2018).

Two main physical mechanisms are put forth in the literature to explain the generation of ageostrophic wind in the MABL: the

downward momentum mixing mechanism (Wallace et al. 1989; Hayes et al. 1989) and the pressure adjustment mechanism (Lindzen

and Nigam 1987). In the former, the wind increase is explained by a change in vertical momentum mixing and boundary layer thickness,

induced by a destabilisation of the MABL on the warm side of the front. It results (O’Neill et al. 2003; Chelton et al. 2004) in a linear

correspondence between the divergence of the wind stress perturbation and the downwind SST gradient field. In the latter, the SST

gradient drives an atmospheric pressure gradient. The consequence is a linear relation between the horizontal divergence of the wind

and the Laplacian of SST, and thus the vertical wind speed in the MABL. This link has been studied numerically in idealized (Spall

2007; Kilpatrick et al. 2014) and more realistic (Lambaerts et al. 2013; ONeill et al. 2017; Plougonven et al. 2018; Foussard et al.

2019) configurations, along with its consequences on the full troposphere (e.g. Minobe et al. 2008; Takatama et al. 2012, 2015).

Different aspects of the MABL response to an SST front have been investigated using analytical models. The MABL-height

variation as a consequence of an atmospheric temperature difference has been derived in Hsu (1984) and Hsu et al. (1985), using

a thermodynamical model. Within the same line of work, Laikhtman and Yordanov (1979); Brown and Liu (1982); Kudryavtsev (1996)

focused on deriving both the MABL height and the turbulent intensity variations by using a two layer model, with an Ekman layer on

top of a bottom surface log-layer. The relative contributions of downward momentum mixing and pressure adjustment mechanisms to

the generation of ageostrophic wind have been studied in Bourras et al. (2004) with a simple linear wind stress parameterisation in the

MABL. Other works have focused on the downward momentum mixing mechanism by assuming a sharp front (Samelson et al. 2006)

or on the pressure adjustment mechanism to study the impact of the MABL wind divergence on the free troposphere above with an

Ekman layer model (Feliks et al. 2004). A semi-analytical model (Schneider and Qiu 2015) has also been developed to investigate the

response of the MABL to an undulating SST front. The linear reduced-gravity model includes both coupling mechanisms and a non

constant vertical turbulent diffusion. Coupling between wind stress divergence and downwind SST gradients was found be sensitive to

the turbulent diffusion representation.

Focusing on the case of a wind blowing from the cold to the warm side of the front, several numerical investigations of the MABL

structure have been performed (Spall 2007; Kilpatrick et al. 2014). Results show a complex vertical structure of the wind in the

MABL, questioning to what extent it can be reproduced by a simple model of the type Schneider and Qiu (2015), and how it affects

the horizontal wind divergence within the MABL. In particular, numerical simulations reveal that (i) the vertical profile of the turbulent

diffusion coefficient (driving the vertical momentum mixing) in the MABL is not horizontally and vertically constant, and has a

parabolic vertical shape; (ii) more importantly, the relationship between the intensity of the turbulent diffusion coefficient and the

MABL height as prescribed in standard Ekman layer theory is not satisfied. In the present work, we present an analytical model

including those two features, to investigate the vertical and horizontal structure of the MABL and the resulting mean wind divergence

The analytical model is presented in Section 2. It includes both above-mentioned features, which allows exploration of different

dynamical regimes of the MABL response to an SST front. These are characterised by means of dimensionless parameters in SectionThis article is protected by copyright. All rights reserved.
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3. The model is then compared to a state-of-the-art idealized numerical simulation (Section 4). A closed form for the vertically-

integrated horizontal wind divergence is then derived from the model in Section 5. It links the physical processes responsible for the

internal dynamical structure of the MABL to the response of the vertically-integrated divergence to different features of the SST field.

Conclusions are presented in Section 6.

2. Analytical model description

Notation definition
Model constants
f Coriolis parameter (s−1)
g gravity acceleration (m s−2)
P0 reference pressure (Pa)
θ0 reference atmospheric potential temperature (280 K)
ρ0 air density (kg m−3)
Model parameters
h MABL height (m)
K0 bottom value of the vertical mixing coefficient

(K0 = K(z = 0)) (m2 s−1)
Km vertical mixing coefficient at the middle

of the MABL (Km = K(z = h/2)) (m2 s−1)
K1 top value of the vertical mixing coefficient

(K1 = K(z = h)) (m2 s−1)
L characteristic horizontal length scale of the SST front (m)
Ug complex geostrophic wind (m s−1)
∆θ characteristic temperature difference across the SST front (K)
θ atmospheric potential temperature perturbation (K)
Other variables
he “effective” MABL height defined by Eq. (12) (m)
K vertical turbulent mixing coefficient (m2 s−1)
Ke height-averaged turbulent mixing coefficient

in the MABL (m2 s−1)
le Ekman layer height (le = π(2Ke/f)1/2) (m)
P pressure perturbation (Pa)
U complex ageostrophic wind (m s−1)
τ complex horizontal wind stress perturbation

(kg m−1 s−2)
Table 1. Nomenclature table of the physical quantities used in the atmospheric analytical model.

In this section, we describe the quasi-equilibrium response of the MABL to an SST front within an analytical framework, reproducing

results from numerical simulations. The analytical model setup is summarised in Figure 1 with notations given in Table 1. A cross-

front zonal geostrophic wind Ug is considered, blowing from the cold to the warm part of the front. The cross-front (zonal), along-front

(meridional) and vertical coordinates are denoted by x, y and z respectively. In order to derive the ageostrophic wind in the MABL,

the model uses the momentum balance. The thermodynamical and turbulent structure are model parameters unlike other works where

they were determined from a heat balance or Monin-Obukhov theory (e.g. Hsu 1984; Brown and Liu 1982; Kudryavtsev 1996).

In addition to the quasi-equilibrium assumption (i.e. ∂t(·) = 0), cases with low Rossby number (denoted Ro) are considered, so that

momentum advection can also be neglected. By denoting U = u+ iv the complex ageostrophic wind generated in the MABL, L the

characteristic horizontal length scale of the SST front and f the Coriolis parameter (∼ 10−4 in the following), this assumption reads

Ro =
|U + Ug|
fL

� 1. (1)

The horizontal momentum balance, on an f-plane, is obtained by expanding around a reference vertically uniform MABL characterised

by an hydrostatic pressure P0 in geostrophic equilibrium with Ug and a constant potential temperature θ0 (equal to 280 K in theThis article is protected by copyright. All rights reserved.
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following). It reads
1

ρ0
∂zτ︸ ︷︷ ︸

turbulent mixing

−ifU︸ ︷︷ ︸
Coriolis force

=
1

ρ0
(∂xP + i∂yP )︸ ︷︷ ︸
pressure force

(2)

where θ and P are the potential temperature and pressure perturbations, and τ the complex wind stress perturbation. The momentum

equation is an Ekman-like balance, as defined in Samelson et al. (2006); Spall (2007); Kilpatrick et al. (2014). It describes the MABL

in the regions where it is nearly at equilibrium with SST. By further assuming a hydrostatic atmosphere, i.e. under the condition that

∣∣∣∣cυcp P

P0

∣∣∣∣� ∣∣∣∣ θθ0
∣∣∣∣� 1, (3)

the vertical momentum balance for the perturbations reads

1

ρ0
∂zP = g

θ

θ0
, (4)

where cv and cp are the isobaric and isochoric heat capacities of dry air. Note that relaxation of condition (1) would require the use of

a numerical scheme to solve the momentum balance (e.g. Schneider and Qiu 2015, where the first order non-linear advection term is

considered).

The analytical model relies on four assumptions, based on results from numerical simulations both from the literature (Spall 2007;

Kilpatrick et al. 2014) and performed in the present work (see Section 4). First, the MABL is assumed to be well mixed, which implies

that atmospheric potential temperature is constant on the vertical. The horizontal momentum balance can thus be rewritten as

1

ρ0
∂zτ − ifU =

g

θ0
[(z − h)(∂xθ + i∂yθ)− (∂xh+ i∂yh)θ] (5)

where the pressure perturbation has been computed by vertically integrating the vertical momentum equation (Eq (4)) from the top of

the MABL h to a given height z.

Second, we assume that the ageostrophic wind is zero at the top of the MABL (simulations show a weak ageostrophic wind). We

further assume a no-slip surface condition, leading to the following boundary conditions:

U(x, y, h) = 0 and U(x, y, 0) = −Ug. (6)

Third, the stress vector is classically related to the wind shear through a turbulent mixing coefficient K

τ(x, y, z) = ρ0K(x, y, z)∂zU(x, y, z) (7)

and, following numerical simulations (e.g. Kilpatrick et al. 2014), we assume the coefficient to be parabolic along the vertical

K(x, y, z) = A(x, y) +B(x, y)

[
z − h(x, y)

2

]
+ C(x, y)

[
z − h(x, y)

2

]2
. (8)

This article is protected by copyright. All rights reserved.
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For clarity, the parabola is defined through the mixing coefficient values at the bottom (K0), middle (Km), and top (K1) of the MABL,

i.e. such that 

A(x, y) = Km(x, y)

B(x, y) =
K1(x, y)−K0(x, y)

h(x, y)

C(x, y) =
2[K0(x, y) +K1(x, y)− 2Km(x, y)]

h2(x, y)

. (9)

Neglecting advection implies that the model solves the momentum balance in independent vertical columns, labelled by the

horizontal coordinate (x, y). Using the first three assumptions, the dynamical structure (i.e. the wind U ) of each column is uniquely

defined in the model by prescribing θ, ∂x,yθ, h, ∂x,yh and K.

The last assumption, on the thermodynamical structure of the independent columns, is twofold. First, the horizontal variations of

potential temperature are assumed to follow SST variations with an horizontal lag that destabilises the MABL (as drawn in Figure 1).

This was found in previous numerical simulations for flows over realistic (Lambaerts et al. 2013) and idealized (Kilpatrick et al. 2014)

SST fields. Second we consider that the intensity of the turbulent diffusion coefficient (i.e. K0, K1 and Km) and the MABL height

(h) are proportional to potential temperature (and thus SST perturbation with some lag). This relationship holds assuming to be in the

thermal wake of the SST front, where the atmosphere is not in local thermal equilibrium with the ocean, and the turbulent structure

is thus mainly determined by the air-sea temperature difference. Since the MABL is invariant along the along-front direction (y), this

implies that in the above equations, potential temperature can be used as the cross-front coordinate, i.e. we replace (x, y) by θ in the

previous equations. In particular, replacing h(x, y) by h(θ) in the momentum balance (5) yields

1

ρ0
∂zτ − ifU =

g

θ0
[z − h(θ)− θ∂θh](∂xθ + i∂yθ). (10)

Note that this change of variables does not imply that U depends solely on θ, since it also depends also on its horizontal gradient.The

horizontal lag in potential temperature with respect to SST impacts both MABL height and turbulent intensity. It accounts to some

extent for non-linear advection affecting both fields. This lag is calibrated from numerical simulations (see Section 4).

The simplicity of the model allows for an analytical solution to be found (see Appendix A for details). This is used in the next

sections to both perform an in-depth analysis of the solution properties and to derive an exact expression of the wind-divergence within

the MABL. Equation (10) is solved using the Legendre functions, a generalization of the Legendre polynomials, for non integer order

and degree. The solutions reveal that assuming a parabolic turbulent mixing coefficient (i.e. ∂zτ 6= 0 in Eq. (10)) has a large impact on

the solution and thus the MABL structure. Section 5 further shows that this difference results in a qualitatively different response of

the vertically-integrated wind divergence.

3. Internal dynamical structure of the MABL

To characterise the behaviour of the analytical model solutions, the following non-dimensional numbers are defined to quantify the

relative importance of the mixing, pressure and Coriolis terms in the momentum balance (10)


Ek =

mixing
coriolis

=
l2e
h2

=
2π2Ke
h2f

Pc =
pressure
coriolis

=
ghe∆θ

θ0fUgL

, (11)

This article is protected by copyright. All rights reserved.
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Figure 1. Drawing of a typical configuration: a front in the meridional direction, with zonal geostrophic wind blowing from the cold to the warm side. Physical parameters
of the MABL model and their spatial dependencies are represented. In the upper panel, dashed lines represent the vertical turbulent diffusion coefficient, and the dotted-
dashed line the height h of the MABL (for the MABL layer). In the lower panel, the dotted-dashed lines is SST and the solide line is the potential temperature (homogeneous
in the MABL). Note that it follows SST with a horizontal lag.

where ∆θ is the characteristic temperature difference across the SST front, and where we have defined an “effective” MABL height

he(θ) = h(θ)

(
1 + θ

d lnh

dθ

)
, (12)

a mean turbulent mixing coefficient (over the MABL)

Ke =
1

3
Km +

1

6
(K0 +K1) (13)

and l2e = (2π2Ke)/f , the height of an Ekman layer given the mixing intensity and the Coriolis force (following Feliks et al. 2004).

Equation (10) can be thus rewritten as

Ek ∂z′(K
′∂z′U

′)− iU ′ = Pc (z′ − 1)(∂x′ + i∂y′)θ
′, (14)

where the primes denote non-dimensional quantities defined as

z′ =
z

h

U ′ =
U

Ug

K′ =
K

Ke

∂′xθ
′ =

L∂xθ

∆θ

∂′yθ
′ =

L∂yθ

∆θ

(15)

The dependence of the zonal and meridional winds on the two non-dimensional numbers defined above are presented in Figure 2,

and discussed below.

3.1. Role of mixing

The present model includes the fact that the height of the MABL (related to the efficiency of turbulent mixing on heat) is not

entirely determined by K, the intensity of turbulent mixing on momentum (unlike an Ekman layer model). The Ekman number isThis article is protected by copyright. All rights reserved.
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Figure 2. Zonal (a and c) and meridional (b and d) relative wind U/Ug as a function of height for different regimes: (a) and (b) for Pc = 0 as a function of Ek; (c) and (d)
for Ek = 1 as a function of Pc

thus interpreted as a free parameter reflecting how the MABL adjusts to a SST perturbation. Its variation accounts for changes in

environmental conditions (e.g. the upwind MABL structure)

Non-dimensional vertical wind profiles as a function of Ekman number are presented on Figures 2a and 2b. The pressure gradient is

set to zero and variation of the Ekman number is achieved by varying the three values parameterizing the mixing coefficient (K0, K1

and Km) uniformly, with K nearly constant on the vertical (i.e. K0 = K1 = Km − 0.1 m2 s−1).

For Ek ∼ 1, a vertical wind profile close to that of an Ekman layer is obtained, i.e an Ekman spiral with a supergeostrophic region

starting at z ∼ 0.8h , also called upper layer jet (e.g. Samelson et al. 2006). The difference with a standard Ekman layer is here mostly

that the top boundary condition is set at a finite height h.

As mentioned above, allowing for values of Ek different than 1 is a specificity of the analytical model (in contrast to Feliks et al.

2004, where it is set to 1). For values of Ek larger than one, the wind becomes more homogeneous in the MABL as the Ekman layer

extends upwards. For values less than 1, the wind shear increases close to the ground and the upper layer jet extends deeper near the

surface, e.g. starting at z ∼ 0.4h for Ek = 0.5.

Figure 2a also reveals that the sensitivity of the zonal wind to variations in Ek decreases as Ek increases. This has important

implications for the vertically-integrated wind divergence, as discussed in Section 5.This article is protected by copyright. All rights reserved.
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Variation of the Ekman number has also been performed by varying only Km keeping K0 and K1 fixed (i.e. increasing the curvature

of the horizontal parabola followed by K, not shown here). In this case, an increase of the Ekman number decreases the shear in the

middle of the boundary layer, but a similar shear as previously is obtained close to the top and bottom boundaries.

3.2. Role of the pressure gradient

For a fixed temperature difference ∆θ and geostrophic wind Ug , the Pc non-dimensional number varies as he/L (with L the typical

width of the SST front). It can thus be interpreted as either measuring the relative impact of pressure on the momentum balance (i.e. as

defined in (11)), either as the inverse relative scale of the SST front.

When mixing vanishes (Ek = 0), the momentum balance (10) reduces to a geostrophic balance. In the analytical model, this is

investigated by taking the limit Ek� 1 with Pc ∼ 1 (Ek = 0 would change the order of the momentum equation, hence the solution).

The bottom boundary condition (U = 0) is incompatible with a purely geostrophic and vertically homogeneous equilibrium. The

turbulent mixing term thus acts in a shallow bottom boundary sub-layer to create necessary vertical wind shear. This can be described

mathematically following a standard matched asympotics approach. If we let ξ = z′/ Ek1/2 in (14), we obtain

∂ξ(K
′∂ξU

′)− iU ′ = (Ek1/2ξ − 1)(∂x′ + i∂y′)θ
′ (16)

which describes a MABL at geostrophic equilibrium, with a shallow sheared sub-layer at the ground (this equation is similar to the one

derived in Munk 1950, for an ocean basin wind-driven circulation with a western boundary current).

Figures 2c and 2d show the influence of a variation of the pressure gradient on the vertical wind structure with Ek = 1 (i.e. with

respect to a reference Ekman layer, recovered for Pc = 0). Consistently with the above matched asymptotics analysis, the Ekman layer

becomes shallower with increasing pressure or decreasing front scale (for Pc = 1, it starts at z ∼ 0.6h), with vertical zonal wind shear

confined to the bottom of the MABL.

For stronger values of Pc, negative meridional winds are observed, jointly with supergeostrophic zonal winds (i.e. at a height

z ∼ 0.2h for Pc = 1.5). This is interpreted as the geostrophic wind (negative meridional wind in the northern hemisphere) overcoming

the background Ekman wind. Note however that when Pc increases, the scale of the front decreases, which implies that advection might

start playing a role in the momentum balance (thus invalidating the model assumptions).

4. Comparison with a numerical simulation

In this section, we present a comparison of the analytical model with a numerical simulation to gain insight on the dynamical regimes

revealed by the analytical model and to validate the assumptions presented in Section 2.

4.1. Numerical model setup

A typical configuration as encountered in the literature (e.g Spall 2007; Kilpatrick et al. 2014) is used with an SST anomaly of the form

T (x) =
∆θ

2

[
1 + tanh

(
x− x0
L

)]
, (17)

with L = 100 km, x0 = 1800 km and ∆θ = 3 K. A background zonal geostrophic wind is prescribed with a value of 5 m s−1 and

balanced by a barotropic meridional pressure gradient. In this configuration, hypothesis (1) used in the analytical model is satisfied

(with Ro ∼ 10−1). This article is protected by copyright. All rights reserved.
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Figure 3. Total zonal wind in m s−1 (a) as simulated after 36 hours from the numerical model and (b) from the analytical solution; (c) SST (dotted line) and mean
potential temperature (dashed line) from the numerical model, and extrapolated potential temperature used in the analytical calculations (solid line). Black contours in
(a) are potential temperature contours, with a difference of 0.5 K between two contours. Dashed line in (a) (b) is the extrapolated MABL height used in the analytical
calculations.

This configuration corresponds to large scale and weak fronts, as can be generated by large scale oceanic currents such as the Gulf

Stream (e.g. Piazza et al. 2016), the Kuroshio Extension (Kawai et al. 2014), the Agulhas Current (e.g. Perlin et al. 2014) or associated

with the Pacific Equatorial Cold Tongue (e.g. Anderson 2001).

The Mesoscale Non Hydrostatic model (Meso-NH) version 5.3.0 (Lafore et al. 1998; Lac et al. 2018) is used in its idealized two-

dimensional configuration. Clouds, precipitation, and radiative fluxes are not considered. Open boundary conditions are prescribed

along the x direction. The domain dimensions are 3600 km in zonal direction and 20 km in the vertical. The horizontal resolution is

1 km whereas the vertical grid spacing varies from 1 m at the surface to 1000 m at 8 km height. We use an f -plane geometry with

f = 10−4 s−1. In the troposphere a lapse rate of 6.8 K km−1 is prescribed with the tropopause at 12 km. The turbulence scheme (Cuxart

et al. 2000) is based on a 1.5-order closure and used in its one-dimensional form with the mixing length parameterized according to

Bougeault and Lacarrere (1989). Sea surface fluxes are computed using the bulk parameterisation COARE3.0 (Fairall et al. 2003). The

model starts from initial homogeneous geostrophic conditions, and runs for 36 hours. At this time, the flow is in a quasi-equilibrium

state, even though the MABL continues to grow slightly and some inertial oscillations of the wind are observed above it.

4.2. Analytical model setup and hypothesis

In the following we discuss how the assumptions made in the derivation of the analytical model (Section 2) compare with the numerical

simulation, and we calibrate the free parameters of the analytical model (i.e. θ, K0, K1, Km and h).This article is protected by copyright. All rights reserved.
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Figure 4. Total meridional wind in m s−1 (a) as simulated after 36 hours from the numerical model and (b) from the analytical solution; (c) turbulent mixing coefficient
computed from the numerical model. Black contours in (a) are potential temperature contours, with a difference of 0.5 K between two contours. Dashed line in (a) (b) is
the extrapolated MABL height used in the analytical calculations. [(c), (d), (e)] Vertical profiles of the turbulent mixing coefficient used the analytical solution (solide line)
and as simulated from the numerical model (dashed line) (c) before, (d) above and (e) after the SST front.

The total zonal and meridional winds from the numerical simulation are shown in Figures 3a and 4a (i.e. the sum of the ageostrophic

U and the geostrophic wind Ug), together with the simulated potential temperature. The results show a bottom atmospheric boundary

layer, where potential temperature is vertically homogeneous, and on top of which the total wind matches the geostrophic wind. The

height of this layer increases with the cross-frontal coordinate. We define the MABL as this bottom atmospheric boundary layer.

The magnitude of the turbulent mixing coefficient as computed in the numerical model (dashed lines in Figures 4c, d and e) exhibits

a parabolic shape along the vertical direction and is symmetric with respect to the middle of the MABL. The intensity of the vertical

maximum of the mixing coefficient increases with SST.

As shown in Figure 3c, the MABL-averaged potential temperature from the numerical model (dashed line) follows SST (dotted line)

with an horizontal lag. To represent the advection of the MABL thermodynamical structure (as discussed in Lambaerts et al. 2013) in

the analytical model, the MABL potential temperature θ is set to have the same shape than the SST (17), but with L = 300 km and

x0 = 2200 km (solid line). This profile follows closely the potential temperature obtained from the numerical model (dashed line), thus

reproducing the numerically simulated pressure gradient.This article is protected by copyright. All rights reserved.
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Following the fourth assumption of Section 2, K0, K1, Km and h are assumed to be linearly linked to potential temperature θ (in

K). To obtain the best match with the numerical results, this dependence is calibrated as


K1 = K0 = 10−5 m2 s−1

Km = 1.5 + 3× θ m2 s−1

h = 134 + 142× θ m

, (18)

i.e. the diffusion coefficient at the top and at the bottom of the MABL is of the order of magnitude of molecular viscosity, and its

value in the middle increases linearly with potential temperature perturbation. As shown in Figures 4c, d and e, the resulting mixing

coefficient is of the order of magnitude of the one obtained in the numerical simulation. The extrapolated MABL height is consistent

with the MABL height observed in numerical simulations before and after the front (see the dashed line in Figure 4a). Above the front,

the extrapolated value is higher than the value from numerical simulation, indicating that the link between h and θ is no longer linear.

This can be attributed to non-linear advection effects in the heat equation solved by the numerical model.

Summarizing, the four assumptions made in the derivation of the analytical model are consistent with the numerical simulation. In

particular, Equation (18), is a strong result indicating that the turbulent structure of the MABL can be almost described as linearly

related to the advected SST.

4.3. Discussion

Results of the numerical simulation and the analytical model are shown in Figures 3 and 4, for the total zonal and meridional wind

respectively. The evolution of the winds in the boundary layer is consistent with previous simulations (Spall 2007; Kilpatrick et al.

2014). In particular in both numerical and analytical models, a vertical shear is created over the cold water, stronger than above the

warm water, where momentum mixing is enhanced due to thermal production of turbulent kinetic energy. As a result of the Coriolis

force, the shear occurs both in the zonal and meridional components of the wind. In both models, the zonal wind exhibits a sharp

variation on top of the front, consistent with a dominant response of the wind divergence to the SST Laplacian in this configuration

(see Section 5).

The horizontal structure in both the analytical model and the numerical simulations can be split into three distinct regions. Vertical

wind profiles in each region are presented in Figure 5. Upwind and downwind of the front (respectively for x ∼ 200 km, Figures 5a

and b and for x ∼ 3000 km, Figures 5e and f respectively), meridional and zonal wind shear is present. The shear is not constant on

the vertical, but increases when approaching the top and bottom boundaries of the MABL, due to the parabolic shape of the mixing

coefficient.

Focusing on the region upwind of the front, numerical simulations reveal the presence of a strongly stratified layer on top of the

MABL (at around 150 m height, Figure 3a), that balances the sharp decrease of the ageostrophic wind to zero. The no-slip upper

boundary condition enforced in the analytical model plays a similar role in developing a strong wind shear, even though it is located

higher than in the numerical model (Figure 5a). However, a zone of supergeostrophic wind (at z ∼ 90 m in Figure 5a) is missed by the

analytical model, possibly due to the presence of upper layer temperature stratification in the numerical model.

Above the SST front (between 1500 and 2500 km), the effect of the pressure gradient on the momentum balance causes a horizontal

wind divergence linked to the temperature Laplacian (Figure 3). Line plots (Figures 5c and d) further show that the main difference

between the analytical and numerical model is in the meridional wind. The analytical model predicts a negative meridional wind (as

can be seen also in Figure 4b). In this region, the pressure gradient induces a strong value of the non-dimensional number Pc, which

implies the existence of a geostrophic meridional wind overcoming the Ekman wind (see Section 3.2). The absence of this feature inThis article is protected by copyright. All rights reserved.
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Figure 5. Vertical profiles of total zonal [(a), (c), (e)] and meridional [(b), (d), (f)] winds from the analytical solution (solid line) and from the numerical model as simulated
after 36 hours (dashed line): [(a), (b)] before the SST front, x = 200 km; [(c), (d)] above the SST front, x = 2000 km; [(e),(f)] after the SST front, x = 3000 km. Grey
shadings denote heights above the extrapolated MABL height used in the analytical solution.

the numerical model results from the advection term. Thus, even though the Rossby number is weak in this particular configuration,

advection still plays a role near the frontal region (as diagnosed in Kilpatrick et al. 2014, for stronger winds).

In all three regions, vertical profiles reveal that the main difference between the analytical and numerical model lies in the meridional

winds. This indicates that the effect of advection is predominant for meridional winds, which are thus not well represented by the

analytical model. Note that this has no impact on the discussion on wind divergence in Section 5, since meridional winds have no

meridional derivative in the present configuration (i.e. ∂yV = 0).

Equation (18) is a strong result of the analytical model indicating that the turbulent structure of the MABL can be linearly linked to

SST. The sensitivity of the MABL structure to a change in this relation been studied and is not shown here. The internal structure of

the MABL is not sensitive to a decrease in K0 and K1, whereas it diverges from the numerical solution when both these coefficients

are increased.

Figure 6 shows the Ekman number as a function of the cross-front coordinate from the numerical simulation and the analytical

model. Both values are similar upwind and downwind of the front. The numerical model shows an increase in Ekman number above

the front (peaking at x ∼ 1800km) which is not present in the analytical model. The Ekman number increases with increasing Ke and

decreases with increasing h. Since, from Figure 4d,Ke is lower in the numerical model than in the analytical solution in this region, the

observed difference in Ekman number is due to a difference in h. Comparison of Figures 4a and b indeed shows that the MABL height

in the numerical model is lower than the MABL height in the analytical model for x ∼ 1800. This delayed increase in the numerical

model MABL height is due to the non-linear effect of advection on the heat budget, and results in a violation of the linear dependenceThis article is protected by copyright. All rights reserved.
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between MABL height and potential temperature, as assumed in the analytical model. More generally, this indicates that advection

intensity (which can vary depending on e.g. Ug) can be an environmental parameter affecting the Ekman number value, for a given

SST front.

Figure 6 further shows that the Ekman number is lower in the downwind part of the front (Ek ∼ 2) than in the upwind part (Ek ∼ 6).

This decrease is correlated with an increase of the zonal wind, and of the turbulent diffusion coefficient. Previous work (e.g. Frenger

et al. 2013) attributed this wind increase to the downward momentum mixing mechanism, i.e. an enhanced downward transport of

momentum due to enhanced turbulence, leading to a stronger wind. What the present analysis shows is that this wind increase is related

to a decrease in the Ekman number, i.e. to ∂θEk−1. The Ekman number is the ratio between the Ekman layer height le and the MABL

height h. This ratio can be interpreted as the relative efficiency of turbulence at mixing momentum (K) with respect to its efficiency

at mixing heat (which contributes to setting the MABL height h). This analysis thus seems to indicate that the downward momentum

mixing mechanism could be not related to an increase in turbulent mixing but rather to a relative decrease of the turbulence mixing

efficiency on momentum with respect to its efficiency on heat.

To test the robustness of the above analysis, simulations were performed for a geostrophic wind of 15 m s−1, in a similar

configuration than in Kilpatrick et al. (2014) (see their Figure 2) and Spall (2007), i.e. where hypothesis (1) is no longer satisfied.

The parameters of the model (K0, K1, Km and h) were also linked linearly to potential temperature, which again followed SST with a

horizontal lag. Zonal winds from the analytical model matched closely the numerical results, and differences were mainly observed for

meridional winds. Those results indicate that (i) the horizontal lag in temperature variations accounts for most of the non-linear terms

affecting the thermodynamical and the turbulent structure of the MABL for higher Rossby numbers; (ii) as observed for the 5 m s−1

case, advection acts mostly on the meridional wind.

500 1000 1500 2000 2500 3000
x (km)

2
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8

Ek

Figure 6. Ekman number from the analytical solution (solid line) and as simulated after 36 hours from the numerical model (dashed line).

5. Horizontal wind divergence

For weather and climate prediction, a key quantity arising from the MABL response to SST fronts is the average horizontal wind

divergence (e.g. Feliks et al. 2004; Minobe et al. 2008; Kilpatrick et al. 2014), defined as

∇ · U =

∫ h

0

(∂xRe U + ∂yIm U)dz, (19)

U =
∫ h
0

U the vertically-integrated wind. It is linked to the vertical velocity at the top of the MABL, which can influence the free

troposphere above.

5.1. Comparison with the numerical simulation

The mean divergence from the analytical model (i.e.∇ · U/h) is first compared to the numerical simulation (Figure 7). The numerical

simulation exhibits a mean divergence proportional to the SST laplacian, with some horizontal lag (consistent with Lambaerts et al.This article is protected by copyright. All rights reserved.
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2013). The pattern and amplitude of the divergence is well reproduced by the analytical solution, especially within the strong

temperature gradient zone (x ∼ 2000 km).

The analytical model exhibits however a stronger divergence upwind of the front. Comparison of Figure 3a and b reveals that the

horizontal wind variation pattern causing the divergence is translated upwind in the analytical solution, i.e. it begins at x ∼ 1500 km

instead of x ∼ 1800 in the numerical model. This difference can thus be interpreted as a consequence of having neglected the non-

linear advection terms which, in the numerical model, affect the momentum budget, and also delay the response of the MABL height

to temperature variations (through their effect on the heat budget).

Considering this overall good agreement between analytical and numerical solutions, the variation of wind divergence for different

dynamical regimes is now investigated with the analytical solution.
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Figure 7. (left axis) Mean wind divergence in the MABL from the numerical simulation after 36 hours filtered with a 40 km-window moving average (solid blue line) and
from the analytical model (dashed black line); (right axis) SST Laplacian (dotted line).

5.2. Analytical expression of the divergence

The simplest model for the horizontal wind divergence is described in Lindzen and Nigam (1987) and Minobe et al. (2008). In the

present framework, it can be recovered by using a linear drag (∂zτ = −εU , with ε a proportionality coefficient) in Equation (10),

yielding

∇ · U =
κε

f2 + ε2
∇2θ, (20)

with κ = (g/θ0)(h2/2). As mentioned in the introduction, this simple relationship is a consequence of the pressure adjustment

mechanism, and links the wind divergence to the SST Laplacian (since θ was assumed to be roughly equal to SST in Section 2).

In rest of the section, the analytical model with a parabolic diffusion coefficient is used to go beyond this formula.

We first consider a simplified case, where f = 0, and the diffusion coefficient is maximum at the ground and nearly constant within

the MABL. With these hypothesis, the wind divergence can be computed from the analytical solution of the model as (see Appendix

B)

∇ · U =
gh3θ∂θh

θ0(K0 −K1)
∇2θ − 1

2
(Ug.∇θ)∂θh+

g

θ0

∂

∂θ

(
h3θ∂θh

K0 −K1

)
(∇θ)2. (21)

Equation (21) contains three terms depending linearly on different functions of potential temperature. The first two terms relate the

integrated wind divergence to the SST Laplacian and the downwind SST gradient. They can thus be related to the pressure adjustment

mechanism and the downward momentum mixing mechanism respectively (even though we are considering here an integrated wind

divergence and not the surface wind stress divergence). The third term is proportional to (∇θ)2, and is thus of the same sign than

∂θ[(h
3θ∂θh)/(K0 −K1)]. This dependence results from the assumption that h andK are only dependent on θ (the fourth assumption in

Section 2), which implies that their spatial derivatives ∂x,y(·) can be replaced by a temperature derivative ∂x,yθ∂θ(·). If this assumptionThis article is protected by copyright. All rights reserved.
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was relaxed, the third term would read
∂

∂x

(
F (h)

K0 −K1

)
∂xθ +

∂

∂y

(
F (h)

K0 −K1

)
∂yθ

with F (h) a function of the MABL height, i.e. it would be proportional to the SST gradient only.

The different terms in Equation (21) depend on the SST field, on h, θ, K and their derivatives with respect to SST. By denoting by

∆θ the typical horizontal variation of SST such that ∇2θ varies as ∆θ/L2 the first term in (21) varies as

gh3θ∂θh

θ0(K0 −K1)
∇2θ ∝ h2

K

h∆θ

L2
∂θh. (22)

This scaling is the product of (i) h2/K, a factor similar to the inverse of the Ekman number Ek−1 (Equation (11), even though in the

present case f = 0), i.e. related to the turbulent structure of the MABL and its adjustment to an SST front; (ii) h∆θ/L2 a factor related

to the inverse relative scale of the SST front (i.e. for f 6= 0, to Pc/L); (iii) ∂θh, the variation of the MABL height with temperature, i.e.

how it adjusts to SST-induced destabilisation. The product between Ek−1 and Pc (factors (i) and (ii) ) is the ratio between the pressure

term and the turbulent mixing term in the momentum balance (10). Factor (iii) can be intepreted, in this simplified situation where

∂θK ∼ 0, as being related to ∂θEk−1 (which is then ∂θh) and thus to the intensity of the downward momentum mixing mechanism

(see Section 4.3). This shows that this first term is related to the pressure adjustment mechanism (factors (i) and (ii), the relative

importance of pressure in the MABL), but is a generalization of (20) since it is also modulated by the presence of the downward

momentum mixing mechanism (by factor (iii)).

The second term in (21) is the product between ∂θh, (i.e. the intensity of the downward momentum mixing) and the downwind

temperature gradient, scaling as ∆θ/L. The last term depends on how the pressure adjustment mechanism intensity (the first term)

varies with temperature, i.e. related to the response of the MABL to SST variations.

The above analysis shows that each of the terms in the response of the integrated wind divergence can be factored into: a factor

related to the adjustment of the MABL to SST perturbations (i.e. to Ek−1 or ∂θEk−1), and a factor depending on the relative scale

of the front L. The scale-dependent factor indicates that the structure and causes of horizontal wind divergence change when different

horizontal scales are considered. In particular, the ratio between the Laplacian of temperature and the gradient of temperature varies

as L−1, with L the typical length scale of the front. This has been shown in Skyllingstad et al. (2007) using a LES simulation of

the MABL. The Ekman number and its derivative, i.e. the adjustment of the MABL to a SST perturbation, could in principle vary

depending on e.g. SST, the upwind MABL, and the relative direction of the geostrophic wind with respect to the frontal gradient.

In the general case, the analytical model integrated divergence reads (see Appendix C for details):

∇ · U = αL∇2θ + αDUg.∇θ + αG(∇θ)2 + αC(Ug ×∇θ), (23)

with coefficients defined in Equation (48), and representing the amplitude of the linear response of the wind divergence to different

functions of potential temperature. The divergence contains the same terms as in the simple case described above, with an additional

factor αC representing the amplitude of the response to the cross-wind gradient. It is not discussed in the following, since the present

model focuses on situations with a downwind SST gradient.

The analytical form of each of the coefficients introduced in (23) reveals that they are not dependent on the scale of the front L or

on ∆θ (see Appendix C). All coefficients are also independent on the vertical structure of the MABL (not shown) as has been noted in

Samelson et al. (2006), implying that they only depend on the average value of the mixing coefficient over the MABL Ke and not on

K0 , K1 and Km. For a given SST field, Ke, ∂θKe, h and ∂θh are thus the free parameters determining the integrated wind divergenceThis article is protected by copyright. All rights reserved.
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coefficients. We can thus reasonably assume that the same factorisation as for the simplified case (21) can be performed. i.e. that each

of the terms in (23) contains a part depending only on Ek−1 and ∂θEk−1 and that the part depending on the relative scale of the front

is fixed, depending solely on the derivatives of SST.

Figure 8 shows the dependence of the coefficients with Ek and ∂θEk, varied by changing Ke and ∂θKe in the analytical model. Note

first that αL is independent of ∂θK (Figure 8b), and that it is dependent on ∂θh (not shown). Similarly, and increase of ∂θKe causes an

increase of the magnitude of αD (Figure 8d). Both results are consistent with the simple case, (21). All three coefficients vanish with

increasing Ke (Figures 8a, b and c), consistent with a decrease in wind shear discussed in Section 3.1. This implies that the imprint of

an SST field on the integrated wind divergence decreases with increasing turbulence.

Figure 8a presents the variation of αL with Ke. Two regimes are observed: an increase of αL, followed by a decrease when Ke

increases, the transition occurring for Ek of order unity. The Coriolis and the pressure forces dominate the momentum balance in the

first regime. The increase of αL with mixing is reminiscent of its increase with drag in the model of Equation (20). In the second

regime, the mixing and the pressure forces dominate and thus the pressure adjustment mechanism is diminished with increased mixing.

Those regimes are absent in the simple model (21), and are thus a consequence of the parabolic vertical shape of the turbulent diffusion

coefficient. A similar behaviour is observed when varying αG with ∂θKe (Figure 8f).

Variations of the different coefficients with the Ekman number and its derivative (i.e. the local adjustment of the MABL to SST

perturbations) are essential for large scale applications. Glendening and Doyle (1995) studied the response of the MABL in terms of

vertical wind to a meandering zonal SST front. They showed that it could vary depending on the bulk MABL adjustment (measured

by the deformation radius in their case) and the scale of the meander. If the present model is applied to a meandering configuration,

then the local adjustment of the MABL could vary along the meander, which would translate into variations of Ek and ∂θ Ek. The two

regimes revealed by Figures 8a and 8f show that the resulting wind divergence (and thus vertical wind) response can be completely

different depending on the bulk Ekman number value.
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Figure 8. Variation of the coefficient linking horizontal wind divergence and [(a),(b)] temperature Laplacian (αL); [(c),(d)] downwind temperature gradient (αD); [(e),
(f)] magnitude of the temperature gradient squared (αG). The variation is as a function of [(a), (c), (e)] the mean diffusion coefficient in the MABL and [(b), (d), (f)] its
temperature derivative.
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5.3. Comparison with the literature

The results of the analytical model are compared to three literature studies. First, the analytical model of Feliks et al. (2004), based on

a similar equation than (10), with however a constant mixing coefficient k0 = (h2f)/(2π2) consistent with the standard Ekman layer

theory. From equation (7) of their paper, if we let the MABL height vary with temperature, we get

∇ · U =
gh2

2πfθ0
(1− 1

2π
)∇2θ −Ug.∇θ

∂θh

π
+
gh∂θh

πfθ0
(1− 1

2π
)(∇θ)2 + (Ug ×∇θ)|z

∂θh

π
. (24)

The coefficients of the response to the different derivatives of potential temperature vary quadratically or linearly with h, with no

sign of the different regimes as observed before. Indeed, in the model of Feliks et al. (2004), Ek being equal to 1 by definition, the

transition cannot occur. Note that the cases of Ek 6= 1 are not purely academic. As discussed in Section 3, these cases are found to be

important to obtain a realistic internal structure of the MABL. No regimes are observed with variation of ∂θh (equivalent of ∂θK in

the present model). This highlights again the qualitative difference between Equation (10) with a vertically-constant coefficient K as

opposed to the non-constant case.

A second study (Lambaerts et al. 2013) evaluates the theoretical αL coefficient of Feliks et al. (2004) (the first term in (24)) against

a numerical simulation, for a configuration with h = 971 m. The MABL is simulated on top of a SST field associated with a simulated

turbulent mesoscale oceanic eddy field. The theoretical and numerical model values of αL are respectively 11× 106 m3 s−1 K−1 and

17× 106 m3 s−1 K−1, for a divergence integrated until the middle of the MABL. Following the typical values used in Section 3,

their numerical model value of αL can be recovered using the present analytical model (48), assuming that Ke = 1.3 m2 s−1. This

corresponds to a specific Ek ∼ 0.3 regime. It highlights again the importance of the different regimes discussed above, Ek varying

between 1 and 5 in the numerical simulations presented in Section 4.

Finally, the study of Plagge et al. (2016) used paired buoys to estimate the mean correlation coefficient between wind divergence

and SST gradient for frontal scales of O(100) km. They found a value of 0.22 m s−1 K−1. This value also agrees with scatterometer

measurements (e.g. ONeill 2012). In the present model, this mean correlation coefficient is estimated as αDUg/h. Assuming a MABL

height of 500m and values of ∂θKe, ∂θδ and Ke derived from the numerical simulation (18), results in αD ∼ 15 m K−1. Further

assuming an average geostrophic wind of 8 m s−1 results in a correlation coefficient of 0.27, matching the value of Plagge et al.

(2016). Another commonly discussed quantity is the SST-surface wind stress correlation coefficient (e.g. Chelton et al. 2004). It is

out of the scope of the present model to discuss this quantity, which would require more realistic bottom boundary conditions (e.g.

imposing a boundary conditions on the momentum flux rather than on the wind).

6. Conclusion

We have presented an analytical model that describes the response of the MABL to an SST front in terms of ageostrophic wind. The

model has been compared to a simple state-of-the-art numerical simulation. The assumptions underlying the model are valid for a

cross-front geostrophic wind, blowing from the cold to the warm side of the front, and for a low Rossby number. However, the model

is able to reproduce numerical simulations at higher Rossby numbers, except on top of the SST gradient, where advection is important.

This results from the fact that the turbulent and thermodynamic structure of the analytical model are prescribed, and that non-linear

effects affecting these structures can thus be partially accounted for.

Comparison between the analytical model and the numerical simulation highlighted the importance to consider a realistic turbulent

diffusion coefficient (both its intensity and its vertical variation) to explain the vertical structure of the MABL. The ageostrophic

wind in the MABL was explained by various dynamical balances depending on its position relative to the SST front. These regimesThis article is protected by copyright. All rights reserved.
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were then characterised by non-dimensional numbers (in particular the Ekman number), and discussed within the framework of the

analytical model. They revealed that the increase in zonal wind across the front, usually associated to the downward momentum mixing

mechanism, could be linked to a decrease in the Ekman number. The effect of advection (not present in the analytical model) was shown

to be important mainly for meridional winds, and on the MABL height above the front.

A closed-form expression for the integrated wind divergence in the MABL was also derived. This novel relation combines the effect

of the downward momentum mixing mechanism and of the pressure adjustment mechanism, both already described in the literature.

Within the analytical model, both mechanisms have however an imprint on the wind divergence, linking it to multiple-order derivatives

of SST, and not only to its Laplacian. The response to the SST derivatives was shown to depend on the dynamical regimes of the

MABL, a feature which has never been discussed in the literature. Several realistic examples have been shown in which both of these

regimes are reached, showing their relevance. The existence of these regimes was shown to be a consequence of considering a realistic

diffusion coefficient in the analytical model.

The link of the wind divergence to multiple-order derivatives of SST is an important novel feature of the closed-form expression. It

implies that the wind divergence response might change with the scale of the front. This should be investigated in future work, based

on observations over sharp SST fronts (e.g. Chevallier et al. 2014). The sensitivity of the wind divergence to non-dimensional numbers

characterising how the MABL turbulent structure adjusts to an SST perturbation is the second main result of this work. It implies that

horizontal gradients of vertical wind on top of the MABL might be sensitive to the turbulent properties of the MABL, which depend

on environmental parameters . In its present form, the model could be used as a diagnostic tool to infer the internal structure of the

MABL from the observed or simulated imprint of a SST field on the wind divergence. This could help characterizing the variability of

the response of the MABL to SST variations (e.g. the variability of the MABL height observed in Vihma et al. 1998; Hashizume et al.

2002), which is essential for large scale applications.
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Appendix A: General solution of the model

In this Appendix we give some details on analytical solution of the model. Using the wind stress closure (7), the momentum equation

(10) reads

∂z(K(θ, z)∂zU(θ, z))− ifU(θ, z) =
g

θ0
(z − he)(∂xθ + i∂yθ), (25)

where we have defined an “effective” MABL height

he = h(θ)− θ∂θh (26)

and where the turbulent diffusion coefficient is parabolic on the vertical

K(θ, z) = A(θ) +B(θ)

[
z − h(θ)

2

]
+ C(x, y)

[
z − h(θ)

2

]2
. (27)
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Note that having a realistic concave mixing coefficient in the vertical direction requires that C is negative.

This equation is solved for the ageostrophic wind U by using the method of undetermined coefficients: the solution is found as a

superposition of a particular solution to (25), Up, and a solution to the homogeneous problem, Uh.

A particular solution to (10) is a first degree polynomial, which reads

Up(z) =
g

θ0
(∂xθ + i∂yθ)

[
he
if
− z

if − 2C
+

Ch−B
if(if − 2C)

]
, (28)

assuming that f 6= 0.

The homogeneous equation of (25) (i.e. whitout the right hand side) can be rewritten as a Legendre differential equation

(1− Z2)
d2U(Z)

dZ2
− 2Z

dU(Z)

dZ
+ λ(λ+ 1)U(Z) = 0 (29)

by using the change of variable

Z(z) =
1

(B2 − 4AC)1/2

[
2C

(
z − h

2

)
+B

]
, (30)

and with

λ =
1

2

(√
4if

C
+ 1− 1

)
. (31)

The solution of this equation is

Uh(z) = c1Pλ[Z(z)] + c2Qλ[Z(z)]. (32)

where Pλ(Z) and Qλ(Z) are the Legendre functions of degree λ (and of order zero), of the first and second kind respectively

(Abramowitz and Stegun 1964). Note that the Legendre functions are defined for Z between minus one and one, which is the case

if the roots of K are above and below the MABL. This is necessary for physical consistency.

The coefficients c1 and c2 are determined by using the boundary conditions (6) and read


c1 = D{Qλ[Z(h)][Up(0) + Ug]−Qλ[Z(0)]Up(h)}

c2 = −D{Pλ[Z(h)][Up(0) + Ug]− Pλ[Z(0)]Up(h)}
, (33)

with

D = {Pλ[Z(h)]Qλ[Z(0)]−Qλ[Z(h)]Pλ[Z(0)]}−1. (34)

Finally, the total solution to (25) reads

U(θ, z) = Up(θ, z) + [Up(θ, 0) + Ug]Hh(θ, z)− Up(θ, h)H0(θ, z), (35)

with 
Hh(z) = D{Pλ[Z(z)]Qλ[Z(h)]−Qλ[Z(z)]Pλ[Z(h)]}

H0(z) = D{Pλ[Z(z)]Qλ[Z(0)]−Qλ[Z(z)]Pλ[Z(0)]}
. (36)

The particular solution Up, defined in Equation (28), depends on the magnitude of the pressure force and the turbulent diffusion

coefficient structure. However, the functions H0 and Hh rely solely on an Ekman balance between turbulent dissipation and Coriolis

force, since they result from the solution of the homogeneous problem (whitout the pressure force). In particular Hh defines aThis article is protected by copyright. All rights reserved.
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”background” vertical wind without the effect of pressure, i.e. it is the only remaining term in Equation (35) if the pressure gradient

vanishes (i.e. for Up = 0).

Considering a parabolic turbulent mixing coefficient has a large impact on the solution of the momentum equation (25). If K has no

dependence on the vertical coordinate (i.e. ∂zK = 0), then

i

f

g

θ0
[z − h(θ)− θ∂θh](∂xθ + i∂yθ)

is a particular solution to (25). It does not contain any dependence on K, unlike the particular solution Up in the case of a vertically-

depend turbulent mixing coefficient (equation (28)). The product between the ”background” wind and the particular solution (the term

Up(0)Hh in (35)) also has a different dependence on the intensity of the diffusion coefficient.

Appendix B: Wind divergence in a limit case

In this Appendix, we compute explicitly the height-integrated wind divergence using three simplifying assumptions: (i) f = 0; (ii) the

turbulent diffusion coefficient is maximum at the ground; (iii) the turbulent diffusion coefficient is nearly constant on the vertical.

Considering that f = 0 implies that the degree λ of the Legendre functions used in the model solution, defined in (31), is zero. In

this case, the Legendre functions read

P0(x) = 1 , Q0(x) =
1

2
ln
(

1 + x

1− x

)
. (37)

Assuming that the turbulent diffusion coefficient is maximum near the ground yields

∂zK|z=0 = B − hC = 0⇔ Km = (3/4)K0 + (1/4)K1, (38)

In this case the two roots of the parabolic diffusion coefficients are symmetric with respect to z = 0. Thus K can be factorised as

K(z) = C(z − r)(z + r) (39)

with r and −r its two roots

r = h

√
K0

K0 −K1
(40)

and a coefficient C which reads

C =
K0 −K1

h2
(41)

Using Equations (37) and (39) into the expressions of the particular and homogeneous solution ((28) and (32)) yields



Uh(z) =c1 + c2
Q0(z/r)

2r

Up(z) =
g

2Cθ0
(∂x + i∂y)θ

×
[
z − he ln

(
z2 − r2

)
)
] . (42)
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Using the expression of c1 and c2 from (33), the height-integrated complex ageostrophic wind reads

U =
g

2Cθ0
(∂xθ + i∂yθ)

{
3h2

2
+ 2θh∂θh+H(h/r)

}
+ UgrG(h/r) (43)

with 

F (x) = he ln
(

1− x2
)
− h

G(x) =
ln
(
1− x2

)
2Q0(x)

H(x) = rF (x)G(x)− 2rheQ0(x)

. (44)

The integrated divergence∇ · U = ∂xReU + ∂yImU reads

∇ · U =
g

2Cθ0
∇2θ

[
3h2

2
+ 2θh∂θh+H(h/r)

]
+

g

2θ0
(∇θ)2∂θ

{
1

C

[
3h2

2
+ 2θh∂θh+H(h/r)

]}
+ (Ug.∇θ)∂θ [rG(h/r)] . (45)

The assumption that the turbulent coefficient is nearly constant on the vertical implies that its positive root is located much higher

than the MABL height, i.e. h/r � 1. Within this limit


G(x) = −x

2
− x3

12
+O(x5)

H(x) = −rh
[

3 + 4θ∂θ lnh

2
x+

1 + 2θ∂θ lnh

12
x3 +O(x5)

] . (46)

Replacing these expressions in (45) leads to (21).

Appendix C: General form of wind divergence

The wind divergence is obtained by defining Πr and Πi as

Up(z) = (∂xθ + i∂yθ)(Πr + iΠi) (47)

i.e. separating the dependence in the gradient of potential temperature from the dependence in MABL height and vertical wind shear

in the particular solution (28). The integrated wind divergence∇ · U = ∂xReU + ∂yImU can then be computed from (35), leading toThis article is protected by copyright. All rights reserved.
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Equation (23), with 

αL =

∫ h

0

[Πr(z) + Πr(0) ReHh(z)−Πi(0) ImHh(z)

−Πr(h) ReH0(z) + Πi(h) ImH0(z)] dz

αG =

∫ h

0

∂θ [Πr(z) + Πr(0) ReHh(z)−Πi(0) ImHh(z)

−Πr(h) ReH0(z) + Πi(h) ImH0(z)] dz

αD =

∫ h

0

∂θ[ReHh(z)]dz

αC = −
∫ h

0

∂θ[ImHh(z)]dz

. (48)

The four coefficients contain no quantities related to the temperature derivatives: H0 and Hh result from the solution to the

homogeneous problem (i.e. the momentum equation without the pressure term), and Πr and Πi were defined above as the components

of the particular solution without the effects of the temperature gradient.
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Understanding how the atmospheric boundary layer responds to SST fronts is crucial for a number of 

applications. Here, it is studied by means of an analytical model  for a meridional front, as shown in the 

image. The model allows to define and explore a phase space of the different dynamical regimes 

occurring in the boundary layer. The depth-integrated wind divergence is analytically computed and 

found to be linked to different derivatives of the SST field, depending on the dynamical regimes. 
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