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Sea Surface Radar Scattering at L-Band Based
on Numerical Solution of Maxwell’s

Equations in 3-D (NMM3D)
Tai Qiao , Student Member, IEEE, Leung Tsang, Fellow, IEEE, Douglas Vandemark,

Simon H. Yueh, Fellow, IEEE, Tien-Hao Liao, Frédéric Nouguier , and Bertrand Chapron

Abstract— Radar scattering from ocean surfaces is investigated
by 3-D numerical solution of Maxwell’s equations [numerical
Maxwell’s model in 3-D (NMM3D)] using the ocean surface
profiles stochastically generated from a 3-D Durden–Vesecky
ocean spectrum. The surface integral equations (SIEs) are
formulated for dielectric surfaces using Green’s functions of
the air and the ocean permittivities with the surface tangential
electric and magnetic fields as the unknowns. In solving the
SIEs using the method of moment, a fast matrix solver of
the sparse matrix canonical grid is used in conjunction with
Rao–Wilton–Glisson basis functions. The computation has been
implemented on a high-performance parallel computing cluster
for problems with up to six million surface unknowns. Unlike
the two-scale model (TSM) approximation, NMM3D does not
require division of the surface spectrum into large- and small-
scale ocean waves. The results of backscattering simulations
are compared to Aquarius satellite radar measurements for
wind speeds of 5, 8, and 10 m/s and for incidence angles
of 29°, 39°, and 46°. The results show that NMM3D ocean
backscattering solutions at L-band are in good agreement with
Aquarius satellite radar data for co-polarized VV, HH, and cross-
polarized VH returns as well as for the VV/HH ratio. The
azimuthal dependence of L-band backscatter is also assessed.
Finally, NMM3D results are compared to TSM solutions and are
shown to lie close to Aquarius data in observed VV/HH ratio,
and their azimuthal dependencies.

Index Terms— Aquarius, Durden–Vesecky (DV) spectrum,
numerical simulations, ocean remote sensing, radar scattering.

I. INTRODUCTION

PHYSICAL models of electromagnetic scattering from
random rough surfaces have broad application in micr-

owave remote sensing of land surfaces and ocean surfaces.
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Analytical approximate methods include the small perturbation
method (SPM), geometrical optics (GO), physical optics (PO),
advanced integral equation method, the small-slope approxi-
mation, and the composite surface model [1]–[6].

Ocean surfaces have a range of scales, with gravity waves
of order of meters and short gravity and gravity–capillary
waves with scales in the range of centimeters to millimeters.
A common scattering model is the composite surface model,
also known as the two-scale model (TSM) [7], [8]. In this
approach, the surface height spectrum is divided into two in
order to separate large- and small-scale roughness elements.
PO/GO and SPM are applied, respectively, to the two scales,
and the total radar cross section is obtained by summing the
two contributions. The dividing line is usually chosen to be
in the range of 1/5 to a half of the free-space wavenumber
of the incident microwave [9]–[11]. The TSM is a heuristic
model as the decomposition of an object into parts followed
by coherently or incoherently combining the scattering of
each does not follow from Maxwell’s equations; otherwise,
Maxwell’s equations can be readily solved for any large
object. Thus, TSM requires tuning of dividing line between
large scales and small scales. The optimal choice depends on
incidence angles [11].

In recent years, numerical simulations of 3-D rough surface
scattering have become feasible by combining fast numeri-
cal methods and high-performance computing [12]–[16]. The
simulations have been applied to land and ocean surfaces.
Both land and sea surfaces have fine-scale (millimeter to
meter) features that can cause significant microwave radar
backscattering. For example, gravity–capillary and capillary
waves have small radii of curvature compared with microwave
wavelength that can lead to strong backscattering and cross-
polarized returns. Because of the fine-scale surface features,
the surface integral equation (SIE) approach, with discretiza-
tions of surfaces, is more accurate than using the finite-
difference time-domain or finite-element method approaches.
The latter two methods require volumetric discretization. The
SIE approach combines fine-scale surface discretization with
the method of moments (MoM) to capture the impact of
all relevant surface structure on the scattered electromagnetic
radiation. Examples of fast dense matrix solvers include the
sparse matrix canonical grid method (SMCG) [15] and the
multilevel fast multiple algorithm [16]. In order to reduce
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the number of iterations, a near-field preconditioner has been
used [13]. Some past work in numerical simulation treated
the ocean surface as a perfect electric conductor [14]. Several
past studies also implemented impedance boundary condi-
tions (IBCs) [16], [17]. The IBC states that the tangential
electric field is equal to the product of the wave impedance of
the ocean permittivity and the tangential magnetic field. The
approximation is valid if the radius of curvature of the surface
is large compared with the microwave wavelength. Compared
to previous works which are making approximations in the
modeling process, in this paper, Maxwell’s equations are
solved with a finite permittivity. Some earlier works are
simulating 1-D surfaces or 2-D surfaces with pulse basis
functions, while in this paper, 2-D surfaces with Rao–Wilton–
Glisson (RWG) basis functions are being studied [18]–[23].

In this paper, we apply numerical Maxwell’s model in
3-D (NMM3D) [12] to simulate L-band radar scattering from
a wind-roughened ocean. The SIEs of Poggio–Miller–Chang–
Harrington–Wu–Tsai (PMCHWT) [13] are used. The ocean
surface profiles are stochastically generated using 3-D ocean
spectra. In PMCHWT formulation, two separate Green’s func-
tions are used, one for air permittivity and another for ocean
permittivity. The SMCG [15] is used in conjunction with
RWG basis functions. For modeling of the rough surface
scattering, the physical problem is 3-D vector wave scattering.
However, the rough surface boundary has 2 dimensions with
2 degrees of freedom. The SMCG method uses a Taylor
expansion of Green’s function about the flat surface so that
2-D fast Fourier transform (FFT) can be applied to the
3-D electromagnetic scattering problem. The SMCG method
has been implemented in a parallel computation frame-
work [24]. The scattering problems in this paper include cases
with up to six million surface unknowns in the tangential
electric and magnetic fields. In NMM3D simulations, a finite
surface size is used and the surfaces are discretized. This
means that the ocean spectrum is truncated between kl and ku ,
where kl is inversely proportional to the surface size while ku

is inversely proportional to the discretizing sampling. Note that
in NMM3D simulations, there is no need to impose a surface
scale separation within this domain of kl to ku . By changing kl

or surface size, one can investigate the influence of adding
roughness due to longer ocean surfaces. By varying ku , one
can assess the impact of small-scale capillary waves. This
paper will focus on L-band ocean backscattering simulations
and their comparison to results obtained from the Aquarius
satellite radar system for wind speeds of 5, 8, and 10 m/s.
Aquarius measurements provide estimates for VV, HH, VH,
and the VV/HH ratio, and NMM3D backscattering results are
produced for each case. Comparisons will also be made with
TSM backscatter estimates to evaluate the efficacy of this
widely used approximation method.

This paper is organized as follows. In Section II, we describe
the ocean spectrum used in this paper. In Section III, we
describe the formulations of SIE and the numerical implemen-
tations. In Section IV, the influences of kl and ku , the lower
and upper limits of truncated ocean spectrum on backscatter,
are illustrated. In Section V, we illustrate numerical results and
make comparisons to data and the TSM model.

II. OCEAN SPECTRUM AND SURFACE GENERATION

Ocean roughness spectra have been extensively used
in electromagnetic modeling of ocean surface scattering.
Common ocean spectra include the Pierson–Moskowitz,
Durden–Vesecky (DV) [16], [26], Donelan–Banner–Jahne, and
Elfouhaily spectra [25], [27]–[29]. These wind-dependent
ocean wave height models are written in the form of the
product of an isotropic part and an azimuthal anisotropic (wave
direction) part

W (k, φ, u) = 1

k
S(k, u)�(k, φ, u) (1)

�(k, φ, u) = 1 +�(k, u) cos(2φ) (2)

where S(k, u) is the omnidirectional spectrum with k being
the spectral components and u being the surface wind speed.
φ is the azimuthal angle with respect to the wind direction.
�(k, φ, u) is the directional spreading function or angular
dependence function which denotes the nonuniform distribu-
tion of wave roughness in azimuth. In this paper, we used the
DV spectrum for the NMM3D simulations. Appendix B gives
the expression of the DV spectrum. Two versions are used. One
version is the isotropic, or omnidirectional, spectrum defined
by setting �(k, u) = 0, and is referred to as isotropic DV
in this paper. The other version used is the full directional
DV spectrum, referred to as the anisotropic DV spectrum.
Although other spectrum can be used such as the Elfouhaily
spectrum, the purpose of this paper is to use NMM3D simula-
tions to compare the results of TSM and SPM. Thus, we limit
ourselves to the isotropic and anisotropic DV spectra [26].

In this paper, the microwave frequency is 1.26 GHz, which
is the frequency of the Aquarius L-band scatterometer. The
wavenumber of the microwave k0 is 26 m−1. According to
the Bragg scattering theory [29], [30], the spectral compo-
nent of the ocean spectrum that contributes to the backward
scattering is

kB = 2k0 sin θ (3)

where for the incidence angle (θ ) of 39°, the Bragg scattering
wavenumber is 33 m−1.

In the rough surface simulations computed using DV as an
input for the SIE approach [15], we specify the surface area to
be of an extent Lx and L y in x- and y-directions, respectively.
We also set surface lengths Lx = L y = L. In the discretization
of the surfaces, sampling intervals of �x = �y are used.
These limits set surfaces that contain spectral components
W (k, φ, u) in the range of kl ≤ k ≤ ku , where

ku = π

�x
(4)

kl = 2π

L
. (5)

In Fig. 1, we show a log–log scale of the isotropic DV
spectrum for wind speeds of 5, 8, and 10 m/s. The wavenumber
of the incident microwave, the Bragg wavenumber, kl , ku for
several surface lengths, and sampling are also shown. In Fig. 1,
the lower limit kl corresponds to a surface by 64λ × 64λ
and the upper limit ku corresponds to �x = �y = 1/32λ.
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Fig. 1. Isotropic DV surface elevation spectrum (solid lines) for wind speeds
of 5, 8, and 10 m/s. Magenta and blue lines denote lower and upper limits.
The lower limit kl corresponds to a surface size of 64λ × 64λ. The upper
limit ku corresponds to �x = �y = 1/32λ. Red and green lines denote the
incident microwave wavenumber and Bragg wavenumber, respectively.

TABLE I

UPPER AND LOWER SPECTRAL LIMITS FOR VARYING SAMPLING

POINT DENSITIES AND SURFACE SIZES

The incident L-band and Bragg wavenumbers lie between the
upper limit and lower spectral limits.

In Table I, we tabulate kl and ku values corresponding
to the surface sizes and the discretization intervals used in
this paper. With the increase of surface length, large-scale
ocean waves are incrementally increased in the simulations.
The peak wavenumbers for 5, 8, and 10 m/s are around
0.27, 0.1, and 0.07 m−1. Because of the finite length in these
surface simulations, longer ocean wave scales (especially at
higher wind speeds) and their tilt impacts are not be included
in the results.

III. PMCHWT SURFACE INTEGRAL EQUATION

AND NUMERICAL IMPLEMENTATION

USING RWG AND SMCG

In this section, we summarize the methodology of NMM3D
simulations [13]–[15].

For scattering by dielectric surfaces, the PMCHWT formu-
lations of SIEs are given in the following form:⎡

⎢⎣ −T − η1

η
T1 K + K1

−K − K1 −T − η1

η
T1

⎤
⎥⎦ [

J̃
M

]
=

[
n̂ × Ē inc

n̂ × H̄ inc

]
(6)

where

Ti (X) = iki n̂ ×
∫

S

(
¯̄I + ∇∇

k2
i

gi (r̄ , r̄
′)
)

· X(r̄ ′)dr̄ ′ (7)

Ki (X) = n̂ × P.V.
∫

S
∇gi (r̄ , r̄

′)× X(r̄ ′)dr̄ ′ (8)

and

gi (r̄ , r̄
′) = eiki |r̄−r̄ ′|

4π |r̄ − r̄ ′| (9)

∇gi (r̄ , r̄
′) = (−1 + iki |r̄ − r̄ ′|) exp(iki |r̄ − r̄ ′|)

4π |r̄ − r̄ ′| (r̄ − r̄ ′).

(10)

In (9) and (10), k and g(r̄ r̄ ′) are the wavenumber and Green’s
function in air, respectively, while k1 and g1(r̄ r̄ ′) are the
wavenumber and Green’s function for ocean permittivity. Next,
we apply the MoM to the above SIEs. RWG basis functions
are used. Curl-conforming RWG functions are used as testing
functions. A property of the discretized equations is that the
impedance matrix elements are symmetric, e.g.

Zmn = Znm . (11)

We have used this property to reduce CPU memory and
computation time.

A finite surface area of L by L is used in the SIEs. To elim-
inate the edge effects for a surface with finite size, a tapered
plane wave [31], in the form of 2-D Fourier transform, is used

Ēi (r̄) =
∫ ∞

−∞
dk̄ρei(k̄ρ ·ρ̄−kz z)ψ(k̄ρ)ē(k̄ρ) (12)

H̄i(r̄) =
∫ ∞

−∞
dk̄ρei(k̄ρ ·ρ̄−kz z) ψ(k̄ρ)

η
h̄(k̄ρ). (13)

For fast matrix vector multiplication in the iterative solution
of the matrix equation, we used the SMCG method. In the
SMCG, a Taylor series expansion of Green’s function is
applied [16] about a flat surface defined by the xy plane. Subse-
quently, a 2-D FFT is applied. The Taylor series expansions are
performed for Green’s functions and the gradient of Green’s
functions

gi(r̄ , r̄
′) = eiki |r̄−r̄ ′ |

4π |r̄ − r̄ ′| =
M∑

m=0

a(1,2)m (ρR)

(
z2

d

ρ2
R

)2

(14)

∇gi(r̄ , r̄
′) = (−1 + iki |r̄ − r̄ ′|) exp(iki |r̄ − r̄ ′|)

4π |r̄ − r̄ ′| (r̄ − r̄ ′)

=
M∑

m=0

b(1,2)m (ρR)

(
z2

d

ρ2
R

)2

(15)

where zd = f (x, y) − f (x ′, y ′). The coefficients a(1,2)m (ρR)

and b(1,2)m (ρR) are translationally invariant in the horizontal
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directions. We apply 2-D FFT to the coefficients, and these
are performed for the product of the Toeplitz matrix and
column vector [16]. The first four coefficients of (14) and (15),
am and bm , are listed in Appendix A. In Appendix A, we also
describe improvements to use SMCG on NMM3D compared
to that used in previous implementations.

To implement the SMCG in conjunction with RWG basis
function into the surface integral equations, the discretized
surface equation must be written in a form that the field
points and sources points are separated apart. The details are
illustrated in Appendix A.

In this paper, the Taylor series are expanded to fifth order.
We have checked that five terms in the Taylor series expansion
could give accurate results compared to direct Green’s function
multiplication such that the error norm is less than 0.2% for a
wind speed of 5 m/s. The details of numerical implementation
of SMCG on RWG basis functions are also described in
Appendix A.

IV. OCEAN SURFACE PROFILE GENERATIONS AND

L-BAND BACKSCATTERING VARIATIONS WITH kl AND ku

For L-band NMM3D simulations, we account for roughness
due to both short gravity waves (5 m and less) [32] and shorter
gravity–capillary waves (down to 2 cm or so) [33]. Since
the wavelength of wind-generated gravity waves will increase
with wind forcing, a larger sea surface for the NMM3D
analysis is necessary for greater wind speeds. To account for
the influence of fine capillary waves on backscatter, a small
discretization of the surface is necessary. By varying surface
length and discretizations as shown in Table I, we examine
the effects of longer gravity waves and shorter gravity–
capillary waves on backscattering at L-band. At a wind speed
of 5 m/s, Aquarius data show the negative upwind–crosswind
asymmetry [33], [37]. This means that upwind backscat-
ter is smaller than crosswind backscatter. At other wind
speeds (>8 m/s), upwind backscatter is stronger than cross-
wind backscatter. This asymmetry cannot be reproduced based
on the DV anisotropic spectrum or using other existing
spectrum. We will investigate the spreading function in the
future. In the meantime, we use the isotropic DV spectrum
for NMM3D for 5 m/s, but upwind data for Aquarius. For a
wind speed of 8 m/s, the Aquarius data are weakly dependent
on wind direction, especially for beam 1 and beam 2. Then,
we used isotropic surfaces for 8 m/s. For 10 m/s, we used
anisotropic surfaces. We have also calculated surface sample
statistics from randomly generated surface profiles [34]–[36].
The rms heights are provided in Table II for various surface
lengths and wind speeds. We have made comparisons between
numerical computation and analytical integration and found
that the ocean statistics within the same spectrum range are
the same between the two methods.

For a wind speed of 8 m/s, the increase of surface length
from 16 wavelengths to 64 wavelengths, corresponding to the
decrease of kl , results in an increase of rms height from
5.1 to 13.8 cm. This indicates inclusion of longer surface
waves with increased surface size.

In order to study the influence of the upper and lower limits
of the spectral range used in the simulation, we conducted

TABLE II

RMS FOR ISOTROPIC DV SPECTRUM AT DIFFERENT WIND SPEEDS
IN TERMS OF LONGEST SURFACE WAVELENGTH

TABLE III

VV AND HH FOR VARYING DISCRETIZING DENSITIES AT

WIND = 5 m/s WITH 39° INCIDENCE ANGLE AND

ISOTROPIC DV SPECTRUM IN COMPARISON

WITH UPWIND AQUARIUS DATA

NMM3D simulations using different surface lengths and
discretizations.

Table III shows the backscatter results for wind speed =
5 m/s at several sampling densities. The results show that
16 points per wavelength and 32 points per wavelength
yield very similar backscattering results. The difference is
within 0.3 dB. The Aquarius upwind data are also listed
in Table III. Based on extensive simulations, sampling at
16 points per wavelength yields sufficient accuracy to account
for the small-scale roughness. Including smaller capillary wave
roughness does not alter the backscattering results for this
case. For emissivity calculations, denser sampling is required.
And results for cross-wind and upwind are compared for the
anisotropic DV spectrum and are shown in Fig. 5.

Next, we conducted numerical simulations for several sur-
face sizes at wind speeds of 5 and 8 m/s. These correspond
to changing kl . The backscatter results are shown in Table IV.
We also include in Tables III and IV the number of realizations
used in the simulations as shown in the last column of
Tables III and IV. We have conducted convergence test with the
number of realizations. The results show that 30 realizations
can give stable results for backscatter. For the 16λ case,
the computation time is about 3–4 min for each realization. For
the 32λ case, it is about 20 min for each realization. For the
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Fig. 2. Comparison of L-band NMM3D scattering amplitude distributions for 300 realizations for co-polarized cases (Left) VV and (Right) HH and for a
wind speed of 5 m/s using the isotropic DV spectrum and an incidence angle 29°. The red curve indicates that for a Rayleigh-distributed process.

TABLE IV

VV AND HH FOR L-BAND 39° INCIDENCE ISOTROPIC DV SPECTRUM

COMPARED WITH UPWIND AQUARIUS DATA. (a) VV AND HH FOR
VARYING SURFACE SIZES AT WIND = 5 m/s. (b) VV AND HH

FOR VARYING SURFACE SIZES AT WIND = 8 m/s

64λ case, it is about 1 h for each realization. The convergence
rate of iterations is influenced by the roughness of the ocean
surface.

The NMM3D backscatters of various simulated surface
sizes are shown in Table IV(a) and (b) for wind speeds of
5 and 8 m/s, respectively. It is noted that there is a less than
1-dB difference for VV and a 1.4-dB difference for HH at
5 and 8 m/s. One observes that for the two wind speeds,
the maximum difference for backscatter for varying surface
sizes is 0.7 dB. There is also an increase of backscatter with
increasing wind speed from Table IV(a) to (b). It is to be
noted from Table IV(b) that the three surface sizes at a wind

speed of 8 m/s have approximately the same backscatter.
But in Table II, the three surface sizes have very different
rms height for the same wind speed of 8 m/s. With the
increase of simulated surface size, longer waves (waves that
are meters long and have a large rms height) are included
in the simulations. However, these longer waves do not cause
significant differences on backscatter at a wind speed of 8 m/s.
The backscatter arises from the spectral components in the
ocean spectrum that are comparable to the wavelength of the
incoming microwaves. For L-band, the decimeter and centime-
ters ocean waves cause backscatter. The above convergence
analysis may also be influenced by the random errors inherent
to the Monte Carlo simulation approach. In future studies,
the use of larger surface sizes will be studied.

V. NMM3D RESULTS AND DISCUSSION

In this section, we present NMM3D numerical ocean scat-
tering results at L-band and their comparison with Aquarius
data. The assumed surface relative permittivity is 75+61i , cor-
responding to a complex index of refraction of 9.26 + 3.29i .
This is the case of seawater with a salinity of 35 parts per thou-
sand at a water temperature of 10 °C at 1.26 GHz. For each
realization, a single sea surface is generated, and Maxwell’s
equations are solved numerically. The scattering coefficients
represent results averaged over 30–300 realizations.

Isotropic and anisotropic DV ocean spectra are used for sim-
ulations of wind-dependent L-band backscatter. The isotropic
DV spectrum is used for 5 and 8 m/s. The anisotropic DV
spectrum is used for 10 m/s [38], [40].

Fig. 2 shows the statistical distributions of the simulated
amplitude of HH and VV computed using 300 realizations
with a wind speed of 5 m/s and an incidence angle of 29°.
The histogram of computed backscatter values is consistent
with that shown for a Rayleigh distribution.

Fig. 3 shows the in-plane bistatic L-band scattering coeffi-
cients at 5-m/s wind speed and 39° incidence. In these simu-
lations, we decompose the bistatic scattering coefficients into
coherent and incoherent waves [13], [15]. For the surface sizes
used, the coherent waves are only significant in the specular
direction while scattering in other directions arises from the
incoherent waves [13]–[15], [39], [40]. The backscattering
direction is highlighted with a dashed line in Fig. 3.
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Fig. 3. In-plane bistatic VV/HH for wind = 5 m/s isotropic DV spectrum.

Fig. 4. L-band backscatter at a wind speed of 5 m/s for different incidence
angles: 29°, 39°, and 46° and isotropic DV spectrum compared with upwind
Aquarius data.

Fig. 4 shows the backscatter dependence at the three inci-
dence angles of the Aquarius scatterometer 29°, 39°, and 46°
at a wind speed of 5 m/s. Backscattering decreases with
incidence angle. The upwind Aquarius data are also shown.
For co-polarization, the agreement between simulations and
upwind Aquarius data are within 1 dB at the three incidence
angles.

In Fig. 5, we illustrate the backscatter for a wind speed of
10 m/s using an anisotropic DV spectrum. The incidence angle
is 46°. There are four curves in Fig. 5: NMM3D with error
bars derived from the Monte Carlo simulations, first-order
SPM, Aquarius data, and composite surface model (TSM).
There are several TSM models because TSM is a heuristic
approximation, subdividing the objects into parts and then
performing incoherent combining with tilts. We have referred
to several TSM models in our computation. The uncertainty
of numerical simulation is defined as

error (dB) = 10 log 10

(
1 + 1√

N

)
(16)

for VV and HH. In (16), N is the number of realizations.
The four panels in Fig. 5 correspond to VV, HH, VV/HH
(polarization ratio), VH, respectively. We can see that HH
of SPM is lower than Aquarius data, while NMM3D, TSM,
and SPM show VV results that are all comparable with
Aquarius observations. The polarization ratio, VV/HH, derived
using SPM is 1.5 dB larger than the data. NMM3D and

Fig. 5. L-band backscatter for wind speed = 10 m/s and incidence
angle = 46°. (Top) VV and HH. (Bottom) VV/HH. TSM, NMM3D, and
SPM results use the anisotropic DV spectrum.

TSM for kd = (k0/2) can both provide polarization ratio
in reasonable agreement with data, while the polarization
ratio given by SPM is larger than data. For the range of
wind speeds (wind speed <10 m/s), we are studying, TSM
and NMM3D both agree well with cross-polarization data.
Fig. 5 also indicates that Aquarius data show a directional
dependence in the VV/HH polarization ratio. The wind direc-
tion dependence of this ratio is also exhibited in NMM3D,
while the ratio is direction invariant for SPM. With a dividing
wavenumber equals to (k0/2), we see that TSM can predict
scattering coefficients that are as consistently close the data as
for NMM3D.

Fig. 6 provides the backscattering polarization ratio for
wind speeds of 8 and 10 m/s and for the three incidence
Aquarius angles [40]. NMM3D simulation uncertainties are
also shown. For a wind speed of 8 m/s, the surfaces used in
the computations are derived from the isotropic DV spectrum.
The results of TSM and data shown in Fig. 6 are averaged
over all wind directions. For wind = 10 m/s, the anisotropic
DV spectrum is used in NMM3D. The results of NMM3D,
TSM, and Aquarius data are also averaged over all wind
directions. The results indicate that the VV/HH ratio increases
with increasing incidence angle. From Fig. 6, we see that the
difference for both TSM and NMM3D compared to Aquarius
data is both within 0.6 dB [42].

In Fig. 7, we plotted the polarization ratio for a wind speed
of 10 m/s and at an incidence angle of 46° for a range
of cutoff wavenumbers, (k0/2), (k0/3), and (k0/5). Vertical
axis is VV/HH ratio in dB. Each data point is obtained
by averaging over all wind directions. It is apparent that
the polarization ratio computed using the TSM varies with
cutoff wavenumbers. For kd in the range of (k0/5) to (k0/2),
the VV/HH ratio can vary by about 0.4 dB, indicating the
sensitivity of TSM predictions within the nominal range of
cutoff wavenumber selection.
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Fig. 6. Comparison of NMM3D and TSM of VV/HH with Aquarius at 29°, 39°, and 46°. NMM3D is using isotropic DV spectrum for 8 m/s and anisotropic
DV spectrum for 10 m/s. TSM with kd = k0/2 is derived using the anisotropic DV spectrum for wind speeds of 8 and 10 m/s. Each data point is obtained
by averaging over all wind directions.

Fig. 7. Polarization ratio for a wind speed of 10 m/s and an incidence angle
of 46°. The horizontal axis is different cutoff wavenumbers. Vertical axis is
VV/HH ratio in dB. Each data point is obtained by averaging over all wind
directions.

VI. CONCLUSION

With an efficient SMCG method implemented to solve the
PMCHWT SIEs, we have performed NMM3D simulations
for ocean radar scattering at L-band frequencies. Surface
areas used are up to 15.2 m by 15.2 m (64 wavelengths).
For the largest surfaces, there are more than six million
surface unknowns in the tangential electric and magnetic
fields. This use of a large surface for simulations allows
us to examine the effects of gravity and capillary waves.
The numerical simulations, unlike the two-scale scattering
model, do not require a wavenumber dividing line between
large- and small-scale roughness. Simulations are shown for
5, 8, and 10 m/s using isotropic DV spectrum and anisotropic
DV spectrum. The backscatter results are in good agree-
ment with Aquarius observation data for VV and HH
co-polarization, cross-polarization, and VV/HH ratio. A rig-
orous approach to the problem based on NMM3D is to incre-
mentally increase the surface size until convergence is reached.
Recent computational electromagnetic efforts about scattering
by large objects are on using rigorous domain decomposition
which should be considered in remote sensing simulations.
Without a large domain, it is possible that tilt effects are
not included. To obtain tilt effects require a definition of
decomposition and tilts can both decrease or increase local
incident angles, requiring a heuristic use of tuning parameters.
For inclusion of tilt effects, the readers can refer to [7].

For NMM3D to move forward, the increase of domain size
via domain decomposition and the increase of sampling points
per wavelength are essential steps. Also, the authors have
used (k0/2) as the dividing TSM wavenumber for separation in
application of SPM and GO approximations. The results pro-
duced by TSM can agree reasonably well with Aquarius. But
if another dividing wavenumber (kd ) is chosen, the scattering
coefficients will vary. This uncertainty in the TSM approach
remains.

APPENDIX A

In order to integrate SMCG with the PMCHWT equation,
it is necessary to write the equation in a form where the field
and source points are separated. We will use the subscript m
to denote the field point and subscript n to denote the source
point. The superscripts x , y, and z represent the three axes.
The following discretized impedance matrix expressions are
obtained after performing moment method operations to the
kernel of the electric field integral equation:∫

Sm

∫
Sn

(
f̄m · f̄n − 1

k2 ∇ · f̄m∇′ · f̄n

)
g(r̄ , r̄ ′)dr̄dr̄ ′ (17)

where f̄m and f̄n are the RWG basis functions for the field
and source edges. Also

f̄m(r̄)g(r̄, r̄
′) · f̄n(r̄

′) = f x
m(r̄)g(r̄, r̄

′) f x
n (r̄

′)

+ f y
m(r̄)g(r̄ , r̄

′) f y
n (r̄

′)

+ f z
m(r̄)g(r̄ , r̄

′) f z
n (r̄

′) (18)

∇ · f̄m g(r̄ , r̄ ′)∇′ · f̄n =
(

± lm

S±
m

)
g(r̄ , r̄ ′)

(
± ln

S±
n

)
. (19)

The kernel of the magnetic field integral equation is

f̄m(r̄)× ∇g(r̄, r̄ ′) · f̄n(r̄
′)

= f̄m(r̄)× (−1 + ik|r̄ − r̄ ′|) exp(ik|r̄ − r̄ ′|)
4π |r̄ − r̄ ′| (r̄ − r̄ ′)

· f̄n(r̄
′). (20)

We use

G(r̄ , r̄ ′) = (−1 + ik|r̄ − r̄ ′|) exp(ik|r̄ − r̄ ′|)
4π |r̄ − r̄ ′| . (21)
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Then

f̄m(r̄)× ∇g(r̄, r̄ ′) · f̄n(r̄
′)

= f̄m(r̄)× (r̄ − r̄ ′) · f̄n(r̄
′)G(r̄ , r̄ ′)

= f y
mr x

m G(r̄ , r̄ ′) f z
n − f z

mr x
m G(r̄ , r̄ ′) f y

n − f y
m G(r̄, r̄ ′) f z

n r x
n

+ f z
m G(r̄ , r̄ ′) f y

n r x
n + f z

mr y
m G(r̄ , r̄ ′) f x

n − f x
mr y

m G(r̄ , r̄ ′) f z
n

− f z
m G(r̄ , r̄ ′) f x

n r y
n + f x

m G(r̄, r̄ ′) f z
n r y

n + f x
mr z

m G(r̄ , r̄ ′) f y
n

− f y
mr z

m G(r̄ , r̄ ′) f x
n − f x

m G(r̄ , r̄ ′) f y
n r z

n + f y
m G(r̄ , r̄ ′) f x

n r z
n .

(22)

Equations (18), (19), and (22) are in a form such that the
source point is on the right side of Green’s function while the
field point resides on the left side of Green’s function. Next,
Green’s function is expanded in a Taylor series with respect
to the flat surface. The first four coefficients are listed in the
following:

a(1,2)0 (ρR) = (1 − ik1,2ρR)
exp(ik1,2ρR)

4πρR
(23)

a(1,2)1 (ρR) = exp(ik1,2ρR)

4πρR

{
k2

1,2

2ρR
+ 3ik1,2

2ρ2
R

− 3

2ρ3
R

}
(24)

a(1,2)2 (ρR) = exp(ik1,2ρR)

4πρR

{
ik3

1,2

8
− 6k2

1,2

8ρR
− 15ik1,2

8ρ2
R

+ 15

8ρ3
R

}

(25)

a(1,2)3 (ρR) = exp(ik1,2ρR)

4πρR

{
−k4

1,2ρR

48
− 10ik3

1,2

48
+ 105k2

1,2

112ρR

+35ik1,2

16ρ2
R

− 35

16ρ3
R

}
(26)

b(1,2)0 (ρR) = exp(ik1,2ρR)

4πρR
(27)

b(1,2)1 (ρR) = exp(ik1,2ρR)

{
ik1,2

8π
− 1

8πρR

}
(28)

b(1,2)2 (ρR) = exp(ik1,2ρR)

{
−k2

1,2ρR

32π
− 3ik1,2

32π
+ 3

32πρR

}

(29)

b(1,2)3 (ρR) = exp(ik1,2ρR)

{
−i

k3
1,2ρ

2
R

192π
+ k2

1,2ρR

32π

+ 13ik1,2

192π
− 13

192πρR

}
. (30)

We have used the centroid as the integration point within
each triangular patch [26].

As is shown in Fig. 8(a), the local coordinates of the
two integration points A and B are (1/4, 3/4) and (3/4, 1/4)
which are not centroids of the two triangles. In Fig. 8(b),
the local coordinates of C and D are (1/3, 2/3) and (2/3, 1/3),
respectively. The points C and D fall onto the center of each
triangle. After making the modification from Fig. 8(a) to (b),
the accuracy of SMCG is greatly improved.

We define the error of SMCG by

error =
∥∥zmn − zSMCG

mn

∥∥
‖zmn‖ (31)

Fig. 8. SMCG with centroid as integration points. (a) Local coordinates of
A, B: (1/4, 3/4) and (3/4, 1/4). (b) Local coordinates of C, D: (1/3, 2/3) and
(2/3, 1/3).

Fig. 9. SMCG in conjunction with RWG basis functions.

where zmn are the impedance matrix elements calculated
directly using seventh-order quadrature and zSMCG

mn are the
matrix elements calculated indirectly by the SMCG method.
For a 4λ by 4λ surface with 16 points per wavelength, the error
is about 0.2%. In addition to SMCG, we have also used
Green’s function interpolation in the numerical simulations [9].

In Fig. 9, we illustrate how SMCG based on RWG functions
works. First, the currents inside one source triangle patch
aggregate to the centroid. Next, the accumulated currents
transfer to the field triangle through Green’s function. Then,
the transferred field distributes to each inner edge inside the
source triangle.

APPENDIX B

The ocean surface height spectrum for a fully developed
wind sea, as proposed by Johnson et al. [21], has the following
form:

WDV(k · φ) = a0

2πk4�DV(k, φ)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

exp

(
− βg2

k2U4
19.5

)
, k < k j

(
bku2∗

g∗

)a log10(k/2)

, k ≥ k j

(32)

where k j = 2m−1. The subscript DV denotes the DV spec-
trum. The constant a0 is 0.004 in [21], but was adjusted
upward to 0.008 in [20]. In order to best fit the L-band
measurement data in this paper, a value of a0 = 0.008×1.3 is
applied. Other parameters are β = 0.74, b = 1.25, a = 0.225,
g∗ = g + γ k2, g = 9.81 m/sec is acceleration due to gravity,
and γ = 7.25×10−5 m3/sec2 is the ratio of surface tension to
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water density. The wind friction velocity at the ocean surface
u∗ is related to the wind speed at a height (h) of 19.5 m above
sea level U19.5 using the following form:

Uh = u∗
0.4

log
h

0.0000684/u∗ + 0.00428u2∗ − 0.000443
. (33)

The wave directional spreading factor �(k, φ) is

�(k, φ) = 1 +�(k)(1 − exp(−sk2)) cos(2(φ − φwind)). (34)

In (34), the upwind direction is defined as φwind = 0◦ In this
paper, �(k) is defined as

�(k) = c
(1 − R)

(1 + R)

2

1 − D
(35)

with

R = 0.003 + 1.92 × 10−3U12.5

3.16 × 10−3U12.5
(36)

D =
∫ ∞

0 dkk2S(k) exp(−sk2)∫ ∞
0 dkk2S(k)

. (37)
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