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a decomposition of VV and HH measurements into polarized Bragg backscattering (polarization 
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3. The saturation wave spectra derived from multifrequency PD (based on KaDPMod and Ku- and C-band 
empirical models) have a notable peak in the capillary-gravity range. The relative contribution of NP radar 
return to the Ka-band NRCS is significant. In the upwind direction, it reaches up to 60%-80% and 25%-
50% for HH and VV, respectively. It is found that the NP wind exponent is lower than that for Bragg 
backscattering. Therefore, the relative contribution of the NP to Ka-band NRCS decreases with increasing 
wind speed at both polarizations. Such a behavior is the opposite of that observed in the Ku-band. 
 

Keywords : Capillary waves, cross section, radar backscattering, sea surface, wave breaking 
 
 

 

 

 

https://doi.org/10.1109/TGRS.2016.2628640
https://archimer.ifremer.fr/doc/00377/48783/
http://archimer.ifremer.fr/
mailto:kudr@rshu.ru
mailto:senya@umd.edu
mailto:bertrand.chapron@ifremer.fr


IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING 1

Ka-band Dual Co-Polarized Empirical Model

for the Sea Surface Radar Cross-Section
Yury Yu. Yurovsky, Vladimir N. Kudryavtsev, Semyon A. Grodsky, and Bertrand Chapron

Abstract

This paper presents dual co-polarized (VV and HH) Ka-band sea surface backscattering measurements taken

from the Black Sea research platform at incidence angles ranging from 25◦ to 65◦ and in the wind speed range

from 3 m/s to 18 m/s. These measurements are corrected for radar antenna pattern and geometry of observations. The

resulting normalized radar cross-section (NRCS) is parameterized in a form of truncated azimuthal Fourier series with

coefficients dependent on the incidence angle and wind speed. This empirical dual co-polarized model, KaDPMod, is

consistent with the Ku-band NSCAT-4 model. However, some remarkable differences are revealed. They are apparent

when analyzed using a decomposition of VV and HH measurements into polarized Bragg backscattering (polarization

difference, PD=VV-HH) and non-polarized (NP) backscattering from breaking waves. The PD has strong azimuth

and wind dependencies, with the wind exponent ranging from 2.5 to 3. The saturation wave spectra derived from

multi-frequency PD (based on KaDPMod, Ku-, and C-band empirical models) have a noticeable peak in the capillary-

gravity range. The relative contribution of NP radar return to Ka-band NRCS is significant. In the upwind direction,

it reaches up to 60% – 80% and 25% – 50% for HH and VV, respectively. It is found that the NP wind exponent is

lower than that for Bragg backscattering. Therefore the relative contribution of the NP to Ka-band NRCS decreases

with increasing wind speed at both polarizations. Such behavior is the opposite of that observed in the Ku-band.

Index Terms

Radar backscattering, cross-section, sea surface, capillary waves, wave breaking.

I. INTRODUCTION

Active microwave sensors are powerful tools for the ocean remote sensing. Most of them operate in decimeter

or centimeter radio bands (L-, C-, X-, Ku-band) and have typical ground footprints of the order of tens kilometers
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(for real aperture sensors). A demand for higher spatial resolution and detection of coastal phenomena requires

exploration of higher radar frequencies, which is also expected to improve surface topography accuracy. The first

spaceborne Ka-band (35.75 GHz) altimeter, AltiKa [1], launched in 2013, has demostrated almost a factor of three

improvement in sea level retrieval accuracy in comparison with the previous Ku-band TOPEX/Poseidon. The launch

of a new Ka-band interferometer, KaRIN, designed for the Surface Water Ocean Topography mission, scheduled for

2019, is expected to provide the first radar mesoscale ocean survey [2]. Atmospheric attenuation, which becomes

increasingly important in millimeter radio bands, needs to be accounted for in ocean applications. On the other

hand, measurements in this band provide information on the atmospheric state, and are used for rainfall retrieval

by the Global Precipitation Measurement mission dual frequency Ku/Ka-band radar [3].

It is expected that future ocean applications of millimeter range radars will combine their higher spatial resolution

with Synthetic Aperture Radar (SAR) capabilities [4]–[6]. In fact Ka-band airborne SAR instruments have already

demonstrated incredible spatial resolution of down to 10 cm, significantly exceeding the resolution of traditional

C- and X-band instruments [7].

Besides various applications based on detection of backscattering intensity, radar Doppler frequency spectra can

provide direct measurements of the line-of-sight projection of surface currents over the global ocean [8], [9]. The

conical rotating Doppler scatterometer configuration enables instruments of this type to retrieve surface current

velocity, while the use of the higher Ka-band frequency should increase the spatial resolution and retrieval accuracy

by a factor of three [10].

Development and understanding of Ka-band capabilities require accurate characterization of Geophysical Model

Functions (GMFs) relating the sea surface cross-section and the Doppler frequency shift as a function of environ-

mental variables and the observation geometry. To date, the most well established GMFs are developed for the

lower radar frequencies, e.g. C-band CMOD5.N [11], Ku-band QSCAT-1 [12], and NSCAT [13], [14].

Ka-band measurements for various observation geometries are still quite rare. A complete tabulated model for

VV and HH polarizations has been proposed in [15] (referred hereinafter as MOSN’86). That table was based on

airborne measurements in a wide range of incidence angles (from 0◦ to 70◦ ) and wind speeds (from 3.2 m/s to 17.2

m/s). A corresponding MOSN’86 analytical parametrization [16] is available only for VV polarization and only for

fixed incidence angles of 30◦ , 40◦ , 50◦ , and 60◦ .

However, a number of independent measurements show significant deviations from the MOSN’86 (Fig. 1). In

particular, a notable positive deviation of about 5–6 dB [17]–[19] at near-nadir angles has been observed which has

been attributed to uncertainties in the absolute calibration. The absolute calibration was made in [15] separately

for transmitter and receiver, but not for the entire system. At moderate incidence angles, both field data [20] and

wind-wave tank data [21], [22] show backscattering levels exceeding those described in MOSN’86.

Ka-band backscattering data are thus not numerous and those that do exist demonstrate significant scatter. This

paper aims to narrow this scatter using Ka-band Doppler dual co-polarized (VV and HH) data collected during a

number of field experiments carried out from the Black Sea research platform during 2009–2015. Observed features

of Ka-band backscattering are discussed and compared with independent Ka- and Ku-band radar measurements.
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Fig. 1. Ka-band upwind NRCS versus incidence angle at 6–8 m/s wind speed. Blue is VV polarization, red is HH polarization, black is unknown

(no matter) polarization. Data sources are listed by the first author and publication year.

II. EXPERIMENT

A. Equipment

The measurements are taken from a Research platform operated by the Marine Hydrophysical Institute, which

is located in the Black Sea 600 offshore of Katsively (44◦23’35” N, 33◦59’04” E) in a 25 m to 30 m deep water

(Fig. 2).

The experiments were carried out using Ka-band (37.5 GHz, 8 mm wavelength) continuous wave Doppler radar.

The radar has two conical horn antennae for transmitting and receiving. Antenna horn axes are parallel and separated

by 35 cm. The length of the horn axis is 38 cm, and the diameter of the aperture is 16.5 cm. The polarization plane

of the Gunn diode-based transmitter is rotated by 45◦ from the radar incidence plane so that vertical and horizontal

components are radiated simultaneously. The receiver has two separate vertical and horizontal channels. Such a

hybrid radar design does not allow discrimination between co-polarized and cross-polarized (CP) signals. In fact,

vertical and horizontal channels receive a mixture of VV+HV and HH+VH components, respectively. However at

wind speeds below 25 m/s, the CP signal is much lower than the co-polarized (VV and HH) signals [23]–[25].

Hence, we ignore the CP contribution and consider the hybrid vertical and horizontal signals as “pure” co-polarized,

VV and HH, signals (see Appendix B for more discussion).

The radar has a built-in high-pass filter with a 5 Hz frequency cut-off to avoid reflections from static objects. In-

phase and quadrature channels for each polarization are digitized at 40 kHz using a PC-based 14-bit analog-to-digital

converter.
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Fig. 2. The Black Sea Research platform site and top view. Radar positions are marked by green circles, possible azimuths at each position

are shown by red sectors. Wind rose is plotted for the boreal autumn. “Wrecks” indicate location of the platform module destroyed by storms.

Wind speed and direction are measured using a standard cup anemometer and wind vane installed on top of

the platform mast at 21 m above the sea surface. Air temperature, pressure, and humidity at 21 m height and

water temperature at 3 m depth are continuously monitored by commercial weather station (Davis Vantage Pro2

6152). Supplementary wave information is obtained using a wire wave gauge installed from 11 m long horizontal

boom. Neutral wind speed at 10 m, U , is computed from the meteorological observations and near surface water

temperature using the COARE3.0 algorithm [26].

B. NRCS Measurement

A few metal targets (trihedral corner reflectors and spheres of different sizes) were used to calibrate the radar

and estimate its two-way patterns (see Appendix A). The radar beam width is not symmetrical ans is wider in the

polarization plane (15◦ at −3dB, Fig. 18 in Appendix A). The calibration was repeatedly performed during each

field campaign, but no significant changes were detected.

The backscattered power, p′, from a stand-alone point-like reference target is determined by the radar equation

p′ = C
Γ′

R′4σ
′, (1)

where C is the calibration constant determined by radar architecture (see Appendix A), Γ′ is the two-way radar

pattern in the direction of the target, R′ is the distance to the target, σ′ is the radar cross-section (RCS) of the

target.
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Because the sea surface is a distributed target, its radar backscattering is integrated over the antenna pattern:

p =
C

R4
0

∫
Γeff(x, y)σ◦dxdy =

C

R4
0

σeff , (2)

where σ◦(x, y) is the sea surface normalized RCS (NRCS) that varies spatially depending on the sea surface {x, y}-

coordinates, Γ(x, y) is the two-way radar angular pattern in the direction of {x, y}-point on the surface, R(x, y) is the

slant range to {x, y}-point, R0 is the slant range along the radar principal axis, Γeff(x, y) = Γ(x, y) (R0/R(x, y))
4

is the effective pattern accounting for changes in the slant range, and σeff is the effective RCS of the spatially

distributed sea surface target.

For an infinitely narrow radar angular pattern, σ◦ is almost constant within the radar surface footprint and can

be taken out the integral in (2). However, in our case the radar angular pattern is noticeably wide, and thus the

parameter we measure is a convolution of σ◦(x, y) and Γ(x, y). Because NRCS dependence on the incidence angle

is much stronger than dependence on the azimuth angle, the antenna pattern impact is stronger for VV than for

HH polarization.

The effective (measured) NRCS of the distributed sea surface target is defined as the ratio of effective RCS, σeff ,

and effective radar footprint, Seff =
∫
Γeff(x, y)dxdy, and reads:

σ◦eff =
σeff
Seff

= p
R4

0

C

[∫
Γ(x, y)

(
R0

R(x, y)

)4

dxdy

]−1

. (3)

Radar internal noise prevents measurements at calm winds and/or high incidence angles. Its level (estimated from

clear sky radar backscattering) is subtracted from the measured radar backscattering. Radar data are disregarded if

their signal-to-noise ratio is below 1. The noise level of NRCS is estimated from (3) by substituting the received

power by its noise variance (Fig. 3). Discontinuity of the NRCS noise curves in Fig. 3 at θ = 45◦ is related to

different altitudes used for radar measurement at θ < 45◦ and θ > 45◦. The noise level determines the critical

incidence angles and winds for which radar backscattering from the sea surface is detectable. In our observations,

the signal-to-noise ratio falls below one at θ > 70◦ for HH polarization at winds below 5–6 m/s. Thus the upper

limit of θ for our data is set to 70◦ .

C. Data Set

The radar look direction and the start of the acquisition cycle were chosen manually depending on wind and

wave conditions. Typical records last from from 5 min to 60 min. For the processing purposes, each record was

split into 5 min fragments, which we refer to as data samples. The total number of data samples is about 1500.

Depending on the incidence angle, θ, the radar is installed on top or bottom deck of the platform. The top deck

installation (13.5 m height) is used for incidence angles 0◦ ≤ θ ≤ 45◦, while the bottom installation (6.5 m height)

is used for higher incidence angles, θ > 45◦. In both cases the far field approximation is applicable.

Assuming that the NRCS is symmetrical relative to the wind direction, the data are folded in the azimuth range,

0◦ ≤ ϕ ≤ 180◦. To minimize the impact of platform-induced wind distortions on downwind measurements all
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Fig. 3. Noise level of the measured NRCS as a function of the incidence angle. The discontinuity at θ = 45◦ is caused by the difference in

radar height at different θ.
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Fig. 4. Data set statistics. Distribution of measurements on (a) incidence angle, (b) radar versus wind azimuth (zero is upwind), (c) wind speed,

and (d) wave age.

downwind observations were carried out from the most outlying platform corner, so that the radar beam was never

directed towards the platform “shadow” zone (Fig. 2).

Most of the data samples correspond to moderate (45◦ < θ < 55◦) and high (θ = 70◦) incidence angles, while

the near nadir data (θ < 30◦) are sparse (Fig. 4a).

Observed wind speed, U , varies from 3 m/s to 18 m/s with the most common speeds falling in the range from 5

m/s to 11 m/s (Fig. 4c). There are three typical wind directions at the platform location: easterly, southwesterly, and

northerly (Fig. 2). The latter is removed from the analysis because it corresponds to offshore winds and short (∼ 1

km) wave fetches. For easterly or southwesterly winds, the wave fetch is determined by the size of atmospheric

synoptic systems and can reach a few hundred kilometers. Our analysis avoids transient wind/wave conditions and

focuses on temporally stable conditions typical of the open ocean. In addition, we also exclude cases of the swell-

dominated sea. Swell-induced strong radar backscattering modulations, which may significantly affect the mean

radar signal, are out of the scope of this study.
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Fig. 5. Measured NRCS versus (a,b,c) incidence angle, (d,e,f) azimuth, and (g,h,i) wind speed. Radar-look geometry and wind speed are given

in each panel title. Solid lines are the best data fit in form of (6). Blue color is VV polarization, red is HH polarization.

Fig. 5 illustrates an example of measured NRCS as a function of θ, ϕ, and U for cases with rather good statistics.

The antenna pattern impact on measured NRCS is clearly seen at near-nadir θ, where σ◦ for VV polarization is

higher than that for HH polarization, while they must be the same for specular reflections dominating at low θ (Fig.

5a-c).
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In contrast to the incidence angle dependence, the azimuth dependence of measured NRCS is not strongly affected

by the antenna pattern, and the “true” NRCS azimuthal features can be directly inferred from measured NRCS. At

moderate incidence angles (θ = 45◦, Fig. 5e) the azimuth dependence of NRCS has expected characteristics with

a minimum in the crosswind direction and local maxima in the upwind and downwind directions. At these angles

the upwind backscattering exceeds the downwind backscattering. At lower incidence angles (θ = 32◦, Fig. 5d),

the upwind minus downwind NRCS difference vanishes (if not actually changes sign) demonstrating that backward

wave slopes may be “rougher”. At high incidence angles (θ = 70◦, Fig. 5f), the azimuth distribution becomes

unimodal, with a clear upwind maximum and a minimum in the downwind direction, which is even lower than the

crosswind NRCS.

In general, wind dependencies of measured NRCS follow the power law, σ◦ ∼ UN (Fig. 5g-i). However, some

evidence of saturation is seen at rather strong winds, U > 15 m/s (Fig. 5h).

As already noticed, the measured NRCS, especially for VV polarization, is significantly affected by the radar

antenna pattern. Therefore in order to infer the true NRCS, the measured NRCS must be corrected for the impact

of the radar antenna pattern.

III. RESULTS

A. Data Fitting

The effective (measured) NRCS, σ◦eff , at wind speed, U , nominal incidence angle, θ0, and azimuth, ϕ0, is a

convolution of the true sea surface NRCS, σ◦, and the radar antenna pattern, Γeff :

σ◦eff(θ0, ϕ0, U) =

∫
Γeff(x, y)σ◦(x, y, U)dxdy∫

Γeff(x, y)dxdy
= (4)

=

∫
Γeff(θ, ϕ)σ◦(θ, ϕ, U)J(θ, ϕ)dθdϕ∫

Γeff(θ, ϕ)J(θ, ϕ)dθdϕ
,

where J(θ, ϕ) is the Jacobian of {x, y}- to {θ, ϕ}-coordinate transformation, dxdy = J(θ, ϕ)dθdϕ (see Appendix

C).

To obtain the true NRCS, σ◦(θ, ϕ, U), from measured NRCS, σ◦eff(θ0, ϕ0, U), the integral equation (4) is solved

numerically by minimizing the norm of residuals between the measured σ◦eff and a fitting model for σ◦. Following

previous studies (see e.g. [13], [27]), the fitting model is represented as a truncated Fourier series:

σ◦ = A0(θ, U) +A1(θ, U) cosϕ+A2(θ, U) cos 2ϕ, (5)

where coefficients, Aj , are functions of U and θ.

Notice, that Ka-band Bragg waves are strongly affected by viscous dissipation, which in turn depends on sea

surface temperature, SST [28]. However, we do not consider SST dependence of the NRCS because our data are

collected in a relatively narrow SST range between 18◦C and 22◦C.
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Fig. 6. Scatter diagram of measured NRCS and true NRCS weighted with the radar antenna pattern (see (4)) for (a) VV and (b) HH polarizations.

Color indicates the density of data points.

Observed σ◦eff varies in a wide range, from 10–15 dB at near-nadir angles to −40 dB (after noise removal) at

high incidence angles. For such a large dynamical range, the minimization is more effective for σ◦ represented in

logarithmic units. Therefore instead of (5), the true NRCS is fitted by the following model:

log σ◦ = A0(θ, U) +A1(θ, U) cosϕ+A2(θ, U) cos 2ϕ, (6)

with coefficients, Aj , represented as polynomials of θ and logU :

Aj =
4∑

m=0

1∑
k=0

Cmjkθ
m(logU)k. (7)

Since the number of measurements is of the order of 1000, the system of linear equations (6) is overdetermined

and unknown coefficients, Cmnk (30 per each polarization, see Appendix D), are obtained by minimizing the least

square error. The true NRCS, σ◦(θ, ϕ, U), satisfies the non-linear integral equation (4), which is solved iteratively

using the Nelder-Mead simplex (direct search) method [29] starting from a first guess based on the fitting model

(6) for the measured NRCS (shown by solid lines in Fig. 5). Logarithmic scale (6) is used only for data fitting

while the resulting empirical fit is transformed back into linear units.

B. Accuracy Testing

The accuracy of the fitting method is checked by applying the angular antenna pattern to the solution of (6) and

comparing the results with the measured NRCS (Fig. 6). The model root-mean-square errors are found to be 1.47

dB and 1.50 dB for VV and HH polarization, respectively, with 0.98 correlation coefficient.

The limits of applicability of our empirical model (hereinafter, Ka-band Dual co-Polarized Model, or, KaDPMod)

are defined by the range of observed conditions and technical limitations of the radar. The minimum detectable wind
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speed at moderate incidence angles is about 3 m/s and is determined by the radar noise. The maximum observed

wind speed is 18 m/s. Since the fit is less confident at low incidence angles (due to poor statistics), we suggest

using KaDPMod at 25◦ < θ < 65◦, where the upper incidence angle limit is also imposed by the radar noise.

C. The “True” NRCS

Because the KaDPMod does not depend on the technical characteristics of our particular radar, it can be compared

with independent Ka-band data [15], [20], [21] as well as with the Ku-band co-polarized backscatter NSCAT-4 model

[30] (Fig. 7, 8, 9).

In general, KaDPMod is systematically higher by 5− 10 dB than MOSN’86 (see also discussions in [17], [18]).

But, the KaDPMod agrees well with Plant et al’s. co-polarized data [20] collected in the near-upwind direction at

θ = 45◦ (Fig. 9b). Giovanageli et al’s. [21] laboratory VV measurements are available at θ = 30◦ for all azimuths.

The KaDPMod agrees well with [21] in the upwind direction (Fig. 9a), but is 2− 4 dB lower in the downwind and

crosswind directions (not shown).

Comparison of KaDPMod with the Ku-band NSCAT-4 model reveals quite reasonable correspondence at high

incidence angles, θ > 45◦. However, the KaDPMod significantly exceeds the NSCAT-4 at lower incidence angles

(Fig. 7). In particular, the difference reaches 5 dB at θ = 30◦ and U = 5 m/s in the downwind direction (Fig. 7c).

Both, KaDPMod and NSCAT-4 models have similar azimuth dependence at rather strong winds, U ≥ 10 m/s (Fig.

8). But at weaker winds, U = 5 m/s, the azimuth dependence of Ka-band NRCS becomes stronger than that in the

Ku-band.

At low incidence angles, θ < 30◦, the upwind-downwind difference is near zero or negative (in dB, Fig. 10a-c).

At larger incidence angles, this difference grows up to more expected positive values and even becomes stronger

than that in Ku-band for both polarizations.

In general, the Ka-band upwind-crosswind difference is similar to that in the Ku-band. It has maximum values

at moderate incidence angles, 40◦ < θ < 50◦. However at large incidence angles, θ ∼ 60◦, the crosswind Ka-band

HH NRCS becomes higher than that in the downwind direction and causes a unimodal azimuth distribution (Fig. 8

and 10). Except at low winds, both KaDPMod and MOSN’86 predict consistent values of upwind-downwind and

upwind-crosswind NRCS difference.

IV. DUAL CO-POLARIZED FEATURES

The KaDPMod is further analyzed in terms of the NRCS decomposition into the polarized Bragg component

(described by the Two-Scale Model, TSM) and non-polarized (scalar, NP) components. Following [31], the NRCS

(in linear units) is represented as:

σpp
◦ = σpp

br + σnp, (8)

where the superscript (pp) stands for polarization. The NP component is associated with quasi-specular reflection

from steep breaking waves and regular (non-breaking) surface. The latter is important at small incidence angles,
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Fig. 7. Dependence of NRCS on incidence angle: (left column) upwind, (middle column) crosswind, (right column) downwind directions.

Wind speed is 5 m/s, 10 m/s, and 15 m/s from top to bottom row correspondingly. Blue color – VV polarization, red color – HH polarization.

KaDPMod is solid, Ku-band NSCAT-4 is dashed, MOSN’86 is dotted.

θ < 20◦, but in the Ka-band (in contrast to the C- and Ku-bands) it could contribute to the NRCS at larger θ due

to a wider spectral interval of long waves (LW) tilting the Bragg waves. Given known VV and HH NRCS, the NP

term, σnp, can be estimated from a combination of the TSM polarization ratio (PR, Pbr) and observed polarization

difference (PD, ∆σ):
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Fig. 8. Azimuth dependence of NRCS at wind speed 5 m/s (left column), 10 m/s (middle column) and 15 m/s (right column). Incidence angle

is 30◦ , 45◦ , and 60◦ from top to bottom row correspondingly. Colors and line styles are the same as in Fig. 7.

σnp = σvv
◦ − ∆σ

1− P−1
br

, (9)

Pbr = σvv
br /σ

hh
br , (10)

∆σ ≡ σvv
◦ − σhh

◦ = σvv
br − σhh

br . (11)

Anticipating that Ka-band scattering is quite complicated and significantly affected by the LW (via tilting,

hydrodynamic modulations, and non-linearity of the surface slopes, etc.), we restrict our analysis to moderate

incidence angles, θ > 30◦. Then the TSM solution can be represented as the first two terms of a Taylor expansion
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March 25, 2017 DRAFT



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING 14

in LW slope (see e.g. [32], [33]):

σpp
br = πG2

ppB(kbr)

(
1 + gppζ2i − Mpp

t

B
ζiB̃

)
, (12)

where G2
pp = G2

0pp sin
−4 θ, G0pp are the “classical” Bragg scattering coefficients (see e.g. [34], [35]), B(kbr) is

the folded saturation spectrum at Bragg wavenumber kbr = 2kr sin θ, kr is the radar wavenumber, B̃ is the Bragg

spectrum variation due to the LW, ζ2i is the LW mean-square slope in the incidence plane direction, and the tilt

modulation transfer function (MTF) Mpp
t is

Mpp
t = G−2

pp

∂G2
pp

∂θ
.

The geometric coefficients gpp in (12) are

gvv =
1

2G2
vv

∂2G2
vv

∂θ2
, (13)

ghh =
1

2G2
hh

∂2G2
hh

∂θ2
+

2

sin2 θ

|Gvv|
|Ghh|

ζ2c

ζ2i
, (14)

where ζ2c is the LW mean-squared slope in the direction normal to the radar incidence plane.

Representing the Bragg wave modulations via the hydrodynamic MTF, B̃/B = Mhka, where a is the wave

amplitude, and disregarding the spectral dependence of Mh, the mean contribution to NRCS in (12) arising from the

correlation between the tilt and hydrodynamic modulations can be written as: (Mpp
t /B) ζiB̃ = −Mpp

t M I
hζ

2
i cosϕ,

where M I
h is the imaginary part of the hydrodynamic MTF, which sign is chosen so that M I

h > 0 if the Bragg

waves enhance on the forward (downwind) slope of the LW. Then (12) can be rewritten as:

σpp
br = πG2

ppB(kbr)(1 + gppζ2i + hppζ2i cosϕ), (15)

hpp = Mpp
t M I

h. (16)

A. Polarization Ratio

The polarization ratio, PR, is a direct indicator of the relative contribution of different backscattering mechanisms.

Depending on the relative NP contribution, the PR varies from 1 (if NP scattering dominates) to Pbr (if NP scattering

is negligible):

P =
σvv
br + σnp

σhh
br + σnp

. (17)

The relative roles of the Bragg and NP components are evaluated from observed PR and corresponding TSM

PR. The latter is computed without accounting for the hydrodynamic modulations (the last term in (15) is omitted).

For the sake of simplicity, the LW mean-square slope is estimated from the Phillips saturation spectrum [36],

ζ2 = 4.6·10−3 ln(kd/kp)/2, where kp = g/U2 is the peak wavenumber and kd = kbr/4 is the dividing wavenumber.

Note, that TSM PR does not depend on the Bragg wave spectrum, but is a function of θ and weakly depends on

wind speed via the LW slope.
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Ku-band NSCAT-4 (dashed lines) and Bragg Two-Scale Model (TSM, black dotted lines) for upwind (red), crosswind (blue) and downwind

(green) directions.

Both Ka- and Ku-band PR are lower than TSM PR indicating a non-negligible NP scattering (Fig. 11). Observed

PR is closer to the Bragg TSM PR in the downwind direction where the NP scattering by breaking waves is

minimal. At θ < 55◦, the PR is minimal in the upwind direction suggesting that the impact of the NP component

is the strongest in this direction. At θ > 55◦, the maximal impact of NP shifts into the crosswind direction where

Bragg scattering is weak. In general, the Ka-band PR is qualitatively similar to that in the Ku-band, except for

θ > 45◦ where the Ka-band PR is lower due to stronger NP scattering by breaking waves.

The upwind and crosswind PR increase with the wind towards TSM PR (Fig. 11b). This suggests that wind growth

rate of capillary Bragg waves is stronger than wind growth rate of wave breaking responsible for NP scattering.

Remarkably, this feature distinguishes the Ka-band from the Ku-band (Fig. 11b) and the C-band [37], for which

the relative role of the Bragg backscattering weakens as the wind strengthens.

B. Polarization Difference

By definition (11), the polarization difference (PD) does not include the NP backscattering, and thus it describes

only Bragg scattering characteristics. The Bragg waves (and thus PD) are strongly wind dependent (Fig. 12). Both

Ka- and Ku-band PD demonstrate strong wind directionality with an apparent minimum in the crosswind direction.

The KaDPMod wind exponent is about 2.5 and 2 in the upwind and downwind directions, respectively. The Ku-

band NSCAT-4 wind exponent is about 2 in these two directions. In the crosswind direction, the KaDPMod wind

exponent (∼ 3) exceeds its upwind and downwind values. This is in contrast to the Ku-band, which has lower

crosswind wind exponent < 2.

The upwind-downwind asymmetry of PD has a more complicated behavior. In the frame of the Bragg TSM,
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Fig. 12. The same as Fig. 11, but for PD, without TSM prediction.

this asymmetry is attributed to the correlation of Bragg wave energy with the tilting LW slopes (the last term in

(15)), which is positive/negative if Bragg roughness enhances on forward/backward slopes, respectively. The Ka-

and Ku-band models suggest that both signs of upwind-downwind asymmetry are possible. In particular (Fig. 12a),

the downwind PD is larger than upwind PD at θ <∼ 45◦ for U = 10 m/s, and vice versa at larger incidence angles.

Interestingly, that Ka- and Ku-band PD asymmetry both change sign at the same θ ≈ 43◦ for U = 10 m/s. At

fixed θ = 45◦, the Ka-band upwind-downwind PD asymmetry is wind dependent (Fig. 12b). At U ≈ 10 m/s, the

KaDPMod downwind PD is larger than upwind PD, but this asymmetry changes sign at stronger winds. However

at θ = 45◦, the Ku-band upwind and downwind PD are almost identical.

The presence of Ka-band PD absolute maximum in the upwind direction at high winds and large incidence

angles (Fig.12) is expected due to the effect of enhancement of the parasitic capillary (bound) waves on the forward

slopes of the LW. But, the origin of the downwind absolute maximum of PD, which is observed at lower winds

and smaller incidence angles in the Ka-band and Ku-band as well as in the C-band [24], is not clear. Here we may

only speculate that it is probably caused by the small scale roughness covering the backward slopes of breaking

waves, which dominates the upwind-downwind asymmetry at low incidence angles, θ < 45◦. At the larger incidence

angles, the Bragg roughness (including parasitic capillaries) covering the forward breaking wave slope, which is

steeper than backward, dominates the asymmetry.

C. Bragg Wave Spectrum Retrieval

Following the Bragg TSM paradigm, the Bragg wave spectrum, B(kbr), can be estimated from the observed PD

using (15) rewritten as:

∆σ = πB(kbr)
[
∆(spp) + ∆(G2

pphpp)ζ2 cosϕ
]
, (18)
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(C-SARMOD), Ku- (NSCAT-4) and Ka-bands (KaDPMod) in comparison with optical measurements [38], [39].

where spp = G2
pp(1 + gppζ2), and ∆(fpp) = fvv − fhh. Representing the Bragg wave saturation spectrum in the

same way as in [38]:

B(kbr) =
1

2π
Bo(kbr)(1 + δ cos 2ϕ), (19)

where Bo(kbr) =
∫ 2π

0
B(kbr, ϕ)dϕ is the omni-directional saturation spectrum and δ is the angular width parameter,

and using (5) and (19) we have:

∆σ ≈ APD
0 +APD

1 cosϕ+APD
2 cos 2ϕ, (20)

APD
0 = Bo(kbr)∆(spp)/2, (21)

APD
1 = Bo(kbr)∆(G2

pphpp)ζ2/2, (22)

APD
2 = Bo(kbr)∆(spp)δ/2. (23)

The coefficients, APD
j , in (20) are estimated from observations (see Appendix D, with ∆σ instead of σ◦ in

(40-42)). The omni-directional spectrum and the angular width parameter are calculated using (16, 21-23) and

observation-based coefficients, APD
j :

Bo(kbr) = 2APD
0 /∆(spp), (24)

δ = APD
2 /APD

0 . (25)

The estimates of Bo and δ retrieved from the Ka-band PD as well as from the Ku-band NSCAT-4 and C-band

C-SARMOD [24] are compared with optically-based field measurements [38], [39] (Fig. 13).
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Radar-derived wave spectra demonstrate stronger wind dependence and higher levels in the capillary range. The

latter suggests that the parasitic capillary (bound) mechanism plays a crucial role in establishing of the spectral

level of capillary waves. Although radar and optical spectra are very roughly similar in spectral level, the radar

spectra are about two times higher. The possible origin of such a difference is in the way the two kind of spectra

are derived. Optical spectra are normally derived from wave breaking-free images while radar spectra account for

the entire sea surface backscattering including rough patterns of breaking waves. Therefore, the difference between

the radar and the optical spectra can be treated as an impact of surface roughness covering wave breaking zones.

Optical spectra from [38] and our radar spectra clearly indicate the presence of a peak in the saturation spectra in

the capillary range around k = 1000 rad/m originating from the generation of parasitic capillaries. In that respect,

our measurements deviate from recent optical polarimetric measurements [39], which show a decrease in spectral

level at wavenumbers above k = 360 rad/m.

The angular width of radar spectra, δ ≈ 0.5, indicates that Bragg crosswind wave energy is about 3 times

lower than wave energy in the downwind direction, which qualitatively agrees with optical measurements [38] (Fig.

13b). The angular distribution of radar spectra is weakly wind dependent. It is quite narrow in the capillary and

capillary-gravity range and becomes much wider in the short gravity wave range.

D. Non-Polarized Contribution

Ka- and Ku-band NP components of NRCS, σnp, estimated from corresponding model functions using (9)

show general consistency in magnitude as well as their dependency on wind speed and incidence angle (Fig. 14).

Nevertheless, some important differences in their azimuth variations are present. While the azimuth distribution of

Ku-band NP backscattering is unimodal (with a maximum in the upwind direction), the Ka-band azimuth distribution

is bimodal at θ < 50◦ (with a minimum in the crosswind direction) and becomes unimodal only at larger incidence

angles (Fig. 14a). Such unimodal azimuth distribution of σnp can occur if the NP is dominated by radar return

from the forward slope of breaking waves. This is plausible at large incidence angles when the local incidence

angle on the backward wave slope is rather large and corresponding backscattering is weak. At moderate incidence

angles, a bimodal azimuth distribution of NP backscattering is feasible if the NP from “enhanced” roughness on

the backward slope of breaking waves becomes comparable with NP backscattering from the forward slopes.

Wind exponent of the Ka-band NP component is close to 2 (Fig. 14b). This wind exponent is in contrast to the

cubic wind dependence of whitecap areal coverage usually considered as an indicator of wave breaking (e.g. [40]).

However, the sea surface radar backscattering is sensitive to very different parameters of wave breaking, which are

not directly associated with the whitecap areal coverage. One may speculate that NP backscattering is produced

by quasi-specular reflections from steep patterns covering breaking wave crests with wavelengths of the order of

decimeter and longer scales. These waves belong to the equilibrium range where the wave breaking parameters are

proportional to U2 (see [33], [41] for more discussions).

The relative contribution of upwind and downwind NP backscattering to the total NRCS has a similar magnitude

in the Ka- and Ku-bands at θ > 40◦ (Fig. 15). At HH polarization, the NP contribution to NRCS becomes dominant
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Colors and line styles are the same as in Fig. 14.

in both bands as θ increases (Fig. 15b). At smaller incidence angles, θ < 40◦, the relative contribution of the NP is

lower in Ka-band in comparison with the Ku-band. Because the saturation spectrum level is higher at the Ka-band

Bragg wavenumber (Fig. 13a), comparable magnitudes of NP backscattering provide a relatively smaller contribution

to the Ka-band NRCS in comparison to the Ku-band.

The observed decrease of the relative contribution of the NP to Ka-band NRCS with increasing wind speed is

rather unexpected. However, Fig. 12b and Fig. 14 suggest that Bragg waves (associated with the PD) grow faster
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with the wind than the NP term. Therefore, the relative contribution of NP backscattering to the NRCS should

decrease with the wind. This behavior is in line with observations in Fig. 16.

V. SUMMARY

In this paper we report the Ka-band dual co-polarized (VV and HH) backscattering features of the sea surface

derived from measurements collected from the Black Sea Research platform during seven years of field campaigns

between 2009-2015. The radar measurements are collected in the incidence angles range: 25◦ < θ < 65◦, the wind

speed range: 3 m/s < U < 18 m/s, and with the radar-to-wind azimuth varying from upwind to downwind. The

radar measurements are corrected for the impact of the antenna angular pattern and are presented in a form of a

conventional truncated azimuthal Fourier series with coefficients dependent on incidence angle and wind speed. This

parameterization is referred as an empirical Ka-band Dual co-Polarized radar backscattering Model (KaDPMod).

We anticipate that this empirical model can be used as a first guess for developing of Ka-band geophysical model

function for the sea surface NRCS.

To the best of our knowledge, KaDPMod is the first attempt to parametrize the Ka-band sea surface NRCS at

moderate incidence angles for both VV and HH polarizations since the MOSN’86 model [15] and its re-evaluation

[16]. We find that KaDPMod are 5–10 dB higher than the MOSN’86 data, which is believed to be due (after [17])

to uncertainties in their data calibration. KaDPMod is consistent with independent Ka-band data collected in the

field [20] and also under laboratory conditions [21]. In general, KaDPMod is consistent with the empirical Ku-band

NSCAT-4 model over a wide range of wind speeds and incidence angles. However, there are some remarkable

differences between the Ku- and Ka-band models.

To get deeper insight into the physics of Ka-band sea surface backscattering the dual co-polarized measurements

are decomposed into resonant Bragg backscattering and non-polarized (NP) backscattering from breaking waves [31].
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The relative importance of NP is confirmed by the presence of a significant deviation of the measured polarization

ratio (PR, σvv
◦ /σhh

◦ ) from the Bragg Two-Scale Model (TSM). Unlike C- and Ku-bands, the Ka-band PR increases

strongly with wind towards the TSM PR values. This suggests that the wind-induced growth of Bragg waves is

stronger than that of NP backscattering associated with wave breaking.

The polarization difference (PD, σvv
◦ − σhh

◦ ) allows us to eliminate the NP component and provides a direct

information about short Bragg waves. Our measurements show that PD, and thus Ka-band Bragg waves, is strongly

wind dependent, with a wind exponent of about 2.5 and 3 in the upwind and crosswind direction, respectively.

That is consistent with optical measurements of wave spectra [38], [42]. The PD (and thus capillary Bragg waves)

is strongly anisotropic in azimuth with a minimum in the crosswind direction. Upwind-to-crosswind anisotropy

is quantitatively consistent with independently measured spectra in the capillary range [38]. But, the upwind-to-

downwind asymmetry has a more complex behavior. At θ < 45◦ and U < 10 m/s, the downwind PD exceeds the

upwind PD, suggesting that Ka-band Bragg waves are enhanced on the backward slopes of long tilting waves. At

larger incidence angles and stronger winds the PD maximum shifts towards the upwind direction that is anticipated

if Bragg waves are mainly generated as parasitic capillaries.

Omni-directional wave spectra derived from the PD based on KaDPMod, Ku-band NSCAT-4 [30] and C-band C-

SARMOD [24] models, provide a quite consistent description of short wind wave spectra, and indicate a noticeable

peak in the saturation spectrum level in the capillary-gravity range. This observation is in contrast to the recent

experimental finding [39] suggesting a “slight” roughness contribution from capillary waves and a significant

contribution from gravity-capillary waves.

Ka-band non-polarized (NP) NRCS component derived from KaDPMod is similar to the Ku-band NP derived

from the NSCAT-4 empirical model. The relative contribution of the NP component to the total NRCS is significant.

In the upwind direction, it is about 60% – 80% for HH polarization, and about 25% – 50% for VV polarization. The

NP wind exponent is about 2 in the upwind direction, which is lower than the wind exponent for Ka-band Bragg

waves. This explains the decrease in the relative contribution of NP component to the NRCS for both polarizations.

Such wind dependence of the relative NP contribution is opposite to that suggested by the Ku-band NSCAT-4, for

which the relative contribution of NP to the total NRCS increases with the wind.

APPENDIX A

RADAR CALIBRATION

The radar pattern is crucial for radar calibration and estimation of the effective footprint area. The two-way radar

angular antenna pattern is estimated using a metal 100 mm sphere target (installed on thin dielectric lines in front

of the radar directed towards the clear sky) and video camera synchronized with the radar (Fig. 17).

Oscillations of the target are synchronously registered by radar and video camera, thus yielding the radar

backscattering as a function of the target’s angular coordinates, α and β. The two-way radar pattern Γ is then

estimated as the distribution of the received power versus α and β normalized by the peak value (Fig. 18).

The calibration constant, C, in (1) is estimated from observations of different targets at known distances and
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Fig. 17. Radar calibration: (a) schematic explanation of the method, (b) target video image on the background of clear skies (mountains at the

image bottom are tens of kilometers apart), (c) sample target trajectory.
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Fig. 18. Normalized two-way radar patterns (a) Γhh and (b) Γvv.

positions within the radar pattern. The relationship between the power received by the radar and the recorded

signal power is determined by characteristics of the radar hardware, which may introduce some non-linearity. For

calibration purposes, the received power was varied by changing target type, size, and distance. The relationship

between the radar output signal variance and received power is found to be linear in the whole range of signal

amplitudes and is used to determine the calibration constant, C (Fig. 19a). One can note very close signal levels

in both channels (Fig. 19b, except for the smallest calibration target with bad signal recognition) suggesting that

vertical and horizontal channels are well balanced.
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of distance to the target. The solid line corresponds to the linear fit (calibration curve).

APPENDIX B

CROSS-POLARIZED CONTAMINATION

The radar hybrid polarization mode results in simultaneous receiving of co-polarized (PP) and cross-polarized

(CP) signals in a proportion determined by the radar antenna properties. The complex amplitudes of the vertical,

VR, and horizontal, HR, received signals areVR

HR

 =

Rvv Rhv

Rvh Rhh

Svv Shv

Svh Shh

Tvv Thv

Tvh Thh

VT

HT

 (26)

where R and T are the matrices that describe distortions induced by receive and transmit antennae, respectively,

S is the scattering matrix of the target, VT and HT are the intended transmit polarization components, which are

equal for our slant polarization mode, VT = HT = 1.

Assuming reasonable polarization isolation (about −20 dB for typical horn antenna), Tvh = Thv = Rvh = Rhv =

0, and backscattering reciprocal property, Svh = Shv, equation (26) simplifies toVR

HR

 =

SvvTvvRvv + SvhThhRvv

ShhThhRhh + SvhTvvRhh

 . (27)

From the calibration by non-depolarizing targets (isotropic spheres and trihedral corner reflectors) with known

scattering coefficients S′ = S′
vv = S′

hh =
√
σ′, and S′

vh = S′
hv = 0, some of the polarization distortion parameters

can be found: TvvRvv

ThhRhh

 =

V ′
R/S

′

H ′
R/S

′

 . (28)

The calibration constant for each polarization, Cpp, (1-3) can also be determined, Cpp = T 2
ppR

2
pp · (R′4/Γ′).
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The intended calibrated measurements areS̃vv

S̃hh

 =

VR/TvvRvv

HR/ThhRhh

 . (29)

For a target with PP return only the measured scattering coefficients are equal to the PP coefficients, S̃pp = Spp.

However, for a target producing the CP, equations (27) and (29) suggest that CP signal mixes into the PP signal

with coefficients depending on the antenna distortion parameter ratio,S̃vv

S̃hh

 =

Svv + SvhThh/Tvv

Shh + SvhTvv/Thh

 . (30)

Assuming that CP and PP are not correlated, Re(SppS
∗
vh) = 0 (see e.g. [43], [44]), the measured scattering

cross-sections, σpp = |Spp|2, are σ̃vv

σ̃hh

 =

σvv + σvhT 2
hh/T

2
vv

σhh + σvhT 2
vv/T

2
hh

 . (31)

Notice, that rotation of the radar relative to the horizontal plane may also impact the polarized measurements. If

the radar is rotated clockwise by an angle, γ, versus the local horizontal, the scattering matrix in (26) is replaced

by

Ŝ =

 cos γ sin γ

− sin γ cos γ

Svv Svh

Svh Shh

cos γ − sin γ

sin γ cos γ

 . (32)

However, the radar rotation is controlled with at least γ ≈ 1◦ accuracy (actually better than that). Simple linear

algebra shows that distortions due to the rotation are proportional to at least sin2 γ ≈ −35 dB. This is less than

typical polarization isolation for horns (−20dB), and thus is not considered.

CP contribution in (31) leads to the following relative systematic errors, δ(x) = (x̃− x)/x, for PP NRCS, σpp
◦ ,

polarization difference (PD), ∆σ = σvv
◦ −σhh

◦ , polarization ratio (PR), P = σvv
◦ /σhh

◦ , and non-polarized (NP) term:

δ(σvv
◦ ) =

σvh
◦

σvv
◦

· T
2
hh

T 2
vv

, (33)

δ(σhh
◦ ) =

σvh
◦

σhh
◦

· T
2
vv

T 2
hh

, (34)

δ(∆σ) =
σvh
◦

∆σ
· |T

4
hh − T 4

vv|
T 2
vvT

2
hh

, (35)

δ(P ) =
1 + δ(σvv

◦ )

1 + δ(σhh
◦ )

− 1 ≈ δ(σvv
◦ )− δ(σhh

◦ ), (36)

δ(σnp) =
δ(σhh

◦ )Pbr − δ(σvv
◦ )P

Pbr − P
. (37)

The first, “scattering” factor in the r.h.s of (33-35) is the ratio between CP and PP (or their combination) and

depends on the surface properties only. The second, “antenna” factor is determined by the sensor properties and

depends on the polarization isolation of transmitting antenna and how well its polarization plane is aligned with

the 45◦ plane. The antenna distortion parameters, Tpp, are not calibrated separately, but observations in Fig. 19b

suggest that (T 2
vvR

2
vv)/(T

2
hhR

2
hh) ≈ 0.9 or even closer to 1. Assuming that identical receiving channels have equal
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distortions, Rvv ≈ Rhh, the transmit antenna distortions can be estimated as T 2
vv/T

2
hh ≈ 0.9, and thus the antenna

factor for the PD is ≈ 0.22.

To evaluate the systematic errors in (33-37), we set all the antenna factors equal to 1, suggesting that the CP

contaminates hybrid PP and PD, so that PP=PP+CP and PD=PD+CP. Noting that, T 2
vv/T

2
hh ≈ 0.9, (indirectly

confirmed by data in Fig. 19b), this will give the upper limit of δ(∆σ), and reasonable estimates of δ for all other

variables.

To the best of our knowledge, the CP empirical models are only available for C-band (e.g. [25], [45]). Therefore,

in the absence of a better alternative, we assess the errors (33-37) using both C-band CP GMF’s and the Two-Scale

Model (TSM) predictions. In accordance with the TSM, the ratio CP/PP, reads [34], [41]

σvh
◦

σpp
◦

=
|Gvv −Ghh|2

|Gpp|2
ζ2c

sin2 θ
, (38)

where Gpp are the Bragg scattering coefficients (see e.g. [34]), ζ2c is the mean-squared slope of tilting wave in the

plane normal to the incidence plane.

Calculations of the relative systematic errors, δ, are shown in Fig. 20 as omni-directional (azimuth-averaged)

values versus incidence angle and wind speed. By definition, the TSM does not contain NP scattering, therefore no

NP errors for the TSM are shown in Fig. 20.

The estimates based on the empirical data use a combination of co-polarized C-band GMF [24] with different

empirical C-band CP models from: i) [25] (see their Table 2a), ii) [45] (see their Table II), iii) [24] (the estimate

based on their Fig. 4). Note, that substitution of HH model [24] by that from [45] (see their Table III) does not

change the results significantly indicating that HH models from [24], [45] are close.

In general, the TSM-based errors are below the empirical errors. Independent of particular data source, all

empirical estimates of CP contamination of measured PP and their derivatives (PR, PD, NP) are small. Note also

that Ku-band airborne simultaneous PP and CP measurements [46] (see their Fig. 7) at U = 11 m/s and θ = 44◦

suggest the similarly low magnitude of δ comparable to that in the C-band. This suggests only a minor dependence

on radar frequency that allows using empirical C-band estimates as a proxy for our Ka-band.

The estimates shown in the Fig.20 suggest that HH channel and NP term are the most affected by CP contam-

ination, for which up to 20% error is possible at large incidence angles. We tolerate such error and ignore CP

contribution to the hybrid measurements.

APPENDIX C

EVALUATION OF (4)

At each iteration step, the equation (4) is evaluated numerically for given θ0, ϕ0, U using the radar antenna

pattern (Fig. 18). To improve computational performance the integration in (4) is performed in {α, β}-coordinates

(Fig. 21):
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Fig. 20. The relative systematic errors due to the cross-polarized (CP) component for the hybrid omnidirectional (a,e) NRCS (PP+CP), (b,f)

polarization ratio (VV+CP)/(HH+CP), (c,g) polarization difference (PD+CP), and (d,h) non-polarized (NP) term versus (a-d) incidence angle θ

at U = 15 m/s and (e-h) wind speed U at θ = 45◦ from C- and Ka-band TSM prediction, C-band CP GMFs [24], [25], [45] and C-band PP

GMF [24]. Ku-band measurements at U = 11 m/s and θ = 44◦ [46] are also shown.

Fig. 21. Radar-look geometry. Sea surface projection of VV pattern faded with slant range is shown. Wind is blowing from y-axis direction

(ϕ0 = 0).
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σ◦eff(θ0, ϕ0, U) =

∫
Γeffσ◦(θ, ϕ, U)Jdαdβ∫

ΓeffJdαdβ
, (39)

Γeff(α, β) = Γ(α, β)

[
R0

R

]4
= Γ(α, β)

[
cos θ

cos θ0

]4
,

θ(α, β) = arctan

{[
tan2 α

cos2 χ
+ tan2 χ

]1/2}
,

ϕ(α, β) = ϕ0 + arctan

{
tanα

cosχ tanχ

}
,

J(α, β) =
H2

cos3 χ cos2 α
,

where χ = θ0+β, H is the radar height above the sea surface, and an empirical model for σ◦(θ, ϕ, U) is determined

by (6).

APPENDIX D

COEFFICIENTS Cmnk AND Aj(θ, U)

Coefficients Cmnk in (7) are given in Table I (θ and ϕ are in radians). Coefficients Aj(θ, U) in (7) are tabulated

in Tables II and III. They are determined using a method given in [27]:

A0 = (σup
◦ + 2σcross

◦ + σdown
◦ )/4, (40)

A1 = (σup
◦ − σdown

◦ )/2, (41)

A2 = (σup
◦ − 2σcross

◦ + σdown
◦ )/4. (42)
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