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CANONICAL COORDINATES FOR MODULI SPACES OF RANK TWO
IRREGULAR CONNECTIONS ON CURVES.

ARATA KOMYO, FRANK LORAY, MASA-HIKO SAITO, AND SZILARD SZABO

ABsTRACT. In this paper, we study a geometric counterpart of the cyclic vector which allow
us to put a rank 2 meromorphic connection on a curve into a “companion” normal form. This
allow us to naturally identify an open set of the moduli space of GLa-connections (with fixed
generic spectral data, i.e. unramified, non resonant) with some Hilbert scheme of points on the
twisted cotangent bundle of the curve. We prove that this map is symplectic, therefore providing
Darboux (or canonical) coordinates on the moduli space, i.e. separation of variables. On the
other hand, for SLa-connections, we give an explicit formula for the symplectic structure for a
birational model given by Matsumoto. We finally detail the case of an elliptic curve with a divisor
of degree 2.

1. INTRODUCTION

In this paper, we introduce coordinates on the moduli spaces of rank 2 meromorphic connec-
tions on a Riemann surface, and we describe the symplectic structures on the moduli spaces by
the introduced coordinates. Finally, we will have canonical coordinates on the moduli spaces. Our
motivation is to give explicit descriptions of the isomonodromic deformations of meromorphic con-
nections over a general Riemann surface. It is well-know that the isomonodromic deformations
have non-autonomous Hamiltonian descriptions (in detail, see [34], [20], [14], for example). If we
find explicit formulae for the isomonodromic Hamiltonians, then we have explicit descriptions of
isomonodromic deformations. To find explicit formulae of Hamiltonians, it is necessary to introduce
canonical coordinates (which are also called Darboux coordinates) on the moduli space of meromor-
phic connections. The present paper is a first step to give explicit descriptions of isomonodromic
deformations.

For the isomonodromic deformations of rank 2 projective connections with regular singular
points, there are some results of explicit descriptions. For example, Okamoto considered non-
autonomous Hamiltonian descriptions of isomonodromic deformations on elliptic curves in [43] and
[44]. Iwasaki generalized for general Riemann surfaces in [25] and [26]. Here the independent vari-
ables of the isomonodromic deformations are the position of regular singular points on the Riemann
surfaces. That is, they are isomonodromic deformations of fixed Riemann surfaces. On the other
hand, Kawai [28] gave explicit descriptions of the isomonodromic Hamiltonians varying the elliptic
curve. Okamoto, Iwasaki, and Kawai in these papers introduced canonical coordinates on (a generic
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part of) the moduli space of rank 2 meromorphic projective connections by using apparent singular-
ities. For our purpose, we take this strategy. That is, we will also introduce canonical coordinates
on the moduli space of meromorphic connections by using apparent singularities. On the other
hand, in this paper, we are interested in the isomonodromic deformations of GLs-connections and
of SLg-connections. The coordinates using apparent singularities are an analog of the separation of
variables in the Hitchin system, which is a birational map from the moduli space of stable Higgs
bundles to the Hilbert scheme of points on the cotangent bundle over the underlying curve of the
Higgs bundles (see [19] and [I6]). Here this map is a symplectomorphism of the open dense subsets
of the moduli space. The definition of the apparent singularities for general rank meromorphic
connections is in [45].

1.1. Our setting. Let v be a positive integer. We set I := {1,2,...,v}. Let C be a compact
Riemann surface of genus g (g > 0), and D = >, ., m4[t;] be an effective divisor on C. Let E
be a vector bundle over C and V: E — E ® Qf (D) be a meromorphic connection acting on E.
We assume that the leading term of the expansion of a connection matrix of V at ¢; has distinct
eigenvalues. If m; = 1, then we assume that the difference of eigenvalues of the residue matrix at ¢;
is not integer. That is, ¢; is an generic unramified irregular singular point of V or a non-resonant
regular singular point of V.

When C is the projective line and E is the trivial bundle, the moduli space of meromorphic
connections has been studied by Boalch [7] and Hiroe—Yamakawa [18]. This moduli space has the
natural symplectic structure coming from the symplectic structure on the (extended) coadjoint
orbits. For general C' and E, the moduli space of meromorphic connections (with quasi-parabolic
structures) has been studied by Inaba—Iwasaki-Saito [22, 23], Inaba [21], and Inaba—Saito [24]. For
general C' and F, the moduli space has also the natural symplectic structure. In these papers, the
symplectic form described by a pairing of the hypercohomologies of some complex. This description
of the symplectic structure is an analog of the symplectic structure of the moduli spaces of stable
Higgs bundles due to Bottacin [8]. For the case where V has only regular singular points, Inaba
showed that this symplectic structure coincides with the pull-back of the Goldman symplectic
structure on the character variety via the Riemann—Hilbert map in [2I] the proof of Proposition
7.3].

Our purpose in this paper is to introduce canonical coordinates on the moduli spaces of meromor-
phic connections. For this purpose, there are some strategies. First one is to consider canonical coor-
dinates on the products of coadjoint orbits. This direction was studied by Jimbo—Miwa—Mori—Sato
[27], Harnad [17], and Woodhouse [47]. Sakai-Kawakami-Nakamura [29] and Gaiur-Mazzocco—
Rubtsov [I5] gave some explicit formulae for the isomonodromic Hamiltonians by the coordinates
of this direction. Second one is to consider the apparent singularities. As mentioned above, we take
this strategies.

In this paper, we consider only the case where the rank of F is two. Let X be an irregular
curve, which is described in Section That is, X is a tuple of (i) a compact Riemann surface
C, (ii) an effective divisor D on C, (iii) local coordinates around the support with D, and (iv)
spectral data of meromorphic connections at the support with D (with data of residue parts).
Here, the spectral data is described in Section 223l We fix an irregular curve X. That is, we fix
spectral data of rank 2 meromorphic connections at each point of the support with D. By applying
elementary transformations (which is also called Hecke modifications), we may change the degree
of the underlying vector bundle of a meromorphic connection freely. So we assume that deg(E) =
2g —1. By this condition, the Euler characteristic of the vector bundle E is 1 by the Riemann-Roch
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theorem. In this situation, for generic meromorphic connections (FE, V), we have dim¢ H°(C, E) =
1. So the global section of F is uniquely determined up to constant. This is convenient for the
definition of the apparent singularities. In this paper, we consider only meromorphic connections
with dime H?(C, E) = 1. Moreover we assume that meromorphic connections (E, V) are irreducible.
By this condition, the definition of apparent singularities becomes simple.

1.2. GLy-connections. In the first part of this paper, we discuss on GLo-connections. That is, we
consider rank 2 meromorphic connections. We do not fix the determinant bundles of the underlying
vector bundles and the traces of connections. Qur purpose is to introduce canonical coordinates on
the moduli space of rank 2 meromorphic connections by using apparent singularities. When C' is
the projective line, many people introduced canonical coordinates on the moduli space by using the
apparent singularities ([43], [41], [10], [46], [33], [9], and [31]). In this paper, we consider apparent
singularities for general Riemann surfaces.

Let X be the fixed irregular curve. If (E,V) is a rank 2 meromorphic connection such that
deg(E) = 2g — 1, dim¢ H°(C,E) = 1, and (E,V) is irreducible, then we can define apparent
singularities for (E, V). (In detail, see Definition [l below). The apparent singularities are the set
of points {qi,...,qn} on the underlying curve C. Here we set N := 4g — 3 + deg(D). Let Mx be
the following moduli space

(i) E is a rank 2 vector bundle on C with deg(E) = 2g — 1
(i) Vi E — E® QL(D) is a connection /

(a2

My = (E,V) (ili) (E,V) is irreducible, and

(iv) V has the fixed spectral data in X

This moduli space Mx has a natural symplectic structure due to Inaba—Iwasaki-Saito [22], Inaba
[21], and Inaba-Saito [24]. We consider a Zariski open subset M$ of My as follows:

(i) dime HY(C, E) = 1, /

M% = (E,V) € Mx | (i) 1 + -+ g is reduced, and
(iii) g1 + - - - + gn has disjoint support with D
(in detail, see Section B.I)). The dimension of the moduli space M% is 2N (Proposition [[0). By
taking apparent singularities, we have a map
App: MY — Sym™ (C)
(E,V) — {q17q27 .. 7(JN}

Remark that the dimension of Sym” (C) is half of the dimension of M. To introduce coordinates
on M§, it is necessary to find further invariants of connections, that are customarily called accessory
parameters. To find these parameters, we introduce a twist of Q% (D) by cq, which is the first Chern
class ci(det(E)) € HY(C,QL) of E. (In detail, Section below). We denote by QL(D,cq) the
twist of Q4 (D). Let
Tey: QUD,cq) — C

the total space of Q%(D, cq). Let wp ., be the rational 2-form on (D, ¢q) induced by the Liouville
symplectic form. This rational 2-form wp ., induces a symplectic structure on Q(D, ¢q) \ 7. (D).
We consider the symmetric product Sym”™ ((D, ¢q)). Let Zjvzl prj(wp,c,) be the rational 2-form
on the product Q(D,cq). Here pr;: (D, cq)N — Q(D, ¢q) is the j-th projection. This rational
2-form Zjvzl prj(wp,c,) induces a symplectic structure on a generic part of Sym™ (Q(D, ¢q)). We
will define a map from M% to Sym”™ (Q(D, ¢4)) by the following idea.
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By the theory of apparent singularities discussed in Section 2.1l we have a canonical inclusion
morphism

Oc & (D))" — E.
By this morphism, we have the connection Vy on O¢ & (24 (D)) ™! induced by a connection V on

E. Notice that V has simple poles at the apparent singularities. By applying automorphisms on
Oc @ (24(D))~!, we may normalize V as

e )

which is called a companion normal form (in detail, see Section below). Here d is the exterior
derivative on C, 8 € H°(C,(Q5)®?(2D + q¢1 + - + qn)), and § is a connection on (QL(D))™?,
which has poles at the support of D and the apparent singularities q1,...,qxy. Then we may define
a map

fapp: My — Sym™ (Q(D, ¢4))

(B, V) — {(gj,resq, (B8) + tr(V)lg; ) hh<jsn
Here, notice that resy, (8) € Q& (D)],, and tr(V)|,, is justified by considering the twisted cotangent
bundle (in detail, see Definition [[6 below). Remark that the dimension of Sym® (Q(D, ¢4)) is equal
to the dimension of M%. A generic part of Sym®™ (D, cq)) has the natural symplectic structure

induced by the symplectic structure on the product (Q(D, cq) \ 7., (D)) x - - - x ((D, cq) \ 7! (D)).
The first main theorem is the following:

(1.1)

Theorem A (Theorem below). The pull-back of the symplectic form on a generic part of
Sym™ (Q(D, cq)) under the map (1)) coincides with the symplectic form on MY.

If we take canonical coordinates on (D, ¢4), then we have canonical coordinate on Sym™ (Q(D, ¢ )),
since the symplectic structure on Sym” (Q(D, ¢)) is induced by the 2-form Zjvzl prj(wp,c,). Then
we have canonical coordinates on M% by Theorem [Al Detail of construction of concrete canonical
coordinates on MY is discussed in the paragraph after the proof of Theorem 20 below.

In Section 5, we consider an example of this argument. We will calculate the canonical coordinates
for an elliptic curve and a divisor D of length 2. The moduli space of rank 2 meromorphic connection
with fixed trace connection on an elliptic curve with two simple poles was studied in [36] and [12].
In this paper, we will discuss the GLs-connection case.

1.3. SLs-connections. In the second part of this paper, we discuss on SLs-connections. That is,
we counsider rank 2 meromorphic connections with fixed trace connection (Lo, V). Here Lg is a
fixed line bundle on C of degree 29 — 1 and Vo: Lo — Lo ® Q&(D) is a fixed connection. More
precisely, we consider rank 2 quasi-parabolic connections (E,V, {I(V}), defined in [24, Definition
2.1], with fixed trace connection (Lo, V). Here the spectral data of Vg is determined by the fixed
irregular curve X. The quasi-parabolic structure {9 at t; induces a one dimensional subspace lii)d
of El;,, that is the restriction of I(¥) to ¢; (without multiplicity). Our moduli space is as follows:

(i) V has the fixed spectral data in X,
i ii) E is an extension of Ly by O¢,
M (Lo, Volo = § (8,9, 49D | (3 e
(

Il

iii) dime¢ H°(C, E) = 1, and '
iv) lgz)d & Oc|i, CP(E) for any i
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which is described in Section Here (E,V,{l®¥}) are rank 2 quasi-parabolic connections on
(C, D) with fixed trace connection (Lg,Vp). When g = 0, we impose one more condition (in
detail, see the paragraph after the proof of Lemma below). This moduli space also has a
natural symplectic structure. The dimension of the moduli space Mx (Lo, Vo)o is 2Ny, where
No :=3g — 3+deg(D). For (E,V,{IV}) € Mx (Lo, Vo)o, we can also define apparent singularities
(Section 2 below). The apparent singularities give an element of PH?(C, Ly ® Q4(D)). So we
have a map
Tapp: Mx (Lo, Vo)o — PH®(C, Lo @ Q&(D)).

For (E,V,{I}) € M(Lgy, Vo)o, we forget the connection V. So we have a quasi-parabolic bundle
(B, {I}). By taking the extension class for the quasi-parabolic bundle (E, {I(V}), we have a map

TBun: Mx (Lo, Vo)o — PH'(C, Ly (=D)).
Here the extension class is described in Section 1] below. We consider the product
TApp X TBun: Mx (Lo, Vo)o — PH®(C, Ly ® Q&(D)) x PHY(C, Ly *(—D)).

This map has been studied by Loray—Saito—Simpson [38], Loray—Saito [37], Fassarella-Loray [12],
Fassarella—Loray—Muniz [13], and Matsumoto [39].
Notice that H'(C, Ly (—D)) is isomorphic to the dual of H(C, Ly ® Q& (D)). Remark that

dimc PH®(C, Ly ® Q&(D)) = dime PH(C, Ly ' (—D)) = No.

Let us introduce the homogeneous coordinates @ = (ag : -+ - : ay,) on PH?(C, Ly ® QL (D)) = PYe
and the dual coordinates b= (b : --- : by,) on

PH'(C, Ly (—D)) = PH(C, Ly ® Q& (D))" = P,
We may define a 1-form 7 on PYo x ]P{,VU by

ap dbg + a1 dby + - - - + apn, deo
aobo + a1by + - +an,by,

7 = (constant) -

In detail, see Section . The 2-form d ives an sym lectic structure on P20 x PNO Y. Here
U P a b
we set

IR (a0b0+a1b1 + -"+aN0bN0 = 0) C ]P)flv[) X Pévo

The image of M (Lo, Vo)o is contained in PY° x P, \ 5. (In detail, see Section E3). The second
main theorem is the following:

Theorem B (Theorem B1] below). We assume that the fized spectral data satisfies the generic
condition ([A8) below. The pull-back of the symplectic form dn on PYo x Pévo \ X under the map
TApp X TBun coincides with the symplectic form on the moduli space Mx (Lo, Vo)o-

1.4. The organization of this paper. In Section 2] the apparent singularities for a generic rank
2 meromorphic connection are defined. After the definition of the apparent singularities, we will
discuss on the companion normal form of a generic rank 2 meromorphic connection. We will use this
companion normal form when we will introduce canonical coordinates. In Section [3] first, we will
describe our moduli space of rank 2 meromorphic connections. Second, we will discuss on tangent
spaces of the moduli space of rank 2 meromorphic connections. We will recall that the tangent
spaces at a meromorphic connection are isomorphic to a hypercohomology of the complex defined
by the meromorphic connection. After that, we will describe a natural symplectic structure on the
moduli space of rank 2 meromorphic connections. Section [3.3] and Section [3.4] are preliminaries of
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the proof of the first main theorem. In Section 35l we will give the map from a generic part of the
moduli space to Sym” (Q(D, ¢q)) and will show the first main theorem.

In Section ] we will consider rank 2 meromorphic connections with fixed trace connection. First,
to describe the bundle map 7gyy,, we recall the moduli space of stable quasi-parabolic bundles with
fixed determinant. Second, we will describe our moduli space of rank 2 meromorphic connections
with fixed trace connection. Third, we will describe the map map, defined by considering the
apparent singularities. In Section [£.4] we will recall a natural symplectic structure on the moduli
space of rank 2 meromorphic connections with fixed trace connection, and will show the second
main theorem.

In Section 5] we will apply the argument in Section [2]and Section [3]to the case of an elliptic curve
with a divisor D of length 2. When D is reduced, this amounts to two logarithmic singularities,
otherwise to an irregular singularity. It is remarkable that using our approach these two cases can
be studied completely similarly.

In Section [ we will provide a method for obtaining canonical coordinates p; € Q(D, cg)|q, for
generic (E,V) € M% by introducing a section s € H?(C,det(E)) and v € H°(C,QL(D)). We will
utilize an open set Uy = C'\ {s = 0,7 = 0} and the trivialization of E|y, to define p; € Qi (D))q, -
This method can be also used for constructing a meromorphic connection Vi: E — E®QH(D(s))
for a given s € HY(C,det(E)), where D(s) denotes the zero divisor of s. In Theorem HIl we
will provide an alternative proof of the birationality of fapp (cf. Proposition [I7)) by utilizing the
Higgs fields V — V; and the BNR correspondence [3]. This approach may shed new light on the
relationship between the canonical coordinates of the moduli spaces of connections and the moduli
spaces of Higgs bundles. (cf. [45]).

Acknowledgments. The authors would like to warmly thank Michi-aki Inaba and Takafumi Mat-
sumoto for useful discussions. The first, third, and fourth authors would like to thank Frank Loray
for his hospitality at IRMAR, Univ. Rennes.

2. COMPANION NORMAL FORM

Let C be a compact Riemann surface of genus g (¢ > 0), and D be an effective divisor on C.
We assume 4g — 3 +n > 0 where n = deg(D). We consider a rank 2 meromorphic connection

(2.1) V:E— E®Q:(D)

on C where deg(F) =29 — 1.

When g = 0, Diarra—Loray have given companion normal forms of the rank 2 meromorphic
connections in [9]. By the companion normal forms, we may construct a universal family of the
rank 2 meromorphic connections on some generic part of the moduli space of rank 2 meromorphic
connections. This universal family is useful to describe the isomonodromic deformations [3I]. The
purpose of this section is to give companion normal forms of rank 2 meromorphic connections when
g > 0. For this purpose, first, we will introduce the apparent singularities for (generic) rank 2
meromorphic connections.

2.1. Apparent singularities. First we assume that dim¢ H°(C, E) = 1 for the rank 2 meromor-
phic connection (21]). This assumption holds for a generic vector bundle of the rank 2 meromorphic
connection with deg(E) = 2g — 1. For an element of H'(C, E), we define the sequence of C-linear
maps

(2.2) ov: Oc — E 5 E® QL(D) — E/O¢ @ QL(D).
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This composition ¢v is an O¢-linear map. From now on we assume that ¢y # 0. This assumption
holds for every (F,V), provided that the eigenvalues of the residues are chosen generically (see
Remark @] below). We call the global section in H°(C, E) in [Z2)) the cyclic vector.

Let us now define Ey C E as the rank 2 locally free subsheaf spanned by O¢ and

1 { Vo, ® My (py-+: (Q6(D) ! = E}.
This construction gives rise to a short exact sequence of coherent sheaves
0 — Oc — Ey — (Q5(D))™' — 0.
We claim that this sequence splits, i.e.
(2.3) Ey = Oca® (Qu(D)) .
Indeed, equivalence classes of extensions of (Q4(D))~! by O¢ are classified by the group
Ext'((Q5 (D)1, 0¢) = Ext' (Oc(—D), Q%) = HY(C,0c(-D))Y =0,
where we have used Grothendieck—Serre duality. We denote by

(2.4) ov: B — E.

the canonical inclusion morphism, and define the meromorphic connection
(2.5) Vo =¢3(V)

on Fy. We note that the polar divisor of V is D + B where

(2.6) B =div(¢v).

We note that

(2.7) deg(B) =49 — 3+ n.

From now on, moreover, we assume that B is reduced, with support disjoint from D. In different
terms, in view of (Z7]), we have

B=q +- -+ qug—3+n
where ¢; # g; once i # j and ¢; ¢ D for all 4.

Definition 1. Assume that v # 0 and div(ev) is reduced, with support disjoint from D. We call
the points of the support {qi,...,qag—3+n} of div(ev) the apparent singularities of (E, V).

2.2. Companion normal form. The desired companion normal form is a normal form of Vg in
@3). So the companion normal form is given by normalization of Vo by applying automorphisms
on O¢ & (24(D))~!. To give the companion normal form, first, we describe a decomposition of V

relative to ([23):
_ (> B
Voo <7 5)

where
a Oc — QL(D + B) (connection)
B QL(D))™' — QL(D + B) (O¢-linear)
vy Oc — O¢(B) (Oc-linear)
5 (QL(D)™' — (QL(D) ' @ QL(D + B) (connection)
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This form is unique only up to pre-composition by an element of the automorphism group Aut(Fy)
of Ey. Elements of Aut(Fy) are described as follows:

N F
0 XJ’

where A\, A2 € C* and F € H°(C,QL(D)). It follows by construction that V, admits no pole in
restriction to O¢ over the divisor B, so that actually we have

a : Oc— QL(D) (connection)
v Oc— Oc¢ (= identity)
The action of an automorphism of the form
(2.8) ((1) i ) . FeH(C,04(D))

transforms « into o« — F'y (without affecting ). Therefore, there exists a unique choice F' such that
« = d is the trivial connection on O¢. We thus get the unique companion normal form

(2.9) Vo - (‘j {j) |

Notice that the same companion normal form is obtained simply by taking the generator pv (1)
for the second factor of (233), and the action of the automorphism (Z8) in the above argument
simply amounts to switching to this particular generator.

2.3. Spectral data. Now we consider the polar part of the meromorphic connection (21]) at each
point of the support of D. We impose some conditions on the polar parts. To describe the conditions,
we introduce the notion of irregular curves with residues. Let v be a positive integer. We set
I:={1,2,...,v}. Let h be the Cartan subalgebra

{5 ) [roreee)

of the Lie algebra gl,(C). Let by be the regular locus of b.

Definition 2. We say X = (C, D, {z}icr,{0:}icr, Ores) s an irregular curve with residues if

(i) C is a compact Riemann surface of genus g,

)
)
(iv) 0; = (0i,—m,s (0i,—mit1,-- -, 0i—2)) € ho x h™ 2, and
(V) Ores = (01,-1,02,-1,...,0, 1), where 0; _1 € B, such that Z;/:l tr(0;—1) = — (29 — 1).

0, _4 0 .
0;—1 = ( 0 9:_1> for each i € I.
We assume that >, 9?7:_1 & 7 whatever are the signs =, and, if m; =1, then 9:_1 -0, ¢ L.

For an irregular curve with residues X, we set

dZi dZi dZi le
(2.10) wWi(X) = 0i —m, = +0i—mp1 =g + -+ 02— +0; 1
2] 2 z %
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and Oy, 11, := Oc,t,/(2]"*). For an irregular curve with residues X and a meromorphic connection
(E,V) in 1), we set E|,,,) := E ® Op,p1,]- Let

V|mi[ti] : E|mi[ti] — E|mi[ti] ® QlC(D)
be the morphism induced by V.

Definition 3. We call (E,V) a rank 2 meromorphic connection over an irregular curve with
residues X if

(i) E is a rank 2 vector bundle of degree 29 — 1 on C,
(ii) V: E— E®QL(D) is a connection, and
(iii) there ewists an isomorphism Qp, 1,1+ Elm, ) — Ojﬁ?[t,] for each i € I such that

(Pmatt] ® 1) © Vi, 11 © Prr g = d +wiX).
Here w;(X) is defined in (ZI0).

We call w;(X) the spectral data of (E, V) and call the submodule go;i[ti] (O, 111 ©0) of Ely, 1) the
quasi-parabolic structure of (E, V) at ¢;.

From now on, by a connection we will mean a rank 2 meromorphic connection over a fixed
irregular curve with residues X. So we impose the condition (iii) of Definition Blon the polar parts
of the meromorphic connection V in (Z1]) at the points of the support of D. This condition means
that the polar parts of V at ¢; are diagonalizable with eigenvalues equal to the diagonal entries of
wi(X) fori=1,2,...,n.

Remark 4. In Definition[d, we impose the condition that Y ;_, 9?7:_1 & 7 whatever are the signs +.
By this assumption and the argument as in [32, Proposition 6], we have that (E, V) is irreducible.
Then some arguments become simple. For example, pv = 0 if and only if the free subsheaf O¢ of
E is a proper V-invariant subbundle. So we have that oy # 0. Moreover, (E,V) is automatically

stable (described in Section[31] below).

2.4. The polar parts of §. We fix an irregular curve with residues X. Let (E,V) be a rank 2
meromorphic connection over X and V be the companion normal form for (E, V). We consider
the (2,2)-entry § of this companion normal form V.

It immediately follows from (2.9) that the connection ¢ coincides with the trace connection tr(Vy)
on det(Ep) = (Q&(D))~*. It is further related to the trace connection tr(V) by

dev
v
Lemma 5. (1) The polar part of § over D is determined by the spectral data;
(2) The polar part of § over B is logarithmic with residue +1;
(3) ¢ is determined by the irreqular curve with residues X up to adding a holomorphic 1-form

of C.

§ = tr(Vo) = tr(V) +

Proof. The polar part of ¢ at ¢; is equal to tr(w;), showing the first assertion. In view of our
assumption g;, # g;, for j1 # jo, the second assertion is classical. Let now 4,4’ be the (2, 2)-entries
of companion normal forms Vg, V{, of connections V, V' satisfying the conditions of Definition [3
By the first part, § — 4’ is then a global holomorphic 1-form of C. O

As a consequence of the lemma and by dim¢ HY(C, Q) = g, the possible values for § represent
g free parameters for a meromorphic connection over X.
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2.5. The polar parts of 5. Next we consider the (1,2)-entry § of the companion normal form
Vi of a meromorphic connection V over the irregular curve with residues X. By the condition
~v=1in ([Z9), 8 accounts for the determinant of the characteristic polynomial of the residues. By
Definition [B] the eigenvalues of the connection matrix of V are differentials (of the first kind) with
a pole of order at most m; at ¢;. The same condition then holds for Vj too, because it only differs
from V by elementary modifications at points g; # t;. As the determinant of a 2 x 2 matrix is a
quadratic expression of the eigenvalues, we see that S must be a quadratic differential with poles
of order at most 2m; at t;. Over B, a similar argument shows that § has poles of order at most 2.

Let us fix local coordinate charts z; centered at the pole t;. One may then expand 3 into Laurent
series:

B = (Bi—amz; 2" 4+ Loz 4+ O(27) (dzy) 2.

Notice that for given /3 the coefficient 3; _5 is independent of the chosen coordinate chart z;, however
the other coefficients depend on z;. We also fix local coordinate charts z; centered at the apparent
singularity ¢;, and have a similar expansion

B= (Bj—22; 2 + Bj—12; 1 + O(2))) (dz;)®2.
Analogously to Lemma [l we therefore find

Lemma 6. (1) The coefficients Bi—om;,---,Pi,—2 are uniquely determined by the irregular
curve with residues X (and the holomorphic coordinate z;);
(2) We have Bj 2 =0.
(3) B is determined by the irregular curve with residues X up to adding a section of (24)®%(D).

Proof. The coefficients 5; _2m,, ..., Bi,—2 all admit homogeneous quadratic expressions in terms
of the eigenvalues of 0;, 8,5, therefore they are determined by them. Conversely, the coefficients
Bi,—2m;s- -+, Bi,—2 determine the polar part of the eigenvalues. It is classical that for an apparent
singularity of Vg, one of the two eigenvalues of the residue must vanish. This implies that for every
g € B the product of the eigenvalues of res, (Vo) vanishes. As this latter product gives the leading
(second) order term f3; _o, we get the second assertion. The last part follows from the first two as
in Lemma O

As a consequence of the lemma and by dim¢ H%(C, (2)®%(D)) = 3g — 3+ n, the possible values
for 5 represent 3g — 3 + n free parameters for a connection V on X having apparent singularities
at a fixed reduced divisor B of length N.

From now on, we set §; _1 = (j, so that we have the expansion

\®2
(2.11) 8= CjM + B
Zj

for some local holomorphic quadratic differential 5¢). Notice that (;j depends on the coordinate z;,
however the element (; dz; € Q4 |g, of the fiber of the holomorphic cotangent (or canonical) bundle
over ¢; does not depend on it. As a matter of fact, since 8 belongs to an affine space modelled over
HOY(C,(24)®%(D)) (and in order to be consistent with the decomposition ([2.3))), it is even more
rigourous to consider (; dz; as elements of the fiber Q¢ (D)|,,, using the inclusion Qf € Qf (D). In
the sequel we will consider them to be such elements. It will turn out that these quantities (; dz;
are closely related to accessory parameters.
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2.6. Determination of § and § in terms of (. Fix a reduced divisor B of length N on C' with
support disjoint from D. In Subsections[2:4] 25 we have found that (normal forms of) meromorphic
connections with residue on X that have apparent singularities at B can be described by an affine
space of complex dimension g+ 3g—3+n = N (g coming from the choice of § and 3g — 3+ n from
the choice of 8). In this section, we provide a description of such connections in terms of analogs
of separated variables. Namely, it will turn out that generically the data of §, § is equivalent to the
N-tuple (¢ dz1,...,¢ndzn).

The fact that singular points are apparent over B imposes further constraints on £ and . This
constraint gives 1 linear condition for each point ¢; and we can expect that these constraints fix 8
and ¢ uniquely in terms of the data (g;, (; dzj)j-vzl. In fact, this is true for the genus g = 0 case (see
[9]) and we will show in Lemma[7lthat this is also true for generic choices of (g;, ¢; dz;)i, if g > 0.

In fact, the data of (;dz; can be interpreted as a certain quasi-parabolic structure over B.
Indeed, at a point g; and with respect to the decomposition (2.3]), the residue of Vq reads as

resy; Vo = (8 Cj f2]> .

So, the vector is an eigenvector with respect to eigenvalue 1 and the map ¢y (see (2Z4))) is

Gjdz;
1
just the positive elementary transformation with respect to these parabolic directions at all points
g;. In summary, the data of all values (; dz; is equivalent to the data of a quasi-parabolic structure
of Ey over B (i.e., a line in the fiber of Ey over each ¢;) distinct from the destabilizing subbundle

Oc¢ C Ey for every j.
Let us denote by ©(D) the total space of the line bundle Q% (D).

Lemma 7. For generic data (¢;,C; dz;); € Sym™ >t (Q(D)) there exist unique 8 and & as above
such that the corresponding Vo has apparent singular points at all the points ¢; (1 < j < N :=
49 — 3+ n), and such that the Laurent expansion ZI1) is fulfilled.

Proof. Let us consider (gj,(;dz;); such that g;’s are pair-wise distinct, and do not intersect the
support of D. Given one point (g;,(; dz;), we can diagonalize the residue resy, Vo by conjugating
by a triangular matrix

—1 -1
(2.12) ((1) ijzj) ((1) g) ((1) ijzj>+((1) ijzj) d((l) ijZJ)

—Codss _ (23,92 0 O
_ ( ledzj B = 55®+d<z:?dz Q dz; ) - <O dz; ) + holomorphic
j dZ;j

zj
where z; stands for a local coordinate at g;. Then the elementary transformation ¢v is locally

1 0
equivalent to the conjugacy by (O z_1> yielding
J
—¢;06@dz;—¢2 dz®?
—(dzy Z e
Zj 0+ ¢dz — %

(2.13)
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The apparent point condition is therefore equivalent to saying that 8 — (;6 ® dz; — QJZ dzj®2 is
(holomorphic and) vanishing at ¢;. This condition is linear on 8 and ¢ and rewrites

(2.14) B =6 @dz; g, = ¢ dz?y,,
SN———
holomorphic

where the right hand side does not involve 5 and d. If we assume that (q1, ..., ¢x) lies in the image
of the map App (see (L2))), then the normal form of any (E, V) in the preimage produces a solution
(00, Bo)- Fixing such solutions, by Lemmas [l [6] we may rewrite

B8 = Bo+bivi+---+bv_gun_y
6 = 50+d1w1+---+dgwg

where (w))f_,, (vi)p_;? are respective bases of HO(C,QL) and HO(C,(QL)%%(D)). Using these
expressions, the constraint that ¢; is an apparent singularity can be rewritten as a linear system

consisting of N equations in the IV variables by, d;. The condition to uniquely determine 8 and
in terms of the data (g;, {j dz;) is that the following determinant does not vanish

vilgr) - vn—glqr)  Gdznwi(q) - Gdziwg(q)
(2.15) det : - : : - :
vilgn) -+ vn—glgn) Cvdenwi(gn) -+ (v dznvwy(gn)

Of course, it is sufficient for our purpose to check that we can find some (g;,(; dz;)’s such that
this determinant does not vanish, so that it will be generically non vanishing. If we set (; = --- =
(n—g =0, then the matrix has a zero block of dimension (N — g) X ¢ in the top right corner, and
the determinant factors as

nl@) - vn—g(a) wi(q) - we(d)
(N—g+1deN—g+1---(ndzy - det - det : . :
vilgn-g) -+ vN—glan—g) wi(Gg) -+ wgldy)
where G; = gj+n—g. After setting (N—_g+1 = -+ = (v = 1, it is enough to find g;’s such that the

two smaller determinants are non zero. To conclude the proof, let us denote by L any of the two
lines bundles Qf, or (24)®?(D), and by p1,...,un’ a corresponding basis of H°(C, L). Then we
want to prove that the image of the curve by the evaluation map

Ci]P)N,—l ; qH(ul(q)""-MN/(q))

is not contained in some hyperplane, i.e. that we can find ¢i1,...,gn € C such that the image
is not contained in some hyperplane. But this is true, otherwise, we would have a linear relation
between pi1, ..., uns contradicting that they form a basis. 0

Remark 8. In the previous proof, the locus of q;’s for which det(w;(§G;)):,; vanishes correspond to
the Brill-Noether locus for divisor g1 + -+ + qq.

Lemma 9. When g = 0, any data (¢;,¢; dz;); € Sym™ *(Q(D)) gives rise to unique B and & such
that the corresponding Vo has apparent singular points at all q;’s. However, for g > 0, there always
exist data (gj,(j dz;); such that the determinant (213) vanishes.

Proof. When g = 0, this directly follows from [9] (a consequence of Lagrange interpolation). When
g > 0, fix generic ¢;’s and let w € H(C,Q4(D)). If we set ; := w(g;), then the last colum of
(ZI5) is just the evaluation of the section w ® w, C H°(C, (Q4)%*(D)) at q1, - ,qag—3+n and is
therefore a linear combination of the 3g — 3 + n first colums. O
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3. SYMPLECTIC STRUCTURE AND CANONICAL COORDINATES

We fix an irregular curve with residues X = (C, D, {z;}ier, {0:i}ier, Ores). As usual, we use the
notation N := 4g +n — 3, where g is the genus of C' and n = deg(D). We will consider the moduli
space Mx of rank 2 meromorphic connections over X. This moduli space is constructed in [24]
Theorem 2.1] and carries a natural symplectic structure described in [24, Proposition 4.1]. The
purpose of this section is to give canonical coordinates on an open subset of Mx with respect to
this symplectic structure. First we describe the moduli space Mx.

3.1. Moduli spaces. Let (E, V) be a rank 2 meromorphic connection over X. Then, the subsheaf
1@ .— (p;@t[ti](omi[ti] ®0)C Emi[ti]'

equips (F,V) with a canonical quasi-parabolic structure at each ¢;. So we may consider (E, V)
as a quasi-parabolic connection (E,V,{1)}) defined in [2I, Definition 1.1] and [24, Definition 2.1].
A stability condition for quasi-parabolic connections is introduced in |21, Definition 2.1] and [24,
Definition 2.2]. The moduli space of stable quasi-parabolic connections is constructed in [21, The-
orem 2.1] and |24, Theorem 2.1]. In our situation, any rank 2 meromorphic connections over X are
irreducible (see Remark [). So our objects are automatically stable objects. We omit the stability
condition of the quasi-parabolic connections.

Let Mx be the moduli space of rank 2 meromorphic connections over the irregular curve with
residues X. If (E,V) € Mx satisfies dim¢ H°(C, E) = 1, then we have a unique Oc-morphism ¢y
in (22). The O¢-morphism ¢y is nonzero, since (E, V) is irreducible. So we may define the divisor
div(pv) in (Z6) for (E,V). We set

dime HO(C, E) = 1,
MY = {(E,V) € Mx | div(py) is reduced, and
div(ev) has disjoint support with D

Next we recall the natural symplectic structure on Mx.

3.2. Symplectic structure. We will describe the natural symplectic structure on Mx via Cech
cohomology. This is defined in [2I, Proposition 7.2] and [24, Proposition 4.1]. This is analog of
the symplectic form on the moduli space of stable Higgs bundles in [8]. This description of the
symplectic structure is useful to comparing this symplectic structure with the Goldman symplectic
structure on the character variety via the Riemann—Hilbert map (for example, see [21, the proof
of Proposition 7.3] and [4, Theorem 3.2]). Moreover, this description of the symplectic structure
is useful to describe the isomonodromic deformations (for example, see [5, Proposition 4.3], [6]
Proposition 4.4], and [30, Proposition 3.8]).

First we recall the description of the tangent space of Mx at (E,V) € Mx in terms of the hyper-
cohomology of a certain complex (|21, the proof of Theorem 2.1] and [24] the proof of Proposition
4.1]). We consider (E, V) as a quasi-parabolic connection (F,V, {I(V}). We define a complex F*
for (B, V,{I"}) by

FO .= {s € End(E)

8]yt (1D) € 1) for any z}
(3.1) Fli= {s € End(E) @ Q&(D) ‘ 8t (1D) € 19 @ QL for any z}
Vrze: F' — FY Vre(s)=Vos—soV.

Then we have an isomorphism between the tangent space T g v 10} Mx and H(F*).
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Now we recall this isomorphism. We take an analytic (or affine) open covering C' = J,, Ua such
that E|y, = OF” for any a, #{i | t; N Uy # 0} <1 for any a and #{a | t; N Uy # 0} < 1 for any i.
Take a tangent vector v € T( EV, {lu)})M x. The field v corresponds to an infinitesimal deformation

(B, Ve, {I7}) of (E, V, {I{D}) over C'xSpec C[e] such that (E., Ve, {{{")&Cle]/(e) = (B, V, {10}),
where C[e] = C[t]/(t?). There is an isomorphism

ot Eelu,xspeccld = Op yspeccrq — Elv. ® Cle]
such that ¢, ® Cle]/(€): E. ® Cle]/(€)|v., — El|u, ® Cle]/(e) = E|y, is the given isomorphism and
that @alr, xspeccig () = 1], xspecciq if i N Uy # 0. We put
Uap = Pa 0 P5 " — By, xspeccra?
Vo = (Pa ®1d) 0 Ve|y, xspecCle] © Pa — Vva xSpecc(d-
Then {uqs} € C1((e) ® F°), {va} € C°((¢) ® F') and we have the cocycle conditions
Uy — Uay + Uag =0 and Vouag —uagoV =13 — v,.

So [({uas}, {va})] determines an element of H'(F*). This correspondence gives an isomorphism
between the tangent space T(p v (o)) Mx and H'(F*).
We define a pairing

H!(F*) o H(F*) — H2(0c % QL) = C
[({uash, {va D] @ [({uas} {va D] — [({tr(uas o us)}, —{tr(uas o vj) — tr(va o uge)})l,

considered in Cech cohomology with respect to an open covering {U,} of C, {uas} € C*(F°),
{va} € C°(F') and so on. This pairing gives a nondegenerate 2-form on the moduli space Mx.
This fact follows from the Serre duality and the five lemma:

(3.2)

(3.3) HY(F%) —— H(F!) —— HY(F*) —— HY(F’) —— H(FY)
Hl(fl)v Hl(]:O)\/ Hl(f')v 5 HO(;l)V HO(]:O)V.
We denote by w the nondegenerate 2-form on Mx. This 2-form w is a symplectic structure. That

is, we have dw = 0 (see |21}, Proposition 7.3] and [24] Proposition 4.2]).
We get as a consequence:

Proposition 10. The dimension of M% is equal to 2N, where N = 4g — 3 + n.

Proof. By irreducibility of (E,V) and Schur’s lemma we have

H°(F*) =C.
On a Zariski open subset of My, the underlying quasi-parabolic vector bundle (E, {I)};) is irre-
ducible, so we also have

HO(F) =C.
Clearly, we have deg(F°) = — length(D). From Riemann—Roch we find

dime HY(F°) = dim¢c HO(F°) +4(g — 1) — deg(F°)
=49g—-3+n=N.
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By Serre duality and Euler characteristic count applied to the hypercohomology long exact se-
quence ([B3]), we get the statement. O

3.3. Trivializations of E. Our purpose is to give canonical coordinates of M% with respect to
the symplectic form (32)). To do it, we will calculate the Cech cohomology by taking trivializations
of E. To simplify the calculation, we take trivializations of E by using

bv: By —= E,

whose cokernel defines the apparent singularities. In this section, we will discuss construction of
the trivializations of E by using ¢v.

We take (E,V,{I}) € M%. Let {(qj,¢jdz;)}j=12.. .~ be the point on Sym®™ (Q(D)) corre-
sponding to (E,V, {I()}). We assume that the point {(g;,(;dz;)}j=1.2, . is generic in the sense
of Lemma [l Let Ug" be an analytic open subset of C' such that ¢; € U 2 and UM be an analytic
open subset of C such that t; € Uf". We assume that U and Up" are small enough We take an
analytic coordinate z; on U, gj“ such that it is mdependent of the moduli space M$. We denote also
by g; the complex number so that the point ¢; on C is defined by z; — ¢; = 0.

Definition 11. Let {U,}a be an analytic open covering of C: C' =J, Ua such that
(i) #{i|t;NUy # 0} <1 for any o, and t{a | t; NUs £ 0} < 1 for any i,
(i) #{j | ¢ NUa # 0} <1 for any o, and #{a | g; N Ua # 0} < 1 for any j,
(iii) QL(D) is free on U, for any «, that is, Q4 (D)|v., = Oy,
(iv) Un,, = U™ and Uy, = UM,

Here we denote by oy, the index o such that t; € Uy, and by oy, the inder o such that q; € U,.

We fix trivializations wq: Oy, — Q(D)|u,, of QL(D). We assume that w, is independent of
the moduli space M. By using wa, we have wy1: Oy, — (QL(D)) !y, . By the trivializations,
we have trivializations @™ : (9@2 — Ey|y., of Ey. Assume that the connection matrices AZor™
of V associated to ©p”™ are

norm __ 0 ﬁa
(34) Aa - (F)/oz 504) ’
where 84,00 € Q4(D + B)|y, are determined by {(g;,resq, (8))} =12,
1-form v, € Q4(D)|v,, is the image of 1 under the composition
Ou, = (Q(D) ™ ® Q(D)lu, = Ov, ® (D).

In particular, 7, is independent of the moduli space M for any «. The polar part of Ag‘;:m at t;

N (see Lemma [7). The

.....

is independent of the moduli space M% for any i. We set
resy; ()
’Yo‘qj |¢Ij

Here 3 € HY(C, (24)®%(2D + B)) is the (1,2)-entry of ([2.3). Notice that S|y, = Ba7Ya, Where S,
and 7, are in (34). So we have

(3.5) ¢ = eC forj=1,2,...,N.

resq].(AgZ:m)—<8 Clﬂ) for j=1,2,...,N.

Definition 12. We define other trivializations gpgpp’oz (9[893 = Eolu, of Eo for each « as follows:
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(i) When a = ay,, we take a trivialization pAPP0 as

1
App,0 __  _norm J
[e% - <Pa © <0 1> .

Note that this triangular matriz appeared in (212]).
(ii) Otherwise, we take a trivialization @2PP0 as @APP0 = pnorm,
Let A2PP0 he the connection matrix of Vg associated to pAPP:C that is,
(PA770) 1 0 (649) 0 ohPP0 = d 4 AP,

We have that

67 o T '5o¢ - 2 «
e Ba =G G when o = ay,
Vo 6(1 + Cj'7a

0 o
A > otherwise.
Yo Oa

App,0 _
AL =

We have

resg, (Agfjp’o) = (8 (1)> for j=1,2,...,N.

Now we define trivializations of E by using ¢v: Fg — E in ([24]) and the trivialization of Ey in
Definition

~

Definition 13. Now we define trivialization p>PP: (9,893 —— El|y, of E for the open covering
{Uu}a in Definition [Tl as follows.

(i) When a = ay,, we take a trivialization p4PP so that

_ 1 0
App)—1 App,0 _
i) ool oo = (5 0 ).

(i) When a = ay,, we take gti € Aut(@le]f) so that the polar part of (gti) =t Arermgli is diagonal
at m;[t;]. We take a trivialization @2PP as
Pa"" = pvlu, 0 o™ o gl

Here remark that ¢v |y, is invertible. Since the polar part of A‘;f:m at t; is independent

of the moduli space M$, we may assume that (%)<, is independent of the moduli space
M. Here we define (gti)<m, so that gt = (gt )<m, + O(2]"").
(iii) Otherwise, we take a trivialization ©2PP so that

_ norm 1 0
(£2P) " 0 bl 0 @ =(o 1)'

Since ¢y v, is invertible in this case, PAPP = ¢y |y, 0 PO,

Let A, be the connection matrix of V associated to ¢APP, that is

(PaPP) o Vo phPP = d +A,.
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We have that

—¢; Ba—Ci0a—CGva
i 2 when a = ay;
(zj — Qj)”m da + (jYa — zj_qu
(3.6) Aa = { wi(X) + [holo. part] when o = ay,
0 ?O‘ otherwise.
Yo Oa

Here w; (X)) is the 1-form defined in ([ZI0). The connection matrix Aq, on Ua, appeared in (Z.I3).
The connection matrix Aaq]. has no pole at g; for any j =1,2,..., N, since 3, d, are determined
by Lemmal[7ll We have considered diagonalization of the polar part of the connection (E, V) at each
t;. The reason why we consider diagonalization of the polar parts is that we use the connection
matrix [36) to calculate an infinitesimal deformation of (E,V). So we will calculate variations
of the transition functions with respect to the trivializations in Definition [[3] and variations of
the connection matrices (3.6). These are elements of F° and F! of (3], respectively. To be
elements of F° and F', we need the compatibility with the quasi-parabolic structure. However,
this compatibility follows directly from diagonalization of the polar parts.

3.4. Descriptions of the cocycles of an infinitesimal deformation. Let (D) — C be the
total space of Q4 (D). By the argument as in Lemma [, we may define a map

prp,Oz Mg( — SymN(Q(D))
(E7 V) — {(QJ’reSQj (ﬁ))}jzlﬂz,m,N'

Here § € H(C, (Q¢)®*(2D + B)) is the (1,2)-entry of (Z9) and resq, (8) € Q¢ (D)]q,. We take an
analytic open subset V of M$. For the analytic open subset V, we assume that we may define a
composition

(3.7)

V — prp,O(V) — SymN(C?%C))
(B, V) — {(gj,resq, (ﬁ))}j:m,...,N G G jmra v

where (; is defined in [B.5), and the image of V' under the composition is isomorphic to some
analytic open subset of (C%évo. Let Ug,¢c) be such an analytic open subset of (C%évo. So we have a
map

M% DV — U € Cl

(3.8)
(E,V)'—> (Q17"'7qN7C17"'7CN)7

which are coordinates that we will use in this subsection. We consider the family of (E,V, {I(V})
parametrized by U, ¢) such that this family induces the inverse map of the map V' — U, ¢). Here
this family is constructed by Lemma[7l By using the trivializations {pAPP},, of E in Definition 3
we have transition functions and connection matrices of the family of (E,V,{I()}) parametrized
by U(q,¢c)- Indeed, the transition function is

— A
(39) Baﬁ = (@épp|Ua5) o @Bpp|Ua5: OE‘JSSB — 02‘19357

and the connection matrix is as in (3.0]).
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Let (gj,(;j); be a point on Uy ¢). The purpose of this subsection is to describe the tangent map

Tia;.¢);Clarey — Tp.v ooy My = H'(F*)

(3.10) v [({uap(®)}, {va(v)})]

induced by the inverse map of ([B.8]). For this purpose, we will calculate the variations of the transi-
tion functions and the connection matrices parametrized by U4 ) with respect to the tangent vector

vin Ugge) C (C%é\fc). By using these variations, we will calculate the cocycles ({uag(v)}, {va(v)}) of

the infinitesimal deformation of (F, V, {IM}) with respect to v.
First, we calculate uqg(v) € F*(Uap). We consider the variation of Bag in (3:9) by v:

Bop(id + eB(;év(Balg)): (’)E‘Jfﬂ — (’)E‘Jfﬂ ® Cle].

Then uqpg(v) has the following description:

A - A _
(3.11) uaﬁ(”) = <P,@pp|UaB o (Ba,é%v(Bo‘ﬁ)) o (wﬁpphjag) 1
Lemma 14. Let I, be the set of the indices of the open covering {U,} in Definition 11l We set
I =y, o o, } and I8, = {ag,, ..., aqy }, which are subsets of I.oy. Forv € T(Eyvﬁ{l(i)})Mg(,
we have the equality
(3.12)
0 @, B € leoy \ (Igov Ul1g,)

0 v(&)

Uaﬁ(’l)) = ¢$Zp|Uaaqj 0 0 Zv](;]q)] o (‘PSZHUQQ(” )71 a € ooy \ (Iéov U Igov)v ﬂ = Qg € Igov
Z;—q;

AP lUny, © ((95,)70(95,)) © (8PPl )70 @ € Leow \ (Tloy U Ty), B = 0, € Iy,
and we have that

(3.13) (gl ) olgl, ) = O(=).

P’l“OOf. Let a € ICOV \ (I(fov U Igov)' If ﬁ € ICOV \ (Igov U

2 ), then we have the following equalities:

— A
Bap = (a"P|v.5) " 0 05" |u,,

_ ( norm

o™ |U0s) " 0 (09 |Uas) T 0 09 Uns 0 OB Us

norm

— norm 1 0
= (00" vas) T 0 05 ™ vy = <0 (wal) towyt )> '

(e aq].

Here w; ! is a trivialization Oy, — (Q4(D))~ |y, for any a. Since ((wy!) ow,! ) is independent
J

of the moduli space M$, we have v(Bag) = 0. So uas(v) = 0.
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If 8 = ay;, then we have the following equalities:

A - A
Baan. = ((papp|Uaaq].) ! © (pafjp|Uaaq].

_ _ 1 0
= (@Qpp’obwqj) o (69U, ) o PV Uy, © SDQZP’OMW% o (0 1 )

%545

1 0
App, - App,
— (A0, ) o ph O, o (o )

25 —dj

norm — norm 1 j 1 0
= (2, ) oo, o (o €) (0 L)

2j—4;
(1 0 > 1 —zﬁqj
= —1y-1 -1 .
0 ((wa')ows, )/ \0 S

v(¢i)(25—a5)+¢iv(g5) v(&)
1 (1 =G\ (O ek _ (Y =4
BO‘O‘%U(BO‘O‘%) B (O Zj — qj 0 _ ]—U%qu) “\o UJ(%Q)J :

(2j—q;)?

(3.14)

So we have

If 8 = au,, then we have the following equalities:
A - A
Baati = (spapp|Uo¢o¢ti) ! © SOO(ZP|U0<0<”

= (08" ™ Uaay )" 0 (09U0n, ) 7! © 69U, © Pt

<1 0 > d
= -1\-14,,-1Y] Y, -
0 ((woz ) Owaqj) v

So we have B, v(Baa,,) = (94, ) "v(gli, ). Since (g&)<m, is independent of the moduli space

aay,

m .
|U°¢°¢ti © gati

M$, we have that v(g% ) = O(z]""). Finally, we have the statement of the lemma. O

Next we calculate vo(v) € F'(Uy) for v € Tipy oy M. This is given by calculating the
variation of the connection matrix A, in ([B.6]) with respect to v. So we have

(3.15)
. ﬁa7<j6a7<]27a

gﬁépp . —U(CJ )'Ya v (— Z—d; ) ° (wépp)fl when o — ay,

o) —0lga 01 Aa,,) + (G )
) (50)
0 v
App a App)—1 h € I \ (It UITY
wa o (O ’U(tr(Aa))> © (SDOL ) when o \( Ccov COV)

Here remark that -, is independent of the moduli space M$ for any . When o = ay,, we have
that v, (v) is holomorphic at ¢;.

3.5. Canonical coordinates. Now we introduce canonical coordinates on M$ with respect to the
symplectic form ([32). We recall that we have set N :=4g +n — 3.

Let m: (D) — C and m: € — C be the total spaces of Q (D) and Q},, respectively. The total
space €2 has the Liouville symplectic form wry,jouy. Since we have an isomorphism

75 ' (C'\ Supp(D)) —— 7~ *(C'\ Supp(D)),
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the Liouville symplectic form induces a symplectic form 7! (C\Supp(D)). Let wx : Sym”™ (Q(D)) —
Sym™ (C) be the map induced by the map 7: Q(D) — C. We set

SymN(Q(D))O = {{Qh EEE) QN} € T‘—Xfl (SymN(C \ Supp(D))) ‘ qj, 7é qjs (.71 7& ]2)} .
Then Sym”™ (2(D))o has the induced symplectic form from the Liouville symplectic form.

Remark 15. We have a map fappo: MY — Sym™ (Q(D))o, which is described in ([B1). Notice
that M$ and Sym™ (Q(D))o have symplectic forms. But by the explicit calculation as below, we
realize that this map fapp,o does not preserve these symplectic structures. So fapp,o does not give
canonical coordinates directly. To give canonical coordinates, we have to modify the map fapp,o as
follows.

We twist (D) by a class in H'(C, Q%) as follows. Let ¢4 be the image of the line bundle det(E)
under the morphism
HY(C,05) 2%, g (C,0L) = ExtL(Te, Oc).
Let Ac(cq) be the sheaf produced by the Atiyah sequence on C' with respect to ¢q4, that is, Ac(cq)
is given by the extension
(3.16) 0— Oc — Ac(cq) — T — 0

with respect to cq € H'(C,Q}). Then, Ac(cq) is naturally a Lie-algebroid, called the Atiyah
algebroid of the G,,-principal bundle Tot(T¢) \ 0, where 0 stands for the O-section; for details,
see [35, Section 3.1.2]. We denote by symb, : Ac(cq) — T the morphism in [BI6). We consider
the subsheaf To(—D) C To. We set Ag(cq, D) := symb; *Te(—D), which is an extension

0— Oc — .Ac(cd, D) — Tc(—D) — 0.
Let Q4(D, cq) be the twisted cotangent bundle over C' with respect to Ac(cq, D), that is,

QG(D, ca) = {¢ € Ac(ca; D) | (¢, 1ac(eap)) = 1}-
We denote by
Tey: D, cq) — C

the total space of the twisted cotangent bundle QL (D, ¢q), and a generic element of this affine bundle
by (g,p) in analogy with classical notation (g, p) for points of Q(D). For each (E,V,{I®)}) € M%,
we have (det(E), tr(V)). The connection tr(V) on the line bundle det(E) is considered as a global
section of Q(D, cq) — C, which is the total space of the twisted cotangent bundle with respect to
det(E). The global section tr(V) gives a diffeomorphism

Q(D) — QD,ca); (g,p) — (g,p +tr(V)).

Notice that tr(V) does depend on M. So this morphism depends on M$. Moreover, it is not a
morphism of vector bundles.

Definition 16. We define the accessory parameter associated to (E,V) at g; by
Dj = T'eSq; (ﬂ) + tr(v)|¢Ij7

where B € H°(C,(Q)®2(2D + B)) is the (1,2)-entry of @3) and resq,(8) € Q&(D)|g,. The
N -tuple {(qj,f)j)}j:l o N Will be called canonical coordinates of (E,V). We let fap, be the map

fapp: MS% — Sym™((D, ¢4))

.....
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Notice that the map fapp,0 in ([8.2) is defined by using only res,, (3). The reason why we consider
the twisted cotangent bundle Q(D, cg) is to justify tr(V)|y,. The next proposition shows that the
quantities introduced in the definition may indeed be called coordinates.

Proposition 17. The map fapp introduced in Definition[I8 is birational.

Proof. It follows from Proposition [I0] that the dimensions of the source and target of fa,, agree.
We therefore need to show two things: first, that fapp is rational, and second, that it admits an
inverse over a Zariski open subset of Sym”™ (Q(D, ¢q)).

The first assertion is trivial, because the construction of the apparent singularities ¢; and their
accessory parameters p; follow from algebraic arguments on certain Zariski open subsets.

The key statement is existence of a generic inverse. This is now a variant of Lemma [7l Namely,
fixing generic {(q;,P;)},_, 5. x> we must find a unique (6, 8). Since we have § = tr(Vp), we get

the expression
_ dz;
P =Gdz+6——.
Zj
An algebraic manipulation shows that the constraint (2.I4) expressing that the singularity at ¢; be
apparent is equivalent to the holomorphicity and vanishing of the expression

dz; dz; \ 2
(3.17) B+6 (ﬁj + —J) - (ﬁj + —J) .
Zj Zj
We now study these conditions by taking the Laurent expansion of this expression with respect to

z;j. We first observe that it clearly admits a pole of order at most 2 at g;, because ¢; # ¢;. Since §
has a simple pole with residue 1, the term of degree —2 is

(dz)® = (dz;)®* = 0.

So the pole is automatically at most simple.
For the study of the residue, we need to introduce some notation: let us write

dz. .
§o = =L 450
g
dz.)®? 4
R
g

for a holomorphic rank 1 connection 5(()j ) and a holomorphic quadratic differential ﬂéj ) on Ug;- Then,
the degree —1 part of B.I7) is (up to a global factor dz;)

. dz; _
deZj—ij + (5— Z_J> —2pj =0
J
by the definition of p;.
Finally, to deal with the vanishing constraint, we make use of the same basis expansions for ¢
and 8 as in Lemma [7l Then, the conditions read as

N—g g
> bevilay) + 55 Y diwnla) = ()% = 85" (a); — 55" (a5).
k=1 1=1
Now, the determinant of this linear system of N equations (for 1 < j < N) in N variables

bi,...,bn—g,d1,...,d, agrees with the determinant studied in Lemmal[7] up to replacing each occur-
rence of (jdz; by p;. The end of the proof then follows word by word the method of Lemmalll O
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Remark 18. The expression BIT) has variables p; in the twisted cotangent sheaf rather than
the ordinary cotangent sheaf. The quadratic polynomial of p; can be viewed as the characteristic
polynomial of the connection matriz of Vo. Thus, in a sense the vanishing condition on BIT) may
be interpreted as the requirement that p; lie on the quantum spectral curve of Vo, see e.g. [11].

By taking a local trivialization of det(E), we have a concrete description of the map fapp,. Now
we will discuss on such a description of fapp. The description discussed below is useful for the
proof of Theorem 20 below. Let (E,V,{I)}) € MY. As a local trivialization of det(FE), we take
the isomorphism

(3.18) det(phPP): Oy, — det(E)ly,, ,
J J J
which is the determinant of the trivialization in Definition Notice that the composition

wik det(d9) v, det(pArP) 1
J J

aj _
coincides with (z; — ¢;): Ov,, — Ou,, - Let tr(4,, ) € Qlc(D)|an‘ be the connection matrix of
(det(E),tr(V)) on Uy, with respect to the local trivialization det(¢APP). Then, by using (B3], the
J 45
map fapp has the following description:
fapp: (B, V,{I}) — {(qj,cj”mqj le, + tr(Aaqj)lqj)}j:mMN,

Here (j7a,,lq; + tr(Aq,, )lq, is an element of Q&(D)|g,- We set

a(Zj

C"‘Yocq. tr Aaq.
(319) pj = resq]. < / J “+ resqj M ,

2z = 4 2 =

which is the image of Cj”yaqj lg; +tr(Aq, )|q, under the isomorphism QL (D)|q, =C.

thj

Remark 19. This p; is just the evaluation of the (2,2)-entry of the connection matriz Aaqj m
B8) at q;. Note that the (2,1)-entry of this connection matriz Aaqj at g; vanishes. So p; is an

“eigenvalue” of V at q;. (On the other hand, (; is an “eigenvector” of Vo at q;). This fact means
that the coordinates (g;,p;); are an analog of the coordinates on the moduli space of (parabolic)
Higgs bundles given as in [16] and [19]. The coordinates on the moduli space of (parabolic) Higgs
bundles are by using the BNR correspondence [3]. (See Section [d).

Let 7., n: Sym™ (Q(D, cq)) — Sym™ (C) be the map induced by the map ., : Q(D,cq) — C.
We set

Sym™ (@D, ca))o = {{(a;, 7)) Hs € m, n (Sym™ (C\ Supp(D)) | a5, # a0 (s # )} -
Then SymN(Q(D, ¢4))o has the induced symplectic form from the Liouville symplectic form. Notice
that by construction the image of M% under the map fapp is contained in Sym™ (Q(D, ¢q))o-

Theorem 20. Let w be the symplectic form on M defined by B.2). The pull-back of the symplectic
form on Sym™ (Q(D, c¢q))o under the map

fapp: M% — Sym™ (Q(D, c4))o
in Definition [18 coincides with w.
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Proof. Let V be an analytic open subset of M% as in Section B4l Moreover, we assume that we
may define a composition
N
V— fAPP(V) - Sym (C%q,p))
(B, V) — fapp(E, V) — {(45,05)} 210, v
where p; is defined in (B:I:QI) and the image of V under the composition is isomorphic to some

analytic open subset of (C ) Let U(q,p) be such an analytic open subset of (C ) We denote by
f2 the map

M$ DOV — Uy € CTN
(E,V) — (qlu"'qu7p17"'7pN)'

We consider the following maps
1 f2
Ugoy ===V = Ulg.p)-

Here f1: V =5 Uggc) is the isomorphism (38). The symplectic structure on Uy, ,) induced by the
symplectic structure on Sym” (Q(D, ¢q)) is Zjvzl dp; A dq;. We will show that

(fr) wlv) = (f20 f171) de]/\dqj

Let v, v’ be elements of T(,. ¢,),Uq.c) for (g5, ¢5);j € Ugq,c)- We will use the description of the tangent
map (@3I0) of f;': Ugcy — V. That is, we calculate (fiH*(w|v) by applying the descriptions

BI2) and BIH) of uas(v) and ve(v), respectively.

First we consider {uag(v)ugy(v')}asy. Remark that U, NUa,, = () for any j; and jo, Ua,, N
UO%2 = () for any ¢; and i3, and anj NUa,, = () for any j and i¢. Then we have uqgugy = 0 by
Lemma [I4 So we may take a representative of the class in the pairing (3.2) so that

[~ {tr(uap(v) 0 vs(v)) = tr(va(v) o uap(v'))}as] € H' (C,Qp) = C.

Now we calculate tr(uag(v) o vg(v')) — tr(va(v) o uag(v)). If o € Ieov \ (If, UIL,) and = oy,
then, by applying (812 and (B.IH), we have the following equalities

tr(uaaqj (U)an (V') = tr(va (U)uaaqj (')

0 - (ng) % *
- ( (0 M) <_U/(Qj)'7aqj Ul(tr(Ao‘q]‘ )+ (G )/Yaqj >>

* * 0 :/(—f;)
ol i) )
UG e,  20) (e ) G) ) o0n(40))
A %5~ 4 Zj — qj
(0063, + 005 (A0)) V)| 0(a5) (o (0r(Aai, ) + 0 (G, )

=- -
Zj = g 2= 4
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Now we consider the difference between v(tr(Aq,,)) and v(tr(Aq)). So we consider infinitesimal
deformation of (det(V),tr(V)). We have that

G we ) howy )
det(Baaqj) = det <((1) ((Wo_tl)_? owglv)) <(1) zjiqj>> _ (( Z)J — qj).

2= 4;
Here Baa,, is calculated in (3.14). Set

(3.21) ul®t (v) := det(Baa,, )~ "v(det(Baa, ) = lg)
I ! ! Zj — g
Here remark that ((w;")™' ow,!) is independent of the moduli space M§. We have a cocycle
condition ’
v(tr(Aaqj ) —v(tr(Ay)) = tr(V) oudet  —qdet o tr(V).

OLthj OLthj

So we have

v(tr(4a,,)) — v(tr(4q)) =d (

By applying this difference to (320]), we have that
(3.22)
tr(uaaqj (v)vaqj (V') — tr(va (U)Uaaqj (V')

(2650, +0(1x(Aa, ) V(@) 0la) (V60 )+ V(6o ) (gl (g
Zj =4 i Zj =4 ICEIAE

So we may extend the 1-form

tr(uaaqj (U)anj (V') — tr(va (U)uaaqj (')

from Ugyq 0 to U, 0 by (322). Then we have a meromorphic 1-form defined on U, 0 which has a
pole at g;. We denote by wa,, (v v') the meromorphic 1-form defined on anj.

Next we consider the case where € Loy \ (ILo, UI4,) and B = «y,. We have the following
equalities

v(g)) ) _wlg)dz

2= (7 —4;)*

i (Uaa,, (v)0ay, (V') = tr(va(V)vaa,, (V')
= tr ((gifti)‘lv(gﬁf%) ) tr (( ger,, ) To(Aa)gl, ) (960" 1v’(gati))
We have the cocycle condition
0(Aar,) — (95, ) 0(Aa) (gl )
= (d+4a,) o (95, )7 0(95,)) = (95, )7 0(95,)) © (A +Aa,)
= ((g,) " 0(95,)) + [Aas,s ((95,) 095, ] -
By this condition, we have
5 (s, (), (1)) = (0 (0) ki, ()
(3.23) = tr (g4, ) 0(gk, )V (Aa,,) ) = tr (v(Aa, (gt )0 (05,)
+tr ((d ((gifti)‘lv(gﬁiti)) + [Aati, ((giéti)‘lv(giéti))}) (95,)7" ’(gat,))

K
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So we may extend the 1-form
tr(uaati (U)Uati (v)) = tr(vy (v)uaati (v"))

from Uqa,, to Uy, by (B.23). Since we have the vanishing of the lower terms (Z.I3), the extended
I-form defined on U,,, is holomorphic. We denote by wa, (v,v") the holomorphic 1-form defined
on U, -

For a € Loy \ (IL,, UIL,), we set wy(v,v') = 0. By 322) and ([3.23), we have a meromorphic
coboundary {wq (v,v")}4 of

{tr(uap(v) o va(v')) = tr(va(v) © tap(v')) tagp-
So we have
HY(C,QL) —C
[—{tr(uap(v) 0 v5(v))) = tr(va(v) © Uas(v) }as] — Y —resy (wa(v,v")).

zeC

By taking the residues of the right hand sides of [B:22]) and ([B23]), we have that

L (0650, + v(tr(Aa,, ) v'(ay)
_ wezcresx (wa(v,v")) = ; resy; E—
N v(gj) (v’(tr(Aaqj ) + v/(Ci)”Yaqj>
_ ; res,, P

j=1

N N
= (v(pj)v'(g5) — v(g;)v' (p))) = Z dp; A dg; | (v, V).

Here remark that +, is independent of the moduli space M$ for any a. O

By the map fapp, we have concrete canonical coordinates as follows. We take an analytic
open subset V of M$ at a point (E,V), which is small enough. We define functions ¢; and p;
(j=1,2,...,N)onV as follows. (So, here, the notation ¢; has a double meaning). Let anj be an
analytic open subset of C such that U, . contains the apparent singularity ¢; of the point (E, V)
and is small enough. Let ¢; be the apparent singularity of each (E',V') € V, where ¢} € Ua,, -
First we take a local coordinate z; on anj . By evaluating the apparent singularity q} by the local
coordinate z; for each (E',V’) € V, we have a function ¢;: V' — C. Second, let (Ev,Vy) be a
vector bundles on C' x V', which is a family of vector bundles on C parametrized by V. We take
a trivialization of det(Ey) on anj x V' which depends on only ¢;: V' — C (which is described
in (3I8)). We take the connection matrix of tr(Vy ) with respect to the local trivialization. Let
Q(D,cq)y — C x V be the relative twisted cotangent bundle over V' with respect to the family of
line bundles det(Ey) on C x V. We have an identification between Q(D, cg)y and (D) x V on
Ua,, x V that depends only on ¢;: V' — C. By evaluating res,, 8+ tr(V')|q;_ by the identification
Q(D,cd)|qj/_ & Q(D)|q; = C for each (E',V’) € V, we have a function p;: V' — C. This is just



26 A. KOMYO, F. LORAY, M.-H. SAITO AND SZ. SZABO

(BI9). That is, this is the following composition:

V — anj XV — Q(Dacd)V|anj xV — Q(D)|anj — C

(E”7 V/) — (q;—7 (E’, V’)) — ((Cj’yaqj)v + tI‘(VV)> |(q;,(E’,V/))

iV, + tr(AG .))
j a; .

A
Zj qj

— (Cj/»”yaqj +tr(Aflqj)) lq; — resy <

By Theorem 20} the symplectic structure on V has the following description: Zjvzl dp; A dg;.

G Ve,
pg 1= Tesy, I ) ec.
% —a

) depends on only q;. So we have Zjvzl dp; Ndg; = Zjvzl dp? Adg;.

Remark 21. We set

tr(Aaq’_)
If g =0, then res, P—

Here the symplectic form Zjvzl dpg- A dg; is induced by the symplectic form on Sym™ (Q(D)),.

Remark 22. In general, Ejvzl dp; A dg; # Zjvzl dpg-) Adgj, that is,

(3.24) > d (resq]. <M> ) A dg;

i — 4
does not vanish. This is related to the determinant map
MS — ME (V)
(B, V,{I{D}) — (det(E), tr(V)).
The 2-form (B24) comes from
[{uah (w)ugs (v)}, —{uaG ()0 (tr(Ag)) — v(tr(Aa))ugs (v)}] € H(Oc — Qg).

Here ug%t(v) is defined as in B21). This class gives rise to the 2-form on M$ which is just the pull-

back of the natural symplectic form on Mggcl(em) under the determinant map. The determinant
map is not degenerate in general. So the class B.24) does not vanish in general.

4. SYMPLECTIC STRUCTURE ON THE MODULI SPACE WITH FIXED TRACE CONNECTION

In this section, we consider the moduli spaces of rank 2 quasi-parabolic connections with fixed
trace connection. When the effective divisor D is reduced, this moduli space is detailed in [I], [37]
(when g = 0), [12], [I3] (when g = 1), and [39] (when g > 1). The moduli spaces of rank 2 quasi-
parabolic connections with fixed trace connection has a natural symplectic structure described as
in Section[3.21 The purpose of this section is to give coordinates on some generic part of the moduli
space and to describe the natural symplectic structure by using the coordinates. As in the case
where the effective divisor D is reduced ([37], [12], [13], [39]), we may define the map forgetting
connections and the apparent map. These maps are from a generic part of the moduli space to
projective spaces. These maps will give our coordinates on the generic part of the moduli space.
First we describe these maps.
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4.1. Moduli space of quasi-parabolic bundles with fixed determinant. To describe the
map forgetting connections, we recall the moduli space of quasi-parabolic bundles. The moduli
space of (quasi-)parabolic bundles was introduced in Mehta—Seshadri [40]. Yokogawa generalized
this notion to (quasi-)parabolic sheaves and studied their moduli [4§].

Let v be a positive integer. Set I := {1,2,...,v}. Let C be a compact Riemann surface of
genus g, and D = >, ;mt;] be an effective divisor on C. We assume 3g — 3 +n > 0 where
n = length(D). Let z; be a generator of the maximal ideal of O¢,,. We fix a line bundle Ly with
deg(Lo) =2g — 1.

Definition 23. We say (E, {I(?}) a rank 2 quasi-parabolic bundle with determinant Lg over (C, D)

if

(i) E is a rank 2 vector bundle of degree 29 — 1 on C with det(E) & Ly, and

(ii) Bl 2 19 >0 is a filtration by free Om, [t,-modules such that E|mi[ti]/l(i) = Oty and

OR= Oty for any i € 1.
We fix weights w = (w1, ...,w,) such that w; € [0,1] for any ¢ € I. When g = 0, we assume
that (w;);ecs satisfies
1 1

4.1 =...=w, d —— <
(4.1) w1 w, an doa(D) <w; < dea(D) —2

When g > 1, we assume that (w;);es satisfy
(4.2) 0<w; 1.
Definition 24. Let (E,{I)}) be a rank 2 quasi-parabolic bundle with determinant L. Let L be a
line subbundle of E. We define the w-stability index of L to be the real number

Stab, (L) := deg(F) — 2deg(L) + Z w; (m; — 2length(l; N L, (1)) -

el

Definition 25. A rank 2 quasi-parabolic bundle (E,{I)}) is w-stable if for any subbundle L C E,
the inequality Stab, (L) > 0 holds.

We say that a quasi-parabolic bundle (E, {I()}) is decomposable if there exists a decomposition
E = L1 @ Ly such that {() = lgi) or [() = lg) for any i € I, where we set lgi) =19 N (L1, 1)) and
15 = 1N (L, ;). We say that (E, {IV}) is undecomposable if (E, {IV}) is not decomposable.
A free O,,,|;,)-submodule / @) of B mat;] induces a one dimensional subspace 11521 of E|t,, that is the
restriction of 1) to t; (without multiplicity).

Lemma 26. Let (E, {IV}) be a rank 2 quasi-parabolic bundle with determinant Lo. If
(i) E is an extension of Lo by Oc (when g = 0, moreover we assume that (E,{IV}) is unde-
composable)
(ii) dime HY(C,E) =0
(iii) lgi)d & Ocly, CP(E) for any i,
then (E,{I"}) is w-stable.

Proof. When g = 0, we have this statement from [32 Proposition 46] by the condition [@I]). When
g > 1, we have that E is stable, that is, deg(F)—2 deg(L) is a positive integer for any line subbundle
L C E. This claim follows from the same argument as in [39, Lemma 4.2]. Since 0 < w; < 1 in
[#2), we have that Stab,,(L) > 0. O
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Let P("“& D) be a moduli space of w-stable quasi-parabolic bundles constructed in [48]. Let
B¢ py(Lo) be the fiber of Lo under the determinant map

PY py — Picd™! (B, {I"}) — det(E).
We set
(E,{1™}) is rank 2 quasi-parabolic bundle over (C, D) such that
(i) det(F) = Lo, (ii) F is an extensmn of Lo by O¢,
(iii) dime¢ H(C, E) = 0, (iv)
v) (B, {I}) is undecomposable (When g = O)

Pio.py(Lo)o := { (B, {I})

P(E) for any 1,

By Lemma 28] we have an inclusion

Pc.py(Lo)o C P& py(Lo)-
For (E,{I{"}) € Pic,py(Lo)o, we have an extension
(4.3) 0—0c—F— Ly —0.

Since dime H'(C, E) = 0, we have that dime H°(C, E) = 1. So the injection O = E in ([3) is
unique up to a constant.

Definition 27. Let (E,{I}) € Po,py(Lo)o. We take an affine open covering {Uas}a of C, i.e.
C =, Us. Let {pF**}, be trivializations pE**: (9@2 — E|y., of the underlying vector bundle E
such that

(i) the composition
Oy, — OF? Loy E|Ua

f'—>(f7>

is just the inclusion Oc C E of the extension [@3) for any «, and
(i) the image of the composition

Oy, — OF* 22y E|Ua — E
f — (0, f)

generates the submodule 1) C E|m,it,) for each i and o where t; € U,.

ml[ 1]

Notice that the claim that We may take <p t which satisfies the condition (ii) of Definition

follows from the condition that 1" P(E) for any i.
Now we define a map
(4.4) Pe,py(Lo)o — PH'(C, Ly (-D))

as follows. Let {pE*t}, be the trivializations in Definition We have the transition matrices
E -1 B 2 2
Bag = (<PaXt|Ua5) o 803Xt|Ua55 OIGJBQB - Ozeiﬁ-

We represent B,z as a matrix:

1 b12
_ af
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Remark that {bi%}aﬂ is a multiplicative cocycle which defines the fixed line bundle Ly. We take a
meromorphic coboundary

22 2 _ D2
(4.6) {b:}a where b3 = %
of the multiplicative cocycle {bi%}ag. By using the coboundary {b2?},, we define a cocycle
(4.7) bog” == biEb22,

which gives a class [{b35"}] € H'(C, Ly'(=D)). Then we have a map ([&4):
(BA{17}) — ({2}

4.2. Moduli space of quasi-parabolic connections with fixed trace connection. Now we
recall the moduli space of quasi-parabolic connections. We fix an irregular curve with residues
X = (C,D,{z;},{0:},60:cs) defined in Definition 21 Moreover we assume that

(4.8) > 0, #0.

iel
Let (Lo, Vi, Lo — Lo ® QL(D)) be a rank 1 connection on C with degree 2g — 1 such that the
polar part of Vi, at t; is tr(w;(X)).

Definition 28. We say (E,V,\, {I{V}) a rank 2 quasi-parabolic A-connection over X with fixed
trace connection (Lo, V) if
(i) E is a rank 2 vector bundle on C with det(E) = Ly,
(ii) A\e C and V: E = E®QH(D) is a A-connection that is, V(fs) = As@df + fV(s) for any
f€0Oc and s € E, and
(iii) V(s1) A s2+ s1 AV(s2) = AV (s1 A s2) for s1,s2 € E,
(iv) Bl 2 1% >0 is a filtration by free O, jt;)-modules such that, for any i € I,
- Elmi[ti]/l(i) = Omi[ti] and 1) = Omi[ti]’
Tl (19) € 10 QL(D), and
— the image of (E|, [ti]/l(i)) © 19 under Gry(V) — X - w;(X) is contained in

((Elmi{ti]/l(i)) @l(i)) ® Q¢
Here Gr;(V) is the induced morphism
Gri(): (Bl /17) @19 — (Bl /1) ©19) @ (D).

Notice that, if A = 0, then V is an O¢-morphism, which is called a Higgs field. So (E, V, A, {l(i)})
is called a (trace free) quasi-parabolic Higgs bundle when A = 0. We consider only rank 2 quasi-
parabolic A-connections (E,V,\, {I(V}) over X with (Lg,Vyz,) such that the underlying quasi-
parabolic bundle (E, {{(}) is in the moduli space P(c,p)(Lo)o-

We define the moduli spaces MX (Lo, Viy)o and Mx (Lo, Vr,)o as follows:
~ (E,V, A {10})

Mx(Lo,Vig)o= quasi-parabolic Ad-connection (E, {l(i)}) € Pc,py(Lo)o / =
over X with trace (Lo, Vi)
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and

(E,V, A {})
Mx (Lo, V5,)o = < quasi-parabolic A-connection

over X with trace (Lo, Vi)

(E,{I"}) € Pc,py(Lo)o /~
and A # 0 =

4.3. Maps from the moduli space. Now we describe two maps: the forgetful map 7, forgetting
connections and the apparent map mapp. First we consider the composition

Mx (Lo, Vio)o — Pro.py(Lo)o — PHY(C, Ly (=D)).
Here the first map is the forgetful map, and the second map is ([@4). We denote by
TBun: Mx (Lo, Vi,)o — PHY(C, Ly (~D)).

the composition.
Second we define a map

(4.9) Tapp: Mx (Lo, Vi, )o — PH’(C, Ly ® QL (D))

as follows. Let (E,V,\, {I()}) be a point on Mx (Lo, Vz,)o. Let {¢E*}, be the trivializations in
Definition Let A, be the connection matrix of the A-connection V with respect to =*t, that

is,

Ad+A, = (QpEXt)71 oVo gpg)“: (9[6]95 — (Q%]a (D))®2.

We denote the matrix A, as follows:

all al?
(4.10) Aa_(‘lg} a2?)

By the condition (ii) in Definition 27 and the condition (iv) in Definition 28, the polar part of the
connection matrix A, at t; is a lower triangular matrix, that is, the Laurent expansion of A, at t;
is as follows:

(4.11) A, = (Af A&) z’ln + [ holo. part |.

% i

Here v; ,v;" € QL(D)|m,p1,] are defined so that

v, 0
AowlX)= ( Ol AV*) '

3

By using the coboundary {b??},, in ({@6)), we define cocycles
(4.12) aépp = a2 (0?1,
which give a class [{a2PP}] € HY(C, Lo ® Q&(D)). Then we have a map (Z3):
(B, V, A {19}) — [{ad*}].
Finally, we have a map
(4.13) (TApps TBun) : Mx (Lo, Viy)o — PH'(C, Ly ® Q& (D)) x PH'(C, Ly (- D)).
We consider the natural pairing

(4.14) H°(C,Lo ® Q&(D)) x HY(C, Ly'(-=D)) — HY(C,Q}) = C.
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Lemma 29. Let (E,V,\,{I{}) € Mx (Lo, Vy5,)o. Let a’?? and bEE™ be the cocycles in (&) and
in (EI2), respectively. Then we have

{b55" - a5™ N =30
iel
Here the left hand side is the pairing ([@I4).

Proof. Let B be the transition function in (£I]). Let A, be the connection matrix in (@I0).
Then we have

A dBag + AaBag = BagAg.
By comparing the (1,1)-entries of the both hand sides, we have

ay —ap = bggn . a?pp.
By (@II) and the isomorphism H'(C, QL) = C, we have [{bB3" - a5™}}] = X 32,6, 0
Set
No := dime¢ PH®(C, Lo ® Q(D)) = 3g +n — 3.
Let us introduce the homogeneous coordinates @ = (ag : -+ - : ay,) on PH?(C, Ly ® QL (D)) = PYe
and the dual coordinates b= (bg : - - - : by,) on

PH'(C, Ly (—D)) = PH(C, Ly ® Q& (D))" = Pp°.

Let ¥ C PYo x ]P’év ® be the incidence variety whose defining equation is given by > j ajb; = 0. By
Lemma 29 we have that

(TApp»TBun)

Mx (Lo, Vio)o \ Mx (Lo, Vi,)o 5.

Remark 30. Loray-Saito (for g = 0) and Matsumoto (for g > 1) discussed on the birationality
of the map [@I3). They showed the birationality of the map ([EI3) when D is a reduced effective
divisor (|37, Theorem 4.3] for g = 0 and [39, Theorem 4.5] for g > 1). In these cases, quasi-parabolic
connections have only simple poles. But we may apply the arguments in [37, Theorem 4.3] and in
[39, Theorem 4.5] to our cases where quasi-parabolic connections admit generic unramified irreqular

singular points. So we can reconstruct (E,V,\, {I{?}) € MX(LO, Vi,)o from an element of
PH'(C, Ly (=D))o x PH?(C, Lo ® Q&(D)).
Here we set

]P’Hl(C, Lal(—D))o — {b cPH! (07 Lal(—D)) The extension E corresponding to b } '

satisfies dim¢ H*(C,E) =0
Then we have isomorphisms
Mx (Lo, Vio)o = PH'(C, Ly (= D))o x PH(C, Lo @ Q4(D))

and

Mx (Lo, Viy)o = PH (C, Ly (=D))o x PHY(C, Ly ® Q& (D)) \ Z.
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4.4. Symplectic structure and explicit description. Now we recall the natural symplectic
structure on Mx (Lo, V1,)o. We define a complex Fg for (E, +V,{l(V}) by

Fy = {s € &nd(E) ‘ tr(s) = 0, 8|y, (D) € 1O for any z}

Fi = {s € End(E) @ Q&(D) ’ tr(s) = 0, 8|m,t, (1) € 1D ® QF for any z}

1 1
Vre: F§ — Fy; Vre(s) = (XV) 0s—so0 (XV)
We define the following morphism
(4.15) H'(F) @ HY(F) — H2(0c L L)~ C

as in [B2). This pairing gives the symplectic form on Mx (Lo, Vi,)o. We denote by wp the
symplectic form.

The maps mapp and mpun give coordinates on Mx (Lo, Vi, )o (see Remark Bll). Now we describe
the symplectic structure [@I5]) by using the coordinates on Mx (Lo, VL,)o. We define a 1-form 7
on PNo x ]P’évo as follows:

db dby + - -- db
n:—<_295_1>'a0 e

agbg + aiby + - - + an,bn,

Theorem 31. Assume that ), , 0; 1 # 0. Let waqp be the 2-form on PNo x ]P’f)\’0 defined by
Wa,p = dn. The pull-back of wq.p under the map

Mx (Lo, Voo v Tone) PR x Py
coincides with the symplectic form wy on Mx (Lo, V,)o-
Proof. Let v,v’ € T(E&v){l(i)})MX(LO, Vio)o- We have the isomorphism
Tip. 1w, 001 Mx (Lo, Vig)o — HY(FP).

Let uq(v) and v, (v) be cocycles such that the class [{uag(v)}ag, {va(v)}a] is the image of v under
the isomorphism. We calculate uqs(v) and v, (v) by using the trivialization {¢E*t}, as follows:

uaﬁ(v) = <P5Xt|UaB o (B;év(Baﬁ)) o (ngang)il

« 0 v(b'2 « B
(4.16) = 05" lvas © (0 ((‘fﬂ)) o (95 vas)
v(bggn
x 0 —=F= < _
= 4/7% t|Ue¢5 © (0 b%Z ) o (‘Pg t|Uo¢B) !
and

ta0) = ¢ 00 40 ) (685

— Bxt v(ag!/N)  v(ag?/N) o (LExt)—1
(4.17) = Pq (v(ail//\) v(a§2/)\)> (o)
_ xt U(ail/)‘) U(a’g?/)‘) xt\y—1
=Bt (L /) oeE



CANONICAL COORDINATES 33

Here {b2?},, is the coboundary in (8]). Since we fix the determinant bundle L, we may assume
that the coboundary {2}, is independent of the moduli space Mx (Lo, VL, )o-
Now we calculate the class

(4.18) [({tr(uap()usy (V) }, ={tr (uag(v)vs (v)) = tr (va(v)tas (v'))})]

in H2(0O¢ % QL) = C. First we calculate uqp(v)ugy(v') as follows:

Uap(v)ugy (v')
Bun Bun
0 U(baﬁ) - 0 —v(bﬁ’Y) _
el (0 ) o B oo (8 ) o B

tl 0 v(bggn 0 —U(bg:n) ( E tl ) 1
= 05|, b2 | B 02 | o (py vas) ™
8 s © 0 0 By 0 0 ¥ s

- 0 0 . ~
_<P,8 t|UaB (O 0) o(gpg t|Ua5) 1 =0.

So we may take a representative of the class [@I8) so that

[—{tr (tap(v)vs (V) — tr (Va(v)uas (V') }]

is in H'(C, Q). By using equalities (£16) and ([IT), we have the following equality

apPpP aApp
(419)  tr(ap()us(v))) = tr (va(v)uas(v) = v <§ )—( > ) (625",

We take bases

aAPPO) gAPP() g APP(NO) ¢ [0(C Ly @ QL(D))

of HY(C, Ly ® Q4(D)) and

(O IN O ISR (U il
of HY(C,Ly*(—D)) so that these bases give the homogeneous coordinates (ag : --- : ax,) on PYNo
and (bo : -+ : by,) on ]P’{,V °. We may assume that these bases are independent of the moduli space

Mx (Lo, V)0 We set
a’PP = qoa®PPO) | 4 a1 PP | 4 a, aPPNO) |

and

bégp _ bobigp(o) + b bAPP(l) +b ObAPP(ND)
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By (@I9), we have that

/ N App(k) S agatPP)|
tr (uap(v)vg(v)) — tr (va(v)uas(v')) = v <be ) < A=0 3

Soasg ara® PPy Ap(i)
-0 ( \ g bib,,
_ . App(k) o 1 (kY App(k)
= (2o >0 (%) el

k=0

No No
- <Z” (a_;) aApp(k)|Ua> <Z v (by) b§§p<k>>

k=0

Since (bg : - -+ : bn,) is dual of (ag : - -+ : an,) with respect to the natural pairing
H°(C,Lo ® Q&(D)) x HY(C, Ly (-D)) — H'(C,Q}) = C,
we have that , )
tr (tap(v)vs(v')) — tr (va(v)uas(v'))
No a No a
_ r(9kN / halia
—Zv(bk)v()\) v(bk)v()\).
k=0 k=0
On the other hand, we have that

‘o ({aa™}, [{OGE" ) _ aobo + arby + - + anybw,

_Zz 91_,71 _Ei 91'_,71

Then we have
HY(C,0Q) — C

[—{tr (uap(v)vs(v')) — tr (va(v)uap(v))} — dn(v,v').
This means the statement. ]

5. COMPANION NORMAL FORMS FOR AN ELLIPTIC CURVE WITH TWO POLES

In Section 2] we introduced the companion normal form of a rank 2 meromorphic connection
with some assumption. The purpose of the present section is to detail the case of an elliptic curve
with two simple poles, or with an unramified irregular singularity of order 2. The latter case arises
by confluence from the first one, up to some modification in the arguments. We will give explicit
description of the companion normal form for an elliptic curve in these cases. Moreover, we will
calculate the canonical coordinates introduced in Section First we start from construction of
the companion normal form (O¢ & (Q4(D)) ™!, V). Next we will construct a rank 2 meromorphic
connection (E,V) by transforming the companion normal form.

Let C be the elliptic curve constructed by gluing affine cubic curves

Up:=(y} —x1(z1 —1)(z1 —A) =0) and Uy := (y3 — 22(1 — 22)(1 — A\z2) = 0)

with the relations z; = x;l and y; = ygx§2. We fix some t € C and set D = t1 +t5 where t1 = (¢, s)
and t2 = (¢, —s), so that D is the positive part of div(x — t). Let ¢1, g2, g3 be points on C:

g+ (x1,91) = (uj,v5)
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for each j = 1,2,3. Now we assume that u; & {0, 1, )\, 00,t} for any j.
We take trivialization of the line bundle (2L(D))~! over C as follows:

(5.1) Ov, — (D) Huy; 11— <ﬁ>
and
-1

Then the corresponding transition function fy is as follows:

foc0: Ovyluenv. — Ou.lugnun

(5.3) 1
11— ——.
2

5.1. Definition of a connection Vy on O¢ @ (Qlc(D))_l. For (1,(s,(3 € C, we define 1-forms
w12, W21, and w22 as follows:

3
i id A+ A d
wlzzz%.yl—i—vj' x1+( 1+ iy1+A3+A4x1> !
7j=1

Ty —Uu; WY X1 — U1
1 d
(54) Wwo1 = ﬂ
1 —1 )
3
1 +v; dx B+ B dx
wm:_z_.ylia._l+(172%+33> day
j:12 1 —u; Y1 r —t Y1
Here Ay,...,A4 € C and By, ..., Bs € C are parameters. Notice that w12 ® way is a global section

of (24)%2(2D + B) and woy is a global section of (D + B + 00).

5.1.1. Fizing the polar parts in the logarithmic case. We start by analyzing the case where ¢t ¢
{0,1,\,00}. In this case, we have s # 0, so t; # t5. We fix complex numbers 65,605 such that
Z?Zl(Hf +6;) = —1, which is called Fuchs’ relation. Now we assume that the eigenvalues of the

matrix
0 w12
resg,
w21 W22

are given by ;,0; and the eigenvalues of the matrix

0 w12
res
2 <w21 sz)
are given by 05,605 . (To be coherent with Definition 2 we should write 61,1 and 62 _; for elements
of the Cartan subalgebra, and 9f71 and 9;71 for their eigenvalues; however, we drop the subscript

—1 for ease of notation, because there are only poles of order 1, so no confusion is possible.)
Specifically, these conditions read as

(55) res(m)wlg ~res(tys)w21 = 91% : 91_, res(t7_s)w12 ~res(t7_s)w21 = 9; : 92_,
and

(56) res( s)wWa2 = HIL + 9;, TeS(¢,—s)W22 = 9; + 9;
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Notice that res(y; v w22 = 1 for each j. By the residue theorem, res,owso = —2. By the assumption
(EE) and (56), we may determine the parameters A, A, By, and Bs.

Lemma 32. Let complex numbers Hli,6‘2i satisfying Fuchs’ relation be given. Then, there exist
unique values of the parameters Ay, Aa, B1, and Ba such that (50) and (58) are fulfilled. Moreover,
these parameter values are independent of uy,us,us, (1,C2, and (3. So the polar parts of wia,ws1,
and woe at t; are independent of uy,usz,us, (1,C2, and (3.

Proof. By the equalities (5.5]), we have

A+ Azs 1 A1 —Ass 1

- =607 d — =056
3 3 1"V an s s 2 Uy
By the equalities in (5.6)), we have
B B B — B
D1LED g g and 222 gt g5
s -5

By these equalities, A1, A2, By, and Bs are determined, and A;, As, B, and By are independent of
u1, U2, us, (1,Ca, and (3. It is clear that the polar parts of wis, w21, and wos at t; are independent
of uy, u2,us, <17<27 and <3' 0

5.1.2. Fizing the polar part in the irregular case. We now study the situation ¢t € {0,1, A, 00}. For
sake of concreteness, we let ¢ = 0, the other cases being similar. Then, s = 0 and ¢; = t9, so
the divisor D is reduced of length 2. A local holomorphic coordinate of the elliptic curve C' in a
neighbourhood of t; is given by Y1-

We fix %,,07, € Cso that 01, # 6, and set 6=, = —1—6",. (To be coherent with DeﬁnitionIZL
we should write 6; _ and 61,4 for elements of the Cartan subalgebra and 6‘ 1,2 and 6‘ , for their
eigenvalues; however, we omit the subscript 1 for ease of notation, because there is only one singular
point, so no confusion is possible.)

Lemma 33. Fiz §F 2,6‘ 1 as above. Then, there exist unique values Ay, Az, B1, By € C such that
the eigenvalues of
( 0 w12)
res
w1 W22
admit Laurent expansions of the form

<9i N
yl

Moreover, the values of the solutions are independent of w;, ;.

1
yl

Proof. By the inverse function theorem, there exists an analytic open subset U C C and a holomor-
phic function h: U — C satisfying h(0) = 0 such that C'is given by the explicit equation z; = h(y?).
It is obvious that this function h is independent of the choice of u;,(;, and it is easy to see that
R'(0) = + # 0. From the defining equation of C we get

dIl - 2dy1
1 327 —2(1+ N)zy + A

SO % is a holomorphic 1-form around ¢;. Moreover,

ZT1Y1 B y_f

o _ dv ey
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for some holomorphic function g: U — C satisfying ¢g(0) = 2. The polar parts of the coefficients
can be separated as

dx d
wiz = (A1 + Agyr) —— +O(1) = 2(A; + A2y1)% +0(1)
11 Y1
d
w21 = 2% +0(1)
Y1
dz

waz = (B + Bay1)

d
L 4 O(1) = 2(By + Bayr) =2 + 0(1).
T1Y1 Y1
Now, the sum of the eigenvalues must be
1 1
(075 +075)— + (07, +0-,)—.
Y1 Al
These conditions determine

1 1
By = 5(95 +07), By = (07, +62,) = 5

N =

Moreover, we have

dy;)®? 1
—wiawa1 = —4(A1 + A2y1)( y14) +0 <_2> '
Y1 i
On the other hand, the product of the eigenvalues must have the expansion (up to a global factor
(dy1)™?) ) .
0250, — + (01507, +0-,07,)—.

Y1 Y1

These condition then determine

1 -~ 1 _ _
Ay = —Zetza—za Az = _1(6‘1—29—1 +0750T,).

This finishes the proof. g
5.1.3. Construction of the connection. We define

B: (Q&(D)™t — QL(D + B) (Oc-morphism)

§: (Q6(D) ™t — (QL(D)) ' @ QL(D + B)  (connection)

v: Oc — (Q6(D)) " @ QL(D) (Oc-morphism)

by using the trivializations (5.I)) and (52) of (25 (D))~! as follows:

g o Ou, — Ou, @ (D + B)lu,
idowiao fLp: Ov. — Ou, @ QL(D + B)|y..,

5= d +wos: OUO —>OU0®Q};(D+B)|UO
d+foo0 0 w22 0 i + foco 0df gt Ov. — Ou.. ® QL(D + B)|u..
o= w21 : OUO — OUO ® QIC(D + B)'U(,
' foooowgloidl OUoo —>OU°O®Q};(D+B)|UOO
Here fooo is the transition function of (Q(D))~! described in (5.3). Notice that
d.IQ

foc0 © waa Ofo:,%) + foo0 Odf;o%) = woz + 2
2
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which is holomorphic at co € C, since we have res,ows2 = —2. We define a connection as follows:
0 _ _

60 Vo=a+ (D7) 000 @LD) T — (Oc e @LD) ) @ 2LD+ B)

which is the companion normal form. Remark that

resq; (Vo) = (8 Cf)

Lemma 34. The fact that Vo has apparent singular points at q1, g2, g3 imposes 3 linear conditions
on Az, As, B3 in terms of spectral data, and ((uj,v;),(;)’s; we can uniquely determine As, A4, B3
from these conditions if, and only if, we have

for j =1,2,3.

L w G
(58) det | 1 U2 <2 75 0.
1 us G

Proof. Tt is just Lemma [] specified to the present elliptic case with 2 poles. We set
G =G vitvy At Ay =GB+ Bovy) G

Ui — Uyt Uj—t

(5.9) C; =
3'€{1,2,31\{5}
We denote by ((aj);, (b;);,(¢;j);) the 3 x 3-matrix

ar b

((aj)js (b)), (cj)j) = a2 b2 c2
as bg C3

The condition where q1, q2, g3 are apparent singularities means that

As C
(5.10) (D)5 (uz)j5 (=G)s) 24 =— gz
3 3
By Cramer’s rule, the parameters As, A4, B3 of the family of connections Vg are uniquely deter-
mined
A = _ det((C))y, (u5);, (6)5) A - det((1)5,(Ch);,(6);)
det(((1);, (u;)5, (¢5)5)) det((1);, (u;)5, (¢5)5)
By = det((1);, (uy);,(C5);)
det((1);, (uz);,(¢5)5)

if and only if (). O
Lemma 35. We have:

1 w1 G
det 1 (V%) CQ =0
1 uz (3

if, and only if, E is not stable.

Proof. The vanishing of the determinant gives that ¢; = o(q;) for a global section 0 € H°(C, Q¢ (D)).
In other words, the quasi-parabolic structure on Ey given over each ¢; by the eigenvectors corre-
sponding to eigenvalue 1 lie on a subbundle (Q4(D))~! C Ey. After elementary transformations at
each g;, we get L C E with deg(L) =1 (in fact L = det(E)). O
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5.2. Definition of a rank 2 vector bundle E. We set
Uo:=Up\{aq1,q2,q3} and Uw :=Usx \ {q1,2, 43}

We take an analytic open subsets qu ( = 1,2,3) of C such that ¢; € 0qj and qu are small
enough. In particular, (u;,—v;) & qu. On qu, the apparent singular point g¢; is defined by
x1 —u; = 0. We have an open covering (Uk)ke{0,1,q1,q2,q3} of C. We define transition functions
By, (k1,k2 € {0,1,q1,¢2,q3}) as follows:

1 ~
By, := siuy ) 092 o L0920 o
0Og; 0 1 Oqu UoﬂUq]. OUO Uoﬁqu’

Booo 1= (é 0 > : Ogih}m[}w — nglﬁoﬂﬁm'
Then we have a vector bundle
E= ((Uk)ke{o,l,ql,qg,qg}v (Bk1k2)kl,kze{o,l,ql,qg,qg}) ,
where F is trivial on each Uk and the transition function from U;CQ to Ukl iS Bk, -

5.3. Definition of a connection V on E. We define matrices Ao, Ay;, A as follows:
0 wio 0 —Tow12
Ay = Aoo = w x )
0 (wzl w22> ’ (—$ wag + dw—;

T2
(]) w(j)
qu = ( “n 5”1%2?;1') .
(21— uj)war  wyy
@ )

The 1-form w2, wa1, and wog are defined in (54). The 1-form wyy, wsy’, and wg) are defined as

follows:
G _ G dm

Doy G =G yituy dn

xr, — Uj/ yl

37e{1,2,3}\{5}

Ay + Asyr — (B + Boyr) — €2 d
+ - 291 — ¢ (By 241) 4 + Az + Ayry — (B3 ﬂ,
r1 — t Y1
(j) 1 —yl —|— ’Uj dxl 1 yl + UJ/ dxl
T D AR
J'€{1,2,3}\{4}
B, +B i d
+(1 W g G >ﬂ
1 —t r—t) y
Proposition 36. o The (1,2)-entry of Ay, is a section of Q(D)|y  for each j =1,2,3.
4

o We define a local connection on each Uy (k € {0,1,q1,q2,q3}) by
d+Ap: 0§52—> ogf ? QL(D)lg, on Uy
.S 52} 7
d+Ay;: Oqu — Oqu ® Q}J(D)bqj on U,
D)y

d+A: ogi —>ogi®%( ) on Us.
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Then we can glue these local connections. So we have a global connection V: E — E ®
QL(D) on E.

Proof. Since As, A4, B3 are determined so that these parameters satisfy the condition (EI0), we

have

j dzq |,
w;?lqj = (CJ + A3 + A4Uj — Cng) % =0.
J

)
Here, C; is in (59). So “I2_ hag no pole at g; for each j =1,2,3. Since we have

T1—Uyj

Bk_llk2Ak1 Bklkz + Bk_llkz dBklkz = Akz

for each ki, ks € {0,00,¢1, g2, g3}, the connection V acting on F is defined globally. O

Remark 37. By Definition [I3 in Section [T, we have trivializations of E. On C\ {t1,t2}, the
trivializations in Definition[13 coincide with the trivializations described in the present section. We
have defined the trivialization in Definition[I3 at t; (i = 1,2) so that the residue matriz (respectively,
the polar part in the reduced case) is a diagonal matriz. On the other hand, by the trivializations
described in the present section, the residue matriz at t; (i = 1,2) (respectively, the polar part) is
not a diagonal matriz. The reason why the residue matriz at t; (i = 1,2) is a diagonal matriz is
that the corresponding description of the variation [BII) satisfies the compatibility conditions of
the quasi-parabolic structure in FO and F* of BJ)). On the other hand, now we are interested in
behavior of the connection V around g; (j = 1,2,3). So now we do not consider the diagonalization
of the residue matrices at t; (i = 1,2) (respectively, of the polar part when D is reduced).

5.4. Canonical coordinates. We will calculate the canonical coordinates introduced in Section
For the transition functions By, k, (k1,k2 € {0,1,¢1,q2,g3}) of E, we have transition functions
of det(E) as follows:

1

Tl — Uy

det(Bog,) = + 0, loyno,, — Owoligna,,
det(Booe) = —22: Op_lg,no. — Op, lopno.
So we have a cocycle (det(Bi,ky))ky ke {0,1,q1,q0.05}> Which gives a class of H'(C, OF). We have
d d
7 and dlog(det(Bos)) = ﬂ,
T1 — Uy ZTo

and these 1-forms give a class of H'(C, Q). We denote by ¢; and (D, ¢;) the class of H*(C, Q)
and the total space of the twisted cotangent bundle corresponding to ¢y, respectively. We have the
following description of tr(V):

dlog(det(Bog,)) = —

d +was: 000 — OUU ® Qlc(D)|0o on UQ
(V) = { dtwi] +wi): 0p, — o;!;i @ QL(D)lg, on U,
dtws +92: Oy — 022 @ Q4(D)]p. on U,

Notice that we have

wg) + w%) = way + dlog(det(Byg, )), and

d
w2 + % = woy + dlog(det(Booo)).
2
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So these connection matrices of tr(V) give an explicit global section of Q(D, ¢;) — C. We consider
a section of (D, c1)|g,  — Ug,
J

Cj dxl
(21 — )y
For this section on qu, we define p; (7 =1,2,3) by

. d (9) ©)
pj = res, < G . o ) + resq, <M .

+ wg) + wéj).

1 —u; (21—t
Then we have a map

(E,V) — (u17u2;u35<15<27<3) — (u17u2;u35p15p25p3)5

where
pim G K, Loytor 1
J (Uj — t)’Uj 4’()2- . i 2 Uj — Ujr Uy
J 37€{1,2,31\ {5}

B+ Bov; 1
-i-(M-i-Bg)—

Uj — t Vj
Here we set K(x1) := x1(x1 —1)(21 — A). Notice that By and Bs are determined by Lemma 32l and

Bj3 is determined by Lemma[34l Notice that B3 depends on (1, {2 and (3. The symplectic structure
is 22:1 dp; A du; by Theorem 201

6. CANONICAL COORDINATES REVISED AND ANOTHER PROOF FOR BIRATIONALITY

In this section, we will give another proof of Proposition [I7 For simplicity, we will consider the
cases where D is a reduced effective divisor. Let (E,V) € M$ be a connection on a fixed irregular
curve X = (C, D, {z}icr, {0:i}icr, Ores) with genericity conditions as before.

We set D =t; +--- +t, and the connection is given by

V:E— E®QL(D).

In this section, we assume that g = g(C') > 1 and n > 1 as in the previous sections. Moreover if
g =g(C) =1, we assume that n > 2.
Note that we have the unique extension

(6.1) 0—0c—F—Ly—0

with Ly = det(E). Moreover for (E,V) € M% we have deg Ly = 2¢g — 1 and dim¢ H°(C, E) = 1.
Then we can define apparent singularities ¢i,...,qny € C where N = 49 — 3 + n. Since deg D =
29 —2+n>1and deg Ly = 2g — 1 > 1, we see that dim¢ H(C, Q5 (D)) =g —1+n > 2. We can
choose v € H(C, Q4 (D)) and s € H°(C, Ly) whose zeros are given by

{")/:0}: {Cl,...702972+n} and {SZO}: {ul,...,u29,1}.

We assume the following genericity conditions:

(1) w;y # w4, (for 41 # ia), and ¢k, # c, (for ki # ks);
(2) {ulv s 7u2971} N {Cl, e ,C2g72+n} = @7
(3) {ar,- - antN{ur,..suzg-1,c1, .0 cog-04n } =0
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Set

Uop=C\{uy,...,ugg-1,¢1,...,Cog 24n}
Moreover we take small an analytic neighborhood U; of u; for 1 <4 < 2g—1 and Usg—144 of ¢, for
1<k<29—2+n. Fori=1,...,49—34n, we can identify U; with a unit disc A = {z € C | |z| < 1}
with the origin corresponding to u; (1 <i < 2¢g — 1) and ¢;_g24+1 (29 < ¢ < 4g — 3+ n). We can
assume that U;, NU;, = 0 for i1 # 4a, i1,42 > 1. Note that since Uy is an affine variety and
UgnU; = A\ {0} fori=1,...,49 — 3+ n, the covering C = Uy UU U--- U Usg_34n gives a Stein
covering of C. For 0 < i < 49 — 3 4+ n, we have nonzero sections egz) € (’)Ui,eéz) € (Lo)y, giving
trivializations of E on U; respectively:

Ey, ~ O‘Uiegl) & (’)|Uieél).

Moreover we have a transition matrix Hy; on Uy N U; of the form
6.2 Hy; =
( ) 0 (0 90i>
satisfying
(6.3) (e, e) = (e, e Hos = (€1, hoiel” + goiel”).
Here {hoi}: € Ext' (Lo, Oc) = H'(C, Ly') corresponds to the extension class of (1) and {go;}; €

H'(C,0f) gives the transition function of Ly = det(E). With these trivializations we have con-
nection matrices A®):

(6.4) Ve, es)) = (ef”, e5)A®
of the form
OIS C
(6.5) AG = [T MY
NI
217 Q227

Here a,(fl) € T'(Us, Oy,) and ~; € D(U;, (D). We set yo = 7y, as above.
From (63) and (64)), we can verify the following

Lemma 38. For1<1¢<49—3+4n, on UyNU;, we gave
(6.6) AYD = g AQ Hy, + Hyt dHos.
Specifically, we have the following identities:

(6.7) aylvi = afv0g5;s  and
i _ dgo;
(6.8) a$iyi = a$y 0 + a5y ohoige;' + ggoo. :

The identity (6.7)) shows that aéil)%- defines a section of H°(C, Q1 (D) ® L) and the zeros of this
section are nothing but the apparent singularities ¢1,...,qy. Evaluating the identity ([6.8) at g;
(j=1,...,N), we then have

i dgoi
(69 (@ = @0y, + (22
/g

J

Noting that the cohomology class of the cocycle {df‘” } corresponds to ¢g = c¢1(Lg), from (6.3,

goi
we have the following



CANONICAL COORDINATES 43

Proposition 39. For each 0 < j < N, the data (E,V) € M% defines N points (g;,p;) on the total
space of D, cq) by the formula

(6.10) By = (a$970)q, € QE(D,ca)yy,

The above definition of p; does not depend on the choice of the sections s € H°(C, L) and
v € HY(C,Q4(D)) and defines the same map as in Definition

(6.11) fapp: MY — Sym™ ((D, ¢q)).

Now we consider ¢; as a local coordinate near ¢; and we write v = ¢(g;)dg; for some local
holomorphic function ¢(g;). Then we have

pj = p;dg;
with ©
0
pj = agy (¢;)c(gs)-
As we have proved in Theorem 20} the map fapp is symplectic.

6.1. From a connection to a Higgs field. Keeping the notation, let us consider the section
s € H°(C, Ly) as before, and set s(?) = 5. Take trivialization of Loy, over U; we have a holomorphic
function s € T'(U;, Op,) such that

50 = go;s).
Note that s has zeros at u; € U; for 1 <4 < 2g — 1. Set D(s) =uy + -+ + ugg—1. We can show
that

Lemma 40. There exists a connection
Vi: E— E®0Q(D(s))
such that for each 0 < i < N =4g — 3 +n, on U; it has the form

; - 0 &
V) —d+ 50 =d+ <0 di(d))
s(%)

with respect to the trivialization (egi), egi)). Here $3; € T(Us, Q).

Proof. Since s(9 = gg;5("), one has
ds© _ dgoq ds®
s go s(®

in Up; = Up NU;. The compatibility condition for connection matrices .S (@) is
(6.12) SO = Hi* SO Hy, + Hy;' dHo,.
The right hand side of [€12) is

ds©® _ dgos
0 gOij_g)—hOigss(o) — <8 ) — dhg;

goi
0 ds 0) _ dg()i
s(0) goi

(6.13)

Since {ho;}; is a class in H'(C,Ly"') and s € H°(C, Ly), the class {s(Vhg;}; defines a class in
H'(C,0O¢). Then, by the Hodge theory, the derivative {d(s®hg;)}; € H'(C,Q}) vanishes, so
there exist ; € T'(Us, Q. ) such that

d(sho;) = Bo — Bi-
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Choose such j;’s for the formula. Then we have

() .
dhoi = —ho; ds bo _ 1

Then the right hand side of (613) becomes

0 <o
For any (E,V) € M%, the difference
V —-Vi: E—)E@Qlc(D—i-D(s)

as desired.

SZABO

OO RNGE

)

defines an Og-homomorphism, that is a rational Higgs fields on E. We reprove Proposition [I7

Theorem 41. For generic (E,V) € M$, the point (qj,p;)j=1
(E,V). So the map fapp is birational.

Proof. Consider the Higgs field

.....

~ € Sym™ (Q(D, cq)) determines

=0y =V-V: E— E®Q.(D+ D(s))

where D =ty + -+ + 1y, and D(s) = u3 + - - - + ug4—1 as in the notation above. We assume that the
set of apparent singularities g1, ..., gy of (E,V) is disjoint from D and D(s). We will consider the

characteristic curve of ®. On U;, we have

~ ~ ﬁl

i i a11 a12 — G
;=AW g0 = [ = S0
a1 @22 — G

The characteristic curve Cs can be defined in the total space of
Qe(D + D(s)) by

Cy: 22 —biz—by=0
with b; € H(C, (Q&(D + D(s)))®%), and & the canonical section.
spectral curves is thus given by

dim H°(C,Q4(D + D(s))) +dim H°(C, (Q&(D + D(s)))®?) =

Then @ is constrained the following conditions.

(1) At t;,4 = 1,...,n, ® has eigenvalues fixed by data X.
because of the Fuchs relation.

) |

Q(D + D(s)) of the line bundle

The dimension of the family of

N+l—g+2N+1—g
3N+2-29g=3(49g—3+n)+2—2g
10g — 7+ 3n.

These impose 2n — 1 conditions

(2) At ug, k=1,...,29 — 1, take a local coordinate zj such that zj(ur) = 0. Then ® has the

following form near z; =0

0 Bi(0)
o = 0 A + holomorphic.

Zk

Then eigenvalues of the residue matrix are 0, —1 and the 3;(0) gives a restriction on Cs.

Then totally we have 3 x (29 — 1) conditions.
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(3) At ¢;,7 = 1,..., N, the points ag2(q;) — dss(—ii)(qj) =p; —¢; € QD + D(s)) lie on the
characteristic curve C. These give N = 49 — 3 + n conditions.

For generic choice of q1,---,qy and s € H(C, Lg), we can see using the method of Lemma [7]
and Proposition [I7] that these conditions are independent, so we obtain a total of

2n—143(29—-1)+ (49 —3+n) =109 — 7+ 3n

conditions, so these determine the spectral curve Cy. Now the divisor u = Zjvzl (Bj—c;)+320 1 (1)
determines the rank 1 sheaf O¢, (1) where (15) € Cs denotes the point over uy corresponding to the
eigenvalue —1 of the residue of ® at uy. Then (7: Cs — C,O¢, (1)) determines (E, ®) uniquely
by [3} Proposition 3.6]. Hence F and V = ® 4+ V; is determined uniquely. O
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