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HEAT FLOW OF p-HARMONIC MAPS FROM COMPLETE MANIFOLDS

INTO GENERALISED REGULAR BALLS

ZEINA AL DAWOUD

Abstract. We study the heat flow of p-harmonic maps between complete Riemannian manifolds.

We prove the global existence of the flow when the initial datum has values in a generalised regular

ball. In particular, if the target manifold has nonpositive sectional curvature, we obtain the global
existence of the flow for any initial datum with finite p-energy. If, in addition, the target manifold

is compact, the flow converges to a p-harmonic map. This gives an extension of the results of
Liao-Tam [12] concerning the harmonic heat flow (p = 2) to the case p ≥ 2. We also derive a

Liouville type theorem for p-harmonic maps between complete Riemannian manifolds.

1. Introduction

Let (Mm, g) and (Nn, h) be two Riemannian manifolds, with M compact. For p > 1, the
p-energy of a map u ∈ C1(M,N) is defined by

Ep(u) =
1

p

∫
M

|du(x)|pdx, (1.1)

where |du(x)| is the Hilbert-Schmidt norm of du(x), and dx stands for the Riemannian volume
element of M .

p-harmonic maps are critical points of the functional (1.1), that is, they are solutions of the
Euler-Lagrange equation associated to (1.1)

τp(u) = 0, (1.2)

where τp(u) = Traceg(∇(|du|p−2du)) denotes the p-tension field of u. More precisely, let (x1, · · · , xm)

and (y1, · · · , yn) be local coordinates on M and N respectively, then denoting ∂j = ∂
∂xj and

uα = yα(u), equation (1.2) takes the form of the following system

− 1√
|g|

∂i

(
|du|p−2

√
|g|gij∂juk

)
= |du|p−2gijΓk

αβ(u)∂iu
α∂ju

β , 1 ≤ k ≤ n, (1.3)

where Γl
αβ are the Christoffel symbols of N , and the Einstein summation convention on repeated

indices is used.

In order to consider more general class of solutions of system (1.3), we shall write it in an
equivalent form which is independent of the choice of coordinates. By Nash’s embedding theorem,
we can embedN isometrically in an Euclidean space RL using an isommetric embedding i : N → RL.
If we note again u = i ◦ u, the energy functional (1.1) becomes

Ep(u) =
1

p

∫
M

|∇u(x)|pdx,

where |∇u|2 = gij⟨∂iu, ∂ju⟩, and ⟨. , .⟩ denotes the Euclidean innner product of RL.
1
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Equation (1.3) takes the form

−∆pu = |∇u|p−2A(u)(∇u,∇u), (1.4)

where ∆pu = div(|∇u|p−2∇u) is the p-Laplacian, that is,

∆pu =
1√
|g|

∂i

(√
|g||∇u|p−2gij∂ju

)
,

and A is the second fundamental form of N in RL with the notation

A(u)(∇u,∇u) = gijA(u)(∂iu, ∂ju).

In this case, p-harmonic maps are defined to be solutions of equation (1.4). We note that equa-
tion (1.4) makes sense even if M is not compact.

We define the Sobolev space W 1,p(M,N) = {u ∈ W 1,p(M,RL); u(x) ∈ N a.e}. We say that a
map u ∈ W 1,p(M,N)∩L∞(M,RL) is a weakly p-harmonic map if it is a weak solution of (1.4). The
study of the regularity of weakly p-harmonic maps is a delicate question due to the fact that (1.4)
is a degenerate quasilinear elliptic system. In general, the optimal regularity for weak solutions
to systems involving the p-Laplacian is C1+β as shown by [19], and C∞ out off the vanishing set
of ∇u. Solutions which are p-energy-minimzing are in C1+β(M \ S,N) (0 < β < 1) where S is a
singular set of Hausdorff dimension at most m− [p]− 1 (see [6] [14]).

In this paper we are interested in heat flow of p-harmonic maps which is the gradient flow
associated with the p-energy functional. Namely, ∂tu−∆pu = |∇u|p−2A(u)(∇u,∇u),

u(x, 0) = u0(x),
(1.5)

where u0 : M → N is the initial datum of the flow.

Throughout this paper, what we mean by a solution u of (1.5) on M × [0, T ) is a map u ∈
C

1+β, β/p
loc (M × [0, T ), N) (for some 0 < β < 1) which is a weak solution (in the distributional sense)

of (1.5). Indeed, as stated above, the optimal regularity one could expect for p-harmonic type
equations is C1+β (and C1+β, β/p for parabolic equations).

When p = 2, Eells and Sampson [3] were the first who studied the heat flow problem of harmonic
maps. They proved that if M and N are compact Riemannian manifolds and N has nonpositive sec-
tional curvature, then (1.5) admits a global solution which converges at infinity to a harmonic map.
Li and Tam [11] considered the case when both M and N are complete noncompact Riemannian
manifolds. They proved the existence of a global solution when the Ricci curvature of M is bounded
from below, N has nonpositive sectional curvature and if the initial datum u0 is bounded as well
as its energy density. Later on, Liao and Tam [12] showed that if M is a complete non-compact
manifold, N is compact with nonpositive sectional curvature, and if the initial map has finite total
energy, then (1.5) admits a global solution which converges on compact subsets of M to a harmonic
map from M into N . It is well known that if the sectional curvature of N is nonnegative, a blow
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up phenomenon may occur. Without this condition, one has to impose some assumptions on N in
order to prevent the blow up of the solution. We refer the reader to the work of Struwe ([17], [18] )
and Chen-Struwe [1] concerning the singularities of the harmonic heat flow. When M is complete,
Li and Wang [13] proved that there exits a global solution of the harmonic heat flow from M into
a generalised regular ball of the target manifold N which converges at infinity to a harmonic map
when the initial datum has finite energy (we refer to [13] for the notion of generalised regular balls.)

When p ≥ 2 Fardoun-Regbaoui [4] and Misawa [15] proved the global existence and the conver-
gence of the p-harmonic heat flow when M and N are compact and N has nonpositive sectional
curvature generalising the result Eells and Sampson [3] to the case p ≥ 2. When N has arbitrary
sectional curvature, Hungerbuhler [9] proved the existence of weak solutions in the conformal case
p = m. See also Hungerbuhler [8] when the target manifold is a homogenuous space. For small
initial data, Fardoun-Regbaoui [5] obtained the existence and convergence of the flow. We also
mention the recent work of Misawa [16] concerning the regularity of the p-harmonic heat flow.

Our goal in this paper is to extend the results of Liao-Tam above to the p-harmonic heat flow
for p ≥ 2. Accordingly, we will introduce the notion of regular sets inspired by the work of Li and
Wang [13] concerning the harmonic heat flow.

Definition 1.1. Let Ω be an open subset of a Riemannian manifold N and let δ > 0. We say that
Ω is a δ-regular set if there exist a positive function f ∈ C2(Ω) and a constant C > 0 such that, for
all y ∈ Ω, we have −∇2f(y)−K2(y)f(y)h(y) ≥ δ |∇f(y)|2

f(y) h(y)

C−1 ≤ f(y) ≤ C,
(1.6)

where h is the metric of N and K2(y) = sup{K(y, π), 0}, with K(y, π) being the sectional curvature
of a 2-plane π ⊂ TyN .

According to our definition of δ-regular sets, any Riemannian manifold with nonpositive sectional
curvature is a δ-regular set for any δ > 0. Indeed, if N has nonpositive sectional curvature, then
condition (1.6) above is automatically satisfied by taking f = 1.

Definition 1.2. We say that Ω ⊂ N is a δ-generalised regular ball if it is a δ-regular set and if
there exists a positive function f∗ ∈ C2(N) which is convex on Ω such that

Ω = (f∗)−1
(
[0, a)

)
(1.7)

for some a > 0.

Example 1.1. If N is a Riemannian manifold with nonpositive sectional curvature, then N is a
δ-generalised regular ball for any δ > 0 by taking f = f∗ = 1 and a > 1.
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Example 1.2. On the sphere Sn any geodesic ball B(y, r), with 0 < r < π
2 , is a δ-generalised

regular ball with δ = (cos r−cos r1) cos r1
sin2 r

, where r1 is any real number such that r < r1 < π
2 . Indeed,

in polar coordinates (ρ, θ) centered at y, if we set f(ρ, θ) = cos ρ − cos r1 and f∗ any smooth
function on Sn such that f∗(ρ, θ) = ρ2 on B(y, r), then one can check that ∇2f = −(cos ρ)h,
where h = dρ2+sin2ρ dθ is the standard metric on Sn, and that f satisfies condition (1.6) with δ =
(cos r−cos r1) cos r1

sin2 r
, and f∗ satisfies condition (1.7). More generally, by using the Hessian comparaison

theorem on a Riemanniann manifold N , one can see that any regular geodesic ball B(y, r) in the
sense of Hildebrandt [7] is a δ-generalised regular ball for some δ > 0 depending on r.

Troughhout this paper we suppose p ≥ 2. We state our first main result :

Theorem 1. Let (Mm, g) and (Nn, h) be two Riemannian manifolds such that M is compact and
N is complete. Let Ω ⊂ N be a δ-generalised regular ball with

δ > δp := 3(p− 2)2
(√

m+ 2p+ 6
)2

+ 3.

Then for any u0 ∈ C∞(M,Ω), there exists a unique global solution u of (1.5) such that u ∈
C

1+β, β/p
loc (M × [0,∞),Ω) for some β ∈ (0, 1). Moreover, we have ∂tu ∈ L2(M × [0,+∞)) and

satisfies the energy inequality∫ T

0

∫
M

|∂tu(x, t)|2dxdt+ Ep

(
u(., T )

)
≤ Ep(u0) (1.8)

for all T > 0. If we assume in addition that N is compact, then there exists a sequence tk → ∞
such that u(., tk) converges in C1+β′

(M,Ω) (for all β′ < β) to a p-harmonic map u∞ ∈ C1+β(M,Ω)
satisfying Ep(u∞) ≤ Ep(u0).

Theorem 1 allows us to prove the following result between complete Riemannian manifolds which
is, to our knowledge, the first result concerning the existence of p-harmonic heat flow from complete
noncompact Riemannian manifolds.

Theorem 2. Let (Mm, g) and (Nn, h) be two complete Riemannian manifolds. Let Ω ⊂ N be a
δ-generalised regular ball with

δ > δp := 3(p− 2)2
(√

m+ 2p+ 6
)2

+ 3.

Then for any u0 ∈ C∞(M,Ω) with Ep(u0) < +∞, there exists a global solution u of (1.5) such that

u ∈ C
1+β, β/p
loc (M × [0,∞),Ω) for some β ∈ (0, 1). Moreover, ∂tu ∈ L2(M × [0,+∞)) and satisfies

the energy inequality ∫ T

0

∫
M

|∂tu(x, t)|2dxdt+ Ep

(
u(., T )

)
≤ Ep(u0) (1.9)

for all T > 0. If we assume in addition that N is compact, then there exists a sequence tk → ∞
such that u(., tk) converges in C1+β′

loc (M,Ω) (for all β′ < β) to a p-harmonic map u∞ ∈ C1+β
loc (M,Ω)

satisfying Ep(u∞) ≤ Ep(u0).

As a consequence of Theorem 2, we have the following theorem concerning target manifolds with
negative sectional curvature. It can be considered as a natural generalisation to the case p ≥ 2 of
the work of Liao-Tam [12] concerning the heat flow of harmonic maps (p = 2).
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Theorem 3. Let M and N be two complete Riemannian manifolds such that N has nonpositive
sectional curvature. Then for any u0 ∈ C∞(M,N) with Ep(u0) < +∞, there exists a global

solution u of (1.5) such that u ∈ C
1+β, β/p
loc (M × [0,∞),Ω) for some β ∈ (0, 1). Moreover, ∂tu ∈

L2(M × [0,+∞)) and satisfies the energy inequality∫ T

0

∫
M

|∂tu(x, t)|2dxdt+ Ep

(
u(., T )

)
≤ Ep(u0) (1.10)

for all T > 0. If we assume in addition that N is compact, then there exists a sequence tk → ∞
such that u(., tk) converges in C1+β′

loc (M,Ω) (for all β′ < β) to a p-harmonic map u∞ ∈ C1+β
loc (M,Ω)

satisfying Ep(u∞) ≤ Ep(u0).

Our method allows us to prove the following Liouville Theorem for p-harmonic maps.

Theorem 4. Let M be a complete Riemannian manifold with nonnegative Ricci curvature and N
be a complete Riemannian manifold. Suppose that Ω ⊂ N is a δ-regular set with δ > δp, where δp
is as in Theorem 1. If u ∈ C1

loc(M,Ω) is a p-harmonic map from M into Ω with finite p-energy,
then u is constant. In particular, if N has nonpositive sectional curvature, then any p-harmonic
map u ∈ C1

loc(M,N) with finite p-energy from M to N is constant.

The paper is organised as follows. The heat flow equation being a degenerate parabolic problem,
we first establish in Section 2 the existence of a global solution to the regularised equation of (1.5).
We then prove uniform a priori gradient estimates on the solutions of the regularised equation in
Section 3. Section 4 is devoted to the proof of our main results.

2. The Regularised Heat Flow

Since (1.5) is a degenerate parabolic system, one can not apply directly the existence theory for
parabolic equations. To overcome this difficulty we introduce the regularised p-harmonic heat flow
equation. Namely, for 0 < ε < 1, the regularised p-energy of u is defined by

Ep,ε(u) =
1

p

∫
M

(
|∇u|2 + ε

) p
2 dx,

and the gradient flow associated to Ep,ε is given by the following second order parabolic system
∂tu−∆p,ε =

(
|∇u|2 + ε

) p−2
2 A(u)(∇u,∇u),

u(x, 0) = u0(x)

(2.1)

where

∆p,ε =
1√
|g|

∂i

(√
|g|
(
|∇u|2 + ε

) p−2
2 gij∂ju

)
is the regularised p-Laplacian of M .

Since (2.1) is a parabolic system, then it follows from the classical theory of parabolic equations
that (2.1) admits a unique smooth solution uε defined on a maximum interval [0, Tε). For the sake
of simplicity we denote u our solution instead of uε and T instead of Tε. We have the following
proposition.
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Proposition 2.1. Let p ≥ 2 and let Ω ⊂ N be a δ-generalised regular ball for some δ > 0. Let
u0 ∈ C∞(M,Ω) and let u be the solution of the regularised problem (2.1) defined on a maximal
interval [0, T ). Then we have for any (x, t) ∈ M × [0, T )

u(x, t) ∈ Ω. (2.2)

Moreover, u satisfies the energy formula

d

dt
Ep,ε

(
u(., t)

)
= −

∫
M

|∂tu(x, t)|2 dx. (2.3)

In particular the energy Ep,ε is nonincreasing along the flow.

Proof. Since Ω is a generalised regular ball, then there exist a positive function f∗ ∈ C2(N) which
is convex on Ω and a > 0 such that Ω = (f∗)−1([0, a)). Let

T1 = sup
{
t ∈ [0, T ) : u (M × [0, t]) ⊂ Ω

}
and suppose by contradiction that T1 < T . Since u0(M) ⊂ Ω and M is compact, then by continuity
of u we have that T1 > 0. Then we compute on M × [0, T1)

∂t(f
∗ ◦ u)− div

(
(|∇u|2 + ϵ)

p−2
2 ∇f∗ ◦ u

)
=
〈
(∇f∗) ◦ u, (∂tu−∆p,ϵu)

〉
− (∇u|2 + ϵ)

p−2
2 (∇2f∗) ◦ u

(
∇u,∇u

)
=
(
|∇u|2 + ε

) p−2
2
〈
(∇f∗) ◦ u,A(u)(∇u,∇u)

〉
−
(
|∇u|2 + ε

) p−2
2 (∇2f∗) ◦ u(∇u,∇u),

which implies, since ∇f∗ is orthogonal to A(u)(∇u,∇u) and f∗ is convex on Ω, that

∂t(f
∗(u))− div

((
|∇u|2 + ε

) p−2
2 ∇f∗(u)

)
≤ 0.

Hence it follows from the maximum principle for parabolic equations that for all t ∈ [0, T1), we have

max
x∈M

f∗(u(x, t)) ≤ max
x∈M

f∗(u0(x))

which implies by continuity of f∗ and u that

max
x∈M

f∗(u(x, T1)) ≤ max
x∈M

f∗(u0(x)).

Since u0(M) ⊂ Ω, then max
x∈M

f∗(u0(x)) < a, so

max
x∈M

f∗(u(x, T1)) < a.

It follows by continuity of f∗(u) that there exists α > 0 such max
x∈M

f∗(u(x, t)) < a for all t ∈ [0, T1+α],

that is, u(M, t) ⊂ Ω for all t ∈ [0, T1 + α] contradicting the definition of T1.
Now to prove (2.3) it sufficies to take the inner product (in RL) of equation (2.1) with ∂tu and

integrate on M to get∫
M

|∂tu(x, t)|2 dx =

∫
M

(
|∇u|2 + ε

) p−2
2
〈
∂tu,A(u)(∇u,∇u)

〉
dx− d

dt
Ep,ε

(
u(., t)

)
.

This achieves the proof of the proposition since
〈
∂tu,A(u)(∇u,∇u)

〉
= 0.

□
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In order to prove uniform gradient estimates on the solution of the regularised equation (2.1) we
need a Bochner-type formula on u. To this end let us introduce the following notations. We set for
all 0 < ε < 1:

F = |∇u|2 + ε,

and let Lp be the operator defined for φ ∈ C2(M) by

Lp(φ) = div
(
F

p−2
2 ∇φ

)
. (2.4)

We define the symmetric contravariant 2-tensor B on M by setting in local coordinates on M :

Bij =
⟨∂ku, ∂lu⟩

F
gikglj . (2.5)

One checks immediately that for any x ∈ M and covectors X,Y ∈ T ∗
xM , we have{

B(X,X) ≥ 0

B(X,Y ) ≤ |X||Y |.
(2.6)

If X = Xidx
i ∈ T ∗

xM , we denote by B(X, .) the vector in TxM defined by B(X, .) = BijXi∂j .

Then we have the following Bochner-type formula

∂tF − LpF = (p− 2)div
(
F

p−2
2 B(dF, .)

)
− 2F

p−2
2 |∇2u|2 − (p− 2)

2
F

p−4
2 |∇F |2

− 2F
p−2
2 RicM

(
∇u,∇u

)
+ 2F

p−2
2

〈
RiemN (∇u,∇u)∇u,∇u

〉
,

(2.7)

where RicM is the Ricci tensor of M and RiemN is the Riemann curvature tensor of N with the
following notations in an orthonormal frame {e1, · · · , em} of TxM :

RicM
(
∇u,∇u

)
=

L∑
k=1

m∑
i=1

RicM
(
∇eiu

k,∇eiu
k
)

and 〈
RiemN (∇u,∇u)∇u,∇u

〉
=

m∑
i,j=1

〈
RiemN (∇eiu,∇eju)∇eiu,∇eju

〉

3. Gradient Estimates

In this section, we derive uniform gradient estimates on the solution u of the regularised equation
(2.1). We first need the following usefull inequality.

Proposition 3.1. Let (Mm, g), (Nn, h) be two Riemannian manifolds and let Ω ⊂ N be a δ-regular
set. Let u : M × [0, T ) → N be a smooth solution of (2.1)having its image in Ω and set

φ(x, t) =
F (x, t)

f2(u(x, t))
,
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where F (x, t) = |∇u(x, t)|2 + ε and f is the function satisfying condition (1.6). Then we have at
any point (x, t) ∈ M × [0, T )

∂tφ− Lpφ ≤ (p− 2)div
(
F

p−2
2 B(dφ, .)

)
− 1

40
F

p−4
2 (f ◦ u)2|∇φ|2

− 2(δ − δp)
F

p
2

(f ◦ u)4
|(∇f) ◦ u|2 |∇u|2 + 2K1

F
p−2
2

(f ◦ u)2
|∇u|2,

(3.1)

where δp = 3(p− 2)2
(√

m+2p+2
)2

+3 and −K1 ≤ 0 is a lower bound of the Ricci curvature of

M at x. The operator Lp and the tensor B are defined by (2.4) and (2.5) above.

Proof. Fix a point x0 ∈ M , then in normal coordinates at x0, a basic computation gives,

∂tφ− Lpφ =
1

(f ◦ u)2
(
∂tF − LpF

)
− 2

F

(f ◦ u)3
(
∂t(f ◦ u)− Lp(f ◦ u)

)
+4

F
p−2
2

(f ◦ u)3
∇F · ∇(f ◦ u)− 6

F
p
2

(f ◦ u)4
|∇(f ◦ u)|2,

(3.2)

where the dot · denotes the Riemannian inner product on M . By using Bochner’s formula (2.7),
the first term in the right hand side of (3.2) can be bounded as :

1

(f ◦ u)2
(
∂tF − LpF

)
≤ (p− 2)

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
+ 2K1

F
p−2
2 |∇u|2

(f ◦ u)2

+ 2K2
F

p
2 |∇u|2

(f ◦ u)2
− 2

F
p−2
2

(f ◦ u)2
|∇2u|2 − 1

2
(p− 2)

F
p−4
2

(f ◦ u)2
|∇F |2 ,

(3.3)

where −K1 ≤ 0 is a lower bound of the Ricci curvature of M , and K2 ≥ 0 is an upper bound of
the sectional curvature of N . To bound the second term in the right hand side of (3.2), a direct
computation gives

∂t(f ◦ u)− Lp(f ◦ u) =
〈
(∇f) ◦ u, (∂tu− Lpu)

〉
− F

p−2
2 (∇2f) ◦ u

(
∇u,∇u

)
where in local coordinates :

(∇2f) ◦ u
(
∇u,∇u

)
=

m∑
i,j=1

gij(∇2f) ◦ u
(
∂iu, ∂ju

)
and where ⟨·, ·⟩ denotes the inner product of RL (we recall here that N is isometrically embedded
in RL). Since

〈
(∇f) ◦ u, (∂tu− Lpu)

〉
= 0 by equation (2.1) ( ∂tu−∆pu being orthogonal to TuN

and (∇f) ◦ u ∈ TuN), then we obtain

∂t(f ◦ u)− Lp(f ◦ u) = −F
p−2
2 (∇2f) ◦ u

(
∇u,∇u

)
. (3.4)

Substituting (3.4) and (3.3) in (3.2) gives
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∂tφ− Lpφ ≤ (p− 2)

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
− 2

F
p−2
2

(f ◦ u)2
|∇2u|2 − 1

2
(p− 2)

F
p−4
2

(f ◦ u)2
|∇F |2

+ 2K1
F

p−2
2

(f ◦ u)2
|∇u|2 + 2

F
p
2

(f ◦ u)3

(
K2(f ◦ u)|∇u|2 + (∇2f) ◦ u

(
∇u,∇u

))
+ 4

F
p−2
2

(f ◦ u)3
∇F · ∇(f ◦ u)− 6

F
p
2

(f ◦ u)4
|∇(f ◦ u)|2.

(3.5)

Since f satisfies condition (1.6), then we have

K2(f ◦ u)|∇u|2 + (∇2f) ◦ u
(
∇u,∇u

)
≤ −δ

∣∣(∇f) ◦ u
∣∣2

(f ◦ u)
|∇u|2,

so it follows from (3.5)

∂tφ− Lpφ ≤ (p− 2)

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
− 2

F
p−2
2

(f ◦ u)2
|∇2u|2 − 1

2
(p− 2)

F
p−4
2

(f ◦ u)2
|∇F |2

+ 2K1
F

p−2
2

(f ◦ u)2
|∇u|2 − 2δ

F
p
2

(f ◦ u)4
|(∇f) ◦ u|2 |∇u|2

+ 4
F

p−2
2

(f ◦ u)3
∇F · ∇(f ◦ u)− 6

F
p
2

(f ◦ u)4
|(∇f) ◦ u|2 .

(3.6)

To estimate the first term in the right hand side of (3.6) we compute, by using the fact that
F = (f ◦ u)2φ and that we are working in normal coordinates at x0,
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1

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
= div

(
F

p−2
2 B(dφ, .)

)
+ 2div

(
F

p
2

(f ◦ u)3
B(d(f ◦ u), .)

)
+ 2

F
p−2
2

(f ◦ u)3
B (dF, d(f ◦ u))

= div
(
F

p−2
2 B(dφ, .)

)
+ 2∂i

(
F

p−2
2

(f ◦ u)3
⟨∂iu, ∂ju⟩∂j(f ◦ u)

)
+ 4

F
p−4
2

(f ◦ u)3
⟨∂iu, ∂ju⟩∂iF∂j(f ◦ u)

= div
(
F

p−2
2 B(dφ, .)

)
+ (p+ 2)

F
p−4
2

(f ◦ u)3
⟨∂iu, ∂ju⟩∂iF∂j(f ◦ u)

+ 2
F

p−2
2

(f ◦ u)3
⟨∂2

iiu, ∂ju⟩∂j(f ◦ u) + 2
F

p−2
2

(f ◦ u)3
⟨∂iu, ∂2

iju⟩∂j(f ◦ u)

+ 2
F

p−2
2

(f ◦ u)3
⟨∂iu, ∂ju⟩(∇2f) ◦ u (∂iu, ∂ju)

+ 2
F

p−2
2

(f ◦ u)3
⟨∂iu, ∂ju⟩⟨(∇f) ◦ u, ∂2

iju⟩

− 6
F

p−2
2

(f ◦ u)4
⟨∂iu, ∂ju⟩∂i(f ◦ u)∂j(f ◦ u)

(3.7)

Since by condition (1.6) f is concave, then we have

⟨∂iu, ∂ju⟩(∇2f) ◦ u (∂iu, ∂ju) ≤ 0. (3.8)

To bound the other terms in (3.7) observe that the last term is nonpositive and the other terms
can be bounded by using the Cauchy-Schwarz inequality. So we obtain from (3.7) and (3.8)

1

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
≤ div

(
F

p−2
2 B(dφ, .)

)
+ (p+ 2)

F
p−4
2

(f ◦ u)3
|∇(f ◦ u)| |∇u|2 |∇F |

+ 2
(√

m+ 1
) F

p−2
2

(f ◦ u)3
|∇(f ◦ u)| |∇u|

∣∣∇2u
∣∣+ 2

F
p−2
2

(f ◦ u)3
|(∇f) ◦ u| |∇u|2

∣∣∇2u
∣∣

which gives, by Young’s inequality for α > 0 (to be chosen later),

(p− 2)

(f ◦ u)2
div
(
F

p−2
2 B(dF, .)

)
≤ (p− 2)div

(
F

p−2
2 B(dφ, .)

)
+

α

2
(p+ 2)(p− 2)

F
p−4
2

(f ◦ u)2
|∇F |2

+
1

2α
(p+ 2)(p− 2)

F
p
2

(f ◦ u)4
|∇(f ◦ u)|2 + α(p− 2)

(√
m+ 2

) F
p−2
2

(f ◦ u)2
∣∣∇2u

∣∣2
+

1

α
(p− 2)

(√
m+ 1

) F
p
2

(f ◦ u)4
|∇(f ◦ u)|2 + p− 2

α

F
p
2

(f ◦ u)4
|(∇f) ◦ u|2|∇u|2,

(3.9)

where we have used the fact that F = |∇u|2 + ε ≥ |∇u|2.
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Now, to bound the terms 4
F

p−2
2

(f ◦ u)3
∇F · ∇(f ◦ u)− 6

F
p
2

(f ◦ u)4
|∇(f ◦ u)|2 in (3.6), we use again

Young’s inequality for any β > 0 :

4
F

p−2
2

(f ◦ u)3
∇F · ∇(f ◦ u)− 6

F
p
2

(f ◦ u)4
|∇(f ◦ u)|2 ≤ 2β

F
p−4
2

(f ◦ u)2
|∇F |2 +

(
2

β
− 6

)
F

p
2

(f ◦ u)4
|∇(f ◦ u)|2 .

(3.10)

By combining (3.6), (3.9) and (3.10), we obtain

∂tφ− Lpφ ≤ (p− 2)div
(
F

p−2
2 B(dφ, .)

)
+
(
− 2 + α(p− 2)

(√
m+ 2

) ) F
p−2
2

(f ◦ u)2
|∇2u|2

+

(
−1

2
(p− 2) +

α

2
(p+ 2)(p− 2) + 2β

)
F

p−4
2

(f ◦ u)2
|∇F |2 + 2K1

F
p−2
2

(f ◦ u)2
|∇u|2

+

(
−6 +

2

β
+

1

α
(p− 2)

(p
2
+
√
m+ 2

)) F
p
2

(f ◦ u)4
|∇(f ◦ u)|2

+

(
−2δ +

p− 2

α

)
F

p
2

(f ◦ u)4
|(∇f) ◦ u|2|∇u|2.

(3.11)

Observe that |∇F |2 = |∇(|∇u|2)|2 ≤ 4|∇2u|2|∇u|2. Hence if we choose β = p−1
5 and fix α > 0

such that

−2 + α(p− 2)
(√

m+ 2
)
≤ 0, (3.12)

then it follows from (3.11) that

∂tφ− Lpφ ≤ (p− 2)div
(
F

p−2
2 B(dφ, .)

)
+ 2K1

F
p−2
2

(f ◦ u)2
|∇u|2

−
(
p− 1

10
− 1

4
α(p− 2)

(√
m+ 2p+ 6

)) F
p
2−2

(f ◦ u)2
|∇F |2(

−6 +
10

p− 1
+

1

α
(p− 2)

(p
2
+

√
m+ 2

)) F
p
2

(f ◦ u)4
|∇(f ◦ u)|2

+

(
−2δ +

p− 2

α

)
F

p
2

(f ◦ u)4
|(∇f) ◦ u|2|∇u|2.

(3.13)

If we choose

α =

{
1

5(p−2)(
√
m+2p+2)

if p > 2

1 if p = 2,



12 ZEINA AL DAWOUD

then it is clear that (3.12) is satisfied, and observe that |∇(f ◦ u)| ≤ |(∇f) ◦ u| |∇u|, so it follows
from (3.13) that

∂tφ− Lpφ ≤ (p− 2)div
(
F

p−2
2 B(dφ, .)

)
+ 2K1

F
p−2
2

(f ◦ u)2
|∇u|2

− 1

20

F
p−4
2

(f ◦ u)2
|∇F |2 + (−2δ + cp)

F
p
2

(f ◦ u)4
|(∇f) ◦ u|2 |∇u|2,

(3.14)

where

cp = −6 +
10

p− 1
+ 5(p− 2)2

(√
m+ 2p+ 6

) (√
m+

p

2
+ 3
)
.

On the other hand we have

∂iF = (f ◦ u)2∂iϕ+ 2

〈
(∇f) ◦ u, ∂iu

〉
f ◦ u

,

so

|∇F |2 ≥ 1

2
(f ◦ u)4|∇ϕ|2 − 4

F

(f ◦ u)2
|∇(f ◦ u)|2.

Hence it follows from (3.14)

∂tφ− Lpφ ≤ (p− 2)div
(
F

p−2
2 B(dφ, .)

)
− 1

40
F

p−4
2 (f ◦ u)2|∇φ|2

+ (−2δ + cp +
1

5
)

F
p
2

(f ◦ u)4
|(∇f) ◦ u|2|∇u|2 + 2K1

F
p−2
2

(f ◦ u)2
|∇u|2,

This proves the proposition since 1
2cp +

1
10 ≤ δp := 3(p− 2)2

(√
m+ 2p+ 6

)2
+ 3.

□

Proposition 3.1 allows to prove the following important gradient estimates :

Proposition 3.2. Let (Mm, g) and (Nn, h) be two complete Riemannian manifolds. Let u : M ×
[0, T ) → Ω a smooth solution of (2.1), where Ω is a δ-regular set with

δ > δp := 3(p− 2)2
(√

m+ 2p+ 2
)2

+ 3.

Let (x0, t0) ∈ M × (0, T ) and R > 0. Then if t0 > R, we have

∥∇u∥L∞(B(x0,R/2)×[t0−R/2,t0]) ≤ CR

(∫
B(x0,R)×[t0−R,t0]

|∇u|pdxdt+ 1

)
,

and if t0 ≤ R, we have

∥∇u∥L∞(B(x0,R/2)×[0,t0]) ≤ CR

(∫
B(x0,R)×[0,t0]

|∇u|pdxdt+ ∥∇u0∥L∞(B(x0,R)) + 1

)
,

where CR is a positive constant depending on R, p,M and Ω.
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Proof. Fix (x0, t0) ∈ M × (0, T ) and let R > 0. In what follows CR is a positive constant that
depends on R, p,M and Ω and its value may change from line to line. In this proof we suppose
that t0 > R, as the case t0 ≤ R is easier to handle, and therefore, we omit it. For 0 < r < R, we
set Qr = B(x0, r) × (t0 − r, t0) where B(x0, r) is the geodesic ball of radius r. Let 0 < ρ < r < R
and let ϕ ∈ C1

0

(
B(x0, r)× (t0 − r,∞)

)
such that ϕ = 1 on Qρ with

0 ≤ ϕ ≤ 1, |∇ϕ| ≤ Cm

r − ρ
, |∂tϕ| ≤

Cm

r − ρ
, (3.15)

where Cm is a positive constant depending only on the dimension m of M .

As in Proposition 3.1, let φ =
F

f2(u)
, where F = |∇u|2 + ε and f satisfies condition (1.6). If we

multiply inequality (3.1) by φγϕ2, where γ ≥ 0, and we integrate on Qr, by using the hypothesis
that δ ≥ δp, we get

1

γ + 1
sup
t≤t0

∫
B(x0,r)

φγ+1 ϕ2 dx− 2

γ + 1

∫
Qr

φγ+1ϕ∂tϕ dxdt

+ γ

∫
Qr

fp−2(u)ϕ2φ
p
2+γ−2|∇φ|2 dxdt− 2

∫
Qr

fp−2(u)φ
p
2+γ−1ϕ|∇ϕ||∇φ| dxdt

≤ − 1

40

∫
Qr

fp−2(u)ϕ2φ
p
2+γ−2|∇φ|2 dxdt+ 2KR

∫
Qr

fp−2(u)ϕ2φ
p
2+γ dxdt

− (p− 2)γ

∫
Qr

fp−2(u)ϕ2φ
p
2+γ−2B(dφ, dφ) dxdt

− 2(p− 2)

∫
Qr

fp−2(u)ϕφ
p
2+γ−1B(dφ, dϕ) dxdt,

(3.16)

where −KR ≤ 0 is a lower bound of the Ricci curvature of M on B(x0, R) and B is given by (2.5).
We have by (2.6) that

B(dφ, dφ) ≥ 0 and |B(dφ, dϕ)| ≤ |∇φ| |∇ϕ| . (3.17)

It follows from (3.15), (3.16) and (3.17) that

1

γ + 1
sup
t≤t0

∫
B(x0,r)

φγ+1 ϕ2 dx+

(
γ +

1

40

)∫
Qr

fp−2(u)ϕ2φ
p
2+γ−2|∇φ|2 dxdt ≤

2

(γ + 1)(r − ρ)

∫
Qr

φγ+1ϕ dxdt+ 2KR

∫
Qr

fp−2(u)ϕ2φ
p
2+γ dxdt

+ 2(p− 1)
1

r − ρ

∫
Qr

fp−2(u)φ
p
2+γ−1ϕ|∇φ| dxdt

which gives, by applying Young’s inequality to the last term,

1

γ + 1
sup
t≤t0

∫
B(x0,r)

φγ+1 ϕ2 dx+
1

2

(
γ +

1

40

)∫
Qr

fp−2(u)ϕ2φ
p
2+γ−2|∇φ|2 dxdt ≤

2

(γ + 1)(r − ρ)

∫
Qr

φγ+1ϕ dxdt+ 2KR

∫
Qr

fp−2(u)ϕ2φ
p
2+γ dxdt

2

(
γ +

1

40

)−1
(p− 1)2

(r − ρ)2

∫
Qr

fp−2(u)φ
p
2+γ dxdt.

(3.18)
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It is easy to see that∫
Qr

fp−2(u)ϕ2φγ+ p
2−2 |∇φ|2 dxdt ≥ 8

(p+ 2γ)2

∫
Qr

|∇(φ
γ
2 +

p
4 ϕ)|2fp−2(u) dxdt

− 16

(p+ 2γ)2

∫
Qr

φγ+ p
2 fp−2(u)|∇ϕ|2 dxdt.

(3.19)

Thus, if we multiply (3.19) by γ + 1 and combine it with (3.18) and (3.15), using the fact that
C−1 ≤ f ≤ C, we get

sup
t≤t0

∫
B(x0,r)

φγ+1ϕ2 dx+

∫
Qr

|∇(φ
γ
2 +

p
4 ϕ)|2 dxdt ≤

CR

((
γ + 1 +

1

(r − ρ)2

)∫
Qr

φ
p
2+γ dxdt+

1

r − ρ

∫
Qr

φγ+1dxdt

)
.

(3.20)

We recall the following Sobolev inequality for m > 2 and V ∈ C∞
0 (B(x0, R))(∫

B(x0,R)

V
2m

m−2 dx

)m−2
2m

≤ CR

(∫
B(x0,R)

|∇V |2 dx

) 1
2

.

For m = 2 we have for any s ≥ 1,(∫
B(x0,R)

V sdx

) 1
s

≤ CR,s

(∫
B(x0,R)

|∇V |2 dx

) 1
2

.

In this proof we shall consider only the case m > 2. The case m = 2 can be handled in the same
way. Applying Sobolev inequality to V = φ

γ
2 +

p
4 ϕ we get∫ t0

t0−r

(∫
B(x0,r)

(φ
γ
2 +

p
4 ϕ)

2m
m−2 dx

)m−2
m

dt ≤ CR

∫
Qr

|∇(φ
γ
2 +

p
4 ϕ)|2 dxdt. (3.21)

On the other hand if we set qγ = (1 + 2
m )γ + p

2 + 2
m , then by using the fact that ϕ = 1 on Qρ,

we infer from Holder’s inequality that∫
Qρ

φqγ dxdt =

∫
Qρ

ϕ
4
mφ

2γ
m + 2

m ϕ2φγ+ p
2 dxdt ≤

sup
t≤t0

(∫
B(x0,r)

φγ+1 ϕ2 dx

) 2
m

×
∫ t0

t0−r

(∫
B(x0,r)

(
φ

γ
2 +

p
4 ϕ
) 2m

m−2

dx

)m−2
m

dt.

(3.22)

Hence by combining (3.20), (3.21) and (3.22) we obtain∫
Qρ

φqγ dxdt ≤

CR

((
γ + 1 +

1

(r − ρ)2

)∫
Qr

φ
p
2+γ dxdt+

1

r − ρ

∫
Qr

φγ+1dxdt

)1+ 2
m

.

(3.23)

By Hölder’s inequality and Young’ inequality we have

1

r − ρ

∫
Qr

φγ+1 dx ≤ |Qr|+ (r − ρ)−
2γ+p
2γ+2

∫
Qr

φ
p
2+γ dxdt,
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where |Qr| is the volume of Qr. Since |Qr| ≤ |QR| ≤ CR, then it follows from (3.23) that∫
Qρ

φqγ dxdt ≤

CR

((
γ + 1 + (r − ρ)−2 + (r − ρ)−

2γ+p
2γ+2

)∫
Qr

φ
p
2+γ dxdt+ 1

)1+ 2
m

.

(3.24)

We apply now Moser iteration process. For j ∈ N, let Rj =
R(1 + 2−j)

2
and θ = 1 + 2

m . We

define γj = θj − 1 and aj = γj +
p
2 . Then we have

aj+1 = θγj +
p

2
+

2

m
= θaj −

p− 2

m
.

If we set γ = γj , r = Rj , ρ = Rj+1, then it is easy to check that

γ + 1 + (r − ρ)−2 + (r − ρ)−
2γ+p
2γ+2 ≤ CR 4pj .

Thus it follows from (3.24) that

∫
QRj+1

φaj+1 dxdt ≤ CR

(
4pj
∫
QRj

φaj dxdt+ 1

)θ

which gives by setting Ij =

(∫
QRj

φaj dxdt+ 1

)θ−j

,

Ij+1 ≤ Cθ−j−1

R 4pjθ
−j

Ij .

Since

∞∑
j=0

jθ−j ≤ C, then by iterating we get

Ij+1 ≤ CRI0 (3.25)

Now observing that (∫
QR/2

φajdxdt

) 1
aj

≤ I
θj

aj

j

and using the fact that lim
j→+∞

θj

aj
= 1, then it follows from (3.25) that

∥φ∥L∞(QR/2) ≤ CRI0 = CR

(∫
QR

φ
p
2 dxdt+ 1

)
.

This proves the proposition since φ =
|∇u|2 + ε

f(u)
and C−1 ≤ f ≤ C.

□
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4. Global Existence and convergence

In this section we make use of our gradient estimates on the solution of the regularised p-harmonic
flow obtained in Section 3 to prove our main results.

Proof of theorem 1. In this proof C denotes a positive constant depending on M,p,Ω and the
initial datum u0, and whose value may change from line to line. Let uε be the solution of the
regularised equation (2.1) and let [0, Tε) be its maximal existence interval. Since by Proposition
2.1, uε has its image in Ω, then if we apply Proposition 3.2 by taking R = 1, using the compactness
of M and the fact that the p-energy functional Ep,ε is nonincreasing along the flow (formula (2.3)
in Proposition 2.1), we get

∥∇uε∥L∞(M×[0,Tε)) ≤ C. (4.1)

Suppose by contradiction that Tε < +∞. Then by integrating formula (2.3) in Proposition 2.1,
we have ∫ Tε

0

∫
M

|∂tuε(x, t)|2dxdt ≤ Ep,ε(u0) ≤ Ep,1(u0). (4.2)

On the other hand, we have for all t ∈ [0, Tε) the following bound on the mean value uε(t) of
uε(., t) :

|uε(t)| =
1

|M |

∣∣∣∣∫
M

uε(x, t)dx

∣∣∣∣ ≤ |u0|+
1

|M |

∫ Tε

0

∫
M

|∂tuε(x, t)|dxdt,

which implies by using the Cauchy-Schwarz inequality and (4.2)

|uε(t)| ≤ |u0|+ C
√
Tε. (4.3)

We have by the mean-value Theorem that

sup
x∈M

|uε(x, t)− uε(t)| ≤ diam(M)∥∇uε(., t)∥L∞(M), (4.4)

where diam(M) is the diameter of M . Hence it follows from (4.1), (4.3) and (4.4) that

∥uε∥L∞(M×[0,Tε)) + ∥∇uε∥L∞(M×[0,Tε)) ≤ C + C
√
Tε. (4.5)

Using (4.5) and the results of Dibenedetto [2], we have for some β ∈ (0, 1),

∥uε∥C1+β,β/p(M×[0,Tε)) ≤ CTε , (4.6)

where the constant CTε
depends also on Tε. The theory of linear parabolic equations (see [10])

together with (4.6) give, for some 0 < α < 1,

∥uε∥C2+α,1+α
2 (M×[0,Tε))

≤ CTε
(4.7)

where CTε is a new constant that also depends on the modulus of ellipticity ε. Estimate (4.7)
implies that uε can be extended beyond Tε contradicting thus the maximality of Tε. Hence we have
Tε = +∞.

Now we are in position to prove Theorem 1. By the result above, uε is defined on [0,+∞) and
we have by (4.6) for all T > 0
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∥uε∥C1+β,β/p(M×[0,T ]) ≤ CT , (4.8)

where CT is a positive constant depending on T, u0, p,M and Ω but not on ε.

It follows from estimate (4.8) that there exist a sequence εk → 0 and a map u ∈ C
1+β, β/p
loc (M ×

[0,+∞),Ω) such that uεk → u in C
1+β′, β′/p
loc (M× [0,+∞),Ω) for all β′ < β. In addition, the energy

formula (2.3) in Proposition 2.1 gives for all T > 0,∫ T

0

∫
M

|∂tuεk(x, t)|2dxdt+ Ep,εk

(
uεk(., T )

)
≤ Ep,εk(u0) (4.9)

which implies that ∂tuεk → ∂tu weakly in L2(M × [0,+∞)) and we have the energy inequality for
the limit u ∫ T

0

∫
M

|∂tu(x, t)|2dxdt+ Ep

(
u(., T )

)
≤ Ep

(
u0

)
. (4.10)

Passing to the limit in (2.1) when εk → 0, one can easily check that u is a solution of (1.5).

In order to prove the uniqueness of solutions, we recall the following well known inequality valid
for any a, b ∈ RL and p ≥ 2 : 〈

|a|p−2a− |b|p−2b, a− b
〉
≥ |a− b|p, (4.11)

where ⟨., .⟩ and |.| denotes Euclidean inner product and the corresponding Eucidean norm in RL.

Let T > 0 and let u1, u2 ∈ C1+β(M× [0, T ]) be two solutions of (1.5) such that u1(., 0) = u2(., 0).
If we set w = u1 − u2, then taking the difference of the equations satisfied by u1 and u2 (the same
as equation (1.5)), multiplying it by w, integrating on M × [0, T ], and using (4.11) along with the
fact that ∇u1 and ∇u2 are bounded in L∞(M × [0, T ]), one can easily check that for any t ∈ [0, T ],∫

M

|w(x, t)|dx ≤ C

∫ t

0

∫
M

|w(x, s)|dxds.

The right hand side of the above inequality is increasing in t, therefore

sup
t′∈[0,t]

∫
M

|w(., t′)|2 dx ≤ Ct sup
t′∈[0,t]

∫
M

|w(., t′) dx,

thus, for t < 1
C we get w ≡ 0 for t′ ∈ [0, t]. Iterating the argument proves the assertion.

Now let us prove the convergence of the flow at infinity when the target manifold N is compact.
First we observe that by the energy inequality (4.10) we have∫ +∞

0

∫
M

|∂tu(x, t)|2dxdt ≤ Ep

(
u0

)
,

which implies the existence of a sequence tk → +∞ such that∫
M

|∂tu(x, tk)|2dx → 0 as tk → +∞. (4.12)

On the other hand, it follows from estimate (4.1) and the fact that N is compact

∥u∥L∞(M×[0,+∞)) + ∥∇u∥L∞(M×[0,+∞)) ≤ C
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and the results of Dibenedetto [2] imply that

∥u∥C1+β, β/p(M×[0,+∞)) ≤ C. (4.13)

Hence by passing to a subsequence if necessary, we deduce from (4.13) that (u(., tk))k converges

in C1+β′
(M,Ω) for all β′ < β to a map u∞ ∈ C1+β(M,Ω). By passing to the limit in equation (1.5)

and using (4.12) we have that u∞ is a p-harmonic map satisfying Ep(u∞) ≤ Ep(u0). The proof of
Theorem 1 is complete.

□

The proof of Theorem 2 relies on Theorem 1 by using an exhaustion of M by a sequence of
compact manifolds and the following proposition.

Proposition 4.1. Let u be the solution of problem (1.5) given by Theorem 1. Then for any ball
B(x0, R) ⊂ M , there exists a constant CR > 0 depending on B(x0, R), p and Ω such that

sup
t≥0

∥∇u(., t)∥L∞(B(x0,R/2)) ≤ CR

(∫
M

|∇u0|pdx+ ∥∇u0∥L∞(B(x0,R)) + 1

)
.

Proof. As in the proof of Theorem 1, u is the limit of sequence (uεk)k of solutions to the regularised
problem 2.1 such that εk → 0. Then if we apply Proposition 3.2 to uεkand pass to the limit when
k → ∞, we obtain easily the desired result.

□

Proof of Theorem 2 . Suppose that (M, g) is a complete noncompact Riemannian manifold.
Let (Ui)i≥1 be an exhaustion of M by compact manifolds with smooth boundaries. More precisely,

each Ui is an open set of M such that U i is a compact manifold with smooth boundary ∂Ui andU i ⊂ Ui+1⋃
i≥1

Ui = M. (4.14)

In order to apply Theorem 1 it is necessary to consider manifolds without boundary. To this end,

we consider for each i ≥ 1, the double manifold of Ui that we denote by Ũi. Thus Ũi is a compact

manifold without boundary such that U i ⊂ Ũi and the metric g on U i extends to a C1-metric g̃i on

Ũi. We smooth out g̃i on a neighborhood of ∂Ui. More precisely, for a fixed 0 < ε < 1
4diam(U1),

where diam(U1) is the diameter of U1, we let

Uε
i =

{
x ∈ Ui : d (x, ∂Ui) > ε

}
.

Then the new metric, that we denote still g̃i for simplicity, is C∞ on Ũi, it can be chosen arbitrary
close to g in the C1-norm and it satisfies

g̃i = g on Uε
i . (4.15)

In the same way, we extend the initial datum u0 to a map ũ0,i on Ũi that we smooth out on a
neighborhood of ∂Ui, and one can choose ũ0,i arbitrary close to u0 in the C1-norm. Thus we have

ũ0,i ∈ C∞
(
Ũi,Ω

)
with
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ũ0,i = u0 on Uε
i , (4.16)

and we may suppose without loss of generality that∫
Ũi

|∇ũ0,i|pdg̃i ≤ 2

∫
Ui

|∇u0|pdx+ 1, (4.17)

where dg̃i is the volume element with respect to g̃i and dx is the volume element with respect to g.

Then we consider on each Ũi the p-harmonic heat flow problem ∂tu− ∆̃p,iu = |∇u|p−2A(u)(∇u,∇u),

u(x, 0) = ũ0,i(x),

(4.18)

where ∆̃p,i is the p-Laplacian with respect to the metric g̃i.

Thanks to Theorem 1, problem (4.18) admits a global solution ui ∈ C
1+β,β/p
loc

(
Ũi × [0,+∞),Ω

)
satisfiying the p-energy inequality∫ T

0

∫
Ũi

|∂tui|2dg̃idt+
1

p

∫
Ũi

|∇ui(., T )|pdg̃i ≤
1

p

∫
Ũi

|∇ũ0,i|pdg̃i (4.19)

for all T > 0.

Since g̃i = g on Uε
i , then ui is a solution of equation (1.5) in Uε

i . We shall prove uniform gradient
estimates on ui on fixed balls of M . For each fixed R > 0, we denote by CR a positive constant
that depends on R,M, p,Ω and the initial datum u0, and whose value may change from line to line.
Fix x0 ∈ M and R > 0, then we have from (4.14) and the definition of Uε

i , for i large enough, that
B(x0, R) ⊂ Uε

i . It follows from Proposition 4.1 that

sup
t≥0

∥∇ui(., t)∥L∞(B(x0,R/2)) ≤ CR

(∫
Ũi

|∇ũ0,i|pdx+ ∥∇ũ0,i∥L∞(B(x0,R)) + 1

)
and by (4.17) we get

sup
t≥0

∥∇ui(., t)∥L∞(B(x0,R/2)) ≤ CR

(∫
M

|∇u0|pdx+ ∥∇u0∥L∞(B(x0,R)) + 1

)
≤ CR.

(4.20)

As in the proof of Theorem 1, by using (4.17), (4.19), (4.20) and the mean value Theorem, we
have for any T > 0,

∥ui∥L∞(B(x0,R/2)×[0,T ]) ≤ CR + CR

√
T . (4.21)

It follows from (4.20), (4.21) and the results of Dibenedetto [2] on degenerate parabolic equations
that

∥ui∥C1+β,β/p(B(x0,R/2)×[0,T ]) ≤ CR,T , (4.22)

for some constant β ∈ (0, 1), where the constant CR,T depends also on T .

Since B(x0, R) ⊂ Uε
i for i large enough and g̃i = g on Uε

i , then we have from (4.19) and (4.17)
that
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∫ T

0

∫
B(x0,R)

|∂tui(x, t)|2dxdt ≤ Ep(u0) + 1. (4.23)

Thus if we set T = R = Rk, where (Rk)k is a sequence such that Rk → +∞, then by using the
Cantor diagonal argument, it follows from (4.22) and (4.23) that there exists a subsequence (uik)k

and a map u ∈ C
1+β, β/p
loc (M × [0,+∞),Ω) such that

uik −→ u in C1+β′, β′/p(B(x0, R)× [0, T ),Ω) for all R, T > 0, 0 < β′ < β,

and

∂tuik −→ ∂tu weakly in L2(B(x0, R)× [0, T ),Ω) for all R, T > 0.

It is easy to check that by passing to the limit in (4.18) and using (4.15) and (4.16), u is a
solution of (1.5). By passing to the limit in (4.19), one obtains formula (1.9) in Theorem 2.

When N is compact, the convergence of the flow can be proved in the same way as in the proof
of Theorem 1. Indeed, if we take i = ik in (4.23) and pass to the limit when k → +∞, we obtain
for any R, T > 0 ∫ T

0

∫
B(x0,R)

|∂tu(x, t)|2dxdt ≤ Ep(u0) + 1.

which implies that by letting T → +∞ and R → +∞,∫ ∞

0

∫
M

|∂tu(x, t)|2dxdt ≤ Ep(u0) + 1. (4.24)

It follows from (4.24) that there exits a sequence tj → +∞ such that∫
M

|∂tu(x, tj)|2dx → 0 as tj → +∞. (4.25)

On the other hand, if we take i = ik in (4.20) and pass to the limit when k → +∞, we obtain
for any R > 0

∥∇u∥L∞(B(x0,R)×[0,+∞)) ≤ CR

which together with the results of Dibenedetto [2] imply, since N is compact,

∥u∥C1+β,β/p(B(x0,R)×[0,+∞)) ≤ CR. (4.26)

Hence by taking a sequence Rj → ∞, it follows from (4.25), (4.26) and the Cantor Diagonal

argument that the sequence u(., tj) admits a subsequence that converges in C1+β′
(M,Ω) for all

β′ < β to a map u∞ ∈ C1+β(M,Ω). By passing to the limit in equation (1.5) and using (4.25)
we deduce that u∞ is a p-harmonic map satisfying Ep(u∞) ≤ Ep(u0). The proof of Theorem 2 is
complete.

□

Proof of Theorem 3 . Theorem 3 is a direct consequence of Theorem 2 since a manifold N with
nonpositive sectional curvature is a δ-generalised regular ball for any δ > 0 (see Example 1.1 ). In
this case, it suffices to apply Theorem 2 by taking any δ > δp.

□
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For the proof of Theorem 4 we need a modified version of Proposition 3.1 concerning solutions
of the p-harmonic equation (1.4).

Proposition 4.2. Let (Mm, g), (Nn, h) be two Riemannian manifolds and let Ω ⊂ N be a δ-regular
set. Let u ∈ C1(M,Ω) a p-harmoinc map and set

φ(x) =
F (x, t)

f2(u(x)
,

where F (x) = |∇u(x)|2 and f is the function satisfying condition (1.6). Then we have on the set{
x ∈ M : ∇u(x) ̸= 0

}
,

− div
(
F

p−2
2 ∇φ

)
≤ (p− 2)div

(
F

p−2
2 B(dφ, .)

)
− 1

40
F

p−4
2 (f ◦ u)2|∇φ|2

− 2(δ − δp)
F

p
2

(f ◦ u)4
|(∇f) ◦ u|2 |∇u|2 + 2K1

F
p−2
2

(f ◦ u)2
|∇u|2,

(4.27)

where δp = 3(p− 2)2
(√

m+2p+2
)2

+3 and −K1 ≤ 0 is a lower bound of the Ricci curvature of

M . The tensor B is defiened in Section 2 by (2.5) (by taking ε = 0). .

Proof. The proof is exactly the same as that of Proposition 3.1. It is even more easier since the
parabolic term ∂tu is not present. Nevertheless, we have to consider only points x ∈ M such that
∇u(x) ̸= 0. The reason is that our p-harmonic map is sufficienltly smooth at such points to apply
the elliptic version of Bochner formula (2.7).

□

Proof of Theorem 4 . In this proof C denotes a positive constant depending only on M,Ω and
p, and whose value may change from line to line. Define the set E by

E =
{
x ∈ M : ∇u(x) ̸= 0

}
which is an open set of M since u ∈ C1(M). By the regularity theory of elliptic equations we have
u ∈ C∞(E).

As in Proposition 4.2, we set φ = F
f2(u) , where F = |∇u|2, and f is as in (1.6). For ε > 0, let

φε = (φ− ε)+. Then φε is a locally Lipschitz function on M with support in E and satisfies
(i) φε(x) = 0 if φ(x) < ε

(ii) φε(x) = φ(x)− ε if φ(x) ≥ ε

(iii) ∇φε(x) = ∇φ(x) if φ(x) ≥ ε

(iv) ∇φε(x) = 0 if φ(x) < ε.

(4.28)

Fix a point x0 ∈ E and R > 0, and let ϕR ∈ C1
0 (B(x0, 2R)) such that

0 ≤ ϕR ≤ 1

ϕR = 1 on B(x0, R)

|∇ϕR| ≤ CR−1.

(4.29)
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We have from Proposition 4.2, since by hypothesis we have K1 = 0 (M is supposed to be of
nonnegative Ricci curvature) and δ > δp,

−div
(
F

p−2
2 ∇φ

)
+

1

40
F

p−4
2 f2(u)|∇φ|2 ≤ (p− 2)div

(
F

p−2
2 B(dφ, .)

)
. (4.30)

If we multiply (4.30) by ϕ2
Rφεφ

−1 and integrate on E by using (4.28) we have

ε

∫
E∩B(x0,2R)

F
p−2
2 ϕ2

Rφ
−2|∇φε|2dx+

1

40

∫
E∩B(x0,2R)

F
p−4
2 f2(u)ϕ2

Rφεφ
−1|∇φε|2 dx ≤

− 2

∫
E∩B(x0,2R)

F
p−2
2 φεϕRφ

−1∇φε · ∇ϕRdx− ε(p− 2)

∫
E∩B(x0,2R)

F
p−2
2 ϕ2

Rφ
−2B(dφε, dφε)dx

− 2(p− 2)

∫
E∩B(x0,2R)

F
p−2
2 φεϕRφ

−1B(dφε, dϕR)dx.

(4.31)

Since by (2.6) we have B(dφε, dφε) ≥ 0 and |B(dφε, dϕR)| ≤ |∇φε||∇ϕR|, then it follows from
(4.31) by using (4.29) and the fact that F = φ

f2(u) :

39

40
ε

∫
E∩B(x0,2R)

F
p−2
2 ϕ2

Rφ
−2|∇φε|2dx+

1

40

∫
E∩B(x0,2R)

F
p−4
2 f2(u)ϕ2

R|∇φε|2 dx ≤

CR−1

∫
E∩B(x0,2R)

F
p−2
2 ϕR|∇φε|dx

which implies, since C−1 ≤ f ≤ C,∫
E∩B(x0,2R)

F
p−4
2 ϕ2

R|∇φε|2 dx ≤ CR−1

∫
E∩B(x0,2R)

F
p−2
2 ϕR|∇φε|dx. (4.32)

On the other hand, we have by the Cauchy-Schwarz inequality

∫
E∩B(x0,2R)

F
p−2
2 ϕR|∇φε|dx ≤

(∫
E∩B(x0,2R)

F
p−4
2 ϕ2

R|∇φε|2dx

) 1
2
(∫

E∩B(x0,2R)

F
p
2 dx

) 1
2

.

Hence it follows from (4.32) that∫
E∩B(x0,2R)

F
p−4
2 ϕ2

R|∇φε|2 dx ≤ CR−2

∫
E∩B(x0,2R)

F
p
2 dx

and since ϕR = 1 on B(x0, R), then we obtain∫
E∩B(x0,R)

F
p−4
2 |∇φε|2 dx ≤ CR−2

∫
E∩B(x0,2R)

F
p
2 dx ≤ CR−2Ep(u). (4.33)

Thus by letting R → +∞ in (4.33) we obtain F
p−2
2 |∇φε|2 = 0 on E, and then ∇φε = 0 on E

since F > 0 on E. The constant ε > 0 being arbitrary, we have then

∇φ = 0 on E. (4.34)
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Our objective is to prove that F = 0 on M . Suppose by contradiction that there exist x0 ∈ M
such that F (x0) ̸= 0, that is, x0 ∈ E. Let C0 ⊂ E be the connected component of x0 in E. Since
C0 is open and connected, then by (4.34) φ is constant on C0, that is, F = λ0f(u) on C0 for some
constant λ0 ≥ 0. But by (1.6), we have f ≥ C−1. Hence we have

F ≥ λ0C
−1 on C0. (4.35)

We distinguish two cases : E = M and E ̸= M .

Case 1 : E = M . Since M is connected, then C0 = M in this case. We have by hypothesis∫
M

F
p
2 dx =

∫
M

|∇u|pdx < +∞

which implies by using (4.35) that λ0 = 0. Hence F = 0 onM contradicting the fact that F (x0) ̸= 0.

Case 2 : E ̸= M . In this case we have ∂C0 ̸= ∅, where ∂C0 is the topological boundary of C0. It
follows from (4.35) by continuity of F that F ≥ λ0C

−1 on ∂C0. On the other hand, by the definition
of a connected component and since E is open, we have ∂C0 ⊂ M \E. This implies that F = 0 on
∂C0, and then λ0 = 0. Thus we have F = 0 on C0 contradicting F (x0) ̸= 0.

Therefore, we have proved that F = 0, which implies that u is constant on M since M is
connected. The proof of Theorem 4 is complete.

□
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