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Abstract

Real-valued functions, arguably the main staple of mathematics, are characterized by mapping each domain scalar

value into a single image scalar value. Sets represent another key concept in mathematics, corresponding to collections

of elements appearing only once, in any order. Multisets are generalized sets allowing elements to appear more than

once. The present work aims at generalizing functions as mappings from scalar domain values into single respective

multisets, yielding mulsetions. The case in which a map is established from scalar values to intervals is shown to

be a specific case of mulsetions, giving rise to respective intervalions. In addition to developing the basic theory of

mulsetions and intervalions, the present work also addresses how these concepts underlie similarity indices, such as the

Jaccard operator, generalized for the comparison between two nonzero multisets with elements possibly having negative

multiplicities. This extension is here achieved by employing a special complex paired representation of multisets in which

the positive and negative multiplicities are kept and handled independently one another. Some graphical examples of

the presented concepts and methods are also provided.

1 Introduction

Functions and sets are arguably among the most ubiq-

uitous central concepts in mathematics, reflecting their

ability to model (e.g. [1]) a wide range of abstract and

real-world structures and actions.

Introduced more recently, the concept of multiset

(e.g. [2, 3, 4, 5, 6, 7]) provides an interesting generaliza-

tion of traditional sets in the sense of allowing elements

to appear several times, and not only once as required by

sets.

Multisets are particularly interesting in the sense that

they can be used to represent virtually any mathematical

structure, including not only sets, but also vectors, func-

tions, matrices, and graphs [8, 9, 10, 11]), so that these

structures can be manipulated by analogues of set opera-

tions including union and intersection. As a consequence,

multisets have been especially important in paving the

way to extending similarity indices as means to compare,

in terms of similarity, two generic mathematical struc-

tures.

The extension of several similarity indices, including

the Jaccard operation, to non-zero vectors and functions

containing non-negative multiplicities is straightforward,

involving the use of maximum between multiplicities as a

means to implement multiset union and minimum in the

case of intersection. However, the generalization of these

operations and indices to generic-real valued multiplic-

ities (possibly including negative multiplicities) requires

additional manipulation of the multisets, as considered

in [8, 9, 10, 11]. Related operations have also been de-

scribed in the context of 1-norms [12, 13, 14].

The present work has two main objectives. First, it de-

scribes a further generalization of multisets in the sense

that each of their elements can have one or two multiplic-

ities, corresponding to positive and/or negative values,

which are treated independently and kept separately. As

it will be shown, this approach allows a simple defini-

tion of the union and intersection operations in the case

of generic real-valued multisets, therefore paving the way

to obtaining the Jaccard similarity index for comparison

of two non-zero multisets with real-valued multiplicities.

Second, we describe mulsetions, which are mappings tak-

ing real-valued scalares into multiset images. The par-

ticular case in which these multisets are intervals implies

a particular case of mulsetions, which are here called in-

tervalions. Being composed of multisets, mulsetions and

intervalions can be readily combined in terms of respec-

tive union and intersection operations.

This work starts by reviewing the basic concepts of
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sets, functions, and multisets, and then proceeds to defin-

ing a complex representation of multisets with possibly

negative multiplicities, the concepts of mulsetions and in-

tervalions, and the generalization of the Jaccard index

to multisets, mulsections, and intevalions, including some

graphical case-examples.

2 Basic Concepts

A set of elements is a respective collection where each

element can appear only once, in any order. Examples of

numeric sets include:

A = {−1, 0, 3, 7} (1)

B = [−1, 3] (2)

C = A ∪B = {−1, 0, 3, 7} ∪ [−1, 3] = {7} ∪ [−1, 3] (3)

Sets A and B are respectively said to be discrete and

continuous, while set C can be said to be hybrid. Set

B illustrates that intervals are a particular case of a sets

(continuous).

A real-valued function f(x) maps from every value x in

a given domain D ∈ R into a single respective scalar y in

an image (or range) set I ∈ C ⊂ R:

f : x ∈ D ⊂ R −→ y = f(x) ∈ I ⊂ C ⊂ R (4)

where the set C is the codomain of f(x).

A multiset (e.g. [2, 3, 4, 5, 6, 7]) is a set where any ele-

ment can appear more than once. The number of times a

given element i appears is called its respective multiplicity

mi.

It is possible to generalize multisets [8, 9, 10, 11] to

any mathematical structure, including functions. In the

latter case, given a function as in 25, we would have the

following respective multiset representation:

f(x) = {[[x, f(x)]]} (5)

with x ∈ D ⊂ R and f(x) ∈ I ⊂ C ⊂ R.
Examples of multisets include:

A = {−1, 0, 2, 2, 2} = {[[0, 1]]; [[2, 3]]} (6)

B = {−1, 0, 1, 1, 1, 3} = {[[0, 1]]; [[1, 3]]; [[3, 1]]} (7)

C =
{
[[x, x2]]

}
, x ∈ [−1, 1] (8)

D = {−1, 0, 1, 2, 3, 4} (9)

E = [−1, 3] = {[[x, 1]]} , x ∈ [−1, 3] (10)

Observe the representation of multisets adopted in 6,

where [[i,mi,A]] is a tuple representing the element i and

its respective multiplicity mi,A in that same multiset. Ex-

ample C can be understood as a piece of the function

f(x) = x2 taken along the interval [−1, 1]. The examples

in 9 and 10 illustrate that traditional sets are particular

cases of multisets.

The set SA of the elements of a multisetA is henceforth

said to be its support. Therefore, in the case of the above

examples, we have:

SA = {−1, 0, 2} (11)

SB = {−1, 0, 1, 3} (12)

SC = [−1, 1] (13)

SD = {−1, 0, 1, 2, 3, 4} (14)

SE = [−1, 3] (15)

Given two multisetsA andB with non-negative entries,

their respective union A ∪ B will have support SA∪B

corresponding to the union of the respective original sup-

ports. The new multiset is then obtained by taking tuples

respective to each element and the maximum between the

respective original multiplicities. For instance, in the case

of the above multisets A and B, we have:

A ∪B = {−1, 0, 1, 1, 1, 2, 2, 2, 3} =

= {[[−1, 1]]; [[0, 1]]; [[1, 3]]; [[2, 3]]; [[3, 1]]}

with SA∪B = {−1, 0, 1, 2, 3}.
The intersection between two multisets A and B with

non-negative entries has support SA∩B containing the el-

ements resulting from the intersection of the respective

supports. The resulting multiset contains the tuples of

the elements in the support paired by the respective min-

imum between the original multiplicities. For instance, in

the case of the multisets A and B above, we have:

A ∩B = {−1, 0} = {[[−1, 1]]; [[0, 1]]}

The union and intersection of real-values multisets

(i.e. allowing possible negative multiplicities) will be de-

fined in terms of multisetions in the next section.

3 Multisets with Negative Multi-

plicities

In case a multiset A contains negative multiplicities, it

becomes interesting to represent positive multiplicities as

real values, while negative multiplicities are represented

in terms of imaginary numbers. For instance, we have the

following multisets:

A = {[[−2,−3j]]; [[−1, 1]]; [[0, 1]]; [[1,−2j]]; [[2, 1]]}
B = {[[−3, 1]]; [[−2, 3]]; [[−1, 1]]; [[0,−1j]]; [[1,−1j]]}

where j is the imaginary number. It should be kept in

mind that the use of the above complex representation is

henceforth adopted as a means of keeping and handling
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the positive and negative multiplicities of each multiset

element separate and independently. In this sense, the

imaginary number can be thought only as a resource for

storing these two values into the same scalar. In this

work, no arithmetic operations are supposed to take place

involving the imaginary number more directly.

Multisets which elements with all multiplicities being

either non-negative or non-positive are henceforth called

single-valued, being otherwise referred to as double-valued.

The introduction of the complex paired representation

of the multiplicity of multisets is justified by the fact that,

as we shall see, the union between two single-valued multi-

sets can result in a double-valued multiplicity. Hence, the

more general situation of double-valued multisets needs

to be implemented from the beginning.

The positive multiplicity of an element i in a multiset

A will henceforth be expressed as mP
i,A, while negative

multiplicity of that same element will be represented as

mN
i,A. For instance, in the above examples we have:

mN
−2,A = −3;

mP
−1,A = 1;

mN
−2,B = 3;

mP
−1,B = 1.

For generality’s sake, it is henceforth allowed a same

element i to have both positive and negative multiplicities.

Therefore, we can write:

mi,A = mP
i,A + j mN

i,A (16)

Observe that the adoption of the complex paired rep-

resentation implies the multiplicites effectively to become

complex scalar values.

The cardinality of each individual multiplicity can then

be expressed as:

∥mi,A∥ = mP
i,A + |mN

i,A| (17)

where the symbols |.| and ∥.∥ are henceforth adopted

for expressing absolute value and cardinality, respectively.

The cardinality of a real-valued multiset A can now be

defined as:

∥A∥ =
∑
i

∥mi,A∥ =
∑
i

{
mP

i,A +
∣∣mN

i,A

∣∣} , (18)

where i are the elements of the multiset.

The above introduced complex paired representation of

multisets with possibly negative entries allows the respec-

tive operations of union and intersection to be defined

in a simple manner. More specifically, if A and B are

multisets with real entries, their respective union can be

obtained from the respective complex paired representa-

tions as:

A ∪B =

=

N⋃
i=1

{
[[i,max(mP

i,A,m
P
i,B) + j min(mN

i,A,m
N
i,B)]]

}
,

(19)

where i are the elements of the respective support.

In the case of the real-valued multisets A and B above,

we have:

A ∪B =

= {[[−3, 1]]; [[−2, 2− 3j]]; [[−1, 1]]; [[0, 1− 1i]]; [[1,−2j]]; [[2, 1]]}

The cardinality of the union of two multisets A and B

can be expressed as:

∥A ∪B∥ =
∑
i

{
max(mP

i,A,m
P
i,B)−min(mN

i,A,m
N
i,B)

}
=

=
∑
i

{
max(mP

i,A,m
P
i,B) + max(|mN

i,A|, |mN
i,B |)

}
(20)

In case both multisets have all elements with only pos-

itive or negative multiplicities – therefore constituting

single-valued multisets, the above expression simplifies to:

∥A ∪B∥ =
∑
i

{max(|mi,A|, |mi,B |)} (21)

where the terms |mi,A| and |mi,B | are calculated as

expressed in Equation 18.

The intersection between two real-valued multisets A

and B can be expressed as:

A ∩B =

=

N⋂
i=1

{
[[i,min(mP

i,A,m
P
i,B)− j max(mN

i,A,m
N
i,B)]]

}
(22)

where i are the elements of the respective support.

The cardinality of the above intersection can be written

as:

∥A ∩B∥ =
∑
i

{
min(mP

i,A,m
P
i,B)−max(mN

i,A,m
N
i,B)

}
=

=
∑
i

{
min(mP

i,A,m
P
i,B) + min(|mN

i,A|, |mN
i,B |)

}
(23)

In case both multisets have all elements with only pos-

itive or negative multiplicities, the above expression sim-

plifies to:

∥A ∩B∥ =
∑
i

{min(|mi,A|, |mi,B |)} (24)

4 Mulsetions and Intervalions

A multisetion (for multiset function) f is henceforth un-

derstood to correspond to a mapping from a domain set

3



of scalar values into respective multisets contained in the

respective range R. More informally, we can write:

f : x ∈ D ⊂ R −→ y = f(x) ∈ R ⊂ M (25)

where M is a specific multiset space.

As an example, let us consider D = {0, 1, 2, 3, 4, 5}. A

possible mulsetion is:

f =



0 −→ {[[−2,−3]]; [[−1,−3]]; [[0,−3]]}
1 −→ {[[−1,−2]]; [[1,−2]]}
2 −→ {[[0,−1]]}
3 −→ {[[1, 1]]; [[2, 1]]; [[3, 1]]}
4 −→ {[[2, 2]]; [[3, 2]]; [[4, 2]]}

(26)

A particularly interesting specific case of mulsetions

consists in intervalions (for interval function), which take

scalars into respective intervals [g(t), f(t)] defined on

the Cartesian plane by respective multisets of the type

[[t, f(t) + j g(t)]], with g(t) ≤ 0 and f(t) ≥ 0. For in-

stance, assuming that t ∈ D = [0, 4π], we could have the

following examples of intervalions:

f(t) = {t −→ [− |cos(t)| , |cos(t)|] (27)

g(t) = {t −→ [−0.5 |cos(t)| , |cos(t)|] (28)

h(t) =
{

t −→ [0, |cos(t)|] . (29)

Figure 1 illustrates the above intervalions (a-c), as well

as an additional example (d).

It can be readily shown that two intervalions can be

united and intersected in terms of the union and inter-

section between their respective multisets [[t, f(t)+j g(t)]]

and [[t, h(t) + j k(t)]], necessarily with g(t) ≤ 0, f(t) ≥
0, k(t) ≤ 0 and h(t) ≥ 0.

Observe that intervalions sampled along t can be un-

derstood as respective real-valued multiset vectors. In ad-

dition, more general mappings into intervals (without re-

quiring g(t) ≤ 0 and f(t) ≥ 0) can be achieved by using

mulsetions, in which case the union and intersection are

applied over all elements of the two compared intervals.

5 Multiset Similarity Indices

Similarity indices (e.g. [15, 16, 17, 18, 19, 9]) have been

used extensively in several theoretical and practical sit-

uations, typically involving the comparison between two

given traditional sets. For instance, the Jaccard similarity

index (e.g. [20, 8, 18, 21]) between two non-empty sets A

and B can be defined as follows:

J (A,B) =
∥A ∩B∥
∥A ∪B∥

(30)

with J (A,B) = J (B,A) and 0 ≤ J (A,B) ≤ 1.

Figure 1: Visualization of the intervalion specified in Eqs. 27 (a),

28 (b), and 29 (c), as well as an additional example (d). Given

that any domain point t is mapped into a whole respective interval,

this structure is not a function, but a particular case of multiset.

In addition, observe that every image is necessarily composed of a

positive and a negative parts, respectively fP (t) ≥ 0 and fN (t) ≤
0. The dashed regions of the Cartesian plane indicate respective

occupation by the intervalion (with multiplicity 1 along the z axis,

not shown). Though single-valued intervalions such as that shown in

(d) are completely specified by respective real-valued functions, they

correspond to whole respectively occupied regions of the Cartesian

space, and not a single curve with infinitesimal width.

This expression can be readily rewritten for the com-

parison of two real-value multisets by employing Equa-

tions 20 and 23 as:

J (A,B) =
∥A ∩B∥
∥A ∪B∥

=

=

∑
i

{
min(mP

i,A,m
P
i,B) + min(|mN

i,A|, |mN
i,B |)

}
∑

i

{
max(mP

i,A,m
P
i,B) + max(|mN

i,A|, |mN
i,B |)

} (31)

with J (A,B) = J (B,A) and 0 ≤ J (A,B) ≤ 1.

In the particular case in which all the elements in both

compared multisets have only positive or negative multi-

plicities, the previous equation can be simplified as:

J (A,B) =

∑
i {min(∥mi,A∥, ∥mi,B∥)}∑
i {max(∥mi,A∥, ∥mi,B∥)}

(32)

The multiset similarity index considered in [8, 9, 22], as

well as an operation defined in analogy to 1-norms [13],
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can be written as:

J⊗(A,B) =

∑
i {si,AB min(|m̃i,A|, |m̃i,B |)}∑

i {max(|m̃i,A|, |m̃i,B |)}
(33)

where m̃ indicates real-valued signed multiplicities, not

using the complex paired representation, and si,AB is

the product of the signs of m̃i,A and m̃i,B . This op-

erator applies to multisets with elements having exclu-

sively negative or positive multiplicities. We have that

J⊗(A,B) = J⊗(B,A) and −1 ≤ J⊗(A,B) ≤ 1.

The above operator corresponds to a kind of Jaccard-

based cross-correlation, which is here referred to as cross-

Jaccard similarity operator. Observe that his operator

considers as positive the contribution of paires multiplic-

ities with the same sign, and as negative the contribution

of paires multiplicities with distinct signs. The nature of

this operator allows it to be more directly compared to

the Pearson correlation coefficient, as discussed in [8].

Observe that the Jaccard and cross-Jaccard similarity

indices become identical in case both operands have only

non-negative multiplicities. Also shown are the respective

multiset union and intersection, as well as the resulting

Jaccard and cross-Jaccard indices.

6 Some Case-Examples

Figure 2 presents two functions f(t) and g(t) with images

taking exclusively positive, zero, and negative multiplici-

ties.

As it can be readily inferred from this example, the

union between the two original functions corresponds to

their total area occupied in the respective Cartesian plane,

being analogous to the union operation represented in

Venn diagrams. Similarly, the intersection between the

functions corresponds to their shared occupied areas. It

is of particular interest to observe that the union of two

functions can result in an intervalion, as is the case in

the above example. Observe also that the cardinality of

an intervalion can be understood as the area comprised

between the curve and the horizontal axis.

Another example of comparing two real-valued func-

tions by using intervalions is presented in Figure 3.

Smaller values of both Jaccard indices have been obtained

as a consequence of these two real-valued functions being

less similar than the situation shown in Figure 2.

Observe that the cardinality of an intervalion can be

understood as the sum of the areas comprised between the

horizontal axis and the positive and negative multiplicity

curves.

A similar example, but now respective to two inter-

valions, is depicted in Figure 4, also including the respec-

tively obtained Jaccard similarity index.

Another example of multiset operations between inter-

valions is presented in Figure 5.

7 Concluding Remarks

The present work described several contributions related

to multisets and generalized maps. First, multisets hav-

ing real-values multiplicities (possibly negative) have been

represented in terms of a real and imaginary values cor-

responding to the respective positive and negative mul-

tiplicities of each element, understanding that these two

types of multiplicities are to be kept and handled inde-

pendently for each element in the multiset.

In addition to allowing multisets to have elements

with both positive and negative multiplicities, the present

work has also pursued the possibility to have mulsetions,

namely mappings taking scalar values into multisets. In-

vervalions are obtained in the particular case in which

these multisets correspond to intervals.

Several important results have been reported and dis-

cussed. First, we have that real-valued multisets with

possibly negative multiplicities can be more effectively

expressed in terms of a complex form in which the posi-

tive and negative multiplicities of each of the elements are

represented in terms of real and imaginary values, respec-

tively. By keeping these two multiplicities independent

one another, this representation allowed the union and

intersection of multisets with real-valued multiplicities to

be simply and effectively defined.

The complex paired representation of multiplicities also

allowed mulsetions and intervalions to be defined, corre-

sponding to mappings from real-valued scalars into re-

spective multisets with positite and/or negative multiplic-

ities. As such, these structures can be combined by real-

valued multiset union and intersection operations. Of par-

ticular importance is the fact that the union of two mul-

tisets having only positive or negative multiplicities can

result in an intervalion, therefore justifying the adopted

complex paired representation of multisets. The obtained

results have also been applied to the derivation of simi-

larity indices respective to multiset with real-values mul-

tiplicities.

Though the present work has focused on extending the

Jaccard similarity index to real-valued multisets, the con-

cepts and methods introduced here have much broader

implications, with possible applications in several theoret-

ical and applied scientific and technological areas, includ-

ing signal processing, multivariate statistics, differential

and integral calculus, to name but a few possibilities.

The reported concepts and results pave the way to a

number of further studies. For instance, it would be in-

teresting to obtain generalized multiset versions of other
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Figure 2: Example of two functions (particular case of real-valued multisets) f(t) and g(t), as well as their union and intersection. The

respectively obtained Jaccard and cross-Jaccard similarity indices are also indicated. The portions of the union and intersection results

corresponding to the positive and negative multiplicities are shown in orange and blue, respectively. Observe that the union of these two

functions is an intervalion, which justifies the complex paired approach adopted in the present work.

similarity indices. In addition, it would be interesting to

compare in a more systematic manner how the Jaccard

and cross-Jaccard similarity indices relate one another.

Yet another particularly promising possibility is to ex-

tend the reported concepts to other multiset operations,

including complementation, addition, and subtraction.
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Figure 3: Another example of two functions (particular case of real-valued multisets) f(t) and g(t), as well as their union and intersection.

The respectively obtained Jaccard and cross-Jaccard similarity indices are also indicated. Observe that smaller value of the Jaccard indices

have been obtained as a consequence of these two functions being less similar than in the previous example.
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