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Abstract

Analysis of variance (ANOVA) is commonly employed to assess differences in the means of in-
dependent samples. However, it is unsuitable for evaluating differences in tail behaviour, especially
when means do not exist or empirical estimation of moments is inconsistent due to heavy-tailed
distributions. Here, we propose an ANOVA-like decomposition to analyse tail variability, allowing
for flexible representation of heavy tails through a set of user-defined extreme quantiles, possibly
located outside the range of observations. Building on the assumption of regular variation, we
introduce a test for significant tail differences among multiple independent samples and derive
its asymptotic distribution. We investigate the theoretical behaviour of the test statistics for the
case of two samples, each following a Pareto distribution, and explore strategies for setting hy-
perparameters in the test procedure. To demonstrate the finite-sample performance, we conduct
simulations that highlight generally reliable test behaviour for a wide range of situations. The
test is applied to identify clusters of financial stock indices with similar extreme log-returns and

to detect temporal changes in daily precipitation extremes at rain gauges in Germany.

Keywords: Extreme-value analysis, Analysis of variance, Heavy tails, Extreme quantiles, Hy-
pothesis testing.
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1 Introduction

Let us consider data composed of J samples of independent and identically distributed (i.i.d.) realisa-
tions of random variables with cumulative distribution functions Fi, ..., F;, respectively, where J > 1.
Given that F; has mean u; for j = 1,...,J, the classical ANalysis Of VAriance (ANOVA) tests the
equality of these J means through a statistic based on the decomposition of the total variance into
intra-class and inter-class variances [Scheffe, 1999]. However, this approach to detect data heterogene-
ity suffers from some limitations. First, the asymptotic properties of the test statistic are obtained
under Gaussian assumptions. Moreover, testing the equality of means always requires the existence
of the first moment, and even of the second moment in the ANOVA setting, whereas such conditions
are not fulfilled by many distributions. Certain extensions relax these conditions by proposing, for

instance, to test equality of medians, as in [Hollander et al., 2013, Chapter 6] where no finite moments



are required, or to use rank-transform procedures [Marden and Muyot, 1995], or to generalize ANOVA
by assuming only the existence of low-order moments, as in [Rizzo and Székely, 2010]. However,
these extensions focus on statistics describing only the central behaviour of the distribution, and are
therefore unable to detect heterogeneity in the distribution tails.

An accurate specification of the tail is crucial to anticipate the consequences of rare events and is
often required for risk management [Embrechts et al., 1999]. Distributions can indeed share the same
mean or median but can show strongly contrasted tail behaviours. Many biological, environmental or
physical phenomena are known to be heavy-tailed and possess power-law behaviour [Clauset et al.,
2009]. In finance, the centered log-returns of a financial asset, previously commonly modeled using the
Gaussian distribution, are nowadays rather modeled by a Student’s ¢ distribution to account for their
heavy tails [Jondeau et al., 2007]. In this context, a common assumption for risk management is to

assume that the survival functions (s.f.) associated with F1,..., F;y are regularly varying, i.e.,
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=1, z—=o00, t>0,j=1,...,J, (1)
where £; > 0 is called the tail-index and £; is a slowly-varying function. In the extreme-value theory,
condition (1) characterises the set of distributions with positive tail-index, also known as the Fréchet
maximum domain of attraction, see de Haan and Ferreira [2006, Theorem 1.2.1]. Such distributions
only admit moments of order less than 1/£;, making ANOVA infeasible in many situations.

Several alternative test procedures focusing on the tail indices &1, .. ., £ have been proposed in the
literature, and we summarize them without claiming to be exhaustive. Mougeot and Tribouley [2010)
developed an equality test of tail indices based on a nonparametric minimax point of view; Worms
and Worms [2015] introduced a test for comparing tail indices for heavy-tailed distributions via an
empirical likelihood ratio; [Einmahl et al., 2016, Section 3] provided a test for different tail indices
in the setting of heteroscedastic extremes. However, such tests based on tail indices do not take
into account the slowly-varying functions £;, which could be modified by any positive factor without
affecting nor the tail-index &; neither the behaviour of classical tail-index estimators. Therefore, in
practice, the tail of a heavy-tailed distribution is usually described by both the tail-index (also called
shape parameter) and a scale parameter. In many applications [Davison and Smith, 1990], the Peaks-
Over-Threshold (POT) method is used where the excesses above a high threshold are approximated by
a Generalized Pareto distribution with both shape and scale parameters. We define extreme quantiles
as having a probability level & = a,, — 1 as the sample size n tends to infinity. Two heavy-tailed
distributions have asymptotically equivalent extreme quantiles if and only if they share the same shape
and scale parameters. Extreme quantiles are therefore interesting tools for testing tail heterogeneity.
For instance, Hoga [2017] used extreme quantiles to propose a test for a change point in a series of
random variables, and Deuber et al. [2023] developed quantile-based tests for treatment effects with
heavy-tailed distributions in a causal framework. However, such quantile-based tests usually consider
only a single quantile, which again may be problematic since distributions with very different tail
behaviours can have coinciding quantiles at a given probability level.

Inspired by the ANOVA procedure, we here propose to test for the equality of L extreme quantiles
q(aen)s .- qs(aen), £=1,...,L, with L > 1, by decomposing their variability similarly to classical
ANOVA. Using extreme quantiles, we focus on the most extreme possible events, for which classical
statistical techniques that are directly based on the empirical distribution are not applicable. By

jointly studying multiple quantiles, we obtain a precise characterization of tail behaviour and statistical



uncertainty at extreme levels. This approach is simple, does not require the existence of any moment,
and is based on the general heavy-tail assumption (1) that encompasses a wide class of distributions
commonly used in the literature on risk management, such as the Pareto, Generalized Pareto, Fréchet
or Student’s t distributions.

The remainder of the paper is organized as follows. The new test statistic, called ANOVEX
(ANalysis of Variability in EXtremes), is introduced in Section 2, based on some extreme quantile
estimators. Section 3 provides the asymptotic properties of this test statistic and precisely defines
the ANOVEX test procedure. The statistical power of ANOVEX is discussed in Section 4 thanks to
approximations of type I and type II errors for three examples involving Pareto distributions, where
J = 2. The simulation study in Section 5 highlights the test performance on various simulated settings.
Two real data examples (financial and environmental data) are considered in Section 6. The proofs of

the results are postponed to Appendix A, while some additional figures are provided in Appendix B.

2 Setting of ANOVEX

We consider J > 1 independent samples E; = {Xi(j), i=1,...,n;} with j =1,...,J and possibly dif-
ferent sample sizes n; > 1. We assume that the random variables in each F; are mutually independent
and identically distributed according to the cumulative distribution function Fj. Inspired by ANOVA,
we propose to test the equality of the tail of X, ... X)) We focus on the heavy-tailed case by
assuming that condition (1) holds, such that each cumulative distribution function F} is heavy-tailed
with positive tail-index &; > 0. More specifically, this property is denoted by F; € Ci(§;) with the

following definition.

Definition 1 (Class C1(£)). The cumulative distribution function F is said to belong to the class C1(§),
€ > 0 if it satisfies condition (1), i.e., if F := 1 — F is reqularly-varying with index —1/& such that
Jm F};((tjj)) = yil/5 for all y > 0.

This assumption is widely used in many risk management areas, including financial log-returns
[Rachev, 2003], actuarial claim amounts [Mikosch, 1997] or environmental records, such as daily pre-
cipitations in Katz et al. [2002] or other natural phenomena in Pisarenko and Rodkin [2010]. Recall
that a heavy-tailed distribution with tail-index & does not have moments of order greater than 1/¢,
making the use of the classical ANOVA limited to the “reasonably” heavy-tailed distributions fulfilling
& < 1/2. As a counter-example, the claim amounts caused by tornadoes have an estimated tail-index
close to 1 in Daouia et al. [2023], and burnt areas of wildfires often have tail-index with values beyond
1/2 [Pereira and Turkman, 2019, Koh et al., 2023].

We here propose to compare extreme quantiles, which do not require the existence of any moment
of the distribution. For asymptotic results, we consider sample sizes n; increasing at the same rate,
i.e, nj/n— A >0asn— oo, for j =1,...,J. We denote by ¢;(a) :=inf {o € R: a < Fj(z)} the
quantile of distribution F; at probability level a € (0,1). The null hypothesis to be tested is

(Ho) Forall j#j €{1,....J}% qy(a)/gi(a) =1 as a— 1.

The tail behaviour of the J samples is summarized through J x L estimators g;(caye,,) of extreme

quantiles g;(ag,n), where oy, — 1 such that n(l —apn) - 72 > 0asn — oo, £ =1,...,L and



7=1,...,J. The above conditions imply

P ( max Xz(j) S qj(al,n)> - azjn — eXp (_)\ij) )

:1,...,?7,]‘

as n — 0o, and therefore such quantiles can lie beyond the observation range when 7, is small. Direct
empirical estimation of such quantiles leads to a high estimation variance and/or bias, so that semi-
parametric estimation is preferable. A classical approach is to use the Weissman estimator [Weissman,
1978], defined as follows:

w R 1— B0\ 5B
¥ (@en | Bin) = BB ) () , @
where

e [, are intermediate probability levels, i.e., 8;,, — 1 and n(l — 8;,) — 00 as n — oo, for
i=1,...,J;

® 0i(Bjn) = Xfé)n o is the empirical quantile of level 5;, in Ej;, j=1,...,J, and

. gj(ﬁjn) is an estimator of §;, such as the Hill estimator [Hill, 1975] based on the k;, = [(1 —

Bjn)nj] largest observations from sample E;, j =1,...,J:
kjn—1
ng(B] ’fl = Z log Xn] —1,m; log XnJ*kJ nsMy e (3)

Inspired by classical ANOVA, we aim at additively decomposing the variance of quantiles into
contributions from the factor (i.e., the sample in our setting) and from the different quantile levels.
Moreover, we work in a log-scale to achieve statistically stable behaviour of differences between log-

quantiles and their averages in the heavy-tailed setting. We write the overall sum-of-squares as

1 J L 1 J L
AV =77 ZZ (log gj(aemn) — ua7n)2, with  fla,n = 5T ZZ og g;(agn).
j=1¢=1

j=1/¢=1

With ANOVEX, we propose to decompose this extreme log-quantile variance into two parts: a variance
A1, due to the J different samples, and a variance A, ,, due to the L different quantile levels. This
decomposition is formally proven in the following proposition and is further illustrated in Figure 1.
We construct the ANOVEX test statistic to reject (Ho) if Ay ,,/Asz,, exceeds an appropriately fixed
threshold, i.e., if the contribution of the inter-sample variance to the total variance is very strong.
Therefore, the test statistic is straightforward to interpret and to compute. The definition of the

threshold is investigated in the next section.

Proposition 2.1. The decomposition A,, = Ay, + Az, holds where

L
1
Ay = 7 Z A1y, (variance due to the different samples),
=1

L
1 2
ADRES 7 E (ug)n ,uoé’n) (variance due to the different quantile levels),
=1



with the components indexed by ¢ =1,...,L given as

J
,u((f)n =5 Z 0gqj(cun) (mean estimation at level £),
J 2
Ay g = 5 Z (log gj(cen) p,(f)n) (variance due to the different samples at level £).
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Figure 1: Illustration of the ANOVEX-decomposition of extreme log-quantile variance with J = 2 for
a standard normal (black curve) and a Student’s ¢ distribution with 3 degrees of freedom (red curve).

The number of extreme quantiles is L = 2 with probability levels chosen at 0.98 and 0.99.

3 Asymptotic distribution of the test statistic

To investigate the asymptotic properties of the ratio Ay ,,/Ag ,,, we need the following notations defined
for any positive uy,...,ur:

L

2
L
1
smlog(u1.r,) Zlog Ug , and varlog(u1.1,) Z (L Zlog (u4)> , (@)
=1

z:



which can be viewed respectively as the empirical second moment and variance of (log(u1), ..., log(ur)).
Our first main result establishes the distribution of the test statistic under (Hy), which requires an

appropriate deterministic rescaling factor.
Theorem 3.1. Assume F; € Ci(&;) for j =1,...,J and the following conditions:

o Extreme probability levels: For allm > 1 and ¢ = 1,..., L, the probabilities cg, € (0,1) satisfy

ogn — 1 asn — oo.

o Extreme quantile estimator: ¢;(ou.y) is estimator of the extreme quantile g;(cw,y), computed on

the nj-sample E; where nj/n — X\j >0 as n — oo, and satisfies

57 (log (@ (en)) — log (g5 (cen))) —2 N(0,€2), (5)

for deterministic normalizing sequences G¢, — 0 as n — oo, and for all j = 1,...,J and
{=1,...,L.

Then, under (Hy),
J varlog((1 —an)1:n) Din d o
5’721 As

If, moreover, ay, =1 —14/n for £ =1,..., L, then (6) can be simplified as

Jvarlog(ti.r) A1 a9
— — 1.
6_72L A27n XJ 1

Remark 1 (Use of other risk measures). The result of Theorem 5.1 remains valid if the quantile is
replaced by any other risk measure whose extreme estimator fulfills condition (5). Indeed, the Con-
ditional Tail Expectation (also called Expected Shortfall, introduced in Artzner et al. [1999]), or the
expectile [Newey and Powell, 1987], could be used, since they are asymptotically proportional to the
extreme quantile [El-Methni et al., 2014, Daouia et al., 2018]. Here, we keep the focus on quantiles

since they do not require a finite first moment.

We now study an extreme quantile estimator satisfying the assumptions of Theorem 3.1. Condi-
tion (5) is fulfilled by combining the Weissman estimator (2) with the Hill estimator (3). However, a
stronger second-order assumption, widely used in the extreme-value literature, is necessary. We denote
it by Ca(€, p, A).

Definition 2 (Class C2(&, p, A)). The distribution F belongs to the class C2(&, p, A) with tail-index
& > 0 and second-order parameter p < 0, if there exists a measurable auziliary function A with

constant sign, satisfying A(t) — 0 as t — oo, such that

: 1 F(ty) -1/ ) eyt
lim — — — )=y Vel = forally > 0.
% A(1/F (1) ( Fo) Y g o el




Beirlant et al. [2004] lists numerous distributions satisfying this assumption. The function A(-) is
regularly-varying with index p. Therefore, when p is small, say p < —1 (including the Pareto, Burr,
Fréchet distributions), the distribution tail is very close to a Pareto tail, and the Weissman estimator
is very accurate. On the contrary, if p is close to 0, as for the Generalized Pareto distribution (p = —¢&)
with small positive tail-index, the Weissman approximation remains valid, but becomes very accurate
only relatively far in the tail. Since the Weissman estimator is asymptotically Gaussian under the
second-order condition Ca(§, p, A), condition (5) of Theorem 3.1 holds (see the proof in Appendix),
and we get the following result.

Corollary 3.1. Assume F; € C2(&5, pj, A;) for j =1,...,J according to Definition 2. Moreover, we
assume the following conditions hold:

o Extreme probability levels: For allm > 1 and { = 1,...,L, oy, € (0,1) satisifies oy, — 1 as
n — 0Q.

e [Extreme quantile estimator: (}\Jw(agm | Bjn) is the Weissman estimator (2) of the extreme quantile
g;j(0u.n) computed on the nj-sample E; such that, as n — oo and for all j = 1,...,J and
t=1,...,L,

nj/n — )\j > 0,

(1= Bjn) /(1 = Bn) = 1/X;,

(1 —aen)/(1=fn) =0,

V(1= Bn)/log((1 = Bn)/(1 = aun)) — oo

e Second-order behaviour: the auxiliary function A satisfies
Vn(l=B.)4; (1-8,)7") =0, n—oo, foralj=1,...,J. (7)

Then, under (Hy),

J varlog((1 — ay)1.0) n(1 — Bn) A1 4, X3, n— oo (8)
1 L 1-Bn 2 AZ’”
T X los (m)

If, moreover, ayy,, =1 —71¢/n for £ =1,..., L, then (8) can be simplified as

Jvarlog(71..,) n(1 — B,) A1, 4,2

4, N — 00, 9
Sn(ﬁna Tl:L) AQ,n XJ-1 ( )
where ;
1 n(l—Bn)\>
Sn(Bn,1:1) = i3 Zlog (U) . (10)
=1
We shortly discuss the technical conditions involved in this result. First, the sample sizes nq,...,ny

have to be asymptotically proportional. In practice, they should therefore not be too unbalanced, and
the reference value n could be chosen as the average of n; if they are not equal. Moreover, the
intermediate levels 3;,, have to be chosen accordingly, such that the number of order statistics k;,, =

n;(1— f;n) remains the same in all samples. Second, the condition (7) on the second-order behaviour



ensures that the Hill estimator is unbiased across all samples. Results for the more general case
\/7& Aj ( 1—5n) 1) — ¢j € R could also be derived but involve more complicated formulas.
Moreover, bias-reduced versions of the Hill estimator with the same asymptotic variance were proposed
in the literature [Caeiro et al., 2005], and this condition may thus be dropped or replaced by a rather
weak condition on the auxiliary functions A;.

The proposed ANOVEX test rejects (Hp) with asymptotic level v € (0,1) when

Jvarlog(mi..)n(1 — B,) A1

T, = > , 11
Sn(ﬁn;leL) A2n XJ Li=y ( )

where X2J_171_ , denotes the quantile of level 1 — v of the chi-square distribution with J — 1 degrees of

freedom. The test is asymptotically equivalent to

Jvarlog(i...)n(1 — Bn) A1 2
5 XJ-1,1—~"
log (n(1 — ,)) Agn

For accuracy reasons, we adopt the first version (11) of 7;, in the sequel.

To sum up, we have constructed a statistical test called ANOVEX to detect whether a set of tail
quantiles is different across different distributions. Unlike classical ANOVA, ANOVEX does not require
a finite variance or even mean and can be applied to a much wider class of heavy-tailed distributions.

Next, we analytically investigate the finite sample behaviour of the test on some simple examples
to study the power of this test. A numerical investigation for more general settings is carried out in
the simulation study in Section 5.

4 Examples of type-I and type-II error approximations

An attractive feature of ANOVEX is its simplicity: it only requires an extreme quantile estimator,
such as the Weissman estimator. For the Pareto distribution, the prototype of regularly-varying
distributions, this simple structure allows us to leverage Rényi’s representation [Rényi, 1953] to provide
very accurate approximations of the distribution of the test statistic T}, as well as type I and type II
errors, in the case of J = 2 independent samples.

We write P(1/€) for the basic Pareto distribution having scale parameter 1, and therefore lower
endpoint 1 of its support, and shape parameter 1/ > 0, where £ is the tail-index; its cumulative
distribution function is 1 — 2~ %/¢, 2 > 1.

Three examples are considered with J = 2 independent samples coming from either two identi-
cal Pareto distributions (Section 4.1), two Pareto distributions with different scale parameters (Sec-
tion 4.2), or two Pareto distributions with different shape parameters (Section 4.3). We treat the case
where ay, =1 —7¢/nfor £ =1,... L.

In addition to the normalizing constant S,, in (10), we need the following constants:

L 2
(6n77'1L Z\/l—l—log (n(l;ﬁ,ﬁ) ,
L 2
et (o ()




4.1 Identically distributed Pareto samples

Assume that both samples follow the same Pareto distribution. The ANOVEX test is supposed to
wrongly reject the null hypothesis with asymptotic probability v (type I error). We investigate the
impact of the test parameters on this probability through an approximation of the rejection probability

provided in the following proposition.

Proposition 4.1. Consider two independent samples F; = {Xl(j)7 . ,Xflj)}, j=1,2, of i.i.d. vari-
ables following the same Pareto distribution P(1/€), € > 0. Assume the following:

(a) Probability levels: (By) is an intermediate probability level such that (1— 5, )log(n) — 0 asn — 0.

(b) Extreme quantile estimator: (/];W(Ot[m | Brn) is the Weissman estimator (2) of the extreme quantile
g (0w n), based on the Hill estimator %{(Bn) defined in (3), where gy, = 1—7¢/n, for£ =1,...,L
and 5 =1,2.

Then, the probability p,(7y) := Pg, (Tn > Xil—'y) to wrongly reject (Hp) with asymptotic level vy € (0,1)

s given by o : s
po) =28 (0702 (14 g ) ) o) (12)

where ®(-) is the standard Gaussian survival function.

According to (12), the behaviour of p,(vy) is driven by S, (8, 71..) but does not depend on the
tail-index £. Clearly, p,(7) — v as n — oo in view of Sy, (8, 71.) ~ (log(n(l — B,)))? as n — oo.
Indeed, a first-order expansion yields
1 (1/2)0(® 1 (1/2))

(log(n(1 = Bn)))?

where ¢(+) is the density of the standard Gaussian distribution. Therefore, we obtain a logarithmic

(1+o0(1)),

pu(y) =7+

rate of convergence with respect to n(l — ,), the expected number of observations above ¢1(5,) =
g2(Brn)- An illustration of the accuracy of approximation (12) for Pareto distributions P(1/¢ = 4) and
P(1/¢ = 1) is provided in the top panel of Figure 2, for n = 1,000 and L = 2,...,30. The first-order
approximation (12) (solid blue curve) is compared to the empirical estimation of p, (v = 0.05) based
on N = 10,000 replications (dashed blue curve); see Section 5 for details and further examples. The
approximation is fairly precise, especially for moderate values of L, and there arises only a small bias
of observed type-I errors with respect to the nominal level . As expected, p,(y) > 7 (horizontal black
line for 7). The true p, () does not seem to depend on ¢ in these numerical experiments, in line with
the analytical approximation (12). Finally, under the weak condition log(n(1 — §,)) > 3, the quantity
Sn(Bn,T1.1,) is a decreasing function of L, which entails that the approximation (12) is increasing with

L in the case where 7, = £. The practical choice of L is discussed in Section 5.

4.2 Pareto samples with different scale parameters

We consider the case of J = 2 Pareto samples of size n > 0, with same shape parameter 1/¢, £ > 0,
and respective scale parameters 1 and A\, > 0, where \,, = 1 yields the setting of Section 4.1. Here,
we focus on the case where \, i> 1 as n — oo, and we investigate the power of the ANOVEX test
to reject (Hp) in this situation. The following result provides an approximation of the distribution of
the test statistic.



Proposition 4.2. Suppose that the assumptions (a,b) of Proposition 4.1 hold. Consider two indepen-
dent samples E1 = {X{l), R X,(LD} and Ey = {X1(2)7 . ,X,(f)}, where, fori=1,...,n, the Xi(l)s are
i.i.d. from a Pareto distribution P(1/§), &€ > 0 and the XZ-(Z)S are i.i.d. with X(z) d An X(l) An >0,
An — 1 as n — oo such that

(Z) t(:lg((ln(; )[ig/)i v log(n(’rll—ﬂn)) _ 0(10g(>\n))7
(i) log(A o(1//n(1 = By,))-

Then, as n — oo,

T i IOg()‘n)2n(1 - ﬂn) \/ 1 - ﬂn IOg 61177_1 L)F + 1+ Sn(ﬁnﬂ—l:L)Fg
" 262571(571)7-1211) gS (ﬁTHTLL) Sn(ﬁnaTl:L)

1 1—Bn
X <1+Ou» <n(1—,8n)> O (bg(n(l—ﬁn))»’

where I' is a standard normal random variable.

This result yields an approximation of type II error associated with the ANOVEX test when the

alternative hypothesis is formulated as

(Hyn) XY ~P(1/¢) and XP £ 2, X" i=1,....,nand A, — 1 as n — oo,

as illustrated in the next remark.

Remark 2. If assumption (i) of Proposition 4.2 is replaced by the slightly stronger condition

(i7) log(n(1 = B8,))2/(n(1 = Bn))*/4 v ([ 12ERE=E0E — o(log(A,)),

then, the probability Py, , (Tn < X3 ,_,) to accept (Ho) with asymptotic level v € (0,1) may be ap-

prozimated, for n large enough, by

o (QM _ \/@) s (Ql,n + \/@) (13)

where
Oy, = 1Og(/\n) Tl(l - Bn)sn(ﬁanlzL)
" V(14 Su(Bryrin))
0 _ 1Og()‘n)2n(1 - ﬂn) Sn(ﬁn,Tl;L)2 —-1- Sn(ﬂn; Tl:L) Sn(ﬁnyleL) 9 =0
2,n 262 (1 + Sn(ﬂn,Tl;L))2 1+ Sn(ﬁn;Tl;L)XLl_’Y .

First, remark that €, — 0 and Q,, — X%,l—’y as n — oo; see the proof of Remark 2 in the
Appendix for details. Thus, Pg, , (Tn < X%,lfv) — 1 — v as n — oo, meaning that the asymptotic
type II error is 1 — v when (H; ,) approaches (Hp). Second, considering A, = 1 yields

) 1 —1/2
& (2~ ) - 8 (ﬂmm)—l—?@( 002 (14 5.5 ) )

=1—pa(M(L+0(1)),

10



see (12), which is in accordance with the type I error provided by Proposition 4.1. Third, in the
converse case where ), is large (i.e. when the two Pareto distributions are very different), then the
approximation (13) tends to zero, and the ANOVEX test is likely to reject (Hp). The same reasoning

may be applied to /\,11/£

which is the key quantity in ©; , and Q3 ,. For a fixed value of A,, the
approximated probability is a decreasing function of &: Heavy tails are thus more easily discriminated.
Adopting the classical choice 3, = 1—¢/y/n, ¢ > 0, conditions of Proposition 4.2 and Remark 2 imply
that A, converges to 1 not faster than n=3/8 (up to a logarithmic factor). This may interpreted as the
minimum gap between (Hy) and (Hj ;) that the ANOVEX test is able to discriminate.

Finally, an illustration of the accuracy of the approximation given in Remark 2 is provided on the
second row of Figure 2 in Section 5 for A, = 1.2 and different values of £ € {0.15,0.25,0.35,0.50}
(left panel) and for £ = 0.25 and A\, € {1.1,1.2,1.3,1.4} (right panel). It appears that the approxima-
tion (13) is, in all considered cases, remarkably accurate. The numerical results also confirm the roles

of A\, and & in the type II error.

4.3 Pareto samples with different shape parameters

Finally, let us deal with the case of J = 2 Pareto samples of size n > 0, with respective shape parameters
1/¢ and 1/(&6,,) where £, 6, > 0. Remark that 6, = 1 yields back the setting of Paragraph 4.1.
Similarly to Paragraph 4.2, we investigate the ability of the ANOVEX test to reject (Hg) when 6, 7
as n — 0o. The next result provides an approximation of the test statistic distribution in this context.

Proposition 4.3. Suppose that the assumptions (a,b) of Proposition 4.1 hold with the additional
condition that log(n) = O(log(n(1 — 5,,))). Consider two independent samples Ey = {Xl(l)7 e 7Xfll)}
and Ey = {Xl(Q), . 7X,(f)}, where, for i = 1,...,n, the Xi(l)s are i.i.d. from a Pareto distribution
P(1/€), € >0 and the X,L-(Q)s are i.5.d. with Xi(Z) < (Xi(l))en, 0, >0 and 0, - 1 as n — oo such that

9 t:%a"% 2 v Y — o(og(0,),
(i) log(6,) = of 1/\/Tﬁn

Then, as n — oo,

r

(]- + gn) (an T1: L) (]- + an)z Sn(ﬁny 7—1:L)

(1+6%) 14 S0(Bn, T1:L) o 1— B, 1
010,02 Su(Buimin) ) g (”Op (logm(lﬂn))) +OP< n(l—ﬁn)»’

where I is a standard normal random variable, and smlog(.) is defined in Equation (4).

T, i 2 < <1 — ﬂn)(l — ) Smlog n/Tl L \/n ﬁn)\/l + 97%(1 - en) 57;(/Bna 7'1:L)

Note that the conditions on the sequence (6,,) are the same ones as those assumed for the sequence
(An) in the previous example. The same choices can thus be made, with similar interpretations. This
result can be used to approximate the type II error associated with the ANOVEX test when the
alternative hypothesis is

(H{,) XV ~P(1/¢) and X2 £ (XM i=1,...,n and 6, — 1 as n — oo,

as illustrated in the next remark.
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Remark 3. If assumption (i) of Proposition 4.3 is replaced by the slightly stronger condition

(") log(n(1 — £,))%/(n(1 — B,))3/4 v ([ 2BRUE=B)E — 5(10g(9,,)),

then, the probability Pr; (Tn < Xil*’)’) to accept (Hy) with asymptotic level v € (0,1) may be ap-
prozimated by for n large enough by

i) (\IILn —V \112,71) - (i) (\11171’7, + \112,71) (14)
where

v, — V0= Ba)(0n = Vsn(Bn71:1)
VI B (L SulBanin))
Uy, = (0 — 1)2n(1 = B,) $0(Bn, 71:1)? — (1 + Sn(Bn, 71.1)) smlog(n/m1.1)
" (1+67) (1+ S0 (B 71:0))°
(146,)* Sn(Bn,7i:L) Xia—y
(14602) 1+ S,(Bn,71:) 2

> 0.

Here also, one can remark that Pg; (T, < xi,;_,) tends to 1 —~ as n — oco. Moreover, taking
0, = 1 leads to the formula of Proposition 4.1. However, unlike the approximation of Proposition 4.2,
this probability is not related to the tail-index . The accuracy of this approximation for several
values of 0, is illustrated on the bottom left panel of Figure 2 in Section 5 for £ = 0.25 and 0,, €
{1.1,1.2,1.3,1.4}. Again, the curves associated with the approximated probability (14) are nearly

superimposed to the curves associated with the empirical type II errors.

5 Simulation study

In this section, our methodology is applied on simulated examples. For each example, we simulate
N = 10,000 times J samples of size n = 1,000, and compute the test statistic (11) to reject, or not
reject (Hp) with the confidence level v = 0.05. For convenience, we take ay,, = 1 —¥¢/n (7, = £) for
£=1,...,L, and consider several values of L (ranging from 2 to 30). We finally report the empirical
rejection (or equivalently non-rejection) probabilities obtained through the N replications. Note that
throughout the section, several heavy-tailed distributions are considered (all with tail-index & > 0):

e The Pareto distribution with s.f. F(z) = /¢ for x > 1;

e The Generalized Pareto distribution (GPD) with s.f. F(z) = (1 + &x)~ /¢ for £ > 0. Note that
this distribution fulfills Assumption Cs(§, p, A) with p = —¢;

e The Fréchet distribution with s.f. F(x) = 1 — exp(—2~/¢) for x > 0. Assumption Co(¢, p, A) is
also satisfied with p = —1;

e The Burr(p) distribution with s.f. F(z) = (1 +27*/$)Y/? for > 0. In this case, C2(&, p, A) is
satisfied for any p < 0.

Firstly, we focus on the most simple case with J = 2 samples of random variables X; and X5. In line

with Sections 4.1, 4.2 and 4.3, we propose the following toy examples:
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(P) As in Proposition 4.1, X LXx,= P(1/€), i.e. both samples are i.i.d. replications of a Pareto
distribution. In this setting, we are supposed to reject (Hy) with probability v = 0.05. Figure 2
gives an overview of the rejection probabilities as functions of L. We also consider the case of
two identical Fréchet, Burr and GP distributions, and take & = 0.25 (top left panel) and £ = 1
(top middle panel) in all cases. Note that, when £ = 1, Burr and GPD distributions coincide.

(Px) As in Proposition 4.2, X; follows a Pareto distribution, and X» 4 An X1, where () fulfills the
conditions of Proposition 4.2. This case is interesting (and pretty complicated) since the extreme
quantiles of both distributions asymptotically coincide (as n — oo0). However, in our finite
sample size setting, A, # 1 and we expect the test to reject (Hp). The empirical non-rejection
probabilities py, (0.05) as well as their approximations calculated in Section 4.2 are reported in
Figure 2 for ¢ € {0.15;0.25;0.35;0.5}, B, = 0.9 (= 1 —3/y/n), Ay = 1.2 (= 1 +2/n'/3) (top right
panel) and &€ = 0.25, A, € {1.1;1.2;1.3;1.4} (bottom left panel).

(Pg) As in Proposition 4.3, X; follows a Pareto distribution, and Xs 4 x 19 ", where (6,,) fulfills the
conditions of Proposition 4.3. Here also, the two distributions (and quantiles) are asymptotically
the sames, but are slightly different with n = 1,000 < co. The empirical non-rejection probabil-
ities pg,, (0.05) as well as their approximations calculated in Section 4.3 are reported in Figure 2
(bottom middle panel) for £ = 0.25 and 6, = 1 + k/n'/3, 1 <k < 4.

(PB) X follows a Pareto distribution and X5 follows a Burr distribution with second-order parameter
p < 0. Such a distribution has a quantile function given by ¢(a) = ((1—a)?—1)~¢/?. Hence, (Hy)
is fulfilled, and the test is supposed to reject it with probability v = 0.05. More precisely, when
p is small, the Burr distribution is very close to a Pareto one, and one may expect an empirical
rejection probability close to 0.05. On the contrary, when p is close to 0, the convergence
towards 1 of the ratio of the two extreme quantiles is very slow, and a high rejection rate may
be feared. Some results with £ = 0.75 and p € {—5; —1; —0.5} are reported in Figure 2 (bottom
right panel).

(FB) X follows a Fréchet distribution and X5 follows a Burr distribution with second-order parameter
p < 0. Here also, (Hy) is filled, and a rejection rate around 0.05 is expected. The results for
p = —1 and £ = 0.25 (note that the results are not sensitive to &) are reported in Figure 2

(bottom right panel).

Note that we limited ourselves to 3, = 0.9 (= 1 — 3/4/n) everywhere for convenience, in order to
fulfill the assumptions of Propositions 4.1, 4.2 and 4.3. It clearly appears that the rejection rate is
increasing with L. Interestingly, note also that the type I error seems to be decreasing with p. Indeed,
for small values of p (let us say p < —1), the choice of L = 2 seems to be the best calibrated one in
terms of type I error. However, when p is close to 0, the rejection rate is too low if L is small, and a
choice of a large L is thus more suited. Through additional simulations (considering 7y = ¢ and several
Burr distributions with different values of p or Generalized Pareto distributions), we observed that for
n = 1,000, a choice of L =~ 20 seems to be optimal when p = —0.75 (i.e. the rejection rate is around
5%). Similarly, L & 50 is tailored when p = —0.5, and L = 80 in the challenging case p = —0.25. The
results are similar for Burr and Generalized Pareto distributions, and are apparently only sensitive to
p, and not to the distribution itself. A prior estimation of p (using for instance the estimators of Gomes
and Martins [2002]) may thus be useful to select the parameter L yielding the best calibration of the
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type I error. Finally, the type I and type II errors approximations calculated in Propositions 4.1, 4.2

and 4.3 are remarkably accurate, see the top panels and the bottom left one in Figure 2.
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Figure 2: Top left and middle: Example (P) with £ = 0.25 (left) and £ = 1 (middle). Empirical
(dashed curves) and approximated (solid curve) values of p,(v) = P, (T}, > X%,lfv) as functions of
L for: Pareto vs Pareto (blue), Burr vs Burr (green), Fréchet vs Fréchet (purple) and GPD vs GPD
(red). Top right: Example (Py). Empirical (dotted curves) and approximated (solid curves) values
of px, () as functions of L. A\, = 1.2 and £ = 0.15 (blue curves), £ = 0.25 (green curves), £ = 0.35
(purple curves) and £ = 0.5 (red curves). Bottom left: £ = 0.25 and A, = 1.1 (blue curves), A, = 1.2
(green curves), A\, = 1.3 (purple curves) and A\, = 1.4 (red curves). Bottom middle: Example (Py)
with ¢ = 0.25. Empirical (dotted curves) and approximated (solid curves) values of py, (7) as functions
of L with 6, = 1.1 (green curves), 6,, = 1.2 (brown curves), 6,, = 1.3 (blue curves) and 6,, = 1.4 (red
curves). Bottom right: Examples (PB) and (FB). Pareto vs Burr with p = —5 (blue), p = —1 (green),
p = —0.5 (purple) and £ = 0.75. Fréchet vs Burr with p = —1 and £ = 0.25 (brown). In all examples,
n=1,000, 8, =0.9,y=005and ay,, =1—¥¢/n, {=1,... L.

Let us now consider some examples where J > 2, more specifically J € {5, 10, 15}:

(MF) X1,...,X; all follow an unit (£ = 1) Fréchet distribution. We are thus supposed to reject (Hp)
with probability 0.05. Note that such a distribution has no mean, and the classical ANOVA is
thus not applicable.

(MM) For all j = 1,...,J, X, follows an unit Pareto distribution if j = 4k + 1, an unit Fréchet
distribution if j = 4k + 2, an unit Burr(—1) distribution if j = 4k + 3 and an unit GPD if
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j = 4(k+1) (k € N). The extreme quantiles of all these distributions are asymptotically
equivalent and (Hy) is thus satisfied.

(MP) Xq,...,X -1 all follow an unit Pareto distribution, and X  follows a Pareto distribution with
tail-index 6. If 6 £ 1, then (Hy) obviously has to be rejected. We propose to consider the cases
f=0.8 and § =1.2.

(CP) Xy,...,X 4 all follow an unit Burr distribution (with p = —1), and X ; 4 7X1+(1-7)y/X;isa
contaminated Burr distribution (7 € [0,1]). When 7 < 1, the quantiles of X ; are asymptotically
equivalent to 7(1—7)~! and differ from those of X1, ..., X;_; which are asymptotically equivalent
to (1 — 7)~1, and we thus hope to reject (Hp). We consider the cases 7 € {0.2,0.5,0.8}.

The results are reported in Figure B.1. Unsurprisingly, the error rates are increasing with the num-
ber J of samples. Comparing the first two examples, it seems that the type I error is not significantly
sensitive to the underlying distribution (for two distributions with the same second-order parameter
p, confirming the observation made in the previous paragraph). Example (MP) shows that, in more
than 65% of the replications, the ANOVEX procedure is able detect whether a sample over 5 has a
slightly lower tail-index (0.8 vs 1 for the 4 other samples). The result drops at 50% when a sample
has a slightly greater tail-index (1.2 vs 1). The ANOVEX test is thus efficient to discriminate samples
with different tail indices. However, the latter is less efficient when all the samples share the same
tail-index, but have different scale parameters. Indeed, example (CP) shows that, when the mixture
parameter 7 is slightly lower than 1 (0.8), the test is rejected with a rate of only 10% (when J = 5, 10
or 15). This rate is obviously much better when = = 0.5 (more than 25 % when J = 5) and 7 = 0.2
(almost 100%).

6 Applications on real data

6.1 Analysis of stock market indices

In this first real data example, we study log-returns for J = 10 stock market indices, namely AEX
(Netherlands), CAC40 (France), Cboe UK 100 (United Kingdom), DAX (Germany), S&P MERVAL
(Argentina), MOEX (Russia), NASDAQ (United States), Nikkei 225 (Japan), SSE Composite (China)
and TA-125 (Israel). Since financial markets have strong connections, we expect to observe similar
performances across different stock indices. Similarly to Jondeau and Rockinger [2003] and Mougeot
and Tribouley [2010], we focus on the tail behaviour of log-returns for different stock indices and apply
the ANOVEX procedure to test whether their tails are equal. Data were collected on Yahoo Finance by
taking the last 1,001 adjusted closing prices before June 16, 2023 (included), leading to 10 samples of
n = 1,000 log-returns. An overview of the data is provided in Figure B.2 and Table 1. Figure B.3 also
), fori=1,...,100
and j = 1,...,10. The heavy-tail assumption seems valid here since all QQ-plots are close to a straight
line with slope &;, the worst linear fit being observed for NASDAQ and MOEX indices. We consider
Brn =09, 0, =1—¢/nforall{=1,..., L, and a confidence level of 95%, such that v = 0.05.

A first naive ANOVEX test with L = 2 and J = 10 shows that (Hy) is clearly rejected, the p-value
being 1.51 x 10~%. Since the rejection rate is increasing with L (see Section 5), one can reasonably
conclude that all tails are not equal. In Table 1, the S&P MERVAL index appears to be significantly

shows the exponential QQ-plot of the weighted log-spacings i log(X ,(7]_)1 /X )

n—i,n

15



Mean | Var. . qAJH(B") Mean Var. N qAJH(’B”)
1074 | 107 | ¢f(Bn) 1072 1074 | 107 | ¢f(Bn) 1072
AEX 2.81 | 1.67 | 0.343 1.40 MOEX 0.70 | 4.30 | 0.442 1.48
CAC 40 2.63 | 1.99 | 0417 1.40 NASDAQ 5.55 | 2.92 0.376 1.85
Cboe UK 100 | 0.23 | 1.42 0.439 1.17 Nikkei 225 4.70 | 1.58 0.356 1.51
DAX 2.78 | 2.06 | 0.454 1.37 SSE Composite | 1.06 | 1.10 | 0.401 1.16
S&P MERVAL | 24.7 | 188 0.382 3.28 TA-125 2.14 | 144 | 0.334 1.32

Table 1: Application to stock market indices. Columns report empirical mean, variance, tail-index
and intermediate 85" quantile of the n = 1,000 log-returns for each financial index.

different from the others. This is confirmed by separately testing the S&P MERVAL against all the
other indices: all bivariate ANOVEX tests are rejected with L = 2.

In the following, we exclude S&P MERVAL from the study and test the equality of the remaining
J = 9 tails. With L = 2, the ANOVEX test is no longer rejected, the p-value being 0.132, but we find
that it is strongly rejected when L is increased to larger values. As suggested in Section 5, we propose
to select L so as to calibrate the type I error. First, note that Table 1 reports the tail indices estimated
around 0.3-0.4 for all of the 9 samples. Moreover, using the R function mop in the Expectrem package,
the second-order parameter p is estimated at p ~ —0.7 in all 9 samples. To choose an appropriate
value of L, we perform a simulation study with 9 samples of size 1,000 following a Burr distribution
with v = 0.35 and p = —0.7. We obtain that L = 30 provides a type I error around v = 0.05, and
we therefore set L = 30. With this choice, (Hy) is rejected for the stock indices, with a p-value of
2.3 x 1073, and we conclude that the log-return tails are significantly different.

AEX | CAC 40 | Cboe UK 100 | DAX | MOEX | NASDAQ | Nikkei 225 | SSE Composite
AEX X
CAC 40 0.161 X
Cboe UK 100 0.511 0.364 X
DAX 0.064 0.638 0.200 X
MOEX 0.030 0.453 0.111 0.764 X
NASDAQ 0.004 0.165 0.021 0.334 0.503 X
Nikkei 225 0.359 0.544 0.478 0.281 0.175 0.047 X
SSE Composite | 0.567 0.102 0.481 0.044 0.019 0.002 0.192 X
TA-125 0.496 0.043 0.268 0.015 0.005 0.0003 0.110 0.641

Table 2: Application to stock market indices. Pairwise ANOVEX-based p-values for 9 indices, here
obtained with L = 25. Results smaller than 0.05 are reported in red.

To study more precisely which groups of stock indices show different tail behaviour, we study the p-
values of the ANOVEX tests for pairs of samples reported in Table 2. The log-returns of the European
stock market indices (AEX, CAC 40, Cboe UK 100 and DAX) could be gathered in a first group
with homogeneous tail behaviour by further including Nikkei 225. Indeed, none of the pairwise tests
is rejected for this group of 5 samples, and the p-value for the test of the whole group with J =5 is
0.335). These results are in line with results in Jondeau and Rockinger [2003], where one of the groups
is composed of France, Germany, Japan, UK and US. The only difference here is that the ANOVEX
test excludes the US index NASDAQ from this group. In the study of Mougeot and Tribouley [2010],
the CAC 40, FTSE 100 (another UK stock market index) and Nikkei 225 are gathered together, i.e.,
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they share similar tail indices. Based on the pairwise p-values, we can also pool the NASDAQ (which
is significantly different from the AEX and Cboe UK 100) and the MOEX (which is also very different
from the AEX) in a second group, and a last group could be composed of the SSE Composite, with
tail behaviour different from DAX, MOEX and the NASDAQ), present in the other two groups) and
TA-125, for which (Hp) is most of the time rejected.

To sum up, the ANOVEX test allows us to split the stock market indices into four clusters based
on the tail behaviour of their log-returns:

e Cluster 1: AEX, CAC 40, Cboe UK 100, DAX and Nikkei 225.
e Cluster 2: NASDAQ and MOEX.

e Cluster 3: SSE Composite and TA-125.

e Cluster 4: S&P MERVAL.

In view of the exponential QQ-plots of Figure B.3, Cluster 2 is composed of the two indices NASDAQ
and MOEX, for which heavy-tail behaviour of log-returns may be questionable. Finally, we have
compared the right-tail of the log-return distributions. For risk management issues, it may also be
interesting to compare the left-tails (i.e. the losses). By doing the same approach, we find similar
results (and almost the same clusters), with one difference: the Nikkei 225 belongs to Cluster 3 (with
SSE Composite and TA-125) instead of Cluster 1.

6.2 Analysis of daily precipitation in Germany

To illustrate the behaviour of ANOVEX for J > 2 groups, we use the test to detect nonstationary be-
haviour in extremes of daily accumulated precipitation across J = 6 decades for observations collected
at weather stations in Germany. Heavy-tailedness is generally accepted for daily precipitation mea-
surements. We consider two periods: 1961-2020 with only few missing observations at 4342 weather
stations, and 1901-1960 with sparser spatial coverage through 920 stations with few missing obser-
vations. For each combination of an observation series and period with available data, the different
samples consist of the observations for the different decades, either (1901+(5—1)x10)—(1901+ (5 x 10))
or (1961 + (j — 1) x 10) — (1961 + (j x 10)), with j € {1,2,...,6} and J = 6. We test (Hp) using
the asymptotic x*-distribution under (Hp) with v = 0.05 and L = 10, and f3;, = 3, is chosen to
retain k;, = k = 100 extreme order statistics for each sample j = 1,...,6. Figure 3 reports results
where we highlight gauges with significant nonstationarity across decades, and we also report rela-
tively low p-values larger than v = 0.05. For the 1961-2020 period, the proportion of gauges with
(Hyp) rejected is around 5% and therefore of the order of 7, which corresponds to the expected number
of type I errors under Hy. For 1901-1960, a higher proportion of 16% of stations has (Hy) rejected.
Unreported results for other choices of k and L show relatively stable behaviour of p-values over a
range of k£ between 50 and 250 for fixed L, with slightly higher values for larger values of k for which
estimation uncertainty is lower, thus indicating no strong sensitivity to the choice of k. p-values tend
to be relatively lower when increasing L for fixed k, which is natural since the test then considers a
larger number L of extreme quantiles, some of them estimated at lower probability levels, such that
statistical uncertainty decreases and the power of the test increases; however, we would then test for

differences in the distribution of events that may be less extreme than those considered with L = 10.
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Figure 3: Application to German precipitation series. Left: 1901-1960 period; right: 1961-2020
period. Obtained p-values are shown differently according to intervals [0.0,0.05] (dark red, big points),
(0.05,0.5] (lighter red, smaller points), and (0.5,1] (grey, small points).

Follow-up work will include expert interpretations by climatologists in terms of observation biases and

existing knowledge about local climate systems and potential climate-change effects.

7 Conclusion

We have introduced a new simple test for heterogeneity in the upper distribution tail, based on a
decomposition of variability of extreme log-quantiles. This approach is called ANOVEX and draws
inspiration from classical ANOVA. It allows putting focus on differences arising for the distribution of
the most extreme possible events, for which uncertainties are usually high, especially with naive ap-
proaches not making use of extreme-value statistics for extrapolation. The simulation study highlighted
that our test is an easy-to-use, interpretable and efficient tool for detecting different tail behaviours.
It is a valuable complement to existing tests that focus on more specific alternative hypotheses, such
as differences in the tail-index or, provided that tail indices coincide, in the tail scale. Our test is
particularly powerful for detecting different tail scales in the case of small tail indices. We have thor-
oughly investigated its asymptotic properties, including the limit distribution of the test statistic, and
we provide highly accurate second-order approximations of type I and type II errors for the class of
Pareto distributions. Overall, ANOVEX shows promising capability in identifying tail heterogeneity

and can be used for applications in various statistical analyses involving heavy-tailed data.
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In future work, we aim to investigate how an automatic choice of L could be achieved, for example
by establishing an explicit link between L and the second-order parameter p. We also plan to relax
certain assumptions, notably by considering dependent data (dependence across groups, and/or serial
dependence within groups). In the current study, we have considered samples with equal sizes in the
error approximations and the simulation study. Although our theoretical result (Theorem 3.1) allows
samples to have different sizes, biases may arise in practice, particularly when dealing with relatively
small samples and strongly unbalanced sample sizes, resulting in type I error probabilities deviating
significantly from the test level.

Furthermore, we plan to leverage the ANOVEX test statistic for change point detection. More
generally, our test statistic provides a valuable tail dissimilarity measure for machine-learning tools,
such as for making splits in regression trees and random forests. In recent related work, Maillart and
Robert [2023] proposed estimation of a tree but they focus solely on the tail-index. Farkas et al. [2021]
adopted a model-based approach for inferring trees by using the Generalized Pareto Distribution (GPD)
for exceedances above a high threshold. Gnecco et al. [2022] developed GPD-based random forests;
however, the tree structure and likelihood weights are computed in a preliminary step using traditional
quantile regression forests. To extend these existing approaches, an ANOVEX-based procedure could
offer a rapid and robust likelihood-free method for tail prediction, applicable to both trees and random

forests.
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Appendix

A Proofs of the theoretical results

Some technical lemmas are collected in Paragraph A.1, they will reveal useful to prove the main results

in Paragraph A.2.

A.1 Preliminary results

We first show that, under (Hy), if all cumulative distribution functions Fi,..., F; are heavy-tailed,

then, necessarily, their tail-indices are the same.

Lemma A.1. Assume (Hp) holds. If F; € C1(&;) for j=1,...,J then
(i) 6= =& =&
(1t) loggj(a) = —=&log(l — a)(1 +o(1)) forall j=1,...,J as a — 1.

Proof of Lemma A.1. (i) Let us recall that F; € C(;) implies that there exists a slowly-varying

function L; such that
gj(@) = (1 —a) 9 L;(1/(1 - a)). (15)

It straightforwardly follows that ¢;,(c)/gj(e) = 0 as a« — 1 if & > &, and gj,(a)/g;(e) = 400 as
a— 1if & < &;,. The result (7) is thus proved.
(#) From Lemma A.1(7), one has £ = --- = £; =: £ and therefore (15) can be rewritten as

log(g;(a)) = —€log(1 — a) +log(L;(1/(1 — @))) = = log(1 — a)(1 + o(1)),
which proves the result. O
The second lemma provides an asymptotic equivalent of Ay ,, (defined in Proposition 2.1) as n — oo.
Lemma A.2. Assume F; € C1(&;) forj=1,...,J.
o Foralln>1andl=1,...,L, let ag, € (0,1) such that og, = 1 as n — oco.

o Let gj(ow,n) be an estimator of the extreme quantile g;(cu ) computed on the nj-sample E; such
that nj/n — A; >0 asn — oo and

_ ~ d
050 (108 @i () —log gj(aen)) == N(0,67),
for some 00y — 00 asn — 00, and forallj=1,...,J andl=1,...,L.

Then, under (Hy),

€ |1 1 ¢ 2
Al,n = fz jZU?,Z,HZJZ - jzak,f,nzk (1+OP(1))7
k=1

=1 j=1

where Z1,...,Zy follow independent standard Gaussian distributions.
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Proof of Lemma A.2. Let us first recall that for all £=1,... L,

J J
1 - 2 1 -
Aiyn = 7 Z (log gj(aun) — Mt(f)n) with pf), = 7 Zlog gj(aun)-
j=1

Jj=1

Under (Hp), we have in view of Lemma A.1(4):

log gj(aun) = log gj(aun) + 0j.0nEZ;(1 + 0p(1)),

where Z1, ..., Z; follow independent standard Gaussian distributions. Lemma A.1(¢7) entails

log gj(aen) = —&log(l — agn)(1+0(1)) + 0500525 (1 + 0p(1)),

and therefore,

2 4 i 1 1
(logaj(ag)n) - uff%) =¢2 (Z Hk)j0k7(,nzk> (140p(1)), with k;; = 1_j and Ky ; = -3 if k # 4,
k=1

so that

J
J—1 2
Aven = 53 5220?,Z,n2]2(1+0P(1))_ﬁ Y 0jenOkenZ; Zk(1+ 0p(1))
j=1 1<j<k<J

J J 2
1 1
& T Z"JQAMZJZ - <J ZUk,z,nZk> (1+ op(1)).
Jj=1 k=1

Finally, without any further assumption, the term A; ,, may be written as follows:

el 1 1 2
_ 2 2
Ain =+ > 7 E 030 Z] - <J ;_1: O'k,e,nZk> (1 +op(1)),

which is the desired result. U
The third lemma provides an asymptotic equivalent of A, ,, (defined in Proposition 2.1) as n — co.
Lemma A.3. Assume F; € C1(&;) forj=1,...,J.
o Foralln>1andl=1,...,L, let app, € (0,1) such that ag,, — 1 as n — co.

o Let gj(ow,n) be an estimator of the extreme quantile g;(cw ) computed on the nj-sample E; such
that nj/n — A; >0 as n — oo and

~ P
log Qj(aé,n)/long(aé,n) — 1, (16)
forallj=1,...,J andl=1,... L.

Then, under (Hy),
Ny, = €2 varlog((1 — ay)1.) (1 + op(1)).
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Proof of Lemma A.3. Combining (16) with Lemma A.1(i%) yields

log gj(ae,n) = (loggj(aen)) (1 4+ o0p(1)) = —=€log(l — agn)(1+ op(1))

so that
1 ~
pion = 5 D _logGy(arn) = —€log(1 — arn)(1 + 0p(1)),
j=1

forall £ =1,..., L, and consequently,

L
1 -
Ha, fo)n == I ]?_1 Kk, log(l — agn)(1 4 op(1)),

where kg =1 — L and K¢ = 1 if kK # £. Some straightforward calculations lead to

L

AQ,n = %Z </1*a,n I‘L((X )n)

(=1

L
Ty losllan) =55 3 sl - armlog(l—ar) | (1 or(D)

1<e<0'<L

L L
(LZ og (1 —apn)? ZZlog L —agy,)log (1 —ap, )) (1+o0p(1))

E
I 2
ZZ (1—agn)’ (L 10%1)) (1+0p(1)),

which is the expected result. L

The next lemma provides precise asymptotic representations associated with Hill estimators and

intermediate quantiles computed on Pareto samples.

Lemma A.4. Consider two independent samples Ey = {Xl(l), R X,(Ll)} and Ey = {sz), . ,X,(LZ)},
both distributed from a Pareto distribution P(1/€), & > 0. Let (8,) be an intermediate probability
level, @;(Bn) = Xffl)(l By and let @f(ﬂn) be the associated Hill estimators (3), j = 1,2. Then, the
following asymptotic representations hold:

o 2o bt (1+0r (i) ) "

log (iggﬂ;) = n(f_ 5500 (1 +Op (M) +O0p(1 - Bn)> . (18)
@m>§%miTX§mQQ+%QM§MD, (19)

on (B52) e (5 £ v (1000 (g vt ). @)
where Ty j, Te;, Ty and T¢ are standard Gaussian random variables, j = 1,2. Moreover, Equa-

tions (19) and (20) also hold for two Pareto samples with different scale parameters: Xi(2) 4 )\Xi(l),
A>0,i=1,....,n
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Proof of Lemma A.4. Let us introduce k,, = |n(1—p4,)] to simplify the notations. Let j € {1,2}. First,
)), i= 0,k — 1

are independent and exponentially distributed. Hill estimators are thus Gamma distributed:

Rényi’s representation entails that the log-spacings (log(X(jl ) — log(X(J)

n—i,n n—=kn,n

kn
Hopyd 1 ()
fj (5n) - Ezgij ’

i=1

where {El(j ), . ,S]Ei )} are i.i.d. realisations of an exponential distribution with mean £. Berry-Esseen

(B, €2 \/%Faj (1 + Op (\/%)) :

and (17) is proved. Second, one has, in view of Rényi’s representation:

Theorem thus yields

N A n ()
g (Z5) 260, —clogtufi) £ 30 E — clog(ah)

q; (ﬂn) ek 41

and thus, introducing Y(] ) = (&; () — &)/ (&i), the following expansion holds

Vkn log (qJ 6n> N Z YW +§f< Z 1—log(n/k‘n)> = £(AY) + B,).

ﬂn i=kp+1 i=kn+1

The well-known formula .

Z% =log(n) +~v — %(1 +o(1)),

i=1
(where v is Euler’s constant) entails that the non-random term can be controlled as B, = O(1/Vk,).
Letting o? = IE((YZ( )) ) and p; = E(|Y(J I*), Berry-Esseen Theorem for non identically distributed
random variables shows that

Z?:kn-i-l y @) max  p;/o?

=r=knl "
/—~n 2
Zi:knJrl 0;

1=kn+1,...,n

)
/~n 2
Zi:knJrl 0;

=Tg;+ Op

or equivalently,

02T+ Op <\/kn . max pi/af) )

=kn+1,...,n

Moreover, o2 = 1/i%, p; = ¢/i® with ¢ > 0 so that

- 1 1 1 1 1 1 k
2 L L - _ - L M
i=kn+1
max i/ 2 o) ES
i=kn+al,~-»npl % kn ’

and therefore AY) = Ly + Op(1/Vky) + Op(ky/n). All in all,

qAJ(Bn) da ) n
\/EIOg (%(&)) =&y, + O(l/\/a) + Op(kn /1),
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and (18) is proved. Moreover, one has

1 2 1 2
E(8,) — E1(Ba) 2 (€7 - &) o E) —E) a L+ L,
L e o e
where {L1,..., L, } are i.i.d. realisations of a centered Laplace distribution with variance 2£2. Since

the Laplace distribution is log-concave, centered and symmetric, [Klartag, 2009, Theorem 1] may be
applied to refine the Berry-Esseen bound with &, (or equivalently n(1 — 3,)) instead of vk, (or
equivalently y/n(1 — f3,,)), hence the third result (19). Similarly,

o (2223 ) =g (200 g (B4} 2 57 (E280 30 £

i=kn+1 i=knp+1

and the second result of [Klartag, 2009, Theorem 1] can be used to establish the Berry-Esseen bound.
Rewriting

e (5453) [ £ 1 5 e

i=kn,+1
with 07:7" = m and Z;L:kn—‘rl 912’” = 1, it thus follows:
n n
> Oinli = VAL, (1 + Op ( > 93{,,)) .
i=kn+1 i=kn+1
Straightforward calculations on Riemann series lead to
n Z x Z % - Z L (L)
g i=hatl = e s L O =0 1
> o, : = o).
i=kn+1 2”: 1 i 1 § 1 (kn—kO(g)—FO(;)) n
i=kn+1 ! i=kn+1 1=n+1 !
"1 1 1 1 1 k.,
— = — — -] =1 — — .
Fn D 5= Vhn kn+0<kg>+0(n> +O(kn>+o<n>

i=kn+1

Combining the previous expansions yields the expected result (20). To conclude, since the Hill estima-
tor is scale invariant, Equation (19) also holds if Xi(z) ~ AP(1/€), forall A > 0and ¢ = 1,...,n. By
noticing that, in this case, ¢2(8,)/(Aq1(58r)) 4 q1(Bn)/q1(Br), Equation (20) holds true as well. O

A.2 Proofs of main results

Proof of Proposition 2.1. The representation follows from the usual way of decomposing sums of
squares in ANOVA-like analyses:

An = A1n+A2n+A3n

1 2
= JL Z Z (log QJ Qyp.n + M(E) :u’((,v[)n /Ja,n)

Jj=1/¢=1
1 - 2 1 L& 2
= 3> (lodiaen) = uD) + 57 D0 (i~ pan)
j=11¢=1 1=
2 J L
b3S (10— ptan) (108G () — 1) (21)
j=1/¢=1
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The interaction term in (21) satisfies As,, = 0, which can be shown by switching the summations with
respect to j and £:

Ngn = JQLZL:XJ:(M&% o) (g @i(an) = 1)

2 & 1<
= Z Z (ﬂ((f)n lffa n) j Z (log q] CVIZ n - Ht(f,)n) = 07
(=1 j=1

following the definition of u((f, )n O

Proof of Theorem 3.1. First, (5) and Lemma A.2 entail

2 & 1 1 ’
Ay, = fZa,?,n JZZ?—(JZZ;J (14 op(1))

[l
<)
7N
)=
[~]=
QI
S
3
~_—
=<
<
|
_
+
[«
=
=

where Z,...,Z; follow independent standard Gaussian distributions. Second, remark that (5) and
Ge.n — 0 imply (16) so that Lemma A.3 yields Ay, = &2 varlog((1 — ay)1.)(1 + op(1)), and conse-

quently,
J varlog((1 — an)1:L) D1 d o

- = XJ-
O’TQL Ag’n

1(1+0p(1)),
which proves the result. O

Proof of Corollary 3.1. Under (Hy), [de Haan and Ferreira, 2006, Theorem 4.3.8] entails the following
representation for all j =1,...,Jand £ =1,..., L:

1-Bjn
log (1_0;4 - )
(1= Bjn)
where Z,...,Z; are independent standard Gaussian random variables. Moreover, taking account of

& =& from Lemma A.1(i), n;/n — Aj and (1 — B;n)/(1 —Bn) = 1/Ajasn s ooforall j=1,...,J
yields

log (7} (aen | Bjin)) = log (¢j(cven)) + §iZ;(1+ op(1)), (22)

1 1—Bn
Mgzj(l +op(1)),

W _ —1log (q:(a
log (qj (e | Bj,n)) = log (g;(awe,n)) + n(l =By

6]n

1— B . S = log(ll—ﬂin )
) log ( = ) as n — 0o. As a conclusion, (5) holds with 6,, = ——22% and

g (12
since log TRy

the result follows from Theorem 3.1.
O

Proof of Proposition 4.1. In the case where J = 2, A; ,, can be simplified as
1 L
Al,n - E é_zl (1Og al(af,n) - IOg a2(a€7n))2 .
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Using the Weissman estimator (2) and the Hill estimator (3), we have, for j = 1, 2:

87 (01,1 80) = by o) + o (72 ) (@105 - €) 1o (L59) . (2

and therefore

IOg E]\}N(O‘K,n | 571) - 10g E]\;N(af,n | 671) = log < L= 571 ) (g{{(ﬂn) - gg(ﬁn))

1—apy,
+ lo ( —lo . 24
\a6)) e 2
Since XZ-(l) and Xl-(z) are Pareto distributed for ¢ = 1,...,n, Equations (19) and (20) of Lemma A.4
yield

() - (5 2 nffﬁn)rg (1+op (n(liﬁ))) (25)
os (Bey) s (25) 2 v (10 () +ort - ) 9

where I'; and T'¢ are two independent standard Gaussian random variables. Hence, plugging (25)
and (26) into (24), it follows that

Il

log Z]\YV(O%W | Bn) — log @N(af,n | Br)

k’g(ll—fél)\/i@s (HOP( : >>

n(\l/igﬁn)rq (1 + Op (M) + Op(1 — Bn)) :

Taking account of ay,, =1 — 7¢/n, the above equality can be rewritten as

1Og ZI\}N(aé,n | ﬁn) - IOg E]\;N(O‘&n | 671)

oo 0 )

+ Op (M) + Op(1 — 5n)}

1 n(l - 671) 2 log(n(l — ﬂn)
M{\/l+log< TZ ) \[2€F+OP<M)+OP(1_B”)}’

where I' is a standard Gaussian random variable, and consequently,

1EN

1N

IIR

l,n

ZL: \/Tﬁn l—Hog(n(lT_Zﬁ"))ZF] <1+OP<M>+OP<M>>

4
s (140 (e ) 0 (egmn2a))

1ES
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Similarly, one can easily prove, thanks to the choice oy, = 1 — 7¢/n, that

L e e 2 L e e 2
N > log @1V (aen | Bn) +10g @y (aem | Bn)\~ 3 1og " (en | Bn) + 108 @3 (g | Bn)
L2 2 2

/=1 =1

oH oH 2
= varlog(7.1,) (51 (Bn) ;52 (5n)>

= &% varlog(71.1.) (1 + Op (ﬁ)) . (27)

Combining the two previous results, we get the following first-order approximation of Ay ,,/Ag ,:

Al,n d F2 1 + Sn(/Bﬂn 7—1:L)

= 14+ 0 ot +0 <1ﬁ”)
Doy 2varlog(rin)  n(l=Fn) P\Vaa =) " gl - 5.)) ) )
and, in view of (9) the test statistic T,, becomes, under the condition (1 — 3,,) log(n) — 0 as n — oc:
_r? v - 1_5“>
=r (i sm) (140 () o ()

. 1 2
o (1 + Sn(ﬂnﬂ—l:L)) FTN

where T, BN o Then,

pn(’Y) = Pg, (T" > Xil—'v)
—1/2
—1/2
~1/2
+ 2(®—-9,) (é—1(7/2) (1 + Sn(ﬁanlL)) ) ) (29)

where ®,, is the cumulative distribution function of T',,. Clearly, S,,(5n,71..) — 00 as n — oo and
thus (28) converges to v. Moreover, Dini’s Theorem states that ®, converges uniformly to ® on

compact sets, and thus (29) converges to 0. As a conclusion, one has

s 1 —1/2
pu(7) = 28 (@ 1(/2) (”s,x)) ><1+o<1>>,

ﬁnv T1:L
and the result is proved. O

Proof of Proposition 4.2. As a consequence of (23) in the proof of Proposition 4.1, one has

82 (a1 Bu) g} (e | ) = o (21220 ) g (=2 ) (&046,) ~ E150)

aes) \T v
rlos (317) s (237
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Besides, ¢2(a¢,n) = Anqi(ow,n) and Equations (19), (20) in Lemma A .4 entail:

& (8,) — & () nf_gmrg (1 0 (M)) ,

o (208) —tox (208 £ 2, (140 () 0o -0).

where I't and I'; are standard Gaussian random variables. Taking account of oy, = 1 — 7, /n and

Il

introducing k,, = n(1 — 3,) to simplify the notations yields

log Z]\}N(Oée,n | 6n) - log a\;}v(af,n | ﬁn)

:_1og(An)+wr <1+O (kn>)+\[§ <1+Op (kln>+0m>(1—ﬁn))

Vkn Vkn
V264/ 1+ log (kn /) 1 1-8
=1 L(1+0p|(— | +O =
08(An) + kn ( o <kn) o (IOg(kn)>> 7
where I' is a standard Gaussian random variable. Then, recalling that
L 2 1L b\ 2
BnaTlL Z < ) and Sn(ﬁnyTI:L) = ZZ 1+10g <TZ> )

Z {=1

it follows:
1
4L

_ log(i\n) jilog( )f;%ﬁn L) (1 + Op (,;) +Op (lig_(]i”)))

52 (1+S77, ﬂn,nL (1+O ( )+Op <lf)g_(l<in)>)
(Fx

Assumption (i) entails log(k,)?/k2 V log(kn)/n = o(log(\,)?) while log(n)(1 — 8,) — 0 implies
log(ky)/n = o(1/ky,). Remarking that S, (8, 71.1) ~ log(k,)? and s,,(B,, 11..) ~ log(k,) as n — o
yields

L
Ay = (1

PN 2
Z qul a@n'ﬂn) 1qugv(a€,n|ﬂn))
¢

=

IOg()‘n)2 - ilOg(An) Sn(ﬁnaTl:L)l—‘_"_g(l'i‘sn(ﬁnﬂ—li))
4 V2 Vkn 2 kn

+Op <k’gg§”)2) +O0p <1°g(nk")> +Op (W) +Op (1og(An)\/E) :

n n

AN— r?

Assumption (i) implies in particular log(\,) = O(log(k,)/+/'k,) which, in turn, entails that the third
and fourth Op(-) are respectively bounded above by the first and second ones. The above expansion
can thus be simplified as

Al = log()\n)Q_ilog()\n) Sn(ﬁnyleL)F_’_i (1 + S (ﬁru'rl L))FQ—FOP <log(kn)2)+OP (log(kn)> )

4 V2 Vn 2 kn k2 n

Similarly to (27) in the proof of Proposition 4.1, one has

1
AT €2 varlog(71.1.) (1 + Op < - )> .
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Combining the previous two results, and since (log l€n)2/k§/2 = o(log(\,)?), in view of (i), we get the

following asymptotic expansion of Ay ,,/Ag j:

Al,ni IOg(An)z 1 . 1 IOg(An)Sn(ﬂnaTl:L) 1
522 = gty (0 () ~ Vit et T (140 (7))

it (o () ) +or () o (P5)

— log()\n)Q o 1 log()\n) Sn(ﬁna 7_lzL) r 1 (]- + Sn(ﬁrh TI:L)) F2
42 varlog(ti..) 26 Vky, varlog(ri.) 2 ky varlog(r.1.)
log(ky,)? log(ky, log(\,)? log(\,) log(k.,
+ Op (ng(i/g)> + Op ( og; )> + Op (Og\ﬁm) ) + Op (og( I)%Og( )> )

The third and fourth Op(-) are bounded above by the first one since log(A,) = O(log(ky)/vVkn) in

view of condition (i7), and consequently,

Al,n _ log()\n)Q . 1 1Og(>\n) Sn(ﬂnaleL)F 1(1+Sn(ﬂna7—1:L))F2
Aoy 4&%varlog(mi.n)  V2¢ Vky, varlog(m.) 2k, varlog(7i.1)
log(k,, 2 log(k,,
+ Os ( og(w) > + Os ( og( ))
ky n

_ 1 IOg(/\n)Q _ ilog(An)Sn(ﬁmTl:L)F_F §(1+Sn(ﬁnaTl:L))F2
2 varlog(7.1.) 4 V2 VEn 2 k.,

2
o) von
X =+ = .
log(An)? log(An)sn (Bn,T1: 2 (1+Sn (Bn, 71
g(An)? & log(An)sn( 1L)F+%( (,n 1.0)) 2

4 V2 Vkn k

Focusing on the denominator of the above term, condition (i) shows that v/k, log(\,) — 0 as n — oo

leading to

log()\n)2 5 log(An)Sn 571; 7-1:L> 62 (1 + Sn(ﬁnaTl:L)) 2 52 log(kn)Q 2

De\in) S5 S — 5> o\ 12

4 V2 Fn 3 i =5, T +e),

and thus

Al,n o 1 log(/\n)2 5 1Og(>\n)5n(ﬂna7-1:L)F 52 (1 + Sn(ﬂna 7—1:L)) 2

= - —= + = I
No,  E2varlog(mi.L) 4 V2 kn 2 kn

(o ()~ ()

or equivalently,

_ 2varlog(r1.1) kn A1y

Tn N Sn(ﬂnv 7—1:L) AZ,n
_ ( IOg(An)2kn Vv 2ky, IOg()\n)sn(ﬁna 7_1:L) T+ 1+ Sn(ﬂnv Tl:L) FQ)
252571(671)7-1:[/) gSn(ﬁanlzL) Sn(ﬁnaTl:L)
1 1- ﬂn
(1o (5) +or (i)
The result follows. O
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Proof of Remark 2. From Proposition 4.2, one has P (Tn < Xil—'y) =P (anF2 +b,I'+C, < O) where

o L+ 8B, T1iL)
" S’n,(ﬂ’anl:L)
 V2knlog(M)sn (B, T1:1)

bn - Esn(ﬂnaleL)

are two non random sequences and

IOg()‘n)an 2
Ch==— _(1+4+ep),
2625, By (L HEn)

1 1- ﬂn
en=0p| —=|+0p | ——=
’ (Wk> ’ (1og<kn>>
are two random variables. It straightforwardly follows that

Q= _bin _ Vkn 1og(An)sn(Bn, T1:1.) and b% . kn 1Og(>\n)28n(6n77—1:L)2

2an V26 (1+ Su(Bymir) da2 262 (14 Sp (B, 1))

Moreover, in view of () and log(n)(1 — 8,) — 0, one has:

_% .2 Sn(ﬂnaTl:L) _ log()\n)2kn (1> ( 1- ﬁn >
an Xl,l—fyl T 50(Bry7iir) 2621+ Sp(Bpy 1)) + Op N + Op log(ky) )~

Besides, (i') is equivalent to log(kn)Q/k:,?;/4 V +/log(kn)?/n = o(log(A,)) and thus
An)?
Bn Tl:L))2

BiCu o
da  an 282 (14 S,

(Sn(ﬂna'rl:L)z -1- Sn(ﬁanlzL))

2 Sn(ﬂmleL) 1 1 - fBn
ot 0 () 0 (g

— 0, (1 +Op <\/117n> +0p <1i>g_(l§1n)>> ’

Qo = IOg()\n)zk" Sn(ﬁn’TliL)z -1- Sn(ﬁnaTl:L) Sn(ﬂn; 7'1:L) X2 .
" 252 (1+Sn(/6naTl:L))2 1+Sﬂ(ﬁ7l’TltL) L1~y

A second-order Taylor expansion shows that s, (3, 71..)2 — 1 — Sp(Bn, T1..) — 0 as n — oco. Besides,

where

consequence, €1, is positive for n large enough. Hence,

since Sy (Bn,71:1) ~ (logkn)® as n — oo, it follows from (i) that Qa, — X7, ., as n — co. As a
b 0

C
P (T, <3 =P(TI — n
(Tn < X1,177) ( < 26, 4a?2  a,’ 2a, 4a?2  a, )

_p ([‘ c {Ql,ni Q% (1-1-0]11’ (\/%) + Op (;&,ﬁg))b :

and the proposed approximation follows. O

Proof of Proposition J.3. Following the steps of the proof of Proposition 4.2, one has:

log <‘z¥(aé,n | ﬂn)) ~log (fh(oée,n)) 4 log < 1— B, > (a{(ﬂn) B g(%)) +log <§1(5n) 22(571))

@y (| Bn) q2(aen) 1 —apn q1(Bn) @2(Bn)
+¢log (11_3”) (0n —1). (30)
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First, we establish a result similar to those of Lemma A.4 adapted to our setting. Equations (17)
and (18) yield:

Sty e@dg ey b g <1+o (1 ))
&' (Bn) Z €+ ey Te P\ s

since {51(2), e ,Elgi)} are i.i.d. realisations of an exponential distribution with mean £. It thus comes
d V1+02¢ 1
E1(Ba) — E(Ba) £ (1= 0n)¢ + 2T (14 0p | ——— | |-
' ' " Vel B (1= Bn)
Similarly,

o 32(Bn) d (2 _ tlos(n 4 077@ ' ; -

and one thus has

QBn)\ _p (25n) 2 V1 +02¢ R B
1og(q1(5n)) 1g<q2(5n))— n(l_ﬁn)rq<1+OP< n(l_ﬁn)>+op(1 5n)>,

Moreover, g2(cn) = ¢1 (agyn)gn and q1 (o) = (7¢/m)~¢, hence

log ((Jl(al,n)/(h (al,n)> = g(en - 1) log(TZ/n)

and replacing in (30) yields

2
. 1 +log( ) B
Q}N(aﬂnuan) _ . n 1 1—fBn
og (quv(ae,an)) = £(1=6n) g (TZ)JF Vkn V6T <1+OP<W€”) o <10g(kn)>)’

where we have introduced k, = n(1 — 3,). Using (i), one has log(kn)/ki/4 V y/log(ky)/n = o(log(6,))
and taking account of log(n)(1 — ,,) — 0 as n — oo, it follows

A £%2(1 — 6,)* smlog(n/71.1,) \/1 + 0262(1 = 0,,)8, (B, 71.)T n (1+ 8n(Bn, 11:0))*(1 4 62)T2
1,n — 4 2\/7 4kn

+ Op (W) + Op <log(9n) log(n) 1_nﬂ”> +0p <10g(nkn)) Y Os <1Oi(;g)2> 7

n

where it is recalled that

PR L 2
2By T1sL) = Z ( ) 1+1og( > and smlog(n/7.1) = Z < >

L Lz
Note that the condition log(6,) = o(1/v/ky) in (i) ensures that the first and second Op are bounded

from above by the two others, hence

Al = €2(1 — 6,)* smlog(n/71.1,) \/1 +02¢2(1 — 0,)8,(Bn, 11.)T (1 + S0 (Bn, 11.1))E2(1 + 62)I'2
b= 4 2v/kn 4k,

log(k,, log(k,,)?
+ Op <0g( ))+01P><0g(3/2) );
n 5t
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In addition, straightforward calculations lead to

= o) (L O gy (50 (1400 (1))

Combining the previous two results, the following asymptotic expansion of Ay ,/Ag , follows:

Ay, smlog(n/T.r)(1 — )2 1 2y/14+02(1—6,,) $,(8n, 1.1 1
= Smtgnragr (o () et gt (1o (7))

)
1+602 1+ S,(BnsT1:1) o 1 log(k,,) log(k,)?
- (1+6,)? varlog(7i.1)kn T or VEn + O n +Op B2 )

Condition (i7) implies log(6,,)?log(n)?/vk, = o(log(ky) /k?’/ ) leading to

Ay, smlog(n/m..)(1 -0 )2 24/1+62(1—6,) 5,(Bn, 71 L)F 1+02 14 S,(Bn,71:1) 1o
Ay p B varlog(71..)(1 4+ 6 ) VEkn(1+ On) varlog(1.1,) (1+6,)? varlog(ri.1)kn
log(6,)* log(n)* log(6,) log(n) log (k) log(ky,) log(kn)?
+ Op ( NG + Op %, + Op i + Op EIE
_ smlog(n/7..)(1 —0,)%  2/1+62(1—6,,) 5n(ﬁn,ﬁ;L)F 1+062 1—|—Sn(6n,7'1:,;)r2
~ varlog(r.1)(1 +6,,)2 VEkn(1+06,)2  varlog(r.1) (1+46,)2 varlog(m.1)kn

o (%) (5

_smlog(n/71.)(1 — 0,)%  23/1+62(1 —6,) 5,(Bn,T1.L)
~ varlog(.1)(1 +6,,)2 VEn(146,)2 varlog(r.1.)

1+972L 1+Sn(/8n77_1:L) 2 1 5 1
T+ 0,)2 varlog(rn)kn - (”OP <log<k )) O <\/z?)>

Therefore, the test statistics can be written as

2varlog(m.) kn A1 p
Sn(ﬁ’ru'rl:L) AQ N

ZZSmlog(n/leL)k (1-6,)? + Bn,nL Whn/1+62(1
Sn(Bn, T1:0) (1 + 0,)? Sn(Brs 1) (1 4 0p )

2(1+92)1+Sn(ﬁn77—1:L) 2( (1_577,) ( 1 ))
+ L “(14+0p| 77—~ ) +0p|——=) |,
(146  Su(Bumit) “Nlog(ka) )~ \VEy
or, under the condition log(n)(1 — 8,) — 0,

T, =2 (Sm10g<n/Tl:L)IZn(1 n) +2 6n;TlL \/7\/14'92 (1+9%) 1+Sn(6naTl:L)1—\2>

T, =

I‘+

Sn(/Brn 7—1:L) 14 an)Z (ﬂn; T1: L)(l +0 ) (1 + an)Z Sn(ﬁrn 7—1:L)
1-5, 1
1+0p | ——— Op | —
: ( o <log<kn>> o (W)) |
and the result is proved. O

Proof of Remark 3. Let us introduce the two non-random sequences
(1—’_0721) 1+Sn(ﬂn77_1:L)
(1+0n)*  Sn(Bns7i:L)

n74\/75nﬁn;7—1L \/1+0%(170n)

(/BTM T1: L) (1 + en)2 ’

a, =2
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as well as the two random variables

smlog(n/71..) (1 —6,)? L
Sn(,Bn, Tl;L) (1 —+ 911)2 Xl,lf'y

en = Op <¢%) +Or <12g<lin)> ’

so that P (Tn < Xilfﬁf) =P (anF2 +b, I+ C, < 0). First,

C,, =2k, (1+en),

v e b VRO = Usa(Bpimin) U k(00— 1?85 (B Tiir)
BT 20, T T4 62 (14 Sn(BusTin)) 402 (14 62)(1+ Sn(Bn,11:0))*
while
_&:X%,lf'y (1+0n)2sn(ﬁn77—1:L) _(9n_1)2knsmlog(n/7—1:L)+O ( 1 >+O (1_577,)
an 2 1+ 02) 1+ 5uBumir)  (L+02)A+Su(Bamir)  \VEn) - \loglkn) /)’

hence, under (i’), one has log(k:n)z//ff’/4 V y/log(ky,)3/n = o(log(6,)), and therefore
¥ C 1 1-5
n _ TN _ 1 - n
o~ o= v (10 () 2o (i ))

(977, - 1)2kn 5n(ﬂna 7_1:L)2 - (]- + Sn(ﬂnv Tl:L)) Smlog(n/leL) (]- + 971)2 Sn(ﬁnv 7—1:L) X%,l—'y
2 (1 + 9721) 1 + Sn(ﬁnaleL) 2 ’

where

Wy, =
2 (1+62) (1 + Su(Bns71:1))

It appears that Wy, — X3, ., as n — oo under the condition log(n) = O(log(k,)) and thus W5, >0

b b2 C b b2 C
Y om0 Tn On o
P (Tn > Xl,l—’y) P <F = [ 2an 4@% A, ’ 2an + 4@721 anp )
1 1- ﬁn
=P|Te |Vt Vo |1+0p | = | +O0r (77 ’
( o < ‘ ( o= m) (ot m)D

leading to the proposed approximation. O

for n large enough. As a consequence, one has

B Additional figures

This section gathers some additional figures related to the numerical experiments conducted in Sec-

tions 5 and 6.
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Figure B.1: From left to right, top to bottom: examples (MF), (MM), (MP) with 6 = 0.8 (solid
curves) and 6 = 1.2 (dashed curves), and (CP) with 7 = 0.2 (dotted curves), m = 0.5 (dashed curves)
and m = 0.8 (solid curves). In all examples, n = 1,000, 5, = 0.9 and J = 5 (blue curves), J = 10
(green curves) and J = 15 (red curves).
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Figure B.2: n = 1,000 log-returns associated with J = 10 stock market indices.
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Figure B.3: Exponential QQ-plots of the weighted log-spacings associated with the daily log-returns

computed from 10 financial indices.
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