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A Law oF LARGE NUMBERS FOR NON CONVEX Fuzzy
SETS OF THE REAL LINE

Didier DUBOIS

CERT/DERA
TOULOUSE

Recently there have been a few papers trying to establish laws
of large numbers in the framework of fuzzy set theory ; namely
Stein and Talati:[6] consider a sum %ot XZA" f 2 uhere
the Xi's are possibilistic¢ variables with the same convex distri-
butionx ,w is thus the membership function of a fuzzy number[?].lt
is proved that under thisg convexity assumption, the above sum ig
& possibilistic variable with distribution f{. These authors then
take advantage of this result in deriving similar Properties for
fuzzy random variables as stated by Nahmias Eg] .« Another paper
by Badard [1] - also mentions the sdme results and moreover deals

with the case of Sup product extension principle@ee also fi))

In this short note, we address the case of X'i's represented
by a non convex pPossibility distribution on the real lineIR r in

the framework of sup min extension Principle First let M be the
fuzzy set of the real line such thatTté)h - We have the first pre-
liminary result, which invalidates a theorem by Stein and Talatti
el : Let BBy be n strictly positive numbers summing to 1

PROPOSITION 1 if M is a convex fuzzy set, then F,[MEB-'-@ PnM = M j

the gonverse does not hold .,
Proof : the membership of FflM@ . 'HLM 15 )-L such that) {7‘—5,

N .
,}l(é)g S“PI,..A:,L?;.,F«Lx,ﬁﬁ r:lf:n, M(I’L) 2 );4(?9) (Cheose x"'zéfw)

- n
but )L(g)\z min )L(ﬁ;) V(%) &k.;zfixizz y due to convexity'ofM.
M A=hn /M 43 Q.E.D.
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That the converse does not hold can be checked on the following

counter-example.

Let M= [0,1]y @ , i.e. the set of rational numbers in the

unit interval. Then M is obviously not convex., Assume H..- RL are
rational.
g8
n . .
Then V(xq... x)) € M jz}_Fi xies[o,i] and is rational, thus

belongs to M i.e
pMe.... 8 p M € M

Since the converse inequality always holds, we have an example
of non convex distribution such that P1M €. & F M=M

However the converse of proposition 1 does hold for a broad class

of fuzzy sets of R

PROPOSITION 2 if M is the union of a finite number of convex
fuzzy sets of R then M is a convex if and only if F?M ®...9 g, M=M

Proof:it is sufficient to show that when M is not convex then

MO ... & pMFE M

Assume M is not convex . M

[{irg
(:\. < A=
=

where M;is convex ¥i, It is not restrictive to assume
- ¥ i+ 3 MLI] Mﬁ =@ and M, j Mé is not convex
51l ¥x es(ML))vﬂesm&), x {y

where S(M;) denotes the support of M. , 1.e. { X l )ﬁ‘(x) V4 0%
A



In other words the M 's are disjoint

¢+ ranked in increasing
order, and in representing M ag
k
U M,
i=1

k is minimum, i.e. we have a minimal representation of M.
-

Now denote
i Sup )kMi

.. = sup
i+l P,

X

]

A

for two consecutive Mi's

Let x._[Hn. Sup(M ) y = Ghl inf(Mi+1)N
ol & T, .
Lt

ice. {x ])xm(x);oc}

WEéré(ML, denotes the « -cut of M,

Assumé‘-Déﬁf Y

Let = gz < (p, + Ppeces +p) x4 (Fk+l+..+p )3 (k(ﬂ) 7 € |x y[
for k<<n Then lf}LlS the membership function of PM &

e® poM
K@, mln()((x) fo @) = min (&, 1) Y Jy
 Hence |
FﬂM d... @ %LM # M Q.E.D.

NB : If X' =Y it can be proved that b (x)=0 y )& (x)>0

and thus the result still holds
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Note that if we change proposition 2 from "finite unionsg"
to "countable unions" then this proposition becomes false :
[O,l];]Q is made of such a countable union of convex "fuzzy sets"

(singletons actually)

Anyway  when M is not convex there are many instances when
the guantity
M® ... &8 M (n times)

is not the same as the fuzzy set nM, such that (z}) = )l (5’/n)
mM M

However when )IM is continuous, theng-d o I-1 & M

when n becomes large. This is the topic of the following proposition

has a limit
which requires the preliminary definition (Lowen[q_:l )

A
Convex hull:let M a fuzzy set of R;the convex hull M of M

is defined by :

)kﬁ(z) = Suf;y; Xé.zé\} mm(}.AM(ﬂ,r-M(Y))

PROPOSITION 3 Let X1... Xn be possibilistic variables witha continuous

non convex distribution T & W = then

Xpeoa + Zon
n

lim
n-—->4+o0

has distribution }Lﬁ' i.e. the convex hull of M. (Here we prove

pointwise convergence).

Proof : Let }1 be the membership function associated with
m

X/‘+X2,-noo +X]‘\/
n




¥ t)= i

+0-- + -
xl xh nt

a) - wt, )f);b(t) ?,}*M(t) A
Indeed }"M (t) is obtained from{1) by adding the constraint

Xy =t, ¥i=1,n

b) = Wb, B (£) £ Yt

To see this first note the following inclusion

{(x,'...x,}) l Xybooo + x, = nt}g§:1...xh]min xigtgmix X, }

Hence we have

(t) £ sup . min (x,)
}‘L,,L XyowaX s mJJ':n x, {t _gm?x X 0y }Ln i
The expression on the right hand side is easily recognized as
being m(t) since the supremum is always reached for some (xq...xh)
such that x, = x*and X, = .. =% =y¥yith X' {t { y* owing to the
symmetry of the . expression. Hence we have proved

™~
M C Me'r'l'eMgM so far,

c)- vt, -:-fa sequence {u% }% such that lim u, =t and

m»>0© o
= t
]-L(un) )kﬂ( ) vn>i,

Let x® and y* such that x* 4 y¥ and
pate= (g 0 49

A S
We know that, say, x'{t ¢ y*)and AR 3* for some. l:}oﬂ'lerwisa M=M .

-

Let us share [x y¥]into n equal parts (ny1)

[ i x*+ (n~j) y¥ (3=1) x* 4 (-3 +4) ¥ j
n ) m

and assume t belongs to the —j“(n)l:l1 part, ¥n .
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Let — - — -

w= = j(n)x*.,u(n-o\(n))j* u: _(3(n)—1)x’*+ (n -c;(n)H)j’*

n ny = s

Clearly lim wuf” —As = o YT = XT o

nN—>40 h—+a .
Hence since

ugétgut,) lim uwyp = 1lim  uX =t
h-y +0 =y 4D

Now

h(u;) >/ min()lh(’ﬂ‘)) }AM(ij)) 2 }*/M\(“;) since we can choose

Xi: }(* V/L:/f’j-(%) ] j}(‘/:j"’) V‘L:(’(q)-'—/l-’m
From b) we conclude
)’I;L(u;l) = )‘}H\('un> ; vf}’b
The sdme holds for ul .

d) -~ Lim ){«m(t) = r/‘;{ (€)

L->+0

From ¢) we have

lim )Ln(.u;) = Jfim )L/Q(UR) = )*/M\(gm /“:t) = )il*:f(&) (2)

1y oD 40 na+e0

due to the continuity of )x ¢ hence that of )L/\
™M M

Now since )AH is continuous, )L is too ; more-over
n

K0 - pgll € Ly o-p 0 T+ Jr 60D - o) (3)

it is patent that because lim U, = t and ){ is continuous we
N+ m

in IRE-glpe

h= + &

have
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Clearly, the other quantity in the right-hand side of (3) has a
limit O, from (2). Hence the quantity on the left-hand side
of (3) is bounded by arbitrary small numbers as n increases; hence

n-)+oo }1"1 =)l/ﬁ(&)

with establishes the pointwise convergence of the possibility

distribution of

Xyt eue + X
n

toward the convex hull of the possibility distribution of the Xi's

QED

For fuzzy setsof the real line satisfying assumptions

of proposition 2, i.e. finite union of convex fuzzy sets,withoub conkhyj

proposition 3 does not hold. For instance, con51der the fuzzy

set made of the union of two 51ngletons, i.e.
{04}, ad M= [o1]
then

M@;&&M _ {0)45’4} Y 230

Let :t' be a rational number lying in [O i} It is clear that
if h= %ﬂ;)‘m(t)— 1) Yh4; and £t ):O Yud kg
for all p051tlve integers kishence :

ngt@ m,(Vﬁ) does not exist

If t is irrational then fmﬁk)= o # hx (¢

Hence(@n $(H= 0 . In otherwords lim a4 %y has no limiting
nu+H'N h-> 4D m

distribution

y
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In the proof of proposition 3, it is clear that using
M= {0}

%% is not continuocus and Ht$u;)—};hﬂ\= 1 in eqn (3) when-ever

t is irrational.
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