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A LAW OF LARGE NUMBERS FOR NON COMNVEX Fuzzy
SETS QOF THE REAL LINE

Didier DUBOIS

CERT/DERA
TOULOUSE

Recently there have been a few papers trying to establish laws
of large numbers in the framework of fuzzy set theory ; mamely
Stein and Talati:[6] . consider a sum —+Xat N».w.. t Xn) whers
the H.._.,m are possibilistic variables with the same convex distri-
bution T, 7 is thus the membership function of a fuzzy number [2], It
is proved that under this convexity assumption, the above sum is

a possibilistic variable with distribution J{. These authors then

take advantage of this result in deriving similar properties for
fuzzy random variables as stated by Nahmias ['5] .. Another paper
by Badard [17] - also mentions the sdme results and moreover deals
with the case of sup product extension m.ﬂu..ﬁnwmuu.mmmmm also _..uu:

In this short note, we address the case of N_...p_m represented
by a non convex possibility distribution on the real zine R s in

the framework of sup min extension principle " First let M be the
fuzzy set of the real line such that ﬂwhr . We have the first pre-
liminary result, which invalidates a theorem by Stein and Talatti

[&e] : ©rLet _u,_ﬂ,.;oé be n strictly positive numbers summing to 1

PROPOSITION 1 if M is a convex fuzzy set, then TZQ...@ vs_(_ =M j

the gonverse does not hold .
Proof : the membership of _?3@ N 1?3 is wr such that w\w.
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That the converse does not hold can be checked on the following

counter-example.

Let M = mo.uub 0 , i.e. the set of rational mﬁavmhm.wn the

unit interval. Then M is obviously not convex. Assume P-c R, BFe
et L

- -rational.
n
n .
Then ik\_ Hedix g M FML! P ¥ € ﬁoiD and is rational, thus

belongs to M i.e
2hs pMe.... ® g M c M

Since the converse ineguality always holds, we have an example

of non convex distribution such that TAE &r- - @ PN

However the converse of proposition 1 does hold for a broad class

of fuzzy sets of B -

PROPOSITION 2 if M is the union of a finite number of convex
fuzzy sets of R then M is a convex if and only if pMe..8 p M=N

Proof:it is mﬁmmwnﬁmaﬂ to show that when M is not cenvex then

ﬂ;g @ ... B wrz # M

>4

s

M.

Assume M'is not convex . M i
2

+

where M;is convex Wi, It is not restrictive to assume :
M w+ 3y M Ew =g and M, |J zw is not convex
=) MAu.H;\‘axmmev ¥y e sm), x{y

b ] )

ﬁwmnmmﬁzhummmonmmdrmmcmﬁOHﬁOm ZL ~.wwmw ﬂ x _ r .Axv uw ow

i
= Ty el il & (it sz 2 ) e
. her words the M, "'s are disjoint, ranked in increasing
order, and in representing M as

k is minimum; i.e..we have a minimal representation of M.

Now denote

Wy = Sup wkzw.

A = sup
i+l .
. I My

for two consecutive Eu_m.

Let G
xnrﬁ ?%Eiﬂ y = 53 inf(M, )
T e T
T oo, o T o, :
- L ]

where (M), denotes the o —cut of M, i.e. Ta :r :a,wﬁw
M
Assume’ X E ¥

R %= ARy Byee - Shem )ty L batitn ) K, 20e Ty [
for w.As;armn Hmyrmm the Smavmﬂm3wm function of Tz B...8 ﬁ M
S 1 EE mn
N min ; S T
7 i Aﬂi ) F (¥)) = min (e wQTLV 3 ﬂ (%)
' Hence i

ke R Q.E.D.

NB : If X = ,
¥ it can be proved that w x)=0 - %( ()10

and thus the result 5till heolds s )
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Note that if we change proposition 2 from "finite unions"
to "countable unions" then this proposition becomes false :

ro,1] AR is made of such a cowtable Unich of corvex "fuzzy sets

{singletons actually)

wswimw ¢ when M is not convex there are many instances when
the quantity

Mé ... ®8 M (n times)

is not the same as the fuzzy set nM, such that &zaug Hﬁzmw\}
m

However when \._1 is continuous, they = b s > has a limit

when n becomes large. This is the topic of the following propositi
which requires the preliminary definition (Lowen & )

n..undmk hull:let M a fuzzy set of R; the convex hull @ of M
is defined by :

(z) = z i )
o mnvmx“ X<z y Juiiz?u;rz?:

PROPOSITION 3 Let N‘_... X, be possibilistic variables witha conti
non convex distrikution T 2 13 then

Ly (A Xy )
n->+co a

has mu.m._uHHUc.ﬁHOb WWM‘ i.e. the convex hull of M. (Here we prove
pPointwise convergence).

Procf : Let } be the membership function associated with
"

x\__ s WN-.-. s N._.(
n

[S%]

tf \»?Aﬁu sup

u.m,z (x;) (1)
i e Ky 1l,n \ﬁ3

S S e R R o B o o
1 n

a)"= ¥, ) (8) 5 e

Indeed _TZ (t) is obtained from(1) by adding the constraint
x; =t, ¥i=1,n

b) = W, p (£) £ Pa(t)
To see this' first note the following inclusion

(yeaexy) | X +ons + %, = nerClk o..x |min %, {t{ max x,
4 n # 4 =™ n i i = p

Hence we have

(t) £ sup L min {2
73. EORERE awb xwmﬂ.mq_wk ®e oty w.._J i

The expression on the right hand side is easily recognized as
being _ﬂ.ﬁwa since the supremum is mpsmw‘m reached for some Cﬂ oo a
such that x, = x*and Xy = .. = = v¥ with xw»\._u £ y¥ owing ﬁo the
m._wgm.wﬂw of the . expressiocon. denm we wmﬂm nhoqmm
EQ.W.QEME so far.

)

M C

c)- ﬂn mm sequence .T_S\ w.._r such that lim u, = t and
M=> O

(u) = w(t)y, Y 1,
2 Wr\_.m ! nv._.

Let x™ and y* such that x?4 y* and :

.,T\}L_S.H min ( 13 ?ni;rz?,m,.v v

M=M

= -

Let us share [x; y*]into n equal parts (ny1)

We know that, say, xtee ¢ Mfw,;_ Hm%&* for mo_jﬁw atherwise

_H U._x*+?ru.uw~. &:;H;;.?J.i&ﬁ M
m ) "
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Let A R
ur = Jm)x*dn-j))y¥ ul _ Q. D £ (n =)y
= 5 N
Clearly 051 i i eI (i v\¥l R ey
e 7] s
n—=>-,0 H 3+t h
Hence since
- — : o
ﬂs%ﬂ&ﬂ.sv lim Unp = lim c...._v,uw
Ry e =+

Now

wwraﬁﬂv

2

min ( Wzﬁﬂﬁg Y_qux\:

W\Tﬁmﬁu since we can choose

2 u.ﬂ_ .¢A..nw._mi +4,m

From b) we conclude
Hpaﬂdu = ﬁ&.éﬁ?v

The sdme holds for ﬁﬁ+

9 - Bimo g s (&)

-7 +0

From c) we have
= Yol © (2)

L.\..Iu % Th 3 v.r\f?i " +:0 . wvvw

due to the continuity of V» s hence that of wr\/
™M

:&to

Now since %r is continuous, W is too ; more-over
.

[0 - pala] £ 1 p e |+ K 65) - Fa )]

HnH i = i
s patent that because lim :; = t and vh i1s continuous we
have WSt

lim _ :L £

TN

r: V_l

‘Clearly, the other guantity in the right-hand side of (3) has a

limit O, from (2). Hence the quantity on the left-hand side

of (3} is bounded by arbitrary small numbers as n increases;hence

fAD = P (6 . e ;

with establishes the pointwise nos<mﬂmmbnm of the possibility

3¢+&

distribution of

toward the convex hull of the possibility distribution of the Nw.m
QED
For fuzzy sets of the real line satisfying assumptions

of proposition 2, i.e. finite union of convex fuzzy mmﬂm~izio:mnour=£J.
proposition 3 does not hold. For instarice, consider the fuzzy

set made of the union of two singletons, i.e. e

fo,4} | and M= [o1]
then

e

) o

MOMOM

3
Let AH be a rational number lying in ﬁo.ﬁu.
%:ufﬂ ) ﬁeﬁww =1, VEyd4; ol £ TO Yn+4 &g

for all ﬁomuﬁvﬂm Hmwmmmnm kshence :

= m 0, m | ;m

It is clear that

does not exist

,.__Wta %,3 ( _\,L

If t is irrational then ?ef =0 # Kt (¢

mmunmﬂ$5 ﬂﬁiu 0 . In otherwords lim 2 Chch has no limiting
N>+’ N = +d m

distribution
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In the proof of proposition 3, it is clear that using
M = HPAW

ﬁﬁ is not continuous and ﬂﬁ%bmu|ﬁ%mu’n 1 in egn (3) when-ever

t is irrational.
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