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Abstract: We consider the scattering and absorption of the E-polarized plane wave by the
infinite grating of flat graphene strips lying on flat dielectric substrate. To build a trusted full-wave
meshless algorithm, we cast the scattering problem to the dual series equations and perform
its analytical regularization based on the use Inverse of Discrete Fourier Transform. Then, the
problem reduces to a Fredholm 2nd-kind matrix equation for the unknown Floquet harmonic
amplitudes. Therefore, the convergence of the resulting code is guaranteed by the Fredholm
theorems. Numerical experiments show that such a configuration is a frequency-selective
metasurface or one-periodic photonic crystal. If the grating period and substrate thickness are
micrometer-sized, the resonance frequencies of such a cavity are in the terahertz range. As
plasmon modes are absent in the E-polarization case, these resonances correspond to low-Q slab
modes of the substrate, slightly perturbed by the presence of grating, and ultrahigh-Q lattice
modes of the whole grating as a periodic open cavity. We quantify their effect both using our
full-wave numerical code and deriving the asymptotic analytical expressions for the lattice-mode
frequencies and Q-factors.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Today, the focus of research into graphene as new material has shifted to the design of electrically
tunable electromagnetic-wave devices and systems, in wide range from terahertz to infrared
frequencies [1–4]. This means that instead of infinite sheets of graphene, various configurations
of patterned graphene, strips, disks and more complicated shapes, are measured and modeled.
Needless to explain that all fabricated and measured graphene samples have finite dimensions.
As known, graphene has high conductivity tunable with the aid of DC bias, and its surface
impedance is inductive that enables the existence of surface plasmon natural modes on the
finite-size graphene samples, in the terahertz and infrared ranges [5]. Therefore, their resonance
frequencies are also tunable, in wide range.

However, surface plasmon modes on graphene samples have their fields with magnetic
component predominantly in the graphene plane and the electric field component – predominantly
normal to that plane. In the two-dimensional (2-D) case this means that patterned-graphene
plasmon modes are always H-polarized (magnetic field being parallel to the strips), and no such
E-polarized (electric field being parallel to the strips) modes exist. In particular, this is true for
the most practically important configuration – graphene strip grating, which is already exploited
as the key component of mid-infrared bio and chemo-sensors [3,4,6–11]. As a result, the bulk
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of the publications on graphene strip gratings as frequency-selective scatterers deal with the
H-polarization [8–13]. The E-polarization scattering was briefly considered in [8,9] and in
greater details, however, within quasi-static approximation and using the circuit theory, in [14].

Hence, it is necessary to improve the understanding of the scattering and absorption character-
istics of graphene-strip gratings in the E-polarization regime. This explains the subject and goals
of our work: we study the scattering and absorption of the E-polarized plane wave by on-substrate
grating of graphene strips in the full-wave formulation and using a convergent numerical code.

As the plasmon modes and associated resonances are absent in this case, one of the interesting
questions is how the tunability of graphene can influence the frequencies and sharpness of
non-plasmon mode resonances. In the analysis we use the Method of Analytical Regularization
(MAR) [15] based on the Inverse Discrete Fourier Transform (IDFT). This technique was
originally developed for the analysis of gratings made of resistive strips in the free space [16]. A
different version was applied to the scattering from the graphene-strip grating symmetrically
embedded into a dielectric slab [9]. Its huge advantage before less sophisticated numerical
treatments and commercial codes is the mathematically guaranteed convergence, which follows
from the Fredholm theorems.

However, the most practical configuration is a strip grating not embedded into a dielectric
layer but lying on the surface of such layer. Therefore, in our work we had to modify MAR-IDFT
to account for the flat dielectric layer located below the grating. The MAR-IDFT technique
is remarkable for the absence of numerical integrations needed to fill in the resulting matrix
equation. This is in contrast to the other MAR-like techniques, which use singular integral
equations solved by the Galerkin method with the polynomial basis [17–19].

The lattice modes, which are in the focus of our study, need a short introduction. They exist
in nearly all periodic open resonators, however, have received no attention or been overlooked
until the 2000s; sometimes, they have been misinterpreted because of their ultra-large Q-factors
and extreme closeness to the Rayleigh Anomalies (RAs). Most probably, they were first time
revealed in [20] on the periodically modulated impedance plane, however, they were largely
forgotten later. Now, they are intensively studied and find important applications [3,9–13,21–25].
As known, if the periodicity is vanishing, their complex-valued natural frequencies approach
the purely real-valued values and hence their Q-factors tend to infinity. As a consequence,
accurate quantification of the ultra-fine lattice-mode resonances is a huge challenge for the
existing commercial codes. In contrast, our MAR-based full-wave meshless algorithm is fully
adequate to that task [9,13]. Besides the lattice modes, the considered metasurface supports the
slab modes of the dielectric substrate that are slightly perturbed by the presence of strips and
have low Q-factors.

In computations, the results of which are presented below, we consider the micrometer-size
strip width, substrate thickness and grating period. Then the frequencies of both the slab modes
and the lattice modes lie in the terahertz range.

2. Formulation, dual series equations and Fredholm matrix equations

Figure 1 shows the cross-section of infinite flat grating of zero-thickness graphene strips with
period r, located in the plane y= 0. This plane is the upper surface of a homogeneous dielectric
layer (substrate) of relative dielectric permittivity ε and thickness h. The graphene strips are
assumed infinite along the z-axis and have the width d.

In the case of the E-polarization, the field components are (0, 0, Ez) and (Hx, Hy, 0). It is
convenient to choose Ez as the “basic” component; we denote it U(x, y). The time-harmonic
(e−iωt) E-polarized plane wave is incident on the grating-covered side of substrate at the angle α
counted from the x-axis.

Uin(x, y) = e−ik0y sinα−ik0x cosα, y>0, (1)
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Fig. 1. Cross-section of infinite graphene strip grating on dielectric substrate, excited by an
E-polarized plane wave.

where k0 = ω/c = ω(ε0µ0)
1/2. We decompose the total field as a sum, Utot = Uin + U(1), in the

domain #1, and Utot = U(2,3) in the domains ##2,3. Thus, we obtain the following boundary
value problem for determining the function U = U(j), j = 1, 2, 3: it must satisfy (I) the 2-D
Helmholtz equation everywhere outside the strips and the slab interfaces,

[∇2 + k2
0ε

(j)]U(j)(r⃗) = 0, j = 1, 2, 3, (2)

where we imply ε(1) = ε(3) = 1, ε(2) = ε, (II) the set of the boundary conditions, which contain
the total E-field continuity condition across the whole interfaces at y= 0 and y= -h, the dual
conditions for the tangential total H field at the strip (M) and slot (S) intervals of y= 0: resistive-
type boundary condition (see [5]) at the strips, r⃗ ∈ M : {y = 0; |x+ np|<d/2; n = 0,±1,±2, . . .},

[U(2)(x, 0) + U(in)(x, 0) + U(1)(x, 0)] = −2Z
1

ik0

∂

∂y
[U(2)(x, y) − U(in)(x, y) − U(1)(x, y)]

|︁|︁|︁|︁
y=0

, (3)

where Z is the surface impedance of graphene, normalized by the free-space impedance, Z0 (see
Section 3), and the continuity condition at the slots, r⃗ ∈ S : {y = 0;−∞<x< +∞}\M,

∂[U(2)(x, y) − U(in)(x, y) − U(1)(x, y)]/∂y|y=0 = 0, (4)

and similar to (4) condition at the whole lower interface, y= -h, −∞<x< +∞, (III) the radiation
condition at y → ±∞ that demands the functions U(1) and U(3) to contain only the waves
propagating away from the grating, and (IV) the condition of local finiteness of power [15].
Conditions (I)–(IV) guarantee that the solution is unique.

The property of quasi-periodicity, U(j)(x + p, y) = eikx cosαU(j)(x, y) (j = 1, 2, 3) is enforced by
the incident plane wave and the periodicity of the boundary conditions. It allows expanding the
unknown field in terms of the Floquet series in each domain. On introducing the dimensionless
notations, ϕ = 2πx/p, ψ = 2πy/p, θ = πd/p, ξ = 2πh/p, κ = p/λ, s = d/p, we write these
expansions as follows:

U(1) =

+∞∑︂
n=−∞

anei(γnψ+βnφ), ψ > 0, (5)

U(2) =

+∞∑︂
n=−∞

(bneiγsl
n ψ + cne−iγsl

n ψ)eiβnφ , 0>ψ> − ξ, (6)
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U(3) =

+∞∑︂
n=−∞

dnei(−γnψ+βnφ), ψ< − ξ, (7)

where unknown coefficients an, bn, cn, dn are the amplitudes of Floquet harmonics, and other
notations are γ0 = κ sinα, β0 = κ cosα, βn = n − β0, γn = (κ2 − β2

n)
1/2, γsl

n = (κ2ε − β2
n)

1/2.
Then the reflectance and transmittance, in terms of power, are expressed as

Pref = γ0
−1

∑︂
|n−κ cos β |<κ

γn |an |
2, Ptr = γ0

−1
∑︂

|n−κ cos β |<κ
γn |dn |

2. (8)

The power absorbed in the metasurface can be found directly, by integrating the squared strip
current (see [9,10]), or by using the power conservation law, Pabs = 1 − Pref − Ptr.

Note that (5)–(7) already satisfy the conditions (I) and (III). The boundary conditions, valid on
the whole upper and lower interfaces, allow excluding a part of unknown coefficients. Then, the
dual conditions (3) and (4) generate a dual series equation (DSE), with the domains of validity M
and S. On introducing new unknowns, An = δ0n(1 − 2κ sinα/Γ0) + an, and denoting

Γn = γn − γ
sl
n
(γsl

n − γn)eiγsl
n ξ − (γsl

n + γn)e−iγsl
n ξ

(γsl
n − γn)eiγsl

n ξ + (γsl
n + γn)e−iγsl

n ξ
, (9)

we follow [16] and cast the DSE to the following form:

∞∑︂
n=−∞

AnΓneiβnφ =

⎧⎪⎪⎨⎪⎪⎩
0, θ< |ϕ|<π

− κ
Z

∞∑︁
n=−∞

Aneiβnφ − 2κ2 sinα
Z Γ0

eiβ0φ , |ϕ|<θ
(10)

The left hand part of (10) can be inverted analytically using the IDFT and the orthogonality of
the exponents, thus yielding a matrix equation for the unknowns An. However, the rate of decay
of the obtained by IDFT matrix elements with larger |m| and |n| is different, namely O(m−2) and
O(|n|−1). To balance it, we follow [16] and introduce new variables as

xn = Anwn, wn =
√︁
|n| + 1, (11)

and finally arrive at the infinite matrix equation as follows:

xm +
κwm
Z Γm

∞∑︂
n=−∞

Smn
wn

xn = − sinα
2κ2

Z Γ0

Sm0wm
Γm

, (12)

where
Snm =

sin(n − m)θ

π(n − m)
, Smm =

θ

π
, m, n = 0,±1,±2, . . . (13)

As Γn ≅ i|n|[1 + O(e−|n |2πh/p) + O(κ2/|n|)] if n>>1, inspection of the large-index behavior
of the matrix elements enables us to state that Eq. (12) is a Fredholm second kind matrix equation
in the space of number sequences l2. Hence, the convergence of its numerical solution to the
exact solution with larger truncation numbers N is mathematically guaranteed by the Fredholm
theorems. Then, the accuracy is easily controlled with the aid of the matrix truncation order.

3. Graphene’s surface conductivity and impedance

The most widely adopted today quantum model of the electron mobility in graphene monolayer is
the Kubo model [5]. Here, the graphene thickness is considered zero, and its surface conductivity
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σ(ω, µc, τ, T) depends on the cyclic frequency ω, chemical potential µc, electron relaxation time
τ and temperature T. The conductivity consists of the intraband term,

σintra =
q2

ekBT
πℏ2(1/τ − iω)

{︃
µc

kBT
+ 2 ln

[︃
1 + exp

(︃
−
µc

kBT

)︃]︃}︃
, (14)

and the interband one, which has a simple approximation, valid at µc>>kBT [5],

σinter =
iq2

e
4πℏ

ln
2|µc | − (ω + iτ−1)ℏ
2|µc | + (ω + iτ−1)ℏ

(15)

where qe is the charge of the electron, kB is the Boltzmann constant, and ℏ is the reduced Planck
constant. Due to the fact that ImZ<0, graphene can support the propagation of the plasmon wave
[5]. Then, the normalized surface impedance of graphene is

Z(ω) = Z−1
0 (σintra + σinter)

−1 (16)

Inspection of (14) and (15) shows (see [26]) shows that the interband conductivity, in absolute
value, is much smaller than the intraband one, which is also called the Drude model, in the
wide range from the statics to the far infrared light where the upper frequency bound, fc, scales
with the chemical potential. For instance, if τ = 1 ps, T = 300 K, and µc = 0.25 eV, then
|σinter | ≤ 0.1|σintra | at the frequencies up to 40 THz, while if µc = 0.39 eV, then the same is valid
at the frequencies up to 60 THz. Provided that σinter can be neglected, the normalized surface
impedance (or resistivity) of graphene can be taken as follows:

Z(ω) ≈ (Z0σintra)
−1 = (1/τ − iω)Ω−1, (17)

Ω =
q2

ekBTZ0

πℏ2

{︃
µc

kBT
+ 2 ln

[︃
1 + exp

(︃
−
µc

kBT

)︃]︃}︃
, (18)

whereΩ does not depend on the frequency. Still, at the near infrared and visible light frequencies,
the description of the surface conductivity of graphene should take into account both types of
conductivity.

Below, we will use full expression (16) in the numerical analysis and simplified expression (17)
in the analytical description of the lattice mode resonance frequencies.

4. Numerical results: slab mode and lattice mode resonances

For numerical experiments, we choose the graphene parameters as follows: µc = 0.39 eV,
T = 300 K, and electron relaxation time τ = 1 ps. The latter value is rather optimistic, however, it
helps to emphasize the lattice-mode resonances. Note that today the largest values of graphene’s
chemical potential, achieved with the best available samples, are around 1 eV.

In Fig. 2, we show the frequency dependences of the reflectance (a) and absorbance (b) of the
studied metasurface in the range from zero to 10 THz, in the case of the normal incidence.

In computations, we use the matrix Eq. (12) truncated to N= 50. The transmittance can be
found from the power conservation law, T = 1 − R − A, and is not shown. Here, the grating has
period of p= 70 µm, the strip width is d = 14 µm, and the substrate thickness is h= 10 µm. Thus,
both the filling factor of the grating and the relative thickness of the substrate are rather small,
d/p = 0.2 and h/p = 0.143, respectively. The substrate relative dielectric permittivity is 1 (i.e.
the grating is suspended in free space), 2.25 and 4.2.

On the plots, one can see several sharp Fano-shape double-extremum peaks, overlapping with
a sinus-like background. These are the ultrahigh-Q lattice-mode L10

+ and L20
+ resonances on

the background of low-Q slab-mode resonances S0, S1, and S2. The positions of the lattice-mode
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                                       (a)                                                                            (b) 

Fig. 2. The reflectance (a) and absorbance (b) of the suspended and on-substrate gratings
with period p = 70 µm, filling factor d/p = 0.2, and relative substrate thickness h/p = 1/7,
versus the frequency for three values of substrate permittivity, ε = 1,2.25 and 4.2.

peaks are defined by the period and mediated by the wavelength of the principal guided wave TE0
of the dielectric-slab substrate - see [9,10,22] and Section 5 below. They are always shifted to
the red side of the RAs, the first two pairs of which (for the normal incidence,± 1-st and ±2-nd)
correspond to κ = 1 and 2 and lie at 4.286 THz and 8.572 THz, respectively. The shift from RA
gets larger for larger optical contrast and thickness of the substrate and larger mode index, m,
which corresponds to the RA index. Note that, for the graphene strip grating suspended in the
free space, no resonance peaks of reflectance are observed, however, there are sharp drops of
both transmittance and absorbance at the RA frequencies.

Wide bell-like peaks of reflectance in Fig. 2-(a) are located at 3.84 THz for ε = 4.2 and at 5.29
THz for ε = 2.25. As mentioned, they correspond to the lowest y-odd mode, S1, of the slab as a
Fabry-Perot resonator, slightly perturbed by the presence of strips. They are absent on the plots
of absorbance in Fig. 2-(b) as the slab is assumed lossless. The broad minima of reflectance are
also associated with the slab modes, however, those which have the y-even E-fields when the
strips are absent. The lowest of them is S0, which has zero frequency in the absence of strips; the
appearance of strips makes its frequency finite.

In Fig. 3, we show in-resonance total electric field portraits computed at the frequencies of the
absorbance peaks corresponding to the x-even lattice modes L10

+ and L20
+. Here, the graphene

strips are marked as white straight lines and the dielectric-air boundaries are shown as white
dotted lines.

The panels (a) and (b) are for the substrate with permittivity 2.25 and the panels (c) and (d) –
with permittivity 4.2. They demonstrate the standing-wave patterns both above the grating and in
the normal direction. In the+ y direction, the standing wave appears due to strong reflection of the
incident plane wave. The standing wave along the grating is the signature of the corresponding
natural lattice mode: two (for L10

+) and four (for L20
+) bright spots on the period. This is because

in the lattice-mode resonances, at the normal incidence, the near field is heavily dominated by the
contribution of two Floquet harmonics, namely,± 1-st and ±2-nd, respectively, see Eq. (4) in [22].
Note that these harmonics remain non-propagating away from the grating, and their in-resonance
amplitudes scale with lattice-mode Q-factors. This means that they can be arbitrarily large if the
periodicity vanishes because then the frequencies tend to purely real values.
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(a) (b)

(c) (d)

Fig. 3. The electric field patterns on four periods in the resonances on the lattice modes
L10
+ ((a) and (c)) and L20

+ ((b) and (d)) at the normal incidence for the same grating as in
Fig. 2. The metasurface parameters are indicated at the top of each panel.

For completeness, in Fig. 4 we show the near electric field patterns at the resonance frequencies,
corresponding to the slab mode, S1. They demonstrate the standing wave patterns in the normal
direction only, slightly perturbed by the presence of strips. This is as expected as the bare slab
modes are essentially the modes of 1-D Fabry-Perot etalon.

The most famous and attractive for application feature of graphene is the tunability of its
electron conductivity and hence its impedance, with the aid of DC bias, which controls the
chemical potential – see (14). Therefore, it is interesting and important to study how the variation
of the chemical potential translates to the change of the reflectance, transmittance and absorbance
of the patterned graphene configuration. As known, in the case of the H-polarization (magnetic
field is parallel to the strip edges) the grating of graphene strips possesses the strip plasmon modes
[7–14]. Plasmon mode frequencies strongly depend on the chemical potential because these
modes are the natural modes of the Fabry-Perot resonator, where graphene surface wave bounces
between the strip edges. The propagation constant of the graphene plasmon wave is determined
by graphene’s impedance, hence, it scales as the square root of the chemical impedance. Thanks
to this effect, on-substrate graphene strip gratings are in the core of the design of tunable bio and
chemo-sensors [3] based on the measurement of the plasmon-mode resonance peak frequency.
The other H-polarization natural modes of such a grating are the slab modes and the lattice
modes, which are much less sensitive to the chemical potential variation.

However, in the E-polarization regime, there is no plasmon natural wave on a sheet of graphene
and, therefore, no plasmon modes on the strips. This leaves only the slab and the lattice modes as
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                                   (a)                                                                            (b)

Fig. 4. The electric field patterns on four periods in the resonances on the slab mode of
substrate, S1, perturbed by the strips, at the normal incidence on the same grating as in Fig. 2
with (a) ε = 2.25 at f = 5.29 THz and (b) ε = 4.2 at f = 3.84 THz.

possible candidates for the sensor applications. In Fig. 5, we present the plots of R and A versus
the frequency at four values of the chemical potential between 0.25 eV and 1 eV.

  
            (a)                                                                (b)

Fig. 5. Reflectance (a) and absorbance (b) versus the frequency at the normal incidence on
the same grating as in Figs. 2 at four values of chemical potential, µc = 0.25 eV, 0.39 eV,
0.5 eV and 1 eV.

These plots show that the variation of the chemical potential still has certain effect on the
lattice-mode resonances. To obtain clearer vision of this tunability, we present in Fig. 6 the color
maps of the reflectance and absorbance as functions of two parameters, frequency and chemical
potential. On these maps, the lattice-mode resonances show up as bright narrow “ridges” of high
reflection located on the red side from the RA frequencies (marked with arrows) and approaching
these frequencies as the chemical potential grows up.

Note that this is in contrast to the enhanced transmission in the lattice-mode resonances that is
found in the E-polarization scattering from imperfect-metal strip gratings on dielectric substrate
[27]. The difference appears due to good transparency of graphene in the THz range in contrast
to nearly impenetrable behavior of thin metal film used in [27] in the sub-THz range. As we
explain in the next section, the lattice modes can be studied analytically thanks to the regularized
nature of Eq. (12).
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(a)                                                                          (b)

Fig. 6. Color maps of reflectance (a) and absorbance (b) versus the frequency and the
chemical potential at the normal incidence at the same grating as in Figs. 2–5.

5. Analytical characterization of the lattice modes

The casting of the considered full-wave scattering problem to the Fredholm second-kind matrix
Eq. (12) enables us to perform analytical study of the lattice modes and associated to them
resonances in mathematically grounded manner, i.e. without resorting to the empiric quasi-static
and circuit-theory considerations. This follows from the Gershgorin theorem of the matrix
algebra [28], which states that the characteristic numbers of such a matrix equation are contained
inside finite-radius circles on the complex plane, with their centers at the zeros of the diagonal
elements. Here, it is necessary to split the matrix of (12) into two independent matrices, for the
x-even and x-odd electromagnetic fields, that leads to replacement of Sm,n with the coefficients
S±m,n=Sm,n ± S−m,n, respectively. Then, taking into account that at the normal incidence, α = π/2,
only the x-even natural modes can be excited, their approximate characteristic equations are

∆m(κ) = 1+
κS+m,m

Z(κ)Γm(κ)
+

κ2

Z2(κ)Γm(κ)

∞∑︂
n=0,≠m

Γ−1
n (κ)S+m,nS+n,m

1 + κZ−1(κ)Γ−1
n (κ)S+n,n

+O(Z−3) = 0, m = 0, 1, 2, . . .

(19)
At first, consider the case of the graphene strip grating suspended in the free space, ε = 1.

Then, as follows from (9), Γm = 2γm = 2(κ2 − m2)1/2, so that the following equation is derived:

γm(κ) +
κS+m m
2Z(κ)

+ O(Z−2) = 0, m = 1, 2, . . . , (20)

where S+m m(s) = s + sin(2πms)/2πm. However, this equation has no roots in the domain Reκ<m.
Indeed, if we assume for simplicity that graphene is lossless, 1/τ = 0, and that f<fc (i.e. the
intraband conductivity dominates over the interband one), then we can characterize its impedance
with expression (17). After some algebra, we obtain equation

i
√︁

m2 − κ2 + i
pΩ
4πc

S+mm(s) + O(Z−2) = 0, m = 1, 2, . . . , (21)

that has no roots with Reκ<m on the top sheet of the square-root function involved (although
such a root is present on the bottom sheet, it does not show up in the reflectance spectra).

Returning to the graphene strip grating located on the surface of dielectric substrate, one has
to use full expression (9) for Γm, so that, if f<fc, then

Γm(κ) + i
pΩS+m m(s)

πc

(︃
1 +

ip
2πcτ

)︃
+ O(Z−2) = 0, m = 1, 2, . . . (22)
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In Fig. 7, we present zooms of the color maps of the reflectance from Fig. 6-(a) near the
lattice-mode resonances L10

+ and L20
+.

(a)                                                                (b)

Fig. 7. Zooms of color map of reflectance from Fig. 6-(a) near the lattice-mode resonances
L10
+ and L20

+. Dashed white lines show the frequencies found from approximate Eq. (22).

Here, we have added, by white dashed lines, the solutions of approximate equations (22),
where it is assumed that 1/τ = 0, truncated to N= 50. One can see very close agreement between
the peak values of R and the real parts of the corresponding lattice-mode frequencies.

The expression for Γm(κ) is quite complicated, however, it can be simplified under the
assumption that the substrate is electrically thin, i.e. h/λ → 0, namely,

Γm = 2γm − iξ(ε − 1)κ2 + O(ξ2) (23)

Then, assuming again that f<fc, we obtain the following approximate characteristic equation
instead of (21):

γm(κ) −
i
2
ξ(ε − 1)κ2 + i

pΩS+m m(s)
2πc

(︃
1 +

ip
2πcτ

)︃
+ O(ξ2, Z−2) = 0, m = 1, 2, . . . , (24)

This equation can be treated analytically in the same way as (20). The result is

κL+
m0 = m−

m
8
ξ(ε−1)

[︃
m2ξ(ε − 1) −

2pΩS+m m(s)
πc

]︃
+ i
ξ(ε − 1)p2ΩS+m m(s)

4π2m2c2τ
+O(ξ3, τ−2, Z −2) = 0,

(25)
Therefore, unlike the case of suspended grating, if the parameters of the dielectric substrate, ε

and h, are fixed, however the strips are vanishing, s → 0, then the lattice-mode complex natural
frequencies tend to the real numbers, which are redshifted from the RA frequencies,

κL+
m0 → m − 1

8m3(ε − 1)2ξ2 (26)

As one can verify, Eq. (25) corresponds to the condition that the grating period equals to
m wavelengths of the principal guided wave of the dielectric slab TE0, which has no cutoff
frequency. Indeed, this wave propagation constant, gTE0, satisfies the transcendental equation,
tan

(︂
1
2

√︂
k2ε − g2

TE0h
)︂
=

√︂
g2

TE0 − k2/
√︂

k2ε − g2
TE0. This equation can be solved analytically if

we replace the tangent function with the leading term of its expansion for h → 0, yielding
λTE0 = λ

[︁
1 − 1

8k2h2(ε − 1)2
]︁
+ O(k3h3) that is in full agreement with (26).

For completeness, it should be noted that if the frequency or the substrate contrast or its
thickness gets larger, then, besides the principal wave TE0, the substrate starts guiding similar
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waves of the higher orders, TEM , M> 0. Therefore, new lattice-mode resonances can be expected,
mediated by these higher guided waves as well. This guess is indeed supported by computations
(not shown here). Thus, the lattice modes should be classified using not one but two indices,
L±

mM , where m= 1,2, . . . and M= 0,1,2, . . . while± corresponds to the parity in x.
The obtained above expressions show that the frequencies of the lattice-mode resonances of

the on-substrate graphene strip grating are always close to the RA frequencies, being red-shifted
from them by the value mediated by the guided waves of the substrate. However, lattice-mode
resonances are still tunable, although in much narrower band than the frequencies of the plasmon-
mode resonances, which exist only in the case of the H-polarized wave scattering. This tunability
is visible well on the maps in Fig. 7 where the largest potential is taken as 2 eV.

Another interesting question is the dependence of the lattice-mode resonances of the filling
ratio, s= d/p. Color maps in Fig. 8 show the reflectance and absorbance as functions of the
frequency and s, computed from the full-wave Eq. (12) truncated to N= 50.

(a)                                                                    (b)

Fig. 8. Color maps of reflectance (a) and absorbance (b) versus the frequency and the
grating filling factor at the normal incidence at the same grating as in Figs. 2–7.

As visible, the lattice-mode resonances remain red-shifted from the RA frequencies for all
s, however, this shift gets smaller if s → 1, i.e. if the slots between strips are vanishing. The
limiting value of the resonance frequency at s= 1 corresponds to the condition that the grating
period equals m lengths of the natural wave, guided by the substrate with the upper surface
covered with graphene.

In Fig. 9, we present the zooms of the color map of the reflectance from Fig. 8-(a) in the
vicinities of three lattice-mode resonances, L10

+, L20
+ and L30

+. computed from the full-wave
Eq. (12) truncated to N= 50. For comparison, dashed white lines show the resonance frequencies
found from approximate Eq. (22), where it is assumed that 1/τ = 0.

One can see very good agreement between these approximations and the peak values of R.
Note that the number of the peak broadenings corresponds to the mode index. These broadenings
are caused by the drops in the mode Q-factors, which correlate with the overlap of the lossy strip
with the lattice-mode E-field, see Fig. 4.

Finally, we see that the Q-factors of the lattice modes, defined as QL+
m0 = −ReκL+

m0/2ImκL+
m0 , are

given by

QL+
m0 =

2π2m3c2τ

ξ(ε − 1)p2ΩS+m m(s)

{︃
1 −

1
8
ξ(ε − 1)

[︃
m2ξ(ε − 1) −

2pΩS+m m(s)
πc

]︃}︃
, m = 1, 2, . . .

(27)
Now, if we assume that the strips are narrow, so that the filling ratio is small, s = θ/π = d/p → 0,

then for all m and n S+m,n(s) = 2s + O(s3), and hence then the complex natural frequencies of the
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               (a)                                               (b)                                            (c)

Fig. 9. Zooms of color map of reflectance from Fig. 8-(a) near the lattice-mode resonances
L10
+ (a), L20

+ (b) and L30
+ (c); the frequencies of RAs, which correspond to κ = 1, 2 and 3

at the normal incidence are 4.286 THz, 8.572 and 12.857 THz. Dashed white lines show the
resonance frequencies found from approximate Eq. (22).

lattice modes tend to real numbers that entails unlimited growth of QL+
m0. The same happens if the

substrate vanishes, i.e. if either ε → 1 or h → 0. At arbitrary s, dependences of Q-factors on s
correlate with the overlap between the lossy graphene strip and the mode electric field magnitude.

For instance, if p = 70 µm, h = 1 µm, d = 14 µm, T = 300 K, τ = 1 ps and µc = 0.25 eV,
then f L+

10 = 4.3124 and QL+
10 = 431.15 while if it is 1 eV, then f L+

10 = 4.2857 and QL+
10 = 107.79.

6. Conclusions

We have used the mathematically grounded MAR-IDFT technique to study numerically the
scattering and absorption of terahertz-range electromagnetic plane wave by the metasurface
shaped as array of graphene strips on flat dielectric substrate. Unlike commercial codes, this
technique guarantees the convergence of numerical results to the true solution if the discretization
order gets larger. Thanks to the absence of numerical integrations needed to fill in the matrix,
our in-house code is not only accurate but also very fast. With the aid of this trusted and efficient
modelling instrument, we have analyzed the effect of the resonances, in the range of frequencies
from zero to 10 THz, caused by the E-polarized natural modes of two types: slab modes of the
substrate and lattice modes of the whole configuration as a periodic open resonator.

Additionally, assuming that the substrate is lossless but graphene strips are lossy, we have
derived the mathematically grounded full-wave asymptotic expressions for the lattice mode
complex frequencies and Q-factors. These expressions are in good agreement with numerical
results.

This analysis shows that the E-polarized lattice modes do not exist if the graphene strip grating
is suspended in the free space. If the grating is supported by a whatever thin dielectric substrate,
their complex-frequency poles are close, from the red side, to the Rayleigh Anomalies, which
are the field function branch points. The shift from RAs is controlled by the wave length of the
principal guided wave of the dielectric slab substrate. This means that the lattice-mode Q-factors
grow up infinitely if strips get narrower or if the substrate gets thinner or if substrate’s contrast
with the host medium vanishes.

Remarkably, the lattice-mode frequencies are still tunable with the aid of the graphene chemical
potential, although within much narrower range than that of the strip plasmon modes of the same
grating in the case of the H-polarization.

Note that, even if the substrate is moderately thin, say, has the thickness of 1 µm, the lattice-
mode Q-factors can reach 105, so that the numerical solutions must deliver 5 or more correct
digits. Such high accuracy is not accessible with any existing today commercial code, however
can be provided by our developed above MAR-IDFT code.
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