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Abstract

We study the exponential stability for the mean field systems in
its synchronized state. More precisely, we study the linearized system
and we obtain a exponential stable invariant manifold.
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1 Introduction and Main result

We study the exponential stability on the mean field systems as the Winfree
mode in [2], 3} 4, 6] 9] in its synchronized state. In 1967 Winfree [9] proposed a
mean field model describing the synchronization of a population of organisms
or oscillators that interact simultaneously [11 §].

The main result consists of two parts: "The linear part," where we will
study the stability of a class of perturbed linear systems by decomposing the
fundamental matrix. "The non-linear part" where we study the exponential
stability of th coupled mean-field systems. In other words, we shows the
existence of a stable limit cycle. The results are within the framework of
perturbation theory. However, we clarify that the results in the non-linear
case are not straightforward, even in the case of no perturbation.

Consider the following notation: Let ¢ — Q(t) := {q; j(t)} 1<i<n be a

1<j<m
n X m matrix-valued function defined for for every ¢ € R, we denote the
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sup-norm of () as
= ().
QI = sup max |ai;(?)]
1<j<m
For every vectors u = (u;)" and v = (v;)I"; we denote the usual scalar
product by

(u,v) = Zuzvz (1)
i=1

In this article the integer N € N* is fixed. We denote by Iy the square
identity matrix of order N and 1 := (1,...,1) € RV.

1.1 Main Results: Linear part
1.1.1 Stability Assumptions

Let ((t) be a square matrix-valued function of order N that depends on
time ¢ € R satisfying ||C|| < +o00. We consider the following perturbed linear
system:

() = () Iy + AW +CB)y(t), t=t R, (2)

where ¢t € R +— b(t) is a continuous real valued function and ¢ € R — A(t) is a
continuous square matrix-valued function of order IV satisfying the following
hypotheses

e [H1]: b(t) and A(t) are 1-periodic,

o [H2]: A(t) = {ai;(t)}i<ij<n is rank one with a;;(t) = a;(t),
Vi,j=1,...,N,

o [H3]: a:= —fol b(s)ds > 0,

o [H3]: fol b(s) + (1,a(s)) ds = 0, where a(s) := (a;(s))¥;, s € [0,1].

=1
Define the fundamental matriz of a linear system in the following sense

Definition 1. Let ¢t — A(t) be a continuous square matrix-valued function
of order N. The fundamental matrixz of the linear system

y=At)y, tekR,
is the matrix-valued function (s,t) € R x R — W5 that satisfies

o VteR, Uht =]y,
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o V(t,s) € Rx R, LWhs = A(t)Uts.

To gain further insights into the behavior of solutions of the linear sys-
tem (2), we will introduce a class of matrices ( referred to as "normalizing
matrices," defined as follows

Definition 2. We say that the matrix ( is a normalizing matrix if the system

() has a solution ¢ — v(t) := (vj(t))é-v:l such that

inf [|v(¢)]] >0, and sup||v(t)]] < +oo.
teR teR

We call v a normalizing solution of (2]) associated with the matrix (.

1.1.2 Linear Result

In the following two linear results, we will consider two cases: ( being a
normalizing matrix or arbitrary.

Main Result (I'). Consider the system (@) with fundamental matriz R**.
Suppose that b and A satisfy the stability assumptions [H1 — Hb5]. Let
B € (0,a), then there exist k > 0 and ¢ > 0 such that for any normaliz-
ing matriz  satisfying ||C|| < ¢ and for any t € R, there exists a linear form
L;: RN — R such that for any y € RN and for any s > t, we have

o Ly (R5W(t)) =1 and Li(y) < klly||,
o Ly(y) = Ls(R*'y),

o [IR*'ly = Le(w)o@)]I] < Ellyllexp(—B(s — 1)).

where v(t) is a normalizing solution of (2)) associated with the matrixz .
Moreover, the operator R®' admits the decomposition

Ry = Ly(y)v(s) + B[y — Lo(y)o(t)],

In other words, the submanifold Wy := {z € RV, L4(2) = 0} of dimension
N — 1 is exponentially stable.

Main Result (II'). /General Case] Consider the system (@) with funda-
mental matriz RS'. Suppose that b and A satisfy the stability assumption
[H1 — H5]. Let g € (0,a), then there exist k > 0 and ¢ > 0 such that for
any matriz ¢ satisfying ||C|| < ¢ and for any t € R, there exists a linear form
Py : RN — R such that for any y € RN and for any s > t, we have
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o [IB*'ly — ¥e(y)1]| < Kllyllexp(—B(s —1)).

Moreover, the fundamental matriz RS admits the decomposition

R¥Yy =y (y)R>'1 + R [y — iy (y)1].

In other words, the submanifold Wqp, := {z € RN, 44(Z) = 0} of dimension
N — 1 is exponentially stable. Furthermore, if there ewists a solution that
does not exponentially decay to zero, then

o Yi(y) = s (R>'y).

1.2 Main Results: Non-linear Part

The class of mean-field coupled systems we will study is given by the following
perturbed system

b= F(X,2) + Hi(X), i=1.N, t>t, (PS)

where N > 2 and X := (a:j)j»v:l is the state of the system. F': RV x R — R
and H := (Hj)é-vzl : RNV — RN are C?! functions.

1.2.1 Notations and Definitions

For q,p € N*, let g := (gj);’:l : R? — RP be a function. Consider the
following semi-norm on the vector space of continuous functions from R? to
RP:
= sup max |g;
lolls = sup max o).

where B = {y := (y;)j=; € R?: max|y; — y;| < 1}. This semi-norm is a
norm on the vector space of continuous functions from B to RP. We denote
dig,i=1,2,..., as the i*" derivative of g. We define

_ . 2 _ .
ldglls = max |19l (|49l = max 110015
1<5<q 1<4,k<q

In the following, we will consider functions defined on R? initially, with
q = N, and then restrict them to the set B.
Let g: RY x R — R, y:(yj);v:l € RY, and z € R. We define

0
&g(yvz% Z:N+17
9i9(y,2) =

aiylg(y7z)7 Z:: 17"7N'
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For ¢q,p € N*, a function g : R? — RP is called 1-periodic according to the
following definition:

Definition 3. [1-periodicity] Let g : RY — RY be a function, and denote
1:=(1,...,1) € RN. The function g is called 1-periodic if

g(y+1) =g(y), VyeRN.

It is to note that this definition does not imply that the function is
periodic with respect to each variable, which allows us to study a broader
class of mean-field systems.

Denote ®! the flow of the system (PS). We now define the concept of a
positively ®!-invariant set, as follows:

Definition 4. Suppose that the flow ®! of the system (PS)) exists for all
t > to. We say that an open set C' C RY is positively invariant by the flow
!, or C is positively ®'-invariant, if ®*(C) C C for all t > t.

1.2.2 Synchronization Hypotheses

We will consider the following hypotheses [H| and [H,] about the field of the
system (PS)), which are sufficient for obtaining synchronization and stability.

. [H]: Fisclass C?, and wmax{||F||p,||dF||B,||d*F||} < +oc,
| F is I-periodic and mingejg 4] F(s1,5) > 0,

10 F(sl,s
o [H]: [y 22 ds < 0.

The hypothesis [H,] is called the "synchronization hypothesis" under the
condition that [H] is satisfied. The hypothesis [H] implies that the function
F(s1,s) is uniformly Lipschitz. When X = z¢1 with 2o € R is chosen as
the initial condition for the solution X(¢) : (a:j(t))é-v:l of the system (P9),
then for ||[H|| =~ 0 : each oscillator x;(t) is a solution to the scalar differential
equation

i‘:F($]l,ﬂj‘), t > 1o.

By the Cauchy-Lipschitz theorem, there exists a unique solution, so
|z;(t) — 2;(t)] =0 < oo for all t > 0 and 1 < ,j < N. Thus, the distance
between the oscillators {x;(¢)}; remains bounded for all times ¢ > ¢y, which
is a property of synchronization. The following result is a generalization of
this property to a neighborhood of xy1. The hypothesis [H,] arises from the
fact that when H ~ 0 and z; ~ z;(~ z), the system (P3)) satisfies

priii: F(x1,x), and %(:17Z —xj) = ONp1 F (21, x)(x; — ;).
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More precisely, in [3] [7] we have the following Theorems I and II. The method
used to obtain synchronization is based on the principle of comparison of
differential equations. Assuming that the distance between the oscillators
of a solution remains finite at an arbitrary time provides information about
the system. Then, the principle of comparison of differential equations is
used, implying that this arbitrary time is actually infinity. The first theorem
demonstrates the existence of a solution and the state of synchronization.
The second, shows periodic locking state .

Theorem (I). Consider the system (PS)). Suppose that F' satisfies hypothe-
ses [H — Hx|. Then, there exists Dy > 0 such that for all D € (0, D], there
exists > 0 and an open set C, of the form

C, = {X = (z)N, eRY : W ER, max|z —v| < 5T(V)},
where §, : R — (0, D] is a C' and 1-periodic function, such that for any H
of class C' satisfying ||H||p < r, the following holds:

1. Existence of Solution: The flow ®' of the system (PS) exists for all
X e, andt > tg.

2. Synchronization: The open set C, is positively invariant under ®.

Furthermore, for all X € C,,

e doy t t
1glgnNt1§tf(; E@(X) >0 and ;1}; 1£?§N|¢i(X) - ®L(X)| <2D.

Theorem (II). Consider the system (PS)). Suppose that F satisfies hypothe-
ses [H — Hx|. Then, there exists Dy > 0 such that for all D € (0, D], there
exists > 0 such that for any function H of class C' and 1-periodic function
satisfying ||H||p < r, there exists an open set C, (defined as in Theorem I)
and an initial condition X, € C, such that

PUX,) =ptl + Uy, (), Vt>to,

where p > 0 and ¥x, = (\I’j,X*)j-V:l with V; x, : R — R are C* and %-periodic
functions for every 1 < j < N.

1.2.3 Main Results

The following result I shows the stability of the system (PS]).
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Main Result (I). Consider the system (PS). Suppose that F satis-
fies hypotheses [H — Hx|, then there exists Dy > 0 such that for all
D € (0,D,], there exists r > 0, and there exists an open set C, (as de-
fined in Theorem (I)), such that for any function H of class C' satisfying
max{||H||p, ||[dH||p} < r, we have

>0, Ve e Cp,Tw > 0,Vy € Cp, ||z —y|| < w:
19" (z) — @' (y)|| < cl|X — Y|, Vt=to,
Furthermore, for all X € C, there exists a submanifold W, C C, of dimen-
sion N — 1 at x such that
46 >0, dk >0, Vx € C,, VY €¢ W, :
@8 (z) — @' (y)|| < kexp(=B(t —to))|lz —yll, Vt>to.

A consequence of the Theorem (II) and the Main result I results is the
following result.

Main Result (II). Consider the system (PS). Suppose that F satisfies hy-
potheses [H — Hx], then there exists Dy > 0 such that for all D € (0, D],
there exists r > 0, and there exists an open set C, (as defined in Theo-
rem (I)) such that for any function H of class C' and 1-periodic satisfying
max{||H||p, ||[dH||g} < r, there exists a submanifold Wgia, C Cy of dimen-
ston N — 1 such that

346 >0, 3k >0, Vo € Wy :
@ () — pt — W (t)]| < kexp(—B(t —t0)), Vt > to,

where p > 0 and ¥ = (\I’j)j»v:l with ¥; : R — R are C! functions and

%—pem’odic.

Remark. 1. The last II result shows that the periodic orbit, stated in
Theorem II, is a stable limit cycle.

2. Theorem I and the Main result I can be generalized for functions
H(t, X)) that depend on time t.

2 Proof of Linear Results I' and II': Stability of
Perturbed Linear Systems

For simplification, we denote

N
= b(t), cq= (),
e fél[fi}f}‘ @), ¢ t‘é}ﬁ’ﬁ;“‘]( )|
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and

e 1= exp </ b(l/)dl/), p* = exp (/ b(v) + (1, a(v)) dy), Vi, s € R.
Let’s denote
a*(s) = (aj(s));'vzl and CZ(S) = (Ci,j(s));v:h i=1,...,N. (3)

Recall that we denoted 1 = (1,...,1) € RV,

2.1 Proof Tools

To prove the linear results I' and II', we consider in this section only the
stability assumptions [H1— H5]. On the other hand, this allows us to deduce
result II*. Let be Y € RY and consider the following non-homogeneous
system defined for all ¢t > t' as:

2t =b()z () + () [ena (D1 + 2% (1) + Y,
inga(t) = [b(t)+ < ax(t),1 >]zn4(t) (4)
+ < ay(t), 25(t) + ety >,

where z*(t) := (zj(t))é-v:l and a, is defined by equation (B]). The goal
of introducing the above system is that the part E*f = R [Y — oy (Y)1]
satisfies the following decomposition:

E'Y = 2y (01 4 25 () + €'Y,

where Z(t) := (2*(t), zn+1(t)) with zy11(¢) and 2*(¢) = (zj(t))é-v:l is a
solution of the coupled non-homogeneous system (). The idea is to show
that ||Z(t)|| < K exp(—B(t —t')) with & > 8 > 0. Here, it is worth noting
that the initial condition of Z(t) satisfies zny41(t')1 + 2*(t') = —¢p(Y)1.
The problem to solve is to find this suitable initial condition. To do this,
we impose that z*(t) = ¢y (Y)(1,0). First, we will see in this section under
what assumptions we will have exponential decay of Z(t) to zero. This will
allow us to find a specific initial condition ¢ (Y')(1,0), which in turn will
lead to the linear form £ in Section We will need three lemmas, with
the third lemma [7] being the main one. The following lemma enables us to
prove lemma [6] which in turn allows us to prove the main lemma [7

Lemma 5. Let b: R — R be a periodic function such that

1
—a = / b(s)ds < 0.
0
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Leta >3 >0, L>0, and D > 0. Consider the following equation:

d
—0(t) = [b(t) + Bo(t) + DL,

then there exists Do > 0 such that for all D < Dy, the above equation has a
solution 0(t) that is 1-periodic and strictly positive, with max;co 1) d(t) < 1.
The solution §(t) is given by

T exp(fI b(x) + Bda)ds
§(t) = DL Ry

Lemma 6. Consider the system (@) with b(t) and A satisfying the stability
assumptions [H1 — H5]. Let B € (0,a), then there exist L > 0 and ¢ > 0
such that for any matriz ¢ that is continuous and has a norm ||C|| < ¢, for
anyY € RN, and for any solution Z(t) = (2*(t), zny1+1(t)) of system (@) with
an initial condition Z(t') = Z € RN, we have:

VT >t : 2y (T)=0
= |[ZO)I < Lexp(=B(t —)[|Z]| + [|Y]]], Vt € [, T].

Proof. Let Z(t) = (2*(t), z2n+1(t)), where z*(t) := (zj(t))j»v:l) is a solution

to the linear system (@) with the initial condition Z(#') = Z € RY. Suppose
that zy41(T) = 0. By integrating (), we obtain

T
vt = —/ < au(s), 25 (s) + >y > p!'ds. (5)
tl

Let 8 < a. Let C =||Z|| + ||Y]], so for all M > 1, we have || Z|| < MC, and
there exists € > 0 such that ||z*(¢)|| < MC exp(—p(t —t')). Define

T. =sup{t' < s < T.: [|z"°(s)|| < MCexp(—B(s — 1))},

12*(t)]] < MCexp(—B(t—t')) Vte|t', Ty (6)

The strategy is to find a particular constant M such that T, > T. By
contradiction, assume that T, < T. By integrating (4)) and using (&), we
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obtain for all t € [t/, 7|

t

lzng1(t)] = ‘pt’t/ [ZNH(t') +/ < a.(s),2*(s) + 'Y > pt/’sds] ‘

tl
T
— pt’t/‘ / < ax(s), 2" (s) + P pt/’sds‘
t
T
< Mc,Cexp(ey + ca)/ exp(—(Bs —t'))ds
t
T
+ coCexp(ep + ¢q) / exp(—a(s —t') + ¢p)ds
t

< CGC% exp(2¢p + ¢4) exp(—B(t — t)). (7)

Let ¢ be a continuous matrix with ||(|| = D < ¢, then from equation (@), we
have the following two inequalities for z;(t) and —z;(t)

\%zi(t) bt z(8)] < DMC[Q% exp(2¢p + ca) + 1] exp(—B(t — ')
+ DMC exp(cp)) exp(—B(t —t')). (8)

Let z(t) = 6;(t)exp(—p(t —t'))MC, t € [t/,T.[. We have |5;(¢)] < 1 on

[t', T[. Substituting into the last equation, we have

d

|S81(1) — [o(0) + B16: ()] < + D[t exp(2es + ) + 1+ exp(a))]

g

By definition of T, there exists i € {1,..., N} such that |§;(T%)| = 1. We
will use Lemma [l to obtain a contradiction.

Lemma [Blimplies that for ||(|| = D < ¢ := Dy, there exists a strictly positive
1-periodic function of the equation

95(t) = [b(e) + £13(0) + DI expley + c0) + 1+ exp(e))]

such that max;ejo110(t) < 1. Let M > 1 be such that L < 6(t'); thus,
5;(t) < HM—ZCU < & < 6(t'). There exists € > ¢ such that |6;(t)| < 6(t) on

[t',€]; let Ty = sup{t’ < s < Ty : |6i(s)] < d(s)}. If ¢/ < Ty < Tk, then
10;(Th)| = 6(Tp). Without loss of generality, assume that §;(7p) = (7o),
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then we obtain

LI(To)] < () + BI5:(To)] + DI exp(aey + o) + 1+ exp(cs))]

B
— [b(t) + BI6(Ty) + D[% exp(2cy + ca) + 1+ exp(cy))]
d
= Loty).

Contradiction. Thus, Ty > T, which implies §;(T%) < 1, contradicting the
definition of T,. Therefore, for all ¢ € [/, T], we have

12" (@[] < Lexp(=B(t — ) IIZ ()] + [[Y]]
for some constant L = M max(1,2exp(2cp + ¢q)cq)- O

The previous lemma does not provide exponential decay of a solution over
[t',400[. To achieve this, the strategy in the following lemma is to consider
intervals [0, T'] from the previous lemma, gradually increasing in size. We will
approximate a solution Zy (t) with an initial condition Zy (¢) using solutions
that satisfy the previous lemma. This allows us to demonstrate the existence
of a solution Zy (t) that exponentially decays to zero over [/, +oo]. We will
also localize the initial condition Zy (t').

Lemma 7. Consider the system (@) with b(t) and A satisfying the stability
assumptions [H1—Hb5]. Let 8 € (0,«), then there exist K > 0 and ¢ > 0 such
that for any D < ¢ and any Y € RN, if there exists a sequence of solutions
Zm(t) = (25,(t), 2N+1,m(t)) of @) with initial condition Z,,(t') = zy W
(zv.m € R, W = (1,0)) and a sequence (tm)nm that tends to infinity such that
ZN+1,m(tm) = 0, then there exists a solution Zy(t) = (zy(t), 241,y (1)) of
system () with initial condition Zy (t') = Zy € RN such that

1Zy (Il < Kexp(=B(t —t)IIY]l, Vvt >t

Moreover, there exists a subsequence (Zpm, (t'))k of (Zm(t'))m such that
Zy (t/) = limg 400 Zm, (t/).

Proof. Let Z,,(t) and (t,,)nm satisfy the assumptions of this lemma. Lemma
implies that

1Zm @) < Lexp(=B(t = DY+ [[Zm (@)l V€ [, tm].

The idea is to show that there exists C' > 0 such that ||Z,,(¢)|] < C||[Y]|
and then extract a convergent subsequence of Z,,(t). Let ¢ be a continuous
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matrix with norm ||¢|| = D < ¢. By integrating () for all ¢ € [¢/,¢,,] and all
i=1,...,N, we have

Zim(t) = € 2im(t') + Fim(t),

where

t
| Fim (£)] = | / < Gil8), an+1m(8)1 + 2, (5) + ™Y > €' ds
t/

< DL + exp(cp)) 1Y ]| + (1 Z ()] ] /t exp((a — B)(s —t'))ds

Y|+ || Z, (¢
< DL +explen)) explenf IEE N ey — 1),
Since zn41m(tm) = 0, and by integrating (), we deduce that

ZN+1,m(tm) = 0 if and only if
tm / / tm / N
[ <ty s s == [T a6 i (o)lds
4 v i=1

tm S
— zi,m(t/)/ < ay(s),1> exp(—/ < ax(v),1 > dv)ds.
% %
We deduce that

|zi7m(t’)|‘1 —exp(— /t/tm < ax(x),1 > d:z:)‘

VI + [z m| [

exp(—B(s — t'))p'*ds
- p ¢

—¢oD(2L + exp(cp)) exp(cp)

tm
< < ay(s),e®Y > ptids.
t,

For D ~ 0 and m — 400, we will have
[D—Ca(2§(ze_xg)(0b))' + %l exp(?cb + Ca)

Yil,
1 —caD(2L + ) exp(2¢cy, + ca)ﬁ(al_ﬁ) ol

|2im ()] <

which implies that (|| Z,,(t)]|)m is uniformly bounded on each interval [t/ ¢,,].
Furthermore,

1Zm (B)]] < Lexp(=B(t = )Y + [|Zm ()] < K exp(=B(t — )Y,
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where

Bla—B) a

K=L|1+
1 —¢oD(2L + cp) exp(2¢p + ¢4)

exp(2¢p + ¢q) [Dic“(2L+eXp(cb)) + C—“} }

1
Bla=p)
Therefore, we can extract a convergent subsequence that converges to a
solution Zy (t) of (@) and satisfies

|1 Zm ()] < K exp(=B(t —1))|[Y]].

2.2 Ingredients for the linear form £,

In this section, we will show the existence of a family of solutions to the
system () that satisfies the assumptions of Lemma [7]in the previous section.
To do this, we only need to determine the initial conditions Z,, (') = 2y, W.
Note that it is sufficient to determine the sequence of real numbers (2¢ m,)m

In this section, we consider b(t) and A satisfying only the stability as-
sumptions [H1 — H5] without distinction in the matrix . This allows us, in
particular, to deduce the linear result II.

To obtain more information about the solutions Z,,(t) of Lemma
[ we will express them in terms of the fundamental matrix. Let

St = {8Z j }1<Z< ~N+1 be the fundamental matrix of the homogeneous linear
1<j<N
system associated with the system () as follows:

{ &*(t) = b(t)z*(t) + C(t)[en1 ()L +27(1)],  2*(t)

= ( ( ))é'vzlv (9)
a;N+1(t) [b(t)+ < a*( ), 1 >]LZ'N+1(t)+ < Ay, T ( ) >,

where a,(s) is given by Equation ([B]). The solution Z(t) = (2*(¢), zn+1(¢))
of @) with initial condition Z(#) € RY can be written in terms of the
fundamental matrix as follows:

() = S Z(t) + S}, (10)
t
ane1(t) = b ey (V) + pbt / < ax(s), S Z(t') > p''ds
t/

¢
+ pht’ / < ay(s), Sf’t Y +e5'Y > pt'sds, (11)
t/

where Si’tl = { i,j }1<1<N and Sl is an operator that does not depend on
’ 15N

Z(t") and Y such that S¥* = 0.
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As mentioned earlier, we aim to show the existence of solutions to the
system (4)) that satisfy the assumptions of Lemma [7l In Lemma [7] we have
Zm(t') = zpmW, so for a sequence (T,,)n, tending to infinity such that
Zm,N+1(Tm) = 0 and using the notation from the previous equation (III),
the sequence of real numbers (2y ,,)m must be defined as

ffm < ax(s), Sf’t/Y +es'Y > pt'sds
Zt,7m == Tm st/ ’ :
Jo™ < ax(s), ST W > pt'sds

In Lemma B we will show that this sequence (zy ;,)m is well-defined, i.e.,
the denominator of the quotient on the right-hand side of the equation is
nonzero.

Lemma 8. Let St = {SZ’;»,}1<7L<N+1 be the fundamental matrixz of
Y I<<N
the homogeneous linear system (Q) associated with the system (). Let

Sivt' = {sfjl}%éléx Suppose that b(t) and A satisfy the stability assumptions
<j<
[H1 — H5]. Define

t
HYY ;:/ < a.(s),S5'W > p'ds, W= (1,0), t>¢.  (12)
t/

Then, for any § € (0,a), there exists ¢ > 0 such that for any continuous
matriz ¢ with norm ||C|| < ¢, there exists Ty > 0 such that for all t > Ty,
we have HH' # 0.

Proof. From equation (I3, we deduce that
Z(t) = (SY'W — znyi(t), z2nv41(t)) is a solution of the linear homoge-
neous system () with the initial condition W, where zn41(t) satisfies

ZN+1(t) = pt’t,Ht’t,, t> t,.

So, Z(t) = (Si’th — zn+1(t), zv41(t)) is, in particular, a solution of the
nonhomogeneous linear equation (@) with Y = 0 and satisfies the assump-
tions of Lemma [7l Since Y = 0, we have ||Z(t)|| = 0, which contradicts the
initial condition Z(t') = W. O

Therefore, in the following proposition, we show that the system ({4l
admits a sequence of solutions that satisfy the assumptions of Lemma [7l

Proposition 9. Consider the system (@) with b(t) and A satisfying the sta-
bility assumptions [H1 — H5]. Let 5 € (0,«). Then there exist ¢ > 0 and
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k > 0, such that for any continuous matriz ¢ with ||C|| < ¢ and any Y € RV,
there exists a solution Zy (t) = (23-(t), 2n+1,v (t)) of @) such that

1Zy (®)|] < kexp(=B(t =)DV, Vt=t,

and Zy (t') = ¢u (Y)W, where

tm ’ / /
W““ZJﬁmﬁmyl <au(s), $;1Y + ey > pteds,

and where (tm)m s a sequence of real numbers that tends to infinity, and
Himt s given by Lemma 8.

Proof. According to Lemma [§] for any sequence (t,),, such that t,, > Ty,
we have Htm" £ 0. From (L), the solution Z,,(t) = (2%,(t), 2n11.m(t)) of
(@) with the initial condition z,, W such that

1

tm
/ / /
%W:‘ﬁrv/ <au(s), S;TY + Y > pleds,
my t/

satisfies:

¢ ot/
ZN—l—l,m(tm) =0=p Zm,t’H m

tm / ’ ’
+=7p' ’t/ < au(s), STY + MY > plids.
t,

According to Lemma [7 there exists a solution Zy(t) such that
|| Zy (t)|] < Lexp(=p(t —t)||Y]| for all t > ¢/, with Zy (') = ¢ (Y)W,
where
. 1 tmk s.t t t
Yp(Y)=— lim 7/ < ay(s), S Y + €Y > p'ids.
t/

tmk —00 Htmk N

2.3 Fundamental matrix Decomposition

Finally, we will prove results I' and II' in the context of linear systems. To
ensure consistency in the proof, we will first demonstrate the general case,
which is the second linear result II! that does not require the matrix ¢(t) to
be normalizing.

Proof of the second linear result II': General Case.
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e Let’s show that ||RVY[Y + oy (Y)1]|| decreases exponentially:

For any 8 > 0 and ||¢|| = D < ¢, where D, is defined by Lemma [7] let
Yy (Y) be given by the previous proposition @l Take Y € RV, we add
and subtract the same term in ¢'(Y') as follows:

(V) = = (V)R + RYTY + 4 (V)1]. (13)
Let RYY[Y 4 by (Y)1] = 2n41(6)1 + 2*(t) + eb'Y with zy41(t) being
a solution with the initial condition zx41(t') = 0 of the equation
ina(t) = [b(t)+ < ax(t), 1 >]an4(t)
+ < au(t), RYTY + hy (Y)1] — 2na1 ()1 > .

Thus, Z(t) = (2*(t),zn+1(t)) is a solution of the nonhomogeneous
linear equation (). From equation (I3, we deduce that it has the
initial condition Z(t') = W1y (Y'). Proposition 0 implies that

1Z(t)]| < K exp(=B(t = )Y, vt=¢.
Hence, ||[RY[Y +4y (Y)1]|| < [K +exp(ey)] exp(=B(t —'))|[Y]]| for all
t>t.
Let’s show that when the system has a solution that does not decay to
zero exponentially, then (V) = 15(R>'Y):

Suppose that the system (2) has a solution that does not exponentially
decay to zero. Let V(¢) be this solution. We have:

RY“RY = Ly(Y)o(t) — RVY — Ly (Y)u(t)]
= Ly(RY)u(t)
— RM[RY — L(RY )u(s)].
Implies
[Lo(Y) = Lo (R )]o(t)
= RY[RS Ly (Y)u(t') + L4(R*Y Y )v(s)].
Since the right-hand side of the last equation satisfies
IRV [RH Ly (YV)o(t') + L5 (R¥Y Ju(s)]
< Klexp(=p(t — 1)) + exp(=f(t — 5))]I[Y]].

While the left-hand side is a linear form multiplied by the function
v(t), which does not decay exponentially to zero, we must have

Ly(Y)—Ly(R¥Y)=0, V' >0,Vs>t.
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O

Now, we will prove the first linear result I'. We consider the particular
case where ((t) is a normalizing matrix. By Definition 2] the system (2)) has
a solution v(t) := (vj(t))é-vzl such that

inf [|v(¢)]] >0, and sup||v(t)]] < +oo.
teR teR

We denote in the following

a_ =inf|jv(t)|]| >0, and a4 =supllv(t)|| < +oo.
teR teR

We define in the proof below the linear form £ as

oy — L)

Y (o(t))
where 1y is defined by the previous proposition @l We note that by unique-
ness, Ly is defined as

t / /
. < Gy 7S Y s,t Y > t S
Lo(Y) = tim —Jr <@ SOV + Y > pirds
t=o0 [ < ay(s), Si(s)v(t') + et o(t') > pt'sds

Proof of linear result I'.

e Let’s prove Li(RV v (t')) = 1:
By the definition of Ly, we have Ly(v(t)) = 1 for all ¢ € R. Therefore,

LR o)) =1=Ly(o(t), V' eR Vi>t. (14)

e Construction of the linear form :
We add and subtract the same term in v(t), so we have

R () = v(t) = —¢u(u(t) R 1+ RO u(t') + dy (v(#)1]. - (15)
According to proposition @ we have ||[¢y (v(t))]| < K|lv(t')|| < Kay
for all t > 0. Furthermore,

[ (0(ENIIIRY 1| = [[o(t) = Y [o() + o (o)) 1]
> [lo(@)]| = 1R [o() + tbu (0(t')) 2]
> a_ — Kexp(—=B(t —t))[[o(t')]]
>a_ —ayKexp(—=8(t—1t)), VteR,.
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We integrate over a compact of length w fixed such that 1 << w < +00;
let t =t 4+ w, we have from @): ||[R""'1|| < exp((cp + ca + Dy)w)

a_ — ay K exp(—fw)

Y (v(t)] > exp((2a + ¢y + co + D)w)

>0, V&' e R, Vt >t (16)

Let’s define
()
Y (v(t'))

e From (@) and according to proposition [0 there exists K; > 0 such
that L4(Y) < K4|[Y]].

Ly (Y)

e Exponential decay:
According to equation (I4]) for all Y € R
BY) = Lo (V)olt) = RY[Y — Lo (Y )o(t")]
= Ltl (Y)U(t)
Yy (Y)

RV = (1= (e 000) = s

b (o(t)1)]
= 'Ct’ (Y)’U(t)
+ R [Y = gu (V)L = (Lo (V)o(t)) = (Lo (Y u(t))1)].

According to the previously demonstrated linear result IT¢, there exists
K, > 0 such that we have

IRYTY — gy (V)1)]| < Kwexp(=B(t—t))||Y]|, V=1
R[S (Y)u(t') = b (Lo (V)o(t)1] < K exp(—=B(t — )[[Y]l,
e Finally, let’s show that £, (Y) = L£4(R*'Y): We have
RYRMY = Ly (Y)u(t) — RV [Y — Ly (Y)o(t)]
= L (R™Y )o(t)
— R[RMY — Ly (R¥Y )o(s)].

Therefore,

[Lu(Y) = Lo(RYY)]u(t)
= RY[RY Ly (Y)o(t') + Lo(RY )u(s)].
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Since mingeg ||v(t)|| = a— > 0 and as the right-hand side of the last
equation verifies

[RY[RY Lo (Y)u(t') + Lo(R¥Y Yo (s)]
< Klexp(—pB(t —t')) + exp(=B(t — ))]I|Y|l.

Thus,

Ly(Y)—Ly(RPY)=0, V' >0,Vs>t.

O

We have studied a class of linear systems perturbed by a time-dependent
matrix (. We have shown that the space RV decomposes into a direct sum
of subspaces R1 & W where W is a manifold of dimension N — 1 and ex-
ponentially stable. The vector subspace R1 can itself be an exponentially
stable manifold. In the case where the perturbing matrix ¢ is normalizing,
we obtained information regarding the norm of the linear form. In the next
section, we will use these results to demonstrate the stability of the nonlinear
mean-field systems studied.

3 Proof of results I and II: Stability of mean-field
systems

In this section, we prove the two results I and II. We will study the stability
of coupled systems given by equations (PS) and exhibiting a synchronized
state. We linearize the system around a synchronized orbit and then apply
the stability results obtained in Section Recall that the system (PS)) is
given by the following equation:

:EZ:F(X,:EZ)—FHZ(X,JEZ), 1<i<N, t2>t,

where N > 2 and tg € R is the initial time. F : RV xR — Rand H; : RN - R
are C'! functions, and we denote H := (H])f’:1 Recall that we denoted ®*
the flow of the system (PS]). We have seen [0} [7] that when the norm ||H||z
is sufficiently small and under the assumptions [H — Hx|, the global phase
dispersion of a solution of the system (PS) with an initial condition in the
synchronization region remains uniformly bounded by some constant D > 0.
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3.1 Linearization of System (PS)

In order to simplify the notation, define the function Fj : RY x R — R as
Fi(Y,z) := F(Y,2) + H(Y,z), VY eRN VzeR, V1I<1<N,

and denote the differential of the function (F} );VZI as dF(t). Without loss of

generality, for Z € R, we'll write Z := ®!(Z), so the elements of the matrix

dF(®%(Z)) := {gi;}i; are given by

Gii(t) = ON1 Fi(Z, 2) + O Fi(Z, z;), 1 <i <N, (17)
gij(t) = 8jFi(Z7Zi)71 <i 7& J<N.

The strategy in the following is to apply the linear stability results obtained
in Section @2 To do this, we'll choose an appropriate linearization of the
system (PS)). More specifically, for any Z € RY, we consider the following
linear system:

Iy =ar@ @)y, 120, YO=@O) 09
Also, recall that for Z € RY, we denote 1z := uz(t) as the solution of the sys-
tem (SNP)) associated with ®¢(Z) and with the initial condition pz(tg) € R
(see Definition [I0). In the following lemma, we’ll see that the system (I8])
can be written in the form of the linear systems (2). We denote Iy as the
identity matrix of order V.

Definition 10. For X € RY, we define the System (SNP) associated with
®!(X) as the unperturbed system given by

fix = F(®'(X),pux), telx, (SNP)

where Iy = [to,T) is the maximal interval of the solution X (t) := ®!(X)
of the system (PS)) with initial condition ¢ (X) = X fore some to € Ix. We
refer to px(t) as the solution of the system (SNP) associated with ®!(X)
with initial condition ux(to) € R.

Lemma 11. Consider the coupled nonlinear system (PSl). Suppose that
F satisfies hypotheses [H — Hx]. Then, there exists e, > 0 such that for
all € € (0,¢€4], there exists v > 0 such that for any function H satisfying
max{||H||p, ||[dH||p} < r, there exists an open set C, that is positively ®*-
invariant, and for all Z € C,, there exists a diffeomorphism t — p = pz(t)
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such that the linearized system (I8)) is equivalent to the following linear sys-
tem:

iY*(u) = [b(u)In + A(p) + Cz(w)]Y ™ (1), (19)

dp
p>pzto), Y(p)=Y(rz(n),

where 77 : R — R is the inverse function of u(t), Cz(un) is a normalizing
matriz satisfying ||Cz|| < €, A(p) = {ai;(p) = aj(p)}i<ij<n is a rank-1
matriz, and b(p) is a function defined as follows:

ay) = BEWLD ) i N g () = 2 E L)

Ful,p) F(pl, 1)

satisfying

1 N 1
/ b(s) + Z aj(s)ds =0, and / b(s)ds < 0,
0 » 0
7=1

meaning that the stability assumptions [H1 — Hb5] is satisfied.

Proof. We consider the system (PS]). Suppose that F satisfies hypotheses
[H — Hx]. Let D = 0, then according to the Theorem (I), there exists r > 0
such that for a C' matrix H satisfying ||H||p < r, there exists an open set
C, that is positively ®‘-invariant, such that for all ¢ > ¢y and all Z € C,., we
have

max|[4(Z) — pz(B)] < D and  max|®}(2) — @(2)] < 2D;
J 2y

where j17(t) is a solution of the system (SNP)) associated with ®!(Z) and
with the initial condition uz(tg) € R. As long as Z € C,, note that the flow
®!(Z) and the solution uz(t) are defined for all t > tg.

Consider the linearized system (I8) at the point ®'(Z). For any
1 <i,j < N, define Ugz(t) = {Ufj(t)}lgi,jgN as the matrix of order N
given by

W) = |1 HilZ,20) + [OnrF(Z, ) = Oy F(pz (01, pnz (1))

+ 0 Hi(Z, ) + [0,F (Z, z:) — 0;F (pz ()1, pz(1))]
u?;(t) = 0jHi(Z, ;) + [0;F(Z, 1) — 8, F (uz ()1, pz (1)),

1

)
)
so that .

V() = [d5(uz (1) + Uz (8)Y (8).
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Or equivalently,

Ui(t) = ONp 1 F (nz (01, pz(t))y(t) (20)

N
+ Y 0 F (nz (D)L, pz(t) +uf; (8)]y; (b).
j=1

Let L > 0 and o > 0 be defined as follows:

L:= Z |d'F||p, and o« := min F(sl,s). (21)
0<ie2 s€[0,1]

Assume that max{||H||p, ||[dH||p} < r, then for all 1 <4, j < N, we have

l[uZ|| < 2[r + LD], and |juZ.]| <r+ LD. (22)

1,0 1,J
For D =~ 0, we have iy > o — LD > 0. In particular, uz(t) is a diffeomor-
phism, and there exists L > 0 such that

1
—F(uzl,pz) =1+6(t),
nz

1 LD
0(t)] = —|F(pzl, pz) — F(®'(Z :
0(t)] /lz‘ (nzl,pz) (@°(2), uz)| < o_ LD
Let o — wu = pz(t) be the change of variable and define

Y*(u) = Y(rz(p)), where 77(p) := p,;*(u) is the inverse function of u(t).
We can use the following equation in (20):

d d i} d d N F(,U (t)]lnu (t))
%Y(t) - EY (s)auz(t) = s (s) Z1+ H(t)Z

Taking into account equations ([22)) and (20), there exists a matrix
Cz(p) = {Cg(,u)}lgmgjv that depends on p € R, defined as
0(t) z 1
E(p) = dF (94 2)) =——L2— 4 uZ.(t) ——,
() @t ))F(uﬂ,u) ’”()F(ml,u)
and satisfying

LD
a—LD

ol < @4y oy Loyt < emwin)

1
+(T+LD)_7
[0

such that the system (I8) is equivalent to
N
ey = Do UL SO0

Y N o) CAm)y (1),

j=1
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with g > pz = pz(to). It can be observed that

V20 = (Fy(@n 9(2)) " = s 00(2),

is a solution of (I9) and satisfies

min V(u) >a—LD —r >0 and ||V)|| < max F(ul,u)+ LD +r.
HZpz nel0,1]

Therefore, the matrix {7 is a normalizing matrix. Furthermore, the two
hypotheses [H — H ] imply that

1 1
ON1F(ul On1F(pul O; F(ul
/ N1 F(p ,u)du<0and / N1 F(pd p) | O F (p ’“)dyzo.
o Flpl,p) o F(ul,p) F(pl, p)
This implies that the stability assumptions [H1 — Hb5] is satisfied. O

3.2 Proof of Main Result (I) and (II): Stability

The proof of Main Result I and II relies on a perturbative method as follows:

Proof. Consider the coupled non-linear system (PS)), and suppose that F
satisfies hypotheses [H — Hx*]. According to Lemma [II], there exists €, > 0
such that for all € € (0, €], there exists > 0 such that for any function H
satisfying max{||H||g, ||dH||p} < r for Z € C,, the system (I8)) is equiva-
lent to the system (I9) with b(¢) and A satisfying the stability assumptions
[H1 — H5], and ¢ being a normalizing matrix satisfying ||(z|| < e.

So, let Z € C,, and let R%"# be the fundamental matrix of the system
(I9), where p is the change of variable ¢ — pz(t) with pz(t) being a solu-
tion of the system (SNP)) associated with ®!(Z) and with initial condition
pz = pz(to) € R as defined in definition [[0l According to the linear result
I', we deduce that there exist 8 > 0 and k& > 0, and there exists 7, > 0
such that for a function H satisfying max{||H||,||dH||p} < r« and for all
Z € C,, there exists a linear form £, : RN — R such that for all Y € RV
and for all u > pz, we have

i LMZ(R?“ZVZ*(MZ)) =1 and LMZ(Y) < kHYH7
i Luz (Y) = Luz (R?HZY)v

o IRV = L, V)V ()]l < Kl[Y || exp(=B(n — nz)).
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Furthermore, the solution Y*(u) with initial condition Y* (1) can be written
as follows:

R"Y™ (1) = L1y (V7 (1)) Vi ()
+ Ry Y (nz) = Ly, (Y (2)VE (12))-
Let S;to be the fundamental matrix of the system (I8). Since the so-
lution Y (t) of the system (I8) with initial condition Y (¢') = Y satisfies
Y(t) =Y (rz(n)) = Y*(n), it follows that Y*(uz) =Y where pp — 77(p) is

the inverse of t — pz(t), then by the change of variable p:= uz(t) — t, we
obtain that Y (¢) can be written as follows:

Y(t) = S50V = v*(p) = REFOHzl)y
=L, (Y)Vz () (23)
+ RO £, (V) V(1)
for all t > tg, where Vz(t) = V;(uz(t)) = éi(I)t( ). On the other hand, the
system ([PS)) can also be written in the form:
%@t(Z) _ F'(Z)) — %d@t(Z) — AF(®4(2))dd (2).

Therefore, d®'(Z) = S3'.
Item 1. Stability:

Let X,Y € C,, such that the segment z(s) = (1 — s)X + sY satisfies
z(s) € Cy, for all s € [0,1]. We have:

1 gdt(2(s 1
PU(Y) — (X)) :/0 Mds :/ d®'(2(s))(Y — X)ds

ds 0
/0 Soo(Y = X)ds.

According  to  the  decomposition (23) and knowing  that
Vel <|IFlls + [ H]|5, we obtain:

1
19() = @) < [| [ £y (07 = XVagy 18|
+H/ Rt 5>(t e (s) tO)[(Y—X)—ﬁuz<s)(Y X)V. ]dSH

§kUWMB+HHBW+@®<—5QMg() (s (t0))) [IIY = X]|
< KlIIFI|5 + [1Hpl| + )Y = X||, Ve > to.
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Item 2. Ezponentially Stable Submanifold:

Let X € C,,. In the following, we show that there exists an exponentially
stable submanifold at X. The idea is to find trajectories of the form z(s)
Connecting 2(0) := X and z(1) := Y € C, such that for all s € [0, 1], the
quantity ( ) lies in the kernel of the linear form £ Pate) - This allows us to
use equatlon [23) and cancel the term that does not exponentially decay to
zero as follows:

1 zZ\S
I2() - @')| =] | av'apas Y
1 Z\ S
<1 [ s (B 01ts]
4 / RO (EB)) g, Ey as)

z(s) ds ds
7 dz(s) dz(s)
_ Mz(s) Mz(s)
_ /0\ RZ(S) <( dS ) - 'Cuz(s)( ds )VZ(S))dS
< exp(-—2—(t — 1)) max |2 (24)
=P DY T Y ey Tas

where @ — LD > 0 since [ z > o — LD as given in the proof of the previous
lemma [IIl To ensure that d( %) lies in the kernel of the linear form £ pageys 10
is sufficient that z(s) := z(, s) satisfies the following equation:

Ez(ga 8) =& — L“Z(&S) (g)vz(f,s) (t0)7 (25)

with initial condition Z(£,0) = X where & € RY. For ||¢|| ~ 0, the solution
z(&, s) exists for all s € [0,1]. In the rest of this proof, we consider vectors
¢ with norms close to zero such that z(§,s) € C,, for all s € [0,1]. As
L7 (Vae,s)(to)) = 1, we eventually obtain Luz(éys)(ﬁ)(d%z(ﬁ,s)) = 0, which
implies equation (24)) and concludes the proof. We consider vectors ¢ € RV~1
in the hyperplane defined by £,,(§) = 0. We now show that the map
& — d%z(f, 1) ~ Id with Id : RN=! — RY is the identity matrix, i.e., a
C'-diffeomorphism, which defines the exponentially stable submanifold. We
have:

§9z<s, 5) = Idy (26)

d d
- d_é. |:L,Uzz(§,s) (g):| VZ({‘,S) (to) - 'C/Jz(g,s) (g) dé. [ 2(&,8) (t(])]
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The differentiability of the flow with respect to each variable implies that the
linear form £,,, is differentiable with respect to Z. Since £,,, is linear with
respect to &, by Taylor’s theorem, there exists a matrix II of size N — 1 x N
and s’ € [0, s] such that:

Luz(&s) (5) = L,LLX (g) + Hf(Z(f, 8) - X)

d
= H&(z(&, S) - Z(£7 0)) = H££Z(£, S,)S.
Therefore, £y, . (§) is of second order with respect to § and has the form:

Lz(&,s) (6) ~ 62'

For £ =~ 0, there exists M > 0 such that ||d%LZ(§78)(£)|| < M|[¢|]. Considering
that:

d d . d
3 Vetento)] = ZF(a(6,5)) = AF (@' (=(6,5) g 2(6. ).

and as ||dF(®'(2(&,s)))|| < L (as given in equation (2I])), we can obtain
||%lz(£ ,8)|| < M’. Finally, there exists a constant M” > 0 such that equation

([26) satisfies:
dd
1252(68) = ldnl| < M€,

for £ =~ 0. For such &, the function:
dd,
Es

is a Cl-diffeomorphism, which defines an exponentially stable submanifold
Witap of dimension N — 1 such that the points in W satisfy equation (24]),
ie., forall Y € Wgap:

1
sen) =X+ [ £ s

[@4(V) — @ (X)]| < kexp(~ (1~ 1),

for all ¢ > tg, with k& > 0 being an upper bound of k(§) := max,¢g 1] H%H

for  ~0,and Y = z(&,1). O

In conclusion, this section has highlighted the relationship between the
synchronization hypothesis and the stability hypothesis. The coupled sys-
tem (PS)) satisfying the synchronization hypothesis can be linearized around
synchronized orbits and satisfy the stability hypothesis, which allows us to
deduce stability and exponential stability of the coupled system. In the
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case of the system (NP) and when the perturbation of the system (PS) is
1-periodic, we deduce that the periodic orbit mentioned in result II is expo-
nentially stable. In other words, we have ultimately deduced the existence
of a stable limit cycle.
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