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Calorific Analysis of the Mechanical Response of Granular Materials 
Composed of Ellipsoidal Rubbery Particles

K. Jongchansitto1,2, P. Jongchansitto1, X. Balandraud2, I. Preechawuttipong1, J.‑B. Le Cam3, F. Blanchet3,
B. Blaysat2, M. Grédiac2

Background Infrared thermography (IRT) techniques and full-field deformation calorimetry approaches have profoundly 
impacted the experimental mechanics community. The way in which granular materials are tested is currently excluded 
from this trend, as evidenced by the small number of papers in the literature mentioning the use of thermographic cameras.

Objective The objective of this work was to perform a thermomechanical analysis of soft granular systems by distin-
guishing temperature changes associated with thermoelastic coupling (TEC) and mechanical dissipation (MD). Methods 
Cyclic confined compression was applied to different granular systems consisting of ellipsoidal cross-section cylinders 
made of thermoplastic polyurethane. The temperatures measured using IRT were processed to identify the heat associated 
with TEC and MD, based on considerations of adiabaticity and thermodynamic cycle completion. Various granular 
configurations and spatial resolutions of the thermal maps were compared. 

Results Strong TEC is revealed around the contact areas between all particles, which can be explained by stress con-
centrations. Strong MD is found around specific contacts, as well as within some particles, which can be explained by 
viscosity and friction. TEC data was processed for a granular system comprised of about 600 interparticle contacts, 
providing statistical information.

Conclusions TEC appears to be a strong coupling in the sense that its intensity is much higher than that of the MD. It is 
shown that IRT provides valuable information at the local scale, namely the signature of reversible (TEC) and irreversible 
(MD) mechanical phenomena, both at the interparticle contacts and inside the particles.

Keywords Discrete material · Infrared thermography · Mechanical dissipation · Thermoelastic coupling · Thermoplastic 
polyurethane

Nomenclature

DIC	� Digital image correlation

IR	� Infrared

MD	� Mechanical dissipation

PDF	� Probability density function

POM	� Polyoxymethylene

TEC	� Thermoelastic coupling

TPU	� Thermoplastic polyurethane

TSA	� Thermoelastic stress analysis

� 	�Temperature change (with respect to the 

beginning of the test)

�half (#k) 	� Temperature change at the middle of the kth 

cycle, when the force level is maximum

�end(#k) 	� Temperature change at the end of the kth 

cycle, when the force level is minimum

QTEC(#k) 	� Heat density due to TEC over half of the kth 

cycle, during the loading phase

QMD(#k) 	� Heat density due to MD over the kth cycle 

(loading + unloading)

QMD(stab) 	� Mean heat density per cycle due to MD in the 

stabilized regime
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Introduction

Granular materials can be defined as sets of small solid parti-

cles. Their mechanical behavior is different from that of clas-

sical continuous solids, liquids and gases [1, 2]. Like solids, 

they can withstand deformation; like liquids, they can flow; 

like gases, they exhibit compressibility [3]. Their macro-

scopic mechanical response is governed by the interparticle 

contact forces which act at the local scale. They can be com-

posed of particles of various sizes, shapes and base mate-

rials, which makes it difficult to define general mechanical 

behavior laws. Over the last decades, numerical simulations 

relying on molecular dynamics or discrete element methods 

have widely been applied to study the influence of parameters 

such as particle shape, density, level of polydispersity, contact 

stiffness or other parameters defining friction conditions [4]. 

Some full-field experimental techniques are also available. 

For measurements in the bulk, X-ray tomography [5] and the 

carbon paper method [6] can be mentioned. For surface meas-

urements, a classical way is to consider two-dimensional (2D) 

granular systems composed of cylinders placed in parallel. 

Such systems are named Schneebeli materials [7]. In this case, 

the mechanical load is applied perpendicularly to the cylin-

ders’ axis while a camera acquires images of the free ends of 

the cylinders. Particle image velocimetry (PIV) and digital 

image correlation (DIC) processing have widely been used to 

analyze the rigid-body motion of particles and the correspond-

ing strain patterns of such granular assemblies [8–12]. In par-

ticular, the pioneering works of Calvetti [8] and Misra [9] 

identified deformation patterns by using wood, aluminum and 

plastic rods under a variety of two-dimensional loads (com-

pression, shear, compression/shear; displacement-controlled 

boundaries, mixed stress-controlled/displacement-controlled 

boundaries). DIC has also been applied to measure the strain 

components on the surface of each particle [13–16]. Shear 

stress fields have also been deduced by photoelasticimetry 

by using particles made of birefringent transparent materials 

[17–19]. Obtaining information about the “network” of strains 

or stresses in granular materials is one of the objectives of the 

experimental studies presented in the literature.

Most of these experimental studies involve rigid parti-

cles. The study of granular materials containing soft parti-

cles has only been addressed very recently [4, 20], despite 

the fact that they are commonly found in nature and in 

industry (e.g. pharmaceutical and food fields). This can 

be explained by the experimental difficulties associated 

with the large displacements/strains of the particles, which 

complicate the data processing and analysis. Experimental 

studies are still rare in the literature. Let us mention the 

study of the compressive behavior of 2D bidisperse granu-

lar assemblies made of soft and hard grains using DIC in 

Ref [21]. It can be noted that numerical studies are also 

scarce: let us mention Ref [22], presenting a coupling of 

discrete and finite element methods carried out for highly 

deformable particle assemblies.

Infrared (IR) thermography has deeply impacted the 

experimental mechanics community over the last decades. 

Basically, the approach consists of analyzing the thermal 

response of a material subjected to a mechanical loading 

at constant room temperature. Under some mild assump-

tions, it is possible to assess the heat produced or absorbed 

by the material due to the change in its mechanical state 

[23]. Under cyclic loading, it is possible to deduce the field 

of hydrostatic stress amplitudes from the temperature oscil-

lations using the so-called Thermoelastic Stress Analysis 

(TSA) technique [24]. The processing relies on thermoelastic 

coupling, which exists in all materials featuring a non-null 

thermal expansion coefficient. Other approaches enable the 

identification of the calorific signature beyond thermoelastic 

coupling, for example related to plasticity, fatigue damage, 

viscosity, solid-solid phase change or cracking, depending 

on the type of material and loading conditions. More gener-

ally, the use of IR thermography and the framework of the 

thermodynamics of irreversible processes [25, 26] makes 

it possible to perform full-field “deformation calorimetry”. 

IR thermography techniques applied to mechanics of mate-

rials are now mature. They have profoundly impacted the 

experimental mechanics community in recent years. The 

way granular materials are tested is currently absent from 

this trend, as evidenced by the small number of papers pub-

lished in the literature mentioning the use of IR cameras. 

These papers are briefly discussed below.

In the 80s, Luong applied vibrothermography to sand, 

revealing self-heating caused by the friction between grains 

during cyclic loading [27, 28]. The dissipative behavior of 

sands and soils was then discussed in the 2000s. For instance, 

it was shown in Refs [29, 30] that thermography allows real-

time observations of heat patterns produced by the dissipa-

tion of energy. Self-heating of more than 5 °C was meas-

ured, which experimentally evidenced the presence of strong 

dissipative effects in sands under vibration. In these studies, 

the size of the grains was much smaller than the size of the 

IR pixel projected onto the measurement area, thus enabling 

“continuous” thermal fields to be obtained for granular sam-

ples with a large number of particles. In previous studies 

by the present authors, thermographic measurements were 

first performed on Schneebeli materials made with circular 

cross-section cylinders. In 2014, granular systems with about 

1200 rigid particles made of polyoxymethylene (POM) and 

high-density polyethylene (HDPE) were analyzed by using 

TSA data averaged over each particle [31]. Temperature 

oscillations of more than 0.1 °C in amplitude were measured 

under cyclic mechanical loading at 3 Hz. Note that the use of 

rapid and repeated cycles was required to obtain hydrostatic 

stress distributions with sufficient sensitivity. The latter was 

about 0.015 °C/MPa and 0.026 °C/MPa for POM and HDPE 
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respectively. Then, in 2015, TSA was applied to granular sys-

tems made of a few hundred POM particles in order to ana-

lyze localizations within them [32]. It enabled us to evidence 

hydrostatic stress “paths” within the particles from tempera-

ture oscillations up to about 0.2 °C in amplitude. Because of 

the need for numerous and rapid mechanical cycles (to ulti-

mately obtain only a low thermal response), the suitability 

of the methodology was questioned in 2018 in Ref [33]. In 

this work, rigid and soft particles made of POM and thermo-

plastic polyurethane (TPU), respectively, were mixed. It was 

found that temperature variations of more than 0.8 °C could 

be obtained in the soft particles without the need to average 

the values over several cycles. Some comments can be made 

here regarding thermoelastic couplings, depending on the type 

of elasticity (see page 310 of Ref [34] for more details about 

the comparison between the two types of elasticity):

• TSA relies on the thermal sensitivity of the volume

change in materials featuring energetic elasticity (these

materials are sometimes called isentropic). This sensi-

tivity, expressed by the thermal expansion coefficient,

is low for rigid materials. TSA provides maps of hydro-

static stress amplitude under cyclic loading. The method

requires sufficiently high loading frequencies (to maxi-

mize the number of cycles over short times) and suf-

ficiently high stress levels (when possible) to reach a

sufficient thermal signal-to-noise ratio.

• Elastomeric materials feature entropic elasticity. Defor-

mation-induced temperature variations in rubbers were

initially discussed in the pioneering studies of Gough

[35] and Joule [36] in the nineteenth century. The tem-

perature changes caused by entropic elasticity are much

higher than those resulting from energetic elasticity. In

fact, both types of thermoelastic coupling exist in rubber-

like materials, but that caused by entropic elasticity is

rapidly predominant compared to that caused by ener-

getic elasticity when the strain level increases [37].

In this context, the objective of the present study is to 

take advantage of the strong thermal signature of entropic 

elasticity to analyze the thermomechanical response of 

granular materials entirely composed of elastomeric parti-

cles. Furthermore, studying soft granular systems is a topical 

issue (see Refs [4, 20]) for which there is a lack of full-field 

experimental measurements. Elliptical shapes for the parti-

cles are considered in the present study as step towards more 

complex geometries in the future, to progressively approach 

the particle shapes of real granular media. Performing a sta-

tistical analysis is another challenge for this study, through 

an experiment on a granular system with about 100 particles 

and about 600 interparticle contacts. Note that we did not 

seek to identify stress fields, as was done in Ref [32] by 

TSA in the case of particles with energetic elasticity. The 

identification of stresses in elastomeric materials using IR 

thermography is a topic which is not considered here.

The paper is organized as follows. The second section 

presents the granular materials and the experimental devices 

used in the study. The third section presents some prelim-

inary observations for a given test in order to illustrate a 

typical thermal response. The fourth section describes the 

procedure employed to extract calorific data from thermal 

measurements obtained by IR thermography. The fifth sec-

tion aims at analyzing small-size granular systems (about 15 

particles) at the local scale, using various spatial resolutions 

for comparison purposes. In order to approach real granular 

media, the sixth section is devoted to a statistical analysis 

on a larger granular system comprising about 100 particles. 

Concluding remarks close the paper.

Material and Methods

Particle Preparation

Figure  1 illustrates the preparation of the TPU particles 

employed in the experiments. Particles were prepared from 

a commercial biresin grade from Axson Technologies, com-

posed of U1419-I1 isocyanate and U1458 polyol. To manu-

facture cylinders with elliptical cross-sections, the biresin was 

mixed and poured in molds. A vacuum chamber was used 

to remove bubbles from the mixture (see Fig. 1(a)). Twenty 

minutes were necessary for the complete solidification of the 

cylinders (see Fig. 1(b)), all of which were 26 mm long. Three 

dimensions were considered for the cross-sections, simply 

referred to as “small”, “medium” and “large” in the following 

Fig. 1   Material elaboration and elliptical particles
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of the paper for the sake of simplicity, see Fig. 1(c). The cyl-

inders differed in the length of the major axis of the elliptical 

section, which was equal to 15 mm, 18 mm and 22.5 mm, 

respectively. The length of the minor axis was the same for all 

the particles: 10 mm. The cylinders were slightly polished on 

one end and coated with a thin matte black paint to maximize 

the thermal emissivity of the surface. Finally, two material 

parameters are reported here for the subsequent calorific analy-

sis of the thermal response of the granular systems made from 

the particles. The density of TPU was 1,040 kg/m3 according 

to the datasheet of the supplier. A value of 1,700 J/(kg·K) was 

considered for the specific heat [38].

Experimental Setup

Figure 2 shows the two types of thermomechanical setup 

used during this study. They differ in the size of the rectan-

gular metal frame receiving the particles for confined com-

pressive loads: 50 mm and 150 mm in width (see Fig. 2(a), 

(c) respectively). A pusher was employed to apply a vertical

load at the top of the granular systems thanks to a linear

actuator. Two uniaxial testing machines were used: an Intron

ElectroPuls E3000 machine and a Zwick/Roell Zmart Pro

machine. The former allows cyclic loadings with a maxi-

mum compression force of 5 kN, enabling us to study the

influence of the loading rate on small granular systems

(about 15 particles). The latter allows quasi-static loadings

up to 15 kN, enabling us to study the influence of the load-

ing level on a large granular system (about 100 particles).

As mentioned above, all the particles were painted in 

black to maximize their thermal emissivity. As can be seen 

in the pictures, the metallic frames were also spray-painted 

to limit parasitic reflections in the IR range (see Fig. 2(d)). 

In addition, thick black fabrics were placed all around the 

granular systems (see Fig. 2(b)). A cardboard tunnel (not 

visible in the pictures) was also placed from the IR camera to 

the granular material to minimize parasitic radiations caused 

by the close environment.

Mechanical Loading and Thermal Measurement

The granular systems were subjected to force-controlled 

cyclic loadings with a triangular profile. In all the tests, the 

minimum vertical compression force was set at 10% of the 

maximum force to avoid any loss of contact during unload-

ing. Various tests were performed. Table 1 gives the list of 

the tests discussed in detail in the paper:

• Tests T1 to T8 were dedicated to small granular systems

(about 15 particles). The maximum compression force

was set to 3 kN. For the monodisperse case (T1 to T6),

the loading rate changed from one test to the next: ± 0.5

kN/s, ± 1 kN/s, ± 1.5 kN/s, ± 2 kN/s, ± 2.5 kN/s and ± 5 

kN/s respectively. The objective here is to discuss the

Fig. 2   Experimental setup: (a), 

(b) using a small frame for tests

T1 to T8; (c), (d) using a larger

frame for tests T9 to T11
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influence of the loading rate in terms of viscosity and 

heat diffusion time (since, by construction, the shorter the 

mechanical cycle, the more adiabatic the thermodynami-

cal response over the cycle). For the bidisperse case (T7 

and T8), two loading rates were applied (± 2 kN/s and ± 5 

kN/s respectively), the objective being to compare the 

results obtained with those of the monodisperse case.

• Tests T9 to T11 were devoted to a large granular sys-

tem, with nearly 100 particles. The loading rate was

fixed at ± 1 kN/s for the three tests, but the maximum

force was set to 6 kN, 9 kN and 12 kN respectively. The

objective here is to discuss the influence of the applied

load level. The influence of the loading rate was not

studied here because this issue is discussed for the small

monodisperse system. Note that the level of adiabaticity

achieved during a test is expected to depend primarily

on its duration, and not on the number of particles. This

can be explained by their low thermal conductivity. Note

also that keeping the same loading rate allows the same

viscous behavior to be obtained for the three tests.

It should be noted that five preliminary mechanical cycles 

were applied to compact the granular systems (see Fig. 3(a)). 

Afterwards, the minimum force (10% of the maximum force) 

was held constant for about 10 min to ensure that the gran-

ular system had returned to thermal equilibrium with the 

environment before the beginning of the cyclic mechanical 

loading to be considered for the analysis. It can be noted in 

Table 1 that 20 cycles were applied to the small granular 

materials (T1 to T8) whereas only 5 cycles were applied 

to the large one (T9 to T11). This is because the high force 

levels applied in the latter case make the mechanical cycle 

long. To limit heat exchanges between the large granular 

system and its environment during the measurements, the 

number of cycles was limited to 5.

Two IR cameras featuring a similar Noise Equivalent Ther-

mal Difference of 20 mK around ambient temperature were 

used to capture the temperature fields at the surface of the 

particles: a FLIR X6540sc camera (640 × 512 pixels) and a 

Cedip Jade III-MWIR camera (320 × 240 pixels). The former 

camera was used to study small granular systems in order to 

better understand the thermal response by “zooming in” on a 

few particles. The latter camera was used to study the large 

granular system in order to perform a macroscopic (i.e. sta-

tistical) analysis. The acquisition frequency was set to 10 Hz 

in both cases. Note however that with the Cedip camera, the 

base acquisition frequency was 100 Hz with a real-time aver-

aging operation every 10 thermal images (leading to a record-

ing frequency of 10 Hz), which enabled us to improve the 

thermal measurement resolution. Different spatial resolutions 

were considered during the test campaign. It is worth recalling 

here that granular materials under mechanical loading were 

subjected to stress concentrations at the interparticle contacts, 

thus leading by construction to differences in the full-field 

measurements as a function of the spatial resolution used. 

The spatial resolution value, defined here as the size of the IR 

pixel projected onto the measurement plane, is provided for 

each temperature map displayed below. Some tests were dupli-

cated with different spatial resolutions (in practice by varying 

the distance between the camera and the granular material): 

mechanical conditions T5 and T7 were both performed twice, 

by using in each case a different spatial resolution. Note finally 

that the mechanical and thermal measurements were not syn-

chronized in the experimental setup. The visualization of the 

displacements of the actuator in the temperature maps enabled 

us to distinguish between loading and unloading phases, but 

the resolution is not sufficient to identify phase maps.

Table 1   List and details of the tests presented in the paper

The asterisk symbol * indicates that the test was repeated with different spatial resolutions for the temperature fields (obtained in practice by 

using different optical conditions for the infrared camera)

Test # Type of granular material Particle 

number

Content of the granular material Maximum force Force rate Cycle duration Number 

of cycles

T1 Monodisperse 16 16 small 3 kN  ± 0.5 kN/s 12 s 20

T2  ± 1 kN/s 6 s

T3  ± 1.5 kN/s 4 s

T4  ± 2 kN/s 3 s

T5*  ± 2.5 kN/s 2.4 s

T6  ± 5 kN/s 1.2 s

T7* Bidisperse 14 7 small + 7 large 3 kN  ± 2.5 kN/s 2.4 s 20

T8  ± 5 kN/s 1.2 s

T9 Tridisperse 93 32 small + 31 medium + 30 large 6 kN  ± 1 kN/s 12 s 5

T10 9 kN 18 s

T11 12 kN 24 s
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Finally, for each test, a reference thermal image was 

captured just before starting the cyclic mechanical load-

ing, in order to identify the temperature changes. This 

quantity is denoted � in the following. Note that despite 

the fact that TPU was in the rubbery state, particle defor-

mations were actually “small” due to the limited mag-

nitude of the external loading, as well as the confined 

nature of the compression. Before presenting the results 

of all the tests, the next section provides some prelimi-

nary observations concerning one of them in order to 

highlight the key points of the study.

Preliminary Observations

Before comparing the results of the tests described in Table 1, 

Fig. 3 shows a typical thermal response during a mechanical test, 

here test T6 (small granular system, monodisperse configura-

tion, force rate ± 5 kN/s, maximum force 3 kN), with a spatial 

resolution of 131.6 µm for the temperature maps. The profile 

of the mechanical loading is recalled in Fig. 3(a). Several com-

ments can be made about the thermal response:

• Figure 3(b)–(d) show the thermal fields at three times dur-

ing the loading: beginning, half of the 1st cycle and end of

the 20th cycle, respectively. Figure 3(c) highlights “hot”

spots at nearly all the contacts. Figure 3(d) shows larger

temperature changes at some interparticle contacts (espe-

cially in the upper part of the granular material) as well as

a “hot” path through two particles (see white arrows).

• Four points of interest are selected in Fig. 3(b) to illustrate

typical thermal responses vs. time. The choice of these

points was made to open the discussion on the distinction

between the effect of thermoelastic coupling (amplitude of

thermal oscillation) and the effect of mechanical dissipa-

tion (overall self-heating tendency). Points P1 and P2 are

located at interparticle contacts, while P3 and P4 are at the

center of particles. Figure 3(e) presents the thermal variation

�(t) vs. time t for these four material points. Oscillation at

the same frequency as the loading is observed. Loading is

Fig. 3   (a) Schematic represen-

tation of mechanical loading; 

(b)–(d) maps of tempera-

ture changes during test T6 

(monodisperse configuration, 

force rate ± 5 kN/s, maximum 

3 kN). The spatial resolution 

of the thermal maps is equal 

to 131.6 μm; (e) temperature 

change as a function of time at 

four points in the granular mate-

rial, after averaging over 9 × 9 

px2 (1.18 × 1.18 mm2)
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accompanied by a temperature increase, whereas unloading 

is accompanied by a temperature decrease. Furthermore, a 

global increase is observed for the four points. A linear trend 

is obtained after the fifth cycle for points P1 and P2: see 

dashed lines. A self-heating rate of about 0.01 °C/cycle is 

measured at point P1 in the steady-state regime (from cycle 

#5). For P3 and P4, linearity is observed from the begin-

ning of the test. It can also be noted that these four points 

exhibit distinct thermal responses in terms of oscillation 

amplitude (which can be a priori associated with the stress 

oscillation amplitude) and average rate of increase (which 

may be associated with mechanical irreversibility, such as 

damage, viscosity and friction). It is interesting to note that 

these two quantities are not always correlated. For example, 

point P2 is associated with a small oscillation amplitude and 

a high mean rate of increase, in contrast to point P3. The 

distinction between the calorific responses associated with 

thermoelastic behavior and anelastic behavior is the focus 

of the discussion proposed in the following sections.

• The thermal variation at point P4 shows an interesting prop-

erty: a cyclic oscillation with nearly no overall increase, and

a minimum value of � remaining close to zero over the 20

cycles. It can be assumed that the response is here adiaba-

tic and nearly reversible (we can guess that the strain and

strain rate levels are low enough not to create much heat by

viscosity or damage). Indeed, in this situation the amount of

heat produced and absorbed (during loading and unloading

respectively) by thermoelasticity is the same over a thermo-

dynamical cycle. Thus � returns then to nearly zero at the end

of each cycle if the latter is adiabatic.

Some thermomechanical properties have been presented here 

to anticipate the discussion in the next sections. Before analyzing 

the results of the tests listed in Table 1, the next section provides 

the thermomechanics of materials background used for the analy-

sis. It also presents the approach used for calorific data extraction.

Data Processing

Thermomechanics of Materials Background

The calorific response of materials subjected to mechanical 

loading can be split into two parts [39, 40]:

• The first part is associated with reversible thermomechani-

cal phenomena, i.e. thermoelasticity only in most cases.

As mentioned above in the introduction, two types of ther-

moelastic coupling (TEC) exist: one is governed by the

change in internal energy (energetic elasticity) and the other

is governed by the change in entropy (entropic elasticity)

[34]. A simple uniaxial tensile test enables us to distinguish

between them: upon loading (resp. unloading), energetic

elasticity leads to a temperature decrease (resp. increase) 

whereas entropic elasticity leads to a temperature increase 

(resp. decrease). Actually, as both types of coupling exist 

in rubbery materials, a so-called thermoelastic inversion 

is observed upon loading, when the entropic contribution 

becomes preponderant [37]. On the contrary, uniaxial com-

pression loading (resp. unloading) leads to a temperature 

increase (resp. decrease) for both types of TEC.

• The second part is associated with irreversible mechanical

phenomena, which can be of different origins since they

depend on the material and the loading conditions. The

associated heat power density is called mechanical dissipa-

tion (MD) or intrinsic dissipation. This calorific quantity

is always positive. It is for instance at the origin of the so-

called self-heating of the material during cyclic loading due

to fatigue damage and/or viscosity.

Figure 4 schematically illustrates the thermal variation in 

a rubbery material subjected to uniaxial compression cycles 

assuming an adiabatic evolution. Figure 4(a) corresponds 

Fig. 4   Schematic temperature variations reflecting the contributions 

of thermoelastic coupling (TEC) and mechanical dissipation (MD) 

assuming adiabatic conditions in cyclic uniaxial compression
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to the case of a purely thermoelastic response, i.e. without 

MD. The temperature change � oscillates in phase with the

mechanical loading between zero and a maximum value

designated by �
half

 in the following. The return to zero at

the end of each cycle is due to the fact that the heat released

during loading is equal in magnitude to that absorbed dur-

ing unloading. Figure 4(b) corresponds to a case involving

MD, assuming that the mechanical response of the rubbery

matter is “accommodated” (stabilized mechanical response):

the global temperature increase is linear considering that the

same amount of MD is produced at each cycle. Figure 4(c)

corresponds to a general case for which material accommo-

dation occurs during the first cycles. Finally, we can recall

that adiabaticity (“short” tests) is assumed in the tempera-

ture variations shown in Fig. 4. After a certain time, the red

dashed lines on the graphs obviously tend to stabilize hori-

zontally because of the balance between the heat produced

by the MD and the heat exchanged with the environment.

Although local stress states in a granular material 

subjected to confined compression are more complex 

than in the case of simple uniaxial compression, some 

similarities can be noted between the temperature varia-

tions observed in Figs. 3(e) and 4. The curves in Fig. 4(a) 

(reversible response) and -b (accommodated response) 

may correspond to the thermal changes at points P4 

and P3 in Fig. 3(e), respectively. The curve in Fig. 4(c) 

(non-accommodated general case) may correspond to the 

thermal changes at points P1 and P2, although material 

accommodation in the granular system was expected to 

be minimized due to the preliminary compression cycles. 

Complex thermomechanical responses are involved in a 

soft granular system, in particular associated with viscos-

ity, multiaxial stress state and friction.

For the further processing of thermal data in the rest of 

the paper, two parameters are pointed out:

• the temperature change �end(#k) at the end of the kth cycle;

• the temperature change �half (#k) at the middle of the kth

cycle, when the force level is maximum.

The following section develops some practical aspects 

of the image processing and the conversion into calorific 

quantities associated with TEC and MD.

Extracting Calorific Data

The basic idea of the subsequent processing is that the 

heat associated with TEC is null over an entire number 

of cycles and that the change is adiabatic. From a calo-

rific point of view, the magnitude of the MD can there-

fore be quantified by the heat density Q
MD

 (in J/m3) over 

each cycle as follows:

where � and C are the density and the specific heat of the 

material, respectively. By construction, the total heat pro-

duced by the material over each adiabatic loading phase is 

given by:

This quantity implies a contribution from both TEC 

and MD. We propose to identify that of TEC by the heat 

density Q
TEC

 (in J/m3) over each half a cycle as follows:

By nature, mechanical dissipation is always a positive 

calorific quantity (whatever the loading “direction”, i.e. 

loading or unloading). Equation (3) implicitly assumes 

that MD is produced equally during the loading and 

unloading phases of each cycle, leading to the ratio of 
1∕

2
 applied to the quantity QMD(#k) for the calculation of 

QTEC(#k) . This hypothesis is strong, but remains reason-

able as a first approach. Making a distinction between 

loading and unloading would be a relevant approach to 

be adopted in the future, in a way similar to the develop-

ments proposed in Ref [37] which deal with a rubbery 

(non-granular) material in uniaxial tension.

Remark 1  Because of the motion of the particles, it is tricky 

to deduce maps of Qhalf (#k) and QTEC(#k) . Indeed, particle 

locations are different at the lower and higher force levels. 

Since the particles slightly deformed, rigid-body movements 

were considered for the processing in the present study. Cou-

pling IR thermography with measurements of displacement/

strain fields by DIC in the visible range is a perspective of 

the present work to completely overcome this hurdle in a 

precise manner. The situation is simpler for the MD effect. 

Indeed, as the granular materials were previously compacted 

(see Fig. 3(a)), the particles returned to their positions at the 

end of each cycle, making it easy to obtain maps of �end(#k) 

and QMD(#k) by simple image subtraction.

Remark 2  TEC is considered as a “strong” coupling in the sense 

that its magnitude is much higher than that of MD in most cases: 

Q
MD

≪ Q
TEC

 . For instance, in the case of fatigue in steels, the 

ratio is of about three or four orders of magnitude [41]. For rub-

bers, the trend is the same, but MD may not be negligible due to 

viscosity or when the strain level increases: see Ref [37] dealing 

with uniaxial tensile tests of rubbers. This situation may make 

the measurement resolution of QMD(#k) disadvantageous com-

pared to that of QTEC(#k) . In order to improve the measurement 

resolution of the heat associated with MD in a steady-state cyclic 

regime, we decided to calculate also the mean value over several 

(1)QMD(#k) = �C
[

�end(#k)−�end(#k − 1)
]

(2)Qhalf (#k) = �C
[

�half (#k)−�end(#k − 1)
]

(3)QTEC(#k) = Qhalf (#k) −
1

2
QMD(#k)
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cycles, starting from the fifth one (i.e. when the global tempera-

ture increases linearly, see the red dashed lines in Fig. 3(e)). This 

quantity is denoted QMD(stab) in the following.

Remark 3  No irreversible movement of the particles was 

observed during the measurements. The contacts were “sta-

bilized” by the preliminary compaction cycles. The particles 

remained in the same position during the measurements, 

with mainly contact deformations leading to slight transla-

tions and rotations of the particles. Furthermore, variations 

in interparticle contact areas with the load were observed. 

This results from the soft character of TPU. It can be con-

sidered that the overall behavior of the granular materials 

under study was mainly determined by contact deformations.

Remark 4  Several comments can be made about the bound-

ary conditions. At both ends of all cylinders, the mechanical 

state is by construction of “plane stress” type because they 

are free boundaries. Friction at the contacts with the four 

walls certainly affects the stress state in the volume of the 

cylinders. Reducing the length of the cylinders would ena-

ble us to approach a plane state of stress in the volume, but 

this would lead to problems of stability in compression, and 

thus to safety issues during the tests. Limiting edge effects 

in a Schneebeli material can be achieved by increasing the 

number of cylinders. Another possibility is to use flexible 

boundaries, as in Ref [9]. See the perspectives of the present 

study in the "Conclusion" section.

Fig. 5   �half (#1) and �end(#20) 

are the temperature changes 

in the middle of the 1st cycle 

and at the end of the 20th 

cycle, respectively. The spatial 

resolution of the maps is equal 

to 131.6 μm. Maximum values 

(after an averaging operation of 

9 × 9 px2) are also indicated

9
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The next section proposes an application of the method-

ology to small granular materials by considering various 

aspects, in particular the influence of the loading rate and 

the spatial resolution of the thermal maps.

Application to Small Granular Systems

This section presents the results obtained for the “small” granular 

materials (16 particles in monodisperse configuration for tests T1 

to T6; 14 particles in bidisperse configuration for tests T7 and 

T8) before applying the methodology to a larger system. The first 

part is dedicated to the analysis of the thermal responses ( � ), in 

order to examine different aspects: influence of the loading rate; 

difference between the monodisperse and bidisperse systems; 

additional information on the influence of the spatial resolution 

used to measure the temperature fields. The analysis of the calo-

rific response ( Q
TEC

 and Q
MD

 ) for a given test, namely test T6, is 

finally presented, before applying our approach to a more realistic 

granular system with more particles at the end of the paper.

Influence of Loading Rate

Figure 5 shows the influence of the loading rate on the small 

monodisperse granular system for the same maximum force, 

equal to 3 kN (tests T1 to T6). The spatial resolution of the 

thermal maps is equal to 131.6 μm. The following comments 

can be made concerning these maps:

• Figure 5(a)–(f) show the maps of �
half

 (see Fig. 4(b), (c))

in the middle of the 1st cycle for a loading rate of ± 0.5

kN/s, ± 1 kN/s, ± 1.5 kN/s, ± 2 kN/s, ± 2.5 kN/s and ± 5 

kN/s respectively. Temperature concentrations are visible

at nearly all the contacts, including those with the metallic

frame. The presence of these “hot” spots at the contacts

can be related to stress concentrations, leading to stronger

TEC and MD in these zones. Local temperature changes

of up to 0.45 °C are measured (0.25 °C after averaging

over 9 × 9 px2, i.e., 1.18 × 1.18 mm2). The sizes of the hot

spots are relatively similar between the tests. Thus it can be

considered that the variation is adiabatic over a half-cycle

in all the cases considered here. Close observation shows

that these hot spots are actually slightly more concentrated

when the loading rate increases. This can be explained by

an increasingly adiabatic behavior when the period of the

cycle decreases. Furthermore, there is no real difference in

the intensity of these hot spots as a function of loading rate.

Several decades of loading rate would probably be required

to observe an increase in MD associated with viscosity.

• Figure 5(g)–(l) show the maps of �
end

 measured at the end

of the 20th cycle. Hot zones are visible at specific con-

tacts in the upper part of the granular system, as well as

inside two particles at the bottom part (see black arrows). 

Assuming that the heat due to TEC vanishes over entire 

numbers of cycles, these hot zones are caused by the MD. 

Heat diffusion over the duration of the 20 cycles is also 

potentially involved. It is worth noting that the loading 

rate has an influence on material viscosity and on the 

level of adiabaticity of the test: the higher the loading 

rate, the higher the heat produced by viscocity, and the 

better the adiabaticity level over the number of mechani-

cal cycles which are applied. Note also that several dec-

ades of loading rate are generally required to see a sig-

nificant influence of viscosity on the mechanical response 

of TPU. At the lowest rates (± 0.5 kN/s and ± 1 kN/s), 

the fields of �end(#20) are of low intensity. They are also 

only slightly localized. This is a priori the consequence of 

the heat diffusion during the 240 s required to complete 

the 20 cycles. The rates of ± 0.5 kN/s and ± 1 kN/s can 

be considered as too small to consider the variation as 

adiabatic over the test duration. The maps of �end(#20) 

at ± 1.5 kN/s, ± 2 kN/s and ± 2.5 kN/s are quite similar, 

with concentrations of same sizes and same intensities. 

The maximum value is about 0.43 °C for these three tests. 

It can be considered that these three tests are adiaba-

tic, with similar viscosity effects. The test at the highest 

loading rate (± 5 kN/s) presents the strongest thermal 

response, with a maximum value of 0.61 °C. In addition, 

material self-heating is clearly evidenced along the hot 

path which is visible through the two particles in con-

tact marked by black arrows. This is a clear effect of the 

increase in viscosity with the loading rate.

In the following, heat is calculated for test T6 (at ± 5 kN/s), 

as it presents the highest level of adiabaticity over the duration 

of the 20 mechanical cycle tests.

The orders of magnitude of the maximum values of 

�half (#1) and �end(#20) appear to be similar. However, it must 

be recalled that the values were measured at the first half cycle 

and the end of the 20th cycle respectively. A “calorific” com-

parison between the two heat sources (TEC and MD) within 

one cycle will be presented later.

Comparison Between Monodisperse and Bidisperse 
Systems

Figure 6 presents a comparison between a monodisperse 

configuration (test T6) and a bidisperse configuration (test 

T8) for the same loading conditions (loading rate =  ± 5 kN/s, 

maximum force = 3 kN). The spatial resolution of the maps 

is again equal to 131.6 μm. It is confirmed in the bidisperse 

case that concentrations of �half (#1) occur at each contact, 

whereas concentrations of �end(#20) only exist at some con-

tacts and within certain particles. The thermal response 
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appears to be stronger in the bidisperse system than in the 

monodisperse one. The maximum value of �half (#1) is higher 

in the former case: 0.27 °C vs. 0.21 °C after averaging over 

9 × 9 px2, i.e., 1.18 × 1.18 mm2. The same conclusion holds 

for the maximum value of �end(#20) : 0.81 °C vs. 0.61 °C. 

Since the void ratio is higher in the bidisperse system (it is 

less compact than the monodisperse one), the stress level 

in the particles is also expected to be higher. This explains 

a stronger thermal signature for the mechanical response 

in the bidisperse system. Note also that the hot zones are 

more widely spread in the bidisperse case. Logically, the 

higher the magnitude of the interparticle force, the larger 

the contact area: see for instance the temperature distribu-

tion around the 0.27 °C location in the �half (#1) map. In the 

�end(#20) map for the bidisperse system, hot paths are visible 

in the two particles in contact with the pusher (see black 

arrows). The high load levels in these two particles can be 

explained by the fact that the vertical force is transmitted by 

only 2 contacts with the pusher in the bidisperse configura-

tion vs. 4 contacts in the monodisperse configuration (see the 

�half (#1) maps showing the “active” contacts). Two tests are 

not sufficient to draw general conclusions at the local scale, 

as the response strongly depends on the location and orienta-

tion of the particles with respect to each other. However, the 

comparisons made here seem logical.

Improved Spatial Resolution

Figure 7(a), (b) show thermal maps for the monodisperse and 

bidisperse configurations respectively, and for the same load-

ing conditions (loading rate = 2.5 kN/s, maximum force = 3 

kN, tests T5 and T7 respectively), but the spatial resolution 

is different from that used in the previous figures. The spatial 

resolutions were equal to 41.0 μm and 66.3 μm, respectively, 

thus enabling us to zoom in on small zones in the granular 

systems. The locations of the enlarged zones Z1 and Z2 are 

indicated in the schematic views. For zone Z1, a comparison 

Fig. 6   Comparison between monodisperse configuration (test T6) and 

bidisperse configuration (test T8) with same loading conditions (force 

rate ± 5 kN/s, maximum 3 kN). The spatial resolution of the thermal 

maps is equal to 131.6 μm. In each map, the maximum value (after an 

averaging operation of 9 × 9 px2) is indicated

Fig. 7   Comparison between 

monodisperse and bidisperse con-

figurations with the same loading 

conditions (force rate ± 2.5 kN/s, 

maximum 3 kN) but using smaller 

spatial resolution compared to 

tests T5 and T7, respectively. See 

Table 2 and Fig. 8 for comparison 

with measurements at 131.6 μm 

spatial resolution
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with previous maps at 131.6 μm is also presented in Fig. 8 

by using five color yields. It can be seen that the distributions 

are globally the same for both maps �half (#1) and �end(#20) , 

whatever the spatial resolution. The same conclusion was 

obtained for zone Z2 (color yield images not presented here). 

Some points of interest are indicated in Fig. 7 for comparison 

purposes: P5 to P9 in zone Z1; P10 to P13 in zone Z2. It 

can be seen that the maximum contact temperatures are not 

exactly located at the boundary between the particles (see 

in particular P10). In practice, the values of �half (#1) and 

�end(#20) that are reported in Table 2 are the maximum ones 

in the contact zones. It can be seen that certain extracted 

maximum values significantly depend on the spatial resolu-

tion used. The graph in Fig. 9 shows the variation of the 

extracted values as a function of the pixel size projected on 

the measurement surface. It can be seen that, except for the 

smallest values (no temperature concentration), the better 

(i.e. the lower) the spatial resolution, the higher the maxi-

mum temperature which is measured. This situation is inher-

ent to the use of a full-field measurement technique in the 

Fig. 8   Comparison of results depending on the spatial resolution 

in zone Z1 for two similar tests (monodisperse configuration, force 

rate ± 2.5 kN/s, maximum 3 kN, minimum 0.3 kN)

Table 2   Comparison of results 

depending on the spatial 

resolution for the same loading 

conditions (force rate ± 2.5 kN/s, 

maximum 3 kN, minimum 

0.3 kN). Note that the maximum 

temperature corresponding 

to P10 is not located at the 

boundary between the particles

Zone Point Test T5 for Z1 and test T7 for Z2 

(1 px = 131.6 μm)

Same loading conditions with 

another spatial resolution (41.0 μm 

for Z1 and 66.3 μm for Z2)

�half (#1) in °C �end (#20) in °C �half (#1) in °C �end (#20) in °C

Z1 P5 0.20 0.06 0.29 0.12

P6 0.27 0.24 0.37 0.32

P7 0.07 0.16 0.14 0.20

P8 0.21 0.02 0.21 0.00

P9 0.18 No contact 0.22 No contact

Z2 P10 0.34 0.67 0.38 0.69

P11 0.22 0.08 0.23 0.08

P12 0.18 0.02 0.20 -0.01

P13 0.21 0.00 0.22 -0.01

Fig. 9   Temperature changes at various points in the two small granu-

lar systems (see locations in Fig. 7) as a function of a pixel size pro-

jected on the measurement surface, and for the same loading condi-

tions (force rate ± 2.5 kN/s, maximum 3 kN, minimum 0.3 kN)
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case of localized phenomena. This could be a problem for 

the estimation of gradients (for estimating heat diffusion). 

By nature, localizations take place in granular materials, thus 

making a calorific analysis of this type of material difficult 

to perform in non-adiabatic conditions. In any case, for a 

thermomechanical analysis, any comparison between differ-

ent maps should be made using the same spatial resolution.

Calorific Analysis

The objective here is to validate the data processing pro-

viding calorific data for one test, namely T6 (monodisperse 

configuration, force rate ± 5 kN/s, maximum 3 kN). In par-

ticular, it is a question of comparing the heat produced by 

the mechanical dissipation QMD(#k) at each cycle (see Equa-

tion (1)) and the heat produced by the thermoelastic cou-

pling at each half-cycle QTEC(#k) (see Equation (3)):

Figure 10(a) shows the variation in QMD(#k) at four points 

in the granular system. It can be seen that the values for 

points P1 and P2 rapidly decrease along the first five cycles. 

The maximum values measured for the first cycle (more than 

300 kJ/m3) appear to be more than half those of Q
TEC

 (more 

than 600 kJ/m3); compare the map of QMD(#1) in Fig. 10(b)

with the map of QTEC(#1) in Fig. 11(a). Thus, MD plays an 

important role in the temperature variations during the first 

five cycles. This result can be explained by a continuation 

of material accommodation during the five first cycles, as 

already discussed from the temperature variations. From 

the fifth cycle on, the value of QMD(#k) at the four points 

seems to fluctuate around zero. However, they are positive 

on average: see Fig. 10(b) showing the maps of QMD(stab) , 

which is the average of QMD(#k) over cycles #5 to #20. Maxi-

mum values reach about 30 kJ/m3. These small values for 

QMD(stab) are also not negligible as they are at the origin of 

the global temperature increase represented by the dashed 

lines in Fig. 3(e). A final remark can be made about the 

maps of QTEC(#k) . The value does not really change over 

the cycles: compare cycle #1 (Fig. 11(a)) and cycle #20 

(Fig. 11(b)). This can be explained by a stabilized elastic 

Fig. 10   Heat produced by 

mechanical dissipation (MD) 

during each mechanical cycle 

during test T6 (monodisperse 

configuration, force rate ± 5 kN/s, 

maximum 3 kN): (a) variations 

along the cycles at four points 

after an averaging operation of 

9 × 9 px2; (b) over the first cycle; 

(c) average over the fifth to twen-

tieth cycles. The spatial resolution

of the maps is equal to 131.6 μm

Fig. 11   Heat produced by thermoelastic coupling (TEC) over the 

loading phase during test T6 (monodisperse configuration, force 

rate ± 5 kN/s, maximum 3 kN): (a) in the first cycle; (b) in the twenti-

eth cycle. The spatial resolution of the maps is equal to 131.6 μm
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response due to the preliminary five cycles which compacted 

the granular material before performing the test. It can also 

be noted that high values are not only observed in the contact 

zones. Significant TEC is also revealed inside some parti-

cles. Finally, it is confirmed that TEC is a strong coupling in 

the steady-state cyclic regime. Indeed, the maximum values 

of Q
TEC

 exceed 600 kJ/m3, whereas those of QMD(stab) only

exceed 30 kJ/m3.

Various observations were made here on small discrete 

systems. They show that is it possible to obtain thermal and 

calorific information based on the proposed methodology. 

The next section is dedicated to a more realistic granular 

material case, since it comprises nearly 100 particles, thus 

enabling us to perform a statistical analysis.

Thermomechanical Behavior of a Larger 
Granular System

This section presents an analysis of the thermomechanical 

response of the “large” tridisperse granular material made 

with about 30 particles of each type (see Table 1). The spa-

tial resolution is now equal to 496 μm. The following three 

points are successively discussed:

• influence of the force level reached, namely 6 kN, 9 kN and

12 kN (tests T9, T10 and T11 respectively), at the same

loading rate ± 1 kN/s;

• analysis of a potential correlation between calorific

response and interparticle movements;

Fig. 12   Thermoelastic coupling 

in the tridisperse granular mate-

rial during the first half cycle. 

Left column: heat density over 

half a cycle; right column: cor-

responding mean heat rate 

density

Fig. 13   Mechanical dissipation in 

the tridisperse granular material: 

heat density over the first cycle
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• statistical analysis from the nearly 600 interparticle

contacts in the granular system.

Influence of the Force Level Reached

Figure 12 shows maps related to the thermoelastic cou-

pling contribution for the three tested loading levels 

during the first half cycle. Results are first displayed in 

terms of QTEC(#1)  heat density: see the left-hand side of 

this figure. Logically, the higher the force level reached, 

the higher the values due to the increased stresses in the 

granular system. The results are also presented in terms 

of mean heat rate density, corresponding to the value of 

QTEC(#1) divided by the duration of half a cycle: see the 

right-hand side of the figure. It can be observed that these 

maps now in kW/m3 are quite similar for the three load-

ing levels. This result may appear surprising for a mate-

rial featuring non-linear elasticity such as TPU. It can 

be explained by an operating loading range in the linear 

part of the TPU’s mechanical response (low deformation 

of the particles during the test). Hot zones are observed 

at nearly all the interparticle contacts. It can be noted 

that the highest values are located at the upper left and 

right corners of the granular system. The lowest and least 

diffuse concentrations are in the bottom left- and right-

hand zones of the granular system (see dashed triangular 

zones). This observation is quite similar to a previous 

result obtained on another type of granular material, 

namely a monodisperse system made of rigid particles, 

see Fig. 8 in Ref [32]. This phenomenon is a priori related 

to the boundary conditions. The number of particles is 

probably not sufficient to limit these boundary effects.

Figure 13 shows maps related to the mechanical dissipa-

tion contribution for the three loading levels that were tested. 

The results are displayed in terms of heat density over the 

first cycle QMD(#1) . Note that the adiabaticity of the tests is 

questionable due to the long duration of the mechanical cycles 

(12 s, 18 s and 24 s for tests T9, T10 and T11 respectively, see 

Table 1). Moreover, maps of QMD(stab) cannot be calculated 

due to the number of mechanical cycles, limited to 5. In any 

case, some results can be extracted. As expected, the higher 

the force level, the higher the anelasticity level. The highest 

values are located at the upper left and right corners of the 

granular system. On the one hand, this is logical because high 

stress levels (revealed by strong TEC in Fig. 12) are expected 

to be also a priori associated with high mechanical irrevers-

ibility levels (strong MD). On the other hand, tangential 

interparticle forces may create high friction without neces-

sarily creating high stress concentrations, which may partially 

explain the difference between the TEC and MD responses. 

The next section aims to propose a potential correlation 

between calorific response and interparticle movements.

Interparticle Movements and Calorific Responses

For illustration purposes, the interparticle movements in the 

tridisperse granular system for the maximum force of 12 kN 

(test T11) are shown in Fig. 14(a), distinguishing between 

translation and rotation. It was necessary to measure these 

latter quantities in order to subsequently calculate relative 

Fig. 14   Movement of the particles: (a) example for test T11; 

(b) illustration of interparticle movement indicators; (c) identifica-

tion of normal (small white lines) and tangential (small red lines)

directions at each contact
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movement at all the contacts (see Appendix). The objective 

is then to compare kinematic quantities (whose calculation 

involves these translations and rotations) with calorific quan-

tities (whose calculation involves temperature changes). The 

coordinates of the interparticle contacts and ellipse centers, 

as well as the orientation of the ellipses, were extracted at 

the minimum and maximum loads by hand, which is feasible 

for less than 100 particles. The translation field is displayed 

by arrows whose length is proportional to the magnitude of 

the translation of the particle center. As expected, the mag-

nitude decreases from the pusher to the bottom of the fixed 

frame. In the lower part of the granular system, the direc-

tions are globally symmetrical with respect to the vertical 

median plane. The rigid-body rotation field is displayed by 

colors. It can be observed that the angles are mainly posi-

tive (trigonometric sense). Negative values are only observed 

in the upper part, especially near the top left corner. More 

importantly, interparticle motions deserve to be analyzed, 

as they are directly related to potential thermomechanical 

effects. This was performed via two interparticle movement 

indicators: interpenetration and sliding: see Fig. 14(b). The 

calculation of these two parameters requires the knowledge of 

the normal and tangential directions at each contact: see the 

small white and red lines, respectively, in Fig. 14(c). Their 

identification was performed by manually extracting geo-

metric data directly from the thermal maps: inclination and 

location of the center of each ellipsoidal particle; location of 

each contact. In addition, the procedure was performed for 

both sides of each contact, which justifies the pair of normals 

(small white lines) and the pair of tangents (small red lines) 

displayed at each contact in the image. Slight differences are 

sometimes observed between the two sides, due to the dif-

ficulty in manually extracting geometric information with the 

low spatial resolution of an IR camera (compared to visible 

range cameras). An averaging operation was therefore per-

formed between the two sides of each contact to determine 

one single normal direction and one single tangential direc-

tion each time. From the translation and rotation data, it is 

Fig. 15   Comparison between interparticle movement indicators and contact calorific indicators for test T11
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then possible to calculate the interpenetration ( Int ) and the 

sliding ( Sld ) at each contact. Appendix describes the com-

plete mathematical procedure used to calculate these values.

Figure 15 shows the distributions of Int and Int × Sld , 

whose values have been normalized by dividing them by 

their respective maximum values. The distributions are 

presented through a matrix whose row i and column j cor-

respond the numbers of the particles in contact (see these 

numbers in the schematic view in the upper right corner of 

the figure). The objective is to compare them with the val-

ues of Qhalf (#1) and QMD(#1) respectively, at the contacts. 

Indeed, it is expected that the higher the interpenetration, 

the greater the heat produced by the material Qhalf (#1) , 

which involves both TEC and MD contributions. It is also 

expected that MD at the contacts is strongly related to 

friction, which is here “mechanically” expressed by the 

product Int × Sld . Indeed, the contact normal force is 

proportional to the interpenetration Int in the case of a 

contact between two elastic cylinders (see equation 5.34 

in Page 63 in Ref [42]). Moreover, the curvature radii do 

not appear at all in the relationship between force and 

interpenetration [42]. Assuming also that the tangential 

force is proportional to the normal force during sliding 

(Coulomb’s law), the product Int × Sld is therefore rep-

resentative of the mechanical work associated with fric-

tion. The calorific indicators Qhalf (#1) and QMD(#1) , were 

manually extracted at all couples of particle i and j in 

contact. It is worth noting that, due to the large spatial 

resolution (496 μm) compared to the measurements in 

the small granular materials in the previous sections, the 

extracted values are actually strongly averaged. Normali-

zation of Qhalf (#1) and QMD(#1) by their maximum values 

over all the contacts was also performed. It is certainly 

illusory to try to find a precise correlation between these 

mechanical ( Int and Int × Sld ) and calorific ( Qhalf (#1) and 

QMD(#1) ) indicators. However, some agreements can be 

found at certain contacts: see for example the two insets 

in Fig. 15. The higher values are fairly well correlated: see 

black squares at contacts 48/49 and 51/52 for the compari-

son between Int and Qhalf (#1) , and at contacts 41/42 and 

41/45 for the comparison between Int × Sld and QMD(#1) . 

Various approaches can be proposed to improve results in 

the future, such as defining other mechanical indicators 

and using measurements of displacement/strain fields by 

DIC in the visible range. Nevertheless, a statistical analy-

sis is presented in the next section concerning the TEC 

interparticle data. The analysis is not pursued for the 

MD interparticle data because most of them are low and 

affected by noise (the highest values are mainly located in 

the upper left and right corners of the granular material). 

Higher loading rates and averaging over multiple steady-

state cycles could result in a better signal-to-noise ratio for 

the MD response in the future.

Statistical Analysis of the Thermoelastic Coupling 
Signature at the Interparticle Contacts

Figure 16(a) shows the distribution of the calorific signatures 

QTEC(#1) associated with TEC at the interparticle contacts in 

the tridisperse system for the maximum force, 12 kN. The 

mean value is also indicated (see vertical dashed line), as 

well as the corresponding probability density function (PDF) 

that was fitted using a generalized extreme value distribu-

tion. This type of function was chosen due to the asymmetric 

distribution between low and high values. The comparison 

between the three force levels tested (6 kN, 9 kN and 12 

Fig. 16   Calorific signature associated with thermoelastic coupling at 

the interparticle contacts in the tridisperse system: (a) example of his-

togram and corresponding probability density function (PDF) using a 

generalized extreme value distribution; (b) comparison of the PDFs 

for the three loading levels
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kN) is presented in Fig. 16(b). Logically, an increase in the 

average value is observed with the maximum force level. 

The PDFs are indeed shifted to the right in the graph and are 

wider when the maximum force increases. These results are 

quite logical, but show that IR thermography and subsequent 

calorific analysis provide interesting/complementary data for 

the analysis of the thermomechanical behavior of granular 

materials, as discussed in the “Conclusion” section.

Conclusion

For several decades, the analysis of the mechanical behavior 

of continuous solids has benefited from full-field measurement 

techniques using infrared thermography and subsequent calo-

rimetry processing. Indeed, the experimental evidence of local 

couplings between mechanical and thermal responses has ena-

bled a real analysis of heterogeneous phenomena in continuous 

materials within a rigorous thermodynamic framework. Until 

now, granular materials have been virtually excluded from this 

approach in the experimental mechanics community. We believe 

that such an experimental procedure can also provide informa-

tion of interest for the understanding of the mechanical behavior 

of granular materials, which is potentially complementary to 

full-field strain measurements and numerical methods.

In the present study, soft granular systems composed of 

elastomeric particles were selected to take advantage of the 

thermoelastic coupling (TEC) associated with entropic elastic-

ity. Centimeter-sized cylinders with ellipsoidal cross sections 

were elaborated to form the particles. The thermal response 

of monodisperse, bidisperse and tridisperse systems was 

measured by infrared camera under confined cyclic compres-

sion. A temperature oscillation featuring the same frequency 

as that of the load was observed. During the compression 

phases, hot spots were identified at all interparticle contacts. 

This was explained by the entropic TEC activated by stress 

concentrations at the contacts, with a potential contribution 

of mechanical dissipation (MD) associated with irreversible 

phenomena such as viscosity and friction. The importance of 

the spatial resolution used for the thermal measurements was 

highlighted. Local temperature changes of up to nearly 0.5 °C 

were measured at a spatial resolution of about 0.1 mm. The 

value is halved at a spatial resolution of about 1 mm. Self-

heating over the cycles was also observed around specific con-

tacts, as well as inside some particles. This is caused by MD, 

considering that the heat associated with TEC vanishes over 

a mechanical cycle. Self-heating rates up to about 0.01 °C/

cycle were measured in the steady-state regime. A greater 

contribution of MD was observed during the first cycles. A 

comparison between monodisperse and bidisperse systems at 

the same macroscopic loading level showed a stronger thermal 

response in the former case, in agreement with the expected 

differences in the intensity of interparticle contact forces. Cal-

orimetric treatment allowed us to calculate the corresponding 

heat values. It was estimated that the intensity of the heat 

generated by entropic TEC could reach more than 600 kJ/m3 

in the contact zones during the compression phases, while 

that associated with MD was limited to about 30 kJ/m3/cycle 

in the steady-state regime (and about 300 kJ/m3/cycle in the 

transient regime). This shows that TEC is a strong coupling. 

TEC data were processed for a tridisperse system consisting 

of about 600 interparticle contacts. Statistical information on 

the TEC heat distribution at the interparticle contacts shows a 

change in the distributions with the level of compression that 

is applied. This paves the way for thermomechanical models 

based on such calorimetric data. Several extensions of this 

work can be proposed:

• increasing the number of particles; the objective would be to

provide statistical calorific data on both reversible and irre-

versible mechanical phenomena excluding boundary effects;

• coupling infrared thermography with visible-range

measurements to measure the strain fields at the same

time as the temperature maps; this should enable us to

calculate energy balance;

• increasing the complexity of the shapes of the cylinder

cross-sections, including for example sharp edges and

non-convex geometries;

• modeling and simulating the thermomechanical experi-

ments; this would require a coupling of discrete and finite

element methods. The comparison between numerical and

experimental methods for soft granular media is a further

step of our work;

• proposing a macroscopic thermodynamical model; this

approach would require appropriate averaging operations

to obtain calorimetric data (TEC, MD) to be related to mean

mechanical variables (fabric stress and/or strain). This could

lead to the proposition of macroscopic/mesoscopic stress

measurement techniques by using only temperature data;

• applying the proposed approach to sand; the design of the

experimental device would however be an issue. Indeed,

the box containing the sand should simultaneously sus-

tain the stress induced by the load and be infrared trans-

parent, so that the IR camera could observe and capture

the temperature field over one of the walls during the

tests. The application of the proposed thermodynamical

methodology to sand would thefore require significant

implementation efforts.
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Appendix: Estimating Interpenetration 
and Sliding Between Cylinders 
with Ellipsoidal Cross Section

We consider two cylinders S
1
 and S

2
 in contact at point I , see 

the schematic view in Fig. 17. The objective here is to properly 

define how to estimate the relative movement at the contact 

between S
1
 and S

2
 . Assuming that the movement in terms of 

rotation and translation is small, the rigid-body movement of 

each cylinder S
i
 , i = 1, 2 can be modeled by two vectors Θ

i
 and 

U
O

i

 where O
i
 is the center of each cylinder S

i
 . Vectors Θ

i
 and 

U
O

i

 are respectively the rotation vector of S
i
 and the displace-

ment vector of its center O
i
 . The coordinates of all the points 

represented in the figure are assumed to be identified manually 

in the images of the deformed and current configurations taken 

by the IR camera during the test. The components of vectors 

U
O

1

 , U
O

2

 , Θ
1
 and Θ

2
 are determined by hand, by considering 

the coordinates of the points in the deformed and in the refer-

ence configurations. Each vector Θ
i
 is defined by a single angle 

�
i
 which is the rotation about a unit vector e

z
 directly perpen-

dicular to e
x
 and e

y
 . Thus Θ

i
= �i e

z
 . �

i
 can be regarded as the 

small change, when the system is loaded, of the initial orienta-

tion �
i
 of the major axis of cylinder S

i
 ; see Fig. 17 where this 

initial orientation �
i
 is represented for each cylinder. Finally, it 

is worth noting that �
i
 can be negative or positive, depending 

on the orientation of the rotation when the cylinders slightly 

move between the initial and deformed systems.

The relative displacement at the contact between S
2
 and 

S
1
 is denoted U

S
2
∕S

1

 . Vector U
S

2
∕S

1

 is merely equal to the 

difference between U
I
S2

 and U
I
S1

 , where I
S

1

 and I
S

2

 denote 

point I belonging to cylinders S
1
 and S

2
 respectively. Hence, 

U
S

2
∕S

1

= U
IS2

− U
IS1

 . Vectors U
I
S2

 and U
I
S1

 can be deduced 

from both the displacement of the center of each cylinder 

and the rotation of these cylinders. Indeed, we have

where symbol “ × ” represents the cross product of two vec-

tors. Thus

The idea is now to distinguish between the normal and 

the tangential projection of this relative displacement. 

For this, it is necessary to know the components of a 

unit vector t , which is tangent to both ellipses at point I.

Calculation of the tangent and normal vectors at the 

contact point. To find t and n , we need to write the para-

metric equations of the ellipse modeling the border of S
i
 , 

i = 1, 2 . The local coordinate system of each ellipse being 

defined by the axes going through its major and minor 

(4)

{

U
IS1

= U
O

1

+ IS
1

O
1
× Θ

1

U
IS2

= U
O

2

+ IS
2

O
2
× Θ

2

(5)U
S

2
∕S

1

= U
O

2

− U
O

1

+ IS
2

O
2
× Θ

2
− IS

1

O
1
× Θ

1

axes (see Fig. 17), the Cartesian equation of the ellipse 

can be written as follows in this local coordinate system:

where 2a
i
= ‖A

i
B

i
‖ , 2b

i
= ‖C

i
D

i
‖ and x

′

i
 and y′i are the 

local coordinates of a point located on the ellipse defining 

the cross-section of S
i
 . The relationship between local and 

global coordinates writes as follows for each ellipse i:

In the global coordinate system, Equation (6) becomes

where x
O

i
 and y

Oi
 are the coordinates of the center O

i
 of each 

ellipse i . Finally, the parametric equations of each ellipse i 

are deduced with the following change of variables:

(6)

(

x
�2

i

a�2

i

)

+

(

x
�2

i

a�2

i

)

= 1

(7)

(

x�i
y�i

)

=

(

cos �i sin �i

− sin �i cos �i

)(

x − x
Oi

y − y
Oi

)

(8)

⎛⎜⎜⎝

��
x − xOi

�
cos �i −

�
y − yOi

�
sin �i

�2

a2

i

⎞
⎟⎟⎠

+

⎛
⎜⎜⎝

�
−
�
x − xOi

�
sin �i +

�
y − yOi

�
cos �i

�2

b2

i

⎞
⎟⎟⎠
= 1

(9)

⎧
⎪⎨⎪⎩

x�
i

ai

=

�
x−xOi

�
cos �i−

�
y−yOi

�
sin �i

ai

= cos �

y�
i

bi

=
−

�
x−xOi

�
sin �i+

�
y−yOi

�
cos �i

bi

= sin �

Fig. 17   Schematic view of the cross-sections of two cylinders in 

contact at point I
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with � ∈ [0;2�] . The coordinates of point I, namely x
I
 and y

I
 , 

are picked by hand in the global coordinate system. The 

value of α at point I, denoted by αI, is therefore directly 

deduced from the following two equations, since all the 

quantities on the right side of both the equalities are known:

The objective is now to find the components of the tan-

gent vector t in the local coordinate system i . These com-

ponents are denoted t
x
′

i

 and ty′
i
 . First the parametric equa-

tions of ellipse i can be written as follows in this local 

coordinate system:

The components of the tangent vector t in the local 

basis are obtained by derivating Equation (11). This gives

These components must finally be expressed in the 

global coordinate system, which gives

The components of vector n , which is directly perpen-

dicular to t , are defined by

The components of t and n at point I are simply obtained 

by feeding Equation (12) above with �
I
 found with Equa-

tion (10) and then applying Equations (13) and (14) in 

this particular case. It should be checked that vector n is 

correctly oriented, i.e. outwards.

Remark  Each cylinder i should provide its own vector t . 

For a given contact, two cylinders being involved, it should 

be verified that these two versions of the same tangent 

vector are close to each other. The mean vector should be 

retained for the following and final calculations proposed 

in Equation (15). The same remark holds for n.

Final estimation of interpenetration and sliding between 

ellipses. n and t being defined at point I , the amplitude of 

the sliding sld of S
2
 on S

1
 can be obtained by projecting 

(10)

⎧⎪⎨⎪⎩

cos �I =

�
xI−xOi

�
cos �i−

�
yI−yOi

�
sin �i

ai

sin �I =
−

�
xI−xOi

�
sin �i+

�
yI−yOi

�
cos �i

bi

(11)

{

x�
i
= ai cos �

y�
i
= bi sin �

(12)

{

tx�
i
= −ai sin �

ty�
i
= bi cos �

(13)

(

txi

tyi

)

=

(

cos �i − sin �i

sin �i cos �i

)

(

tx�
i

ty�
i

)

(14)

{

nxi
= tyi

nyi
= −txi

U
S

2
∕S

1

 defined in Equation (5) on vector t calculated at 

point I , and the interpenetration int of S
2
 in S

1
 by project-

ing U
S

2
∕S

1

 on vector n calculated at point I . These two

quantities are equal to:

where “ ⋅ ” represents the dot product of two vectors. In Equa-

tion (15) above, n should have the same orientation of vector 

O
1
O

2
 to consider that interpenetration occurs only if the 

projection of U
S

2
∕S

1

 onto n is negative. If this projection is

positive, it means that S
2
 and S

1
 are no longer in contact after 

loading the system, so no interpenetration occurs and int = 0 . 

Concerning sld , it is worth mentioning that its absolute value 

should be considered for comparison purposes with mechan-

ical dissipation, which is a positive calorific quantity.

The procedure above should be applied to each cylin-

der of the system and to each contact point between this 

cylinder and its neighbors.
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