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Although the temperature of a thermodynamic system is usually believed to be a positive quan-
tity, under particular conditions, negative temperature equilibrium states are also possible. Negative
temperature equilibriums have been observed with spin systems, cold atoms in optical lattices and
two-dimensional quantum superfluids. Here we report the observation of Rayleigh-Jeans thermal-
ization of light waves to negative temperature equilibrium states. The optical wave relaxes to the
equilibrium state through its propagation in a multimode optical fiber, i.e., in a conservative Hamil-
tonian system. The bounded energy spectrum of the optical fiber enables negative temperature
equilibriums with high energy levels (high order fiber modes) more populated than low energy levels
(low order modes). Our experiments show that negative temperature speckle beams are featured, in
average, by a non-monotonous radial intensity profile. The experimental results are in quantitative
agreement with the Rayleigh-Jeans theory without free parameters. Bringing negative tempera-
tures to the field of optics opens the door to the investigation of fundamental issues of negative

temperature states in a flexible experimental environment.

Introduction.- Temperature is a central concept of sta-
tistical mechanics and often reflects a measure of the
amount of disordered motion in a classical ideal gas. Al-
though this intuitive notion is correct for many physical
systems, one should keep in mind that the concept of
temperature is by far more subtle. A detailed analy-
sis of the concept of temperature, and of its relationship
with energy and entropy shows that, under suitable con-
ditions, the entropy can decrease with the energy, thus
allowing for the existence of equilibrium states at nega-
tive temperatures (NT). Starting from the seminal works
by Omnsager [1] and Ramsey [2], who originally conceived
the physical idea and the first theoretical approaches,
during the last decades, many works have been devoted
to the theoretical understanding of these unusual equi-
librium states. Despite the fact that the existence of a
NT equilibrium has created its own share of confusion in
relation with the definition of the entropy [3, 4], NTs are
now broadly accepted in line with different experimental
observations [5-12]. N'Ts were originally observed experi-
mentally in nuclear spin systems [13]. More recently, NTs
were observed with cold atoms in optical lattices [14].
Furthermore, NTs originally predicted by Onsager in the
statistical description of point vortices [1] have been re-
cently observed in 2D quantum superfluids [15, 16].

In this Letter we present an experimental optical setup
in which we report the observation of light thermaliza-
tion to NT equilibrium states. Our system is based on
the nonlinear propagation of speckle beams in a multi-
mode optical fiber (MMF). Because of the presence of
a finite number of modes supported by the MMF, the
spectrum exhibits both lower and upper bounds for the

energy levels. The bounded spectrum, combined to the
nonlinear four-wave interaction, are responsible for the
process of Rayleigh-Jeans thermalization to N'T equilib-
rium states [17, 18]. We stress that, at variance with
other experiments where photon thermalization is driven
by a thermal heat bath [19-22], here light thermaliza-
tion takes place in a conservative Hamiltonian system.
RJ thermalization to usual positive temperature equilib-
riums has been recently demonstrated experimentally in
MMF's [23-26], on the basis of a spatial beam-cleaning ef-
fect [27-31]. As described by the wave turbulence theory
[32-36] applied to MMF's [37-40], the thermalization to
a positive temperature equilibrium is characterized by a
transfer of power (particle number) toward the low-order
modes of the MMF. In marked contrast, here we report
the observation of thermalization to a NT equilibrium
featured by a power transfer to high-order modes (direct
flow of particles), as well as a transfer of energy to low-
order modes (inverse flow of energy). Consequently, the
NT equilibrium is characterized by an inverted modal
population, in which high-order modes are more popu-
lated than low-order modes.

Our experimental optical setup can be used as a simple
and flexible testbed to explore fundamental issues related
to NT states that are discussed in conclusion, e.g., Carnot
cycles operating between temperatures of opposite signs,
or inverted turbulence cascades featured by an analogue
process of condensation at NT.

Experimental system.- The experiment is based on
the single pass propagation of speckle beams through a
MMF. The subnanosecond pulses delivered by a Nd:YAG
laser (A = 1.06pm) are transmitted through a spiral



phase plate and then through a diffuser before injec-
tion of the speckle beam into a 12m long graded-index
MMF (i.e., parabolic-shaped trapping potential), which
guides M = 45 modes, i.e., nine groups of degener-
ate modes. The energy levels (fiber eigenvalues) are
well approximated by the ones of an harmonic potential
Bp = Bo(pe + py + 1), where {p} labels the two integers
(ps, py) that specify a mode (see Supplementary Mate-
rial). We denote by |a,|* the power in the mode p, with
the total power N =} lap|? [44].

The experiment is realized in the weakly nonlinear
regime, where linear effects dominate over nonlinear ef-
fects Ly, ~ Bo_l ~ 0.lmm < L, = 1/(yN) ~ 20cm,
~ being the nonlinear coefficient of the MMF. Accord-
ingly, we do not consider NT states associated to nonlin-
ear coherent structures, e.g., breathers [10, 45, 46]. Since
Liin < Ly, we only retain the linear contribution to
the Hamiltonian, £ = Y B,a,[* [23-25]. We have ver-
ified the conservation of the power N and the energy F
through propagation in the NT region for each realiza-
tion of a speckle beam, which confirms that the coupling
between guided modes and leaky modes of the fiber can
be neglected (see Supplementary Material).

RJ thermalization is driven by the four-wave nonlinear
interaction through the propagation in the MMF. The
speckle beam is expected to relax toward the thermody-
namic equilibrium state described by the RJ distribution
[17, 23-25, 38, 39]:

ny =T/ (B — ), (1)

where T" and p are the temperature and chemical po-
tential, while n, = (|a,|*) denotes the modal power av-
eraged over the realizations of the speckle beams. We
have at equilibrium N = T (8, — p)~' and E =
T, 8p/(Bp — w), with (7', ) uniquely determined by
(N, E) — we deal with a microcanonic description (7" is
not defined by a thermostat, it is in units of W-m™!)
[36]. Note that the RJ distribution refers to the classical,
low-energy, limit of the Bose-Einstein distribution [32],
describing highly occupied fiber modes.

Negative temperatures.- The irreversible process of RJ
thermalization is described by the wave turbulence the-
ory [32-36], which provides a nonequilibrium description
of light propagation in MMFs [37-40]. An equilibrium
thermodynamic formulation of multimode optical sys-
tems has been recently developed [17, 47]. We report in
Fig. 1 the relative entropy S =3 log(nf’) as a function
of the energy for the MMF used in our experiments with
g = 9 groups of degenerate modes. Because the spec-
trum of the fiber is bounded, By < B, < Bmax = gPo, the
system possesses both lower and upper energy bounds

Emin = NBO < E < Emax = Nﬂmax- (2)

Starting at minimum energy Fy,;,, where only the fun-
damental mode is populated, an increase in energy leads
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FIG. 1: Negative temperatures and inverted modal
population. (a) RJ equilibrium distribution n?‘] for positive
temperature 7' > 0 (E < E.) where low-order modes are
more populated, and negative temperatures T' < 0 (E > E.)
featured by an inverted modal population; while for 1/7° — 0
(E = E.), n?‘] =const. (b) Relative entropy S vs energy FE,
showing that 1/T = (0S/0F)n,m < 0 requires E > E,. (c)
Temperature T' vs energy E. Negative temperatures 7' < 0
occur for E > E, with E./Fmin =~ 6.33 (vertical dashed black
line). The vertical purple lines in (b-c) denote the six values
of E considered in Fig. 2.
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to an occupation of a larger number of fiber modes and
therefore an increase in entropy. As the temperature ap-
proaches infinity, all fiber modes become equally popu-
lated n;” =const, and the entropy reaches a maximum
for E=E, = N {(8,) = Emin(29 + 1)/3. NT equilibrium
states arise for £ > FE,, where the entropy decreases by
increasing the energy, 1/T = (0S/0E)u,n < 0. The
condition ¥ > FE, can be achieved if high-order modes
are more populated than low-order modes. Note that
NT equilibrium states persist in the thermodynamic limit
(see Supplementary Material).

RJ thermalization to NT equilibriums.- At variance
with usual experiments of spatial beam cleaning and RJ
thermalization [24-30], here we study the thermalization
for different values of the energy E, while keeping con-
stant the power N. Indeed, by passing the laser beam
through a diffuser before injection into the fiber, we can
vary the amount of randomness of the speckle beam by
keeping N =const — the larger the randomness of the
speckle beam, the higher the energy FE. Accordingly, we
study RJ thermalization over a broad range of variation
of the energy. In order to further increase the energy be-
yond the threshold for NT (E > E.), we pass the beam
through a spiral phase plate before the diffuser, i.e., we
generate a speckle beam from a doughnut-like intensity
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FIG. 2: Rayleigh-Jeans thermalization to NT equilib-
riums. Experimental modal distributions averaged over re-
alizations ng™® = (Jag*|*), at the fiber input (blue), at the
fiber output (red). Corresponding RJ equilibrium distribu-
tion nf,” (green). Note the quantitative agreement between

ny” and the experimental output distribution ng*® (red). The

six panels correspond to different values of F, or equivalently
different T, see the six vertical purple lines in Fig. 1(b-c).
The modal distribution peaked on the lowest mode for 7" > 0
(a), gets inverted for T < 0 (b-f). An average over ~35 re-
alizations of speckle beams is considered for each panel. The
fiber modes are sorted from the fundamental one (8p) to the
highest mode group (nine-fold degenerate with Bmax = 950)-
Degenerate modes are equally populated at equilibrium, lead-
ing to a staircase distribution nf}‘ .

distribution, which enables the excitation of higher order
fiber modes.

The accurate measurements of the near-field and far-
field intensity distributions allowed us to retrieve the
modal power distribution nZ*P. To obtain the mode de-
composition, several interferometric approaches based on
use of a reference beam have been exploited to study light
thermalization in MMFs [24-26]. Here, in contrast to the
previous works [23-26], we use a non-interferometric nu-
merical mode decomposition procedure that is based on
the Gerchberg-Saxton algorithm. It allows us to retrieve
the transverse phase profile of the speckle field from the
near-field and far-field intensity distributions measured
in the experiments [48-51]. By projecting the retrieved
complex field over the fiber modes, we get the complete
modal distribution.

The RJ distribution being in essence a statistical dis-
tribution, its comparison with the experiments requires
an average over realizations of speckle beams. We have
recorded 2x 300 realizations of the near-field and far-field
intensity distributions for the same power (N = 7kW)
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FIG. 3: Energy flows in mode space. Experimental en-

ergy distributions averaged over 50 realizations £,;* = Bpn;?,

at the fiber input (blue), output (red). The arrow indicates
the energy flow to low-order modes. Corresponding RJ equi-

librium distribution e’ = B,ny” (green line), which is in

quantitative agreement with the experimental output distri-
bution (red).

and different energies E. For each individual speckle re-
alization, we retrieve the modal distribution [a$*P|*. We
partition the ensemble of 300 realizations of {|ag*P|*}
within small energy intervals [F — AE,E + AE] with
AE = 0.125F,;,. We perform an average over the re-
alizations of the modal distributions for each energy in-
terval, which provides the averaged modal distribution
ng® = <|a§xf’|2>. This procedure is applied at the fiber
output (L = 12m), and fiber input (after 20cm of prop-
agation). The error in the procedure has been computed
theoretically and numerically, it decreases with the num-
ber of realizations and has been found remarkably small
(relative standard deviations of ~ 6%), see Supplemen-
tary Material.

We report in Fig. 2 the averaged modal distributions
ny P at the fiber input (blue) and output (red), for dif-
ferent values of the energy FE, or equivalently the tem-
perature T' (purple lines in Fig. 1(b-c)). The data are
compared with the theoretical RJ distribution nf}‘]. We
stress that there are no adjustable parameters between
ne® and nj’: The parameters (T, 1) in n}' are uniquely
determined by N and F measured in the experiments.
We observe in Fig. 2 an excellent agreement between n,*P
(red circles) and n;’ (green line), for both T > 0 and
T < 0. Fig. 2 then shows that NT equilibriums constitute
attractor states for the random wave, whose robustness
has a thermodynamic origin — maximum entropy state
for a given pair (N, E).

Energy flows in mode space.- The conventional ther-
malization to positive temperatures is characterized by
an energy flow to high-order modes [33, 34, 38]. Thermal-
ization to N'Ts typically occurs through an inverse energy
flow to low-order modes [18]. This is illustrated in Fig. 3,
which shows that the energy distribution e = B,n;*?
at low-order modes increases through propagation in the
MMF and reaches the theoretical RJ equilibrium distri-
bution 511)“ = ﬁpnll}‘] .
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FIG. 4: Oscillating radial intensity distribution at NT.
Averaged intensity distribution I°*P(|r|) as a function of the
radial (angle-averaged) distance |r| (red). Note the quantita-
tive agreement with the theoretical RJ intensity distribution
I (|r]) in Eq.(3) (dashed green). The oscillating behavior
of the intensity distribution is a signature of the NT equilib-
rium. Inset: corresponding 2D intensity averaged over the
realizations (the radius of the circle is the fiber radius).

Oscillating radial intensity distribution.- The intensity
distribution I (|r|) of usual positive temperature equi-
libriums is, in average, a monotonic decreasing function
with the radial distance |r| [23]. This is consistent with
the intuitive idea that low-order modes localized near-by
the fiber center are the most populated ones. In marked
contrast, the inverted modal population of NT equilibri-
ums are characterized by an oscillating behaviour of the
radial intensity distribution. This is illustrated in Fig. 4,
which reports the averaged radial intensity distribution
I°*P(|r|) (with AE = 0.25Ein, E/Fmin = 7.9). The
theoretical RJ intensity distribution reads

IRJ Z TLRJ 2 (3)

where u,(7) denotes the fiber modes [23]. The number of
radial oscillations in Fig. 4 is given by the most oscillating
mode of the fiber, namely the mode LPg4 that exhibits 5
oscillations.

Ezperiments by increasing power.- We have studied the
optical field at the output of the MMF, with a small
power N = 0.23kW (linear regime), and a high power
N = 7kW (nonlinear regime). Since the MMF length
is kept fixed (L = 12m), the effective number of nonlin-
ear interaction lengths increases by increasing the power.
Fig. 5 reports the fraction of power that populates the
highest group of degenerate modes of the MMF, 7, /N for
g =9. The output field (red) reaches the equilibrium RJ
theory (green line) in the nonlinear regime. The highest
energy level gets macroscopically populated by increasing
the energy, or equivalently by increasing the temperature
of negative sign (see Fig. 1).

Conclusion and perspectives.- We have reported the ob-
servation of RJ thermalization to NT equilibrium states
through light propagation in graded-index MMFs. This
non-equilibrium process of NT thermalization can be de-
scribed by a wave turbulence kinetic equation, which is
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FIG. 5: Macroscopic population of the highest energy
level. Fraction of power 7i4/N into the highest mode group
g = 9 vs energy E/FEmin. Experimental measurements at
the fiber output: The blue circles refer to the linear regime
(small power), the red circles to the nonlinear regime (high
power). The green line denotes the RJ equilibrium theory. By
increasing the energy, the power goes to the highest energy
level, ig/N — 1 as E/Emin — 9.

found in agreement with the simulations of the nonlin-
ear Schrédinger equation (see Supplementary Material).
Our NT experiment then paves the way for the study of
Zakharov-Kolmogorov turbulence cascades [32-34] that
are inverted with respect to those underlying usual posi-
tive temperature thermalization (e.g., inverse energy flow
in Fig. 3).

Along this line, our work suggests a previously un-
recognized process of inverted condensation at NTs: At
variance with usual condensation at positive temperature
where the lowest energy level gets macroscopically pop-
ulated by decreasing the temperature (T' — 0T, or E —
Enin) [23, 33-36], at NT an inverted condensation pro-
cess occurs into the highest energy level as the temper-
ature increases to zero (' — 07, or E — Fyax). While
we provide a preliminary study of this effect through
the macroscopic population of the highest energy level
(Fig. 5), the observation of the transition to condensa-
tion requires MMFs with larger number of modes (see
Supplementary Material).

In our work NT states are obtained directly, which is in
contrast with magnetic systems and cold atoms where the
excitation of NT states requires first the creation of a pos-
itive temperature state and then its subsequent inversion
through suitable procedures (magnetic field inversion or
Feshbach resonances). This opens the possibility to study
the physics of NT in a flexible experimental environment.
For instance, the thermalization of two beams at differ-
ent laser wavelengths interacting through the fiber non-
linearity can be exploited to achieve an efficient optical
refrigeration: A highly incoherent speckled beam at NT
can be cooled through its thermalization with a coher-
ent beam towards a highly coherent state without any
power loss. In contrast with usual beam cleaning at posi-
tive temperature where the energy is conserved, here the
cooling process is featured by an energy transfer from
the incoherent to the coherent beam, which significantly
improves the gain of coherence of the incoherent beam.



Following this idea, one can explore the meaning of a
thermostat at NT [10]: If the NT incoherent beam has
a power much larger than the partially coherent beam,
it will play the role of a NT thermal reservoir for such a
partially coherent beam.

The versatile optical experimental environment pro-
posed in this work also opens the possibility to study
controversies about NT's, such as thermodynamic engines
featured by Carnot cycles operating between tempera-
tures of opposite signs, in relation with the generalized
Kelvin-Planck formulation of the second law of thermo-
dynamics stating that it is not possible to completely
transform work into heat at NT [10].
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sions. Fundings: Centre national de la recherche scien-
tifique (CNRS), Conseil régional de Bourgogne Franche-
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ANR-21-ESRE-0040). Calculations were performed us-
ing HPC resources from DNUM CCUB (Centre de Cal-
cul, Université de Bourgogne).

SUPPLEMENTARY MATERIAL

EXPERIMENTAL SET-UP

The source is a Nd:YAG laser delivering subnanosec-
ond pulses (400ps) at A =1064nm. The laser beam is
passed through a spiral phase plate (Thorlabs) to gener-
ate a doughnut-like ring-shaped beam, and subsequently
through a diffuser before injection of the speckle beam
into the MMF, see Fig. 6. The diffuser plate is placed
in the vicinity of the Fourier plane of a 4f-optical sys-
tem. The near-field (NF) intensity distribution of the
fiber output beam was magnified and imaged on a first
CCD camera owing to a two lens telescope optical system,
with fo = 8 mm and f3 = 150 mm. The CCD camera
was placed on a rail orthogonal to the beam propaga-
tion in order to remove or put the camera back on the
beam path. The far-field (FF) intensity distribution of
the magnified image was obtained by placing it in the ob-
ject focal-plan of a lens f; = 250 mm and using a second
CCD camera positioned in its image (Fourier) focal-plan.

We have computed analytically the propagation of
the optical wave throughout the setup of our detection
scheme, according to Fig. 6 (lower part). If ¢g(r) is the
optical field amplitude at the fiber output (r = (x,y)),
then we have in the NF plane:

UnE(r) = —p~ o(=1/p),

with p = f3/f2 the magnification factor. In the FF plane,
the wave amplitude reads

bpp(u) = ﬁ / drjo(r) expl—i2m(—p)r - w/(Afa)],

MMF

FIG. 6: Setup. laser, optical isolator, half-wave plate and po-
larizer, lenses for magnification and imaging (f;), spiral phase
plate (V), diffuser (D), graded-index MMF, and cameras for
near- and far-field detections (Cam).

which corresponds to the Fourier transform of the field
amplitude at the fiber output (note that the constant
phase prefactor plays no role because the camera records
the intensity). We note that: (i) The optical amplitude
in the NF plane is an exact magnification of the wave
amplitude at the output of the MMF; (ii) the optical
amplitude in the FF detection plane exactly corresponds
to the Fourier transform of the amplitude at the fiber
output. Then, the experimental setup for the detection of
the NF and FF intensities does not introduce detrimental
spurious transverse phases profiles in the optical field,
e.g., related to optical free propagation in air or phase
shifts due to the presence of additional lenses.

Multimode fiber

The refractive index profile of the graded-index MMF
exhibits a parabolic shape in the fiber core with a max-
imum core index (at the center) of ne =~1.472 and
nea =~ 1.457 for the cladding at the pump wavelength
of 1064nm (fiber radius R = 15um). The fiber length
is L = 12m. The trapping parabolic potential reads
V(r) = glr|? for r| < R and g = ko(n2, —n2)/(2nco R?),
ko = 2w /X the laser wave-number. The fundamental
mode energy level is By = 2,/aq, with o = 1/(2ncoko).
The MMF guides M = 45 modes (i.e. g = 9 groups of
degenerate modes).

The truncation of the potential introduces a frequency
cut-off in the FF spectrum k. = (27/X)/n2, — n? [23].
The conservation of N and E through propagation in the
MMEF (see Fig. 7) shows that the coupling from guided
modes to leaky radiation modes in the cladding is negligi-
ble. This is not surprising as the efficiency of such a cou-
pling can be shown to be very small. Indeed, the MMF
has a core (radius 15um), a cladding (radius 62.5um),
and a highly absorbing polymer-coating with refractive
index larger than the core. Then leaky radiation modes
in the cladding are rapidly absorbed during propagation
due to their large penetration in the polymer-coating:
we measured a typical absorption length L,ps of >~ 15cm.
Let us consider the coupled amplitude equations describ-
ing the four-wave mixing between four modes including
a leaky mode. The four mode amplitudes aq, as,as, aq



(where a4 stands for the leaky mode amplitude) satisfy
Eqgs.(10.2) in [44], in which we need to add an absorption
term of the form —ay/Laps in the equation (10.2.4) in [44]
for a4. Since absorption is strong the overdamped limit is
valid and we get aq = inakoLaps f1312010205 exp(—iASz)
where AB = B3 + 84 — 1 — P2, the parameter ny is the
nonlinear-index coefficient, and f4312 is an overlap inte-
gral between the four mode profiles. By substitution into
one of the first three equations, say (10.2.1) in [44], we
find that the mode amplitude a; experiences an effective
absorption due to the coupling with the leaky mode that
is given by —4n3kZLaps|fi234]?|az|?|as|?a;. This shows
that this absorption is of the order of —LabS/Lilal times
a coefficient that is of the order of the square overlap in-
tegral between guided and leaky mode profiles. As the
supports of these modes are very different (the guided
modes are essentially supported in the core while the
leaky modes are essentially supported in the cladding
that is much larger), the square overlap integrals are
small (smaller than the respective core-cladding ratio
(15/62.5)* ~ 31072) and the effect of the coupling to
the leaky modes onto the guided mode amplitudes can be
neglected when L,,; ~ 20cm and the propagation distance
is L = 12m.

Measurements of the energy F

From the measurements of the NF and FF intensity
distributions, we have retrieved an accurate measurement
of the power N and the energy F of the speckle beam.
The NF intensity distribution Ixp(r) = |1|?(r) provides
a measurement of the power N = [ Ixr(r)dr and of the
potential energy E,or = [ V(r)[¢)|*(r)dr. The kinetic
energy Euin = a [|V|*(r)dr is retrieved from the FF
intensity distribution Irp(k) = [|¢|?(k). This provides
the measurement of the (linear) energy (Hamiltonian)
E = Epot + Ein.

Conservation of N and F through propagation in the
MMF for E > E. (negative temperature region)

Power conservation has been verified by keeping fixed
the conditions of injection of the speckle beam into the
MMF: We measured N,,; at L = 12m, and then N;,
by cutting the fiber at 20cm, and we always obtained
(Nin — Nout)/Nmoy < 1%. The experimental verification
of energy conservation requires both the NF and FF in-
tensity measurements. The NF and FF intensities are
recorded at the fiber output at L = 12m, which gives
Eout. Without altering the fiber launch conditions, the
fiber is cut to 20cm to record the input NF and FF in-
tensities, which gives Ej,. The measurements of Ej, and
Eoyt then refer to an individual realization of the speckle
beam (without average over the realizations). Fig. 7
shows that the conservation of the energy is well verified
for E > E,, i.e. in the negative temperature region. The
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FIG. 7: Conservation of the energy through propaga-
tion in the MMF in the negative temperature region.
(a) Measurements of the energy at the input of the MMF
(blue triangles), and at the output of the MMF (red trian-
gles): The energy E/N is conserved through the propagation
in the MMF over a broad range of variation of E/Fmin. We
recall that negative temperatures T' < 0 occur for £ > F,
with F./Emin ~ 6.33, see Fig. 1.

energy F is varied owing to the diffuser before injection
into the MMF| see Fig. 6.

MODAL DECOMPOSITION
Phase retrieval

The procedure of mode decomposition is based on
the well-known Gerchberg-Saxton algorithm [41, 50, 51].
From the measurements of the NF and FF intensity dis-
tributions in the experiment, it allows us to retrieve the
transverse phase profile of the field. The resulting com-
plex field is subsequently projected onto the fiber modes,
to get the complete modal distribution of the experimen-
tal optical beam. The algorithm is known to be accurate
although it is not efficient in terms of computational cost.
Indeed it is a local search algorithm that updates itera-
tively the unknown phase profile of the field and it is usu-
ally necessary to consider several initial phase guesses.
We have, therefore, carried out a detailed preliminary
analysis of the algorithm by performing numerical simu-
lations that reproduce our experimental configuration in
order to prove that the phase retrieval and modal distri-
bution estimation are reliable.

Error introduced by the Gerchberg-Saxton
algorithm

To evaluate accurately the error in the phase-retrieval
algorithm, we have reproduced in detail the experimental
procedure as follows:

i) We consider a particular value of the energy E (E > E,
so that T' < 0). Throughout the procedure the power N
is set constant. The pair (F,N) determines uniquely
(T, 1) and thus the exact RJ distribution at equilibrium
nEJ =T/(Bp — ).
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FIG. 8: Phase retrieval. Example of numerically gener-
ated near-field intensity distribution (a), and its reconstruc-
tion (b). Original phase field (c¢) and the corresponding phase
field reconstructed from the Gerchberg-Saxton algorithm (d).

ii) We generate from n}}‘] a realization of speckle beam
Y(r) = >, apup(r), where a, is a complex Gaussian

random variable with variance (|a,|*) = n}t’ (a, =
al” +ial” with af” and @) real Gaussian independent
random variables with mean zero and variance n]];” /2).
We recall that u,(r) are the fiber modes. Then ¢(r) is a
particular realization of a complex speckle field at exact

RJ equilibrium.

iii) The particular realization ¢ (r) is highly resolved nu-
merically. We mimic the impact of the finite resolution
of the camera used in the experiment. From (r) we
compute the NF and FF intensity distributions | (7)|?

and |¢(k)|2. We sample the NF and FF intensity dis-
tributions with the finite number of points available in
the camera (10242) in r-space and k-space and =~ 950
points for the dynamics range in intensity. We apply
the Gerchberg-Saxton algorithm to retrieve the sampled
phase profile. Due to the errors introduced by the sam-
pling of the camera and by the phase-retrieval algorithm,
the resulting complex field ¥**P(r) may differ from the
generated speckle beam (7).

We report in Fig. 8 the numerically generated near-field
intensity distribution in one numerical simulation (a) and
its reconstruction (b), the original phase profile (c) and
the reconstructed phase profile (d). It is clear that the re-
construction is very good. We will see below more quan-
titatively that the error is indeed negligible.

iv) We project the complex field ¥**P(r) onto the fiber
modes to get the complex modal coefficient a;*? and dis-

tribution [a$*P|?. Due to the errors introduced by the
sampling of the camera and by the phase-retrieval algo-

rithm, this modal distribution may differ from the mode
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FIG. 9: Error in the modal decomposition. The mode
decomposition is based on the Gerchberg-Saxton algorithm,
whose error is quantified by the distance DE. to the exact
distribution, see Eq.(4). (a) DE, vs the energy E (for Q = 50
realizations), by accounting for the sampling due to the lim-
ited resolution of the camera (red), and without the sampling
(blue). Note in (a) that an increase of the randomness of the
speckle beam (i.e., increase of F) does not increase the error.
(b) DY, vs number of realizations Q (for E/Emin = 7): The
error decreases with the number @ of realizations of the speck-
les. The green line reports the theoretical estimate of the error
given in Eq.(6). Note that DZ, is bounded, 0 < D2, < 1.
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FIG. 10: Near-field and far-field experimental inten-
sities, and corresponding reconstructed intensity dis-
tributions. Near-field (NF) intensity recorded in the experi-
ment for a single realization of a speckle (a), and correspond-
ing far-field (FF) intensity distribution (c). Corresponding
NF intensity (b), and FF intensity (d), reconstructed from
the Gerchberg-Saxton algorithm.
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distribution |a,|? used to generate the speckle beam (7).
As we will show below, this error is negligible.

v) We repeat the steps ii)-iv) @ times, each with a
different realization of the speckle beam (i.e., with a

different realization a of a,, for j = 1,...,Q). The

procedure then gives ) distributions |ag"p’j|2, j =
1,...,Q. We compute the empirical averages nf,Xp’Q =

(I/Q)Z 1 |ag7[2. We anticipate that, for Q large
enough, these empirical averages should be close to the
theoretical values n}}‘]. We introduce the estimation er-
ror:

nexp,Q _ TLRJ
Dar =5 | zxrnQ §J|' )
Zp Np + np

Let us imagine for a while that the phase-retrieval al-
gorithm is perfect and that the sampling error due to the
camera is absent. Then, for each realization j = 1,...,Q,
we have |a$P7|? = |af|? exactly. Thus, the random vari-

are independent and follow exponential dis-
RJ

ables |ag*P7 |?

tributions with mean n,”. Consequently, the empirical

quantities Z$ = ng*P</ n:f,“ are independent and identi-
cally distributed w1th the gamma probability distribution

I'(Q, Q) (the law of the sum of @) independent variables
with exponential distribution and mean 1/@Q) and the
estimation error is

128 1
’D?rr = Q (5)
zpngJ(z 1)

which gives when the number of modes is large enough
(Z9 follows the T'(Q, Q) distribution):

QU
BCED

For @ > 8 , we have D2, ~ 1//27Q.

We have carried out numerical 51mu1ati0ns with our
implementation of the phase-retrieval algorithm (using
multiple initial phase guesses) and with the samphng er-
ror of the camera. The results of the distance DY, v
energy E are reported in Fig. 9 with different numbers
Q of realizations per energy. We can see in panel (b) of
Fig. 9 that the errors correspond to the theoretical er-
ror Eq.(6) when the phase-retrieval algorithm makes no
error.

The error introduced by the Gerchberg-Saxton algo-
rithm has been computed by increasing the amount of
complexity in the speckle pattern, i.e., by increasing the
energy E. We can see in Fig. 9(a) that the error does not
increase when the energy E increases.

In the experiments we have typically 35 to 70 indepen-
dent realizations of speckle beams for a given small en-
ergy interval [E — AE, E + AE] with AE = 0.125F,ip,
so we can expect that the errors (due to the phase re-
trieval algorithm and the camera sampling) are small.
Error bars with relative standard deviations of the order
of 1/4/27Q ~ 6% could be added in Fig. 2 but they are
too small to be visible.

o JEIZ°-1] _
err E[ZQ + 1}

(6)
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FIG. 11: Experimental attraction to NT RJ equilib-

rium. Distance Dry [defined in Eq.(7)] to the RJ equilibrium
distribution computed from the experimental data at the fiber
input (blue), and fiber output (red), for different values of the
energy F. The significant reduction of Drj from input to out-
put measurements shows the attraction to the RJ equilibrium
for T < 0. Note that Dry in Eq.(7) is bounded, 0 < Dry < 1.
We recall that negative temperatures T' < 0 occur for £ > F,
with F,/Emin ~ 6.33, see Fig. 1.

To complete our study, we report in Fig. 10 the near-
field and far-field intensity distributions recorded during
one of the experiments (left plots) and the correspond-
ing reconstructed intensities from the Gerchberg-Saxton
algorithm (right plots).

Experimental convergence to the NT RJ distribution

We have quantified in our experimental results the at-
traction to the NT equilibrium by using Eq.(4), which
provides a ‘distance’ to the RJ distribution

5, g — nlt|

Drj = W~ (7)
We report in Fig. 11 the distance Drj computed for the
experimental data averaged over the realizations ny*? at
the fiber input (blue), and the fiber output (red), for dif-
ferent energies E. The strong reduction of the distance
Dgy from the fiber input to the output confirms the pro-
cess of NT thermalization, which is demonstrated over a
broad range of values of the energy E.

Polarization effects

The polarization state of the optical beam changes as
it propagates through the MMF. The field at the out-
put of the MMF is projected onto a basis of orthogo-
nal linear polarizations. The corresponding NF and FF
intensity distributions are recorded along the orthogo-
nal linear polarizations. For each polarization, we ap-
ply the mode decomposition procedure based on the
Gerchberg-Saxton presented above. In this way, we re-
trieve the transverse phase profile of the field for the
two orthogonal polarizations. The complex field along
each polarization is subsequently projected over the fiber

modes, to get the modal populations for each polariza-

(x) (v)

tion, np ~ and ny, . The modal distribution is obtained
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FIG. 12: Polarization effects in modal decomposi-
tion. Experimental modal distribution retrieved from the
Gerchberg-Saxton algorithm, without splitting the orthogonal
polarization (blue line), by splitting the orthogonal polariza-
tion at the fiber output (dashed red line). Note that a single
realization of the speckle beam has been considered, which ex-
plains the discrepancy with the RJ equilibrium distribution
(dashed green line).

by summing the contributions of the two polarizations,
nbol = (Nni® + Nynz(jy))/(Nw + N,), where N, , denote
the power along the two polarizations. We compare in
Fig. 12 the modal distribution retrieved by following this
procedure (np), with the modal distribution (n,) re-
trieved without separating the polarization states of the
field. This comparison is reported in Fig. 12 for the same
(single) realization of the speckle beam. We can remark
in Fig. 12 that the two distributions are almost identical.
In all cases analyzed, we have always observed the same
good agreement. Given the large number of realizations
of speckle beams (~300) recorded and analyzed in our
experiments, we didn’t perform the polarization modal
decomposition.

ANALOGUE CONDENSATION AT NT
Thermodynamics relations

We define the thermodynamic relations used to plot
Fig. 1. We consider a field at equilibrium with the RJ
distribution ny3? = T/(8, — p), with N = > ny? and

E=3% By, where 8, = By, p, = Bo(pa + py + 1) are
the eigenvalues of the truncated parabolic potential (5, <
Bmax), and the index {p} labels the two integers (py, py)
that specify a mode. Here and below, the sum over the
modes Zp is carried over the set 0 < p, +py < g, where
9 = Bmax/Bo is the number of groups of non-degenerate
modes, with M = g(g+ 1)/2 the total number of modes.
Because of the constraint n) = T/(8, — p) > 0, a NT
equilibrium state T" < 0 requires that u > Bpax-

We start from the equilibrium entropy I
>, log(ny?) — note that at equilibrium it coincides with
the nonequilibrium entropy verifying the H theorem of
entropy growth. It proves convenient to shift the en-
tropy by a constant S¢¢ = Sea — Mlog N, so that by
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FIG. 13: Analogue effect of condensation at NTs: (a)
Chemical potential /8o — 1 vs energy F/FEmin for the MMF
used in the experiments (¢ = 9), from Eq.(9). Note the
asymptotic behaviors y — 85 for E — Emin, and g — Bihax
for E — FEmax, which lead respectively to the macroscopic
population of the lowest energy level (8o), and highest energy
level (Bmax). The horizontal dashed line denotes = Bmax
and the vertical one F = F,. (b) Condensate fraction in the
highest energy level ﬁg‘] /N vs energy E: As the energy in-
creases E — Emax (or equivalently the temperature increases
T — 07), the condensate fraction increases fiy’ /N — 1. The
curves are obtained from Egs.(14-15), see the text. The crit-
ical behavior of the transition to condensation becomes ap-
parent by increasing the number of modes g.

using T'= N/ (B — ©)~L, we can write

S(n) = =Y tog(8, — )~ Mog (32 5

p P T H
>, 5
E(M) o P Bp—i
B Bo )
min Zp Bp—pt
T 1
AL (10)
min Zp ﬂp—ll«

The parametric plot with resp. to p of (8) and (9) gives
S(F) in Fig. 1(b); the corresponding parametric plot of
(9) and (10) gives T' vs E in Fig. 1(c).

NT states in the thermodynamic limit

The thermodynamic limit is defined by N — oo,
Bo — 0 with NBZ =const and Bpax =const. In
this limit the discrete sums over the modes are re-
placed by continuous integrals, namely N = Zp ny? —



(T/88) Jy dar Jy7>" dy(w-+y-+Bo—p) ", which gives

NG = Tﬁmax(l — zlog (2/(z — 1))), (11)

where z = 11/ Bmax. A negative temperature equilibrium
state (T < 0) is characterized by z > 1. It can exist
in the thermodynamic limit with the constraint N33 =
const > 0 provided that 1 — zlog (z/(z — 1)) < 0. This
inequality is always verified for z > 1, which confirms the
existence of NT equilibrium states in the thermodynamic
limit.

NT condensation in the highest energy level

Positive temperature T > 0. We start by briefly sum-
marizing the usual positive temperature condensation in
the lowest energy level. This effect of condensation orig-
inates in the singularity of the RJ distribution. Indeed,
the denominator of nf*/ = T/(f8, — p) vanishes for the
lowest energy level when p = [y. This gives rise to an
analogue effect of condensation: As the energy decreases
below a critical value Eyi; (or T < Teyit), then p — 5y
(see Fig. 13(a)) and the singular behavior of the RJ dis-
tribution is regularized by the macroscopic population of
the fundamental mode:

ng!/N =1 as E— By (or T —07).  (12)

It has been shown that this condensation-like effect is a
phase transition that occurs in the thermodynamic limit,
see Ref.[23].

Negative temperature, T < 0. In the NT region, we
reveal an inverted condensation-like effect, which is char-
acterized by a macroscopic population of the highest
energy level. Aside from the singularity for u = gy
discussed here above for T' > 0, the RJ distribution
nl*' = T/(B, — ) also exhibits a singularity (vanishing
denominator) for the highest energy level when 1 = Bax
(see Fig. 13(a)). We have shown in Fig. 5, that the high-
est energy level g = 9 becomes macroscopically populated
as the energy increases:

Ng/N =1 as E — Epax (or T —07), (13)

with ng = 3., 4 +1297p- This condensation-like ef-
fect does not occur in the thermodynamic limit. We pose
1 = Bmax + &, with € > 0. Eq.(11) can be written in
the limit ¢ — 0F: NBZ ~ Tﬁmax(l — 1og(ﬂmax/5)). By
keeping N2 =const, the chemical potential u reaches

+ox for a vanishing temperature 7 — 07, i.e., conden-
sation does not occur in the thermodynamic limit. How-
ever, an analogue effect of condensation occurs through
a macroscopic population of the highest energy level.
By setting 8, = PBmax in the RJ distribution, then
n? = —T/(u — Bmax) denotes the power in one mode
qu the highest energy level. The total power in the high-
est energy level (g—fold degenerate) ﬁ?‘] = gn?J then

modal population
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FIG. 14: Simulations of NLS equation and wave turbu-
lence kinetic equation: Simulations of the NLS equation
(dashed lines), and wave turbulence kinetic equation (solid
lines) showing the evolutions during the propagtion (in z)
of the power within each of the g =9 groups of degenerate
modes of the fiber that has been used in the experiments, for
E/Emnin = 8 (a), E/Emin = 7 (b). The horizontal dashed
black line denotes the population for the higher mode group
at complete RJ thermal equilibrium. See the text for details
on initial conditions and parameters.
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The parametric plot of (14) and (15) with respect to
u provides the condensate fraction reported in Fig. 5.
Fig. 13(b) shows the condensate fraction, i’ /N vs E,
by increasing the number of modes, i.e., by approaching
the thermodynamic limit. The critical behavior of the
condensation curve looks similar to that of a phase tran-
sition, thought strictly speaking phase transitions only
occur in the thermodynamic limit. Nevertheless, if one
takes the macroscopic occupation of an energy level as
the essential characteristic of condensation, then NTs
are characterized by a condensation-like effect into the
highest-energy level.

WAVE TURBULENCE SIMULATIONS

The starting point is the NLS equation governing light
propagation in MMF's [39, 42]. By expanding the random
wave into the fiber modes and considering the dominant
contribution of weak disorder, the polarized modal com-
ponents a, = (ap.,ap,)7 are governed by [39]:

i0.a, = Bpa, + Dy(2)a, — vPpy(a), (16)

where Py(a) = 3, Splmn(%alTama; + %aLamal),
Spimn denoting the spatial overlap among the modes.
The introduction of disorder is important in order to
avoid strong phase correlations among the modes that
are related to Fermi-Pasta-Ulam recurrences [43], which
inhibit the thermalization process [38]. We consider the



most general form of disorder that conserves the power:
The Hermitian matrices D,(z) are expanded into the
Pauli matrices that form a basis for the vector space of
2x2 Hermitian matrices. The matrices then have the
form Dy(z) = E?:o vp,j(2)oj, where o; (j = 1,2,3)
are the Pauli matrices (o the identity matrix), while
vp ;(z) are independent and identically distributed real-
valued random processes, with variance o2 and correla-
tion length ¢.. The corresponding characteristic length
scale of disorder is Ly = 1/AB, with A = o2/, see
Ref.[39] for details.

The nonequilibrium process of NT thermalization can
be described by a wave-turbulence kinetic equation. The
kinetic equation was derived from the modal NLS Eq.(16)
in the weakly nonlinear regime of the experiment, L;;, ~
1/8o < Lp; ~ 1/(yN). It describes the nonequilibrium
evolution of the averaged modal components n,(z) =

(lap[*(2)) [39]:

8an(2) = GAB Z ‘Slmnp| 5 (Awlmnp)Mlmnp( )

l,m,n
9ABZ|8

with slp(n) = Em, Slm/m/pnm/, and Mgmnp(n) =
NNy + UMMy — MpNpNy, — Npnpny and Awy, =

B (Awip) (1 = np), (17)

Bi — Bp. The term 5K (Awimnp) denotes the four-wave
frequency resonance Awimnp = B + Bm — Bn — Bp, With
5K(Awlmnp) = 1 if Awpmnp = 0, and zero otherwise.

The kinetic Eq.(17) conserves N = n,(2), the energy

E =3, Bpny(z) and exhibits a H—theorem of entropy

growth, 9,Skin(z) > 0, for the nonequilibrium entropy

Skin(2) = Y, log (n,(2)). Accordingly, it describes an

irreversible evolution of the speckle beam to the RJ equi-

librium distribution realizing the maximum of entropy,
=T/(Bp — ) [39].

We have considered in the simulations the MMF used
in the experiments, see Sec. . The initial condition con-
sists of a speckle beam whose correlation length is varied
in such a way to fix a desired value of the energy E. The
considered parameters are ¢, = 0.3m and 27/ = 2.1m
[39]. The results of the simulations of the NLS equation
and the corresponding simulations of the wave turbulence
kinetic equation are reported in Fig. 14. They show the
process of thermalization to the negative temperature RJ
equilibrium state predicted by the theory. The simu-
lations qualitatively reproduce the experimental results,
although a power of 20kW has been considered to accel-
erate the dynamics. The purely spatial model considered
here then captures the essential features of the conden-
sation process reported experimentally.

At variance with NLS simulations that are stochas-
tic and thus exhibit fluctuations, the simulations of the
wave turbulence kinetic equation are deterministic (free
of fluctuations). A good agreement between NLS and
kinetic simulations is obtained without using any ad-
justable parameter. The wave turbulence kinetic equa-
tion then provides a nonequilibrium description of the
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process of negative temperature thermalization observed
experimentally.
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