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Classical nonlinear waves exhibit, as a general rule, an irreversible process of thermalization
toward the Rayleigh-Jeans equilibrium distribution. On the other hand, several recent experiments
revealed a remarkable effect of spatial organization of an optical beam that propagates through a
graded-index multimode optical fiber (MMF), a phenomenon termed beam self-cleaning. Our aim
here is to evidence the qualitative impact of disorder (weak random mode coupling) on the process
of Rayleigh-Jeans thermalization by considering two different experimental configurations. In a first
experiment, we launch speckle beams in a relatively long MMF. Our results report a clear and
definite experimental demonstration of Rayleigh-Jeans thermalization through light propagation in
MMFs, over a broad range of kinetic energy (i.e., degree of spatial coherence) of the injected speckle
beam. In particular, the property of energy equipartition among the modes is clearly observed in the
condensed regime. The experimental results also evidence the double turbulence cascade process:
while the power flows toward the fundamental mode (inverse cascade), the energy flows toward the
higher-order modes (direct cascade). In a 2nd experiment, a coherent laser beam is launched into
a relatively short MMF length. It reveals an effect of beam cleaning driven by an incipient process
of Rayleigh-Jeans thermalization. As discussed through numerical simulations, the fast process of
Rayleigh-Jeans thermalization observed in the 1st experiment can be attributed due to a random
phase dynamics among the modes, which is favoured by the injection of a speckle beam and the

increased impact of disorder in the long fiber system.

I. INTRODUCTION

Understanding the mechanisms responsible for self-
organization processes in conservative wave systems is a
difficult problem that generated significant interest. Con-
trary to a dissipative system, a conservative Hamiltonian
system cannot evolve towards a fully ordered state, be-
cause such an evolution would imply a loss of statistical
information that would violate the formal reversibility of
the evolution equations. However, in spite of its formal
reversibility, a nonintegrable Hamiltonian wave system is
expected to exhibit an irreversible evolution toward the
equilibrium state, i.e., the most disordered state that re-
alizes the maximum of entropy [I]. The thermalization
to the Rayleigh-Jeans (RJ) equilibrium distribution of
weakly nonlinear random waves can be described in de-
tail by the well-developed wave turbulence theory [2], 3],
that has been also successfully applied to optical waves
[4H6].

RJ thermalization can be characterized by a counter-
intuitive process of self-organization. To discuss this as-
pect with some concrete examples, let us consider the
nonlinear Schrdodinger equation (NLS). In the focusing
regime, the self-organization process is known as “soli-
ton turbulence”. It is characterized by the spontaneous
formation of a large scale coherent solitary-wave that
remains immersed in a sea of small-scale fluctuations
[3, 4, [7HI5]. On the other hand, in the defocusing regime
of the NLS equation, the self-organization process refers
to ‘wave condensation’ [3], 4, [[6H27]. It originates in the

singular behaviour of the RJ equilibrium distribution, in
analogy with the quantum Bose-Einstein condensation.
More precisely, the RJ distribution exhibits a phase tran-
sition to a condensed state that is characterized by a
macroscopic population of the fundamental mode of the
system.

The observation of thermalization with optical waves
in a (cavityless) free propagation is known to require very
large propagation lengths, a feature that has been dis-
cussed recently in different circumstances [25], 28]. The
situation is completely different when the optical beam
propagates in a waveguide configuration. Indeed, the fi-
nite number of modes supported by the waveguide signif-
icantly increases the rate of thermalization to the RJ dis-
tribution [29]. In addition, the finite number of modes in-
troduces a frequency cut-off that regularizes the ultravi-
olet catastrophe inherent to classical waves [29] [30]. It is
in this framework that a remarkable phenomenon of spa-
tial beam self-organization, called ‘beam self-cleaning’,
has been recently discovered in graded-index multimode
fibers (MMF's) [31H34]. Recent works indicate that this
phenomenon of beam cleaning can be interpreted as a
consequence of RJ thermalization and condensation, a
feature that has been discussed both theoretically [35-
39] and experimentally [40H47]. We recall in this respect
that light propagation in an optical fiber is affected by
a structural disorder due to refractive index fluctuations
introduced by inherent imperfections and environmen-
tal perturbations [48H51] B3], 54], which significantly im-
pact the process of RJ thermalization [35, 46l 52]. We
also note that RJ thermalization to negative tempera-



ture equilibrium states in multimode systems has been
theoretically predicted [38] [43], and recently observed in
graded-index multimode optical fibers [55].

In this work we report an accurate experimental
demonstration of the process of RJ thermalization
through light propagation in a MMF. In a 1st exper-
iment, we consider the injection of speckle beams in a
relatively long MMF [40]. We compare the experimental
distribution of the power among the fiber modes with the
corresponding theoretical RJ distribution, which reveals
a quantitative agreement without using adjustable pa-
rameters. Furthermore, such a remarkable agreement is
obtained over a broad range of kinetic energies F (‘tem-
peratures’), i.e., over a broad range of randomness of the
speckle beams launched in the MMF. In this way, we pro-
vide the experimental observation of the equipartition of
the kinetic energy among the fiber modes. The exper-
imental results also evidence that, while the power (or
‘wave-action’, or particle number in a corpuscular pic-
ture) flows toward the fundamental mode (inverse tur-
bulence cascade), the energy flows toward the high-order
modes (direct turbulence cascade). Next, in a 2nd ex-
periment, we consider the injection of a coherent laser
beam in a short piece of MMF length, while the power is
increased so as to keep constant the effective nonlinear
interaction with respect to the 1st experiment. At vari-
ance with the 1st experiment, in the 2nd experimental
configuration there are no random phases among the ini-
tially populated modes, while the impact of disorder on
light propagation (polarization mixing and random mode
coupling) is severely limited by the short fiber length
used. In this 2nd experiment, while we can identify an
effect of beam self-cleaning driven by the thermalization
of the low-order modes, the high-order modes exhibit
a deviation from the RJ distribution. As will be dis-
cussed through numerical simulations, the fast process of
Rayleigh-Jeans thermalization observed in the 1st exper-
iment can be attributed due to a random phase dynamics
among the modes, which is favoured by the injection of
a speckle beam and the increased impact of disorder in
the long fiber system.

II. FIRST EXPERIMENT: RAYLEIGH-JEANS
THERMALIZATION

A. Experimental setup and procedure

Figure 1 schematically reports the experimental setup.
The source is a Nd:YAG laser delivering subnanosecond
pulses (400ps) at Ao =1064 nm. A key feature of the
1st experiment is that the laser beam is passed through
a diffuser before the injection of the speckle beam into
the MMF. More specifically, the laser beam is collimated
and passed through a glass diffuser plate placed in the
vicinity of the Fourier plane of a 4f-optical system. The
near-field (NF) intensity distribution of the output beam
was magnified and imaged on a first CCD camera owing
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FIG. 1: Experimental setup: laser, optical isolator, half-
wave plate and polarizer, diffuser (D), lenses for magnification
and imaging (f;), graded-index MMF, and cameras for near-
and far-field detections (C).

to a two lens telescope optical system. The CCD camera
was placed on a rail orthogonal to the beam propagation
in order to remove or put the camera back on the beam
path. The far-field (FF) intensity distribution of such a
magnified image was obtained by placing it in the ob-
ject focal-plan of a lens and using a second CCD camera
positioned in its image (Fourier) focal-plan, see Fig. 1.

An other important property of the 1lst experiment
considered in this section is that the MMF used is rel-
atively long, i.e., L = 12m long graded-index MMF.
Its refractive index profile exhibits a parabolic shape
in the fiber core with a maximum core index (at the
center) of ne,,=1.470 and n, = 1.457 for the cladding
at the pump wavelength of 1064nm (numerical aper-
ture NA=0.195, fiber radius R = 26um). The cor-
responding parabolic potential reads V(r) = ¢|r|? for
|r] < R, where R = 26pm is the fiber radius and
q = ko(n2, — n%)/(2n.oR?), ko = 2m/Xo the laser
wave-number. The MMF guides M ~ 120 modes (i.e.,
gmaz = 15 groups of non-degenerate modes). The trun-
cation of the potential introduces a frequency cut-off in
the FF spectrum k. = (27/Xg)y/n2, — n?. The eigen-
values are well approximated by the ones of the ideal
harmonic potential 8, = Bo(pz +py+1), where the index
{p} labels the two numbers (ps,p,) needed to specify a
mode. We have computed analytically the propagation
of the optical wave throughout the setup of our detec-
tion scheme. The optical field amplitude in the NF plane
is an exact magnification of the wave amplitude at the
output of the MMF. In addition, the optical field ampli-
tude in the FF detection plane exactly corresponds to the
Fourier transform of the amplitude at the fiber output.
We note that the experimental setup for the NF and FF
detection does not introduce detrimental spurious trans-
verse phase profiles in the optical field, e.g., related to
optical free propagation in air or phase shifts due to the
presence of additional lenses. For more details about the
experimental set-up, we refer the reader to Ref.[55] (Sup-
plementary Material).

This setup allowed us to retrieve an accurate mea-
surement of the power N and the energy E of the
speckle beam. More precisely, the NF intensity dis-
tribution Inp(r) = |¢|?(r) provides a measurement of
the power N = [ Ixr(r)dr and of the potential energy
E,ot = [V(r)[¢*(r)dr. The kinetic energy Eiin =
o [ |[Vip[*(r)dr is retrieved from the FF intensity dis-
tribution Irp(k) = [¢|?(k), where o = 1/(2neoko) and
Y (k) is the Fourier transform of ¢(r). This provides
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FIG. 2:

1st Experiment: Rayleigh-Jeans thermalization. Modal distribution 7, vs mode group g in normal scale (1st

column), in log-scale (2nd column), and corresponding energy distribution Eg vs g (3rd column). Initial modal distribution
at the fiber input (blue), and modal distributions at the fiber output (red). Corresponding RJ distribution (green line): The
quantitative agreement with the output distribution is obtained without using any adjustable parameter. Different lines in the
figure correspond to different energies F, i.e., different condensate fractions (see the legend in the 1st column).

the measurement of the (linear) energy (Hamiltonian)
E = ELot + Exin. Projecting onto the basis of the fiber
modes, the power and (kinetic) energy read

N = an; E= Z/Bpnfh (1)
p p

where n;, is the amount of power in the mode {p}, and >,
is carried over the set of M modes indexed by {p} [29].
Note that E is in units of W.m™! (not Joule). However,
we refer E to the energy because it is the (dominant)
linear contribution to the Hamiltonian.

The accurate measurements of the NF and FF inten-
sity distributions allowed us to retrieve the modal content
of the optical beam in the experiment, namely the dis-
tribution of power among the modes n,*P. In general, to
achieve the mode decomposition, several interferometric
approaches based on use of a reference beam have been
exploited to study light thermalization in MMF's [42] [44].
On the other hand, a number of methods without a refer-

J

ence beam have been also proposed, see references in [56].
Here, we use a (non-interferometric) numerical comput-
ing mode decomposition procedure that is based on the
well-established Gerchberg-Saxton algorithm [57, [58]. It
allows us to retrieve the transverse phase profile of the
field from the NF and the FF intensity distributions mea-
sured in the experiments [59, [60]. By projecting the re-
trieved spatial profile of the complex field over the fiber
modes, we get the complete modal distribution of the ex-
perimental optical beam n3*P. We refer the reader to the
Ref.[55] (Supplementary Material) for a detailed presen-
tation of the procedure (theoretical and numerical com-
putation of the error introduced by the Gerchberg-Saxton
algorithm, impact of the sampling due to the cameras, va-
lidity of the phase reconstruction). In addition, we show
experimentally and theoretically in the Appendix that
the modal distribution recorded experimentally n,** at
the fiber output converges toward the expected RJ dis-
tribution as the number of realizations of speckles beams
is increased.
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FIG. 3: 1st Experiment: Attraction to the RJ distri-
bution. (a) Power fraction into the fundamental mode (con-
densate fraction) ng/N vs E/FEeit: at the fiber input (blue),
and fiber output (red). Corresponding RJ theory (green line):
The quantitative agreement with the output distribution is
obtained without using any adjustable parameter. (b) Dis-
tance D vs energy [defined from Eq. ()] to the RJ equilibrium
distribution at the fiber input (blue), and fiber output (red).
The strong reduction of D from the input-to-output shows the
attraction to the RJ distribution. Note that D is normalized,
0<D<1.

B. RJ thermalization over a broad energy range

The experiment is realized in the weakly nonlinear
regime, where linear propagation effects dominate over
nonlinear effects L;;, ~ 50—1 & Ly = 1/(yN), where
~ is the nonlinear coefficient of the MMF. Typically, we
have Lj;, ~ 0.2mm, and L,; ~ 0.3m. This means that
the nonlinearity plays a role over a propagation length
much larger than that of the rapidly fluctuating speckle
beam.

The process of RJ thermalization in the MMF is driven
by the Kerr nonlinearity, as described theoretically by a
wave turbulence kinetic approach [29, [35, B7, 46]. Ac-
cordingly, as the beam propagates through the MMF, it
is expected to relax toward the thermodynamic equilib-
rium state described by the RJ distribution [29] [35] [37,
38, [40], [42H44)

ny =T/ (Bp — ), (2)

where T and p are the temperature and chemical poten-
tial. Accordingly, we have at equilibrium N =T Zp (Bp—
p)~tand E =T f,/(8, — p). Important to notice,
(T, 1) are uniquely determined by (N, E), i.e., there is a
one to one correspondence between (7, u) and (N, E). In
other terms, we are dealing with the microcanonic statis-
tical description, so that T" does not refer to the ‘room’
temperature (7" is in units of W.m ™). Also note that the
RJ distribution can be generalized by taking into account
for the conservation of linear momentum [61H64] and an-
gular momentum [45] 65]. However, the conservation of
angular momentum is relevant when peculiar conditions
of injection of the optical beam into the MMF are con-
sidered, see Ref.[45]. Here, we consider speckle beams
for which the angular momentum may vary from one re-
alization to another and vanishes in average, so that its
conservation is not relevant to our experiments.

At variance with previous experiments of spatial beam

cleaning and RJ thermalization [31] B3] [34], 40H43], here
we study the process of thermalization for different
amount of the (kinetic) energy E. Indeed, by passing
the laser beam through a diffuser before injection in the
MMF, we can vary the amount of randomness (i.e., de-
gree of spatial coherence) of the speckle beam by keeping
fixed the power N — the higher the randomness of the
fluctuations in the speckle beam, the higher the corre-
sponding energy E. In other terms, owing to the diffuser,
we study the process of RJ thermalization over a broad
range of energies E. This is at variance with previous
experiments [31], (33| [34, 40H43], as will be discussed in
the framework of the 2nd experiment presented below in
the paper. Note that throughout the paper, the termi-
nology ‘coherence’ refers to the purely spatial coherence
properties of the quasi-monochromatic optical beam that
propagates through the fiber.

An other important advantage of using a diffuser is
that it allows us to perform an average over an ensemble
of realizations. Indeed, the RJ distribution is in essence
a statistical distribution, so that the comparison with the
experimental data requires an average over realizations.
We have recorded 2x1000 realizations of the NF and FF
intensity distributions for the same power N (N = 7kW)
and different values of the energy E. For each individ-
ual realization, we have retrieved the modal distribution
|as*P|2. 'We have partitioned such an ensemble of 1000
realizations of {|a§’,"p|2} within small intervals of energies
AFE = 0.125F,, where Eg = N[5 is the minimum of the
energy (only the fundamental mode is populated). Next,
we have performed an average over the realizations of the
modal distributions for each specific energy interval AE,
which gives the averaged modal distributions ny*P for
different energies £. We have followed this experimental
procedure at the output of the MMF (at L = 12m), and
then we have repeated the procedure at the fiber input
(after 20cm of propagation).

1. Power distribution among the modes

We report in Fig. 2 (left column) the averaged modal
distribution in the experiment ny*P at the fiber input and
the fiber output, for different energies E. For convenience
we have reported the average power 1, within each group
of degenerate modes, where g = 0,..., gmazr — 1 indexes
the mode group. For the MMF used in the experiments,
Gmaz = 15 for M = gmasz(gmaz +1)/2 = 120 modes.

We compare the experimental data with the theoretical
RJ distribution n;”. Note that there are no adjustable
parameters between the experimental distribution n;*
and the RJ distribution n;” : The parameters (T, ) in
ng‘] in Eq.are uniquely determined by the power and
the energy (N, E') measured in the experiments. We ob-
serve in Fig. 2 a very good agreement between the ob-
served modal populations n,*P and the RJ distribution

n?‘] . Furthermore, such a good agreement is obtained



over a broad range of the energy FE.

In order to properly appreciate the key role of the en-
ergy F, we report in Fig. 3(a) the condensate fraction
(i.e., amount of power fraction in the fundamental fiber
mode) ni? /N vs E/Eqit, where Eey ~ NBoy/M/2 is
the threshold value of the energy below which the fun-
damental mode gets macroscopically populated [40]. In
a loose sense, the energy E plays a role analogous to
the temperature, i.e., the condensate fraction nf’ /N in-
creases as the energy E decreases. Note in particular
that the effect of beam self-cleaning is suppressed nearby
the transition to condensation for F ~ FE.;, a feature
discussed in detail in Ref.[40].

2.  Energy distribution among the modes

The modal distribution of the power is mainly sensi-
tive to the behaviour of the low-order modes. So as to
properly characterize the thermalization process over all
modes, it proves convenient to consider the distribution
of the kinetic energy E, = (8, — Bo)np, or equivalently
the average energy within groups of degenerate modes
Ey, = Bogng, where we recall that g indexes the mode
group. The results reported in Fig. 2 (right column) con-
firm a remarkable quantitative agreement between the
experimental data and the RJ equilibrium distribution.
We note in particular that for a small value of the en-
ergy F < FE., we can observe an energy equipartition
among the modes, a property inherent to classical statis-
tical mechanics. Indeed, well below the energy threshold
for condensation, i.e. F < FE;;, the chemical potential
reaches the fundamental mode eigenvalue p — f;, so
that n\' = T/(8, — Bo) for p # 0 (or 2y = T/(go) for
g #0), and thus

E,=T for p#0 (3)

(or Eg =T for g # 0). This property of energy equipar-
tition can be observed in all panels (k-n), E‘;XP =T, the
only panel which shows a significant departure from en-
ergy equipartition is panel (o) because E is then close
to F.it. Note that this is consistent with the fact that
for £ 2 E.., the chemical potential deviates from the
fundamental mode eigenvalue, and the RJ distribution
with u < By no longer verifies the property of energy
equipartition among the modes.

The experimental results also evidence the double tur-
bulence cascade underlying RJ thermalization: While the
power flows toward the fundamental mode (inverse cas-
cade), the flow of kinetic energy toward the higher-order
modes (direct cascade). This latter effect is shown in pan-
els (I-o) of Fig. 2, for a relative small condensate fraction
ni? /N = 0.15. This double cascade process was already
commented in Ref.[43] through the analysis of the ex-
perimental data in direct r—space. The mode-resolved
analysis reported in Fig. 2 is more appropriate and con-
vincing.
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FIG. 4: 2nd Experiment: Incipient RJ thermaliza-

tion. (a) Distance D vs energy F/FEqit [defined from Eq.]
to the RJ equilibrium distribution at the fiber input (blue),
and fiber output (red). (b)-(d) Modal distribution 714 vs mode
group g (right column), and corresponding energy distribution
Eg4 vs g. Initial modal distribution at the fiber input (blue),
and modal distributions at the fiber output (red), and corre-
sponding RJ distribution (green line). Note that D in (a) is
bounded, 0 <D < 1.

3. Attraction to the RJ distribution

We can estimate quantitatively the attraction to the
RJ equilibrium by defining a ‘distance’ to the RJ dis-
tribution. For this purpose, we define a quantity that
reflects the degree of similarity with the RJ distribution
in mode space:

o Ey g —ntd) \

T W
Note in particular that this quantity is normalized, 0 <
D < 1. We report in Fig. 3(b) the distance D computed
for the experimental data n; " at the fiber input (blue),
and at the fiber output (red), for different energies E.
The strong reduction of the distance D from the fiber
input to the fiber output clearly confirms the process of
thermalization to the RJ equilibrium. It is important to
note that this attraction process takes place over a broad
range of variation of the energy E. Note that, as the
energy E increases and approaches the critical value of
the transition to condensation E..i, the input-to-output
reduction of D decreases as well, a feature that becomes
apparent in Fig. 2 (left column), where we can notice
that the input and output distributions become similar
as the energy increases.

III. SECOND EXPERIMENT: BEAM
CLEANING THROUGH INCIPIENT
THERMALIZATION

A. Differences with the first experiment

There are two differences that distinguish the 1st ex-
perimental configuration with the 2nd configuration. (i)



In the 2nd experiment the MMF length is reduced by a
factor 4 to L = 3m — accordingly the power is increased
by the same factor to N = 28kW, so as to maintain con-
stant the effective number of nonlinear lengths L/L,; in
both experiments. Because of the short fiber length con-
sidered, the impact of disorder (weak random coupling)
is significantly reduced in this 2nd configuration. (ii) We
do not pass the laser beam through a diffuser before in-
jection into the MMF i.e., we launch a Gaussian-shaped
coherent beam (at approximate normal incidence) into
the fiber. Notice that the absence of the diffuser in this
2nd configuration does not allow us to make an average
over the realizations. The energy F is varied by varying
the radius of the launched Gaussian beam: For a given
power NN, by increasing the radius of the Gaussian beam,
the population of modes at the fiber input is increased,
which in turn increases the energy FE.

B. Deviation from the RJ distribution

Following a procedure similar to that carried out in
the 1st experiment, we report in Fig. 4 the modal distri-
bution of the power ng*P, and the energy E.*P, observed
in the 2nd experiment, at the fiber input (blue), and the
fiber output (red). We compare the experimental data
with the theoretical RJ distribution (green line). We can
note that the low-order modes are efficiently attracted
toward the RJ equilibrium distribution, while the higher-
order modes exhibit some significant deviation to the RJ
equilibrium. This aspect becomes even more apparent
through the analysis of the distribution of the kinetic en-
ergy ES*P reported in Fig. 4(c). We can remark that
mode groups containing the radially symmetric modes
(with g even) are more populated than the other (with g
odd), as a natural consequence of the injection of a radi-
ally symmetric coherent beam in the MMF. Aside from
symmetry considerations, note that nonlinear modal in-
teractions can have different efficiencies also due to the
large variation in nonlinear overlap coefficients among the
modes, which can significantly affect the rate of conver-
gence to equilibrium [37]. Finally note that the deviation
from the RJ distribution is also evidenced by the com-
putation of the distance D. As illustrated in Fig. 4(a),
the input-to-output decrease of D shows that the system
approaches the RJ distribution, although a significant
deviation from that distribution is visible at the fiber
output.

Although the 2nd experimental configuration only
shows an incipient process of RJ thermalization, it ev-
idences a process of beam self-cleaning. This is illus-
trated in Fig. 5, which reports the modal distribution
ng? at low-power, and at high-power, at the output of
the MMF'. The corresponding 2D intensity distributions
at small and high power shows an effect of spatial beam
cleaning that is dominated by the behavior of the low or-
der modes, although the higher-order modes significantly
deviate from the RJ equilibrium distribution.
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FIG. 5: 2nd Experiment: Beam self-cleaning. Modal
distribution 7y vs mode group g, in the presence of a small
power N = 0.23kW (linear regime) (a), and high power
N = 28kW (nonlinear regime) (b). The green line reports the
RJ equilibrium distribution. The insets show the 2D inten-
sity distributions: measured (left) and reconstructed (right)
output beam profile.

IV. INTERPRETATION AND CONCLUSION

We have studied the impact of disorder on the process
of thermalization in multimode optical fibers by compar-
ing two different experiments realized with a long fiber
and an incoherent excitation (1st experiment), and a
short fiber with a coherent excitation (2nd experiment).
The results of the 1st experiment demonstrate without
ambiguity the process of thermalization to the RJ equi-
librium distribution, over a broad range of the energy
E. For small values of E, the strong condensate fraction
(no > npxo) entails a process of beam-cleaning during
the propagation through the MMF. In the 2nd experi-
ment, an effect of beam-cleaning can be identified, which
can be ascribed to the RJ thermalization of low-order
modes, while high-order modes can exhibit a deviation
from the RJ distribution.

A. Discussion of previous results

Previous experimental results revealed a good agree-
ment with the theoretical RJ distribution, especially for
low-order modes [42] [44]. On the other hand, some de-
viation between the experimental measurements and the
theoretical RJ distribution was evidenced for high-order
modes when the spatial azimuthal complexity grows, see
Fig. 8 in Ref.[44]. The results in Ref.[44] were obtained
with a short fiber length and the injection of coherent
laser beams populating radially symmetric modes, a fea-
ture which seems to corroborate the results of our 2nd
experiment.

A good agreement has been also obtained between the
measured modal distribution and the theoretical RJ dis-
tribution for low-order groups of fiber modes [42]. The
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FIG. 6: Quasi-resonances accounting for the trun-

cated potential. Computation of the most favourable non-
trivial resonances involving three groups of modes AB, =
min(284 — Bg—1 — Bg+1), and corresponding resonance effi-
ciency |ABg|Lni, where B, are computed by taking into ac-
count the truncation of the parabolic potential due to the
fiber cladding. The modes of the fiber can find efficient quasi-
resonances |ABy|L,; < 1 that contribute to the thermaliza-

~

tion process observed in the 1st experiment, see Fig. 2.

discrepancy between the experiments and the RJ the-
ory for high-order modes was attributed to the lack of
efficient resonances among the modes. Indeed, in an
ideal parabolic potential, the regular spacing of the mode
groups provides efficient phase-matching resonances. In
practice however the potential is truncated by the pres-
ence of the cladding, which distorts the ladder of mode-
group eigenvalues, especially for higher-order modes that
overlap more strongly with the cladding. We have com-
puted numerically the mode eigenvalues accounting for
the truncation of the parabolic potential for the MMF
used in our experiments. We have considered the effi-
ciency of the most favourable non-trivial resonances in-
volving three groups of modes ABy = min(25, — fg—1 —
Bg+1), where we recall that g indexes the mode group.
Then we compute the corresponding resonance efficiency
|ABg|Lyi, where L,,; denotes the nonlinear length in the
1st experiment L,; ~ 0.3m. Only quasi-resonances veri-
tying |ABg|Lni S 1 contribute to the thermalization pro-
cess, while four-mode interactions such that |AfBg|Ly; >
1 are non-resonant and do not contribute. We report in
Fig. 6 the most favourable non-trivial resonances for each
fiber mode, with g =1, ..., 13 (remember g,,q. = 15). We
can see in Fig. 6 that even higher-order modes of the fiber
can find an efficient non-trivial quasi-resonance verifying
|ABg|Ln; S 1, which indicates that the finite truncation
of the parabolic potential should not prevent the ther-
malization of high-order modes. This corroborates the
results reported in the 1st experiment where RJ thermal-
ization is observed over all groups of fiber modes. We also
note that the validity of the results reported throughout
this paper are not affected by the correction due to the
finite truncation of the parabolic potential, i.e., plotting
Figs. 1-4 with the correction does not provide visible dif-
ferences in the figures.
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FIG. 7 Numerical simulations: Simulations of the NLS
equation showing the evolutions of the modal components
np(z)/N (left column), and corresponding evolution of the
distance D(z) to the RJ distribution (right column). Funda-
mental mode p = 0 (red), p = 1 (dark blue), p = 2 (blue),
p = 3 (light blue), p = 4 (cyan). 1st row (a)-(b): Simulation
without disorder (weak random mode coupling) and starting
from a coherent initial condition. 2nd row (c)-(d): Same sim-
ulation as (a)-(b), except that the initial condition is a speckle
beam. In (a-d), the system exhibits a coherent regime of mode
interaction featured by persistent oscillations that prevent RJ
thermalization. 3rd row (e)-(f): Same simulation as (a)-(b),
except that disorder is included during the propagation, which
corresponds to the 2nd experimental configuration. 4th row
(g)-(h): Same simulation as (e)-(f), except that the initial
condition is a speckle beam and that the power has been re-
duced by a factor 4, i.e., 12m of propagation in the bottom
row corresponds to 3m in 3rd row — the bottom row corre-
sponds to the 1st experimental configuration. The impact of
disorder is more effective in the bottom row (1st experimental
configuration) as compared to the 3rd row (2nd experimen-
tal configuration): Disorder accelerates RJ thermalization to
equilibrium, as revealed by the evolutions of D(z). The hori-
zontal dashed lines (left column) denote the condensate frac-
tions at RJ equilibrium. See the text for parameters.



B. Interpretation and simulations

The substantial differences that distinguish the results
of the 1st and 2nd experiments reported in this work may
be interpreted along the lines of the theoretical works
in Refs.[35, B7]. We illustrate this aspect in Fig. 7,
which reports the numerical simulations of the spatial
NLS equation in different configurations. It was shown
in Refs.[35] B7] that, by ignoring the impact of disorder
(weak random mode coupling due to polarization fluctua-
tions), a strong correlation among the modes is preserved
for large propagation lengths, which leads to a phase-
sensitive “coherent regime” of modal interaction. In this
coherent regime, the modes experience a quasi-reversible
exchange of power with each other, which tends to freeze
the process of RJ thermalization. This regime is illus-
trated in Fig. 7 (top row), which reports the evolution
of the modal components without disorder with a coher-
ent initial condition. Note that a similar regime featured
by a phase-sensitive “coherent” modal interaction is also
observed by starting the simulation with a speckle beam,
see the second row in Fig. 7. The oscillatory behavior of
the modal components and the slowing down of RJ ther-
malization can be related to the existence of Fermi-Pasta-
Ulam recurrences, as recently discussed in Ref.[66] 67] in
the framework of the weakly nonlinear regime of the 2D
NLS equation with a parabolic trapping potential. On
the other hand, we recall that a key ingredient for the
occurrence of RJ thermalization is the existence of a ran-
dom phase dynamics among the modes [3] [68] (see also
[69, [70]). In other words, a mechanism that breaks the
coherent phase-dynamics among the modes is required in
order to achieve thermalization in the weakly nonlinear
regime considered in the experiments. A natural mecha-
nism is provided by the structural disorder, which is in-
herent to light propagation in MMFs and whose leading
order contribution is associated to random polarization
fluctuations [48451]. This weak random coupling regime
is sufficient to introduce a dephasing dynamics among
the modes. This is illustrated in the 3rd row of Fig. 7,
that reports the same simulation (same coherent initial
condition and same parameters) as in the top row, except
that a weak random mode coupling has been introduced,
with a correlation length ¢, = 0.3m, and a strength of
disorder 27 /0 = 2.1m, see Ref.[35] 7] for details. The
simulation in the 3rd row of Fig. 7 then corresponds to
the 2nd experimental configuration. We note in Fig. 7
that the oscillatory behavior of the modal components
associated to the coherent modal phase dynamics is less
pronounced in the 3rd row than in the 1st or 2nd rows:
The evolution of the population of the fundamental mode
np(z) keeps an oscillating behavior, although such a be-
havior tends to slowly approach the RJ equilibrium value
(horizontal dashed black line, nf’ /N ~ 0.65). This ob-
servation is corroborated by the evolution of the distance
D(z) to the RJ equilibrium that also keeps an oscillatory
behavior, though it tends to lower during the propagation
(panel (f) of Fig. 7), a feature which is in contrast with

the corresponding evolution without disorder (panels (b),
or (d) for z > 1m, in Fig. 7).

This observation is confirmed by the numerical simu-
lation realized in the framework of the 1st experimental
configuration, see bottom row in Fig. 7 with an injected
speckle beam. In this case a larger fiber length is con-
sidered by decreasing the power by a factor 4, so as to
keep constant the effective number of nonlinear interac-
tion lengths, i.e., 12m of propagation in the bottom row
of Fig. 7 corresponds to 3m in the 3rd row (or in the 1st
and 2nd rows). Because of the larger fiber length, the
impact of disorder is more effective for the 1st experi-
mental configuration (bottom row) as compared to the
2nd configuration (3rd row): The condensate fraction in
Fig. 7(g) reaches the RJ thermal value, while the dis-
tance to RJ equilibrium tends to decrease to zero in an
almost monotonic fashion, see Fig. 7(h). Interestingly,
the evolutions of ng(z) and D(z) in the 1st experimental
configuration (bottom row) do not exhibit the oscillatory
behaviour evidenced in the 2nd configuration (3rd row),
which confirms the absence of modal phase-correlations
and the significant acceleration of RJ thermalization due
to the disorder.

The simulations reported in Fig. 7 qualitatively repro-
duce the experimental results. However, it should be
stressed that a power larger by a factor three has been
considered to accelerate the dynamics in both the 1st
and 2nd configurations. Then although the purely spatial
model considered in the simulations captures the essen-
tial features of the experiments, a quantitative descrip-
tion of the experimental results would require a detailed
analysis of the temporal averaging effect inherent to the
pulsed regime considered in the experimental measure-
ments [7TIH73].

We finally note that, on the basis of the wave turbu-
lence theory, we have derived a kinetic equation describ-
ing the evolutions of the modal components n,(z), which
revealed that polarization fluctuations significantly accel-
erate the process of RJ thermalization, see Refs.[35] B7].
This theoretical approach then explains, at a pure qual-
itative level, the fast process of RJ thermalization ob-
served in the 1st experiment reported in this work. We
recall that, at variance with the 2nd experiment, the 1st
experiment is characterized by two factors: (i) a larger
fiber length that enhances the impact of disorder, (ii)
the injection of a speckle beam owing to the diffuser.
The combination of these two factors leads to a random
phase dynamics among the modes, which favours the pro-
cess of RJ thermalization observed in the 1st experiment.
Finally, this work contributes to the understanding of the
fast process of optical thermalization observed in multi-
mode optical fibers, a feature that may also be important
for possible future extensions to the thermalization of
multiple beams [74, [75]. From a broader perspective, this
work also contributes to the understanding of the inter-
play of nonlinearity and disorder [T6H80], in relation with
the paradigm of statistical light-mode dynamics, glassy
behaviors, and complexity science [81].
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VI. APPENDIX: CONVERGENCE TO RJ
EQUILIBRIUM WITH THE NUMBER OF
SPECKLE REALIZATIONS

In this Appendix, we show that the modal distribu-
tion recorded experimentally n&® = (|ag*?|?) converges

toward the expected RJ distribution npRJ as the number
of realizations of speckles beams involved in the average
is increased. Here, we analyze the results retrieved from
the 1st experimental configuration, see Figs. 1-2. The
convergence of ng*P to the RJ distribution follows quali-
tatively the behavior expected theoretically.

As discussed in section[[TB] we have recorded in the ex-
periments 2x 1000 realizations of the NF and FF intensity
distributions for the same power N = 7kW and different
values of the energy E. For each individual realization,
we have retrieved the modal distribution |a$*P|?. We have
partitioned such an ensemble of realizations within small
intervals of energies AE/FEy = 0.125, with Ey = Ny is
the minimum of the energy. Next, we have performed
an average over the realizations of the modal distribu-
tions for each specific energy interval AE. In the fol-
lowing, we consider a particular energy interval around
E/(Npy) = 6 and we study the convergence to the RJ
equilibrium distribution with the number of realizations
of speckle beams. We define the distance between the
experimental data and the RJ equilibrium as follows:

Dy = 72 =]
Xy 4

(5)

where the experimental distribution

nZXP,Q —
(1/Q) Z?:l \a‘;"p’j|2 is the empirical average —over
Q realizations of the modal distributions |aS*/|?. We
report the distance Dg vs number of realizations @) in
Fig. [§[a).

We compare the experimental results with the theo-
retical expression of the corresponding distance that we

have derived in Ref.[55] (Eq.(3) in the Supplementary
Methods):

(6)

FIG. 8: Experimental convergence to the RJ distri-
bution with the number of realizations. (a) The blue
points denote the distance Dq [Eq.(5)] between the experi-
mental modal distribution nf,xp‘Q averaged over () realizations

of speckle beams, and the theoretical RJ equilibrium distri-

bution n;f,”. The black line reports the theoretical distance

Dg computed analytically, from Eq.@. Note that Dq is nor-
malized, 0 < Dg < 1. (b) Experimental modal distribution
nle,Xp’Q averaged over ) realizations [@Q = 1 (blue), Q = 10
(green), @ = 50 (red)]. Corresponding theoretical RJ distri-
bution n}”’ (black line).

For Q > 8 , we have Do ~ 1/4/27Q. Note that Eq.@
has been found in quantitative agreement with the nu-
merical simulations (see Fig. 4 in the Supplementary Ma-
terial of Ref.[55]). We can note that the distance D¢ to
the RJ distribution computed from the experimental re-
sults (blue points) decreases with the number of realiza-
tions by following qualitatively the theoretical behavior
(solid black line). The theoretical curve given by Eq.@
assumes that the Gerchberg-Saxton algorithm, as well as
the sampling of the cameras used in the experiments do
not introduce errors. The impact of the two errors can
explain that the distance Dg for the experimental data
reported in Fig. [§|(a) is slightly above the theoretical pre-
diction. Finally, we report in Fig. (b) the experimental
modal distributions ng"p’Q averaged over () realizations
of speckle beams, which shows the convergence toward
the expected RJ distribution n?J as @ increases.
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