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ON THE EXISTENCE OF WEAK SOLUTION OF THE KINETIC FOKKER-PLANCK
EQUATION IN A BOUNDED DOMAIN WITH ABSORBING BOUNDARY

ETIENNE BERNARD

September 6, 2023

INTRODUCTION

In the present paper, we discuss the existence and unicity of weak solutions of the kinetic Fokker-Planck
equation in a bounded domain with absorbing boundary. More precisely, let an integer d > 2 and let 2 be
a bounded, open and smooth subset of R%. As its boundary is smooth, we can define for any ¢ € 99 the
outer normal vector n,. Thus, we can decompose 9 = ' UT'~ UT'? with:

It = {(q,p) E@Qde|p-nq >0}7
P = {(0.0) €90 x B p-ny <01},
I’ ={(g,p) €02 xR |p-ny =0}.

Let 0 e RY, y€Rand FF € C* (Rd, Rd), we introduce the operator:

2

ag
(1) £=—p-Vq—F(Q)-Vp+7Vp-(p-)+7Ap,

and its formal adjoint in L?(dx)

2
* g
(2) L :p'vq+F(Q)'Vp_'7p'Vp+?Ap'

Following [8, 9], we denote D := QxR? D = QxR? and D := 99 x R%. The variable x € D represents
the couple (¢,p) € D and dz = dgdp. We will use preferably this notation except when the two variables ¢
and p do not have symmetrical roles, such as the beginning of subsection 2.1.

The so-called kinetic Fokker-Planck equation is the following initial-boundary problem f = f(¢,x):

o f =Lfon (0,T)x D, T >0,
(3) f(t,x) =0on (0,T)x I,
f(0,z) = f"(z) on D.

It models the collective behavior of particles evolving inside Q with velocity in R, with initial distribution
fi™, submitted to an exterior force F' with a thermal bath encoded by the term of diffusion in velocity U;Ap
and the friction term vV, - (p-). More precisely, the quantity f(z)dx = f(¢, ¢, p)dtdgdg represents the num-
ber of particles at time interval [¢, + d¢], in the volume B(q,dq) C € and with velocities in B(p,dp) C RY.
The homogeneous boundary condition f(¢,2) = 0 on (0,7) x I'” means that whenever a particle coming
from the interior of Q hits the boundary, it exits and disappears forever.

In the case of 2 = R?, the theory of the kinetic Fokker-Planck equation is well-established. The bounded
case is another matter because of the trace issue in kinetic theory. For more details, we refer to the
enlightening discussion in Stéphane Mischler’s "habilitation a diriger les recherches” p. 29-32. Let us just
recall here that a possible strategy is to bypass the trace issue by define a weaker notion of solution with a
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2 E. BERNARD

smaller space of test functions canceling on the problematic part of the boundary. This strategy is followed
in [5] that we recall now in more detail: B
Let T > 0, define the cylinder domain Q7 := [0,T[xD and the following space of test functions:

Dg, = {¢ € C(Qr) ‘ ¢(t,x) = 0 whenever z € I'T UT?}

We recall that C°(Qr) denotes the space of smooth functions with compact support in Q7. In [5], it is de-
noted by C§°(Qr) without being explicitly defined but the context implies the compact support in velocity.
Indee, the definition of a weak solution in [5] (see below) implicitly requires that (9;¢ + L*¢) belongs to
L (Qr) whereas a smooth function ”vanishing at infinity” may not have its derivative essentially bounded.

In [5] a function f € L ([0, T]; L'(D)) is called a weak solution of (3) if it verifies [5, formula (1.7)]:

/ F(0ud + L*¢)dtdz + / F™(2)¢(0,z)dz = 0, Yo € Do, .
D D

It is easy to check that a classical solution of (3) would be also such a weak solution. However, we emphasize
that, as the space of test functions is smaller, the notion of weak solution is therefore weaker that the usual.
In [5], it is claimed to have established the existence of a weak solution provided that f* satisfies a few
conditions [5, Theorem 1.1]. But the proof of a crucial lemma [5, Lemma 2.3] has a gap which turns out
difficult to fill (see the discussion in Appendix A in the first version of [2]). Carrillo’s paper is sometimes
cited decisively for other results such as [10] where the authors extend Carrillo’s theory to the case of reflex-
ive boundary with a test function space calibrated to bypass the trace issue in the same spirite as Carrillo’s
approach. To the best of my knowledge, I am not aware of any work that rigorously proves the existence
and a fortiori the uniqueness of a weak solution. Meanwhile, in a series of articles, [8, 9], the existence of
classical solutions with several interesting properties to the initial-boundary problem associated to L£* is
established with probabilistic tools. The aim of the present paper is to deduce by duality a theory of weak
solution from these articles.

We first recall that a real valued function f defined on a local compact space E vanishing ”at infinity” is
defined by

Ve > 0,3 compact K. C E: sup |f(z)| <e.
TeEK¢

We denote by C§°(FE) the set of smooth functions vanishing at infinity on E.

We introduce the following space:
Dy, = {# € C5*(Qr) ¢ € L' (D; L*((0,7))) and (9, + L) € L*(Qr) },
with
Qr :=[0,T[x (\ (" uI?)) x R%
Notice that by extension by continuity, we have ¢ € C*([0,T] x D) with ¢(T,-) =0 and ¢ =0 on 't UT?

for any ¢ € Dy, wich implies Dg,. C Dg,.. We now give a new definition of weak solution.

Definition 1. A function f € L>([0,T]; L*(D)) is said to be a weak solution of (3) with initial condition
fi if it satisfies

/D f(Owp + L*¢)dtdx + /D fi”(x)(b((),x)dx =0, V¢ € DQT'
We can now state the first main result:

Theorem 2 (Existence and uniqueness). For any f™ € LY(D), there exists a unique weak solution f €
L“([O,T]; Ll(D)) of (3) with initial condition f™ in the sense of Definition 1.
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The existence and the uniqueness of the weak solution together with the properties derived in [8, 9]
implies the existence of a strongly continuous semigroup with nice properties:

Theorem 3. Let f" € LY(D), then:
(1) (Semigroup property) There exists a positive, irreducible and immediately compact Cy semigroup
(Pt);>o such that for any f™ € L*(D), t — P, f™ is the unique weak solution of (3) with initial

condition f™ in the sense of Definition 1. -
(2) (Regularity) For any t > 0, we have P,f"™ € C>(D) N C*(D)
(3) (Balanced exponential growth), let denotes the spectral bound of the operator L

s(L) :=sup{ReA|A € o(L)}

then s(L) € o (L) with s(£) < 0 and up to a multiplicative constant, there exists unique nonnegative
functions ¢ and ¢ € C*(D) N LY (D) such that

Lo =s(L)p, L% = s(L).
Moreover, normalizing 1 such that fD Y =1, we have

Ly(p)

9

N

t——+o00

where
vf € LXD) (p @ )(f) = (/D W)%

and |||l ;1 py denotes the norm operator in LY(D).
As f(t,-) € C*(D), we can define vf € C*(0D) and v+ f = Yf|£(p-ny)>0 but we have more:

Theorem 4 (Trace). Let vf the trace of f defined as above, then vf € L* (8(2 x R |p - nq|daagdp) where
dosq denotes the Lebesgque measure on 0. And for any t > 0 and for any ¢ € C°(D)N C’(ﬁ) we have

/D (Cf)o = /D FL+ /8 1 félng - dpdon.

Remark 1. The results on the existence and integrability of the traces are all the more remarkable that in
general it is not true in mathematical kinetic theory that even for f € L' such that q-V,f € L':

vf € LY x V5 |n, - p|dpdq)
see for instance [3] for a counter-example.

As the proofs of Theorem 2 and Theorem 3 rely heavily upon [8, 9] and upon the theory of Banach
lattice, for sake of completeness, we will first recall the mots importants points of [8, 9] and of the theory
of Banach lattice In Section 1. Then, we will establish Theorem 2 and Theorem 3 in Section 2. After that,
the proof of will be given in Section 3.

1. OF BANACH LATTICES AND PROBABILISTIC INVESTIGATIONS OF THE KINETIC FOKKER-PLANCK
EQUATION

First, we recall the main elements of the theory of Banach lattice and a few of useful theorems around
positive operators and semigroups of operators in a Banach lattice. Then, we recall and synthesize the main
results of [8, 9].
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1.1. Banach lattices. First, we underline that L'(D) is a ordered set with the partiel order defined by
0 < fif and only if 0 < f(x) a.e. on D.

This ordered space is a Banach lattice, meaning that the ordering is compatible with the vector structure
and is such that

Vf,g € LY(D), if gl < 111, then lgll,:(p) < lgll oy
A semigroup § = (St)t20 is said to be positive if it preserves positivity, i.e.
f>0=S;f >0,for each t > 0.
A closed subspace I of L'(D) is said to be an (order) ideal if
V(f,9) € LY(D) x I, |f| < |9l = f €T

The null subspace {0} and L!(D) are ideals. A semigroup S is said to be irreducible if and only if the only
ideals that are invariant for S are {0} and L*(D). That is equivalent to the following property (for instance
[12, Proposition I11.8.3 p.186]):

YO < feLY(D),0< ge L®(D) withf#O,g;«éO,Elt>0:/ 9S.f > 0.
D

In others words, an irreducible semigroup spreads the support of any nonnegative function through the
entire space. A nonnegative function f € L*(D) is a quasi-interior point if it is a.e. strictly positive on D.
In L*°(D) that is also a Banach lattice, a non negative function g is a quasi-interior point if there exists
0 > 0 such that §1p < g a.e. The ground bound of a Cy-semigroup S is

wo(S) := inf {AM >0 < Me*t
0(S) 1 { = [|Se]] < }
It is known [1, Proposition 12.1 p. 181] that

1 S 1 S,
w0 (S) = tim 10815 _ ;¢ logISul
t— t t>0 t

and that for any ¢ > 0, the spectral radius of S; is equal to:

(4) 7(S;) = !0,

and let A an unbounded operator, we recall its spectral bound is
s(A) :=sup{Re pulp € o(A)}

where o(A) is the spectrum of A. If S is a positive Cy—semigroup on L*(D) then its growth bound coincides
with the spectral bound of its generator (see for instance [1, Theorem 12.17 p.193]).
Lemma 5. Let A be a positive, compact and irreducible operator on L'(D)

(1) then 7(A) > 0 and there exists u € L'(D) and v € L*°(D) strictly positive a.e., unique up to a
multiplicative constant such that
Au
Av

(2) Besides, let X\ > 0 such there exists nonnegative € L'(D) with Aw = pw then A = r(A) and w = u
up to a multiplicative constant.

(A,
(A)v.

r
r



Proof. The first point is classical in Banach lattice theory and is known as De Pagter’s theorem [6]. The
second point is almost immediate, but despite my best efforts, I have not found citable results in the
literature. For the sake of completeness, I provide the evidence. As w is nonnegative and v strictly positive
a.e., we have fﬂde vw > 0 Keeping that in mind, Aw = pw implies

/va:u/wv
D

r(A) = p,
and the equality of w with u is a direct consequence of the uniqueness of the eigenvector associated to
r(A). O

thus, as f p vw > 0 is strictly positive

The theory of the balanced growth is very rich. The following proposition is a special case, it is a synthesis
of Propositions 2.3 and 2.4 and 2.5 and Remark 2.2 in [13]) and for the precise form of P, see Proposition
I11.8.5 p. 189 in [12].

Lemma 6. Let (S;),~, @ irreducible, positive and compact semigroup on a Banach lattice E, then there

exists a positive projection of rank one, P = xg ®IEE) where xq is, up to a constant, the eigenvalue associated
to s(A) and xy € E' such that xy(x0) = 1, and constants § > 0 and M > 1 such that

s, <7
LY(D)

1.2. A brief recalling of the results of Tony Leliévre and alii. We recall here the theory developed
by Tony Lelievre, Mouad Ramil, and Julien Reygnier in a probabilistic framework for the kinetic Fokker-
Planck in a bounded domain with absorbing [8, 9]. From here, we use there notations except the ones of
the operators £ and £*. Indeed, in [8, 9], £ (respectively, £*) corresponds to L£* (respectively L) in the
present paper, because the operator £* defined in (2).

Let (X7 = (q7,p}));>( the Langevin process starting at « € D at t = 0 defined by the following SDE:

dgf = prdt,
dpy = F(q7)dt —yp;dt + odBy,
(¢5.p5) ==,

where (Bi),s is a d—dimensional Brownian motion. Define also the first exit time from D of the process
(X¢ )tZO :

75 =inf {t > 0: X} ¢ D}.
We denote the following unbounded operator:

2
* g
EA/Ep-Vq—l—F(q)-Vp—vpr—i—?Ap.

It is the operator defined in (2) with the subscript + in order to emphasize its dependence on the parameter
. It is the infinitesimal generator of the Langevin process whereas (3) describes the evolution of Langevin
process absorbed at dD. That explains why in a probabilistic framework such as in [8, 9], the initial problem
with L7 is most often studied while in mathematical physics, it is (3) that arouses the most interest.

That being said, the first main result [8, Theorem 2.10] is then

Theorem 7. Let v € R and let f € C*(DUT ™) and define
s (4,2) = B[ Loy f(XF)]

then
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(1) (Initial and boundary values) the function u satisfies :
. DUT-
) (0,2) = f@) fzeDUT,
0 ifx e Tt UTO,
and
vt > 0,Ve € TT U u(t,z) = 0.
(2) (Continuity) we have :
uy € C*°((Ry x D)\ ({0} x (T~ uI?)))
(3) (Interior regularity) u € C*(R%) and, for allt >0, x € D

_ *
Oyuy = Evu7

Moreover, f — ((t,x) — E[Lg >tf(Xf)D is a semigroup with nice properties including the existence
of a transition kernel. We sum up the main results (specially Theorem 2.7 and Theorem 2.9 in [9] and
Theorem 2.14 in [8]).

Theorem 8. Let v € R, there exists
(t,z,y) — p{(z,y) € C°(RL x D x D) NC (R} x D x D)
which satisfies for allt >0
o p/(z,y) >0 forallz ¢ TTUTY andy ¢ T~ UT?
o p/(z,y) =0ifx e T UT? orye T~ UT?
Moreover, for f € C® (ﬁ), the functions u~,v, defined by

YVt > 0,Vz € D,u,(t,z) := /
D

P12, y) f(w)dy, vy (t,) = / Py, 2)f (y)dy

D
are in C'*° (Ri X D) and satisfy

Ortiy = LUy,
(5) Uy =0 onIT,
uy(0,-) = f;
and
Oyv = L,v,,
(6) Uy =0onI",
vy(0,) = f.

Besides, the solution of (5) satisfies Maximum principle. For any t > 0, the operator

Qlf:xeDw lE[Lg»f(XZ”)} = /pl(y,z)f(y)dy

is well-defined and forms a positive and irreducible semigroup of compact operators (Qz)t>0 on L™(D) to
L™(D) and C*(D) to C*(D). Moreover, it maps L™(D) into C*(D) continuously for any n € [1, oc].

Eventually, we recall here a special case of Theorem 2.13 in [9], the last property being a consequence of
the irreducibility of the semigroup (see Lemma 4.3 in [8])
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Theorem 9. Under assumptions above, there exists A, > 0 such that Ay + yd > 0 and positive functions
Oy thy € CP (E) N LY(D), unique up to multiplicative constants such

Loy +Aypy =0
(7) _ —UTO
Oy =0onI'~UT

Loy + My =0
sy =0onITUTY.

2. PROOF OF THEOREM 2 AND THEOREM 3

We establish here Theorem 2 and Theorem 3. The proof of Theorem 2 is split into several steps.

2.1. A semigroup for the kinetic Fokker-Planck equation. In order to use the results of [8, 9] recalled
above, first notice that if u_» is the solution associated to £* | as in Theorems 7 and 8 then it is C> (R%. x D)
and thus we can derive it in classical sense. It is then easy to check that the function

’U(t, qap) = edmfu—’y(tv q, 7p)

solves (3) in the classical sense. That remark motivates the introduction of the operator defined on the set
of measurable functions L°(D)

(SF)(a,p) = f(g,—p) Vf € L°(D).
The operator S is obviously bounded on L™(D) and C® (E)7 moreover we have S2 = I which imply that the
operators defined by
(9) Py = eMSQ, S,
with Q) defined in Theorem 8, form a semigroup, which, together with Theorem 2.8 in [9], implies the

following theorem:

Theorem 10. The operators (Pg)t>0 form a positive and irreducible semigroup of compact operators on
L™(D) for any n € [1,00] and C*(D). Moreover, it maps L™(D) into C*(D). And for any f € L"(D),
vy =P fis in C (R x D) and satisfies

Ovy =L vy on D,
Uy =0onl",
’U,Y(O, ) = f

Moreover, we have the identity for any f € C® (5) and vy = P/ f

Uy = / i (y, x) f(y)dy.
D
where p] is the transition kernel defined in Thorem 8.

From here on, we drop the subscript v whenever it is obvious from the context what the value of v is, P;
for P and so on. We now show that P; is a substochastic semigroup:

Lemma 11. For anyt >0
Pl 1y < 1

As consequence, Vf € L*(D), t — P,f € L>(Ry; L*(D)).
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Proof. By density, it suffices to show that for any ¢ > 0 and for any f € C’(D), we have
1PN oy < Ifllprpy-
By Theorem 10 we have for any f € C? (ﬁ)

Ptf:/Dp?(y,w)f(y)dy

thus for any g € L*(D) by Fubini-Tonelli

/D P fgdz = /D /D pe(y, ) f(y)g(x)dydz

=Af(y)<A)pt(y,w)g(w)dx>dy

Thus by Maximum principle applied to [ p Pe(y, x)g(x)dz that is solution of (5) by Theorem 8, we have for
any g € L>(D)

[ o] <11s ool o
which implies by Hahn-Banach:
IPf Nl oy < 1l pr oy
which is the desired result. |
Lemma 12. Let A > 0 and ¢ be defined as in Theorem 9, then
Pip = e Mp,Vt > 0.
We can now show that (Pt)t20 is a strongly continuous semigroup:

Proposition 13. The operators (P;),~ with Py = I and (P,),., defined above form a Co—semigroup of

LY(D). As a consequence, the semigroup (Qt);>( associated to the adjoint Cauchy problem is also strongly
continuous on Ry in LY(D).

Proof. It is already known that (), is strongly continuous on R} by Theorem 8. It remains to show
that it is strongly continuous at ¢t = 0. By Proposition 1.5.3 p. 38 in [7], it suffices to show that there exist
§ >0, M > 1, and a dense subset D C L!(D) such that

(1) [Pl 2 py < M for all t € [0, 6],

(2) lim;_,g+ Pig = g strongly in L!(D) for all g € D.
By Lemma 11, we know that || P ;. py < 1. It remains to establish (2) for D = C.(D). Let g € C¢(D) that
we assume nonnegative and denote h(t,z) := Pyg(x) for any € D, we know that h € C(R; x D), thus for

any t € [0,T],  — h(t,z) is measurable. In the same way, for every « € D, t — h(t,x) is continuous. Let
¢ defined in Theorem 9 and Lemma 12. As g € C.(D) and ¢ > 0 everywhere, there exists C' > 0 such that

g<Cypae. onD
and by positivity of P, and Lemma 12, we have
h < Ce *p < Cypae. onD,Yt>0
with ¢ € LY(D). In others words, h is dominated on [0, 7] by a integrable function on D which implies that:

t— / h(t,z)dz is continuous on [0, 7.
D

As h is nonnegative, Schaffé’s lemma implies:

(10) 1Peg —9llprpy > 0ast— 0" V nonnegative g € C.(D)
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Now consider g € C.(D) that can change sign and let g = g4 — g— with g+ € C.(D) and g+ > 0. We have
1P:g = 9l py < 1Peg+ = 9+l oy + 1Peg— = 9=l

thus by (10)
1Peg = 9l g1y = 0ast— 0" Vg € C.(D),

Consequently, (P;),~, is a Co—semigroup of L (D).

As for (Q¢),~¢, it is a direct consequence of (9), i.e.

Q] = eMSPS.

Let us make also an important remark

Remark 2. For any t > 0, the kernel p; satisfies a Gaussian upper-bound (see [8, Corollary 2.22] or [9,
Theorem 2.7]) that is established by studying the Langevin process on the space R*? after extending the
driving force over the whole space. The authors have deduced an inequality valid on the whole space which
they then truncate on Q x R%. As the two functions are continuous, the proof of the authors implies that the
inequality is valid on Q x R? and thus on 092 x RY.

The recall being done, for the sake of readability, we split the proof of Theorem 2 into several steps. First
we show that for any f € L! (Q X Rd), t — P,f™ belongs to the good function space.
Lemma 14. Let f € LY(D) and f := P,f™ with (P;)
L“([O,T]; Ll(D)).

>0 defined in Theorems 8 and 7. Then f €

Proof. Tt is simply a direct consequence that for any ¢ > 0, we have HPt f”‘“ O

vy S 1oy
We now show that for any smooth initial condition, the solution in the sense of Theorems 8 and 7 is also

a weak solution.

Lemma 15. Let fi* € C*(DUTY) and u := P, f™ with (P;)

¢ € Dg, we have

>0 defined in Theorems 8 and 7, then for any

/ (0 + L7 ¢)dtdgdp + /D f™(q,p)9(0,q,p)dg = 0.

T

In others words, u is a weak solution of (3)

Proof. We cannot apply integration by parts (Green Theorem) to the cylindric domain @ because f is not
C! on Qp. Therefore, we introduce ¢ € (0,T) and the subset:

Q57T = [€,T] x D.

Let f € C*(DUTT) and let u be defined in Theorem 7. We have u € C*(Q. ) N C*(Qe,r), so that by
Green Theorem applied to the cylindric domain (see Theorem 5.5 p. 47 in [11]), we have for any ¢ € Dg_

0= Byu — Lu)pdtdzr
I[ )

= //S’T (=0 — L P)udtdr — //D u(e, z)¢(e, z)dx

We know that, since v € C*((Ry x D) \ ({0} x (I~ UT?))),
u(e, )o(e,-) = f"¢(0,-) as e — 0" a.e. on Q x R?.



10 E. BERNARD

Moreover
uler e < 7 (0P 000 ).

As (sup, ¢(e,-)) € L* (Q X Rd) since it is in D, , we can apply dominated convergence to get:

/ /D (e, 2)(e, 1)z —osos / /D Fingdz

Hence u satisfies for all ¢ € Dy,

//QE,T (Orp + L7 ¢)udtdx + //D Fi(2)p(0,2)dz =0

which is the desired result. ]
Let now extend the result above to the case of f* € LY(D).

Lemma 16. Let fi* € LY(D) and for anyt > 0, f(t,-) := P.f'" then f € LOO([O,T];Ll(D)) and for any

¢ € Do, we have

f@@+cwmmwp+/fm@mwu%mwzo
Qr D

In others words, f is a weak solution of (3)

Proof. Let f”’ € LY(D). We know that for any ¢ > 0, P, € L(LP(D)). Keeping it in mind, take fin e C§° (D)
such that fi" —, . f™ in LY(D). Then, denoting f, := P, f" we have by Lemma 15 for any ¢ € Dy,
and for any n € N :

(11) fn(0ed + L7 ¢)dtdgdp + / £ (a.p)#(0,q, p)dg = 0.
Qr D
By Lebesgue partial converse theorem (see Theorem 4.9 p. 94 in [4]), we can moreover assume that, up to
a subsequence, there exists g € L' (D) such that:
|fiM(x)] < gae inzeD,
and
= f"ae inx e D.

That implies immediately:

(12) / fff(q,p)qb(O?;v)d:v - / fm(.fc)(b((),x)dx as n — 400,
D D
and
(13) Y(t,z) € [0,T] x D, / Pe(y, ) FAY =g oo, / ey, ) fdy.
D D

Besides, observe that
osn@@s/ﬁ?@mmm@s/g@mmm@
D D
with [, g(y)p:(y, #)dy € L'([0,T] x D) and by (13)
/J?@m@@@%/ﬁwwmmﬂwaemMMGMﬂxD
D D

as n — 4o0o. Therefore by dominated convergence we have

fn— fin L'([0,T] x D) — strong
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as n — 4o00. That implies:

(14) A fn (=01 + L*p)dtdqdp — : f(=0yp + L*$)dtdgdp

as n — +o0o. Applying (12) and (14) to (11) shows that f is a weak solution to the initial boundary prob-
lem (3) with £ as initial condition.

As for the uniqueness of the weak solution, as the problem is linear, it suffices to show that f € L'(Qr)
such that

f(Orp + L7 ¢)dtdgdp = 0, V¢ € D,

Qr
implies
f=0.
If for any ¢ € C.((0,T) x D), there exists ¢ € Dy, solution of the backward problem
o+ Lo =1
(15) ¢|F0u1‘* =0
o(T,-) =0

that would imply that f = 0 in distributional sense and thus f = 0 in L'(Q7). Consider the forward
problem:

?té - £*¢~5 =9
(16) ¢~7|FUUF* =0
¢(Oa ) =0

It is obvious that ¢ — (T —t,-) is solution of (15). As (Qt);>( s strongly continuous by Proposition 13,
we have by Duhamel formula [7, Corollary I11.1.7 p. 161]
t

thus

It remains to show that ¢ € D, to conclude. By linearity, we can assume that ¢ is nonnegative. That being

said, first, by the properties of the function p; (Theorems 8 and 7 above), we have ¢ € C§° (QT) Besides,
we have obviously (9; + L*)¢ € L°°(Qr). Eventually, let ¢) being the positive eigenvector associated to £*,
see (8) in Theorem 9, with eigenvalue X and [, 1x = 1. Let K compact of (0,7) x D such that supp ¥ C K.
As There 1), is positive everywhere on D and constant in time, there exists ¢ > 0 such that 1) > ¢ for any
(t,z) € K. Therefore, there exists C' > 0 such that

1 < Cy everywhere on (0,7) x D.
As (Qt),~( are positive operators, the properties of ¢y and the inequality above imply

Qi—sb(s) < Ce =) gy,

Integrating the inequality above in time s € [0, ¢] leads to:
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thus o
0< <5 (1-e )y,
which implies that ¢ € L'(D; L>((0,T))). Consequently, ¢ € Dg,. which is the desired conclusion. a

2.2. Proof of Theorem 3. Now, we establish here Theorem 3

(1) By Theorem 2, for any fi* € L'(D), there exists a unique weak solution f in sense of Definition 1,
thus we have f(t,-) = P, f™ with (P;),5, defined in (9). By Theorem 10, Lemma 11 and Proposition
13, it is a positive, irreducible, contractive and compactCy- semigroup.

(2) By Theorem 7 with the property of semigroup, we have for any f" € L'(D), Vt > 0, P,fi" €
c>=(D) n (D).

(3) With the properties of the semigroup established above, the balanced growth law of (P;),s, is a
direct consequence of Lemma 6 with the eigenvectors identified in Theorem 9. a

3. A TRACE THEORY FOR THE KINETIC FOKKER-PLANCK EQUATION

We now establish a trace theory for the kinetic Fokker-Planck equation. First, using the regularity of the
weak solution, we can easily define its trace:

Lemma 17. Let f be the weak solution with initial condition f™ € L*(D). The trace of f on R% x 0D is
well defined with v f := floap and v+ = fi+(pn,)>0- Moreover we have

y_f=0and v, € L (89 x RY; [ng -p|dqdp).

Proof. By Theorem 8, we know that for any ¢ > 0, P, maps continuously L'(D) into C? (b) Thus we can
define v f := faqxra and v+ = ¥ fi+£(pny)>0-

Besides, by semigroup property, we have for any ¢t > 0, P,f" = P, /o (Pt/gfin) with Pt/gfi” e (ﬁ)
which implies by Theorem 7 that v_ f = 0.

Now show that v4 f € L' (99 x R%; n, - p|dgdp). As for any t > 0, 74 f € C*(9D), it is measurable. Now
we have by the semigroup property and by continuity:

7+f(t7x)=/Dpt/z(af,y)f(;,y>dy
with y — f(%,y) € C*(0D), thus

st < 1(50)

/ pes2(z, y)dy.
cv(aD) J D
The Gaussian estimates on p;/; (see [8, Corollary 2.22] and Remark 2) implies that
r € 0D / piy2(z,y)dy € L'(09Q x RY |ng - pldogadp),
D
hence the desired result. O

The existence of the trace and the regularity of the weak solution implies that the integration by parts,
also known as Green’s formula, is satisfied:

Lemma 18. Let f be the weak solution with initial condition fi* € L*(D) and let VS be its trace. Then, it
satisfies Green’s formula, meaning that for any t > 0 and for any ¢ € C*>°(D) N C(D) we have

[ wno=[ reos [ apstn,: papdon.
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Proof. By unicity of the weak solution, we know that for any t > 0, f = P;f™ and thus f € C>~(D) N

c<

ﬁ) with vf € L! (89 x R |nq~|daagdp) by Lemma 17. Hence, the classical theorem of Green’s formula

(Integration by parts) [11, Th 5.5 p. 47] applies here and leads to the desired result. O

[1]
2]

3]

[4]

[5]

6
[7

(8]
[9]

(10]
(11]
(12]

(13]

REFERENCES

A. Batkai, M. Kramar Fijavz, and A. Rhandi. Positive Operator Semigroups. Operator Theory: Advances and Applica-
tions. Birkh&duser Cham, 2017.

D. Albritton, S. Armstrong, J.-C. Mourrat, and M. Novack. Variational methods for the kinetic Fokker-Planck equation,
February 2019.

Claude Bardos. Problémes aux limites pour les équations aux dérivées partielles du premier ordre & coefficients réels ;
théorémes d’approximation ; application a 1’équation de transport. Annales scientifiques de IEcole Normale Supérieure,
3(2):185-233, 1970.

Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations. Springer New York, New York, NY,
2011.

José A. Carrillo. Global weak solutions for the initial-boundary-value problems Vlasov—Poisson—Fokker—Planck System.
Mathematical Methods in the Applied Sciences, 21(10):907-938, 1998.

Ben de Pagter. Irreducible compact operators. Math Z, 192(1):149-153, March 1986.

Klaus-Jochen Engel and Rainer Nagel, editors. One-Parameter Semigroups for Linear Evolution Equations. Graduate
Texts in Mathematics. Springer, New York, NY, first edition, 2000.

Tony Lelievre, Mouad Ramil, and Julien Reygner. A probabilistic study of the kinetic Fokker—Planck equation in cylindrical
domains. J. Evol. Equ., 22(2):38, April 2022.

Tony Lelievre, Mouad Ramil, and Julien Reygner. Quasi-stationary distribution for the Langevin process in cylindrical
domains, Part I: Existence, uniqueness and long-time convergence. Stochastic Processes and their Applications, 144:173—
201, February 2022.

A. Mellet and A. Vasseur. Global weak solutions for a Vlasov—Fokker—Planck/Navier—Stokes system of equations. Math.
Models Methods Appl. Sci., 17(07):1039-1063, July 2007.

Friedrich Sauvigny. Partial Differential Equations 1 - Foundations and Integral Representations. Universitext. Springer,
London, 2012.

Helmut H. Schaefer. Banach Lattices and Positives Operators. Die Grundlehren Der Mathematischen Wissenschaften.
Springer, Berlin, Heidelberg, first edition, 1974.

G. F. Webb. An Operator-Theoretic Formulation of Asynchronous Exponential Growth. Transactions of the American
Mathematical Society, 303(2):751-763, 1987.

EB: ENPC, FRANCE
Email address: etienne.bernard@enpc.fr



