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Abstract
In this paper we study general hyperplane sections of adjoint and coadjoint varieties. We
show that these are the only sections of homogeneous varieties such that a maximal torus of
the automorphism group of the ambient variety stabilizes them. We then study their geometry,
provide formulas for their classical cohomology rings in terms of Schubert classes and compute
the quantum Chevalley formula. This allows us to obtain results about the semi-simplicity of
the (small) quantum cohomology, analogous to those holding for (co)adjoint varieties.

1 Introduction

Many Fano varieties are obtained as linear sections or more generally zero loci of general sections
of vector bundles over a projective rational homogeneous space. Furthermore, varieties having an
action of a torus (with finitely many fixed points) have a rather simple cohomological description.
In this paper we consider G a connected reductive group and X C P(V) a projective G-
homogeneous space G-equivariantly embedded in the projective space of a G-representation V.

T-general pairs. The pair X C P(V) is called T-general if a general hyperplane section of X is
stable under a maximal torus of G (see Definitions and [2.12). We fully answer the following.

Problem 1.1. Classify the T-general pairs X C P(V).

To state our results we recall some definitions (see Subsection . Let G be a connected
reductive group whose Lie algebra g is simple. We call G-adjoint variety the unique closed
G-orbit X C P(g). In this case V = g is the highest weight representation of highest weight O,
the highest root of G. Let 6 be the highest short root of G (for G simply laced, we have § = O)
and let Vy be the highest weight G-representation of highest weight . The unique closed G-orbit
X C P(Vy) is called G-quasi-minuscule variety. It turns out that for X adjoint or quasi-
minuscule both embeddings X C P(g) and X C P(Vy) are T-general pairs. We state our results
for V irreducible (see Lemma [2.2] to extend to the general situation).

Theorem 1.2 (see Theorem [2.15). The pair X C P(V) is T-general if and only if G acts via a
unique simple factor and X =P(V), X C P(g) is G-adjoint or X C P(Vy) is G-quasi-minuscule.

Linear sections of T-general pairs. Let Y be a general hyperplane section of X C P(V) a
T-general pair. Then Y is a Fano variety and we devote the rest of the paper to study some of the
geometric properties of Y for X C P(V). We start with a description of the automorphism group
of Y and its infinitesimal deformations. Let Rk(G) be the semi-simple rank of G.

Proposition 1.3 (see Theorem [2.15)). Let X C P(V) be a T-general pair and let Y be a general
hyperplane section of X.

1. If X s adjoint, then the deformation space of Y has dimension Rk(G) — 1 and we have
Aut(Y)? = T2 the image of a mazimal torus T in the adjoint group G*? of G.
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2. If X is quasi-minuscule and not adjoint, then the dimension of the deformation space of Y
and the connected component of its automorphism group are given as follows

Type X Aut®(Y)  dimHY(Y, Ty)
Bn Q2n—l SOQn 0
C, 1Gr(2,2n) (SLy)" n—3
F4 F4/P4 SOS 0
Gs Qs SO¢ 0

Here Q,, is a smooth n-dimensional quadric, IGr(2,2n) is the grassmannian of line in C*" isotropic
for a symplectic form and Fy/Py is the the homogeneous variety obtained as the quotient of the
group of type Fy by the mazximal parabolic associated to the fourth fundamental weight in Bourbaki’s
notation [Bou02)].

An interesting feature of the proof of the above results for X quasi-minuscule and G non-simply
laced is the use of Jordan algebras. In particular, we compute all the above invariants in terms of
an associated simple Jordan algebra J (see Subsection [2.3]).

Cohomology of Y. We now consider cohomology and quantum cohomology of linear section of
T-general pairs. For Z a complex variety, we denote by H*(Z) the cohomology of Z with coefficients
in the fiels Q of rational numbers. As in our situation there will be not odd-cohomology, we call a
class € H*(Z) of degree d if n € H?*(Z,Q). If T is a torus acting on Z, we write H}(Z) for the
T-equivariant cohomology with coefficients in Q.

Let Y C X as above and let T' C G be a maximal torus stabilising Y. Since X has only finitely
many 7T-fixed points and T-stable curves, the same holds true for Y. In particular, we have a
Biatynicki-Birula decomposition leading to two cohomology basis (04 )aex and (o )aex. Note that
the indexing set N is the set of T-fixed points in X and Y and is the set of long (resp. short) roots
of G for X adjoint (resp. quasi-minuscule). The class o, has middle degree i.e. deg(o,) = dimY
if and only if & or —« is simple. Set w = O (resp. w = ) for X adjoint (resp. X quasi-minuscule).
We have o, =1 is the unit in H*(Y') and o_,, = [pt] is the class of a point. We write h for the
hyperplane class in H*(Y) or H}.(Y") the rational and equivariant rational cohomology of Y.

We prove an equivariant Chevalley formula for multiplying with h. Let us fix some notations.
Let @ be the set of simple roots and set &y = @ NN. For x = Zaeq) T, a linear combination, set
Supp(z) = {a € @ | x4 # 0}, set |z| = [Supp(z)| and set ||z|| = max{|z.| | @ € P}.

Theorem 1.4 (see Theorem [4.13). Let Y C X be a general hyperplane section as above.
1. Let a € R, then we have hU oo = (@ — )00 + Y 5en alog in HH(Y).
2. Fora, €R, thena? =0 unless (a > 3, B # —a and |a—fB| = 1) or (a > B, |a—p| € {2,3},
Supp(a — ) is connected and Supp(a — 8) N{a, —8} £ 0).
8. Assume that a, 5 € N satisfy the above condition, then
(a) If | — B| = 1, then a2 = ||a — ]|
(b) If a, —B3 € Oy are simple, then af} = —a.

(c) If a« € Oy and —3 & Oy, then aﬁ{ (|)|BH Zziz:g{ig

_ s _ ) llall if | = B = 2 and Supp(a — §) ¢ R
(d) If o & On and —p € Dy, then af, = { la— Bl otherwise.

The class h generates H}(Y) so that this result gives a full description of the algebra struc-
ture of H7(Y). However, it is hard to express the classes (04)aen as polynomials in h and the
multiplication rule is not easy to compute, so more geometric methods are also interesting.

On the other hand if j : Y — X is the inclusion, most classes in H*(Y") can be expressed
as elements in j* H*(X). In fact only the middle cohomology in Y is not obtained this way. If



(0u,x)aex € H*(X) is the Schubert basis, we use the previous result to give an explcit formula for
J*oa.x In terms of the basis (04)aer. To get a useful multiplication rule in H*(Y') we compute
the intersection form on H'™Y (V). Note that (04)taca, is a basis of H™Y(Y). Let Iy be
the identity matrix of size [Py|, let Cx = ((@”, B))a,sedy be the submatrix of the Cartan matrix
corresponding to ®x and let J be the matrix of the map ¢ : &y — Py, — —wp(a) where wg € W
is the longest element of the Weyl group W of G. We prove the following result.

Theorem 1.5 (see Theorem [4.36). We have the formula

_ 1 J+ (V-1)IY(Cp =3Iy T+ (V-1)1"Y (Cx — 31y)
(00 U0g)a,pedyu—ay = .

m J+ (\/jl)dimY(CN _ 3IN) J+ (\/jl)dimYIN)

From this result we deduce an explicit presentation of the algebra H*(Y), see Theorem m

Quantum cohomology. Next we turn to quantum cohomology. We write QH(Z) for the small
quantum cohomology ring and BQH(Z) for the big quantum cohomology ring of a Fano variety
Z. Let Y C X as above. To understand QH(Y) and BQH(Y), we need to study the moduli space
My ,,(Y,d) of n-pointed genus 0 stable maps of degree d € Hy(Y,Z) to Y.

Note that for X as above, we have Pic(X) = Z except for G of type A,, with n > 2 in which case
Pic(X) = Z2. We also obtain result in type A, but to simplify the exposition in the introduction,
we state some results in the case Pic(X) = Z. After proving general results, we focus on degree 1
and 2 curves in Y. We prove the following.

Proposition 1.6 (see Proposition and Theorem [5.11). Let Y C X as above with Pic(X) = Z.
1. MO,H(Y, 1) is smooth irreducible of expected dimension.
2. If X is not the adjoint variety of type Ga, then Mo (Y, 2) is irreducible of expected dimension.

3. If X is the adjoint variety of type Ga, then Mg, (Y,2) has two irreducible components, both
of expected dimension, one of which is formed by degenerate conics.

Using these results, we are able to compare Gromov-Witten invariants in Y to Gromov-Witten
invariants in X and we obtain quantum Chevalley formulae.

Theorem 1.7 (see Theorems and [5.38). Let Y C X be as above with Pic(X) = Z.
1. Assume that X is adjoint. Let a € R, then in QH(Y) we have:
(a) If a > 0 and deg(o,) < c1(Y) — 1, then hx oo = hU 04.
(b) If @« > 0 and deg(on) = c1(Y) — 1, then hx 0o = hU 04 + ||t]|g0n<a-
(c¢) If o is simple, then hx oo = hU 0 + qghdag<a-
(d) If a <0 and |© + af > 2, then hxoq = hUoq + [(0Y,)[q0s4 (a)-
(¢) Ifa <0 and |O+a| =1, then hxoa = hUoa+q(0ay+0—ao+ 2 semy, (57 a0) <0 o_5)+2¢>.
(f) If o = -0, then hx oo = 2q2h + qzye¢,<fyv,ao><0 |<’7vaa0>|0——sy(ao)'
2. Assume that X is quasi-minuscule not adjoint. Let o € X, then in QH(Y') we have:
(a) If a > 0 is not simple, then h* o, =hUo,.
(b) If « is simple, then h* o, = hx0_4.
(c) If « <0, then h* 0o = hU 0y + da<p—0qi 0ato,x. We thus have
hUo, + 6a§0—®q<0a+® +0_q-0 + Z 0_5) for a4+ © simple

BEDy, frat+OEA
hUoq +6a<o-090ate otherwise.

h*o, =

The following is a general problem for the quantum cohomology of a Fano variety Z.

Problem 1.8. For which Fano varieties Z are BQH(Z) and QH(Z) semi-simple?



Note that the semi-simplicity of QH(Z) implies that BQH(Z) is semi-simple but the converse is
false in general. This question was answered in [CP11] and [PS21] for X adjoint or quasi-minuscule.

Theorem 1.9 (see [CP11] [PS21]). Let X be as above.
1. The algebra BQH(X) is semi-simple.
2. If X is quasi-minuscule, then QH(X) is not semi-simple.
3. If X is adjoint not quasi-minuscule, then QH(X) is semi-simple.

We conjecture that general linear sections Y C X as above have the same behaviour as X. In
particular we make the following conjecture.

Conjecture 1.10. Let Y C X be as above.
1. The algebra BQH(Y) is semi-simple.
2. The algebra QH(Y) is semi-simple if and only if QH(X) is semi-simple.
We prove some partial results in this direction. In particular, we obtain the following results.

Theorem 1.11 (see Propositions [5.46} [5.28 and [5.31). Let Y C X be as above with Pic(X) = Z.

1. If X is quasi-minuscule not of type C,, or D,,, then QH(Y) is not semi-simple.
2. If X is adjoint not quasi-minuscule, then QH(Y") is semi-simple.

In type A,, a more interesting question is the restriction QH(X)can and QH(Y )can of QH(X)
and QH(Y) to the canonical curve. This means to set g1 = g2 where ¢; and ¢o are the quantum
parameters. The algebra QH(X)can is semi-simple if and only if n is even and has a singularity
of type A, for n odd. We give a complete Chevalley formula in type A, and make the following
conjecture.

Conjecture 1.12. For X adjoint of type A, andY C X a general hyperplane section, the algebra
QH(Y )can is semi-simple if and only if n is even.

In the appendix we prove this conjecture when n is even.
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Notations Let G be a connected reductive group and g its Lie algebra. Then g is a G-
representation: the adjoint representation. Let T be a maximal torus of G and let h C g be
its Lie algebra. Denote by A the set of roots and by W the Weyl group associated to (G,T). We
write g, for the weight space associated to the root a € A. Fix B a Borel subgroup containing
T and let b C g be its Lie algebra. Let A, be the set of positive roots defined as the set of root
a € A such that g, C b. Denote by ® C A the set of simple root and by A_ the set of negative
roots.

The finite dimensional representation theory of reductive Lie algebras is well understood in
terms of weights. All representations are completely reducible, and isomorphism classes of irre-
ducible representations are in a one-to-one correspondance with non-negative characters of 7. By
non-negative characters we mean elements w € x(7T'), where x(7') is the set of group homomor-
phisms T' — C*, such that w(a) > 0 for all « € ®. Indeed, if V is a finite g-representation via
p:g— gl(V), it is also a h-representation. Since h is composed of semi-simple commuting oper-
ators, one can diagonalize its action on V' and decompose it in eigenspaces V = @, (1) V5, with
x(T) C hY. If V is irreducible, there exists a unique weight A, called the highest weight, such that
p(n) -V = 0, where n is a maximal nilpotent subalgebra of b. Furthermore V) is one-dimensional
and {a¥,\) > 0 for all « € A . Vice versa, starting from such a A, one can construct an irreducible
representation, which we will denote by V,, whose highest weight is A.

Denote by © the highest (long) root of A, and by € the highest short root of A. If G is simply
laced, then © = 0. If G is semi-simple, then g is the unique irreducible G-representation whose
highest weight is © i.e. g = V. In general for g reductive, we have Vg = [g,g]. For I C ® a set
of simple roots, denote by P; the parabolic subgroup whose simple roots are given by ® \ I: for
a € O, we have g_, C p;y = Lie(P;) © a € &\ I. For example P = G and Py = B.

Recall that if G is simply laced, all roots are conjugated by the Weyl group and have the same
length, while if G is not simply laced, there are two conjugacy classes of roots of different lengths,
long roots and short roots. In the former case we will consider the roots to be long and short, and
in both cases we define A; = {& € A | a is a long root} and A; = {a € A | « is a short root}. For
T =) cpTat a linear combination of simple roots, we define Supp(x) = {a € ® | z, # 0}. Set
|z| = [Supp(z)| and set ||z|| = max{|z,| | @ € ®}. We define the height of z as ht(z) = )" za.

Recall that, for any vector space V, there exists an exponential map exp : gl(V) — GL(V),
which is the usual exponential of matrices. The exponential map exp : g — G exists in general
for any linear algebraic group, and it allows to lift any g-representation p : g — gl(V) to a
G-representation (beware: for this, we need to consider the “simply connected version” of G)
satisfying

exp(g) v =Y %p(g)i .

i>0

From this, one sees that the induced representation p : G — GL(V) is compatible with the
exponential maps (of g and gl(V)).

Let g be a simple Lie algebra, and let g = h @© @, ca 9o be the Cartan decomposition of
g. Recall that the restriction of the Killing form to h is non degenerate and induces a duality
between g, and g_, for @ € A. Let e, € go. Then there exists h, € h and e_,, € g_, such that
[ease—a] = Pa, [ha,€a] = 2€q, [hase—a] = —2€_4.

We have ad(eq)?(e_o) = 0 and for a # 3 positive roots, we have ad(e,) " ®+1(e,) = 0. For
the exponential map exp : g — G, we have exp(b) C B for b the Borel subalgebra corresponding to
B, and exp(h) C T. Any G-representation V is also a g-representation and these representations
are compatible with the exponential map.

2 Torus stable hyperplane sections of homogeneous spaces

Let G be a connected reductive group and X C P(V) be a G-homogeneous projective variety
G-equivariantly embedded.

Definition 2.1. The pair X C P(V) is called T-general if a general hyperplane section is stable
under a mazimal torus of G.



Note that this definition is stable under central extensions of GG since maximal tori will act via
their quotient by the center of G. Any X as above is of the form X = G/P where P is a parabolic
subgroup of G. The variety X can be G-equivariantly embedded in a projective space in many
ways. Any such embedding is of the form P(V) where V is a G-representation for G' the simply
connected cover of G. By the above remark we may therefore assume that V' is a G-representation.
If the embedding X C P(V) is non degenerate i.e. if X is not contained in any proper linear
subspace of P(V'), then V = V is the highest weight representation of highest weight A, and if
v € Vy is a highest weight vector and [v] € P(V) is the class of v, we have P = Stabg([v]) and
X =G [v.

Lemma 2.2. Let X C P(V) be a G-homogeneous space G-equivariantly embedded in P(V). Assume
that V is not irreducible as representation.

1. Then there exists an unique irreducible representation V C V' such that X C P(V) C P(V).
2. The pair X C P(V) is T-general if and only if the pair X C P(V) is T-general.

Proof. 1. Since X is projective and homogeneous, we have X = G - [v] with Stabg([v]) a parabolic
subgroup. In particular v is a highest weight vector and if we define V as the G-submodule
generated by v, the result follows.

2. Linear section are given by elements in V'V and VY. Furthermore the inclusion V C V
induces a surjective open morphism 7 : VV — VV. If Uy C VY and Uy C VV are the sets
of hyperplane sections of X C P(V) and X C P(V) stable under a maximal torus of G, then
Uy = n~YUy) proving the result. O

In particular, in what follows we may and will assume that the representation V is irreducible.
We are thus interested in general hyperplane sections Y of X in P(V) with V irreducible which
are stable under the action of a maximal torus 7. Let VY be the dual representation of V.
Hyperplane sections are indexed by elements [h] € P(VY) with h € V'V non-zero via [h] — Y, =
{lz] € X | h(z) = 0}.

Lemma 2.3. The hyperplane section Yy, is T-stable if and only if h € V'V is a T-eigenvector.

Proof. If h is a T-eigenvector of weight A\, we have, for any [w] € Y}, and any ¢ € T, the equality
h(t-w) =t h)(w) = A(t) " h(w) = 0 thus t - [w] € Y.

Conversely, since V is irreducible, the restriction map H°(P(V), Opvy(1)) — HO(X, Ox(1)) is
an isomorphism, and we have that, for ¢ € T, the equality Y;., = t-Y) =Y}, implies [t - h] = [h]
and h is a weight vector. O

We now consider the situation where the group G = G; x G5 is a product of two reductive
groups. Note that, up to a finite central extension, this is equivalent to the fact that the same
holds at the Lie algebra level: g = g1 X go. We let T'= T} x T be a maximal torus with 77 and T»
maximal tori of G; and Gs. Let X = G/P ~ G1/P; X G1/P, where P = P; x P, is a product of
parabolic subgroups of G; and G3. Note also that a G-representation V is irreducible if and only
if V.=V, ® V5 with V5 and V4 irreducible representations of G; and Ga (see [Ste68, §12]).

Lemma 2.4. Let G = G1 x Gy and X C P(V) with V =V, ® Vo as above. The pair X C P(V)
is T-general if and only if, up to reordering, we have Py = Go, the representation Vs is trivial and
X Cc P(Vy) is a Ty -stable pair for Gy

Proof. Assume that both V; and V5 are non-trivial. In particular any T-weight space of V7 and V5
or equivalently of V¥ and V5’ are proper subspaces. Let f € VV = VY@V, . If f is a T-eigenvector
then f € V)Y, ® VY, for weights A\; and Aa. But this implies that the rank of f as a tensor is at
most min(dim (V7Y ), dim(Vy’,)) < min(dim V3, dim V3), which is the rank of a general tensor. In
particular f is not general. This implies that V7 or V5 must be trivial. Assuming that V5 is trivial,
the result follows. O

We may and will therefore assume that g is a simple Lie algebra.



2.1 Minuscule, quasi-minuscule and adjoint representations

Let T be a maximal torus of G. Many aspects of the geometry of X can be interpreted using
weights of the T-action on V and on X. Denote by II(V') the set of T-weights of V.

Definition 2.5. Let V =V be an irreducible representation of highest weight .
1. The representation V' or its highest weight X is called minuscule if TI(V) =W - A.
2. The representation V' or its highest weight A is called quasi-minuscule if TI(V)\{0} = W-\.
Let A be the root system of G and recall that © is the highest (long) root.

Definition 2.6. A representation V is called adjoint if it is irreducible of highest weight ©. The
highest weight © is called adjoint weight.

Let G be a reductive group and GV its dual Langlands group. The Dynkin diagram of GV is
obtained from that of G by reversing the arrows. The fundamental weights of G are denoted by
(@i)ie1,n) while the fundamental weights of G are denoted by (@, )ic1,n)- We keep the same
numbering of simple roots and fundamental weights for G and G¥. For a weight w = >, a;w;, we

set w¥ =Y. a;w; .
Definition 2.7. Recall the definition of minuscule and adjoint representations.

1. A representation V is called cominuscule if it is irreducible of highest weight w such that
v

w" is a minuscule weight for GV. The weight @ is called cominuscule.
2. A representation V is called coadjoint if it is irreducible of highest weight w such that w"
is an adjoint weight for GV. The weight w is called coadjoint.

Quasi-minuscule, (co)minuscule or (co)adjoint representations are well known. See [SesT8| for
a classification of minuscule and quasi-minuscule ones. We list them in Table [ using notations as
in [Bou02] for roots systems. For example, recall that 6 is the highest short root (for simply laced
groups, we have § = ©), then we have the following well known observation.

Lemma 2.8. A representation is quasi-minuscule if and only if it is irreducible of highest weight 6.

Type of G minuscule cominuscule | quasi-minuscule | adjoint | coadjoint
A, (@i)ie1.n) (@i)ie1,n) w1 + wn w1 + @y | w1+ Wy
B, Tn, VAl VAl T 201
C, w1 W wa 201 Wy
D, W1, Wn—1, Wn | W1, Wn-1, Wn w3 wo w2
E@ w1, We w1, We w2 w2 w2
E7 wr wr w1 w1 w1
Eg None None wg wsg g
Fy None None Ty w1 Ty
Gy None None w1 w9 w1

Table 1: Quasi-minuscule, (co)minuscule and (co)adjoint weights

Remark 2.9. Notice that quasi-minuscule and coadjoint weights coincide except for type B,, for
which the quasi-minuscule weight is w; while the coadjoint weight is 2o .

Definition 2.10. Let V' be an irreducible representation, let v € V' an highest weight vector and
X =G-[v] CP(V) be the closed orbit. The variety X is called minuscule, cominuscule, quasi-
minuscule, adjoint or coadjoint if V is minuscule, cominuscule, quasi-minuscule, adjoint or
coadjoint.

The list of adjoint, coadjoint and quasi-minuscule varieties is given in Table [2]



G || Parabolic | Adjoint variety || Parabolic Coadjoint Quasi-minuscule
A, P, Fl(1,n;n + 1) Py, Fl(1,n;n+1) | Fl(1,n;n+1)
B, P OGY(Q, 2n + 1) P 'U2(Q2n71) Qon1

C, P vo (P2 1) P, IGr(2,2n) IGr(2,2n)
D, P, OGr(2,2n) P, OGr(2,2n) OGr(2,2n)
Es Py Eg/ P Py Eg/Ps Eg/Ps

E; P E;/P Py E;/P E;/P,

Eg Py Es/ Py Py Eg/Ps Es/Ps

Fy P Fy/P Py F,/P, Fy/P,

G2 P2 GQ/PQ P1 GQ/Pl GQ/Pl

Table 2: Adjoint, coadjoint and quasi-minuscule varieties

Remark 2.11. Notice that in the B,, case for the coadjoint variety and in the C), case for the
adjoint variety, the embeddings Qa,_1 ~ v2(Q2,_1) C P((S2C?"*1)g) and P27~ 1 ~ (P2~ 1) C
P(sp,n) = P(S%(C?")) are the Veronese embeddings given by the line bundle O(2).

2.2 T-general representations

It is easy to produce hyperplace sections Y of X which are T-stable. However, these hyperplane
sections will be very special and singular in general. Our aim is to find a representation V as
above such that a general hyperplane section is T-stable. Let us be more precise in the following
definition.

Definition 2.12. Let V be an irreducible G-representation and P(VV)T C P(VV) the set of T-fized
points. The representation V is called T-general if G -P(VV)T is dense in P(VV).

Lemma 2.13. Let X C P(V) be as before. Then V is a T-general representation if and only if a
general hyperplane section Yy, C X is G-conjugate to a T-stable hyperplane section.

Proof. Let Y}, be a hyperplane section with h € VV general. If Y}, is G-conjugate to a T-stable
section, it means that there exists g € G such that g - Y} = Y., is T-stable. Hence g- h is a
T-eigenvector, thus showing that V' is T-general. The converse follows from the definitions. O

Proposition 2.14. Let V be a T-general representation of G.
1. For G not of type A, or Cy, then V =Vg or V. = V.
2. If G is of type Ay, thenV =Veo,V =V, orV =V, .
3. If G is of type Cy,, then V=V, V =Vg orV=V,.

Proof. For the special cases of type A, and C),, the corresponding representations have a unique
non-zero orbit and therefore are obviously T-general. The case of type A; is also easily verified so
we assume that Rk(G) > 2.

We now prove that adjoint representations are 7T-general. For coadjoint and quasi-minuscule
representations, this will be addressed in Section [2.3| using Jordan algebras. Note that adjoint
representations are self-dual. The crucial point for the adjoint case is Kostant’s Theorem stating
the equality of quotients: g /G = b /W. In particular any general G-orbit in g contains an element
of h and therefore a T-stable element h.

In the sequel we consider V' an irreducible representation not listed in the statement of the
proposition. Let VV be its dual and A be the highest weight of VV. We prove that V cannot be
T-general. Assume that G - P(VY)T is dense. This means that there exists a weight u such that
G- ]P’(VMV) is dense, where VMv is the weight space associated to the weight u. Up to acting by an
element of G, we may assume that p is dominant. Note that for u = A, the space IP(VMV) is a point
and G - P(V,') is the closed orbit in P(V") and is not dense (since X is not a projective space).
Therefore we must have pu # A. In particular V'V (and therefore V) cannot be minuscule. The set
of weights I1(V'V) contains at least two W-orbits: W - X the orbit of the highest weight A and W - pu.



We will now compare dimensions to prove that V' is not T-general. To simplify notation, set O
be the set of W-orbits in II(V") different from W - X and W - p.
Recall that T fixes P(V,’), therefore we have

dimG - P(V)) < dim(V)Y) — 1 +dim G — Rk(G) = dim(V,)) — 1+ |A|,

where A is the root system of G. On the other hand, because of the description of II(V"), we
have dimP(VY) = [W - Al + [W - p|dim(V))) + 3, co, , W - v| = 1. If G- P(V))) is dense in
P(VY), we get [W - A[ + [W - p| dim(V,’) + Yveo,, W v =1 < dimP(V) = dimG - P(V,/) <
dim(V,’) =1+ dim G — Rk(G) = dim(V,) — 1 + |A[ and therefore the inequality

(1) Al = WX+ (W - pl = Ddim(V) + > (W -,

VEO)\,“

We deduce the following fact.
Fact. For v € I(VVY) with v # u or v # 0, we have |A] > |[W - v|.

Proof. Assume first that v # p. If g # 0, we have |W - u| — 1 > 0 and the result follows. If © =0,
remark that since V' is not quasi-minuscule, so is V'V and therefore there exists v/ € II(VY) with
vV # Xand v # 0. We get |A| > |[W - A+ |[W - V/|. We may choose v’ such that v is either equal
to A or v/, proving the result.

If p=v #0, then |[W - u| > 2 (recall that Rk(G) > 2) and we thus have |A| > |W - A| + |W - y
proving the result. O

We need to understand the size of W-orbits on weights. Note that |W.v| = |[W/W, | where W, is
the stabiliser of v. The group W, is the Coxeter subgroup of W generated by all simple roots a such
that (a¥,v) = 0. Recall that ® denotes the set of simple roots and set @, = {a € ® | (a",v) # 0}.
It is now easy to check the following fact.

Fact. The condition |A| > |W - v| implies |®,| = 1.

Proof. With no loss of generality, we will show that |A| < |W -v| when |®,| = 2. We will identify
simple roots with the corresponding nodes in the Dynkin diagram (nodes are ordered following
Bourbaki’s convention).

Suppose that G is of type A, and ®, = {i,j}. Then |A] = n(n+ 1), |[W| = (n+ 1)! and
(W, | =dl(j—i)l(n+1—j)! < (n—1)!for any 7, j, thus showing that |A| < |W-v|. If G is of type B,, or
Cp and @, = {i,5}, then |A| = 2n?, [W| =2"(n)! and |W, | =il(j —9)!2" T (n—j)! < 2" 2(n—2)!,
thus giving the claim in this case as well. If G is of type D,, and ®,, = {i,j}, then |A| = 2n(n—1),
[W| = 277 1(n)! and [W,| = il(j — )12 7" (n — j)! < 2" 3(n —2)1if n — 1 ¢ {i,j}, while
[W,| = (n—1!if {n —1,n} = {4, j}; once again from these computations the claim follows. In
the exceptional cases, one can proceed with a case by case analysis. O

The previous fact is in particular true for v = A, therefore A = mw is a multiple of a fundamental
weight w. Let a be the simple root such that (a¥,w) = 1.

Assume first that we have m = 1. Recall that V and therefore V'V are not minuscule and that
we assume that V and therefore V'V are neither adjoint nor quasi-minuscule. It is easy to check
that the above inequality is never satisfied. Indeed, following a similar argument as the one
appearing in the proof of the previous Fact, one can show that |A| > |W - A| implies that A is
either minuscule, adjoint or quasi-minuscule, or A = w = w,, in type C,; this last case is excluded
by a further inspection of inequality (T]).

Assume now that m > 2. The weight v = A — a = mw — « is in II(VY). Furthermore,
this weight is dominant and non trivial since if 3 is a simple root with (8Y,a) # 0 (recall that
Rk(G) > 2), we have (8Y,v) = —(8Y,a) > 0. By the above facts, we thus have |[A| > |[W - v|
and |®,| = 1. This implies that v is a multiple v = m'wg of the fundamental weight dual to the
simple coroot 3Y. Therefore we must have («¥,v) = 0 which implies m = 2. Furthermore, there
must be a unique simple root 3 such that (8Y,a) # 0 so that « is a simple root at an end of the
Dynkin diagram. Note that since v # 0, we have |A| > |W - A| + |W - v|. Indeed, for p # v, this is
obvious from the inequality . For = v we have pu # 0, thus |W - u| > 2 and the result follows



again from inequality . The only possibilities are A = 2w; in types B, and C,,. We recover the
adjoint and coadjoint non fundamental weights.

To finish the proof, we need to check that in type B,, the representation V = Vg, =~ VV
of highest weight 2z is not T-general. We have II(VY) = W - {2, @2,0} with dim(Vayp,) =
dim(Vg,) = 1 and dim(Vp) = n. Furthermore it is easy to check that G - P(Vaw,) and G - P(V,,)
are not dense. Now we have dim(G - P(Vp)) < dimG — Rk(G) + dimP(Vp) = 2n2 +n — 1 <
2n2 +3n — 1 = dimP(V) so that V is not T-general. O

Let G be a reductive group and let Rk(G) be its rank. We obtain the following result.

Theorem 2.15. Let X C P(V) be a projective rational homogeneous space. The general hyper-
surface Y of X of multidegree d is T-stable for some mazimal torus T C G if and only if one of
the following conditions is satisfied

1. X =P, d=1 and G is of type A,;
2. X =P d=1 and G is of type C,,;
3. X is an adjoint or a quasi-minuscule variety and d = 1.

For X adjoint and G not of type Cy,, the deformation space of Y has dimension Rk(G) —1 and
we have Aut(Y)? = T the image of a mazximal torus T in the adjoint group G of G.

For X quasi-minuscule and not adjoint, the dimension of the deformation space of Y and the
connected component of its automorphism group are given in Table[3.

Type Weight X Aut®(Y) dimHY(Y,Ty)
B, w1 Q2r—1 SO2n 0
Cp wa IGr(2,2n)  (SLg)™ n—3
F4 W4 F4/P4 SOg 0
G2 w1 Qs SO¢ 0

Table 3: Hyperplane section of coadjoint varieties

Remark 2.16. Note that the unique coadjoint non quasi-minuscule variety X = v9(Qan—1) C
P((S2C2?"*1)y) does not appear in the above result. Indeed, a general hyperplane section will be an
even dimensional complete intersection of two quadrics and is not T-stable. However, we will see
in the next sections that many computations also hold for this variety. We give the deformation
information in this case (see Proposition .

Type Weight X Aut’(Y) dimH'(Y,Ty)
B, 2w Q21 1 2n —3

Remark 2.17. In [BM21], the possible automorphism groups of smooth hyperplane sections Y =
Y}, of adjoint varieties have been classified, including the component group Aut(Y)/ Aut’(Y). It
turns out that, in the non simply laced case, there exist special smooth hypersurfaces Y for which
the automorphism group does not contain any maximal torus of G. In the simply laced case the
situation is simpler: h is a semi-simple element in V'V 2 g if and only if Y is smooth, and in such
a situation Aut®(Y") = T24; moreover, except in type A, Aut(Y)/ Aut’(Y) can be identified with
the subgroup of the Weyl group of G stabilizing [h] € P(g).

Remark 2.18. Let X be a G-homogeneous variety, F an irreducible homogeneous vector bundle on
X such that H*(X, E) is a T-general representation. From Proposition one directly recovers
that the zero locus Y inside X of a general section of E is stabilized by a maximal torus of
G. This applies for instance to the case X = IGr(k,2n), E = AU, where U is the rank k
tautological bundle; in such situation Y is called a bisymplectic Grassmannian. The same bundle
over X = OGr(k,m) gives as Y the so-called orthosymplectic Grassmannians.
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Proof. The first part of the result follows from Proposition We need to prove the last
assertions on automorphism groups and deformation spaces.

In the adjoint case not of type A, using Bott’s Theorem, we have H’(Y, T'x |y') = H*(X, Tx) so
that any automorphism of Y in the connected component of the identity lifts to an automorphism
of X. Indeed, there exists a contact structure on adjoint varieties ([Buc06]), i.e. a non-split exact
sequence of vector bundles

(2) 0—-F—=Tx ->0(1)—=0

such that the differential df : A2F — O(1) of the map f : Tx — O(1) is everywhere non-
degenerate, thus giving an isomorphism FV = F'(—1). Since O(—1) is acyclic, the dual of (2)) gives
that H (FV) = H(Q%) for all i € Z; in particular, H'(FV) 2 C is the only non-zero cohomology
(here we used the fact that H'(Q%) 2 C, which is not true in type A). As a consequence, twisting
. 2) by O(—1), one gets that Tx (—1) is acyclic, which in turn implies that H*(Y, Tx|y) = H°(X, Tx)
by a dlrect application of the Koszul complex of Y C X.
For G # Sp,,, we have Aut(X) = G the adjoint form of G and Aut(Y) = Cgaa(h) where
h € h = Lie(T) is such that Y = Y},. Since h is general, it is regular and Cgaa(h) = T2, Note
that in type C,,, X = P?"~1 and Aut(X) = PGLs,, while Y is a quadric hypersurface of dimension
2n and Aut(Y) = SOg,,—1. To compute the dimension of the deformation space, we use the exact
sequence

0— HY(Y,Ty) = H(Y, Tx|y) = g — H(Y, Oy (1)) = g/(h) — H (Y, Ty) — 0,

where the map g — g/(h) ~ h' (this last isomorphism is induced by the Killing form) is given by
ady,. We therefore get H(Y, Ty) = ¢4(h) = b with h = Lie(T) and H' (Y, Ty) = h* N ~ b/ (h).

In the coadjoint but non-adjoint case and in type A, the automorphisms and the deformation
spaces are studied via Jordan algebras in Subsection Note that in type Go, the variety X is
a b-dimensional quadric and Aut(X) = SO7 while Y is a 4-dimensional quadric hypersurface and
Aut®(Y) = SOg.

For the unique quasi-minuscule non-adjoint and non-coadjoint case, we have X = Qq,,_1 C P27,
G =S0g,4+1 and Y = Qg,—2. Therefore Y has no deformation and AutO(Y) = SOg,. O

Remark 2.19. We obtain a non-homogeneous rigid Fano variety Y with Picard number 1 as the
hyperplane section of Fy/P;. We have dim(Y) = 14, ¢;(Y) = 10 and Aut’(Y) = SOs.

2.3 Coadjoint varieties and Jordan algebras

In this subsection, we consider X a quasi-minuscule or a coadjoint non-adjoint variety. In partic-
ular, the variety X is homogeneous for the action of a non simply laced group G. Let V be the
irreducible coadjoint G-representation and let v be a highest weight vector, then X = G-[v] C P(V).
Recall that 6 is the highest short root of G and that = is its first fundamental weight. Recall that
V& is the highest weight representation of highest weight w of G. The list of the quasi-minuscule
or coadjoint non adjoint varieties X is reported in Table

G \% Parabolic X

Bn vw1 Pl Q2n—1
B, | Vag, Py U2(Q2n—1)
Ch Vo P IGr(2,2n)
Gy | Vo P Qs

Fy | Vg Py Fy/Py

Table 4: Coadjoint varieties

We will interpret the representation V' occuring in Table [d]in terms of Jordan algebras.
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2.3.1 Jordan algebras

In this subsection, we recall the definition and few facts on Jordan algebras that we will need in
the sequel. We refer to [Spr73] for definitions and results.

Definition 2.20. A Jordan algebra A is a C-vector space with a bilinear commutative product
satisfying the following rule: x(x?y) = x?(xy) for all z,y € A. A Jordan algebra is called simple if
it contains no non-trivial ideal.

Ezxample 2.21. We describe all possible simple Jordan algebras in the following examples.

1. If A is an associative algebra, then A with the product xrey = %(my—i—yaz) is a Jordan algebra.
Almost all semi-simple Jordan algebras are obtained this way.

2. Let A be a complex composition algebra i.e. A = Ag®rC, where Ay is a real division algebra,
namely Ag = R,C,H, O, the real numbers, the complex numbers, the quaternions or the
octonions. For a € A, denote by a its conjugate and set J,,(A) = {M € M, (A) | M* = M}.
Then J,,(A) with the product M eN = Z(MN+NM) is a Jordan algebra with the restriction
n = 3 for A = Q. These Jordan algebras are denoted by S,,, M., A, and & for Ag = R, C,
H and O.

3. Let V be a vector space of dimension n endowed with a non-degenerate bilinear form B. Let
e € V such that B(e,e) = 1. Then the product x ey = zB(y, e) +yB(z,e) —eB(x,y) induces
a Jordan algebra structure on V' denoted by Oz ,.

The following is a construction of any simple Jordan algebra. Let I' be a connected reduc-
tive group and fix a maximal torus T in I'. Let IT C T be a parabolic subgroup containing 7'
whose unipotent radical is abelian and which is conjugate to its opposite I~ with respect to T
For I' simple, the condition on the unipotent radical imposes that II is a maximal parabolic sub-
group associated to a cominuscule fundamental weight w. The possible triples (Type(T"), w, II)
are as follows: (Aap—_1,wn, Py) ; (Bn,w1,P1) ;5 (Cnywon, Pr) 3 (Dn, w1, P1) 5 (Don,@an, Pan) ;
(Dan, wan—1, Pon—1) ; (E7,w7, Pr).

Let (T',II) be as above, let J be the Lie algebra of the unipotent radical of I and let f € J~ be
a general element in the Lie algebra J~ of the unipotent radical of II~. Define a product on J as
follows: for =,y € J set

voy = sl full

Let e € J such that, setting a¥ = [e, f], we have [a",e] = 2e and [a", f] = —2f. Then e is the
unit for J and we may define invertible elements and the inverse ' of x € J. Let j : J --+ J be
the rational map defined by j(x) = x=!. We define two subgroups of GL(J).

Definition 2.22. The structure group is defined by G = {g € GL(J) | 3h € GL(J),go0j = joh}.
Proposition 2.23 (See [Spr73, Chapter 2 and 14]). Let T, I and J as above.

1. The space J with the above product is a simple Jordan algebra.
2. The Jordan algebra does not depend (up to isomorphism) on the choice of f € J™.
3. Any simple Jordan algebra is obtained this way.

4. The G-representation J is irreducible.

Lemma 2.24 (See [Spr73|, Pages 10-11]). For g in G, there is a unique h such that goj = jo h.
Furthermore, the map 0 : G — G, g +— o(g) = h is a group automorphism of G.

Lemma 2.25 (See [Spr73, Proposition 12.2, Corollary 12.4 and Theorem 14.27]). For a simple
Jordan algebra, the group G is reductive and G - e is dense in J.

Definition 2.26. The automorphism group of J is defined by G = {g € G | 6(g) = g and g-e = e}.

Lemma 2.27 (See [Spr73| Proposition 4.6 and Theorem 14.27]). We have G = Stabg(e) and for
a simple Jordan algebra, the orbit G - e ~ G/G is the dense G-orbit in J. Furthermore G is a
semi-simple group.

In Table[5] we list the simple Jordan algebras, together with the groups I', G and G, the maximal
parabolic subgroup IT C T and the G-representation J (see [Spr73, Sections 14.25-14.31]).
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Type of I' | Parabolic IT G/Z(G) G° J Jordan algebra
Aop_1 P, PGL,(C) x PGL,(C) | PGL,(C) | M,(C) M,
B P, P02, (C) 02,-1(C) cn Os.2n
Crir P PGL,(C) 0.(C) " | s2(c) S,

Dyt Py PO2,41(C) 02,(C) c2ntl O22n+1
Dgn Pgn_l or P2n PGLQn ((C) PSan(C) A2c2n .An
o jo FEe £ c27 &

Table 5: Simple Jordan algebras

Note that G? contains G. The following is a consequence of [Spr73| Sections 14.25-14.31].
Lemma 2.28. The group G has finite indez in G°.

Let Lie(T'), g and g be the Lie algebras of I'; G and G. As G-representation, we have
LieD)=]"®gaol.

This is also the decomposition with respect to weights of a. If Lie(T")(¢) is the weight space of
weight 7 for a, we have Lie(T')(—2) = JV, Lie(T')(0) = g = [g,g] ® Ca" and Lie(T')(2) = J. We
have e € J and f € JV and both generate a dense G-orbit.

Lemma 2.29 (See [Spr73, Chapter 14]). For a simple Jordan algebra, the Lie algebras [g,g] and
g are simple. Furthermore g = ¢(g) & [g, g] and ¢(g) = Ca¥ is one-dimensional.

2.3.2 Symmetric spaces and T-general representations

The group G is obtained as a subgroup of finite index in the invariant subgroup of the above group
involution o of G. We may therefore apply results concerning symmetric spaces to the situation.
In this subsection, we recall few facts on symmetric spaces and refer to [Timlll Section 26] for
more details.

The group (G, G) admits maximal o-stable tori. There are two important types of maximal
o-stable tori T: those for which T is of maximal dimension and the split maximal tori for which
the dimension of T_; = {t € T | o(¢t) = t~!} is maximal. We will use both types of o-stable tori.

For any o-stable torus T, the involution ¢ induces an involution on roots and we have o(gg) =
8o() for any root 3 of (G, T). We consider the eigenspace decomposition with respect to o and
set By ={r € E|o(x)=z}and E_y ={x € E | o(z) = —z} for any subspace E C g. Denote by
h the Lie algebra of T. We have the decompositions [g,g] = [g,g]1 ® [g,g]-1 and h=h; & h_;.

Lemma 2.30. We have g1 = [g,g]1 = ¢ as Lie algebras and g_1 = [g, g]—1 P <(g) is a g-module.

Proof. The equality g1 = g implies that g; is a Lie algebra. Furthermore, the subgroup G has
finite index in G” so g = g1 = [g,g]1 @ ¢(g)1 and since g is simple we must have g = [g, g];.
This Lie algebra acts on g_; via the restriction of the adjoint representation of g on itself and the
previous argument implies that g_1 = [g, g]-1 @ ¢(g). O

Set J = [g, g] 1. Recall that 6 is the highest short root of G and that ww; is its first fundamental
weight. Recall that V, is the highest weight representation of highest weight w of G.

Lemma 2.31. As G-representations, we have the following results:
1. Wehaweg=g®JDdCa¥ andJ~JdCe~JHCf ~JV.

2. The representation J is the following irreducible representation of G

Type of J ‘ M., ‘ O3 .25, ‘ Sn ‘ O2.2n+1 ‘ An ‘ &
G° PGL,(C) | O2,-1(C) | O,(C) | O2,(C) | PSp,,(C) | Fy
J Vo Vo Vow, Ve, Vo Vo
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Remark 2.32. Remark that, except for type Gs, any quasi-minuscule non-adjoint representation
occurs as the representation J above as cases O3 2, A, and &.

Proof. The second statement is an easy case by case check: decompose the Lie algebra [g, g] as g-
representation. This statement also follows from the description of the weight space decompositions
of g and J with respect to a maximal o-stable torus T such that T? has maximal dimension (in that
case (T7)° is a maximal torus of G). Since G fixes e and f, the maps ad. and ad; are morphisms
of G-representations and we therefore get the decompositions J = J @ Ce and J¥ = J & Cf. O

Let T be a split maximal torus. We will decribe the decomposition of g and J in terms of root
spaces for T. Note that for a root § of g, o(f) is again a root. We have three possible cases (see
[Tim11] Section 26.4]):

- [Complex roots] o () # %3, then both (gs® g, (s))1 and (gs D&y (s)) -1 are one-dimensional.
- [Real roots] o(3) = —f, then both (gs ® g,(3))1 and (gs ® g,(3))—1 are one-dimensional.
- [Imaginary compact roots] o(3) = f and o|g, = Id, then (gg)1 = g and (gg)_1 = 0.

Note that for such tori, there are no imaginary non-compact roots (roots  for which o(8) =
and 0|y, = —Id) and o maps positive complex or real roots to negative roots.

Lemma 2.33. If T is a split mazximal torus, we have the following weight space decompositions
9="1 Bo(s)=5 85 Do(s)26 (88 © Ba(s)1 and J =h_1 Do (p)25 (85 D Bo(s))-1-

Proof. Follows from the above description of roots and the fact that T is o-stable, therefore the
weight space descomposition is compatible with o. O

Let h € h_; be a general element. We view h € J C J as an element of Lie(I')(2). We therefore
have a map adp : g — J.

Lemma 2.34. We have Kerady, = hy ©4()—p 8s and Cokerad, =h_;.

Proof. An element h € h_; acts (via ady,) by scalar multiplication on the weight spaces gz and
trivially on h. In particular h; C Kerady. Furthermore, the space h_; acts on g via all weights
A € hY; such that o(A\) = —\. These weights are orthogonal to roots 3 such that o(3) = 8 so that
gs C Kerady, in that case. Finally, since h is general, its weight on all weight spaces gg ® g, () is
non-trivial if o(3) # (8 proving that the restriction of ady, on (gs © g+(5))1 — (85 © 8o(s))—1 is an
isomorphism. The result follows from this observation. O

We describe general hyperplane sections in P(J).

Proposition 2.35. For T a mazimal split torus, the orbit G-P(lh_1) is dense in P(J) or equivalently
a general G-orbit in J contains an element h € h_;.

Proof. By Lemma we have J = ady(g) & h_; proving that G- P(h_;) is dense in P(J). O

Note that if the maximal split torus T is also a maximal o-stable torus such that T? has
maximal dimension, then 7' = (T?)° is a maximal torus of G and P(h_;) C P(J)T. In particular
we obtain the following result.

Corollary 2.36. If there exists a mazimal split torus T for which T° has mazimal dimension,
then J 1s a T-general representation.

Remark 2.37. It is easy from the classification to compute the dimension of T_; when T is a
maximal split torus or when T is such that T? has maximal dimension. If both dimensions agree,
then there are maximal split tori T such that T? has maximal dimension. We describe this in the
following table. The case for which T? has maximal dimension is described by T" = (T?)° while
the other one is the maximal split case. Note that the dimension of T_; in the first case equals
Rk(G) — Rk(G) while in the second case it is the dimension of the restricted root system. We refer
to [Tim11l Section 26] for descriptions of maximal tori for symmetric spaces.
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Jordan algebra | dimT_; for T = (T?)° | dimT_; for maximal split J
Os.9n 1 1 Vo
O2.2n41 0 1 Ve
Sn 5] n—1 Voo,
M, n—1 n—1 Vo
A, n—1 n—1 Vo
& P P Vo

Table 6: When do the two types of maximal o-stable tori coincide?

In particular, we see (recall Remark [2.32)) that, except for type Ga, all quasi-minuscule non-
adjoint representations come from a Jordan algebra for which the two types of o-stable maximal
tori agree.

Proposition 2.38. Quasi-minuscule representations are T-general.

Proof. Assume first that G is not of type G3. Then V = J for a Jordan algebra for which the two
type of o-stable maximal tori agree. The result follows from Corollary If G = Go, then V
is the standard representation of SO7(C) and V7 is one-dimensional. It is easy to check that the
Lie algebra of the stabiliser of any element in V7 contains the maximal torus and g, for any long
root a. The stabiliser has therefore dimension 8 and G - V7T has dimension 14 +1 — 8 = 7 and is
dense in V', the result follows. O

2.3.3 Deformation of general hyperplane sections

From our discussion on Jordan algebras, the following result is easy to check.

Lemma 2.39. Let X be a quasi-minuscule or coadjoint variety for the group G, then X is a
general hyperplane section of a variety X homogeneous for the group G.

We describe the varieties X and X in the following table.

Jordan algebra G/Z(G) G° X X
OQ,n Pon(c) n I(C) Qn—2 Qn—3
Sn PGL,(C) 0x(C) v (P"1) 02(Qn—2)
M, PGL,(C) x PGL,(C) | PGL,(C) | P! x (P~1)V | FI(1,n — 1;n)
A, PGL5,(C) PSp,,, (C) Gr(2,2n) IGr(2,2n)
& Eg Fy Es/Ps Fy/Py

Table 7: Quasi-minuscule and coadjoint varieties as hyperplane sections of homogeneous spaces

We use this description of X as a hyperplane section to compute the local deformation of the
general hyperplane section Y of X.

Proposition 2.40. Let X be quasi-minuscule or coadjoint but not adjoint for G and let Y be a
general hyperplane section defined by h € J = JV.

1. We have H°(Y, Ty) = Kerad, and H (Y, Ty) = (h_; ©Ce)/{e, h, h?). In particular, we have
(Y, Ty) = max(0, Rk(J) — 3).

2. The connected component of the automorphism group AutO(Y) of Y and the dimension of
local deformations h'(Y,Ty) are given in Table@
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Jordan algebra X X Aut®(Y)  ANY,Ty)

OZ,n Qn72 ani*‘) Pon72((c) 0
Sn vo (PP~ 1) v2(Qn—2) 1 n—3
M, Pl x (P=1)Y  Fl(1,n — 1;n) T n—3
A, Gr(2,2n) I1Gr(2,2n) (SLy(C))™ n—3
&s Es/Ps Fy/Py SOs(C) 0

Table 8: Automorphisms and deformations

Proof. Since Y is obtained as complete intersection of two hyperplane sections in X, we have the
following exact sequence

0 — H (Y, Ty) — HY(Y, Tx|y) — H°(Y, Oy (1))* = H* (Y, Ty) — H (Y, Tx|y).

Furthermore, via Borel-Weil-Bott, we may check the following equalities: Hl(Y, Txly) = 0 and
H(Y, Tx|y) = H(X, Tx) = [g, g] = @ J. Furthemore, we have an identification H(Y, Oy (1))? =
(J/Ch)? and the map H(Y, Tx|y) — H°(Y, Oy (1))? identifies with (ad.,ady,) : g ® J — (J/Ch)>.
The spaces H(Y, Ty) and H*(Y, Ty) are the kernel and cokernel of this map.

Since ad, vanishes on g (recall that G fixes e), we get the following commutative diagram

adh

0 —— Kerady, g / J/Ch h_y/Ch——=0

e ]

0——HY(Y,Ty) —=g®J ———= (J/Ch)? —=H' (Y, Ty) —=0

L |

00— C[f, ] J ade J/Ch 0

The exact sequence in the last row comes from the fact that [e, [f, h]] = —[h,[e, f]] = [f, [k, €]] =
—[h,a¥] = 2h. Note that h_;/Ch = (h_; & Ce)/(e, h). Applying The Snake Lemma, we get an
exact sequence

0 — Kerady, — HO(Y,Ty') = C[f, h] 22 (h_, @ Ce)/(e, h) — H'(Y, Ty') — 0.

Now adp,([f, h]) = 2heh = 2h? for the product in J. Since h is general in h_;, the elements e, h and
h? are linearly independent so that the map ad;, in the last exact sequence is injective and we get
H(Y,Ty) = Kerad, and H* (Y, Ty') = (h_; ®Ce)/({e, h, h?). To compute the automorphism group
we can use the fact that it is the adjoint group of the reductive group L generated by compact

roots in G (see Lemma [2.34]). O

Remark 2.41. For J a Jordan algebra of rank n, there is a natural degree n polynomial defined
over J and called the norm N of J (this is simply the determinant in cases S, and M, and the
Pfaffian for A,,). The group G is the subgroup of GL(J) stabilising N.

We recover the fact that the dimension of the deformation space of Y is always n — 3 as the
dimension of the moduli space of n points over P'. It turns out that to any smooth Y one can
associate a point in such moduli space. Indeed, Y is the intersection of two hyperplane sections
inside X and therefore it defines a generic line inside P(J). The n points on P! are given by the
intersection of this line with the set {N = 0} C P(J).

3 Geometry of hyperplane sections
Let X C P(V) be adjoint or quasi-minuscule. Recall that we have V = g = Vg or V = Vy, the
highest weight representations of highest weights © and 6, the highest root and the highest short

root respectively. Recall that A; and Ay denote the set of long roots and short roots respectively.
We have II(V) = AU{0} = Ay UA,U{0} or II(V) = A;U{0} if V = Vg or V = Vj. Let X be the
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W-orbit of the highest weight in V. We have 8 = A; or X = A;. Recall that for o € TI(V) \ {0},
we have dim V,, = 1. In that case, we choose e, € V,, \ {0} and set z, = [eq].

Let [h] € P(VY) be general and T-invariant. Recall that this implies that h € Vj has weight 0
i.e. that h is T-invariant. Let Y =Y} be the corresponding hyperplane section, which is general
and therefore smooth. The variety Y is T-stable and therefore inherits the T-action from X. The
T-fixed point of X are given by X7 = {z, | a € R}.

Lemma 3.1. We have YT = XT.

Proof. We only need to prove the inclusion X7 C Y. Let a € X and e,, € V,,. For t € T, we have
(h,eq) = (t-h,eq) = (h,t-eq) = at)(h,eq). Since a # 0, there exists t € T with a(t) # 1 and we
get (h,eq) = 0, therefore x, = [ex] €Y. O

3.1 T-stable curves

Let Z = G/P C P(V) be a projective rational G-homogeneous space embedded in its minimal
embedding P(V). We recall few facts on T-stable curves in Z before specialising to our situation
(see [Bri05] or [FW04] for more details).

Let ZT = {z, | @ € N} be the finite set of T-fixed points in Z. Any T-invariant curve in Z
contains exactly two distinct T-fixed points. Furthermore, a pair of distinct fixed points (zq, 23) is
connected by a T-stable curve if and only if there exists a root y such that s,(z,) = 23. For such a
root -y, denote by SLa(y) = (exp(g,), exp(g—~)) the subgroup generated by exp(g.) and exp(g—~)
(this subgroup is isomorphic to SLy(C) or PGLy(C)). Then the T-stable curve passing through
(2o 23) 18 Ca,p = SLa(7) - 2o = SLa(7) - z3. It is isomorphic to P*. Note that the root v above is
determined up to sign.

Recall that A;(Z) the group of one-cycles on Z = G/P is isomorphic to the quotient Q/QY
where @V is the coroot lattice and QY, the coroot lattice of P. Let o, 8 € N and v € A as above
and let w € W such that w(z,) = P/P € Z. The following result is proved in [FW04, Lemma 3.4].

Lemma 3.2. We have [Cy g] = [0Y], where § is the unique positive root in {£w(y)}.

Recall that the Picard group Pic(Z) is isomorphic to AP = {\ € A | (§¥,\) =0 for §¥ € Q}},
where A is the set of characters of 7. The isomorphism A¥ — Pic(Z), A+ Ly is defined as follows:
Ly is the equivariant line bundle whose fiber at P/P, the B-fixed point, has weight \. We have
the following result.

Lemma 3.3 (Lemma 3.2 [EW04]). We have (Lx,Cqp) = (0¥, ) with § as in Lemma[3.2

Assume now that Z = X C P(V) is an adjoint or quasi-minuscule variety and is minimally
embedded. Let L, = (’)p(v)(l). Then w = © or w = # and X = A; or X = A, according to
the case adjoint or quasi-minuscule. Let Vj; be the weight space of weight 0 in V' and let E be its
T-stable complement.

Lemma 3.4. Any linear form h € Vi’ vanishes on E.

Proof. Let a be a weight of E and t € T. We have (h,v,) = (t - h,va) = (h,t - v4) = a(t){h,vy).
Since « # 0, there exists t € T with a(t) # 1 and (h,v,) = 0. The result follows. O

Let , 8 € X such that there exists v € A with s,(zq) = zg. We have 8 = s, ().
Lemma 3.5. The degree of the curve Co g in P(V') is equal to |(v", a)|.

Proof. The B-fixed point in X is 5. Let w € W with w(a) = w. The degree is {6V, @) =
[(w(y¥), @) = [(v",w™H(@))| = (", a)]. O

In particular, the degree of a T-stable curve in X C P(V) is equal to 1, 2 or 3 and there are
degree 3 curves only in the adjoint variety of type Gs. For later purposes, we define two types of
T-stable curves in X.

Definition 3.6. Let o, 8 € R, the curve Cy g and v € A as above.
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1. The curve Cy g s a root-conic if 3 = —a. In that case v = £a and the curve has degree 2.
2. The curve Cy g is called plain if § # —a.

3. The weight wt(Cy ) of Co g is Wt(Co ) = 7.

Let p: g — gl(V) be the representation of the Lie algebra on V.

Lemma 3.7. Let o, 8 € N such that there exists a T-stable curve Cqy g joining x, and xg. Let
v € A such that sy (a) = 3.

1. If Cy g is plain, then Cop C P(E) C P(V).
2. If Cq g is a root conic, then Cq g is a conic in P((va, ple—a)(Va), v—a)) C P(V).

Proof. Assume that (y¥,a) > 0. Then z, is stable under the action of exp(g,) and C, s is the
closure of exp(g—-) - . In particular Cy g is contained in P({exp(g—~) - Va))-

In case 1., recall that we have the vanishing ad(e,y)|<7v’a>|+1(ea) = 0. We therefore have the
inclusion exp(Ce_-) - v € (Va, p(e—~)(Va), -, p(e_,)I 7 ®(v,)). Since all these vectors have
non-zero weights, the first assertion follows.

In case 2., we have v = a. Recall that we have the vanishing ad(e_,)3(es) = 0. We therefore
have the inclusion exp(Ce_) - vo C (Va, p(€—a)(Va), V—a)- O

We now describe the intersection of T-stable curves with Y C X a general T-stable hyperplane
section.

Proposition 3.8. The plain T-stable curves are contained in Y while the root-conics are not
contained in'Y .

Proof. Let h € V/ general, then h vanishes on F by Lemma The result for plain T-stable
curves follows from this.

For root-conics, recall that h € V)’ is general. In particular, we may assume that h does not
vanish on any vector p(es) - vs € V. Therefore Y intersects the plane P((va, pe—a)(Va), V—a)) C
P(V) along a line, while the root conic C,, _, is an irreducible conic in that plane. This proves the
result for root-conics. O

3.2 Bialynicki-Birula decomposition

We recall few facts on the Bialynicki-Birula decomposition [BB73|] before applying them to our
situation. Let Z be a smooth projective variety acted on by a one dimensional torus T such that
ZT = {2y | @ € R} is finite. We identify T with C* and embed it in P!. For z € ZT define
Q;Z ={z€Z| limot-z=2,} and Q7= {2 € Z| limyoot-2=2,}. Let ZF be the Zariski
closure in Z of Q; , and set o, , = [ZE] € H*(Z,Z).

Theorem 3.9 (Bialynicki-Birula decomposition [BB73|). We have the following results.
1. We have two cellular decompositions Z = [, cxn Q;Z = [Huex 20 2-
2. The cells (Qiz)aeN are affine spaces and their closures (ZX)aex are irreducible.
3. The classes (Uiz)aeN and (0, z)aex form two basis of H*(Z,Z).

Definition 3.10. The Bialynicki-Birula decomposition satisfies the inclusion condition if the
following implications are satisfied: (zq, € Z;' = ZI C ZE) and (zo € Zg = Z, C Zg ).

Lemma 3.11. If the Biatynicki-Birula decomposition satisfies the inclusion condition, then the
families (U;Z)aex and (0, z)aex form two Poincaré dual basis of H*(Z,Z).
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Proof. For v € X, by [BB73], we have dim Z +dim Z = dim Z. Furthermore, we have ZXNZ_~ =
{z,} and the intersection is transverse.
Let a and 8 in X such that dim Z + dim Z; = dimZ. If Z N Z; is non empty, then it

contains z, for some v € X. We get ZF C Zf and Z] C Zg . In particular dim Z7 < dim Z]
and dim Z7 < dim Z, . This implies dim Z = dim Zj +dim Z < dim Z+T 4+ dim Z; =dimZ. We
must have equality in all previous inequalities. This implies that Z+ = Zj and Z 5 = Z thus
a=vy=pand ZJ NZ; = {z,} is transverse. O

To simplify notation we set Qu z = QF ,, Zo = Zf and 04,z = 0 .

Remark 3.12. Note that in general a Biatynicki-Birula decomposition does not satisfy the in-
clusion condition. We will see that the general T-stable hyperplane section Y of an adjoint or
quasi-minuscule variety X gives an example of such a decomposition.

We give two examples where the inclusion condition is satisfied.

1. If Z is a rational projective homogeneous space under the action of a reductive group G
and T is a general one-parameter subgroup in G, then the Bialynicki-Birula decomposition
is given by the Schubert cells and varieties and their opposites. They satisfy the inclusion
condition. This is mainly because the decomposition identifies with the Bruhat decomposition
(see [BBCMO2][Book II, example 4.2]) and is given by orbits of Borel subgroups, see below
for more details.

2. If Z is a (non-homogeneous) smooth G-horospherical variety of Picard rank one for some
reductive group G and T is a general one parameter subgroup of G, then it is easy to
check that the decomposition satisfies the inclusion condition (again because the cells are
described using Borel subgroups). We recover the Poincaré dual basis description in [GPPS|
Proposition 1.10].

Assume that Z = G/P is a projective rational G-homogeneous space. The fixed point set
ZT = {2, | @ € R} is finite. Let T C T be a regular anti-dominant one parameter subgoup. In
this case, the Bialinicky-Birula decomposition coincides with the Bruhat decomposition.

Lemma 3.13. We have Q. z = B~ - 24, Q;,Z =B -z, and Zo, = B~ - x4, Z, = B - z,.

Proof. Let @ € X. Note that for b € B~, we have lim;_,o(tbt~') € T. From this we obtain
limg o (t-b-2q) = limy_o(tht 1t - 24) = limy_,o(tbt 1) - 24 = z4. In particular B~ - z, is contained
in the Bialynicki-Birula cell 24, 7.

Since cells are irreducible and contain one T-fixed point, we get the equality Q0 z = B~ - 2.
The last assertions follow by taking closures. O

Corollary 3.14. For a projective rational homogeneous space Z, the Biatynicki-Birula decompo-
sition satisfies the inclusion condition.

Proof. If zo € Zg, since the cells and their closures are B~ -stable, we get {1, = B~ - 2z, C Zg and
Zo C Zg. The same argument works for opposite cells. O

We therefore get Poincaré dual basis (04,z)aex and (a;’z)a@x for H*(Z,Z). Actually for
a projective rational homogeneous space Z, these two basis coincide so that we get a Poincaré
self-dual basis. Recall that W acts on X via w - 24 = 2(q) for w € W and a € .

Lemma 3.15. If wy € W is the longest element, we have O'CVY’Z =047 = Owy(a),Z-

Proof. We have B = woB_wg1 and wo T = Tyy(a)- We therefore have Q;’Z =B, = woB wy-
To = WoB™ - Tyya) and Z; = woZy,(a)- Since wy € G° we get U;CZ =047 = Ow(a),Z O

For Z = X an adjoint or quasi-minuscule variety, the basis is indexed by long or short roots:
N = A; or X = A;. This partially recovers results from [CP11l Proposition 2.9]. Recall that
w = O or § and let p be the half sum of positive roots. Recall the order < on roots defined
by a < 8 < (8 — « is a sum of simple roots), and the support of 5 = > b;c; defined by

Supp(fB) = {a; € @ | b; # 0}.

a; €D
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Proposition 3.16 (Proposition 2.9 and Lemma 2.6, [CP11]). Let X be adjoint or quasi-minuscule.

1. If X is adjoint we have dim X = 2{p,©V)—1 and if X is quasi-minuscule its dimension is the
same as the one of the adjoint variety of the dual Langlands group; moreover c1(X) = (p,w").

a<p for a and B of the same sign

2. We have Xo C Xg < { Supp(a) U Supp(B) is connected for a <0 and 8 > 0.

From the Chevalley formula proved in [CP11l Theorem 3], it is easy to check the following
result.

Proposition 3.17. Let o, 5 € X with dim X3 = dim X, — 1. Then zg € X, if and only if there
exists a root vy with § = sy(a) and one of the following occurs:

1. the root vy is simple or
2. the roots a and —f are simple and v = o — .

We now consider the case Z =Y. The same one-dimensional torus T C T induces a decompo-
sition of Y. We will refer to o = oy and Q0 =€y as the Schubert cells of Y and to Y, and
Y as the Schubert varieties of Y, in analogy with the homogeneous case.

lls of Y and to Y, and Y, as the Schubert varieties of Y, in analogy with the homogeneous
case.

Remark 3.18. Note that we have the equalities 2, = Q, xNY and Q = Q;X NY. In particular
we have Y, =Q, = QuxNY =B~ -2,NY CP(V).

However we have Y, # X, NY in general! The equality fails in general because, if z, € Xg,
then

XoNY =B -2,NY CB -z3nY = X3nY,

while we will see that in certain cases it is not true that Y, C Y3 for z, € Y3 (the decomposition
does not satisfy the inclusion condition). Indeed, it may very well happen that z, € Yz and
dim(Y,) = dim(Y3).

We first compare the Schubert varieties in X and in Y.

Proposition 3.19. Let a € X, we have the following alternative:
1. If o> 0ie. dim(X,) > dim(X)/2, then Xo ¢ Y and dimY, = dim X, — 1,
2. If a <0ie. dim(X,) < dim(X)/2, then X, CY and dimY, = dim X,,.

Proof. For a > 0, the root-conic SLa(«) - 2, is contained in X, but not inside Y, which implies
that Xo ¢ Y. For a < 0, since X, = B~ - &, is contained in P(®s<oVp) C P(E), we deduce that
XoCY. O

We are now interested in inclusions of 7T-fixed points in the Schubert varieties (Y, )aex. As Y
is a hyperplane section inside X, by Lefschetz hyperplane theorem most of the cohomology of Y
is determined by the cohomology of X and we will be mainly interested in the middle cohomology
of Y, therefore in Schubert varieties Y, for a simple. We set &y = & NN,

Since V is self-dual as a G-representation, there exists a non-degenerate G-invariant scalar
product (, ) identifying V with VV. Set h* = {v € V | (h,v) =0} = {v € V | (h,v) = 0}. Since
(', ) is G-invariant, we have (V,, V) =0 for a + 8 # 0 with «, 8 € X. Furthermore for o € X the
bilinear form ( , ) realises a duality between V,, and V_,. In particular we have (v,,v_q) # 0.

Lemma 3.20. Let a € Oy and § € & be simple roots. If § # «, then p(g_g)Vy = 0.
Proof. Follows from p(g_)V, C V,—p. and the fact that non-zero weights of V' are roots. O

Endow the Lie algebra g with the Z-grading induced by the height: g = €,; gi, where
0o C Oni(a) and h = go. Let f € b~ be an element in the Borel subalgebra of g corresponding to
B~ and write f =), fi with f; € g;.
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Lemma 3.21. Let f =, fi € b7 and let xo = [va] € XT with o simple. Then exp(f) - x
belongs to Y if and only if f_1 € g% or equivalently p(f—1)ve = 0.

Proof. We have the inclusion exp(f) -z, € Y if and only if the vanishing (h, exp(f)-vs) = 0 holds.
We compute this evaluation (recall that h vanishes on E = @.,exV5 and that p(fo)(Vp) = 0):

(h,exp(f) <h Z . >

k>0

= <h > ,i,p(fl)p(fo)’”va>
E>1
ayk-1
- Z % (h, p(f-1)va)

E>1
e(f07a> —_ 1

= <f0,0[> <h,p(f,1)1}a>-

er—1

Since the scalar never vanishes, the vanishing of this term is equivalent to the vanishing of
(h, p(f-1)va). By Lemmal|3.20]we have that the space p(g—1)(Va) = p(g—a)(Va) is one-dimensional.
Since h is general, it only vanishes on the zero-vector in this space. Since p(f_1)(va) € p(g-1)(Va)
and (h, p(f-1)ve) = 0, we get p(f_1)(vs) = 0. Finally note that p(g_1) acts on V,, via p(g_,) and
that this last action is non trivial. This proves that the condition p(f_1)v, = 0 is equivalent to
faeas O

Proposition 3.22. Let o € Oy. Then x_o ¢ Y,.

Proof. Recall that we have Y, = B~ -z, NY = B~ -z, NP(h+). Recall also that (ve,v_q) # 0.
We will prove that B~ - v, N ht C v1, this implies that x_, = [v_,] ¢ Y.

Let f=>,.oficb™. To compute (exp(f) * Vo, Vo), recall that v_, is dual to v, for (, )
so we only need to compute the coefficient of v_, in exp(f) - vo. Recall that g_a, = 0 so that
(p(f=2)va,va) = 0. Recall also that if exp(f) - vo € Y, then p(f_1)ve, = 0. Finally note that
p(f0)(Vo) = 0. Altogether this gives, for exp(f) - v, € Y, the vanishing (exp(f) - va,vq) = 0 and
the result. O

Proposition 3.23. Let o € @y and 3 € ® be simple roots with (8Y,a) < 0.
1 IfBENXN, then v_s () & Ya-
2. If BEN, then x_, () € Yo and there is a positive root v with s,(a) = —sg(a).

Proof. Note that the condition 5 € N is equivalent to saying that o and 5 have the same length.

Assume first that 8 € N and set m = (8Y,a)(8,a"). In that case, there is a root v with
sy(a) = —sg(a): for m = 2, set v = s,(8) and for m = 3, set v = sa55().

Since s,(a) = —sg(a), we have v # £a. We may therefore consider the plain T-stable curve
SLa(7) - o which connects z, with @, (q) = T_g,(s) inside Y. Moreover, since a > 0 > —sg(a)
we have SLa(7) - 7o = (B~ NSLa(7)) - o C Ya. In particular z_,, ) = %5, (o) € Ya. Note that
the curve SLa(7) - 2, is a line in all cases except if m = 2 and « is a long root in which case it is a
conic.

Assume now that 8 € N. In that case @ and 3 have the same length thus we have (8", «a) = —1
and sg(a) = a+ 8. We claim that Y, C P(vj+ﬁ) from which we get ©_,,(a) = Z_(a+8) & Yo To
prove the claim, let f = Zz<0 fi € b~ such that exp(f)-v, € h't. We prove that exp(f) v, € vi‘+ﬁ.
By Lemmamwe know that p(f_1)ve = 0. The only possibly non zero factors of (exp(f)-va, Va+3)
are

(p(f=3)va;Vatp), (p(f-1)p(f-2)vasVats),
(p(f=2)p(f-1)Va,Vats), (p(f,1)3va,va+g).

The last two terms are equal to zero because p(f-1)v, = 0. The first term is equal to zero because
92a+5 = 0 since 2« + (3 is not a root. We are left with computing (p(f-1)p(f-2)Va;Vats) =
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—(p(f=2)va, p(f-1)Vats). Note that p(f_1)vats € Vo @ V3 and by Lemma since f_; has no
component in g_,, we have p(f_1)vays € Vo. Therefore (p(f_2)va, p(f—1)Va+p) is non-zero only
if p(f—2)ve has a non trivial component in V_,,, which means that f_5 has a non-trivial component
in g_s, = 0. This is not possible and proves the last vanishing. O

Remark 3.24. Note that we have proven something more in the previous lemma: if @ and 3 are
not of the same length, then the positive root v induces a plain T-invariant curve SLa(7) - x,, inside
Y, joining x,, and z This curve is a line in all cases except for (Y, a) = 2 in which
case it is a conic.

—sp(@) = Tsy(ay:
Proposition 3.25. Let o, 8 € ®y be two simple roots with (BY,a) < 0. Then there exists a plain
T'-stable line joining x and x_g in Y,.

Proof. Note that « and  have the same length. Set v = sg(a) = a+ 5. Then s,(a) = —3 and
SLa(7y) - o = (SLa(y) N B™) - 2 C Y, is a plain line joining z, and z_g in Y,. O

Corollary 3.26. If |Dx| > 2, the Biatynicki-Birula decomposition in'Y does not satisfy the inclu-
sion condition.

Proof. Let a, § € ®yx be two simple roots with (Y, ) < 0. This is possible by assumption. Then «
and S have the same length and sg(a) = a+ . By Proposition we have x_g € Y,. However,
since Y_g = X_g5 we have x_,, (o) € Y_p but x_;,(a) € Yo by Proposition O

Remark 3.27. We will see, using the equivariant Chevalley formula (see Section 7 that the
Schubert basis (61 )aex and (0, )aex are not dual for the Poincaré pairing.

Definition 3.28. Define a relation - on X by a = B if xo € Y3. Define the order < on X as the
transitive closure of +-.

Remark 3.29. We summarise few basic facts on F and <.

1. The relation a = 8 is not transitive. Indeed, for o, 8 € ®y two simple roots with (3", a) < 0,
we have (—8) F a by Proposition since Y_g = X_g, we have (—a — ) = (—sa(8)) F
(—p) but (—a — B) = (—sg(e)) ¥ a by Proposition

2. We have the following properties.

(a) We have the implication (a F § = X, C Xp). Indeed, for a - 3, we have z, € Y3 C Xp
and this implies X, C Xpg since the decomposition in X satisfies the inclusion condition.

(b) The converse implication is not true. Indeed, if o € @y is simple, then X_, C X, while
T_o & Yy, therefore —a ¥ a.

(c) We also have the implication (a < 8 = X, C Xg) since C is a transitive relation.

(d) For a € @y simple, we have (—a) £ «. Indeed, the inclusion X_, C X, is of codimen-
sion 1. If (—a) < « then, since x_, ¢ Y, we must have a chain (—a) < 8 < «. This
gives X_o € Xg € X, and the inclusion X_, C X, would be of codimension at least
2, a contradiction.

(e) The converse implication of (c) is not true: for o € ®y simple, X_, C X, but (—«) % a.
The order < is fully described by the following result.
Proposition 3.30. Let o, 5 € R, we have: f < a < (Xg C X, and 8 # —a if o is simple).

Proof. Note that by Remark we have the implication f < a = X3 C X, and f # —a if a is
simple. We prove the converse implication. Assume that Xz C X, and 8 # —a if o is simple.

If 3 > 0, then @ > 0 and it is an easy consequence of Proposition that there exists a
sequence of plain curves joining z, to g in X,. All these plain curves are contained in Y, thus
g3 €Yo and B < a. If <0, then B <0 and z3 € Xg C X, =Y, thus § < a. Finally assume
a > 0> . Then by the previous cases and Proposition we may assume that o and —f are
simple and a — (3 is a root. The result follows from Proposition [3.25 O
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Remark 3.31. We have the equivalence f < a & —a < —f.

Using the equivariant Chevalley formula, we will also describe the intersections X, NY in terms
of the Schubert varieties (Y3)gen. We conclude this section with the following results.

Proposition 3.32. Let a € N.
1. The T-weights of T, X are {y € A | a4+~ € II(V)} and have multiplicity 1.
2. The T-weights of T, Y are {y € A\ {—a} | a+v € II(V)} and have multiplicity 1.
3. The T-weights of Ty, Xa are {y € A~ | a+~v € II(V)} and have multiplicity 1.
4. The T-weights of Ty Yo are {y € A~ \ {—a} | a+~ € II(V)} and have multiplicity 1.
5. The Schubert variety Y, is smooth at x,.

Proof. Let b and b~ be the Lie algebras of B and B~ and set n = [b,b] and n™ =[b—,b7].

1. By differentiation and since x, is T-fixed, we get that a first order neighbourhood of x,
in X has the form vy + p(n™ @ 0)Vy = va + p(Brea8y)Va = Va + Dyea\{-at Vaty @ p(0-a)Va,
proving the weight description. Finally note that p(g_o)Va C Vj is one-dimensional and that for
B # 0, the space Vj is also one-dimensional.

2. Note that p(g_o)Va C Vo is not contained in h* for h general. In particular, we get that a
first order neighbourhood of x, in Y has the form v, + @©yca\{—a} Vatry-

3. Recall the equality X, = B~ -xz,. In particular B~ - z, is an open neighbourhood of
o in X,. Differentiating, we get that a first order neighbourhood of z, in X, has the form
Vo + p(n7) - V. For a > 0 we get that ve + Syea—\{—a}Vaty © p(g-a)(Va), while for a < 0 we
have vo + ®yea\{—a} Vatny-

4. Recall the equality Y, = B~ - x4, NY. In particular B~ -, NY is an open neighbourhood
of z, in Y,. Differentiating, this gives that a first order neighbourhood of z, in Y, has the form
Va + p(07) - Vo N At =vg + Brea\—a) Vaty-

5. Since z, is smooth in X, we have dim T, X, = dim X, and in both cases o > 0 and a < 0
we get dim T, Y, = dimY,, thus proving the result. O

Recall the definition of the weight wt(C) of a T-stable curve C' (see Definition [3.6)).

Corollary 3.33. Let a € X. We have a bijection C — wt(C) between T-stable curves in X (resp.
Y ) passing through x, and T-weights of T,,, X (resp. Ty, Y ). This bijection maps T-stable curves
in Xo (resp. Yo ) to T-weights of Ty, Xo (resp. Ty, Ya ).

A T-stable curve C' of weight v = wt(C) in X (resp. Y ) passing through x. is contained in X,
(resp. Yo ) if and only if (v, a)y > 0.

Proof. Let SLy(y) - ¢4 be a T-stable curve passing through z,. Replacing v by —v, we may
assume that g, acts non-trivially on z,. Differentiating, we get that v, + p(g)Vy is in a first
order neighbourhood of z, in X and v is a weight of 7,  X. If the curve is contained in Y then
~v is a weight of T, Y. Conversely, if 7 is a root such that o + v € II(V), then (yV,a) # (ﬂ and
SLa(v) - 4 is a T-stable curve of weight + in X. If furthermore vy # —«, we have v # +« and the
curve is a plain curve thus contained in Y. Finally, the curve SLa(7) - x, is contained in X, if and
only if s,(a) < a i.e. if and only if (v, a)y > 0. O

4 Cohomology of hyperplane sections
In this section we study the T-equivariant cohomology H7-(Y) of Y. We prove a Chevalley formula

that completely determines the ring structure of H7.(Y). We deduce some information on the
classical cohomology and on the Biatynicki-Birula cells.

f (yV,a) = 0 and « + v is a root, then a and v are short thus V is quasi-minuscule and « + v is long and is
not a weight of V.
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4.1 Reminders on equivariant cohomology

We start with a recollection of some basic facts about equivariant cohomology. Our exposition is
based on the papers [Bri98|, [GKM98| and [Bri97]. We refer to these texts for more details.

Let Z be a smooth variety with an action of a torus T such that Z7 = {2, | a € N} is finite.
Let X(T) ~ Z" be the character group of T. The equivariant cohomology ring H}.(Z) is an algebra
over the polynomial ring H}.(pt) = Q[X'(T)] via the pull-back of the structural map Z — Spec(C).
The Bialynicki-Birula decomposition induces an additive basis for this algebra ([Z,]7)acx. Set
H*(Z) := H*(Z,Q). The pullback map i* : H-(Z) — H5-(Z7) of the natural inclusion i : Z7 — Z
is injective, therefore Hi-(Z) can be seen as a subring of Hi-(Z7) ~ Hi(pt)® ~ Q[X(T)]™.

Via this inclusion, we will denote by f, € Q[X(T)]® the pullback of the class [Z,]r € Hi(Z),
and by fo(25) = (i 0 iz,)*[Zalr, where i., : {25} — ZT is the natural inclusion. More generally
for f € Hp(Z7), we set f(B) = i, f. 1 (€)ie1,n) is a Z-basis of X(T), then fo(25) € Hp(25) is a
polynomial in (€&);e[1,n]-

For o, 5 € N, if C' is a T-stable curve joining z, and zg in Z, then T acts on T, ,C with character
x- We set xc = ¥, this character is determined up to sign. The following results are our basic
tools to compute the polynomials f,(23).

Theorem 4.1 (Theorem 3.4 [Bri97)). If Z contains finitely many T-stable curves, then H}.(Z) is
the subalgebra of Q[X(T)|® consisting of elements f = (f(2a))aer satisfying the following condi-
tion: If there exists a T-stable curve C joining z, and zg, then

3) f(za) = f(z) = 0 (mod xc).

Theorem 4.2 (Theorems 4.2 and 3.4 [Bri97]). Let «, 8, € R, we have.
1. The polynomial f,(z5) is homogeneous of degree codim(Z,).
2. If z5 ¢ Z,, then fo(2p) = 0.
3. If zg € Z,, is a smooth point, then fo(2p) is the product of the T-characters of Nz, /725
4. If there exists a T-stable curve C joining zg and z-, then xc divides fo(z8) — fa(zy)-
Finally, we recover the ordinary cohomology H*(Z) from the equivariant cohomology H}.(Z).

Theorem 4.3 (Corollary 2.3 [Bri97]). We have H*(Z) ~ H7.(Z)/(e1,- -+ ,€n).

4.2 Chevalley formula

The main result of this section will be a Chevalley formula, i.e. a formula for multiplying the
hyperplane class fg (see definition below) with Schubert classes in Y. This formula determines
the full equivariant cohomology (see for example [BCMP1S§]). Set X; = {a € X | codimY,, = 1}.

Fact. The set N; is described as follows.
1. In all cases except in type A,, we have X; = {ap} for a unique root .
2. In type A, we have X; = {ayp, o} for two roots «yg, Bo.
Definition 4.4. Define the hyperplane class fr as follows.
1. In all cases except in type A,,, set fu = fa,-
2. In type Ay, set fu = fao + f5,-
Recall the order < on X from Definition [3.2§]
Lemma 4.5. There ezist a2 € Q[X(T)] of degree codim(Ys) — codim(Yy,) — 1 such that

(4) FaO)(fu() = fr(a)) = D agfs().

B=<a
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Proof. By Theorem the left hand side vanishes at all zg with 8 £ « and it obviously vanishes
at zo. Since (fy)yex is a basis we get that the left hand side has the form 3 5.y a? f5(+) and since
all classes are homogeneous, we have deg(a?) = codim(Y3) — codim(Y,) — 1. Now by descending
induction on N for the order < and evaluation at fixed points it is easy to check that aﬁ vanishes
except maybe for f < a. O

A formula as above is called equivariant Chevalley formula. In the rest of this subsection,
we compute the coefficients a of the equivariant Chevalley formula. Among them the constant
coefficients a are the coefficients of the Chevalley formula in classical cohomology (this follows
from Theorem . Moreover, notice that knowing the equivariant Chevalley formula allows to
compute all f,’s explicitly by induction, using the order relation < and starting from the maximal
degree class.

Before computing the coefficients a?, we give an explicit expression for fz and prove useful
results on T-stable curves. Recall that @ is the maximal element in N for the order < (or the

maximal root in X).
Proposition 4.6. The element fg € Hy(YT) is given by fru(xa) = @ — « for a € N,

Proof. Let gy be defined by gy (a) = w — «. Both elements fy and gy belong to the image of
H(Y) inside H(YT): there are finitely many T-stable curves in Y and the element g satisfies
([@). Consider the difference ¢ = fg — g which also lies in the image of H7.(Y) inside H},(Y'7).

We have fy(z5) = 0 since 2, ¢ Yy, (and 2o & Y3, in type A,,) and gy (z) = 0 therefore
¢(z) = 0. Furthermore, by Proposition the point x4, is smooth in Y, and the T-weight of
the normal bundle of Y,, in Y at x4, is w — ag. We thus have fy(za,) = @w — ap = gu(2a,) (in
type A, the same results hold for §y in place of ap) thus ¢(z4,) =0 (and c(zg,) = 0 in type A,).
Assume now that ¢ # 0 and let z, with ¢(z,) # 0 be maximal for <.

Recall from Proposition that the set of weights of the normal bundle of Y, at z, is
{ve At\{-a} | a+vy € (V)}. For any v € AT\ {—a} with a+~ € II(V), we have (v",a) < 0.
The curve SLy(7y) - o is a plain T-stable curve in ¥V and if § = s,(a) € X, we have z, < x3.
In particular ¢(zg) = 0. Since c satisfies (3), we have that ~ divides ¢(3) — ¢(a) and therefore y
divides c¢(«). This is true for all v € A* \ {—a} such that a4+~ € II(V). Since these weights are
distinct we see that the product of all these weights divides ¢. The degree of this product is equal
to codim Y, but since ¢(x,) # 0 and ¢ vanishes on codimension 1 Schubert varieties, the degree of
this product is at least 2. Since ¢ has degree 1, we obtain a contradiction. O

We start with the identification of the potential non-zero terms af.
Proposition 4.7. Let o, 8 € X, then a® = 0 except maybe if B < a and one of the following holds:

1. dimYg = dimY, — 1, dim Xg = dim X, — 1, the roots o and B have the same sign, in
which case there is no root n € X with § < n < a and there exists a simple root vy such that
B = sy(a) and (v",a) > 0.

2. dimYg = dimY,, dim Xg = dim X, — 1, the roots a and —f3 are simple and y =a — B is a
root such that s,(a) = f.

3. dimYg =dimY, — 1, dim Xg =dim X, — 2, a > 0 > B and one of the following occurs:

(a) There is no root nn € X with § < n < « and there is a simple root € ¢ N with f = —s¢(a).
(b) There is a unique root n € X with f <n < a.

Proof. By equation we already know that if a® # 0 then 3 < a. Furthermore, we have
codimY, —codimYs + 1 = deg a? > 0. We get dim Y3 > dimY, — 1. The condition 8 < o implies
X5 € X, (see Remark , thus dim Xg < dim X, — 1. We thus have the inequalities:

dimY, — 1 <dimY3 < dim X3 < dim X, — 1.

The different cases depend on the signs of a and 8. If & < 0 then dimY, = dim X, and we get
equality in all the above inequalities. We are in case 1: dimYg = dimY, — 1, dim X3 = dim X, —1
and dimYs = dim Xg. The last equality implies 8 < 0. Furthermore, Proposition implies
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that there exists a simple root v with 8 = s,(a). Since 8 < «a, we have (y¥, ) > 0. Proposition
and the fact that dim X3 = dim X, — 1 imply that there is no root n € X with 8 < n < a.

If & > 0, then dimY,, = dim X, —1 and we get dimY, —1 < dimYs < dim Xg < dim X, -1 =
dimY,. We either have dimY3 = dimY, — 1 or dim Y3 = dimY,,.

If dimYs =dimY, — 1 and if 8 > 0, we are in case 1 and the same arguments as above imply
that there is no root n € X with 8 < 7 < «, and there exists a simple root v such that 8 = s, ()
and (vV,a) > 0. Otherwise 3 < 0 and we have dim X3 = dimYs = dimY, — 1 = dim X, — 2 and
we are in case 3.

If dimYs = dimY,, we must have dimY3 = dim X3 and therefore 8 < 0 and dim Xz =
dim X, — 1. Now by Proposition [3.17] there exists a root v with s, («) = 8. Since both o and —f
are simple, the root 7 is not simple and Proposition [3.17] implies that v = a — 3.

We finally deal with the different possibilities in case 3. Note that, since dim Xz = dim X, — 2,
there exists a root § € N such that Xg C X; C X,. Furthermore, since o > 0 > (3, we have two
possibilities: « is simple and —§ is simple or § is simple and —f is simple.

In the first case, by Proposition there is a simple root € such that 8 = s.(d). Furthermore,
we have § = —a or a—0d is aroot. If § = —a and € ¢ X, then ¢ is the only root with X3 C X5 C X,
and there is no root n € XN with § <n < a. If § = —a and e € R then f =9 —e = —(a+¢€) and
7 = —e is the unique root such that 8 <7 < a. If 6 # —a and € = « then 8 = —(a + ¢€) and as
above 77 = —e is the unique root such that 8 < n < a. If § # —« and € # « then {a¥,€) = 0 and
n = ¢ is the unique root such that g < n < a.

For the second case, apply the previous case to —a and —f using Remark [3.31} O

We will compute af in the three cases of the previous lemma. The following will be useful. Let
a, f € R with a codimension 1 inclusion X5 C X,. Recall from Proposition [3.17] that, in that case,
there exists a root v with 8 = s,(«) such that one of the following occurs:

1. the root ~ is simple or

2. the roots a and —f( are simple and v = a — .

Lemma 4.8. Let o, 5 € X and v € A as above.

1. If v is simple, then we have a bijection {weights of Ny, y,} — {weights of Ny, v, } \ {7}
gwen by 6 — s,(3). In particular, we have

fa(xs)
¥

= fa(za) (mod 7).

2. If o and —f are simple roots and if v = a — B is a root with s(o) = 3, then we have a
bijection {weights of Ny v, } \ {—B} — {weights of Ny, v,} \ {7} given by 6 — 5,(5). In
particular, we have

fa(xp) _fa(xa)

v B

3. If a is simple, then we have a bijection {weights of Ny v, } — {weights of N,__ v .} given
by 6 — s4(9). In particular, we have fo (o) = Sa(f-a(T_a)).

(mod 7).

Proof. 1. Note that £+ is not a weight of N;_y, and that the two sets have the same size. We
therefore only need to prove that s, maps the weights of N, _ v, to weights of N, y,.

Let ¢ be a weight of N vy, . By Corollary there is a plain T-stable curve SL2(0) - x4 in Y
but not in Y,. Furthermore, we have (§¥,a)d < 0. Consider the root 7 = s,(d). We have § # +a,
therefore n = s,(0) # +s,(«) = £ and thus SLy(n) - zg is a plain T-stable curve. Furthermore,
we have (nY,8)n = (s4(6)Y,B)s4(8) = (6Y,5,(8))s4(8) = (6¥,a)(d — (vV,8)7y). Since this is a
multiple of a root, since § # ~, since v is simple and since (6", a)d < 0, we have (nV,8)n < 0. In
particular the T-stable curve SLa(n) - x5 is not contained in Y3 and 7 is a weight of N, Note
that s4(d) =6 (mod <) and using Theorem 3 we get the last equality.

2. Note that SLa(S) - z, is a plain T-stable curve joining z, and x,_p thus —f is a weight of
N, v, . Similarly SLo(v) - x5 is a plain T-stable curve joining zg and z,, thus v is a weight of
Nz,,v,- Note finally that dimY,, = dim Y} so that the two sets have the same size and it is enough
to prove that the map is well defined.

B,Yg*
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Let 6 be a weight of N, y, different from —f3. Note that v # «. By Corollary there is a
plain T-stable curve SLa(d) - 2, in Y but not in Y, . Furthermore, we have (§¥,a)d < 0. Consider
the root n = s,(0). We have 6 # +q, therefore n = s,(0) # +s,(a) = £ and thus SLa(n) - 23
is a plain T-stable curve. Furthermore, we have (n¥,8)n = (s,(0)",8)s,(0) = (6", 54(8))s4(d) =
(6Y,a)(6— (v, d)7). Since this is a multiple of a root, since § # +, since y = «— 3 and § & {a, -3}
and since (0, a)d < 0, we have (¥, 8)n < 0. In particular, the T-stable curve SLa(n) - x5 is not
contained in Y and 7 is a weight of N, Note that s,(6) =0 (mod 7), and using Theorem
[42]3 we get the last equality.

3. This is a direct consequence of Proposition [3.32 O]

RN

We compute a? in case 1. of Proposition

Lemma 4.9. Let o, € X such that o and 8 are of the same sign with f < a and dimYyg =
dimY,—1. We are in case 1 of Propositz'on and there exists a simple oot~y such that s, (o) = 3.
Then SLa(Y) - 24 is a plain T-stable curve inside Y joining v, and x5 and we have a2 = (v, a).

Proof. The first statement follows directly from Proposition [£.7] as well as the existence of the
simple root v and the plain T-stable curve SLqo(7) - 24 joining . and zg. By Equation we have
that fo(z5)(a—B) = af fz(x5). Equation and the equality o — 8 = (¥, @)~ give the following
relation

ag fe(zp)
(7Y, )y
By Lemma the root y does not divide f,(z4) and fg(xg)/y = fa(za) (mod +). This implies

O:fa(za)*fa(xﬂ):fa(xa)* (mod 7).

fuloa) (1= 22 <0 (mod )
(Ta - = mod ~y
(W, @)
and since f,(z,) is not divisible by v, we get the equality a2 = (", a). O

We now compute a? in case 2. of Proposition

Lemma 4.10. Let o, 8 € X such that f < o , dimY3 = dimY,,, dim X3 = dim X, — 1, the roots
a and —f are simple and v = o — 3 is a root such that s,(a) = 3. Then ag = —qa.

Proof. The plain T-stable curve SL(7) - z, connects z, and zg. Since «, 8 € N, the roots a and
B have the same length. Since v = o — 8 is a root and o and —/f are simple, we must have
(av,B8) =1 ={(BY,a). Thus s,(8) = B — a = —v and the plain T-stable curve SLy(a) - 23 joins
zg and x_.. Note that SLy(a) - 25 C Y3 since 0 > § > —.

By Equation we have vfo(75) = faol(rs)(a — B) = af fs(x5). By applied to the curve
SLa(a) - 25 we know that fu () — fo(x_,) is divisible by . Since z_, ¢ Y,, by Proposition [3.23]
we have fo(z_) =0, thus f.(xg) is divisible by . On the other hand fz(zg) is not divisible by
a (because SLa(a) - 25 C Yp). This implies that a2 = ma for some m € Z.

Apply to the plain T-stable curve SLy(7) - 4 and Lemma 2 to get

mafg(x mofo(Zao al\Ta
0 = ful) — falwp) = fala) - fj(‘*) = fulra) + fﬁ( ) _ S (B ) (5+ma) (mod 7).
Lemme 2 also implies that —/ divides f,(z,) while v does not. We get 8 +ma =0 (mod )
and since 7 = « — 3 this implies m = —1. O

We now deal with case 3.(a) of Proposition

Lemma 4.11. Let o, B € X with o > 0 > B, dim X, = dim X3 + 2 and such that there is no root
n €V with 8 <n < a. We are in case 3.(a) of Pmpositz’on and there exists a simple root € & N
such that = —s¢(a).

B = (e _ v gy - LB if ais simple
We have af, = [(€", a)| = [(¢”, B)] { lleel|  if =5 is simple
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Proof. The first statement follows directly from Proposition |4.7] as well as the existence of the
simple root e. By Equation () we have that f,(x5)(a—3) = a2 f3(x5). We have two cases: either
a is simple and v = —a is the only root such that Xg C X, C X, or —f is simple and 7 = —f is
the only root such that Xz C X, C X,.

Assume first that « is simple. Note that the plain curve SLy(€) - x_, connects z_, and zg and
since € € R, we have m = (aV,e)(¢", a) € {2,3}.

Assume that m = 2. We have s,(8) = —sase(a@) = a + (6, a)e — ma = —a + (¥, a)e =
—se(a) = B. In particular s, (fa(zp)) = fa(xs) and for v = s,(€) the plain curve SLa(Y) - x4
connects z, and zg. By Equation (3) we have f,(zo) = fo(zs) (mod s,(€)). Since by Lemma
[4.8 we have f_o(7_a) = sa(fa(za)), this gives

sa(fa(2)) = sa(fa(za)) = f-a(z—a) (mod e).

Recall the equality —a — 8 = 7<6v7 a)e. We get
af) a? aB

Wa—ﬁ)fﬁ(xﬁ) - fo(xp) = =" fs(zs) (mod e).

oza—ﬁ (eV,a)e

By Lemma again, the root € does not divide f_,(z_o) and f_(z_o) = fa(zg)/e (mod ).
We get

f—a(x—a) =

x al
J[,B(6 3) _ _<€v 0;[>€f5(336) (mod e).

This implies a? = — (¥, a) as desired.

Assume now that m = 3. Then « and € are the simple roots of the Ga-root system. Note that
for v = sase(a), we have s, () = 8. We thus have

SN

(z5)
a—f

If o is short, we have fo(zo) = e(a +€) and fz(zp) = €(2a + €)(3a + 2¢). We get e(a +€) =
ale(3a+2¢) (mod 2a+e¢). This gives a = 1 as desired. If a is long, we have f,(7,) = €(a + 3¢)
and fs(zg) = e(a + 2€)(2a + 3¢). We get e(a + 3¢) = ale(a + 2¢) (mod 2a + 3¢). This gives
a? =3 as desired.

Assume that —f is simple. The proof will be very similar. Note that the plain curve SLy(€) - x4,
connects z, and z_g and since € ¢ R, we have m := (a¥,€)(e", @) € {2, 3}.

Assume that m = 2. As above, we have s,(8) = S and thus sg(a) = «a. In particular
$8(fa(2a)) = fo(za) and for v = sg(e) the plain curve SLa(7)-x,, connects z, and zg. By Equation
we have fo (o) = fa(zg) (mod sg(e)). Since by Lemma[l.8 we have f_g(z_g) = sg(fs(zs)),

this gives
5(fal(zp)) = sp(fa(za)) = fa(za) (mod e).
Recall the equality o+ 8 = (€¥, B)e. We get

fa(Ta) = falzp) = ag (mod 7).

ag __ag __a
fa(za) = mf—ﬁ(x—ﬂ) = mf—ﬁ(x—ﬁ) = <EV7B>6JC—5($_B) (mod e).

By Lemma again, the root € does not divide f,(zq) and fo(za) = f-g(z_p)/e (mod €). We
get

f-plz—p) _ _aj . mod €
€ - <6\/75>€f—5( —6) ( d )

This implies a? = (eV, 3) as desired.
Assume now that m = 3. Then —f and ¢ are the simple root of the Ga-root system. Note that
for v = —sgsc(f), we have s, (a) = 3. We thus have

~—

fa(xﬁ) = foz(xa) = ag fﬁ(fﬂg

Pz (mod 7).
If —f is short, we get (—3) = aZ(e —38) (mod e —23). This gives a? = 1 as desired. If —4 is
long, we get (—3) = aZ(e — B) (mod 3e —23). This gives a? = 3 as desired. O
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We now deal with case 3.(b) of Proposition

Lemma 4.12. Let o, B € X such that dimYg = dim Y, — 1, dim Xg = dim X, — 2 and there exists
a unique n € N such that B <n < a. Then either o or —f is simple. We have

if a appears in the support of B

. - 1=
J— ﬁ =
1. If a is simple, then —n is simple and ay, { 0 otherwise.

2. If —pB is simple, then 1 is simple and there exists a simple root € with o = s¢(n). We have

2 if —B appears in the support of a
d=to-sl={ vy ¥ /

,a)  otherwise.

Proof. We have o > 0 > 8 and X3 C X,, C X,. Both inclusions are divisorial. This in particular
implies that either a or —f is simple. In the first case —n is a simple root such that « — 7 is a
root and there is a simple root € such that s.(n) = 8. We have the alternative € = o or (¢, ) =0
depending on whether « occurs in the support of 8 or not. In the second case 7 is a simple root
such that n — 3 is a root and there is a simple root € such that s.(n) = a. We have the alternative
e=—p or {¢Y,8) = 0 depending on whether —3 occurs in the support of a or not.

Applying repeatedly Equation we get

af al o agay
falzg) = o Bfﬁ(xﬁ) + mfn(xﬁ) = mfﬁ(xﬂ) + mfﬁ(xﬂ)-

Assume that « is simple and does not appear in the support of . By Lemma [£.10] and Lemma
we have al = —a and af = (€”,n). Note that sq_p(@) =1 and s, (q—n)(@) = seSa—nsc(e) =
SeSa—n(a) = sc(n) = B. In particular, if v = s.(a—n) = a— f3, the plain T-stable curve SLa(7) - 24
connects x, and xz. By we get fo(xa) = falzg) (mod o — ). We get

ag(n — B) — (¢, n)a
(a—=B)n—p)
Note that sg(a) = 55, (n)(@) = sesysc(a) = sesp(a) = sc(a@—n) = a—s(n) =a—LF>a In
particular 5 divides fo(%q). Unless fz(zg) is divisible by a root of the form 8 + nvy, this implies
a? = 0. The only roots of the form 34 nvy are 8 and 3+~ = a but none of these roots divide

fa(xp), thus a = 0.

Assume that « is simple and appears in the support of 5. Then € = a and § = n — a. By
Lemmaand Lemma we have a/l = —a and o)) = (¥, n) = 1. Note that § = —s, (), thus
by Proposition we have xg ¢ Y, and f,(xg) = 0. We get

(af —Da
mfﬁ(xﬁ)

fa(za) = fa(zp) (mod a—f).

0= falzg) =

and thus a? = 1.

Assume now that —f is simple and does not occur in the support of . By Lemma and
Lemma we have af = —n and a, = (¢V,a). Note that s, 5(8) = n and s, ,—p)(8) =
SeSn—pSe(B) = sesy—p(B) = se(n) = . In particular, if v = s.(n — §) = o — 3, the plain T-stable
curve SLa(Y) - x4 connects z, and zg. By we get fo(za) = falzg) (mod o — ). We get

ag(n—B) — (€', a)n
(a—=B)n—p)

Note that sg(a) = sg(se(n)) = sesp(n) = se(n — B) = a — B > a. In particular 8 divides fq(xq).
Note furthermore that s,(5) = 8 — o < §, thus a does not divide fg(zg), therefore we must have
the equality a?(n — B) — (¥, a)n = kB (mod o — j3) for some k € Z. This gives a? = (€, a).

Assume finally that —f is simple and appears in the support of a. Then e = —f and a = n—f.
By Lemma and Lemma we have ag = —nand a’, = (¢V,a) = 1. We get

fa(ra) = fﬁ(xﬁ) (mod a — f).

ala—n
fa(zg) = —2———fa(zs).
(zp) @— Ao s(zp)
However, « — 8 = n— 2[3 is not a root, thus oo — 8 does not divide fz(xg). Therefore oo — 5 divides
ala—n=(a? —1)a — B and we must have a? = 2. O
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Theorem 4.13 (Equivariant Chevalley formula). Let o, 3 € X. Then a? = 0 unless (o > 3,
B#—aand|a—p=1)or (a > B, |a—B| € {2,3}, Supp(a — B3) is connected and Supp(a — ) N
{a, =B} #0).

Assume that o, 8 € X satisfy the above condition, then
1. If |a — B| =1, then a? = ||a — B||.

2. If a,—B € ®y are simple, then a = —a.

3. If a € Oy and —3 € Py, then al Z{ (|)|ﬂ” Zﬂg:?\ 212),

_ B _ lle]] if |l — 8] =2 and Supp(a — 8) ¢ N
4. If a & Oy and —f € Py, then af, { la— B8] otherwise.

Proof. Assertion 1. is a consequence of Lemma Assertion 2. is a consequence of Lemma
The first case of Assertion 3. follows from Lemmas .11l and [£.1211. The second case of Assertion
3. follows from Lemma[41211. The first case of Assertion 4. follows from Lemma [£.111 The second
case of Assertion 4. follows from Lemma [£.1212. O

We will give more explicit formulas in Corollary [£.18]

4.2.1 Hasse diagrams

We report in the following the Hasse diagrams of Y obtained with the Chevalley formula. They
are the diagrams for classical cohomology (and not equivariant cohomology). We drew in red all
the arrows which do not already appear in the Hasse diagrams of the corresponding X. In the
diagrams, the codimension of the corresponding Schubert classes grows from the left to the right.

Figure 1: Hasse diagram of Y C OGr(2,7)

Figure 2: Hasse diagram of Y C IGr(2,6) (already appearing in [Ben21])

Figure 3: Hasse diagram of Y C G5/ Ps

N
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Figure 4: Hasse diagram of Y C Fy /P,

Figure 5: Hasse diagram of Y C Fy /Py

4.3 Classical cohomology formulae

We have already said that from the equivariant Chevalley formula one can recover completely by
induction the equivariant cohomology. This in turn gives the classical cohomology. However, this
involves computing each class f,, which can become painful. In the following we want to give
an explicit description of a set of generators and relations which define the cohomology of Y. In
particular we describe the intersecton form on the middle cohomology.

4.3.1 Pull-back and push-forward

Let 7 : Y — X be the natural inclusion. In this section we describe the pull-back j* and the
push-forward j,. This will help understanding the cohomology of Y in terms of the cohomology
of X. Definei: YT — Y and set fX :=*j*[X,]. Since i* is an embedding of the equivariant
cohomology of Y inside Hj (Y1), we will identify fX and j*[X,].

Recall the definition of @ = XN ®. Note that ®y is the base of the root system NN A which is a
root subsystem of A (the subsystem of long resp. short roots for X adjoint resp. quasi-minuscule).

Proposition 4.14. Let o € X, we have the following formulas:

1. If o is a non-simple positive root, then fX = fo.

2. If a € Py is simple, then ff = fo+fia+t+ Z f-p-
BEDPy, at+BEA.

3. If a is negative, we have f2 = —af, + Z agfg.
B#o

Proof. Since (fa)aex is a basis of equivariant cohomology, there are homogeneous elements )\g €
H’-(pt) such that fX = ZB€N A f5. By an easy descending induction on 3, we have \? = 0 for
x5 ¢ X,. Comparing the degrees, we also have A2 = 0 for codimy (Y3) > codimy (X,).

For « positive non simple, the above vanishings imply fX = A% f, and since fX(z4) = fo(a)
we get the first formula.

For « simple, the above vanishings imply fX = A% f, + A\;%f o + Zﬁe%,aH%eA AP f_p. The
equality fX(z4) = fa(7a) gives AY = 1. We also have fX(7_,) = f-o(2_o) (note that x_, is a
smooth point of X, and Y_, and that the T-stable curves passing through x_, and going out of
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Y_, or of X, are the same) giving A;* = 1. Note that z_g is a smooth point in X,. Comparing T-
stable curves through z_g, we get (a+ ) fX (z_g) = Bf_s(z_p). Using the equivariant Chevalley
formula, we obtain (o + ) fa(z_5) = —af_s(z_g). This gives A\;” = 1.

For a negative, note that codimx (X, ) = codimy (Y, ) + 1 so that A2 vanishes except for 8 = «
or if Xg = Y3 is a divisor in X, = Y,. Furthermore, we have fX(z,) = —afa(7,) since the
T-stable curve SLo(a) - 24 is in X and not in Y. For § such that Xg = Y3 is a divisor in X, =Y,
we have o — 3 = aZ~ for some simple root 7. Since 2 is smooth in both X, and Yz and the only
T-stable curve in X, not in Yp is SLa(y) - £ while SLa(8) - zp exists in X but not in Y, we get
vfX(xg) = —Bfs(xp). This, together with the Chevalley formula, gives the last formula. Note
that in this last formula the term Y~ a2 f3 comes from the Chevalley formula for f,. O

Corollary 4.15. Let a € X. We have
1. For « positive, non simple, we have j 0o x = 0q.
2. For a negative, we have j* o, = Z/#a agag and j.0n = 0n x-
3. For o simple, we have j%0q,x = 0o +0_a + Z 0_g and jx0n = 0—q, X -
BEDN, at+BEA.

Proof. The pull-back formulas follow directly from the previous proposition. Since Y, = X, for «
negative, we get 2. To get j.o, for a simple recall that j,j*oo, x = hxUos x and by the Chevalley
formula in X this cup product is equal to 204, x + Zﬂe%, atpeA. O—B,x, giving the result. O

Remark 4.16. Note that the same formulas hold for Onx and o, . In particular, for a simple,

we have j.o_, =0_, y and
e — - _ _
i O’_a7X—O'a+O'_a+ E Og-
BEDPN, a+BEA.

Using the above formulas we give a more explicit non-equivariant Chevalley formula. First
recall Chevalley formula for X as explained in [CP11].

Proposition 4.17. Let X be adjoint or quasi-minuscule and let o € N.
1. If o is not simple then hx Uoqy x = Zﬁeﬁ, <gv,a>>o<3v,a>osﬁ(a)’x.

2. If o is simple then hx U oo x = Y pcq, (BY,a)|0-p x.

Corollary 4.18 (Chevalley formula). Let Y C X be a general hyperplane section with X adjoint
or quasi-minuscule. Let oo € N,

1. If > 0 and |a| = 2, then

hUoa= Y (8Y,0) [ 0us(a) +0—spio) + > Ty

BeD, (BY,a)>0 YEPNR,y+s5(a)EA
2. If a is simple then hUoy, =hUo_, = Zﬂe@, <5V)7a>>0<ﬁv, —04>Ufsﬁ(a)-

3. Otherwise hU o, = Z/Betu <ﬂv7a>>0<ﬂv, a>055(a)-

Proof. If o > 0 with |a| > 2, then 04 = j*04,x and hU o, = j*(hx U 0, x). Furthermore, since
|a] > 2, j* is an isomorphism in these degrees, therefore the result follows from Chevalley formula
in X.

If & < 0 then j.(hUoy) = hx Uoa x and since j, is an isomorphism, the result follows from
Chevalley formula for X. Note that this also applies for a < 0 with —a simple.

If « is simple then j.(h U o,) = hx U jwoo = hU j.o_, and the result follows since j, is an
isomorphism in this degree.

Finally if « > 0 and |a| = 2 then hUo, = j*(hxUoq,x) = j* (Eﬁeb, <Bv,a>>o<6v, a>0-s,3(a),X>-
Now all the roots sg(a) occuring are simple and the result follows by Corollary (3). O
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Proposition 4.19. Let ¢ € [0,dimY].
1. For 0 < dimY, the family {o, | @ € R, dego, = £} is a basis of H (Y, Z).
2. For { < dimY, the family {o_o | a € R, degoy = £} is a basis of H* ™Y ~4(y, 7).
3. For { =dimY, the family {oa,0_o | o € By} is a basis of H(Y,Z).
4. Let o, B € X be positive non-simple roots such that 04,05 € HZ(Y, Z). Then ¢ < dimY and
o U 0w (p) = 0o, 8-

In particular the basis in 1. and 2. are Poincaré dual basis of H (Y, Z) and H24™Y =4y, 7).

Proof. For £ > dimY, by Lefschetz Theorem the two maps j* : HZ(X, 7) — HZ(Y, Z) and j, :
H24mY =4y, 7) — H24m X4 X Z) are isomorphisms, proving 1. and 2. Item 3. follows from the
fact that o, is a middle comohology class if and only if o or —« is simple. Finally, for «, 8 as in 4.,
we have 04 U0y, (8) = Jx(0a U 0w (8)) = J« (17 0a,x UTuy(8)) = Ta,x UTuwy(s),x = 0a,p by Poincaré
duality in X (cf. Lemma [3.15)). O

Remark 4.20. Note that the same results hold for opposite classes o, with degree function given
by deg(c,) = dimY — deg(o,).
4.3.2 Non ambient classes and middle cohomology

The above proposition completely settles the computation of the cup product outside of the middle
cohomology HY"™Y (Y, Z). We now focus on the cup product on H"™Y (Y, Z).

Definition 4.21. Recall the notation &y = XN D, the set of simple roots of XN C A.

1. Define the matriz Iy = (0a,8)a,Be®y -

2. Let Cy be the Cartan matriz associated to X and defined by Cx = ((&¥, B))a.gedy -
Note that Cy is symmetric since all roots have the same length in N.

Proposition 4.22. We have the following intersection matrices.
1. (O'aUUB_)a,Bei’N = Ix.
2. O-—(XUU:[;{)OJ,BE(PN ZIN.

(
3. (oq U U:B)a,ﬁe‘I’N = Cy — 21Iy.
4- (
Proof. Let a, B € ®x.

Let 2y € Yo NYy . Then B <~ < « which implies « = v = . In particular Y, and Yy do
not meet unless &« = S. In this case we have Y, NY, = {z,} = Xo N X, and since the latter
intersection is transverse, so is the first proving 1. Item 2. follows along the same lines.

Let z, € Y_o N Y[;. Then 8 < v < —a. This is impossible so that Y, and Y[; never intersect,
this proves 4.

For 3., note that for z, € Y, NY "5, we have — < v < a. This is not possible for § = «a
since x_o ¢ Y, and xo & Y__. So this is possible if and only if a + 5 is a root. In this case,
we see that Y, N Y_g contains the line joining x_g and z, and the intersection is not transverse.
We use the equality j*oq,x U 0:5 = 04,X Uj*o:ﬂ = 04,x U Gﬂ_,X = Jq,8, the formula j oo x =

o
0o U0g)apedy =0.

0a+a—a+za+yea o_~ and the cases 1., 2. and 4. to get oaUo_ 5 = —0a+8en Where dqqgen =1
for a + 8 € A and 0 otherwise. We conclude by the fact that (—0atgea)a,ged, = Ox —2In. O

Definition 4.23. Let H(Y )na = Ker(ji|gaimv (yy) be the non ambient part of the middle cohomol-
ogy and let H(Y)dimY = Im(j* |[gaim v (x)) be the ambient part of the middle cohomology.
For o € Oy definel'y =04 —0_o and 'y, =0_

-0y -

[
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Lemma 4.24. The classes (I'y)acay form a basis of H(Y )na. The classes (I'] )acay form a basis

of H(Y )na.

Proof. By Corollary we have I'y, € H(Y)na and (I'a)aa, is a linearly independent family in
H(Y )ya. Furthermore, since 5*7, is bijective we have dim H(Y)d™Y = |®y|. Since dim HH¥™Y (V) =
2|®y| this gives dim H(Y ), = |®x| and finishes the proof. The proof for the classes (I'] )aca, is
similar. O

Lemma 4.25. We have the following intersection matriz: (I'y U FE)a,BeIm = Cyr —4Ix.

Proof. Follows directly from Proposition O
For a € @y, recall that j.o, =0, ¥ = Tuy(a),X = JxTuwy(a) With wo € W the longest element

of W (see Lemma , and similarly that j.oZ_, = 00X = O—wo(a),X = J+O—wo(a)-

Definition 4.26. Define the matrices A = (aa,8)a,ecdy and B = (by,g)a.pedy by the following
equalities:

0o =0_j(a) + Z aagl'g and o—, = Oi(a) T Z ba gl's
BEDPR BEDN

where i(a) == —wp(a) is the Cartan involution on ® (note that this involution stabilises Py ).
Proposition 4.27. We have B = (Cx — 31Ix)A.

Proof. Let a € @x. Since 06—, x = 0(a),x, by pull-back using Corollary and Remark we

get 05 + 020+ D seay. atpea s = Tita) T O i(a) T D pedy, atrpen —i(s)- By Definition
we get

i@+ D Ganly +Oi + Y baslyt D oie) + D asaly | =
YEPR YEPR BEDR, at+BEA YEPR

= Oi(a) T 0—i(a) + Z T—i(B)-
QEQN, Oé+ﬁ€A

Simplifying gives

> tanTy+ Y banly+ Y > ag, Ty =0

YEPN YEPN BEDN, at+BEA YEDPR

Thus B is obtained from A by left multiplication with the matrix (—du,8 — 0atBeA)a.Bedy =
Cy — 31x. L]

Definition 4.28. Define the matriz J = (jo,3)a,pe@x WY Ja,8 = 0a,i(3)-

Corollary 4.29. Let D = (do,g)a,ped, be the base change matriz from (o)aca, t0 (I'y)aca, i-e.
TS =2 seay da,plp. Then we have D = J + (Cx — 4Ix)A.

Proof. We have T, = 07, — 05 = Ti(a) + Y geay ba8T8 = 0 i(a) = 2 geay 4,605 = Ti(a) +
> ey (ba,5—0a,5)l'g, 80 D = J+(B~—A) and the result follows from the previous proposition. [

Corollary 4.30. We have the intersection matriz (I'; UT'5 ) peay = (J+(Cr —4Ix)A)(Cx —41lx)
and (v/=1)3MY (J 4 (Cx — 4Ix)A)(Cx — 41y) is positive definite.

Proof. The formula for the intersection matrix follows from Lemma and Corollary The
fact that this matrix multiplied by (v/—1)3™Y is positive definite is a classical fact from Hodge
Theory, see [Voi07, Theorem 6.32]. O

We recover the following well know fact on eigenvalues of Cartan matrices.
Corollary 4.31. The matriz Cy — 41y is invertible.

Lemma 4.32. The matrices J and Cx are symmetric and commute.
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Proof. We already remarked that Cyx is symmetric since the roots in ®y are of the same length.
Since i is an involution, we get J = J* = J~!. Finally, we have (i(a)Y,i(8)) = (aV, ) which
implies J'CyxJ = Cy proving the commuting relation. O

Corollary 4.33. The matriz A is symmetric.

Proof. The matrix (J + (Cyx — 4Ix)A)(Cx — 41Ix) is symmetric. Since J and Cy are symmetric and
commute, we get (Cyx —4Ixz)A(Cyx —4lz) = (Cx — 4Ix) A*(Cx —41yx) and since Cy — 41y is invertible
we get At = A. O

Proposition 4.34. Consider the matrices

J 0 J 0
M= ( A T+ (Cy—4In)A ) and N = ( B J+(Cx—4L)A )
Then M and N are involutive.

Proof. Let (f7)aex be the restriction to Hi(YT) of the equivariant classes of (Y, )aex. Re-
versing the one parameter subgroup defining the Bialynicki-Birula decomposition does not mod-
ify the graph of T-stable curves connecting T-stable points but changes the signs of weights.
This implies that f;(vg) = (=1)3™Yaf  (z_g). This in particular implies that expanding
the classes (f; )aex in terms of the classes (fo)aex yields the same formulas as expanding the
classes (fa)aex in terms of the classes (fy )aex. More precisely, if fi = > 5 Aa5fs, we have
fra = Y g(=1)dimYateodim¥s ) o f~ . In particular, restricting to non equivariant cohomology
and to middle cohomology, we get the equalities

O_q = ai_(u) + Z aa,sl's and o, = azi(a) + Z ba”gFE.
BEPK BEDR

This proves that the base change from the basis (I'y ) aca, t0 (I'; )acay is involutive and conversely
that the base changes from the basis (64, [a)aca, 10 (05,5 )aca,, which are given by the matrices
M and N, are involutive. This proves the result. O

Corollary 4.35. The matrices A and Cx commute and we have AJ + JA + (Cx — 4Ix)A% = 0.

Proof. The fact that M and N are involutive implies the relations AJ+J A+ (Cx —4Ix) A% = 0 and
(J+(Cr—41Ix)A)? = Iy. Taking the transpose of the first equality gives AJ+JA+A?(Cx—4Iz) = 0.
Furthermore, since J and Cyx commute, the second equality is equivalent to (Cyx —4Ix)(JA+ AJ +
A(Cx — 4Iz)A) = 0 and since Cx — 41y is invertible, this gives (JA + AJ 4+ A(Cyx — 4Ix)A) = 0.
We thus have the equalities

(Cn — 4In)A? = A%(Cy — 4Iy) = A(Cy — 41y)A.

Since A is a symmetric matrix with real entries, it is semi-simple and for any eigenvector v of A
with eigenvalue A # 0 the above relations imply that (Cx —41Ix)v is again an eigenvector for A with
eigenvalue \. Furthermore, A being semi-simple, we have Ker(A?) = Ker(A) and for v € Ker(A)
the above imply (Cx — 4Ix)v € Ker(A2%) = Ker(A). This proves that A commutes with Cyx — 41y
and thus with Ck. O

Theorem 4.36. We have the formula A = (J + (v/=1)4™Y I})(4ly — Cx)~'. Furthermore, we
have the following intersection matrices

(Ta UTg)asear = Ty UT3)apea, = (vV=1)""Y (4lx — Cx) and

(00 Uos)a e = 1 (T HZDIT(Ce =809 T+ (V=DT"Y(C - 31)
«@ B)a,BedyU—Dy 4IN _C& J—|—( /_:l)dle(CvN _3IN) J+(\/j1)dlrnYIN .
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Proof. The fact that the intersection matrices (I'o UT'g)a,seey and (I'y UT'; )a pea, are the same
follows from Pr0p051t10n The formula for this matrix is equivalent to the first formula thanks
to Corollary [£.30)

We now prove the equality (I'y; U)o gea, = (v/=1)4mY (4T, — Cy). By Corollary n the
intersection matrix is equal to (J+ (Cx —4Ix)A)(Cx — 41y). Since A, J and Cy are real symmetric
and pairwise commute, there exists a basis (eq)aca, Of common eigenvectors. Let aq, o and
Ao be the corresponding eigenvalues. Note that p, € {—1,1} since J is an involution and that
4— X\, # 0 since Cx — 41y is invertible. By Corollary [£.30]and Corollary [£.35] we have the following
two conditions on these eigenvalues:

2tate + Ao —4)a2 = 0 and (V=1)5"Y (g + (Ao — 4)aa) (Ao —4) > 0.

In particular 1o + (Ao — 4)aq = %1, and the eigenvalues of the matrix (v/—1)4Y (J + (Cx —
4In)A)(Cx — 41y) are given by

(V=" (10 + (Ao = Daa) Ao —4) = £(V-D)T o (Ao — 4).

Since this last matrix is positive definite its eigenvalues are equal to | £ (v/=1)4™ Yy (A, —4)| =
[Aa — 4] = 4 — A\y. The last equality follows from the fact that the eigenvalues A\, of the Cartan
matrix are strictly smaller than 4. In fact if )\, is an eigenvalue of Cyx then so is 4 — A, (see
[BLMS&9]) proving that 4 — A, > 0 since Cy is positive definite. We thus get (v/—1)4™Y (u, +
Ao —4)aa)(Aa — 4) =4 -\, and a, = M proving the first formula.

Proposition |4.22] Proposition “ 4.27| and the deﬁnltlon of the matrices A and B (see Definition
imply the follovvlng formula

(00 Uos) _ [ (Ox=2Ix)J 4+ (Cx —3In)*A  J+ (Cx —3Ix)A
« Bla,BEPRU—Py — J+ (CN _ 3IN)A A .

Expressing these matrices in the eigenbasis we get

(Ao = 2pta + (Ao = 3)%aa o + (Ao — 3)aq
to + (Aa — 3)aq g ’

/—7\dim Y
Replacing a,, by its value a, = %, we get

< ua+(r)d‘"‘y(/\ -3)?  pat (V=D (A —3) )

4_)\04 s
Ma_’_(\/f)dunyo\ _3) fat(v/=T)dmY
—Aa 4=Aa

proving the last formula. O
We recover results from [Benl§| for hyperplane sections in X = IGr(2,2n).

Corollary 4.37. In particular if dimY = 2 (mod 4) and J = In we have A = 0, the intersection
matrices (T'q UTg)a,ged, = 4Ix — Cx and

Cx — 21y In
(Ua U UB)Q,BE‘EQU*@« = ( I 0 .

This occurs for X = OGr(2,2n + 1), X =1Gr(2,2n) or X of (co)adjoint type for the group Fy.

For a € &y, we write

0l =Y (Papos+dapo—p) and 0¥ = > (rap0s + 5a,50-5).
BeEDy BEDy

Set P = (pa,g)a.pedns @ = (qa.p)apewn, B = (Tap)apeay and S = (Sa,8)a.pedy-
Proposition 4.38. Set ¢ = (v/—1)4mY . We have the equality

P Q . B _1 J +ely —J — E(CN — 3IN)
( R S ) = /(4 = Cx) ( _J—e(Cr—3Ly) J4e(Cr—3L0)° )
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Proof. The above matrix is the inverse of the matrix (04 U 08)a,gecdzu—a,. Since J and Cx
commute and from Theorem we have

PQY_ o J+ (V=D)dmY (O — 310)2 T+ (V=D)mY (Cx — 3Iy) \
R S *( R N) J+ (\/jl)dimY(CN _ 3]}:) J+ (\/_71)dimYIN .

The above inverse is easily computed since all matrices involved in the blocks commute. We get

imY ;-1 —241 J 4 (V-1)4mY, —J — (V=1)3mY(Cy - 3Iy)
(\/jl)d Y 4y — Cy) + < fJ*(\/jl)dimY(CNi?)IN) J+(\/j1)dimY(CNzi 3IN)NQ )

The result follows from this and the fact that J~! = .J since J is involutive. O

Ezxample 4.39. 1. For G not of type A, we compute the class O'(\I/O —I—U!ao as a linear combination
of classes (0, 0—a)acdy- Since we are computing this sum, we consider the sums P+ R = J
and Q+ S = J(3Ix — Cy) and we are looking for the line corresponding to the root ag. Since
i(ag) = ag, we may ignore the matrix J and we get

\% \ -
T + O_ap = Tap T O —ayt+ E : 0-p =] Oap,X-
BEPR,(BY,0)<0

2. For G of type A, we can use the same technique and we get

Vo,V _ v v _ ax
0oy T0 0, =0a,+0-a,+0-a, , = 0a,x and o, +0", =00, +0_a,+0_a, = J 0a, X

4.3.3 Generators and relations

At this point, one may notice that a multiplicative set of generators of H*(Y') is given by a set
of generators of 7* H*(X) and the classes o_, for a > 0 simple. This comes from the fact that
the multiplication by the hyperplane class generates all classes o_g for 8 > 0 non simple (by
Lefschetz hyperplane theorem). Moreover notice that all intersection products can be derived from
the Chevalley formula, the intersection product inside j* H(X) and the results in the previous
section. Since we have described a set of generators of H*(Y'), we want to recover a complete set
of relations. Let us suppose that

where 7% is a generator of degree d; and R; are homogeneous relations. We will suppose that 7%
is the class of a hyperplane section of X C P(V). Notice that the generators can be chosen so that
their degree is < dim(X)/2 because multiplication by the hyperplane class generates all classes of
degree > dim(X)/2 (again by Lefschetz hyperplane theorem). We will denote by 7; := j*n;*. The
following lemma is a general result for hyperplane sections.

Lemma 4.40. If R is a relation in H*(X) and RX = nX QX for a certain element QX € H*(X)
then 7*QX = 0. All the relations in j* H*(X) are either of this kind or the pull-back of a relation
in H*(X).

Proof. Since j.j*(e) = nX U e, it is clear that if R is a polynomial in the variables 7, - Mg
which vanishes inside j* H*(X), then j,R = n{* RX, where R¥ is the same polynomial R but in
the variables 75, - - - ,175( ; thus either RX = 0 or X R* = 0. The first assertion is a classical fact
about hyperplane sections. O

Let RX be a relation in H*(X). We define R as follows:

R 0Q% if RY = Q*,
' R := j*RX  otherwise.

Let us denote by J the ideal generated by Rit,---,RX, and by j*J the ideal generated by
all R’s obtained from all relations RX € J. The previous lemma proves the equality j* H*(X) =
Qlm, -+ ,ngl/3*T. Let us denote by a1, - - - , a,, the simple roots in ®x and let [pt] = L(n1,--- ,n4) €
H*(Y).
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Theorem 4.41. The cohomology of Y admits the following presentation

H*(Y) = Q[nla 3Ny O—ayy " * 7U—an]/I7

where T is the ideal generated by 7*J and the following relations:
(0—aij)i<i<nackzg = (7 (4 = O%) " o—a, x)0; ))1<i<n 1<k<gs

(0—a;0—a;)1<ij<n = (J + (V=11 Y 1) 4Ty — Cx) " L(ny, - -+ ,my).
Remark 4.42. Notice that:

1. in the second set of relations, (4Iy — Cy)~* : HHMEO+L(x) 5 HIMEO=1(¥) is the inverse
of the multiplication by the hyperplane section in the two basis 0_o, x, - ,0-q,,x and
Oa1,X5" " y0a,,X;

2. 04, x can be expressed in terms of the generators 7", -, 7" using the Giambelli formulas
for X, thus the RHS of the second set of relations (and of the third set of relations) is a
polynomial in 7%, - - - 7175(;

Proof. The first set of relations are a consequence of Lemma [4.40] while the third set of relations
are a consequence of Theorem Let us deduce the second set of relations. In order to do so, we
want to compute coefficients cj such that o_n, Un; = EBEN CiB,jUB~ Note that, in such a situation,

if the coefficient cg ; 1s non-zero then (3 is negative and not simple. Then, by Corollary
Jx(0—a; Unj) = X gen C?,]»Uﬁ,x- Moreover, by the projection formula, j.(0_q, Un;) = 0_q, x Uan.
Now, from the Chevalley formula for X, we know that the multiplication by the hyperplane class 7;<
from the dim(X)—1-cohomology of X to the dim(X )+ 1-cohomology is given by the matrix 47 —Cy.
Thus, by inverting this matrix, one gets that j.j*((4I — Cx) "o o, x Un)) = 0 0, x UnS =
j+(0_a, Un;). Therefore we easily obtain that oo, Un; = j*((4] — Cx)"'0_q, x Un;), and the
RHS is computable in the cohomology of X.

In order to prove that these relations generate the ideal I, consider an element R in I. Modding
out by the second and third set of relations, R can be rewritten as P + > a;0_,, with P €

Q[m,--- ,nn] and a; € Q for 1 < i < n. Since this element R vanishes in the cohomology of Y, we
have that a; = 0 for all 1 < < n and, by Lemma [£.40] P € j*J. O

As an application let us explicitly give a presentation of the classical cohomology for hyperplane
sections of the adjoint and coadjoint variety of Fy. We will use the presentation of cohomology
of X as it appears in [CP11] (for Giambelli formulas, we will refer to its companion file [CP09]).
Notice that in both cases we have

A=0, 4 —Cy = (? ;) and (41 — Cy) ™t = (_21/;’3 _21/é3> :

We will denote by oy, a2, as, ay the simple roots of Fy, following Bourbaki’s convention [Bou02].

Fs-adjoint: Let X = F,/P; be the adjoint variety of Fy, and let Y C X C P(f4) be a general
hyperplane section. A presentation of the cohomology ring of X is given by

H*(X) = Qlhx,sx]/J, with J = (b5 — 125%,3h3% — 18h% sx + 24h%s% + 8s%),

where hx is the hyperplane class of degree one and sy is a class of degree four. By the Giambelli
formulas we have 0,, x = 3/8h% — 5/4h%sx and 04, x = —1/8h% + 1/2h%sx. After some
computations we obtain that

7T,
240 _ o, h — 5h® + 24h%s, 240 o, h + 4h® — 18h%s,

240, 5 — 5h7s + 24h3s? 240, s + 4h7s — 18h3s2,

2 2
G—oq ) G—az’ G—alg—az

H*(Y) = @[h7 5,0 —ay) Jfa2]/
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F4-coadjoint: Let X = F,/P, be the coadjoint variety of Fy, and let Y C X be a general
hyperplane section. A presentation of the cohomology ring of X is given by

H*(X) = Qlhx,sx]/J, with J = (2h% — hsx + 3s%, —11h3% 4+ 265 sx + 24h% 5% ),

where hx is the hyperplane class of degree one and sy is a class of degree four. By the Giambelli
formulas we have 0., x = h% — 2h%sx and 04, x = —2h% + 5h% sx. After some computations
we obtain that
7T,
. _ 30 _ayh 4+ 9h8 304, h — 5h® + 12h%s,
(V) = Qlh, 5,005, 0—al/ 30 035+ 9h7s,30 4,5 — 5h7s + 12h3s2,

J—a33 J—a43 J—asg—a4

5 Towards quantum cohomology

In this section we describe moduli spaces of stables maps to Y and give techniques to compute
Gromov-Witten invariants on Y. In particular, we compute a quantum Chevalley formula and
prove results on the semi-simplicity of the quantum cohomology of Y.

5.1 Moduli spaces of curves

In this subsection we prove basic results on moduli spaces of stable maps to Y a general hyperplane
section of a (co)adjoint variety X. We start with general results on rational curves on linear sections
of homogeneous spaces.

5.1.1 Linear sections of homogeneous spaces

Let Z be a smooth projective variety, fix a non degenerate embedding Z C P(V') and set Oz(1) =
Op(v)(1)|z so that VY = HY(Z,04(1)). For n € Hy(Z,Z), set d = (Oz(1),n) where (—,—) is
the pairing between divisors and curves on Z. Let M ,(Z,n) be the moduli space of genus zero
n-pointed stable maps to Z of class 7. Recall that the expected dimension of Mg, (Z,7) is

expdim(ﬁ07n(2, n)=(—Kx,n) +dimZ +n—3

and that any irreducible component of M ,,(Z,n) has dimension at least expdim(Mg ,,(Z,n)).

For all i € [1,n], we have evaluation maps ev; : Mo ,(Z,n) — Z and forgetful maps 7 :
Mo nt1(Z,m) — Mon(Z,n). These maps induce the following diagram with e := ev, ;1. We
denote by F := m,.e*Oz(1).

Moni1(Z,n) ——=2Z
M07n(z7 77)

Lemma 5.1. The sheaf F is locally free of rank d + 1 and Rim.e*Oz(1) =0 fori > 0.

Proof. Let f:=(f:C — Z,p1,-+ ,pn) € Mo.n(Z,n). We have an isomorphism C ~ 7~!(f) and
€Oz (1)]-1(7) = [7Oz(1). Furthermore, since Oz(1) is globally generated, so is f*Oz(1). Since
C is rational, we have R'm,e*Oz(1) = 0 for i > 0 and F is locally free of rank dim H°(C, f*Oz(1)).
The result follows. O

Note that we have a map H?(Z,0z(1)) ® Oy, (zm) — F whose restriction to the stalk at
f=(f:C—Zp1, ,pa) € Mon(Z,n) is given by H%(Z,0z(1)) — H(C, f*Oz(1)).

Definition 5.2. A map f = (f: C — Z,p1,-+ ,pn) € Mon(Z,n) is called non-degenerate if the
restriction map H°(Z,0z(1)) — H°(C, f*Oz(1)) is surjective.
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Note that f is non-degenerate if and only if the map H%(Z, 02(1))®05z, (2. — F is surjective

at f. In particular, the locus of non-degenerate stable maps is open. Let Maeg(Z) C Mo ,.(Z,n)
be the locus of maps which are degenerate.

Remark 5.3. Let f = (f:C — Z,p1,-++ ,pn) € Mo.n(Z,7).
1. Assume that d = 1, then f(C) is a line in P(V) and f is always non-degenerate.

2. Assume that d = 2, then f is non-degenerate except if f(C) is a line and f: C — f(C) is a
double cover. Indeed, otherwise f(C) is a conic in P(V') and spans a plane.

Let j : Z' C Z be a general linear section of codimension r such that j. : Ho(Z',Z) — Hy(Z,Z)
is an isomorphism (for example dim(Z’) > 3). We may thus consider 7 as an element of Hy(Z',Z).

Proposition 5.4. Assume that Mo ,(Z,n) is of expected dimension and let Z' C Z be a general
linear section of codimension r.

1. Any irreducible component of Mo n(Z',n) \ Macg(Z') is of expected dimension.
2. If Mo,n(Z,n) is smooth or has rational singularities, then so is Mo, (Z',1) \ Maeg(Z').

Proof. We may work over Mo ,(Z,1)\ Mdeg(Z). Let ¢ € Hom(O%, Oz(1)) be the map defining Z’.
Then ¢ induces a map O" — F and My, (Z’,n) is the vanishing locus of this map in Mo ,(Z,n).
Since F is globally generated on M ,(Z,1) \ Maeg(Z), the result follows from classical results on
sections of globally generated vector bundles that we recall in Lemma [5.5] O

Lemma 5.5. Let M be an irreducible variety and F be a globally generated vector bundle of rank
d+ 1. Assume that the zero locus V(p) of a general map ¢ : Oy — F is non empty, then V()
is equidimensional of dimension dimV (¢) = dim M — r(d 4+ 1).

1. If M is smooth, then V(p) is smooth.
2. If M has rational singularities, then V (p) has rational singularities.

Proof. We include a short proof for the convenience of the reader. We identify the sheaf F with
the associated vector bundle F — M over M. By assumption, the vector bundle map

p: HY (M, F') x M — F"

is surjective and linear of maximal rank on the fibers over M. Let My C F be the zero section
which is isomorphic to M and therefore smooth. The inverse image p~!(Mp) is therefore also
smooth and of dimension dim M + dim H°(M, F") — r(d + 1). We have a map

mip (Mo) — HO(M,F")

given by the first projection and for ¢ € Hom(O%,,F) = H(M, F"), the vanishing locus V(¢)
is the fiber 7~!(yp). By assumption, this map is dominant. The first assertion follows from the
generic dimension of the fibers of 7.

(1) Follows from generic smoothness of the fibers of 7.

(2) Follows from a similar general rational smoothness result of Brion, see [Bri02, Lemma 3]. O

Remark 5.6. In items 1. and 2. of Proposition we may have Mg, (Z',n) = Maeg(Z
In particular, if 7 > dim H°(Z,0z(1)) — d this is always the case. Indeed, if f = (f : C
Z,p1,-++ ,pn) is a non degenerate map and r > H%(Z,0z(1)) — d, there exists no map ¢ : Of
Oz(1) with dim(p(H°(Z,0%))) = r such that the composition H%(Z,0%) 5 H(Z,04(1))
H°(C, f*Oz(1)) vanishes.

/)'
—
—
—

We now apply the above results to linear sections of rational projective homogeneous spaces.
We first recall few facts on Mo ,(Z,n) for Z a projective rational homogeneous space.

Theorem 5.7 (See [Tho98|,[KP01],[Per02]). For Z a projective rational homogeneous space and

n effective, the moduli space Mo ,(Z,n) is irreducible, rational and has rational singularities.
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Corollary 5.8. Let Z C P(V) be a projective rational homogeneous space with Pic(Z) = 2O z(1).
Write w,' = Oz(c1(Z)) with ¢1(Z) > 0. Letn € Ho(Z,Z) an effective class and set d = (Oz(1),n).
Let Z' C Z be a general linear section of codimension r < dim Z in Z.

1. Ifd =1 then any irreducible component of Mo, (Z',n) is smooth of expected dimension.
2. If d=1 then My, (Z',n) is non-empty for r < c1(Z) — 2 and irreducible for r < c1(Z) — 2.
3. Ifd=2 and r < c1(Z) — 2, then Mo, (Z',n) is non-empty of expected dimension.

4. Ifd =2 and r < ¢1(Z) — 2, then Mo, (Z',n) \ Maeg(Z') is non empty, has rational singu-
larities and is dense in Mo, (Z',n).

Proof. (1) For d = 1, there is no degenerate map and the moduli space of maps to homogeneous
spaces is smooth by a result of Landsberg and Manivel, see [LM03]. This proves the result.

(2) We may assume n = 1. Consider the map evy : Mo 1(Z,n) — Z whose fiber F, over
z € Z is a smooth projective variety (by Landsberg and Manivel [LMO03], in this paper the set of
lines in a variety X through a point z is denoted by Base|IE‘IF§(7m|) of dimension ¢;(Z) — 2. For
2z € Z', the subset of elements in F, that are contained in Moﬁl(Z’ ,M) is given by a linear section
of codimension r in F, (whose embedding is given by the projective space of lines through z). The
fiber is non-empty as soon as r < ¢;(Z) — 2. Furthermore, for r < ¢1(Z) — 2, the fiber is connected
by [FH79] and thus Mo 1(Z’,n) is connected and since it is smooth by (1), we get the irreducibility.

For (3) and (4), we first remark that My, (Z’,n) is non empty since it contains the locus of
double maps to a line and since the space of lines is non-empty by (2). We compute the dimension
dim M geg(Z') of degenerate maps which is given by the dimension of double covers to lines in Z’.
By (1), we get dim Mgeg(Z2') = dim Z 4+ ¢1(Z) +n — 3+ 2 — 2r < expdimM ,,(Z’,n) with a strict
inequality for r < ¢1(Z) — 2. This proves the result, noting that in (4) the degenerate maps have
a too small dimension to form an irreducible component, while in (3) for r = ¢1(Z) — 2, the space
M geg(Z') will form an irreducible component. O

Remark 5.9. We discuss on the condition r < ¢1(Z) — 2 in (2) and (4) above.

1. The conditions r < ¢1(Z) — 2 and r < ¢;(Z) — 2 are not sharp in (2) above. Indeed, consider
Z = Gr(2,5) and Z’ C Z be a general linear section of codimension 4. Then Z’ is a del Pezzo
surface of degree 5 and does contain lines. If we consider Z/ C Z a general linear section of
codimension 3, then Z’ is the Fano threefold of degree 5 and r = 3 = ¢1(Z) — 2. However, it
is well known that the Fano variety of lines in Z’ is isomorphic to P2 and therefore irreducible
(see for instance [KPSI6]).

2. The condition r < ¢;(Z) — 2 is sharp in (4) above. Indeed an easy dimension count shows
that dim M geg(Z') = expdimM ,(Z’, n) so that degenerate stable maps form an irreducible
component. For example, consider again Z = Gr(2,5) and Z’ C Z the general linear section
of codimension 3 which is the Fano threefold of degree 5. It was proved in [FGP19] that for
d = 2, the space Mg ,(Z',n) has two irreducible components, both of expected dimension,
one of which is formed by degenerate conics.

5.1.2 Lines inY

We now apply the above results to a general hyperplane section Y in an adjoint or a quasi-minuscule
variety X. We start with basic results on lines.

Proposition 5.10. Let X be an adjoint or a quasi-minuscule variety with Pic(X) = Z and let
Y C X be a general hyperplane section. Let n € Ha(X,Z) with d = (Ox(1),n) = 1.
Then Mo (Y, n) is smooth irreducible of expected dimension.

Proof. If X is a projective space or a quadric, then all the assertions are true, so we may assume
that X is neither a projective space nor a quadric.

If X is not adjoint of type G2, we have ¢1(X) > 4 and the result follows from Corollary
For X adjoint of type Ga, then ¢;(X) = 3 and we need to use a different technique. Note that
the Fano variety of lines is F(X) = G2/P» and is a smooth quadric. Furthermore, our result on
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T-stable curves prove that all T-fixed points in F'(X) also lie in F(Y'), the Fano variety of lines
in Y. Now since F is globally generated on all Bialynicki-Birula cells, the restriction of the open
cell of F(X) is open and dense in F(Y) and since it contains a unique T-fixed point it must be
connected, proving the result. Note that this proof works in all (co)adjoint cases. O

We can give more precise results on lines. Let F(X) denote the Fano variety of lines inside X,
and let F(Y') denote the Fano variety of lines inside Y. Note that we have FI(X) = Mg (X, n) and
F(Y) = Mgo(Y,n) where (n,0x(1)) =1 (in type A there are two families of lines). Clearly F(X)
admits an action of G, induced by the action of G on X. It turns out that F(X) is a homogeneous
variety when X is an adjoint variety; in [LMO03], a complete description of F(X) when X is adjoint
is given (the result in [LMO03] also applies in a more general case than X adjoint). In Table [9] we
report the list of Fano varieties F(X) when X is adjoint. From now on, we will leave aside the C,,
case because the geometry of P2"~! is well known. Notice that in the A,, case we reported the two
families of curves corresponding to the two generators of Ho (X, Z).

G g Adjoint variety Fano variety of lines
Ap,=SLpt1 sl Fl(L,nsn+1)  Fl2,nn+1)UFI(1,n—1;n+1)
B, =S02p4+1  $0,041 OGr(2,2n+1) OF(1,3;2n+1)

D,, = Spin,,,  50,, OGr(2,2n) OF(1, 3;2n)

Gy 9. G /Py Go/P, = Qs

P fs /P Fy/Ps

E6 (43 EG/PQ E6/P4

E7 ¢ E7/P1 E7/P3

Eg (4] ES/PS Eg/P7

Table 9: Fano varieties of lines of adjoint varieties

In the coadjoint situation, the interesting cases are given by the C, and the F, groups, as
already remarked in the previous sections; the Fano variety of lines, even though it admits an
action of (G, is not homogeneous in these two cases.

e X =1Gr(2,2n): the Fano variety F(X) is a subvariety of F(1,3,2n), that is the Fano variety
of lines of Gr(2,2n). As a subvariety of F(1,3,2n), the variety F(X) is the zero locus of a
general section of the vector bundle U ® (Us/Uy)*; indeed, a general section of this bundle
is a non degenerate skew-symmetric form, and the condition that defines the zero locus is
exactly the one that ensures that the corresponding line is contained inside IGr(2,2n). Notice
that F'(X) contains the homogeneous variety IF(1,3,2n) as its hyperplane section.

e X = Fy/Py: in this case, recall that X is a hyperplane section of Fg/Ps C P(J3(Q)). More-
over, by [LMO03], the Fano variety of lines of Eg¢/Ps is F(Es/FPs) = Eg/Ps C Gr(2, J3(0)).
Thus, F(X) C Eg/Ps is the zero locus of a general section of Us g,/ p, -

5.1.3 Conics in Y

We turn to the moduli space of stable maps of degree 2.

Theorem 5.11. Let X be an adjoint or a quasi-minuscule variety and let Y C X be a general
hyperplane section. Let n € Ho(X,Z) with d = (Ox(1),n) = 2.

1. If X is not the adjoint variety of type Gz, then MO,H(Y, n) is irreducible with rational singu-
larities outside of Maeg(Y') and of expected dimension.

2. If X 1is the adjoint variety of type G2, then MOJL(Y, 1) has two irreducible components, both
of expected dimension, one of which is formed by degenerate conics.

Proof. We may assume that X is neither a projective space nor a quadric. In particular ¢;(X) > 3
and Corollary implies that Mg, (Y,n) is of expected dimension dimY + 2¢;(Y) +n — 3.

Note that degenerate conics are given by double covers of lines. In particular dim M geg(Y) =
dimY + ¢;(Y) +n — 1 and in all cases except if ¢1(X) = 3 degenerate curves will not form an
irreducible component. The only case for which ¢;(X) = 3 is the adjoint variety of type Gs.
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We are left to prove that Mg, (Y,7)\ Maeg(Y) is irreducible. Since it has rational singularities
by Corollary it is enough to prove that it is connected. Set My = Mg, (Y,n) \ Maeg(Y) and
Mx = Mo ,,(X,n)\ Maeg(X) and recall that My is the zero locus of a rank 3 vector bundle F on
Mx. Recall also (e.g. from [Laz04, Remark 6.2.18]) that F is k-ample if Op,, (7)(m) is globally
generated for some m > 0 and if the map Pary (F) = P(H?(Pary (F), Op,, (F)(m)) has fibers of
dimension at most k. A result of Tu ([Tu90], see also [Laz04l Remark 7.2.11]) asserts that if F is
k-ample, the zero locus of a general section of F is connected if dim Mx > Rk(F) + k. We claim
that F is 2¢1(X) + n — 2 ample and since dim My — Rk(F) — (2c1(X)+n—2)=dimX —4 >0
the result will follow from this claim.

To prove the claim, first note that by construction F = m,ev*Ox(1). For f € Mx let C be the
conic image of f and (Cy) be the plane generated by this conic (this is indeed a plane since f is non
denegerate). We thus have Pr (F) = {(f,2) | f € Mx,z € (Cy)}, the line bundle Op,, (7)(1)
is globally generated and the map ® : Pys, (F) — P(HO(Pasy (F), Op,, (7)(1)) is simply given by
(f,x) — x. Note that the map ® is G-equivariant and that its image contains X as unique closed
G-orbit (in fact X is the unique closed G-orbit in P(V)). In particular, the dimension of the fibers
®~1(x) is maximal for z € X.

Let z € X, then ®'(z) = {f € Mx | z € (Cy)}. Let f € @' (x) and P = (Cy). If x & Cy,
then P N X contains « and the conic Cy. But since X is cut out by quadrics, this implies that
P C X. In particular @ (z) = {f € M, |z € C;} U{f € Mx | z € (Cy) C X}. By a result of
Landsberg and Manivel [LM03] the dimension of planes contained in X is known and the second
part of this union has dimension smaller than 2¢;(X) 4+ n — 2. The first part is the fiber of the
evaluation map and has dimension 2¢; (X) 4+ n — 2 proving the claim. O

5.2 Comparing Gromov-Witten invariants in X and Y

In this section we compare Gromov-Witten invariants in Y with Gromov-Witten invariants in X.
Note that for Gromov-Witten invariant of degree 1 or 2, since the moduli space Mg, (Y,n) has
expected dimension, the virtual class is the fundamental class and therefore, for ox,o%,0% €
H*(X,Z) and oy, 0% ,0% € H*(Y,Z), we have by definition:

/ "\ X * * * I
(ox,0%,0%), :/7 ( )evlax Uevsoy Uevioy and
Mo,3(X,n

<oy,o§/,ogﬁ>,}][ = /7 ( )evlay Uevioy Uevioy.
Mo,3(Y)m

Lemma 5.12. Let j: Y — X be the inclusion and let n € Ho(X,Z) with (n,Ox (1)) = 1.
Let Z,7Z' C'Y be two closed subvarieties such that Z N Z' = 0. Then for any 7x € H*(X,Z)
we have ([Z],[Z'], 7" 7x)Y = (j«1Z], 4«1 2], 7x )7y

Proof. Consider the following diagram:

Moo (Y,n) — Mo2(X,n)

eV1‘2\L J/evl,z

vz 1 L x?
Since any line in X meeting Y in two points is contained in Y, we have the equality i(evfé(Z X
zZ") = evfé(j(Z) x j(Z")). Since furthermore both maps evy o are flat outside the diagonal i.e.
over X2\ Ax and Y2\ Ay (in fact the above square is Cartesian away from the diagonals), we
get the equalities:

ivevio([2) x [27]) = [evin(Z x Z")] = [evi5(i(2) x §(Z"))] = evi 5 (5.1 2] % j.[Z')).
We thus have
((2],12"),577x)y = gy yovm ©V12([2] X [Z']) Uevij*rx
= Jito s (v €V12([Z] X [Z']) UiteviTx
= Jito.5xm) €Y1, 2Jx([Z] X [Z2']) UeviTx
= (4«12, 5:12"], Tx>nX,
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proving the result. O

Proposition 5.13. Letoy,0% € H*(Y,Z) and 7x € H*(X,Z) with deg(tx) < c1(Y) = c1(X)—1.
Let j 'Y — X be the inclusion and let n € Hy(X,Z) with (n,0x(1)) = 1. Then we have

<O—Ya0—g/vj*TX>nY = <j*O—Y7j*O—g/7TX>7)]('

Proof. First note that the degree conditions on both sides agree so that these invariants can only be
simultaneously non-zero. Note also that if these invariants do not vanish, then deg(oy )+deg(oy) =
dimY 4¢1(Y)—deg(rx) > dimY. In particular, for d = deg(oy) and d’ = deg(o%,) fixed, the basis
([Ya])a of classes of Schubert varieties in H2?(Y,Z) and the basis ([Ys ) of classes of Schubert
varieties in H24 (Y, Z) are such that Y, N Y; = 0. We may therefore assume that oy = [Z] and
0%y = [Z'] are effective classes with Z N Z" = (). The result now follows from Proposition O

5.3 Quantum Chevalley formula

For simplicity of the exposition, we agssume that X is adjoint and quasi minuscule with Pic(X) = Z.
The only case not treated is therefore the adjoint variety of type A. We will give a description of
QH(Y) for Y C X a general hyperplane section for X adjoint of type A in the appendix.

We first prove that the previous comparison result together with a unique invariant in degree 2
for adjoint varieties gives a complete formula for the quantum multiplication by h, the hyperplane
class in Y. Let [pt] be the class of a point in Y and [line] be the class of a line in Y.

Lemma 5.14. Assume that X is adjoint or quasi-minuscule and let h be the hyperplane class in
Y. Then the only non-vanishing Gromouv- Witten invariants of the form {oy, 0%, h>nY are obtained
Jor (n,0x(1)) = 1 or for the invariant ([pt], [line], h)}" for X adjoint and (n, Ox (1)) = 2.

Proof. Set d = (n,Ox(1)). The Gromov-Witten invariant (oy, 0%, h)) vanishes unless we have
degoy +degoiy +degh = dimY + deq (V). In particular de; (Y) < dimY + 1.

For X coadjoint non-adjoint, this implies d < 1. If X is adjoint then dimY = 2¢;(Y), we get
de1(Y) < 2¢1(Y) 4+ 1 and therefore d < 2. Furthermore, for d = 2, we get deg(oy) + deg(cy) =
2dim Y —1. The only possibilities (up to exchanging oy and o},) is therefore obtained for deg(oy ) =
dimY and deg(o},) = dimY — 1, proving the result. O

Proposition 5.15. For X adjoint and nn € Ha(X,Z) with (n,Ox (1)) = 2, we have
<[pt]a [line]a h>7]Y =2.

Proof. Note that ([pt], [line], k)) = 2([pt], [line])) and this last invariant is the number of conics
passing through a given point and meeting a given line.

Let © = x¢ = [ve] and y = x_g = [v_g]. The unique conic in X passing through z and y is
explicitly given by [s%ve + st[ve, v_e]+t?v_g] (this is also the closure of exp(sad,, ) -7_e, s € C).

Consider a general line L passing through y in X. Note that the space of all lines through
y is homogeneous under a Levi factor of G, so that L = SLs -y for some subgroup SLy; C G. In
particular there exists z € b with ad? = 0 such that [exp(uad.)-v_e] € L and [exp(uad.)-ve] = ve
for all u € C. The locus S covered by all conics in X passing through z¢ and meeting L is therefore
the closure of {[exp(uad,) - (s?ve + st[ve,v_e] +t*v_g)] | 5,t,u € C}. A computation gives

exp(uad,)-(s?ve +st[ve, v_e|+t?v_e) = s2ve+stulz, [ve,v_e|]+stlve, v_e|+ut?[z,v_e|+t*v_e.

We work in the space W = (ve, [z, [ve,v—_6]], [ve, v-6], [z, v—6],v—o) and the above vector is given
by [s? : stu : st : ut? : t2] € P(W) = P4 The locus S is therefore given by the following equations
in P(W): zoxg— x% = x124 — X223 = ToT3 — 122 = 0. The locus covered by conics in Y meeting x
and L is therefore the intersection of S with the hyperplane (h = 0). We know that this hyperplane
(h = 0) has to contain x and L so its restriction to P(W') has to contain [1 : 0 : 0 : 0 : 0] and
[0:0:0:a:b] for all [a:b] € PL. In particular the restriction of the equation (h = 0) to P(W) is
of the form Az; 4+ pxo = 0. The intersection with S is therefore given by the union of the line L
with the conic in P(W) given by the following equations:

AT1 + pxe = A\xs + puxy = Aroxs + ,u:v% =0.

In particular, there is a unique conic joining « and L in Y, proving the result. O
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For x = ) .4 Taw, recall the definition of the support Supp(z) of x and recall from the
discussion before Theorem the definition of || = |Supp(z)| and of ||z| = max{|z.| | o € D}.
If P is a boolean property, we write dp the function such that

5o — 1 IfPis true
P=Y 0 IfPis false.

Recall that the quantum Chevalley formula is well known for homogeneous spaces.

5.3.1 Adjoint case

We first consider the cases for which X is adjoint not of type A. Let hyx be the hyperplane class
in X and recall the quantum Chevalley formula for X (see [FW04] or [CPII]). Recall also that ag
is the unique simple root with (O, ag) # 0.

Theorem 5.16. Assume that X is adjoint not of type A and let o € N.
1. Ifa>0, then hx x0q,x = hx U0a,x + 0a=a0q-
2. If <0 and a # —0O, then hx x04,x = hx Uoq x + |(@V,a>|q‘<@v’“>|086(a)7x.
3. Ifa=—0, then hx 0o, x = q0_ay,x + 2¢2.
We now prove the following result.

Theorem 5.17 (Adjoint Quantum Chevalley formula). Assume that X is adjoint not of type A
and let Y C X be a general hyperplane section. Let o € N.

1. If >0 and deg(on) < c1(Y) — 1, then hx oo = hUog,.
2. If > 0 and deg(o,) = c1(Y) — 1, then hx oo = h U 0 + ||]|gday<a-
3. If a is simple, then hx o4 = hU g + qghag<a-
4. Ifa<0and |©+a| > 2, then hx oo =hUo, + [(0Y,a)|¢© oy o).
5. Ifa<0and[®@+a| =1, then hxoog =hUoa+q(0ag +0—a0 + X geay,(5v,a0) <0 T—5) +20°-
6. If « = =0, then hx 0o = 2¢°h + 43 eq (v agy<0 [ (73 00)|T s (a0)-
Remark 5.18. In the above formulas, we want to emphasize the following:
1. For o simple, we have hx o, = hx0_4,.
2. If a=ap— O, we have hx 0o = hU0q + qj*0a, x + 2¢°.
3. If a = —O, the Chevalley formula in X gives hx 04 = 2¢°h + gh U 0_,.

Proof. Note that the non quantum part of the product h x o, is given by the classical Chevalley
formula (see Corollary [4.18)). We may thus write

hxo=hUoa+ Y (hoa08))qos.
d>0,8€R

(1) There is no quantum correction for degree reasons and the result follows.

(2) Since deg(o,) = ¢1(Y) — 1, the only non-trivial Gromov-Witten invariant is (h, o4, [pt])} =
(hx,j«0a,[pt]):. But because of the value of the degree, we have o, = j*0, x therefore j.o, =
JeJ*0ax =hxUoax = Zﬁecb, <Bv’a>>0(ﬁv, @)044(a),x- The roots sg(a) appearing in the former
sum are simple and the invariant (hx, o, (), x, [pt])s¥ vanishes unless sz(a) = ap and is equal to
1if sg(c) = . This proves the result.

(3) If « is simple, the only non-vanishing Gromov-Witten invariants are in degree 1 and of the

form (h,o,,[line])} = (hx,ji0+a, [line])y = (hx,0_q x,[line])¥ (note that the same occurs for
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0_q which leads to the formula hx 0, = h* 0_, for a simple given in Remark [5.18(2)). But we
have (hx,0_q x, [line])s = da—a,, proving the result.

(4) Assume that o < 0 and |© + «| > 2. Then deg(o,) € [c1(Y) + 1,2¢1(Y) — 2]. The
only non vanishing Gromov-Witten invariants are in degree 1 and of the form (h,aa,al\{ﬁ with
deg(op) = deg(0a) + 1 — c1(Y). In particular, for such invariants, we have o = 05 = 0y (p)-
Indeed, for § > 0, we have j.oy = j.o; = 05 x = OY X = Owe(8),X = JxTuwy(g)- Therefore, we have
<h,0a,02§>¥ = (h,0a: Owo(3))] = (X, 0a,x, Tuwo(8),x)1 = <hX,0a,X,J/\3/,X>{( proving the result.

(5) If @ < 0 and |© + | = 1, then deg(on) = 2¢1(Y) — 1 and 0, = [line]. The only non-
trivial Gromov-Witten invariants in degree 1 are (h,04,045)7 = (hx,j«0a,jx0+5)7 where (3 is
a simple root. We thus have (h,04,045)) = (hx,[line],0_5.x)% = 65.4,, proving the formula
hxoq =hUoqs +q(o), +0Y,,)+ 2¢>. The result follows by applying Exampe @

(6) If @« = —O then deg(o,) = 2¢1(Y) and o, = [pt]. The only non-trivial Gromov-Witten in-
variants in degree 1 are (h,04,05)7 = (hx,j«0a,jx08)7 = (hx,[pt],j.o5)y where deg(og) =
c1(Y) — 1. In particular we have o3 = j*og x and thus j.op = j.j*ogx = hx Uogx =

~VED, <w,ﬁ>>o<7v>5>057(g)7x. In the former sum, the roots s, (/) are simple. The invariant
(hx,[pt], 05 (8), x)7* vanishes unless s,(3) = ag in which case the invariant is equal to 1. Since
this last condition is equivalent to 8 = s, (), we thus get

hxoo =2¢°h +q Z
YEP, (VY ,a0)<0

(v, a0) ‘O-;/W(ao)'

Now 0;/7(%) = Ouwg(s, (o)) and wo(sy (o)) = Swo (y) (wo(ap)) = —s_wo(ﬁf)(ao) since wg(ag) = —ayg.
Since —wo(®) = @, and (v, ap) = (—wo(7)Y, —wo(a)) = (—wo(7), ap), we get

h*og :2q2h—|—q Z |<7v7040>‘0—757(a0)7
YED, (7Y, a0)<0

finishing the proof. O

Corollary 5.19. Assume that X is adjoint not of type A. Then we have, for all o € dy, the
equalities h * ([pt] — qoa, — q*) = h* ([pt] — qo_0, — ¢*) = 0.

Recall the definiton of H(Y )na = Ker(ji|gaimy (y)), the non ambient part of the middle coho-
mology (see Definition [4.23)). Then (T'y)aca, is a basis of H(Y )y, with T'y, = 04 — 0_4.

Corollary 5.20. Assume that X is adjoint not of type A. We have h*xT', =0 for all a € Oy.
Proof. Indeed for a € Oy, we have hx o, = hx0_,. O
We now consider the endomorphisms Ex = (hx *—) on QH(X) and Ey = (hx—) on QH(Y).
For k € [0,¢1(X) — 1], we set QHF(X) = @5 H?*+211(X)(X Q) and for k € [0,¢1(Y) — 1], we set
QHk(Y) — @iZOH2k+2iCI (Y) (X7 @)
Set W = <(Fa)oz€N7 [pt] - quao - q2>, QH(Y)res = QH(Y>/W ang- Tres + QH(Y) — QH(Y)res
the projection. Since W C Ker Ey, the map Ey restricts to a map Ey : QH(Y )res — QH(Y )yes.

Note that since W C QH"(Y), the Z/c; (Y)Z-grading of QH(Y') descends to a Z/c1(Y)Z-grading
on QH(Y),es and since h is homogeneous of degree 1, the map Ey is homogeneous of degree 1. Set

C1 (Y)*l

QH(X)es = P QHF(X).

k=0

We define the following Q-linear map J: QH(X ) es — QH(Y );es via

:” _ Tres ©JF for k € [O, Cl(Y) — 1]
sz(xv(@) - Tres © (j*)il fOI' k (S [CI(Y) —+ ].,dle]

and J(gx) = g. Note that this is well defined since for k € [¢;(Y) + 1,dim Y], the map j, is an
isomorphism.
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Lemma 5.21. The map J: QH(X)res — QH(Y )yes is an isomorphism of Q-vector spaces.

Proof. This easily follows from the fact that the maps j* for k € [0,¢1(Y) — 1] and j, for k €
[e1(Y) + 1,dim Y] are isomorphisms and the definitions of QH(X ),es and QH(Y ) es- O

Define the map Ex : QH(X )res — QH(X)1es by

Bx| | Ex fork#ca(Y)-1
XIQHR(X) = E% fork=c (V)1

Note that QH(X ),es has a Z/c1(Y)Z-grading induced by the grading on QH(Y"),es via the isomor-
phism J. The map Ex is of degree 1 for this grading.

Proposition 5.22. We have the relation Ey o] =Jo Ex.

Proof. Let 7 € H?*(X,Q) with k € [0,dim Y]\ {c1(Y)} and choose o € QH(Y') with m.es(0) = (7).

If k € [0,c1(Y) — 2], then we may choose o such that o = j*7 and we have Ey (j*7) = Ey (o) =
hUo = j*(hx UT) = j*Ex(7) proving the result in this case.

If K = c1(Y) — 1, then we may assume that 7 = o, x for some positive root o and choose
0 =0, = j*r. We have Ey(0) = hU o + ||a||géag<a and Ex(7) = h% *7 = hx x (hx UT) =
hx * (Zﬂe<1>,<6\/,a)<0 |<Bv’ a>|asg(a)) =hxUhx U7+ qZBe<I>7(,BV,a><O |</8V70‘>|60t025ﬁ(a) =hx U
hx UT + ||a||gday<a- The result is true in this case using the following identities: j.(h U o) =
hx Ujwo=hx Ujj"T=hx Uhx UT.

Ifk € [a(Y)+ 1,dimY — 1], then we may assume that 7 = 0, x and choose 0 = 0, with
« < 0 such that [© + a| > 2. We have j,0 = 7 and Ey(0) = hU o + [(©Y,0)|q0sg ) =
g2 Hhx UT) 4+ ql(®Y,a)|j*(0s6(a),x) = J(Ex (7)) proving the result in this case.

Finally assume that k = dimY = dim X —1. We may assume that 7 = 0,-¢,x and 0 = 04,-0.
We have j.o = 7 and Ey(0) = [pt] + qj*0a,.x + 2¢2, therefore Ey(1(1)) = By (mes(0)) =
40—y + qj* 00y x + 3¢%. On the other hand, we have Ex (1) = h% x7 = hx x (0_0.x + q0ay.x) =
3¢% + 40—y, x + qghx Uoqa, x. The result follows since j.j*0q,,x = hx U0, x- O]

Corollary 5.23. We have Ker Ey = mos ' (J(Ker Ex)).
Note that Eg(l(X) stabilises QH(X )yes. We set E;(X) = E;}l(X)|QH(X)res
Corollary 5.24. We have E;l(y) =Jo E;g(x) oJ L.
Proof. We have E$Y) = g3, O
Proposition 5.25. Let X be adjoint not of type A.
1. The radical of QH(X) is contained in Ker Ex.
2. The non-zero eigenvalues of Ex have multiplicity one.

3. If X is quasi-minuscule, the minimal polynomial pg, of Ex is of the form g, (T) =
TP(T*X)) with P having non-zero simple roots.

4. If X is not quasi-minuscule, the minimal polynomial ug, of Ex is of the form up, (T) =
P(TX)) with P having non-zero simple roots.

Proof. (1) See [PS21], Theorem 1.4] for quasi-minuscule cases. For X adjoint not quasi minuscule,
the radical is trivial (see [CP11l, Theorem 6]).

(2) For exceptional groups, the result follows from the explicit presentation given in [CP11]. In
type C,, we have X = P?"~1 and QH(X) = Q[hx,q]/(h%" — q) proving the result. The types B,
and D,, are slightly more complicated. Let

k 2n—2
Yop = E xf’x%k_m and F' = E xlfo”_Q_k.
i=0 =0
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It was proved in [CP11] on page 325 that in type B, we have QH(X) = Q[z1, 22,q]%? /(D22 +
4q, 122 F) where Sy = Z/27 acts by exchanging the variables 21 and z5. Furthermore, we have
hx = 1 + xo. It was proved in [PS21] Corollary 5.8] that in type D,,, we have QH(X) =
Q[z1, 72,7, )% /(w1297,72 + (=1)"Sop_a, (22 + z129 + 22) 0,4 — 222380, _6 + 4q(z1 + T2)).
Again Sy = Z/27 acts by exchanging the variables x; and x5 and hx = x1 + x2. Resolving these
equations in 7 and xo (this is done in [CP11l Page 325] and [PS21], Proposition 5.12]), the result
follows.

(3) and (4) follow from (1) and (2) and an explicit computation showing that the exponents of
T appearing in pg, (T') are multiples of ¢1(X) if X is not quasi-minuscule, and of type kep (X) +1
for k € N if X is quasi-minuscule. O

Corollary 5.26. The minimal polynomial pug, of Ey is ug, = TP(TCI(Y)) and the non-zero
eigenvalues of Ey have multiplicity one. In particular, the radical of QH(Y) is contained in
Ker Ey.

Proof. Note that Q(T) = TP(T<*(Y)) has simple roots so to prove the assertion on the minimal
polynomial, it is enough to prove that Q(Ey) = 0. Let 0 € QH(Y"), we have WreS(P(Ef,l(Y))(a)) =
P(Ef}(y))(wres(a)) = JP(EE{I(X))(]”(U)). Because of the form of pg,, we have the inclusion
PESX)) (I (o)) € KerEx, thus mes(P(EZ)(0)) € Ker By and P(ESY))(0) € Ker By
proving the vanishing result.

Furthermore, as pairs of a vector space with an endormorphism, the two pairs (QH(Y )yes, E5*)

and (QH(X )res,Eg(l(X)) are isomorphic and the second has non-zero eigenvalues of multiplicity
one. The same is therefore true for (QH(Y'), Ey) since W C Ker Ey. The last assertion follows
from this. O

Corollary 5.27. Let X be adjoint not quasi-minuscule, then Ker Ey = W is of dimension |Pyx|+1.
Proof. Follows from the fact that Ker Ex = 0. O

The following result reproduces the analogous statement concerning the quantum cohomology
of quasi-minuscule varieties.

Proposition 5.28. If X is adjoint and quasi-minuscule (but not minuscule) not of type D,, nor
Ay, then QH(Y) is not semi-simple.

Proof. We find an element o € Kerh \ {0} such that ¢* = 0. We proceed type by type. By
assumption G is simply laced.

In type Eg, it is proved in [PS21l Theorem 1.4] that the radical of QH(X) is located in degrees
3, 4, 6, 7 and 10. Pick ox € Kerhx of degree 4, then there exists 0 € QH(Y) such that
Tres(0) = J(ox). We have 0 € Kerh \ {0} and deg(c) = 4. We deduce that ¢® € Kerh and
deg(0?) = 8. But our results imply that the degrees for which Ker h is non trivial are the same as
for Ker hx. In particular, there is no non-trivial element in Ker h in degree 8 and o2 = 0.

In type E7, it is proved in [PS21l Theorem 1.4] that the radical of QH(X) is located in degrees
4, 6, 8, 10, 12 and 16. Pick ox € Kerhy of degree 6, then there exists o € QH(Y') such that
Tres(0) = J(ox). We have o € Kerh \ {0} and deg(c) = 6. We deduce that 0® € Kerh and
deg(0®) = 18 = 2 modulo ¢;(Y) = 16. But our results imply that the degrees for which Ker h is
non trivial are the same as for Ker hx. In particular, there is no non-trivial element in Ker h in
degree 2 and o = 0.

In type Eg, it is proved in [PS21l Theorem 1.4] that the radical of QH(X) is located in degrees
6, 10, 12, 16, 18, 22 and 28. Pick ox € Kerhx of degree 10, then there exists o € QH(Y') such
that T.es(0) = J(ox). We have o € Kerh \ {0} and deg(c) = 10. We deduce that o € Ker h and
deg(0®) = 20. But our results imply that the degrees for which Ker h is non trivial are the same
as for Ker hx. In particular, there is no non-trivial element in Ker h in degree 10 and 02 =0. [

Remark 5.29. In type D,, with n > 4, the above technique does not work since it was proved in
[PS21], Lemma 5.13] that the radical of QH(X) is contained in Ker hx and has non trivial elements
in degrees n — 2 and 2k for k € [1,n — 2] (for n even there are two linearly independent element
of degree n — 2). In particular for n — 2 even, any power of an element in Ker h will have an even
degree, therefore occuring as a non trivial degree in Ker h (recall that ¢;(Y) = 2n —4 is also even).
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On the other hand, recall the following result about adjoint not quasi-minuscule varieties.
Proposition 5.30 ([CP11]). Let X be adjoint not quasi-minuscule, then QH(X) is semi-simple.

In the last part of this section we will prove the analogous of the previous result for hyperplane
sections Y C X.

Theorem 5.31. Let X be adjoint not quasi-minuscule, then QH(Y') is semi-simple.

According to a conjecture of Kuznetsov and Smirnov [KS21], we also expect the following result.
Conjecture 5.32. Let X be adjoint not quasi-minuscule.

1. D*(X) has a full rectangular Lefschetz collection of size c1(X) x (|®x| + 1);

2. D(Y) has a rectangular Lefschetz collection of size c1(Y) x (|®x|+1) and its residual category
has a completely orthogonal exceptional collection of size |Pyx| + 1.

Remark 5.33. In [Kuz06] Kuznetsov has already shown that a hyperplane section of the adjoint
variety of type G2 admits a rectangular collection of size 2 x 3 and its residual category has a
completely orthogonal exceptional collection of size 3, as expected. This is done by showing that
the homological projective dual variety of Ga/P» exists and can be realized as a double cover of
P'3 ramified along a sextic (the classical projective dual variety of Go/Ps). The fact that the cover
is double allows to recover, as the residual category of Y C Ga/P,, the derived category of two
points, i.e. a completely orthogonal exceptional collection of size 2.

In view of Theorem [5.31]it may be argued that a similar picture may hold for the other adjoint
not quasi-minuscule varieties. For instance, if Conjecture[5.32/holds and the homological projective
dual variety of Fy/P; exists, it should be realized as a triple cover of P?!; if the analogy is pushed
further, this triple cover should be ramified along the classical dual projective variety of Fy/P,
which is a hypersurface of degree 24.

Let us now give a proof of Theorem [5.31] We start with some intermediate results. Let
A C QH(Y) be the subalgebra generated by h. Recall the definition of H(Y), = j*H(X) the
ambient cohomology and recall the following result from [Xial5, Corollary 3.2] (the statement is
written for complete intersections in P but the proof adapts verbatim).

Lemma 5.34. The subspace H(Y), C QH(Y) is stable under the quantum multiplication. In
particular A C H(Y ),.

Lemma 5.35. Let 0,7 € H(Y) and ezpand o x7 in the Schubert basis. Then the coefficient of [pt]
moxTisoUT.

Proof. Any other term is of the form (o, 7,1)} with d > 0 and it vanishes by definition of Gromov-
Witten invariants. O

Proposition 5.36. Let X be adjoint non quasi-minuscule and let Y C X be a general hyperplane
section.

1. The intersection AN Ker Ey has dimension 1.

2. There exists a unique 0 € ANKer Ey such that, in the expansion of o in the Schubert basis,
the coefficient of the class of the point is 1.

3. For o as above, there exists \g € Q such that 0% = X\gq?c and oI = \gq?T for allT € H(Y )pa.
4. The rational Ao satifies the following:

(a) For G of type By, or Fy, we have \g < 0.
(b) For G of type G2, we have —\g = % and is not a quare in Q.
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Proof. (1) Recall from Corollary that the non-zero eigenvalues of Ey have multiplicities 1
and that its minimal polynomial has simple roots. If y is the minimal polynomial of Fy and x is
its characteristic polynomial, this implies that deg(u) — 1 = deg(y) — dim Ker Ey. Thus dim A =
deg(p) = deg(x)+1—dim Ker By = dim QH(Y)+1—dim Ker Ey proving that dim ANKer Ey > 1.

Recall from Corollary that Ker By = W = ([pt] — qo_a, — ¢*) + H(Y )pa. So if we have
dim ANKer Ey > 2, then ANH(Y )y, is non trivial, contradicting Lemma m

(2) Let o be non trivial in A N Ker By, then o = A([pt] — go_a, — ¢*) + qT with T' € H(Y)ya
and by the above argument A # 0; dividing by A we get the existence of 0. The uniqueness follows
from (1).

(3) Write o as a polynomial in h. This is possible since 0 € A. We have 0 = Ziv:o aph®
for some N and some a; € Q[q,q"']. Since 0 € Ker By and I' € H(Y),. C Ker Ey, we get
o2 = Yok apxhfo = ago and o' = aol'. Computing the degrees proves that ag = Agg> for some
Ao € Q.

(4.a) We compute the coefficient of [pt] in 2. We have o = [pt] — ¢> — qo_qo, + ¢qI' with
I € H(Y )pa- Set o, = t([pt] — ¢*> — qo_a,) + qT so that o = o1. By Lemma the coefficient of
[pt] in the expansion of 2 in the Schubert basis is —2t2¢? — 2¢*to_,, UT +¢°T'UT. On the other
hand, the coefficient of [pt] of A\gg?c is ¢*Xg. We get \g = —2 — 20_,, UT + T UT.

We want to study the values of the quadratic form ¢(¢,I') = —2t% — 2to_,, UT + T UT. Write
I'= ZaeN tal'a

For G of type By, or Fy, we have 0_,, UI' = t,, and the matrix of the intersection form 'UT
is Oy — 4Ix. This proves that the matrix of the quadratic form ¢(¢,T') (up to reordering the roots)
is equal to the matrix Cy — 4Ix with root system D,, in type B, and root system As in type Fj.
Since 41y — Cy is positive definite we get the result.

(4.b) In type Gz, the minimal polynomial of hy is P(T) = T? — 18qT — 27¢* (see [CP11]),
therefore o is a multiple of h? — 18¢qh — 27¢>. By Chevalley formula, we have h? — 18¢gh — 27¢> =
—18¢® — 9q0 4, — 9904, + 18[pt], therefore we have

1 3
2_7h2_qh_7q2

1
U:[pt]_7Q(Uo¢1 +0a2)_q BT 9

2

proving that \g = —%.

Now we can prove Theorem [5.31

Proof of Theorem[5.31 Let z € QH(Y') be a nilpotent element. Recall from Corollarythat the
radical of QH(Y) is contained in Ker Fy, thus z € Ker Ey. We may assume that z is homogeneous
of degree dimY’, thus it can be written as x = Ao+ ¢l with A € Q and ' € H(Y )a. If A = 0, then
z = ¢I" and T would be nilpotent in QH(Y"). By Lemma5.35] the coefficient of [pt] in the Schubert
expansion of I'? is TUT so we would then have I' UT' = 0. Since the cup product is non-degenerate
(positive definite or negative definite) on H(Y )y, this is not possible. We may therefore assume
that A # 0.
Since T’ € ker Ey, we have I'?> € Ker Ey thus there exists y € Q and I'" € H(Y),, such that
I'? = po + qI'. We compute 22 = A\202 + 2AqoT + ¢°I'? = M\A2¢%0 4+ 2000\ ¢°T + pg?o + ¢TIV =
MoA2+1)q2 0+ (200 AT +¢%T). Since o € H(Y )ya, we get from 22 = 0 the equalities A\gA2+p = 0
and 2 g\ + TV = 0.
Note that to compute y, it is enough to compute the coefficient of [pt] in the expansion of I'2
in the Schubert basis. By Lemma [5.35] we thus have y =T UT. In particular, we have
rur
e e e
In types B, and Fj the cup-product is negative definite on H(Y )y, thus TUT < 0 and we get
Ao > 0 contradicting Proposition [5.36}4.a. In type G, the cup-product T'UT is twice a square since
H(Y)na has dimension 1 and from Proposition 4.b we would get that % = —% is a square, a
contradiction. O
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5.4 Quasi-minuscule case

We now consider the cases for which X is quasi-minuscule not adjoint. Recall the quantum Cheval-
ley formula for X in this case.

Theorem 5.37 (Quantum Chevalley formula for X, [FWO04, [CP11]). Assume that X is quasi-
minuscule not adjoint, let hx be the hyperplane class and let o € X. We have

hx x0q,x =hx Uoq x + ¢0a<-00a+0-
We now prove the following result.

Theorem 5.38 (Quasi-minuscule Quantum Chevalley formula). Let X be quasi-minuscule not
adjoint and let Y C X be a general hyperplane section. Let o € N.

1. If a > 0 is not simple, then hx o, = hU0g.
2. If « is simple, then hx o, = hx0_,.
3. Ifa <0, then hxoq =hUo, + da<o-097 0ato,x-

Proof. (1) If a > 0 not simple, then deg(o,) < ¢1(Y) — 1 and the result follows.

(2) If o is simple, then j.o, = jio_, and the only non-vanishing Gromov-Witten invariants are
obtained for lines and are of the form (h, 04, 03)} . But we have (h,04,05)] = (hx, j«0a, j+0s)T =
(hx,js0—a,js05)i = (h,0_n,08)) , proving the result.

(3) The only non-vanishing Gromov-Witten invariants are obtained for lines and are of the form
(hy00,08)) = (hx,js0a,jx05)7 . Note that computing the degrees, we see that deg(og) > ¢1(Y)—
1. Note that this implies deg(og) > dim Y/2 except maybe in type C for which +0 is simple. If X is
not of type C or £43 is not simple we thus have (hx, j«0a, j+05)% = (hx,00.x,08.x)7 = atp=—o
and the result follows from the fact that ag =o0_g = j*o_p,x. The case where X is of type C
and %7 is simple only occurs if & = —6. Since j,o3 = j.0_g3, we may assume that § is simple and
deduce that <hx,j*0a,j*05>{( = <hX,j*0'a,j*O'_ﬁ>‘1X = <hx,0'a,X,O'_ﬁ7x>‘1X = (Sa_ﬁ:_@. Thus we
obtain hxo_g=hUo_g+q(od_p+0y_g) =hUo_g+q(j*0e—p,x) by Example m O

Corollary 5.39. Assume that X is quasi-minuscule not adjoint, then h*IT',, = 0 for all a € ®y.

We now consider the endomorphisms Ex = (hx *—) on QH(X) and Ey = (hx—) on QH(Y).
For k € [0,¢1(X) — 1], we set QHF(X) = @ H?*+211(X)(X Q) and for k € [0,¢1(Y) — 1], we set
QHk (Y) — @i20H2k+2icl(Y)(X7 @)

Note that the map j, : H¥™Y (Y, Q) — HY™Y+2(X Q) is surjective and define a right inverse
(jo)~t : HImYH2(X Q) — HI™Y(V,Q) by (i) 1 (0—a.x) = 0_o for a € &x. We define the
following Q-linear map J1: QH(X) — QH(Y) via

1) g for k € [0,dim Y/2]
H2HXQ) = (4,)71 for k € [dimY/2 + 1, dim X]

Lemma 5.40. The map J: QH(X) — QH(Y) is an isomorphism of Q-vector spaces.

Proof. For k # dimY/2, this easily follows from the fact that the maps j* for k£ € [0,dimY/2 — 1]
and j, for k € [dimY/2 + 1,dim Y] are isomorphisms. For k = dimY/2 the result follows from

Corollary O
Define the map Ey : QH(X) — QH(X) by

x| _ [ Ex fork#dimY/2
XIHHXQ) = B2 for k= dimY/2.

Proposition 5.41. We have the relation Ey o1 =Jo Ex.
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Proof. Let o € R. If o > 0 not simple, then hx x 04, x = hx U o, x and h*:l(aayx) =h*o, =
hUos = j*(hx Uoq,x) proving the result in this case.

If « is simple then deg(o, x) = dimY/2. We have h% x 04 x = hx * (hx Uoax) =
hx * (200X + 2 geay,(8v,0)<0 T—8.X) = hx Uhx U0, x + 04X X geay, (5v,a)<0 0-p<o-000-5,x +
2¢x0_a<0-006-_a,x- On the other hand, we have h x J(04,x) = hx j 0o, x = h*x (0o + 0o +
Do Bedn(8Y.a)<00-8) = MU 00 x + 43 geay (5v.a)<00-p<o-000-5 + 2¢6_a<o-600-a. The
result follows from this and the equality j.(h U j*oq x) = hx Uhx Uogq x.

If « <0, then hx %04, x = hxUoq x +qda<g—00a+e. On the other hand, we have j.on = 0o x
and hx 04 = hU 0q + ¢da<o—00at+e and the result follows since j.(h U o,) = hx U j.oax and
Oa+0 = j*aoz+@,X~ O

Corollary 5.42. We have Ker By = J(Ker Ex).
Corollary 5.43. We have E;}(Y) =Jo E;g(X) o] L.

Proof. Note that ¢;(X) > (dim X + 1)/2 thus ¢1(Y) = ¢1(X) — 1 > dimY/2 + 1 and E;g(y) =
E;g(x); the result follows. O

Proposition 5.44. Let X be quasi-minuscule not adjoint.
1. The radical of QH(X) is contained in Ker Ex .
2. The non-zero eigenvalues of Ex have multiplicity one.

8. The minimal polynomial up, of Ex is of the form pp, (T) = TP(TX)) with P having
non-zero simple Toots.

Proof. (1) This is proved in [PS21, Theorem 1.4].

(2) There are only two cases to consider: X = IGr(2,2n) and X = F,;/P,. The latter case
is easily obtained from the explicit presentation given in [CP1I]. For X = IGr(2,2n), we have a
presentation QH(X) = Q[a1,aa,b1,- -+ ,bn_2,q]/I where I is the ideal generated by the relation

(1+ (2a3 — a®)z?) + a2z)(1 + bya? + - + b, 2°" 1) =1 — gayz™,

see [CMMPST9| Corallary 4.2]. We have hx = a;. Resolving this equation in ay (see [CMMPST9|
Proposition 4.3]) proves the result.

(3) Follows from (1) and (2) and an explicit computation showing that the exponents of T'
appearing in g, (T') are of the form ke (X) + 1 for k € N if X is quasi-minuscule. O

Corollary 5.45. The minimal polynomial pp, of By is pp, = TP(TY)) and the non-zero
eigenvalues of Ey have multiplicity one. In particular, the radical of QH(Y') is contained in
Ker Ey .

Proof. Note that Q(T) = TP(T“*(Y)) has simple roots so to prove the assertion on the minimal
polynomial it is enough to prove that Q(Ey) = 0. Let 0 € QH(Y), we have P(E;l(y))(a) =
1P(E2C) (371 (o). Because of the form of ugy, we have the inclusion P(EZ))(171(0)) €

Ker Ex thus we have P(E;}l(y))(o) € Ker Ey proving the vanishing result.
Furthermore, as pairs of a vector space with an endormorphism, the two pairs (QH(Y'), EJ*)

and (QH(X), EES(X)) are isomorphic and the second has non-zero eigenvalues of multiplicity one.
The same is therefore true for (QH(Y'), Ey ). The last assertion follows from this. O

Corollary 5.46. Let X be quasi-minuscule not of type Cy, or D,,, then QH(Y) is not semi-simple.

Proof. The case where X is quasi-minuscule and adjoint follows from Proposition [5.28] We thus
prove the result for X quasi-minuscule not adjoint not of type C,,. The only case is X = Fy/P;.
There is an element o € Ker b \ {0} with o € QH*(Y). Then ¢ € QH*(Y) N Kerh = 0. O

Remark 5.47. We believe that QH(Y") is also not semi-simple in types C,, and D,, but we are
not able to prove this using our technique.
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6 Appendix: the adjoint variety of type A,

In this appendix, we compute quantum Chevalley formulas for Y C X a general hyperplane
section of X, the adjoint variety of type A,. Note that Pic(X) = Z?: we have that X is a general
hyperplane section of the Segre embedding P" x P*¥ C P(sl,,1). We have two maps p; : X — P"
and ps : X — PV, For i = 1,2, let h; x be the inverse image by p; of the hyperplane class. We
have wx = Ox(—n) and Ox (1) = Ox(h1,x + h2,x). Let j : Y C X be a general hyperplane
section and let h; = j*h; x.

Roots are indexed by pairs of integers 1 < i < j < n+ 1 with oy ; = a; +--- + ;1. Let
lline,] = 0_q, ., and [lines] = 0_, . For n € Ha(X,Z) we may identify n with the pair (dy, d2)
with dz = <1}, OX (hi,X)> via n= d1 [lineﬂ + d2 [lineg].

Note that Lemma [5.12] and Proposition [5.13] are true in type A,,. We extend Lemma [5.14] and
Proposition [5.15

Proposition 6.1. The only non-vanishing Gromov-Witten invariants of the form <Uy,0§,,h>ny
are obtained for (n,Ox (1)) =1 or for the invariants

([pt], lines], hj){y 1y = 1 for all i, j € [1,2].

Proof. The fact that all invariants vanish except for (n, Ox (1)) < 2 is a degree computation and
similar to the proof of Lemma Furthermore, if (n, Ox (1)) = 2 then up to reordering we have
oy = [pt] and o} = [line;] or o}, = [lines]. Note also that since there is no curve in X of degree
(2,0) or (0,2) meeting a general point, a general line and a general representative of hy x or hg x,
we must have the vanishings ([pt], [line;], hj>{2,0) = 0 = ([pt], [line;], hj>26,2) for all 4,5 € [1,2].

As in the proof of Proposition the locus in X covered by conics passing through zg and
meeting the line (z_g, Ta, o) is the closure in P(sl, 1) of the matrices of the form

—st 0 - 0 82
0 S0
0 0 0 0

—ut? 0 0 wust

-t 0 0 st

In particular, the same computation as in the proof of Proposition shows that there is a
unique curve of class (1,1) meeting a general representative of [pt] and [linel] giving the formulas
([pt], [lineq], h1>2/1,1) = 1= ([pt], [liney], hg)%/m). Formulas involving [lines] follow by symmetry. O

In the following result, we set o, = 0 if « is not a root.

Theorem 6.2 (Quantum Chevalley formula). Let X be adjoint of type A, andY C X be a general
hyperplane section.

1. If j—i>3, then hy %04, ; = 0o, ;_, and ha x 0, ; = Oa;yy -

2. We have h1 %04, 1, =0a; + 00, + 00,y +0_a, .y +q1di1-
We have hy x 0o,y = Oaipy +0—aiyy +0—a; T 0—an +G20in—1.

3. We have h1 x0q, = h1 x0_q, and ha %04, = hax0_q,.

4. If j—i<n—2, then hy x0_o,;, = 0—a, 1, +q0i100—a,; and ho x0_q,;, = 0o, +
420j,n+100—a; ;-
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5. We have hy x0_a,,, = q1(0a, +0—a, +0—a,_,) +q1q2 and h1 %0, .\ = O—ay iy +Q1G2-
We have ho % 0o,y = q2(0a; + 00, +0_a,) +q1q2 and hox0_o,,, = 0_a, .1 + Q12

6. We have hy x [pt] = q10_a, 1 .1 + q1q2(h1 + ha) and ha % [pt] = q20_q, 5 + q1q2(h1 + ha).

Proof. We compute the mutiplication with A1, a similar argument works for the multiplication
with he. For o € H*(Y), we write Coef,_ (o) for the coefficient of o, in the expansion of o in
the basis (0q)aex. For ox € H*(X), we write Coef,,  (0x) for the coefficient of o, x in the
expansion of ox in the basis (0q,x)aex. We thus have '

o= Z Coef,_ (0)oq and ox = Z Coef,,  (0x)0a,x-

aeR a€EN

(1) For j —i > 3, we have 04, ; = j*0q, ,,x and there is no quantum correction. In particular
hy % Oa; ; = hiU Oa; ; = j*(hl,X U o’ai,j,X) = j*gai,j,l,X =0q; 1+

(2) Wehave 04, ,,, = j*0a, .,,x- Inparticular hUoq, ., = 5" (h1,xU0; ;10.x) = " Ca; 0, x =
J 00, x = 0a; +0—a; + 0_q;_, +0_qa,.,- The only non vanishing Gromov-Witten invariants are
(h1, aaiﬁiw,o)ny withn = (1,0). We have (h1, 04, ..., o)nY = (hLX,j*Jamﬁ,j*o}nX = (h1,x,00, x+
Uai+17x,j*0'>nX = 6;,1Coef 4] (j«0) proving the first formula.

(3) This follows from the projection formula j.(h; Uo,,) = h1,x U ju0a, = b1 x U ju0_q, =
js(h1 U 0_q,), the fact that j. is injective for deg(oa,) + 1 and the fact that (hi,04,,0)) =
(h1,x5§x0a, Jx0)5 = (h1,x,Jx0-a,,x0)s = (h1,0_a,,0)) with n = (1,0) are the only non-
vanishing Gromov-Witten invariants.

(4) We have j.(h1 U0 _q, ;) = h1,xUJx0_q, ; = jx0_a,_, ,; so the classical part follows from the
injectivity of j. in the corresponding degree. The only non-vanishing Gromov-Witten invariants
are of the form (hy,0_ o, ;,0)) = (h1,x,jx0-a, ,,J«0)5 = (h1,x,0_a, ;. x,J=0)5 with n = (1,0).
= 52-71Coefge_ai,j‘x((j*a)v). The condition (j.0)" = de—a,, x
is equivalent t0 j.0 = Ouwy(©—a,,),x and in turn to o = ou,(@—a, ;) and thus to oV = TO—a; ;>
proving the first formula.

(5) The classical part follows from hy x Uo_q,, = 0 and hy x Uo_q, ., arngr- The

term in ¢1¢z follows from Proposition [6.1] and we only need to compute degree 1 Gromov-Witten

We have (h1,x,0_qa,,;,x,J+0)

= 0_

invariants. The only non-vanishing Gromov-Witten invariants are of the form (hy,0_q, ,,0)) =
; CNX CNX ; Y _
<h17X7J*0’7‘11,n7]*0‘>7] = <h1,X7U*a1,n,X7]*0>n - Coefagnﬁx(ﬂ*‘f) and also <h1v0*a2,n+1’0>n =

<h17X7j*0',a2,n+1,j*U>nX = <h1,X,07a2,n+1,X,j*U>nX = 0 with n = (1,0). For o an element in the

basis (04)acd u—ay, the condition j.o = U;/H’X = 0_q,,x is equivalent to 0 = 04, Or 0 = 0_,,.
We thus get hi x0_q, , = qi(0y, +0Y,,)+q1gz and hy x0_q, ., = O—ay .,y + q1q2. The result
follows from Example

(6) We have hy Uo_q, ., = 0 for degree reasons. The g1¢2 terms follows from Proposition
as well as the fact that the only other non-vanishing Gromov-Witten invariants are of the form
(h1,0-a1011,0)y = (h1,x, 3200y 10 3:0)y = (1, x, 0—ay 4, X, x0); = Coefov  (jio). Note
that there exists 7x € H*(X) such that ¢ = j*7x and we have Coefgv — (juo) = Coefov — (hxU
7x). We thus get hy x [pt] = qi0y, , + q1g2(h1 + h2) = 10—, .y, + @1G2(h1 + h2). O

Remark 6.3. Using the above formula, we can check that setting ¢ = g2 = 1 the algebra
QH(Y)/(q1 —1,¢g2 — 1) is semi-simple for n = 2 and not semi-simple for n = 3. This agrees with
Conjecture [1.12

Proposition 6.4. The quantum cohomology QH(Y)/(q1 — q2) is semi-simple when n is even.

Proof. The proof follows the same lines as the proof of Theorem [5.31] First of all notice that, since
n is even, g1 + (—1)"¢g2 # 0 in general. From the results in [CP11], the algebra QH(X)/(¢1 — ¢2) is
semi-simple, and from the presentation of the cohomology given in [CPT1] one can check that the
eigenvalues of hx are all non-zero and with multiplicity one. Moreover the minimal polynomial of
Ex (the multiplication-by-hx endomorphism) can be written as P(7T°(X)). Along the same lines
of Corollaries and [5.27) and using Theorem [6.2} one can check that the non-zero eigenvalues of
Ey (the multiplication-by-h endomorphism) have multiplicity one and Ker By = W := H(Y ), +
Q([pt] — q(0_a, +0_a,) — ¢*). Thus the nilpotent elements of QH(Y)/(q1 — q2) are contained in
w
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As in Proposition [5.36] if A denotes the subalgebra generated by h, there exists a unique
o= (pt] —q(o0_a, +0-0,) — ¢*) + qT' € ANKer Ey with I' € H(Y ), such that 0% = A\ggo and
ol = \oq?T, where )\ can be shown to be equal to —2 —2(0_,, +0_4, ) UT' + T UT. The matrix
of the quadratic form ¢(¢,T') = =2t —2t(0_o, +0_q, ) UT +TUT is equal to the matrix Cyx — 41y
with root system the affine root system of type A,,. Note that Cy is positive with a unique zero
eigenvalue (see [Kac83, Lemma 4.5]) so that the eigenvalues of Cy are real numbers A € [0,4]
(because the non-zero eigenvalues are those of type A,,). Therefore the symmetric matrix 4Ix — Cx
is positive definite thus Ay < 0.

Now, a nent element z can always be written as = Ao + ¢I"" with A # 0. As in the proof

5.3

of Theorem [5.31] the rational number Ay satisfies A\g = —FI/{JQF’. But n being even, the dimension
dimY/2 =n —1 is odd and the intersection product restricted to H(Y )y, is negative definite. We

obtain that A\g > 0, a contradiction. O
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