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Abstract Graph protection using mobile guards has received a lot of at-
tention in the literature. It has been considered in different forms, including
Eternal Dominating set, Eternal Independent set, and Eternal Vertex Cover
set. In this paper, we introduce and study two new models of graph protection,
namely Eternal Feedback Vertex sets (EFVS) and m-FEternal Feedback Vertex
sets (m-EFVS). Both models are based on an initial selection of a feedback
vertex set (FVS), where a vertex in FVS can be replaced with a neighbor-
ing vertex such that the resulting set is a F'VS too. We prove bounds for
both the eternal and m-eternal feedback vertex numbers on, mainly, distance
graphs, circulant graphs, and grids. Also, we deduce other inequalities for both
parameters on cycles, complete graphs and complete bipartite graphs.

Keywords Graph protection, eternal security problem, bipartite graphs,
distance graphs, grids

Mathematics Subject Classification (2020) Combinatorics

1 Introduction

The use of mobile guards to protect a graph is a problem that has already been
initiated and studied in the literature [1]. The problem consists in defending
the vertices, as well as edges, of a graph G against any attack using defense
units, called guards, stationing at the vertices of G.

A protection problem can be modeled by a two-player game between a
defender and an attacker. The defender chooses the set of vertices needed to
hold the guards in the first turn, and must defend any attack on any vertex,
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by finding a new guard configuration at each turn. On the other hand, the
attacker chooses at each turn the location of the attack. An attack is defended
if a guard can be moved to the attacked vertex across one edge. The defender
wins the game if each sequence of attacks is successfully defended, the attacker
wins otherwise. We note that the sequence of attacks may be infinite in length.

Several variants of the problem have been studied in the literature, includ-
ing eternal dominating set [1], eternal independent set [2], and eternal vertex
cover set [3]. In this paper, we define two new variants of graph protection,
namely Eternal Feedback Vertex Sets (EFVS) and m-Eternal Feedback Vertex
Sets (m-EFVS). The two variants are modeled in the same way using a two-
player game, with the particular condition that the set of vertices chosen by
the defender must be, at the same time, a feedback vertex set (FV.S) and a
dominating set (DS) in all turns. In other words, the Eternal Feedback Vertex
Set on a graph can be seen as an infinite game between a defender and an at-
tacker, where the defender chooses a set of guards F;, such that for any i > 1,
F; is a feedback vertex set. At turn i, the attacker chooses a vertex r;, called
an attack, in V' \ F;_; and the defender must defend the attack by moving
to r; a guard on a vertex v; adjacent to r;. The new guards configuration is
F, = F;_1U{ri}\{v;}. The sets F;, for any 7 > 1, are also dominating sets. In
the case where the defender protects vertices by moving more than one guard,
we talk about m-Eternal Feedback Vertex Sets.

Protecting a graph with mobile guards is a problem that has already been
studied in many recent papers with different situations, such as eternal dom-
inating [1], eternal independent [4], and eternal vertex cover sets [3], etc. It
involves the placement of mobile guards on the vertices of a graph in order to
protect them against any attack. We are mainly interested in protecting graphs
against infinite sequences of attacks executed one at a time. Good surveys of
these topics can be found in [5,6].

The study of graph protection started with the domination theory (a thor-
ough survey of this theory can be found in [7]). In 2004, Burger et al. [1] stud-
ied, for the first time, the eternal dominating problem, where it was called
infinite order domination, and sometimes referred to as the one-guard moves
model. The set of vertices D; holding the guards, for each turn i, is required
to be a dominating set, and D, is obtained from D; by moving one guard to
the attacked vertex from an adjacent vertex in D;. The authors proved that
the size of a smallest eternal dominating set of a graph G, called eternal dom-
inating number, lies between the independence and clique covering numbers,
i.e. a(G) < 4*°(G) < 6(G). Many other results have also been obtained [1].

Goddard et al. [2] computed the eternal domination number for some par-
ticular classes of graphs, and showed that for any graph G, if a(G) = 2, then
v*°(G) < 3. They also presented a new variant of the eternal domination
problem, known as m-eternal domination set, and referred to as guards move
model. For this model, each D;, i > 1, is required to be a dominating set, and
D, is obtained from D; by allowing each guard to move to a neighboring
vertex, i.e. each guard in D; may move to an adjacent vertex. The size of a
smallest m-eternal dominating set of G, known as the m-eternal domination
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number and denoted v5°, has been computed for grids and many other classes
of graphs [5].

In [8], authors dealt with eternal domination on directed graphs. They
studied both parameters, v and 57, on this class of graphs, and proved that
computing the oriented eternal dominating number is NP-hard. Also, they gen-
eralized known results on graphs to digraphs. Many other dominating models
have been defined in the recent years, such as the eternal total domination
and eternal connected domination [9)].

Similarly, the eternal independent set problem was introduced by Hartnell
et al. [4] and also studied in [10]. They defined it with the two variants, one
guard move model and many guards move model, and the two parameters, the
eternal and m-eternal independent number (o™ and a2°) have been studied
on different classes of graphs leading to several results [4,10].

Our main focus in this work is to compute both parameters, eternal feed-
back vertex (EFV) and m-eternal feedback vertex (m-EFV) numbers, namely
F> and F}°, corresponding to the smallest eternal and m-eternal feedback
vertex set, on some particular classes of graphs. We organized the paper as
follows. In Section 2, we present different definitions and notation we use in the
rest of the paper. In Section 3, we provide formal definitions for our new mod-
els. Then, we compare the two parameters, F'*° and F°, with known graph
parameters in Section 4. In Section 5, we deduce some inequalities for F'°° and
E>° on cycles, complete graphs and complete bipartite graphs, and provide a
detailed study for distance graphs, circulant graphs and grids. We close up the
paper with a conclusion and some future problems to be considered.

2 Definitions and Notations

In this paper, all graphs are considered finite, without multiple edges and
without loops. For a graph G = (V, E), V is the vertex set and F is the edge
set. For each vertex v € V, let N(v) denote the open neighborhood of v, i.e
Nw)={u € V |vu € E}, and N[v] = N(v) U {v}. Given a subset of nodes
S CV, S is an independent set of G if there is no edge uv for every u,v € S.
The independence number a(G) is the size of a largest independent set of G.

A set S is a dominating set of G if |J N[v] =V. The domination number
veS
~(G) is the size of a smallest dominating set of G. A set S C V is said to be a

feedback vertex set (F'VS) if its removal results in a forest. We denote by F(G)
the minimum cardinality over all FV'S, i.e. F(G) = min{ |S|, S is a FVS}.
A minimum feedback vertex set (MFVS) is a FVS of cardinality F(QG).

We denote the path graph, cycle graph and complete graph, of order n, by
P,, C, and K,, respectively, and the complete bipartite graph with partite
sets of cardinalities n and m by K, .

A graph G = (V, E), where V- = {v1,va, ..., v, }, is a distance graph, denoted
P, (D), if it is defined on a set of distances D = {dy,...,dy}, where d; is a
positive integer, and two distinct vertices v;,v; € V being adjacent if and only
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if |4 — j| € D. We sometimes omit the brackets and we write P,(dy,...,d)
instead of P, ({dy,...,dr}). A graph G with V = {vy,v9,...,v,} is a circulant
graph, denoted C,, (D), if it is defined on D = {d;,ds, ..., d}, where the set of
neighbors of a given vertex v; is {vg|k = (i £ d;) mod n,j = 1,2, ...,k}, such
that 1 < dy < dy < --- < dg < % We sometimes omit the brackets and we
write Cy,(dy,...,ds) instead of Cy,({dy,...,dx}).

Given two graphs G and H, we denote the cartesian product of G and H
by G x H.

3 Eternal and m-Eternal Feedback Vertex Sets

In the same way as the eternal dominating problem [1,2], we introduce the
Eternal Feedback Vertex Set Problem (EFVS) as the problem of protecting a
graph using mobile guards, where the subset of vertices holding guards must
be, at each turn, both a feedback and a dominating set.

In our variant, we consider the case where the attack is defended if a guard
moves to the attacked vertex across only one edge. Using the two-players game
model, first, the defender chooses a set Fy of k vertices which hold the guards.
At turn 4, the attacker attacks by choosing a vertex r; € V'\ F;_1, and the de-
fender must defend the attack by moving to r; a guard from an adjacent vertex
v;. The new guards configuration is F; = F;_1 U{r;} \ {v;}. The defender wins
the game if any infinite sequence of attacks is defended. The eternal feedback
vertex number, denoted F°°(G), is the minimum number of guards necessary
for the defender to win, and the eternal feedback vertex set is a set that can
initially be chosen by the defender in a winning strategy.

Let G = (V, E) be a graph. The set EFV S(G), of eternal feedback vertex
sets of G, is the greatest set of subsets of V' such that for every subset S €
EFVS(G) and every r € V'\ S, there is a vertex v € S such that vr € E and
SU{r}\ {v} € EFVS(G). The size of a smallest eternal feedback set of G is the
eternal feedback vertex number F*(G), i.e F*°(G) = min{|S|,S € EFVS}.

For the m-Eternal Feedback Vertex Problem!, it is the variant where the
defender is authorized to move several guards at a time. It is defined in the
same way as the FFV S, except that when the attack occurs, each guard is
allowed to move to a neighboring vertex through only one hop. Several guards
movement can be considered either to defend the attacked vertex, or to make
a better position of guards for the coming turns.

Let G = (V, E) be a graph and let S1,S2 C V be two subsets. A multi-
move f from S; to S is a one-to-one mapping from S; to Sy such that for
every x € S1, we have f(x) =z or (z, f(z)) € E. The set MEFVS(G) of m-
eternal feedback vertex sets of GG is the greatest set of subsets of V' such that
for every S € MEFVS(G) and every r € V(G) \ S, there is a multimove f
such that r € f(S) and f(S) € MEFVS(G). The size of a smallest m-eternal

1 Notice that the m in m-eternal does not represent a value.
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feedback vertex set of G is the m-eternal feedback vertex number F5°(G); i.e
F>(G) = min{|S|,S € MEFV S}.

Considering the cycle graph Cg where V' = {v1, v2,v3, v4, U5, v6} (see Figure
1). Removing any vertex from Cg results in a path, i.e. a minimum feedback
vertex set contains only one vertex. The smallest dominating set of Cls must
contain at least two vertices. Thus, we must start the game with at least two
guards, and as a defender, we choose two vertices to hold the guards. Without
loss of generality, let Fy = {vq, v5} be the initial set of guards. Assume that the
attacker choose vertex vs, so the defender must move the guard from vy to vs.
The new configuration F» = {vs,v5} is not a dominating set (see Figure 1a),
and so using only two guards the defender will lose the game. If we start the
game with three guards, and without loss of generality, let Fy = {va,vy4,v6}
(see Figure 1b). A guard on a shaded vertex can move to an unshaded neighbor,
and the resulting guard configuration induces a dominating feedback vertex
set. Figure 1b illustrates the case where v is attacked and the guard moves
from wvs to vs.

(a) A non-EFVS of Cg (b) An EFV'S of Cg

Fig. 1: (g, the guards are placed on the black shaded vertices

One can notice that F>°(P;) = 2 and F*°(C3) = 1. Figure 2 illustrates
possible configurations on the house graph G, where F>°(G) = 2.

4 EFVS and m-EFVS on general graphs

On general graphs, the following observation, comparing the two numbers
F> and F;° with some known graph parameters, comes directly from the
definitions of the EFVS and m-EFV S.

Observation 1 Let G be a general graph, then
F®(G) > F(G) > F(G). (1)

Given the result comparing both the eternal domination and m-eternal
domination numbers of a graph G with the domination and independent num-
bers of G:



6 Nour DYAB et al.
—»
ﬁ — J
ﬁ /
— [

Fig. 2: Eternal feedback vertex set on house graph (shaded vertices are guards).

Theorem 2 [1,2,11] For any graph G, we have
[eS) 0o a(G +1
1(6) £3(6) < al@) < (@) < ().
and based on the fact that each eternal (resp. m-eternal) feedback vertex

set is an eternal (resp. a m-eternal) dominating set, the following inequalities
hold:

Theorem 3 Let G be any graph, then 59 (G) < F22(G) and v (G) < F*(G).

Consequently, we have the following corollary:
Corollary 1 For any graph G, a(G) < v*°(G) < F*(G).

The relation between the eternal and m-eternal feedback vertex numbers
of a graph and its induced subgraphs is given by the following:

Proposition 1 For any graph G, and any induced subgraph H of G, we have
F(G) > F(H) and FX(G) > FX(H).

Proof For the first inequality, we suppose that F*°(G) < F*°(H). Thus, for
any EFVS F of G, F is not an eternal FVS of H. On the other hand, the
sequence of attacks in G restricted to the induced subgraph H requires only
F* (@) guards, which is a contradiction. The same proof is used for the second
inequality. |

It was proved in [8] that the eternal (resp. m-eternal) dominating number
of a graph is the sum of the eternal (resp. m-eternal) dominating number of
its components. This is trivially true also for the eternal (resp. m-eternal)
feedback number for any graph.

Corollary 2 Given a graph G consisted of the connected components G1, G, ...

i >0, we have:

F®(G) =Y F>(G;), and FY(G)=Y FX(G).
i=1 i=1

aGi;
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5 EFVS and m-EFVS on particular classes of Graphs

In this section, we compute F'*° and F° on some particular classes of graphs.
First, we note that for any acyclic graph G, it is trivial to see that the feedback
vertex number is equal to zero, hence finding an eternal feedback vertex set
for G is equivalent to find an eternal dominating set.

For cycles, complete graphs, and complete bipartite graphs, we have the
following observations:

Observation 4 Given a cycle C,, and a complete graph K, , for any n > 3,
and given a complete bipartite graph Ky .., where V.= AU B, |A| = n and
|B| = m, then:

L3S PO < 3]

2 F(C) = [2).

3. F*(K,)=F(K,)=n—-2
4. F¥(Kym)=n+m—3

5. F (Kn, ,) = mazx{n,m}

For cycles, removing any vertex produces a path graph, thus finding the
eternal feedback vertex number is equivalent to finding the eternal domination
number. For m-Eternal FVS, an example on Cio, Figure3, illustrates that

Fg2 = T3]

VS\H

—_3

v
v 3iet

(b) Guard anti-clockwise move

Fig. 3: Example of m-Ethernal Feedback Vertex Set on C12. The guards are
placed on the black shaded vertices.

In a complete graph K,, any three vertices form a cycle, so any feedback
vertex set must contain at least n — 2 vertices and thus both eternal and m-
eternal feedback vertex numbers of a complete graph are equal to its feedback
vertex number.



8 Nour DYAB et al.

Now, for complete bipartite graphs where A = {vy, ..., v, } and B = {uq, ..., um },
a cycle v;vjuiu; is obtained for all 4, 7,k,1 > 1. So we can see that, at all turns,
we must place the guards in such a way that if A holds less than n — 2 guards,
then B must contain at least m — 1 guards. Therefore, the only way to get this
is to place n+m — 3 guards. Figure 4b shows that if we use less than n+m —3
guards to protect a complete graph, K, ., a cycle will be obtained.

uy; U, u, m
Ble o o ° o * o
Alo 0 @ @ ° o LA

ViV Yy Vi Vi

(a) EFVS of Knm (b) non-EFVS of Kn m

Fig. 4: K, 1, the guards are placed on the black shaded vertices, and the blue
nodes holding the guard before moving.

In the case of m-Eternal FVS, all vertices of A (or B; we select the max-
imum) must hold guards (see Figure 5). Note that each partition in K, ,, is
an independent set, and so no cycle is obtained by removing a set partition.

u, u, U, TR U
Ble & & oo ® o | Ble o0 P ® 0
Afo o0 o — 55 ] Ale o0 e e 0 6

A v, v, ViV, Vg v, v,
(a) Moving one guard from B to A. (b) All guards move from B to A.

Fig. 5: K,, m, the guards are placed on the black shaded vertices, and blue
nodes are guard positions before moving.

5.1 Distance graphs and Circulant graphs

Along this section, we use the following bonds of the minimum feedback vertex
set number, F', of different families of distance and circulant graphs, summa-
rized in Table 1 [13].
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F(Pn(D)) F(Cn(D))
D Lower bound Upper bound Lower bound Upper bound
{1,2,4} 415 [5] 415 23]
)] ot =2 (2] EUES
{1,s,t} == [31 [ 23
|72t —=1)if n=0,1mod(t =1) " "
{1,2,3,..13 {nt+12|_t$1J — 2 otherwise n72tt+71j -1 n72tmj

Table 1: Bounds of M FV'S on distance graphs and circulant graphs.

We note that hereafter, for figures, we illustrate only edges needed to ex-
plain the proofs, and so the other edges can be easily deduced from the defi-
nition of the graph class.

5.1.1 Distance Graphs

Depending on the values of D, we first consider the particular case where
D = {1,2,4}, and then the more general cases where D = {1,¢}, and D =
{1,2,3,...,t}, where t is a non-negative integer.

Case 1. D ={1,2,4}.

Given a distance graphs P, (D) of n vertices, where two distinct vertices
v;,v; are adjacent in P, if and only if |i — j| € {1,2,4}.
Theorem 5 For any integer n, we have F*(P,(1,2,4)) =5

I
Proof Let Fy be any EFV S of a distance graph G = P,(1,2,4
Proposition 5 in [13], there are two possible cases for Fi:

5l
).

According to

(i) Ounly two vertices over the first six are in Fj. In this case, it is obligatory
to choose vertices v; and vy, as removing them is the only possibility to
get an acyclic graph. Suppose that any other vertex is attacked, without
loss of generality let be vy. To defend vy, we must move the guard either
from v; to vg, or from vy to vg. In both cases, at least one cycle will be
generated, such as viv9v3 for the first move and vov3v4 for the second move
(see Figure 6). For illustration, if we assume that the guard moves from
vy to vg, then the new guard configuration is {vg,v1}. According to the
construction of P,(1,2,4), v; is adjacent to vg, vs is adjacent to vs and vy
is adjacent to vs. Hence, a cycle is generated by {vy, vs, vs}.

Fig. 6: Ps(1,2,4), guards are on black shaded vertices.
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(ii) At least three vertices over the first six are in F7. We arbitrary choose three
non-consecutive vertices to hold guards in the first turn, considered as a
minimum eternal FVS for Ps(1,2,4). Consider now the first 12 vertices
of G, and suppose that we apply the same strategy on each 6 vertices. A
counter example can be occurred as follows. Without loss of generality and
as we consider a game with infinite turns, let’s suppose that at turn i, we
have F; = {vg,vs,vs,vs, Vs, 11}, and vertex vy is attacked. All possible
guard moves will generate at least one cycle. In fact, if the guard is moved
from v3 to vz, vs to vy, vg to v7, vg to vy, Or V11 to V7, we get respectively
cycle V2U3V4, V1V2V4V5, V2V4V6, VgV9VU1(0, O V9U10V11 (see Figure 7)

Vo Vi Vo V3 V4 V5 Vg V7 Vg Vo VioV11

Vo Vi Vo V3 V4 V5V V7 Vg Vg VioV1p

Vo Vi V2 V3 V4 V5 Vg V7 Vg Vo VigVqg

OO O m

Vo Vi V2 V3 V4 V5 Vg V7 Vg Vo VioVp1

Fig. 7: The different possible cycles generated while defending an attack on
vertex vy of P12(17 2,4)

So, for this case, we must fix the guards on vertices vg and vy to protect
them. Accordingly, we can see that in general at least 5 vertices must be
selected to hold guards for each 8 vertices. Consider F is obtained by any
FVS of three vertices selected from the six first vertices (for each block
of 8 vertices), with the addition of the two vertices vg and v7, we can see
easily that the defender can avoid any attack (see Figure 8).

Knowing that we are in the eternal variant of the feedback vertex problem,
we can see that this example can be generalized for a large n, and thus the
defender can win the game starting with 5 guards on each consecutive 8
vertices, and hence F*°(P,(D)) =5|%].
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Voo, VooV VooV, :
0 1 V2 Y K Ve 8 9 Vioo Vit Vi Via e s Y

‘ FVS | ' ‘ FVS |

Fig. 8: A winning configuration for P,(1,2,4), guards are on black shaded
vertices.

The following corollary follows directly from Table 1, Equation (1) and
Theorem 5.

Corollary 3 For any integer n, 4] 5| < FX(Pu(1,2,4)) <5[%].

n
8

Case 2. D = {1,t}.

This is the case where edges of the distance graph are constructed for each
distance t, besides the unit distance.
In [14], the authors proved the following lemma.

Lemma 1 [14] Let G be a path graph with n vertices, then v*°(P,) = [§].

Theorem 6 For any integers n and t, such that 1 <t < n, we have :
o n
FR(Pa(1,) =[]+ 1.

Proof If t > n, then P, (1,t) is a path (an acyclic graph), so we are in the case
where F(P,(1,t)) = 0, and F>®(P,(1,t)) = v°°(P,(1,t)). For the case where
t <n and n > 2t, we have two possible cases.

(i) n mod t = 0. Depending on the parity of %, we have two cases.

(a) % is even. We partition the graph into % blocks, namely 11, T5, ..., T=, of
t vertices each. Let V(T;) = {v}, v, ...,v}} for all 1 < i < %. According
to Lemma 1, we have v, (P,) = [§]. Thus, F*(P,) > F X (P,) > [§]
(Equation 1). On the other hand, and as paths are a subclass of distance
graphs (a distance graph P, (1,t) is a path with some extra edges), so
we have F*°(P,(1,t)) > F>*(P,) > [§].
First, we prove that F*°(P,(1,t)) > [5]. For that, we show that any
subset F' of G of [§] vertices cannot be an EFVS. Without loss of

generality, let F' = {v?kH,O <k < 3,1 <1 <t} since starting with
any other subset of vertices of cardinality [§] as a guard configura-
tion, we inevitably end up with configuration F' after some number of
turns (note that we consider an infinite game). In fact, for instance
where G = Pig(1,4), we let Fy = {v},vd, v3 v} v}, 03, v, vi}. After a
sequence of attacks on vertices v, v}, v3, and v} found in blocks T} and
T3 respectively, the guards should be arranged on T} and T3 (see Figure

9). We denote this configuration F', and we have just to prove that F,
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which is clearly of cardinality [%], is not an EF'V.S. Assume that the
defender starts the game with F', and the attacker chooses to attack

vertex vy’ . The defender has only two choices to avoid the attack, ei-

ther by moving the guard from vertex vf ! to vl% , which results in

gn/t)_2v§"/t)_2...v§"/t)_2v§"/t)_1 (see Figure 10); or by moving

cycle v
the guard from v, o vy, which results in a non-dominating guard
configuration F’ = F'\ {vffl} U{v{ }. Hence F is not an EFV S, and

so F(Py (1)) # [2].

1 1 1 2 2 3 ’ 3 . 3 4 4
vy v4‘ ; v, Ve veov, v \% vy
h
i
T1 T2 T3 T4

Fig. 9: Pis(1,4), the guards are moved from blue vertices after an attack on
the two last vertices of blocks T} and T3. Black shaded vertices are guard
positions after attacks (which results in a F configuration).

Fig. 10: P,(1,t), the guards are on black shaded vertices.

Second, we show that F*°(P,(1,t)) = [%]| + 1. For that, let F' =

Fu {vt%} be the set that holds the guards in the initial turn. We have
|F'| = |F|4+1=T[%]+1, and I’ is a dominating F'V'S of G (since F is
a dominating F'V.S). Starting the game with F’, the defender will win
the game by applying the following strategy. Depending on the block of
the attacked vertex, we have two defense strategies: (a’) where k = 1,
i.e. the attack occurs on the two first consecutive blocks, the defender
can move the guard from vll to 1)12 when le is attacked, for all 1 <1 < t¢.
(b') where k > 2, we deal with each attacked vertex according to its
position in the block. If vertices 1112"', for 2 <[ < t, are attacked then
the defender can move the guard from v7*~* to v?*. If vertices v?*
attacked, the guard can be moved from v%kﬂ to v2*. Finally, vertices
v3F are protected by moving the guard from v?* to v?*. Note that all
the obtained guard configurations F’ are dominating FV.S as G \ F’
has no chord of length ¢ joining two consecutive blocks. Thus, fixing a

are
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guard on vt% allows to deal with the non-domination encountered above
(where F>°(P,(1,t)) = [5]).

(b) % is odd. As above, we partition the graph into % blocks, say 71, T, ..., T,
of t vertices each. Let G’ be the graph obtained from G by removing
vertices of the last block Tz, where n’ = n — t is the number of ver-

o

tices of G'. We deal with G’ as follows. We have %- is even, and so

F>(G) = (%/] + 1. For a wining strategy, we have to just choose any
dominating set of cardinality % for block T'= . We note that block Tz is a
path graph with ¢ vertices, and as F’ (T%) = 0 so any eternal dominating
set is an EFV S. Accordingly, we have:

n' t n

21+1+2 < [21+1.
Now, we assume that there exists an EFVS of G with cardinal less
than [ ]+1. There is at least [”7,} +1 guards for G’, so the path graph
G[T=] will be protected by less than [£], which leads to a contradiction,
i.e. after some moves of the guards, we necessarily get three consecutive
vertices in T» without guards. And hence F>*(G) = [§]+ 1.

(ii) n mod t # 0. We partition the graph into [ %] blocks, T1, <oy Tyny, each

of t vertices except the last block, TT=nq, contain r <t vertices. Similar to

case (i), we deal with two cases according to the parity of [%].

(a) [F] ds even. Let G' = G \ Tinqy be the graph obtained from G by
deleting the last block, and let n’ be the number of vertices of G’.
We use the same strategy as in case (i)(b) on graph G’, and we have
F>(G) = [%'1 + 1. In fact, Tjnq is a path graph with r < ¢ vertices,
thus the last block can be defended by [5] guards. Hence,

F(G) < F¥(C') + F¥(Ty) < |

n/

FX(G) < F2(G) + F=(Tha) = [5

r n
1+[=]=[=]14+1.

1+1+ 2] =51+

Now, we assume that the defender can win the game with less than

[5]+1 guards. We know that for a winning strategy, it is obligatory to

have at least [%] +1 to protect G’ in each turn of the game. And so the
path graph T[%T is supposed to be protected by less than f%] guards,
which leads to a contradiction as this is results in a non-dominating
guard configuration. And hence, F*>°(G) = [§] + 1.

(b) [%#] is odd. Similarly, we let G’ be the graph obtained from G by re-
moving the last r vertices. We use exactly the same proof as in (ii)(a),

except that in this case we deal with G’ according to (i)(a).
|

We note that the proof of Theorem 6 present as well a linear solving algo-
rithm of the EFV S problem on P, (1,t).

Directly from [13], Equation (1) and Theorem 6, we get the following corol-
lary.
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Corollary 4 For any n and t, and G = P,(1,t) we have
|_”2tJ<F°°() (14—1 if 5 <t<n.
%P2 < FR(G) < [5]+ if §<t<3.
L%J<F;§f()§(%1+1 ift>2andn>t

Case 3. D =1{1,2,3,...,t}.

In this case, the graph is more dense and contains all edges established
between each pair of vertices considering all possible distances less or equal
than t.

Theorem 7 Let G = P,(1,2,3,...,t). For anyn >5 and t < %4’ we have :

)t —1) n mod (t+1) = 0,1,
(n—2)[75] —2 otherwise.

FZ=(Pa(D)) = {

Proof Directly from Table 1 and Observation 1, we have:

|7l —1) n mod (t+1)=0,1

(n—2)[77) —2 otherwise.

F>(Py(D)) 2 F(Pa(D)) = {

To prove the equality it is sufficient to prove that the F'V.S constructed in
[13] can be an initial EFVS for a wining strategy. Let G = P,(1,2,3,...,t),
we decompose G into g blocks of (¢ 4+ 1) vertices each, and one block with r
vertices, where n = q(t+ 1) +r, ¢ > 1 and 0 < r < ¢+ 1, and let v§ denote
the i*" vertex in block s, for i > 0 and s > 1.

Let F={vf,2<i<t1<s<qtU{v},2<i<r—-11<s<gq}. Fisa
FV S of G. In fact, the graph obtained from G after removing the vertices of F'
is an acyclic graph. All the chords that join the vertices of the two consecutive
blocks are removed except the chord that join the vertices v and U8+17 for all
s > 1. Thus, G[V \ F] is a path graph (see Figure 11).

Fig. 11: The vertices of F' are shaded

Assume that each vertex of F' holds a guard, we can see that the first two
vertices of each block are not in F, i.e v € F for all ¢ > 2 and v] ¢ F for
i = 0,1 (see Figure 11). Thus, F is a dominating set of G, and all vertices
are protected by at least one guard. For instance, vertex v{ is protected by
vy and vg. We suppose that the first vertex on the block is attacked, without
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loss of generality, let be vi, so the defender can avoid this attack with many
ways, such as through moving a guard from v} to v} (no cycle is obtained)
(see Figure 12).

Fig. 12: P,(1,2,...,t), EFV S is shaded

Generalizing this model of protection to all the other blocks ensures that
the new guard configurations, after each turn, is a dominating F'V'S, and the
defender can avoid any attack. Therefore, starting with F, where |F| = q(t—1)
if nmod (t+1) =0,1, and |F| = q(t — 1) + r — 2 otherwise, the defender wins
the game, and the theorem is proved.

|

By FEquation (1) and Theorem 7 the following corollary follows.

Corollary 5 Letn>5 and t < ”772, then

o0 el =1) n= 0,1 mod (t+1)
Fr (Pa(D)) = {(” —2)| 2] —2  otherwise.

5.1.2 Circulant Graphs

In this section, we consider the class of circulant graphs, and we deal with two
cases, depending on the set of distance D, namely the case when D = {1, s,t}
and when D = {1,t}, where s and ¢ are assumed satisfies 1 < s <t < 7.

We first establish the relationship between both parameters, F* and F3°,
on distance and circulant graphs. We have, by definition, distance graphs are a
subclass of circulant graphs, i.e circulant graph is a distance graph with some
extra edges (chords), so the following corollary holds.

Corollary 6 For anyn > 1 and any set D,
F(P,(D)) < F*(C, (D)), and F3(P,(D)) < F3(C,(D)).

For the general case, where D = {1, s,t}, the set of neighbors of a vertex
v; is {vglk = (1 £ w) mod n,w = 1,s,t, and j = 1,2,...,n}, where n is the
number of vertices in the graph. The following bounds immediately follows
from Corollary 6, Equation (1) and Table 1.

Corollary 7 For any integers n,s and t, with t < 251 and 2 < s < t,
[2841] < Fo(Cn(1,5,1)) < F(Cr(L, 5,1)).



16 Nour DYAB et al.

For the case where D = {1,t}, the set of neighbors of a vertex v; is {(i £
w) mod n,w=1,t, and j =1,2,... ,n}.

Theorem 8 For anyn >5 and t < 5, we have:

Fo(Ca(1,8) = [5]+ 1.

Proof From Corollary 6 and Theorem 6, we have F'>°(C,(1,t)) > [§] + 1. To
prove the equality, let G = C),(1,t), and let H = P,_¢(1,t) be the subgraph of
G induced by {t,t+1,...,n — 1}. Directly from Theorem 6, we get F>°(H) =
[”T_t} + 1. On the other hand, for the cycle graph induced by the first ¢
vertices {vg, v1,...,0:—1} of G, we can find an EFVS of size at most f%l
Therefore, there is an eternal feedback vertex set for C),(1,t) of size at most
(%27 + 1) + ([£]) = [2] + 1. Hence, F>=(C,,(1,t)) = [2] + L. .

Using Fquation (1) and Theorem 8, we obtain the following corollary.

Corollary 8 For anyn >5 andt < %, F°(Cy(1,t)) = [5] + 1.

5.2 Grids

We compute F**° on a grid graph G = P, x P, obtained by the product of
two paths P, and P,,. Let assume that n < m for all n,m > 1.

Theorem 9 Let G be a grid, such that G = P, X Py, and let n < m. F*(Q)
is computed as follows:

mxn

o= {1

if n or m is even,

[5] x n, else.

Proof Let G = P,, X P,,, with n rows and m columns. We label the vertices of
G according to their positions, such that v; ; is the vertex obtained on row ¢
and column j, where i < n and j < m. There are two possible cases depending
on the parity of n and m.

(i) n or m is even. First, let suppose that n and m are even. We assume that
F = {v; 2x_1li, k > 1} is the set of vertices chosen by the defender to hold
the guards in the initial turn. F' is a dominating feedback vertex set (we
choose the vertices of each odd column), and |F| = ®5™. For an attack
on any vertex v; ; ¢ F, say v; o, where k > 1, the defender can remove a
guard from the vertex v; 2r—1 to v; 2k, and the new guard configuration is
FVS and dominating. Also, if at turn ¢, vertex v; op—1 ¢ F; is attacked,
then moving a guard from wv; o5 to v; 2k—1 ensures defending the attack.
Thus, by applying this strategy, the defender will win the game.

Now, suppose that the defender starts the game with a number of guards

less than “5™, so using the same strategy, there is a turn k where the
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new configuration will no longer be a domination. In fact, without loss
of generality let F' = F'\ {v31} be the set obtained from F' by deleting a
vertex, say vs 1. If v 4 is attacked, then if the guard moves from v; 3 to vg 4,
so the new guard configuration is non-domination (v; 3 is not protected by
any guard), see Figure 13a for an example when n = m = 4. Otherwise, for
n > 4, if the guard moves from vy 5 to v2 4, then as n is even, after a series
of attacks, all possible moves lead to a non-dominating configuration. And
hence we get the result that the minimal number of guards is 25™.

In what follows, we generalize this result for any subset making an EFV S
for G. In doing so, we first show that this is true for the particular case of
grids, namely P> X P,, and then we generalize it for P, x P, and P, X P,
for any n,m.

For P, x P», which is a cycle graph of length four, and using Observation
4,1, we have F>(Py x Py) = & = 1 = 2X™ To prove that F>° (P, x P,,) =
XM — pp is true for all m, we proceed by induction. We assume that it is
true for all m, and prove it for m 4 2. Let G = P» X P,;, 42 be a grid graph,
and assume that F*°(G) < w =m+ 2. Let G’ = P, x P, be the
subgraph induced by the first m columns of G, and G” be the subgraph
induced by the last two columns. We have F°(G") = F>(Py x P5) =
2, and from the hypothesis of induction we have F>®(G’) = 2X™ = m,
Thus, we contradict our assumption, F*°(G) < m + 2 (note that there is
a turn where the subgraph G” will hold only one guard which is a non-
dominating configuration). Therefore, we need at least m + 2 guards, and
so F°(Py x Pp,) = m.

Now, we similarly generalize the result for all n and m. By induction,
we suppose that it is true for any n and m, and prove that it remains
for n’ = n+ 2 and any m. Let G = P, x P, be a grid graph, where
n' = n+ 2, and n and m are even. And let G; be the subgraph induced
by the first n rows of G. We have G’ = P,, x P, and so F'*°(G') = =5™
(induction hypothesis). On the other hand, we have G" = G[V(G) \ V(G’)]
is Py X Py, and so F°(G") = m (which we have already proved). So
assuming that F>°(P,, X P,,) is less than % leads to a contradiction. In
fact, in this case, the defender must move a guard from G’ to G” to avoid
an attack which results in a non dominating guard configuration. Figure 13
illustrates the case of Py x Py. As we can see such a graph must be defended
by % = 8. The same prove can be used for the case where n is odd and
m is even. For the case when n is even and m is odd, we deal with this case
in the same manner as the previous one, by switching between the rows
and columns. We let F' = {wvoi_1,]k,j > 1} be the set of vertices chosen
by the defender in the initial turn. F' is a dominating feedback vertex set,
and |F| = 25™ (we choose the vertices of each odd row). For an attack
on any vertex vak j, where k > 1, the defender can move the guard from
Vag—1,j t0 vor,; and the new guard configuration is dominating F'V.S after
any turn of the game. And thus, F' is an EFV'S.
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not protected

(b) EFVS of Py x Py
(a) non-EFVS of Py X Py

Fig. 13: P, x Py, the guards are placed on the black shaded vertices, and blue
nodes are guard positions before moving.

(i) n and m are odd. We assume that the defender begin the game with F’ =
{viak+1,? > 1,k > 0} (we choose all vertices of odd columns). F’ is a
dominating feedback vertex set and |F'| = [%] x n. After any attack on
vertices v; ok+2, the defender can move guards from v; 2541 to v; 2542, and
the new guard configuration is dominating F'V S after any turn, which is a
wining strategy starting with . Thus, F>°(G) < [F] x n. To prove the
equality, we decompose graph G into two subgraphs, G; and G4, such that
G1 = P,_1 x P, is the grid subgraph induced by the n — 1 rows and m
columns, and G5 is the path graph induced by the last row and column of
G.

From case (i), we have F*°(G;) = %, (note that (n — 1) is even and
(m) is odd), and G is a path graph with m vertices, so F'*°(Gz) = [ ].
Figure 14 illustrate the case where n =m =5, G = P5 x Ps.

This complete the proof.

3,1 3.1 <
(a) EFVS of Ps x Ps (b) non-EFV S of Ps x Ps

Fig. 14: P5; x Ps, the guards are placed on the black shaded vertices, and blue
nodes are guard positions before moving.

6 Conclusion

In this paper, we proposed and studied new models of graph protection, namely
Eternal Feedback Vertexr Set and m-FEternal Feedback Vertex Set. Because of
their difficulty, we considered the two problems in this first work, on relatively
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simple classes of graphs. We deduced some inequalities for F*° and F° on
general graphs, cycles, complete graphs and complete bipartite graphs. Also,
we computed both parameters on distance graphs, circulant graphs and grids.
For future work, It is worthy to consider the general case of the problems where
guards can be moved for more than one hop, as well as, to compute the two
parameters, F'*° and F°, for these new variants on other classes of graphs,
in particular those usually used for modeling games, such as k-dimensional
graphs.

References

1. A. P. Burger, E. J. Cockayne, W. Grundlingh, C. M. Mynhardt, J. H. van Vuuren,
W. Winterbach, Infinite order domination in graphs, Journal of Combinatorial Mathe-
matics and Combinatorial Computing 50 (2004) 179-194.

2. W. Goddard, S. M. Hedetniemi, S. T. Hedetniemi, Eternal security in graphs, Journal
of Combinatorial Mathematics and Combinatorial Computing 52 (2005) 169-180.

3. W. Klostermeyer, An eternal vertex cover problem, Combinatorial Math- ematics and
Combinatorial Computing 85 (2013) 79-95.

4. B. L. Hartnell, C. M. Mynhardt, Independent protection in graphs, Discrete Mathemat-
ics 335 (2014) 100-109.

5. W. F. Klostermeyer, M. Lawrence, G. MacGillivray, Dynamic dominating sets: the
eviction model for eternal domination, J. Combin. Math. Combin. Comput 97 (2016)
247-269.

6. W. F. Klostermeyer, C. M. Mynhardt, Protecting a graph with mobile guards, arXiv
preprint arXiv:1407.5228.

7. T. W. Haynes, S. T. Hedetniemi, P. J. Slater, Fundamentals of domination in graphs
marcel dekker, New York.

8. G. Bagan, A. Joffard, H. Kheddouci, Eternal dominating sets on digraphs and orienta-
tions of graphs, Discrete Applied Mathematics 291 (2021) 99-115.

9. W. Klostermeyer, C. M. Mynhardt, Eternal total domination in graphs., Ars Combina-
toria 107 (2012) 473-492.

10. Y. Caro, W. F. Klostermeyer, Eternal independent sets in graphs, Theory and Appli-
cations of Graphs 3 (1) (2016) 3.

11. W. Klostermeyer, G. MacGillivray, Eternal security in graphs of fixed independence
number, Journal of Combinatorial Mathematics and Combinatorial Computing 63
(2007) 97.

12. W. F. Klostermeyer, G. MacGillivray, Eternal domination: criticality and reachability,
Discussiones Mathematicae Graph Theory 37 (1) (2017) 63-77.

13. O. Togni, H. Kheddouci, Bounds for minimum feedback vertex sets in distance graphs
and circulant graphs, Discrete Mathematics & Theoretical Computer Science 10.

14. J. L. Goldwasser, W. F. Klostermeyer, C. Mynhardt, Eternal protection in grid graphs,
Utilitas Mathematica 91 (2013) 47-64.

Statements and Declarations

The authors declare that no funds, grants, or other support were received
during the preparation of this manuscript. Also, they have no relevant financial
or non-financial interests to disclose.

All authors contributed to the elaboration of the paper, and all approved
the final manuscript.



