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ARTICLE INFO ABSTRACT

Editor: Anastasia Volovich We investigate a deformation of w,,, algebra recently introduced in [1] in the context of Celestial CFT that we
denote by W, algebra. We obtain the operator product expansions of the generating currents of this algebra
and explore its supersymmetric and topological generalizations.

1. Introduction

Celestial holography provides new powerful tools for studying quantum gravity by applying a holographic principle to asymptotically flat
spacetimes (AFS) [2]. It was shown in [3-5] that each of the soft theorems (the linear relations between scattering amplitudes of soft particles, i.e.,
the particles with energy o — 0) in gauge theory and gravity in AFS is associated with an infinite number of symmetries and conservation laws on
the celestial sphere. The known symmetries do not close under commutation, implying an infinite tower of soft theorems. Moreover, it has been also
argued that the soft theorems in AFS are related to measurable gravitational memory effects via Fourier transform [6,7] together with a discussion
towards its experimental setups [8].

In the recent works [4,9,10], it has been shown that the soft currents exhibit the so-called w,,,, symmetry [11,12], where the infinite tower of
soft symmetries can be organized into a single symmetry based on the wedge algebra of w,, . Along this direction, it has been pointed out in [1]
that one can consider a more general setup, which involves non-minimal couplings in the bulk on the operator product expansions (OPEs) of soft
currents in the Celestial Conformal Field Theory (CCFT). The corresponding algebra of the currents provides a deformation of w,,, algebra, that
we call W, +oo algebra. Although % +oo algebra bears semblance to W, algebra [12], it shows several specific properties that we briefly review in
Section 3.1.

A purpose of this paper is to obtain a deeper understanding of algebraic aspects of Wl +oo algebra. First, we derive the OPEs for the generating
currents of FVIV/I +oo algebra by generalizing the approaches used for W, algebra. This results in Theorem 3.4 in Section 3.2. Secondly, we explore
further generalization of IT/I +oo algebra. In particular, we introduce an N =2 supersymmetric extension of IT/I +oo algebra in Section 4.1, and we
identify a BRST operator (Theorem 4.2) in Section 4.2. Finally, based on the OPEs for N =2 Ww algebra together with the BRST operator, we
construct the generators of the topologically twisted version Ww algebra (Theorem 4.3) in Section 4.1. In Section 5, we conclude by discussing
potential issues and future directions.

2. Background: soft current OPEs in CCFT

Let us discuss the basics of the soft current in CCFT. We follow the notation of [13].

Definition 2.1 (Soft current). Let O, be a positive-helicity conformal primary celestial operator with conformal spin s € %Z>0 and conformal

dimensions (h, h) = (% k% ), where we denote the scaling dimension by k =s,s — 1,5 — 2, .... The soft current is defined by
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H*S(z,2) := Airr}((A - k)0, p(z,2) = lirr(1) €0 k45 k-5 (2,2), (2.1)
- e~

2072

where (z, Z) is the codimension-two celestial sphere coordinate.

We start from the OPEs for these soft currents from a three-point interaction [10]:
B} 1 S
Oy (2903, 3,0.0) ~ — > o1 )2 Oy 4y 0-0). 2.2)
p
where p :=dj, — 4 with dj, being a bulk dimension of the three-point interaction coupling particles, C,(h;,h,) denotes the OPE coefficients and

“~“means equality modulo expressions regular as (z, zZ) — (0,0). Taking the limit ¢ — 0 as in (2.1), one obtains the OPE for soft currents shown in
[10]:

K 53, o (Z—)P (2R —2hy—2p—a <
HA51 (2,2) H2%2 (o, ) ~ = ) 122 . _1 ) = uf) X < o, - ’ a) 0" H¥+hatr skl i), (2:3)
4 z a=0 a: 2P
where &, . _ is the coupling constant of the relevant three-point amplitude, d:= % and s; =s;+s,—p—1.

We use the following antiholomorphic mode expansion of the celestial currents:

- s—k
—h 2 ks
=Y Hb@rrhe 3 E @ (2.4)
—7 ks T3
n=h n= z 2

where each H*S(z) is a 2D symmetry-generating conserved current whose Ward identity provides a soft theorem.! Note that we have a z-dependence
(but not z) for the Fourier modes of the celestial currents.

The OPE and the commutation relations constitute an equivalent description of the corresponding algebra. We define the following commuta-
tor [1].

Definition 2.2 (2D-commutator).

[H":IIYSI’H"]‘ZJZ] (w) :=% Zd_Z?{ d_z‘zm-#iz]—lf d_u)_w”‘*';'z—lHk]:Sl (z,2) Hk2,52 (w,u?), (25)
w2l ) 2xi c2mi

where ¢, and §, denotes the integration over the contours around w and 0 respectively.?

Proposition 2.3 (Algebra of celestial currents [1]). The following algebraic relation holds for the celestial current modes defined in (2.4),

Max(s|+s,+1,0) K P = - - -
ky.s kp.s 51.52,—8 _ m+n—h —hy,—p\[(—-m—-n—h —hy,—p Ky +kotp—1,5;+59—p—1
[Hml bl’an Az] (w) = — z % 2 [(_l)p x<i> x < B 1 2 _1 2 Hmfr—, 2+p—1l.s1+s,—p w).
p=Max(s;+s,-3,0) x=0 m_hl -p+x _m_hl - X
(2.6)
For the gauge theory currents, we replace %KSI,SZ’_” 1 £, in the formula (2.6), where [, is the structure constant, associated with the gauge symmetry.

3. W +o algebra and its structure
3.1. The commutation relations

In the absence of higher-derivative corrections (fixed p in the expansion (2.6)), the soft currents for gravity and gauge theory obey the OPE
relations of the generating currents of the w, ., algebra [4,9,10]. Its supersymmetric extension has been also discussed [10,13,14].

Let us consider the effect of non-minimal couplings in the bulk on the OPEs of soft currents [1]. We use the light transform of the celestial
operator [15]:
dy 1

Lloweal= [ sno

Opp (2,9 (3.1)
to redefine the currents.

Definition 3.1 (W, +oo Currents). We define

W (2,2) ;=T Qq)L [H**21-03(z,2)], (3.2)

3

where g =1, 3 2, ... for particles with helicity s > 0 and I'(x) is the Gamma function.

1 Note that (2.4) holds in the MHV sector. Beyond it the polynomial becomes infinite and we should change the lower limit to —co [1].
2 See [1, App. C] for more detailed discussion.
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This implies the following mode expansion

~h

Wi (z,2)= Y Wi (227" (3.3)
m=h
and
Wi (2) = (=m+q = D! (m+q = DUHPO0 (2), G4

Using these currents, we can simplify the commutator (2.6) and obtain:

Proposition 3.2 ( Wl +o0 algebra [1]). Wl +oo CUrrent modes obey the following algebraic relation,

Max(s|+s,+1,0) K o s N . .
79151 1579255 1:52:=5] 791 +a—p—1.s1+s,—p—
[Wm‘ 7 2]:— 3 —L2ZEN (g1, g, p) W7o (3.5)
p=Max(s|+s,-3,0)

3

where q;,q, =1, 5,2, ... for particles with helicities s,,s, >0, m,n € Z and

p
N (qy,qp.m,n,p) 1= Z(—l)”’x <5> [m+q =1, [-m+q, =1 X[n+g,— 1 [-n+q,—1],_,, (3.6)
=0

with ascending and descending Pochhammer symbols
(a+n-1)!
(a=1)0 "~
a!
(a—n)!"
Note that the coefficient N (ql,qz, m,n, p) vanishes in (3.5) for specific values of p.

(@), :=a(a+1)...(a+n-1)= (3.7a)

[al, :=a(a—1)...(a—n+1)= (3.7b)

We call this W, 4o algebra.® In the absence of higher-derivative corrections (fixed p), this algebra is reduced to w,,, algebra [9,10,14]. The w, oo
algebra (3.5) bears semblance to W, algebra, which is also given by a deformation of w, ., [12]. The key difference is that the truncation of Wi
algebra (3.5) occurs naturally, due to the absence of massless higher spin fields, while it is provided by non-trivial zeroes of the hypergeometric
function ¢g‘r’qz for W, [12].

We have the coefficient function N (g;,q,.m,n, p) for f/IV/, +oo algebra as in W, algebra. For further calculations, we will use another represen-
tation:

Lemma 3.3 ([12]). The coefficient function N (ql,qz,m, n, p) is rewritten in the following form,

)4
N (qy,qp.m,n,p) = Z(_l)p—x <§> 29 —2-x],_, Qg —1-p), X[m+q; —1],_, [n+g,—1],. (3.8)
x=0

3.2. The OPEs for W, +oo algebra
In this Section, we provide the OPE for I/FI\/] +oo algebra. For this purpose, we apply the procedure described in [16] originally used for Wy,
algebra. In the context of CCFT, we have to take into account a z-dependence, in contrast to the original situation discussing the chiral currents [16].
We apply the following steps:
1. We define a new function

p
M (g1 qr.m.n.p) = Y (=) (i) 2, —2 = X1, 24, — 1= p), m"™ n*. 3.9)
x=0

This function generates the terms of N (ql,qz, m,n, p) of total degree p.
2. We replace the coefficient in the W -commutator (3.5) as follows,

Jd 0
N (qy.q.m,n,p) » M (ql,qz, 5 %,p), (3.10)

from which we can extract the OPE from the commutation relation of the generators.
3. We add the factors, (—1), ﬁ and ﬁ to capture the corresponding poles and comply with the Definition 2.2.

Here is the main result of this paper.

Theorem 3.4 (OPE for W, +oo-CUrrents). The OPE for the W -currents (3.2) has the following form:

(3.11)

2 zZ—w zZ—w

Warta=1=p. si+s2=p=1(y, ,;,))
P

— — Ky, o0 —s 2 _ _
WISt (z, )W 252 (w, D) ~ Z s Z(—l)_" <§> (g = 1= p);[2¢, =2 = x],_« ag"‘ ay, < -
x=0

3 The currents (3.2) are referred to as W, -like currents in [1]. In this regard, our was corresponds to their W45,
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Proof. We substitute the expression (3.11) to Definition 2.2. The expression takes the form

[WQI L SZJ(W) %27[1}{ 271" @ 1}{ 2dn:z1 FHTIWN @ D W (0, 0).

The integral part is

dw @l o~ dz Fmq =1 o= [ WataTlme sy, 1)
e2mi oow* | 2ri 0zP=x Z—w

=(_1)P—X(p_x)17§ d_wwn+42 1 a [Wq1+rh 1=p, sis2=p=1 (g, w)}l{ 2 —M+q1—1(z_w) px— l]

2ri

= (=1)~!*mta (p_x)vw?{ d_“_)u-/h‘%—l
T (=m—gqy)! ¢ 2ri

X
N 7} [qu+q2 1=p, s{+sy—p— l(w ) S—ptx—l+m+q;

o~
We use a Fourier decomposition (3.3):
—_— _h —~ -
Wwata=1-p, sl+sz—p—l(w’ D) = Z I/I/jq‘+qz_1_”' Sp+sy=p= l(w) Wi h
j=h
— Z quﬁ-qg—l—lh Sl+32—ﬂ—1(w) w—j—ql—qz+1+p’
J
with A =g, +¢, — 1 — p. Then we use an elementary formula
W(n)_ - x)!'n
for the x-th derivative over w in (3.13):

- __ (3.14) 0* +gy—1-p, 51+ 1 X m—j—
Wq1+qz 1—p, s{+sy—p— l(w @) W p+x—1+m+q, p z _ qu G—1=p, sy+sy—p— (W) w X+m—j—q,
~ Jw* |/
J

-x _ [n]x l‘n—x7

3.15 —
(= )Z[x+m 1—42] W‘II‘HIZ I=p, s1+s2—p— |(w) wm—/ @

J

We substitute (3.16) into (3.13), and the integral over @ provides

. =q+q—1-p, 5| +sp—p—1 dw _pyn_i— . =qi+ay—1-p, s;+s,—p—1
Z[X"'m_l_qz]x Vqu' Q@ —1=p, syts2-p (w)}{mwmw J 1=Z[X+m_1_‘72]x Vqu] G—1=p, s1+s2-p (w)éj,m+n

j ) j
=[x—n—q), WygL:qz_l =P, S1+sy=p= ](w).
The last integral is
dz 1 _
2ri(z —w)
w

Bringing together (3.12), (3.13), (3.17) and (3.18), we have

— — K\ 5pims; o
[Wrgl,sl ) I,anz,Sz] (w) = — Z % 2(_1)—x <z>(2ql —1-p2g-2-x],_,
p x=0

X (=1)1Hm+ar [x—n—gl, M[ DX — a1, s+ =p= 1(w).

m—ap! Homea W

Now, using the definitions of the Pochhammer symbols (3.7a)-(3.7b) and their relation
[a], = (=1)"(=a), =(a—n+1),
we can transform:

x—n=—g),=CD"(x+n+q), =1 -—n—g), =(=D"[n+q, - 1]

(p—x)! (p—x)! S
(=m—q)! =ptx =1y, = (_T_ql)!(_l) Hp=x+ Doy,

= (=) g gy~ 1],

Substituting (3.21a), (3.21b) to (3.19), we arrive at the final result
TS41S1 TS Ksisp=s; S p
W W 2] w) = =Y ===+ 2(—1>P—X<X)<2q1 —1=p)y n+g -1,
p x=0

X [2q =2 = x],_[m+ gy — 1],_ WA R7I7P srkamrml )

m+n
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(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21a)

(3.21b)
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(3.8) Ks|.59,—s =q1+q¢—1-p, s;+sy—p—1
= —Z —= L 22 LN (g1, a5, m,n, p) WATRT7P S1P270 ) (3.22)
P

4. Supersymmetric and topological generalizations

The N =2 supersymmetric W, algebra can be twisted to construct a topological W, algebra [17], which has been also discussed in the context
of CCFT in particular for w,, algebra [14]. Here we apply a similar construction for W, algebra (3.5). For this purpose, we first construct an
N =2 supersymmetric extension of W, algebra.*

4.1. N =2 supersymmetric extension

The general structure of the N' =2 super W, algebra can be schematically drawn as follows [18]:

WW ~W WW ~0 G*G*~0
WW ~W G*GF~WaW 4.1)
WG* ~G* WG* ~G*

Here W are W, currents, W are W, currents (W, X W,, subalgebras constitute a bosonic sector of the new superalgebra), and G* are fermionic
currents. In order to have this structure for W, algebra, we define the fermionic currents G9* and G7~:

K ~
- + 51582,—8 T5q1+q—p—1 7 a1+ —p-1
(G .Gy == —=— 2 “N gy, qp.mon,p) (bl WP (< DPB TR, (4.2)
p

with additional structure constants by"" . and b} . (unknown at the moment). Here W are W,, currents, W are W, currents. For the fermionic

current G%*, we require s € Z,, + % so that they generate the fermionic sector of the algebra. Using the Theorem 3.4, we may switch (4.2) to the
OPE form:

Corollary 4.1. The OPE of the fermionic currents of N' =2 W., algebra is given by

P
61z DG .y~ Y 2 Ly gy @(241 ~1-p)
=0

2 zZ—w
P
X[2g, -2 — x]p_xé’;_x 5;}, [(Z ~ %) (Bg;’fqz W‘“*"rl*"(m w) + (—1)‘”15’1‘;7;);]2 I/:{7‘““’2717‘”(ML II)))], 4.3

. DX RD.X . B . B m,n,p imnp .
where the new coefficients B;", and B, which are independent of the Fourier degrees (m,n), are determined from b, "' and b, . in the same way via

the function M (4,45, 2. 2=.p) from N (41,5,m,n,p) as before.

In order to calculate some particular values of the structure constants Bgfqz and ﬁqp;’fqz in (4.3), we may use explicit realizations of our currents.
Let us introduce ghost fields with the following OPE:

5.
by(z. e () ~ —— 2 4.4)

Z—W2Z—Ww

Then we introduce an explicit realization of the ¥, +oo currents (3.11) with ¢ > 2:

W(2,2) 1= ) Ky o 0 (@+2): 0500(2 Dby 4 (2.2) 1+ g, g (k+ D2 (2, 20:b, 14 (2.2) +..., (4.5)
k20
where sy :=s;(p=1)=s, 45, -2, : - : means normal-ordered product and ... states for the terms of the form : d%¢,(z, 2)5? by_141(2,2): with total

degree a + # > 2. Similarly, we use the anticommuting ghosts b,(z, z) and ¢;(w,w) to construct a realization of the Ww algebra, where we denote the

currents by W”(z, Z).
Using Wick’s theorem and (4.4), one can check that the currents w?, for which the terms given in (4.5) constitute the complete expression, i.e.

w(z,2) 1= =4[, 5, —5, Z(q +2): 0:0(2. Dby 44 (2,2) 1+ (k+ 1)1 ¢(2,2)05h)114(2,2) (4.6)
k=0

generate the w ., algebra [191°:

wht2=2(w, ) w22y, 1)
W =Ky sy sl =D —————.

The OPE (4.7) coincides with the main OPE (3.11) in p =0 approximation (with no higher-derivative corrections). Hence, in general, the currents
(4.5) generate the algebra (3.11). The expression for the explicit realization is given by

4.7)

w (z, Hw (w, ) ~ =k, 5, 5 (@1 + 82— 2) Py

4 The notation “super Ww ” (and not “1 + ”) comes from the fact that the corresponding supersymmetric algebra should contain both AWdl oo X Ww as a bosonic
sector.
5 Here, no central term is considered.
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Wi(z,2) 0= Y alyt 050 (2,000b, 1(2.0) (4.8)
k,n>0

a+pf=n

where

Lk

ag,l == \/Ks 5950 @ +2), (4.9)
k

agy = =/K5 sk + D), (4.10)

Now, in addition to the anticommuting ghosts b;(z, 2), ¢;(z, z) for WS and bi(z,2), ¢ (2, 2) for W‘”, we introduce the commuting ghosts g;(z, 2),
7;(z, %) for G97(z,z) and Bi(z,2), 7;(z,2) for G%(z,z) [19]:

_ 5

iz, 2w, 0) ~ B2, D7 0, 0) ~ —— = (4.11a)
— 5,"

72 208, 0,) ~ 1,2, D a0, )~ = —— (4.11b)

Using this, one can calculate

2Ky, 55,-s9 = +q—2)=
GO (2, DG (1, 0) ~ —227 ot o, ) — 2k, DL D v, )
Z—w 52> (z — w)?
-1 ~
-2 @w=-D o Wate=! (w, i) + ... (4.12)

$1:52:750 (7 _ 15) 0w

or, in the anticommutator form (using mode expansions):

{G?nl_, GZZ+} = 2K.¥1,xz,—so Wrz-li—:qz_l - 2’(.?1,5'2,—»?0 [m(gy — 1) — n(q; - 1)]anl:nq2_l . (4.13)
By comparing (4.12) and (4.3), we can finally determine some values of the structure constants Bgi’fqz and Egi)fqz and conditions for them:
10 _
By, =0 (4.142)
- 2q,+q, -3
B = B0t 3) (4.14b)
-9 (-1
L _
B =0 (4.14c)
sl _
By, =72 (4.14d)

Further structure constants may be obtained by the following algorithm. First, one needs to build a realization of the higher-order terms of the
algebra OPE. For this purpose, it would be helpful to consider terms with a + # > 2 in (4.8). After OPE calculation W91 (z, )W %22 (w, w), using
Wick’s theorem and expanding, one can compare the obtained expression with our result (3.11), and thereby determine aZiZ for some further «, .

Then, using the obtained aZ”;, one can similarly construct realizations of the fermionic currents G%** and repeat the procedure to calculate the

pX pD-X
structure constants B,”, and B;", .

Here we calculated some particular values of the structure constants (4.14a)-(4.14d) and provided an algorithm to do it for the cases p,x > 1,
while its practical implementation might require more effort from the calculation point of view.

4.2. Topological twist
The first step towards the topological twist is to define the BRST operator:
Theorem 4.2 (BRST operator for super Wm ). The BRST operator for the super IT/OO algebra is given by

0=6"7 ). (4.15)

where the lower index numerates the Fourier mode coefficient.
Proof. The BRST operator is given by the contour integral of the fermionic current,
dz 3/2 _ dz 3/2+ ——r=3/2
=@ —=G¥*(z,z)= 226 r=3/
0 fgzm (z.2) Z‘}{Zn'i Pz
€ €

=Y G/ (@5, = Gf/f/;(z). O (4.16)

We again note that we have an additional @w-dependence for celestial currents. Now let us proceed to determine the generators of the topological
W, algebra.
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Theorem 4.3 (Generators of topological Wm algebra). We define the new generators by

Vi(w, ) :={Q,G" (w,w)}, (4.17)
which are BRST-exact and hence generate a topological algebra. They are given by

~ Ks1,50,—s 1 =_l,._

q D) = I A V4 +q P +q—p -

14 (w,w)—zp: PR <( 1By, WP, + BY, W (w,w)>. (4.18)
Proof. The definition (4.17) can be re-written as follows:

Vi(w, w):}{ zdz G (2,2)GI (w, ). (4.19)

1

w

To obtain G3/%*(z, £)G9~ (w, ), we use the OPE (4.3) for the case q = %, ¢, =: q € Z/2 and take the derivative over z:
3/24 (., Q9= (1p. 13 Kpsmsr 1§ p |
G (2, 5G9 (w, ) ~ ; o go Y)e-p2a-2-x, -0

X

Ina

X

~ ~= 1
[(z — )P <( 1)"B’”‘ +‘H’(w, w) + Bg’/’; qW‘i’f’I—P(w, w))} . (4.20)
The integration over z gives:
dz 1
fl{ 27 (Z— @t Op.x (4.21)
w

This allows us to remove the sum over x and obtain

N _ Ksi,59,—s 1 =_1,._ _
V4<w,w>=2%z_waw,, << VP B, W w, )+ B, W "(w,w)) 0 (4.22)
P

Now let us discuss the algebraic relations. We re-write (4.17) in terms of the Fourier modes

Vaw.w ={0.6L, ,w}, (4.23)

to compute the following commutator:
~qy ¢y (4-23) z/2+ %/2+
Wa' Vool = [{ S Gm+l/2(z)} ’ { IS Gn+1/2(z)}]

{ 3/12/;(2) [GZil/z(Z)’ {Gi/lz/;(z) Gm+1/2(z)}]}
j

{ee e (@ 6,0} e

= {¢ia. 62,0 { @, 6 @ ]} (4.24)

where we used the Jacobi identity. The conditions for the Jacobi identity to hold in the case of ﬁa +oo Were obtained in [1]:

+

K K K. K

0,1,1 112 -1,11 K _ . 2

=— =3 3 K_1n1 =Ko015  Kopg = 2K101K-111- (4.25)
K222  Kopp2 K_1,12 K1,1,2

We assume that the conditions are the same for the super W,,, hence the Jacobi identity holds here as well. However, it might be possible to refine
these conditions using the provided explicit realizations (4.8) in future work.
Hence from (4.1) we see that the right-hand side of (4.24) leads to 171" again. We can write

nar . -p-1
Wt V1= Zg(ql,qz,m,n,p)vnm"z ”, (4.26)
where structure constants g could be expressed in terms of bq ‘o and b: "qf . from (4.2).

In the same way, we can obtain other relations for the generators, and thus the full structure of topological W,, algebra is given in the form:

TR, o - —p-1
Wl Vi1 = 8@y a0omn pV, 77, (4.272)
P
A + 1
VG2, 1= D 8y a0 mn. p)Goe 2 7 (4.27b)
P
4. —
{Gm+l/2’ Gni—l/Z} =0. (4.27¢)

Although determining the structure constants ¢ is difficult in general, we are able to compare them with a specific example. It has been known
that W, is reduced to w,, as follows: rescaling the generators

9 979 G- 197G, (4.28)
and then taking the limit 4 — 0 with p = 1. Hence, from (4.27a) and (4.27b), we obtain
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[, 021 = 8(ay, gp,mom, D212 72, (4.292)
q A A Aq+gr—2
WGy o) = 81 @2mn, DG LR (4.29b)

Compared with the results obtained in [14], we conclude that
8(qy,ap,m,n, 1) =m(g, — 1) — n(gq; — 1). (4.30)
5. Conclusion and outlook

In this work, we investigated a deformation of w,,, that we call VFI7] +oo algebra (3.5), which was previously obtained in [1] in the context of
CCFT. Despite being different from the known W, this algebra shares several common properties, which allows us to apply analogous approaches
to study its algebraic structure. In particular, we obtained the OPE for Wl +oo-algebra (Theorem 3.4, Section 3.2).

We constructed the BRST operator of A =2 supersymmetric W, -algebra (Theorem 4.2) and then obtained the generators of the topological

Ww-algebra (Theorem 4.3) in Section 4.2. We determined the structure constants B‘['I’fqz and Efl’;’fqz in (4.3) in several particular cases and outline

the possible algorithm of treatment the others. Along this direction, calculating the structure constants in more cases (by, for example, practical
implementation of the provided in 4.1 algorithm), or even obtaining a closed-form expression might be a subject of future work.

It would be also important to revisit the issue of physical interpretation of the supersymmetric and topological generalizations, presented in this
paper in the context of CCFT and compare them to the known results concerning the interpretation of W -symmetry in CCFT in the non-commutative
setup [20-23].
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