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1 Introduction

Towards profound understanding of quantum field theory, how to exactly evaluate physical
observables is a ubiquitous problem. The instanton partition function is one of the canonical
examples of such an exact analysis, which has been playing a central role in the study of non-
perturbative aspects of supersymmetric gauge theory [41, 42, 44, 48]. A purpose of this paper
is to provide an alternative algebraic framework to obtain the instanton partition function for
a wide class of gauge theories.

Quiver gauge theory is a class of gauge theory, which involves multiple gauge degrees of
freedom with a diagrammatic characterization by a quiver diagram. In fact, quiver generalization
of the instanton partition function exhibits various connections with interesting mathematical
concepts [54, 55]. Another situation that benefits from a quiver description is the instanton on
the asymptotically locally Euclidean (ALE) space obtained from the resolution of the orbifold
singularity C2/Υ for Υ a finite subgroup of SU(2) [40]. There is the so-called ADE classification
of Υ, and it has been established that the instanton moduli space of the ALE space is given by
the quiver variety associated with the affine quiver of type ADE through the McKay–Nakajima
correspondence [45, 46]. Observing this correspondence, geometric realization of quiver gauge
theories has been established for various situations [17].

Double quiver theory

A key observation presented in this paper is that the orbifold instanton partition function of
type A [20, 21] is concisely formulated using the q-deformation of Cartan matrix associated with
the corresponding affine quiver [36]. An important property of the q-deformed Cartan matrix
is its invertibility: The Cartan matrix of affine quiver is not invertible before the q-deformation
in general. From this point of view, the standard Euclidean case C2 corresponds to Â0 quiver
(Jordan quiver), where the instanton moduli space is given by the quiver variety associated
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2 T. Kimura

with Â0 quiver, and the q-Cartan matrix of type Â0 plays a role there (maybe without noticing
before).

In this paper, combining two formalisms based on quiver description, we propose the notion
of double quiver gauge theory characterized by a pair of quivers. The first quiver Γ is to specify
the multiple gauge degrees of freedom and their interaction as a quiver gauge theory. The
second quiver Υ is to characterize the manifold on which the gauge theory is defined. In this
formalism, the second quiver is not necessarily an affine quiver, but can be taken to be a generic
quiver even though there is no direct geometric realization. Moreover, we can even go beyond
the standard simply-laced quivers by using the formalism of fractional quivers [34, 38, 47]. For
example, for Υ = A1, the corresponding instanton partition function computes the equivariant
volume of the cotangent bundle of the Grassmannian, which is obtained as the quiver variety
of type A1. We may find a geometric origin of double quiver theory in the eight-dimensional
setup, called the gauge origami [50, 52]. If both quivers are of affine type, it has a geometric
realization

(
C2/Υ

)
×
(
C2/Γ

)
with a proper choice of the framing space (the configuration of

D3 branes in the string theory setup). From this point of view, the q-Cartan matrix encodes
the geometric information through the MaKay–Nakajima correspondence together with the Ω-
background dependence.

The formalism of double quiver theory is also applied to another eight-dimensional theory,
called the magnificent four, which is realized as a D(−1)-D7-D7 system in the IIB string theory
(D0-D8-D8 system in the IIA theory) [53, 56]. In this paper, we obtain the contour integral form
of the instanton partition function in eight dimensions with various orbifold structures based on
the q-deformed Cartan matrix formalism. Although we should take into account the Calabi–Yau
condition for the four-fold, the construction is almost parallel with the double quiver theory up
to the choice of the framing space.

BPS/CFT correspondence

Another important concept concerning the supersymmetric gauge theory is the BPS/CFT corre-
spondence, which is the correspondence between the BPS observables in SUSY gauge theory and
the vertex operators in the CFT-like theories [49, 50]. A canonical example is the equivalence
between the instanton partition function on C2 and the Liouville/Toda conformal block, a.k.a.,
AGT-W relation [2, 61]. Along this direction, it has been pointed out that the contour integral
form of the instanton partition function also has a realization using the vertex operators [32]. In
this paper, we construct a formalism of vertex operators depending on a pair of quivers, where
the geometric information is algebraically encoded in the q-Cartan matrix. We demonstrate that
the instanton partition function of double quiver theory and the magnificent four are naturally
realized as a correlation function of these vertex operators.

Organization of the paper

The remaining part of the paper is organized as follows: After summarising the notations used
in this paper in Section 2, we in Section 3 study the instanton partition function for quiver
gauge theory and for the orbifold. We in particular show that the q-deformed Cartan matrix
plays a crucial role in the construction in these cases. Based on this formalism, in Section 4,
we propose the notion of double quiver theory parametrized by a pair of quivers and show
several fundamental examples. In Section 5, we study the eight-dimensional theory called the
magnificent four on several backgrounds. We show that the eight-dimensional instanton partition
function is concisely obtained by applying the q-Cartan matrix formalism. In Section 6, we study
the BPS/CFT correspondence for double quiver theory and magnificent four. Introducing the
vertex operators depending on a pair of quivers, we see that the instanton partition function is
realized as a correlation function of these vertex operators.
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2 Preliminaries

In this section, we summarize the notations used in this paper.

Special functions

We use the q-factorial (q-Pochhammer) symbol

(x; q)n =
n−1∏
m=0

(1− xqm).

The theta function with the nome p ∈ C× is given by

θ(x; p) = (x; p)∞(p/x; p)∞.

We define the q-deformed multiple gamma function for |z| < 1, |qi| < 1 as follows:

Γk(z; q1, . . . , qk) =
∏

0≤n1,...,nk≤∞

(
1− zqn1

1 · · · qnk
k

)(−1)k

= exp

(
(−1)k+1

∞∑
n=1

zn

n

1(
1− qn1

)
· · ·
(
1− qnk

)) . (2.1)

The elliptic gamma function is defined using the q-double gamma functions

Γe(e; q1, q2) =
Γ2

(
z−1q1q2; q1, q2

)
Γ2(z; q1, q2)

. (2.2)

Index functor

For the vector bundle with the virtual character

chX =
∑
i=1

nie
xi , (2.3)

with ni ∈ Z the multiplicity of the Chern root xi, we define the index functor, converting the
additive class to the multiplicative class,

I[X] =
∏
i=1

[xi]
ni ,

where the bracket symbol is defined by

[x] =


x, (4d)

1− e−x, (5d)

θ
(
e−x; p

)
. (6d)

There is a hierarchical structure between rational, trigonometric, and elliptic functions,

θ
(
e−x; p

) p→0−−−→ 1− e−x = x+O
(
x2
)
.

We remark the reflection formula

[−x] =

{
−[x], (4d)

−ex[x]. (5d & 6d)
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For the dual bundle having the character chX∨ =
∑

i=1 nie
−xi , we have

I[X∨] =

{
(−1)rkXI[X], (4d)

(−1)rkX detXI[X], (5d & 6d)

where we define rkX =
∑

i ni and detX =
∏

i e
nixi .

The 4d theory index corresponds to the (equivariant) Euler class. The 5d theory corresponds
to K-theory convention, where the index is given by the character of the alternating sum of the
dual bundle,

I[X] = ch∧X∨,

and, denoting chy = y, we have

I[y∨X] = ch∧yX
∨,

where we denote the alternating sum of the wedge products by

∧X =

rkX∑
i=0

(−1)i ∧i X, ∧yX =

rkX∑
i=0

(−y)i ∧i X.

In addition, we denote the vector bundle constructed from X via the p-th Adams operation
by X[p]. Given the original character (2.3), the character is given by

chX[p] =
rkX∑
i=1

epxi . (2.4)

Hence, the dual bundle is formally written as X∨ = X[−1].

Characteristic polynomial

Denoting a one-dimensional bundle y with chy = ey, we define the characteristic polynomial
with respect to the bundle X,

PX(y) = I
[
X∨y

]
=

rkX∏
i=1

[y − xi], P̃X(y) = I
[
y∨X

]
=

rkX∏
i=1

[xi − y],

with the relation

P̃X(y) =

{
(−1)rkXPX(y), (4d)

(−ey)rkX detX∨PX(y). (5d & 6d)

S-function

For the parameters (ϵ1, ϵ2), we define the S-function,

S(x) =
[x− ϵ1,2]

[x][x− ϵ12]
, (2.5)

where we use the notation

[x− ϵ1,2] = [x− ϵ1][x− ϵ2].
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We remark the reflection formula

S(x) = S(−x+ ϵ12).

When we have more parameters, we also define a generalized S-function,

Sij(x) =
[x− ϵi,j ]

[x][x− ϵij ]

where we denote ϵij = ϵi + ϵj and [x − ϵi,j ] = [x − ϵi][x − ϵj ]. We also use the notation,
ϵiajb = aϵi + bϵj . The reflection formula is in this case given by

Sij(x) = Sij(−x+ ϵij).

3 Instanton partition function

3.1 Pure gauge theory

We consider the k-instanton moduli space of U(n) gauge theory on S = C2 denoted by Mγ with
the topological data γ = (n, k). We introduce the vector spaces

N = Cn, K = Ck, (3.1)

which we call the framing space and the instanton space. We have the automorphism groups,
GL(N) and GL(K), and the characters

chN =
n∑

α=1

eaα , chK =
k∑

I=1

eϕI .

We denote the fiber of the cotangent bundle at the marked point o ∈ S by

Q = T∨
o S = Q1 ⊕Q2

with the character

chQi = eϵi = qi, i = 1, 2.

The marked point is now taken to be the fixed point under the GL(Q) action, i.e., o = (0, 0) ∈ S.
The parameters (aα, ϕI , ϵ1,2) are the equivariant parameters of the corresponding group actions,
(GL(N),GL(K),GL(Q)), respectively: These parameters are the elements of the corresponding
Cartan subalgebra, (aα)α=1,...,n ∈ LieTN, (ϕI)I=1,...,k ∈ LieTK, and (ϵ1,2) ∈ LieTQ where we
denote the Cartan tori by TN ⊂ GL(N), TK ⊂ GL(K), and TQ ⊂ GL(Q).

We use the notation

Pi = ∧Qi = 1−Qi, i = 1, 2, (3.2a)

P12 = ∧Q = 1−Q1 −Q2 +Q12, Q12 = ∧2Q = detQ = Q1Q2. (3.2b)

We remark the factorization property of P12: P12 = P1P2, and we will also use the notation
(Section 5),

P123 = P1P2P3, P1234 = P1P2P3P4, Q1234 = Q1Q2Q3Q4.

Then, we have the observable sheaf associated with a marked point o ∈ S in K-theory as follows:

Yo ≡ Y = N−P12K,
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such that the universal sheaf YS on Mn,k×S is given by localization via the inclusion io : o ↪→ S

YS =
Yo

P12
.

The vector multiplet contribution, which is associated with the tangent bundle to the moduli
space Mγ , is constructed from the observable sheaf,

V =
Y∨Y

P12
=

N∨N

P12
−N∨K−Q∨

12K
∨N+P∨

12K
∨K = V̊ +Vinst,

where we split it into the perturbative part and the instanton part,

V̊ =
N∨N

P12
, Vinst = −N∨K−Q∨

12K
∨N+P∨

12K
∨K.

In general, the instanton part of the vector bundle X is given by Xinst = X−X̊, where we define
the perturbative part of X by X̊ = X

∣∣
K→0

.

3.1.1 Contour integral formula

Let x be a one-dimensional bundle with the Chern root x. Then, we define the gauge polynomial
as the characteristic polynomial with respect to the vector space N,

PN(x) = I
[
N∨x

]
=

n∏
α=1

[x− aα], P̃N(x) = I
[
x∨N

]
=

n∏
α=1

[−x+ aα] (3.3)

with the relation

P̃N(x) =

{
(−1)nPN(x), (4d)

(−1)nenxe−aPN(x), (5d & 6d)
(3.4)

where we denote a =
∑n

α=1 aα. Hence, the special unitary condition is given by a = 0.
Applying the index functor to the vector multiplet contribution, we obtain the instanton

partition function for pure U(n) gauge theory

Zγ = I[V]inst.

This index formula yields the contour integral form for the instanton partition function, a.k.a.,
LMNS formula [41, 42, 44, 48]

Zγ =
1

k!

[−ϵ12]
k

[−ϵ1,2]k

∮
TK

dϕ
k∏

I=1

1

PN(ϕI)P̃N(ϕI + ϵ12)

k∏
I<J

S(ϕIJ)
−1S(ϕIJ + ϵ12)

−1. (3.5)

We denote dϕ =
∏k

I=1 dϕI /2πι where ι2 = −1 and ϕIJ = ϕI − ϕJ . The S-function is defined
in (2.5). The factor k! is understood as the volume of Weyl group, Weyl(U(k)) = Sk. From
the analogy with the matrix model, we call the ϕ-ϕ interaction part the measure term, and the
characteristic polynomial part the source term. We may also have the Chern–Simons factor∏k

I=1 e
κϕI in particular for 5d theory, which comes from the determinant bundle associated

with Y. The contour integral is taken over the Cartan torus of GL(K) denoted by TK. We
remark that we have the zero mode factors in the character

chP∨
12K

∨K =
(
1− q−1

1

)(
1− q−1

2

) ∑
1≤I ̸=J≤k

eϕIJ + k(−q1 − q2 + q12) +

k∑
I=1

1︸ ︷︷ ︸
zero modes

,

and we interpret their index as the contour integral over the ϕ-variable (integral over the Cartan
torus TK), which is equivalent to taking the residues. Such a multivariable contour integral is
organized by the Jeffrey–Kirwan residue prescription [5, 24, 25]. See also [15].
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3.1.2 Localization formula

Applying the equivariant localization formula, the integral over the moduli space is localized on
the fixed points under the equivariant action. We introduce n-tuple partitions of size k,

λ = (λα)α=1,...,n, |λ| =
n∑

α=1

|λα| = k.

Then, the equivariant fixed point in the instanton moduli space is given as follows:

{ϕI}I=1,...,k −→ {aα + (i− 1)ϵ1 + (j − 1)ϵ2}α=1,...,n,(i,j)∈λα
.

This corresponds to the pole in the integrand of the contour integral formula of the instanton
partition function. Hence, the residue computation agrees with the localization formula. The
equivariant character of the vector space K at the fixed point λ is given by

chK
∣∣
λ
=

n∑
α=1

∑
(i,j)∈λα

eαqi−1
1 qj−1

2 .

At the fixed point under the equivariant action, the observable sheaf is given by

Y = P1X,

where we have

chX =
∑
x∈X

x, X =
{
eaαqk−1

1 q
λα,k

2

}
α=1,...,n,k=1,...,∞.

This expression corresponds to a partial reduction of the universal sheaf YS = X/P2. Exchang-
ing ϵ1 ↔ ϵ2 (q1 ↔ q2), we obtain another reduction YS = X̃/P1, where X̃ is obtained from
transposed partitions. We also define the configuration corresponding to λ = ∅,

X̊ =
{
eaαqk−1

1

}
α=1,...,n,k=1,...,∞.

We consider the vector multiplet contribution at the fixed point

V
∣∣
X =

P∨
1

P2
X∨X.

Denoting the set of fixed point configurations in the k-instanton sector by MT
γ = MT

n,k, we define

their disjoint union, MT =
⊔∞

k=0M
T
n,k. The full partition function evaluated at the fixed point

configuration X ∈ MT is given by applying the index functor

ZX = I[V]X =
∏

(x,x′)∈X×X

(q12x/x
′; q2)∞

(q2x/x′; q2)∞
,

and the total partition function is obtained by summing over all the fixed point configurations

Z =
∑

X∈MT

qk(X )ZX ,

where q is the instanton counting parameter (fugacity; gauge coupling) and we denote the
topological number associated with the configuration X by k(X ) = k for X ∈ MT

n,k.
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3.1.3 Including a defect

We can extend the formalism of the equivariant integral presented in the previous part to the
situation with a codimension-four defect [1, 23, 29, 50, 60].

In order to describe the defect, we first define the Y-function and its dual [54, 55]

Y(x) = I
[
Y∨x

]
= PN(x)

k∏
I=1

S(x− ϕI),

Ỹ(x) = I
[
x∨Y

]
= P̃N(x)

k∏
I=1

S(x− ϕI),

where we denote a one-dimensional bundle x with the Chern root x as before, and PN(x) and

P̃N(x) are the gauge polynomials defined in (3.3). We have a similar relation between Y and Ỹ

as in the case of the gauge polynomials (3.4). Hereafter we will focus on Y(x). We also use the
notation YX =

∏rkX
α=1 Y(xα) for a generic bundle X with the Chern roots (xα)α=1,...,rkX.

In addition to the vector spaces (3.1), we introduce another vector space and with the char-
acter

N′ = Cn′
, chN′ =

n′∑
β=1

ebβ ,

which is interpreted as another framing space in the context of the instanton moduli space.
Denoting the topological data similarly by γ = (n, n′, k), we have the instanton partition function
in the presence of the defect contribution

Zγ =
1

k!

[−ϵ12]
k

[−ϵ1,2]k

∮
TK

dϕYN′

k∏
I=1

1

PN(ϕI)P̃N(ϕI + ϵ12)

k∏
I<J

S(ϕIJ)
−1S(ϕIJ + ϵ12)

−1

=
1

k!

[−ϵ12]
k

[−ϵ1,2]k

∮
TK

dϕ

∏α=1,...,n
β=1,...,n′ [bβ − aα]∏α=1,...,n

I=1,...,k [ϕI − aα][aα − ϕI − ϵ12]

∏β=1,...,n′

I=1,...,k S(bβ − ϕI)∏
1≤I<J≤k S(ϕIJ)S(ϕIJ + ϵ12)

.

In this case, we have additional S-functions in the integrand, which change the pole structure.
See [1, 29, 50] for details. The instanton sum with this defect operator gives rise to the gauge

theory average of the qq-character, which turns out to be a pole-free function of b =
∑n′

β=1 bβ [51].

3.2 Quiver gauge theory

We define a quiver as a set of nodes and (oriented) edges, Γ = (Γ0,Γ1), where Γ0 = {nodes},
Γ1 = {edges}. As we consider quiver gauge theory with eight supercharges, all the edges have
their dual edges with opposite orientation denoted by Γ∨

1 = {e∨, e ∈ Γ1}. We assign vector
spaces for each node

N = (Ni)i∈Γ0 , K = (Ki)i∈Γ0 ,

where

Ni = Cni , Ki = Cki .

We denote the dimension vectors by γ = (n, k) = (ni, ki)i∈Γ0 . The corresponding automorphism
groups are given by

GL(N) =
∏
i∈Γ0

GL(Ni), GL(K) =
∏
i∈Γ0

GL(Ki),



Double Quiver Gauge Theory and BPS/CFT Correspondence 9

and we have the characters

chNi =

ni∑
α=1

eai,α , chKi =

ki∑
I=1

eϕi,I .

We similarly consider observable sheaves for each node

Y = (Yi)i∈Γ0 , Yi = Ni −P12Ki.

In this case, we have the vector multiplet contribution assigned to the node i ∈ Γ0 as follows:

Vi =
Y∨

i Yi

P12
=

N∨
i Ni

P12
−N∨

i Ki −Q∨
12K

∨
i Ni +P∨

12K
∨
i Ki.

Bifundamental matter

We introduce the bifundamental hypermultiplet contribution as follows:

He : i→j = −Me
Y∨

i Yj

P12
= −Me

N∨
i Nj

P12
+MeN

∨
i Kj +MeQ

∨
12K

∨
i Nj −MeP

∨
12K

∨
i Kj ,

where Me is a one-dimensional bundle assigned to each edge e ∈ Γ1. The character is given
by chMe = eme with the bifundamental mass parameter me identified with the Chern root.
We remark that all these bifundamental mass parameters can be fixed to be zero through gauge
fixing except for cyclic quivers. In particular, the instanton part of the vector and bifundamental
hypermultiplet contribution is given by[∑

i∈Γ0

Vi +
∑
e∈Γ1

He

]
inst

= −
∑

i,j∈Γ0

(
N∨

i c
+∨
ij Kj +Nic

−
ijK

∨
j

)
+P∨

12

∑
i,j∈Γ0

K∨
i c

+∨
ij Kj ,

where c± are the half q-Cartan matrices associated with quiver Γ [36]

c+ij = δi,j −
∑

e∈Γ1 : i→j

M∨
e , c−ij = Q∨

12c
+∨
ji . (3.6)

The total q-Cartan matrix is given by

cij = c+ij + c−ij =
(
1 +Q∨

12

)
δi,j −

∑
e∈Γ1:i→j

M∨
e −

∑
e∨∈Γ∨

1 :j→i

MeQ
∨
12, i, j ∈ Γ0.

This q-Cartan matrix structure has a geometric origin. See Section 4.3.

Fundamental matter

Similarly, we have the fundamental and antifundamental hypermultiplet contributions

Hi = −M∨
i Yi

P12
= −M∨

i Ni

P12
+MiKi,

H̃i = −Y∨
i M̃i

P12
= −N∨

i M̃i

P12
+Q∨

12K
∨
i M̃i,

where
(
M, M̃

)
=
(
Mi, M̃i

)
i∈Γ0

is the matter bundle. Their Chern roots are identified with the

(anti)fundamental mass parameters

chMi =

nf
i∑

f=1

emi,f , ch M̃i =

naf
i∑

f=1

em̃i,f .
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Contour integral formula

The contour integral form of the instanton partition function is given by applying the index
functor to the instanton part of the total contribution

Zγ = I
[∑
i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
inst

=
1

k!

∮
TK

dϕ
∏
i∈Γ0

zveci zfiz
af
i

∏
e∈Γ1

zbfe , (3.7)

where we denote the Cartan torus of GL(K) by TK and

k! =
∏
i∈Γ0

ki!, dϕ =
∏
i∈Γ0

ki∏
I=1

dϕi,I

2πι
.

Each factor in the integrand is given by

zveci =
[−ϵ12]

ki

[−ϵ1,2]ki

ki∏
I=1

1

Pi(ϕi,I)P̃i(ϕi,I + ϵ12)

ki∏
I<J

S(ϕi,IJ)
−1S(ϕi,IJ + ϵ12)

−1,

zbfe:i→j =

kj∏
I=1

Pi(ϕj,I +me)

ki∏
I=1

P̃j(ϕi,I −me + ϵ12)
∏

I=1,...,kj
J=1,...,ki

S(ϕj,I − ϕi,J +me),

zfi =

ki∏
I=1

P f
i (ϕi,I), zafi =

ki∏
I=1

P̃ f
i (ϕi,I + ϵ12),

where we denote ϕi,IJ = ϕi,I − ϕi,J , and the gauge and matter polynomials are given by the
corresponding characteristic polynomials

Pi(x) = PNi(x) =

ni∏
α=1

[x− ai,α], P̃i(x) = P̃Ni(x) =

ni∏
α=1

[−x+ ai,α],

P f
i (x) = PMi(x) =

nf
i∏

f=1

[x−mi,f ], P̃ f
i (x) = P̃

M̃i
(x) =

naf
i∏

f=1

[−x+ m̃i,f ].

In addition, we can further incorporate the Chern–Simons term for 5d theory

zCS
i =

ki∏
I=1

eκiϕi,I , i ∈ Γ0,

where we denote the Chern–Simons level by (κi)i∈Γ0 . The total partition function is given by
summing over the topological sectors. In this case, we have the counting parameter for each
node q = (qi)i∈Γ0 , which yields the total partition function

Z =
∑
k

qkZγ , qk =
∏
i∈Γ0

qkii . (3.8)

Localization formula

We can similarly apply the equivariant localization formula to quiver gauge theory in general.
In this case, the fixed points in the moduli space Mγ are again labeled by a set of partitions

λ = (λi,α)i∈Γ0,α=1,...,ni , |λi| =
ni∑
α=1

|λi,α| = ki.
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Then, the observable sheaf is given through the partial reduction of the universal sheaf by

Yi = P1Xi,

where the corresponding character is given by

chXi =
∑
x∈Xi

x, Xi =
{
eai,αqk−1

1 q
λi,α,k

2

}
i∈Γ0,α=1,...,ni,k=1,...,∞.

We also define the empty configuration

X̊i =
{
eai,αqk−1

1

}
i∈Γ0,α=1,...,ni,k=1,...,∞.

We denote the fixed point configuration by X = (Xi)i∈Γ0 ∈ MT =
⊔

k M
T
n,k. The vector multiplet

and the hypermultiplet contributions are written as follows:

Vi =
P∨

1

P2
X∨

i Xi, He : i→j = −Me
P∨

1

P2
X∨

i Xj ,

Hi = −M∨
i Xi

P2
, H̃i = −Q∨

12

X∨
i M̃i

P2
.

In particular, the vector multiplet and the bifundamental contributions are combined into the
following form:

∑
i∈Γ0

Vi +
∑
e∈Γ1

He =
P∨

1

P2

∑
i,j∈Γ0

X∨
i c

+∨
ij Xj =

P∨
1

P2
X∨c+∨X,

where c+ is the half q-Cartan matrix (3.6). Thus, the fixed point contribution of the partition
function is given by

ZX = I
[∑
i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
X
,

and the total partition function is given by summation over all the fixed point contributions

Z =
∑

X∈MT

qk(X )ZX .

The topological number is given by qk(X ) =
∏

i∈Γ0
qkii for X ∈ MT

n,k.

Including a defect

As discussed in Section 3.1.3, we may similarly incorporate a defect operator to quiver gauge
theory. In this case, we define the corresponding Y-functions

Yi(x) = I
[
Y∨

i x
]
, Ỹi(x) = I

[
x∨Yi

]
.

Denoting another framing space and the character

N′
i = Cn′

i , N′ = (N′
i)i∈Γ0 , chN′

i =

n′
i∑

β=1

ebi,β ,
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we have

YN′ = I
[∑
i∈Γ0

Y∨
i N

′
i

]
=
∏
i∈Γ0

n′
i∏

β=1

Y(bi,β).

Hence, for the topological data γ = (n, n′, k) = (ni, n
′
i, ki)i∈Γ0 , the total partition function is

given as follows:

Zγ = I
[∑
i∈Γ0

(
Vi +Hi + H̃i +Y∨

i N
′
i

)
+
∑
e∈Γ1

He

]
inst

=
1

k!

∮
TK

dϕYN′
∏
i∈Γ0

zveci zfiz
af
i

∏
e∈Γ1

zbfe .

The instanton sum gives rise to the (average of) qq-character, which is a pole-free function of

the dual Coulomb parameters bi =
∑n′

i
β=1 bi,β for i ∈ Γ0.

3.2.1 A1 quiver: SQCD

We start with a minimal example with the hypermultiplet, which is 4d N = 2 (5d N = 1)
SQCD with nf fundamental and naf antifundamental matters. We need to have the condition
nf + naf = 2n to realize the corresponding 6d N = (1, 0) theory. Applying the formula (3.7), we
obtain the contour integral form of the k-instanton partition function of U(n) SQCD as follows:

Zγ =
1

k!

[−ϵ12]
k

[−ϵ1,2]k

∮
TK

k∏
I=1

dϕI

2πι

P f(ϕI)P̃
f(ϕI + ϵ12)

P (ϕI)P̃ (ϕI + ϵ12)

k∏
I ̸=J

S(ϕIJ)
−1,

where we denote the gauge polynomial by P (x) = PN(x) and its dual P̃ (x) = P̃N(x). In this
case, in order to have a converging integral (no pole at ϕ → ∞), there exists a restriction on the
matter content given by nf + naf ≤ 2n.

3.2.2 Â0 quiver

We consider quiver gauge theory associated with Â0 quiver, which is known as 4d N = 2∗

(5d N = 1∗/6d N = (1, 0)∗) theory. The matter contents are the vector multiplet and the
hypermultiplet in the adjoint representation of the gauge group. Denoting the adjoint mass
parameter by m, and applying the general formula (3.7), the k-instanton partition function
of U(n) gauge theory with the adjoint matter is given by

Zγ =
1

k!

(
[−ϵ12]

[−ϵ1,2]
S(m)

)k ∮
TK

k∏
I=1

dϕI

2πι

P (ϕI +m)P̃ (ϕI −m+ ϵ12)

P (ϕI)P̃ (ϕI + ϵ12)

k∏
I ̸=J

S(ϕIJ +m)

S(ϕIJ)
.

We remark that, for the 5d/6d convention, the gauge polynomial part is written as follows:

P (ϕ+m)P̃ (ϕ−m+ ϵ12)

P (ϕ)P̃ (ϕ+ ϵ12)
= e−nmP (ϕ+m)P (ϕ−m+ ϵ12)

P (ϕ)P (ϕ+ ϵ12)

= e−nm
n∏

α=1

[x− aα +m][x− aα −m+ ϵ12]

[x− aα][x− aα + ϵ12]
.

In the 4d convention, there is no prefactor.
We use the notation

(ϵ3, ϵ4) = (−m,m− ϵ12), (q3, q4) = (eϵ3 , eϵ4),
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for which we have the condition

4∑
i=1

ϵi = 0,
4∏

i=1

qi = 1. (3.9)

As mentioned below, this theory has a geometric origin in C4, and in this context, this condition
is called the Calabi–Yau condition: The associated Ω-background parameters take a value in
the Cartan subalgebra of u(4), which is reduced to su(4) under the condition (3.9).

Similarly, the measure part is rewritten as follows:

k∏
I ̸=J

S(ϕIJ +m)

S(ϕIJ)
=

k∏
I<J

S(ϕIJ +m)

S(ϕIJ)

S(ϕIJ −m+ ϵ12)

S(ϕIJ + ϵ12)
=

k∏
I<J

[ϕIJ ± ϵ12,23,31]

[ϕIJ ± ϵ1,2,3,4]
[ϕIJ ]

2.

Hence, the k-instanton partition function is written as follows:

Zγ =
qnk3
k!

[−ϵ12,23,31]
k

[−ϵ1,2,3]k[−ϵ123]k

∮
TK

k∏
I=1

dϕI

2πι

n∏
α=1

S34(ϕI − aα)

k∏
I<J

[ϕIJ ± ϵ12,23,31]

[ϕIJ ± ϵ1,2,3,4]
[ϕIJ ]

2, (3.10)

which implies a natural realization of Â0 theory in C4. See Section 4.3 for details. This integral
computes the χq3-genus and the elliptic genus of the instanton moduli space Mγ for the 5d
and 6d conventions, respectively.

Moreover, we may insert a codimension-four defect to this case. Inserting the Y-functions,
we obtain the following integral formula [33]:

Zγ =
qnk3
k!

[−ϵ12,23,31]
k

[−ϵ1,2,3]k[−ϵ123]k

∮
TK

dϕYN′
∏

α=1,...,n
I=1,...,k

S34(ϕI − aα)
k∏

I<J

[ϕIJ ± ϵ12,23,31]

[ϕIJ ± ϵ1,2,3,4]
[ϕIJ ]

2

=
qnk3
k!

[−ϵ12,23,31]
k

[−ϵ1,2,3]k[−ϵ123]k

∮
TK

dϕ
∏

α=1,...,n
β=1,...,n′

[bβ − aα]
∏

α=1,...,n
I=1,...,k

S34(ϕI − aα)

×
∏

β=1,...,n′

I=1,...,k

S12(ϕI − bβ)

k∏
I<J

[ϕIJ ± ϵ12,23,31]

[ϕIJ ± ϵ1,2,3,4]
[ϕIJ ]

2,

which is symmetric under (aα, bβ) and (ϵ1,2, ϵ3,4).

3.2.3 Âr−1 quiver

The next example is quiver gauge theory of type Âr−1, which is a cyclic quiver gauge theory
of r gauge nodes. Although we have r possibly different bifundamental mass parameters in
general, we apply a gauge choice such that all the mass parameters are identical, mi→i+1 = m
for i = 0, . . . , r − 1. The node index is now understood as i ≡ i + r, hence i ∈ Z/rZ. We also
denote Z/rZ = Zr.

Applying the index functor, we have the contour integral form of the instanton partition
function

Zγ =
1

k!

[−ϵ12]
|k|

[−ϵ1,2]|k|

∮
TK

dϕ
r−1∏
i=0

[
ki∏
I=1

Pi−1(ϕi,I +m)P̃i+1(ϕi,I −m+ ϵ12)

Pi(ϕi,I)P̃i(ϕi,I + ϵ12)

×

∏
I=1,...,ki+1
J=1,...,ki

S(ϕi+1,I − ϕi,J +m)∏ki
I ̸=J S(ϕi,I − ϕi,J)

]
,



14 T. Kimura

where we denote |k| =
∑r−1

i=0 ki. The gauge polynomial part is written for the 5d/6d convention
as follows:

r−1∏
i=0

Pi−1(ϕ+m)P̃i+1(ϕ−m+ ϵ12)

Pi(ϕ)P̃i(ϕ+ ϵ12)

=

r−1∏
i=0

(−q12)
(ni−1−ni)kiq

ni−1ki
3 ϕni−1−nie(ki+1−ki)ai

Pi−1(ϕ+m)Pi+1(ϕ−m+ ϵ12)

Pi(ϕ)Pi(ϕ+ ϵ12)
,

where we denote ai =
∑ni

α=1 ai,α. We remark that the bifundamental factor is written as

S(ϕi+1,I − ϕi,J +m) =
[ϕi+1,I − ϕi,J − ϵ13][ϕi+1,I − ϕi,J + ϵ14]

[ϕi+1,I − ϕi,J − ϵ3][ϕi+1,I − ϕi,J + ϵ4]
.

Hence, imposing the balancing (conformal) condition and the special unitary condition, ni = n,
ai = 0 for i = 0, . . . , r − 1, we obtain

Zγ =
q
n|k|
3

k!

[−ϵ12]
|k|

[−ϵ1,2]|k|

∮
TK

dϕ
r−1∏
i=0

[
ki∏
I=1

Pi−1(ϕi,I − ϵ3)Pi+1(ϕi,I − ϵ4)

Pi(ϕi,I)Pi(ϕi,I − ϵ34)

×

∏
I=1,...,ki+1
J=1,...,ki

S(ϕi+1,I − ϕi,J − ϵ3)∏ki
I<J S(ϕi,IJ)S(ϕi,IJ − ϵ34)

]
. (3.11)

The total partition function is given by summing over all the topological sectors as in (3.8).

3.3 Orbifold instanton partition function

We extend the formulation of the instanton partition function to the orbifold case, S = C2/Υ,
where Υ is a finite subgroup of SU(2). For the moment, we focus on the A-type theory, Υ =
Zp = Z/pZ. We also denote Âp−1 quiver by Υ under the McKay–Nakajima correspondence,
hence Υ0 = {0, . . . , p− 1}.

In order to discuss the instanton partition function of Γ-quiver gauge theory on the orbifold,
we first decompose the vector spaces as follows:

Ni =
⊕
j∈Υ0

Nj
i ⊗Rj , Ki =

⊕
j∈Υ0

Kj
i ⊗Rj , i ∈ Γ0,

where we denote the one-dimensional irreducible representation of Υ = Zp by Rj for j =
0, . . . , p − 1. In particular, we denote the trivial representation by R0. Each vector space is
given by

Nj
i = Cnj

i , Kj
i = Ckji ,

obeying
∑

j∈Υ0
nj
i = ni,

∑
j∈Υ0

kji = ki, and we write by γ = (n, k) =
(
nj
i , k

j
i

)
i∈Γ0,j=Υ0

the
topological data. We denote the characters of these vector spaces by

chNj
i =

nj
i∑

α=1

ea
j
i,α , chKj

i =

kji∑
I=1

eϕ
j
i,I .

Defining the coloring index ci : {1, . . . , ni} → {0, . . . , p − 1} for each i ∈ Γ0, we may identify{
aji,α, α = 1, . . . , nj

i

}
= {ai,α, α = 1, . . . , ni | ci(α) = j} where nj

i = #{α = 1, . . . , ni | ci(α) = j}.
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In addition, we consider the following Zp action for the spacetime coordinates:

Zp :

(
z1
z2

)
−→

(
e2πι(p−1)/p 0

0 e2πι/p

)(
z1
z2

)
,

which correspond to the assignment of the irreducible representation

Q = (Q1 ⊗Rp−1)⊕ (Q2 ⊗R1). (3.12)

We remark that Rp−1 = R∨
1 , and the two-dimensional representation that can be embedded

with that for SU(2) is given by R∨
1 ⊕ R1. Then, the instanton partition function is obtained

from the Υ-invariant sector of the original contributions. For simplicity, we consider Γ = A1

quiver for the moment. Recalling that

(Ri ⊗Rj)Υ = δi+j,0,

the vector multiplet contribution is given as follows:

VΥ
inst =

(
−N∨K−Q∨

12K
∨N+P∨

12K
∨K
)
Υ

=
∑
j∈Υ0

(
−Nj∨Kj −Q∨

12K
j∨Nj +

(
1 +Q∨

12

)
Kj∨Kj −Q∨

1K
j∨Kj−1 −Q∨

2K
j∨Kj+1

)
= −N∨K−Q∨

12K
∨N+K∨c†K, (3.13)

where we apply the vector notation in the last line with the q-deformed Cartan matrix of type
Âp−1 associated with Υ = Zp,

1

cij = (1 +Q12)δi,j −Q1δi,j+1 −Q2δi+1,j , c† := c∨T = Q∨
12c. (3.14)

Now the spacetime equivariant parameters ϵ1,2 play a role of the bifundamental mass parameters.
In general, assigning the representation Rk to Q2, we have Q2 → Q2δi+k,j in the q-Cartan

matrix. Namely, the irreducible representation Rk corresponds to the matrix Rk given by

Rk −→ Rk =



p−k︷︸︸︷
1

1
. . .

. . .

1
1

. . .

1


. (3.15)

Apparently, we have (Rk)
p = 1p. We remark that the inverse matrix is given by R−1

k = RT
k =

Rp−k. In this notation, we may write the q-Cartan matrix (3.14) by

c = (1 +Q12)⊗ 1−Q1 ⊗ Rp−1 −Q2 ⊗ R1 = (1−Q1 ⊗ Rp−1)(1−Q2 ⊗ R1).

See Appendix A for the q-Cartan matrix with a generic assignment of the irreducible represen-
tation.

1The q-Cartan matrix used in this section is with respect to the orbifold structure Υ not to be confused with
that for quiver Γ (3.6).
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We also use the notation cΥ to specify the quiver dependence of the q-Cartan matrix. We
denote the character of the q-Cartan matrix by c. The determinant of the q-Cartan matrix of
type Âp−1 is given by

det c = P
[p]
12 , det c =

(
1− qp1

)(
1− qp2

)
.

Thus, the q-Cartan matrix c is invertible if q1,2 ̸= 1 (ϵ1,2 ̸= 0).2 We denote the inverse of the

q-Cartan matrix by c̃. In the case Υ = Â0, it becomes c = P12, and the inverse is simply given
by c̃ = 1/P12. The elements of the inverse matrix c̃ of type Âp−1 is then given as follows:

c̃ij =
∑

x,y∈Υ0

x−y≡j−i (mod p)

qx1q
y
2(

1− qp1
)(
1− qp2

)

=


qs2
(
1 + q12 + · · ·+ qp−s−1

12

)
+ qp−s

1

(
1 + q12 + · · ·+ qs−1

12

)(
1− qp1

)(
1− qp2

) , s := i− j ≥ 0,

qp−t
2

(
1 + q12 + · · ·+ qt−1

12

)
+ qt1

(
1 + q12 + · · ·+ qp−t−1

12

)(
1− qp1

)(
1− qp2

) , t := j − i ≥ 0,

where we denote Υ0 = {0, . . . , p− 1}.
We also decompose the observable sheaf with respect to the irreducible representation of Υ,

Yi =
⊕
j∈Υ0

Yj
i ⊗Rj , i ∈ Γ0.

We denote the set of observable sheaves by Y =
(
Yj

i

)
i∈Γ0,j∈Υ0

. Then, we have the following
expression,

Yj
i = Nj

i −
∑
j′∈Υ0

cjj′K
j′

i ,

for which we may write Yi = Ni−cKi in the vector notation. The vector multiplet contribution
is thus given by

VΥ
i = Y∨

i c̃Yi =
∑

j,j′∈Υ0

Yj∨
i c̃jj′Y

j′

i , (3.16)

which reproduces the previous result (3.13) for the instanton part.
In order to construct quiver gauge theory on orbifolds, we consider the hypermultiplet con-

tribution similarly to Section 3.2. Using the q-Cartan matrix, we have

HΥ
e : i→i′ = −MeY

∨
i c̃Yi′ = −Me

(
N∨

i c̃Ni′ −N∨
i Ki′ −Q∨

12K
∨
i Ni′ +K∨

i c
†Ki′

)
, (3.17a)

HΥ
i = −M∨

i c̃Yi = −M∨
i c̃Ni +M∨

i Ki, (3.17b)

H̃Υ
i = −Y∨

i c̃M̃i = −N∨
i c̃M̃i +Q∨

12K
∨
i M̃i. (3.17c)

Applying the index functor to the instanton part as in (3.7), we obtain the contour integral
formula of the orbifold instanton partition function for the topological data γ =

(
nj
i , k

j
i

)
i∈Γ0,j∈Υ0

,

Zγ = I
[∑
i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
inst

=
1

k!

∮
TK

dϕ
∏
i∈Γ0

zveci zfiz
af
i

∏
e∈Γ1

zbfe ,

2Precisely speaking, we should impose q1,2 ̸= exp(2rπι/p) for r = 0, . . . , p − 1. The role of the root of unity
limit in the context of gauge theory is discussed in [30, 31].
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where we denote

k! =
∏
i∈Γ0
j∈Υ0

kji !, dϕ =
∏
i∈Γ0
j∈Υ0

kji∏
I=1

dϕj
i,I .

Each factor in the integrand is given by

zveci = [−ϵ12]
ki

p−1∏
j=0

[ kji∏
I=1

1

P j
i

(
ϕj
i,I

)
P̃ j
i

(
ϕj
i,I + ϵ12

)
×

∏kji
I ̸=J

[
ϕj
i,I − ϕj

i,J

][
ϕj
i,I − ϕj

i,J − ϵ12
]

∏I=1,...,kji
J=1,...,kj+1

i

[
ϕj
i,I − ϕj+1

i,J − ϵ1
]∏I=1,...,kji

J=1,...,kj−1
i

[
ϕj
i,I − ϕj−1

i,J − ϵ2
]
]
,

zbfe : i→i′ =

p−1∏
j=0

[ ki′∏
I=1

P j
i

(
ϕj
i′,I +me

) ki∏
I=1

P̃ j
i′
(
ϕj
i,I −me + ϵ12

)

×

∏I=1,...,kj
i′

J=1,...,kj+1
i

[
ϕj
i′,I − ϕj+1

i,J +me − ϵ1
]∏I=1,...,kj

i′

J=1,...,kj−1
i

[
ϕj
i′,I − ϕj−1

i,J +me − ϵ2
]

∏I=1,...,kj
i′

J=1,...,kji

[
ϕj
i′,I − ϕj

i,J +me

][
ϕj
i′,I − ϕj

i,J +me − ϵ12
]

]
,

zfi =

p−1∏
j=0

kji∏
I=1

P f,j
i

(
ϕj
i,I

)
, zafi =

p−1∏
j=0

kji∏
I=1

P̃ f,j
i

(
ϕj
i,I + ϵ12

)
.

The gauge and matter polynomials are defined as

P j
i (x) = P

Nj
i
(x) =

nj
i∏

α=1

[
x− aji,α

]
, P̃ j

i (x) = P̃
Nj

i
(x) =

nj
i∏

α=1

[
−x+ aji,α

]
,

P f,j
i (x) = P

Mj
i
(x) =

nf,j
i∏

f=1

[
x−mj

i,f

]
, P̃ f,j

i (x) = P̃
M̃j

i
(x) =

naf,j
i∏

f=1

[
−x+ m̃j

i,f

]
.

In addition, we may incorporate a defect operator using the observable sheaves as before.
With a one-dimensional bundle x with the character chx = ex, we define the Y-functions

Y
j
i (x) = I

[
Yj∨

i x
]
=

nj
i∏

α=1

[
x− aji,α

]∏I=1,...,kj+1
i

[
x− ϕj+1

i,I − ϵ1
]∏

I=1,...,kj−1
i

[
x− ϕj−1

i,I − ϵ2
]

∏
I=1,...,kji

[
x− ϕj

i,I

][
x− ϕj

i,I − ϵ12
] .

We can similarly consider the dual Y-function, Ỹj
i (x) = I

[
x∨Yj

i

]
.

The total partition function is given by summing over all the topological sectors as be-
fore (3.8). In this case, the expression is almost parallel with that for quiver gauge theory, and
we have the instanton counting parameter for each node, j = 0, . . . , p− 1,

Z =
∑
k

qkZγ .

These counting parameters can be converted to those associated with the second and first Chern
classes of the tautological bundle over the ALE space [20].
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3.3.1 A1 quiver: SQCD

The first example of the orbifold instanton partition function is SQCD on C2/Zp (A1 quiver on
C2/Zp). Applying the generic formula to this case, we obtain the instanton partition function

Zγ =
[−ϵ12]

k

k!

∮
TK

dϕ

p−1∏
j=0

[
ki∏
I=1

P f,j
(
ϕj
I

)
P̃ f,j

(
ϕj
I + ϵ12

)
P j(ϕj

I)P̃
j
(
ϕj
I + ϵ12

)
×

∏ki
I ̸=J

[
ϕj
I − ϕj

J

][
ϕj
I − ϕj

J − ϵ12
]∏I=1,...,kj

J=1,...,kj+1

[
ϕj
I − ϕj+1

J − ϵ1
]∏I=1,...,kj

J=1,...,kj−1

[
ϕj
I − ϕj−1

J − ϵ2
]].

Evaluating the residues of this contour integral, we obtain the combinatorial form of the instan-
ton partition function for C2/Zp [3, 10, 11, 20, 21].

3.3.2 Â0 quiver

We consider Â0 quiver gauge theory on the orbifold C2/Zp similarly to Section 3.2.3. In this
case, the contour integral form of the instanton partition function is given as follows:

Zγ =
1

k!

[−ϵ12]
k

[−ϵ3]k[ϵ4]k

∮
TK

dϕ

p−1∏
j=0

[
ki∏
I=1

P j
(
ϕj
I − ϵ3

)
P̃ j
(
ϕj
I + ϵ4

)
P j
(
ϕj
I

)
P̃ j
(
ϕj
I + ϵ12

) ki∏
I ̸=J

[
ϕj
IJ

][
ϕj
IJ − ϵ12

][
ϕj
IJ − ϵ3

][
ϕj
IJ + ϵ4

]
×

∏
I=1,...,kj

J=1,...,kj+1

[
ϕj
I − ϕj+1

J − ϵ13
][

ϕj
I − ϕj+1

J − ϵ1
] ∏

I=1,...,kj

J=1,...,kj−1

[
ϕj
I − ϕj−1

J − ϵ23
][

ϕj
I − ϕj−1

J − ϵ2
] ]

=
q
nk+

∑p−1
j=0 kjkj+1

3

k!

[−ϵ12]
k

[−ϵ3]k[ϵ4]k

×
∮

dϕ

p−1∏
j=0

[ ∏
I=1,...,ki
α=1,...,ni

S34
(
ϕj
I − ajα

)∏I=1,...,kj

J=1,...,kj+1 S34
(
ϕj
I − ϕj+1

J − ϵ1
)∏ki

I<J S34
(
ϕj
IJ

)
S34
(
ϕj
IJ − ϵ12

) ],
where we use the notation (3.10) for the adjoint mass parameter. Compared to Âr−1 quiver
theory on C2 given in (3.11), we have the same measure factor up to the replacement of (ϵ1,2)
with (ϵ3,4) although the source term is different.3 This similarity is naturally explained through
their geometric realization in eight dimensions, C2×

(
C2/Zr

)
and

(
C2/Zp

)
×C2. See Section 4.3.

4 Double quiver theory

In Section 3.3, we have seen that the orbifold instanton partition function is concisely described
using the q-Cartan matrix of the McKay–Nakajima quiver Υ. Let us rewrite the generic formula
for the vector and hypermultiplet contributions (see (3.16) and (3.17))

Vi = Y∨
i c̃ΥYi, He : i→i′ = −MeY

∨
i c̃ΥYj ,

Hi = −M∨
i c̃ΥYi, H̃i = −Y∨

i c̃ΥM̃i, (4.1)

for i, i′ ∈ Γ0, where cΥ is the q-Cartan matrix with respect to Υ-structure and its inverse c̃Υ,
and the observable sheaf is given by

Yi = Ni − cΥKi.

3More precisely, we have the prefactor quadratically depending on k = (ki)i=0,...,p−1 for the 5d/6d convention,
which cannot be absorbed by redefinition of the counting parameter.
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We then define the Y-function to impose the codimension-four defect

Y
j
i (x) = I

[
Yj∨

i x
]
, Ỹ

j
i (x) = I

[
x∨Yj

i

]
.

From this point of view, it is natural to consider generic q-Cartan matrix in this construction
even though there is no direct geometric realization.

We call the complex surface characterized by Υ-quiver the Υ surface SΥ, which becomes the
ALE space when Υ is an ÂDE quiver. We may formally consider the case with a finite type Υ
quiver as well. Then, we call Γ-quiver gauge theory on the Υ-surface the double quiver gauge
theory of type (Υ,Γ). Hence, the corresponding instanton partition function is given by the
equivariant integral over the quiver variety of type Υ.

The formalism of double quiver theory is still applicable to fractional quiver, which may de-
scribe non-simply-laced algebras, by replacing the q-Cartan matrix with its symmetrization [34].
In this case, the partition function is given by the integral over the fractionalization of quiver
variety [38]. See also [47].

The double quiver theory has another realization in particular for (Υ,Γ) =
(
Â1,Γ

)
as Γ-

quiver supergroup gauge theory [33, 37]. This is due to the fact that supergroup gauge theory
is obtained through the analytic continuation of Â1 quiver theory [16]. Hence, the supergroup
gauge theory is in general obtained from quiver gauge theory on S

Â1
= C2/Z2. We remark

that a similar connection between supergroup structure and the Z2 quotient space is discussed
for lower dimensional theory: A supergroup analog of Chern–Simons theory, a.k.a., ABJ(M)
theory, defined on S3 is obtained from the analytic continuation of the Chern–Simons theory on
the lens space S3/Z2 [18, 43]. Moreover, it has been known that the instanton partition function
on S

Â1
= C2/Z2 is identified with the super Liouville conformal block [3, 10, 11, 58], which also

provides a link between the supersymmetric structure and the Z2 quotient space.

4.1 Instanton partition function

In order to describe double quiver theory (Υ,Γ) where Υ = (Υ0,Υ1) and Γ = (Γ0,Γ1), we
consider the associated q-Cartan matrices,

cΥ,ii′ = (1 +Q12)δii′ −
∑

e∈Υ1 : i→i′

M∨
e −

∑
e∨∈Υ∨

1 :i
′→i

MeQ12, i, i′ ∈ Υ0,

cΓ,jj′ = (1 +Q34)δjj′ −
∑

e∈Γ1 : j→j′

M∨
e −

∑
e∨∈Γ∨

1 :j
′→j

MeQ34, i, i′ ∈ Γ0.

As mentioned in the beginning of Section 3.2, all the edges have their duals with opposite
orientation, e : i → i′ and e∨ : i′ → i. We remark that the relation q12 = q−1

34 comes from the
Calabi–Yau condition with respect to C4 (see (3.9)), q1q2q3q4 = 1, and hence, in the character
notation, we have c∨Υ = q−1

12 c
T
Υ and c∨Γ = q−1

34 c
T
Γ = q12c

T
Γ .

From the vector and hypermultiplet contributions shown in (4.1), we may write the pertur-
bative part and the instanton part using the q-Cartan matrices defined above[∑

i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
K→0

=
∑

i,i′∈Γ0

j,j′∈Υ0

Nj∨
i c̃Υ,jj′c

+∨
Γ,ii′N

j′

i′ , (4.2a)

[∑
i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
inst

=
∑

i,i′∈Γ0

j,j′∈Υ0

[
−
(
Nj∨

i δj,j′c
+∨
Γ,ii′K

j′

i′ +Nj
i δj,j′c

−
Γ,ii′K

j′∨
i′
)

+Kj∨
i c†Υ,jj′c

+∨
Γ,ii′K

j′

i′ +Mj∨
i δj,j′δi,i′K

j′

i′ +Q∨
12K

j∨
i δj,j′δi,i′M̃

j′

i′

]
, (4.2b)
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where c±Γ are the half q-Cartan matrices for quiver Γ (3.6). Denoting the topological data by
γ = (n, k), we obtain the instanton partition function by applying the index functor

Zγ = I
[∑
i∈Γ0

(
Vi +Hi + H̃i

)
+
∑
e∈Γ1

He

]
inst

.

The total partition function is then given by summation over the topological sectors

Z =
∑
k

qkZγ , qk =
∏
i∈Γ0
j∈Υ0

(qji )
kji .

Even though it is not difficult to write down the contour integral formula explicitly, it does not
seem useful enough. We instead discuss several examples in the following.

4.2 Examples

4.2.1 Âp−1 surface

We first consider the Âp−1 surface, which gives rise to the orbifold surface of type A, S
Âp−1

=

C2/Zp. In this case, the q-Cartan matrix is given by (3.14), and we obtain the instanton partition
function on C2/Zp as discussed in Section 3.3.

4.2.2 D̂p surface

We consider the D̂p surface, which corresponds to the orbifold of type D, S
D̂p

= C2/BDp−2,

where we denote the binary dihedral group of degree r by BDr. The q-Cartan matrix is given
as follows in the character notation:

cΥ =



1 + q12 −µ0

1 + q12 −µ1

−µ−1
0 q12 −µ−1

1 q12 1 + q12 −µ2

−µ−1
2 q12 1 + q12 −µ3

−µ−1
3 q12

. . .
. . .

. . . 1 + q12 −µp−2 −µp−1

−µ−1
p−2q12 1 + q12

−µ−1
p−1q12 1 + q12


.

We denote the bifundamental mass parameters by (µi)i=0,...,p−1. The determinant of the q-

Cartan matrix of type D̂p is given by

det cΥ = (1 + q12)
(
1− q212

)(
1− qp−2

12

)
,

which does not depend on the bifundamental mass parameters.

Hereafter, we simply set all the bifundamental masses to be trivial µi = 1 by gauge fixing,4

and we have only a single deformation parameter q12. This means that we cannot impose generic
Ω-background parameter for the D-type quotient: The binary dihedral group is in general a non-
Abelian group, which involves a generator exchanging two coordinates of C2. Hence, it is not
compatible with the full Cartan torus of GL(Q) denoted by TQ.

4These bifundamental mass parameters in the q-Cartan matrix cΥ are originally interpreted as the spacetime
parameters. This gauge fixing is equivalent to redefinition of the irreducible representation character of Υ.



Double Quiver Gauge Theory and BPS/CFT Correspondence 21

Let us consider the case p = 4 with the quiver structure Υ =
1 2

3

4

0

. The q-Cartan matrix

is in this case given by

cΥ =


1 + q12 −1

1 + q12 −1
−q12 −q12 1 + q12 −1 −1

−q12 1 + q12
−q12 1 + q12

 .

Then, we obtain the contour integral formula as follows:

Zγ =
[−ϵ12]

k

k!

∮
TK

dϕ
∏

j=0,...,4
I=1,...,kj

1

P j
(
ϕj
I

)
P̃
(
ϕj
I + ϵ12

)
×

∏4
j=0

∏kj

I ̸=J

[
ϕj
IJ

][
ϕj
IJ − ϵ12

]∏
j=0,1

∏I=1,...,k2

J=1,...,kj

[
ϕ2
I − ϕj

J

][
ϕj
J − ϕ2

I − ϵ12
]∏

j=3,4

∏I=1,...,k2

J=1,...,kj

[
ϕj
J − ϕ2

I

][
ϕ2
I − ϕj

J − ϵ12
] .

We remark that a similar formula has been obtained by equivariant integration over quiver
variety in general [44]. In this case, the pole structure of the integrand is largely different from
the type A case, and the combinatorial form of the instanton partition function is not available
at this moment.

4.2.3 A1 surface

We then consider the case Υ = A1 with the q-Cartan matrix,

cΥ = 1 +Q12.

In this case, the partition function for the topological data γ = (n, k) is given as follows:

Zγ =
[−ϵ12]

k

k!

∮
TK

k∏
I=1

dϕI

2πι

1

P (ϕI)P̃ (ϕI + ϵ12)

k∏
I ̸=J

[ϕIJ ][ϕIJ − ϵ12], (4.3)

where we have the gauge polynomials P (x) and P̃ (x) as before. The difference from the LMNS
formula of type Â0 shown in (3.5) is the denominator in the measure term, which corresponds to
the contribution of loop edges in Â0 quiver. Hence, the residue structure becomes much simpler
in this case: Each (ϕI)I=1,...,k chooses one of (aα)α=1,...,n. These

(
n
k

)
choices correspond to the

fixed points of the cotangent bundle of Grassmannian Gr(k, n), which is the quiver variety of
type A1, Mγ = {I ∈ Hom(N,K), J ∈ Hom(K,N) | IJ = 0}//GL(K).5 The Grassmannian
becomes empty for k > n where the partition function becomes trivial. For the case Υ = Ap,
the quiver variety becomes the cotangent bundle of the flag manifold.

Applying the general formula of the Y-function to the current case, we have

Y(x) =

n∏
α=1

[x− aα]

k∏
I=1

[x− ϕI ]
−1[x− ϕI − ϵ12]

−1.

5The constraint appearing in the definition of Mγ in this case is obtained from the potential W = trϕIJ ,
whose derivative gives rise to ∂W/∂ϕ = IJ .
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Hence, denoting the topological data γ = (n, n′, k) for the vector space N′ = Cn′
with chN′ =∑n′

β=1 e
bβ , the instanton partition function is given by

Zγ =
[−ϵ12]

k

k!

∮
TK

dϕYN′

k∏
I=1

1

P (ϕI)P̃ (ϕI + ϵ12)

k∏
I ̸=J

[ϕIJ ][ϕIJ − ϵ12]

=
[−ϵ12]

k

k!

∮
TK

dϕ

∏α=1,...,n
β=1,...,n′ [bβ − aα]

∏k
I ̸=J [ϕIJ ][ϕIJ − ϵ12]∏α=1,...,n

I=1,...,k [ϕI − aα][aα − ϕI − ϵ12]
∏β=1,...,n′

I=1,...,k [bβ − ϕI ][bβ − ϕI − ϵ12]
.

Now the symmetry between (aα)α=1,...,n and (bβ)β=1,...,n′ is obvious.

We then add the adjoint matter contribution. Namely, we consider the case (Υ,Γ) =
(
A1, Â0

)
.

The partition function is given by

Zγ =
1

k!

[−ϵ12]
k

[−ϵ3]k[ϵ4]k

∮
TK

k∏
I=1

dϕI

2πι

P (ϕI − ϵ3)P̃ (ϕI + ϵ4)

P (ϕI)P̃ (ϕI + ϵ12)

k∏
I ̸=J

[ϕIJ ][ϕIJ − ϵ12]

[ϕIJ − ϵ3][ϕIJ + ϵ4]

=
qnk3
k!

[−ϵ12]
k

[−ϵ3]k[ϵ4]k

∮
TK

k∏
I=1

dϕI

2πι

n∏
α=1

S34(ϕI − aα)

k∏
I<J

S34(ϕIJ)
−1S34(ϕIJ + ϵ34)

−1,

where we apply the notation (3.10) for the adjoint mass parameter. In this case, even though
the source term is different, the measure factor is equivalent to the original LMNS formula (3.5)
for (Υ,Γ) =

(
Â0, A1

)
by replacing ϵ1,2 ↔ ϵ3,4.

4.2.4 BC2 surface

We consider the BC2 quiver, Υ =
1 2

, which is the minimal example beyond the ADE quivers.

The q-Cartan matrix is in this case given by [34]

cΥ =

(
1 + q21q2 −µ

−µ−1q12(1 + q1) 1 + q12

)
with the determinant

det cΥ = 1 + q31q2
q1,2→1
−−−−→ 2.

Moreover, we define the q-deformation of the symmetrized Cartan matrix

bΥ =

(
(1 + q1)

(
1 + q21q2

)
−µ(1 + q1)

−µ−1q12(1 + q1) 1 + q12

)
.

The double quiver theory associated with the surface SΥ is defined by replacing the q-Cartan
matrix with its symmetrization. For example, the contour integral form of the instanton partition
function for (Υ,Γ) = (BC2, A1) is given by

Zγ =
ck

k1!k2!

∮
TK

dϕ

2∏
i=1

ki∏
I=1

1

Pi

(
ϕi
I

)
P̃i

(
ϕi
I + ϵ12

)
×

∏k1
I ̸=J

[
ϕ1
IJ

][
ϕ1
IJ − ϵ

1,122,132
] ∏k2

I ̸=J

[
ϕ2
IJ

][
ϕ2
IJ − ϵ12

]
∏I=1,...,k1

J=1,...,k2

[
ϕ2
J − ϕ1

I −m
][
ϕ2
J − ϕ1

I −m− ϵ1
][
ϕ1
I − ϕ2

J +m− ϵ12
][
ϕ1
I − ϕ2

J +m− ϵ122
] ,

where Pi(ϕ) is the gauge polynomial for each node i = 1, 2, and we denote the constant term by

ck = [−ϵ1,122,132]
k1 [−ϵ12]

k2 = ([−ϵ1][−ϵ122][−ϵ132])
k1([−ϵ12])

k2 .

This instanton partition function computes the equivariant volume of the fractional quiver va-
riety of type BC2 [38].
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4.3 Geometric realization

The double quiver theory has a natural geometric realization in eight dimensions. We start with
the Hanany–Witten configuration of eight supercharge quiver gauge theory of type A and Â
on C2 as follows:

(IIA) 0 1 2 3 4 5 6 7 8 9

NS5 – – – – – –
D4 – – – – –
D6 – – – – – – –

(4.4)

where C2 corresponds to 0123-directions. NS5 branes are aligned in 6-direction that suspends D4
branes within finite intervals. D6 branes are used to consider the hypermultiplet in the funda-
mental representation. The 6-direction is cyclic for affine Â quiver, while it becomes infinite
for finite A quiver. Hence, we may consider the T-duality to the 6-direction for the case Âr−1,
which geometrizes r NS5 branes to the r-centered Taub-NUT space,

(IIB) 0 1 2 3 4 5 6 7 8 9

TN – – – –
D3 – – – –
D7 – – – – – – – –

(4.5)

Taking the radius of the S1 fibration in the Taub-NUT space to infinity, we obtain the ALE space
of type A. This process is similarly applied to the case Γ = ÂDE to obtain the ADE singularity
in 6789-directions.6 Replacing 0123-directions with the ALE space, we obtain the double quiver
theory (Υ,Γ) where both Υ and Γ are of affine type. Therefore, we have a geometric realization
of (Υ,Γ)-theory on (C1 × C2)/Υ × (C3 × C4)/Γ, which explains that exchanging Υ and Γ is
equivalent to that for ϵ1,2 and ϵ3,4.

Moreover, it is also possible to add D(−1) branes and D3 branes extended in 6789-directions
(denoted by D3’) in the type IIB setup (4.5). In this context, D(−1) branes are interpreted as the
instantons, and the D3′ brane plays a role of the defect brane, which gives rise to the codimension-
four defect in Γ-quiver gauge theory on C2/Υ described by the Y-functions. Denoting the surface
associated with Υ and Γ quivers by SΓ and SΥ, we have the configuration

(IIB) 0 1 2 3 4 5 6 7 8 9

D(−1)
D3 on SΥ – – – –
D3′ on SΓ – – – –

D7 – – – – – – – –

(4.6)

This configuration is known to be the gauge origami in eight dimensions [52]. The finite quiver
case can be understood as the reduction from these affine quiver realizations: In order to realize
the finite quiver A from the affine quiver Â, we should take the S1 radius to be infinity in the
type IIA setup (4.4). In the type IIB setup (4.5), on the other hand, this limit corresponds to
the limit S1 → {pt} in the Taub–NUT space.

The configuration presented in (4.6) gives rise to 4d N = 2 theory. Further compactifying
45-directions on the curve C, we obtain 5d and 6d theories compactified on a circle and an
elliptic curve. In general, for C = C (4d), C× (5d), E (6d), we have gauge theory with eight
supercharges on SΥ(SΓ)× C∨, which fully uses ten dimensions as SΥ × SΓ × C.

6The brane realization is discussed for D-type [22, 27] and E-type [39].
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5 Magnificent Four

The construction discussed above has a natural generalization to a complex four-dimensional
situation, called the magnificent four [53, 56], which is formulated as the Donaldson–Thomas
invariant of Calabi–Yau four-folds [13, 14]. From the string theory point of view, it is realized
as the D0-D8-D8 system (or D(−1)-D7-D7 system in the IIB theory as in Section 4.3). See, e.g.,
[6, 7, 8, 9] for related works.

5.1 C4

We consider the four-fold C4, which associates the fiber of the cotangent bundle with the de-
composition,

Q =
4⊕

i=1

Qi, chQi = eϵi = qi.

We apply a similar notation as (3.2) with applying the Calabi–Yau condition Q1234 = 1. We
define N = n− n̄ and K with the characters

chN = chn− ch n̄ =
n∑

α=1

(
eaα − ebα

)
, chK =

k∑
k=I

eϕI .

Hence, the framing space N can be interpreted as the Chan–Paton (super)vector space of D8-D8
configuration. See also [37].

Defining the observable sheaf

Y = N−P1234K,

we have an analog of the vector multiplet contribution given by

V =
Y∨Y

P1234
= V̊ +Vinst,

where we have the perturbative and the instanton parts

V̊ =
N∨N

P1234
,

Vinst = −N∨K−Q∨
1234K

∨N+P∨
1234K

∨K
Q1234=1−−−−−→ vinst + v∨

inst.

It has been known that the obstruction theory is not perfect for a smooth four-fold [12], and
hence we should take the “square root” contribution to have the virtual tangent bundle

vinst = −N∨K+P∨
123K

∨K.

We remark that other decomposition with P234, P134, and P124 provides the same result. Then,
the instanton partition function with the topological data γ = (n, k) is given by

Zγ = I[v]inst =
1

k!

[−ϵ12,23,31]
k

[−ϵ1,2,3]k[−ϵ123]k

∮
TK

dϕ
∏

I=1,...,k

P (ϕI)

P (ϕI)

∏
1≤I<J≤k

[ϕIJ ± ϵ12,23,31]

[ϕI ± ϵ1,2,3,4]
[ϕIJ ]

2

with the characteristic polynomials, P (ϕ) = Pn(ϕ) and P (ϕ) = Pn̄(ϕ). Precisely speaking, we
should also take into account the sign factor associated with taking the “square root” of the
bundle V. See [13, 14, 53, 56] for detail. See also [26] for the integral formula. In this case,
the pole and the residue of this integral, namely the equivariant fixed point, is characterized by
a solid partition (four dimensional partition).
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5.2 C4/Zp

We then consider the four-dimensional orbifold of type A, C4/Zp with Υ = Zp, where we denote
Υ0 = {0, 1, . . . , p− 1}. In this case, we consider the following Zp action to the coordinate

Zp : zi −→ e2piπι/pzi, i = 1, 2, 3, 4.

Hence, we have

Q =
4⊕

i=1

Qi ⊗Rpi

with the Calabi–Yau condition, Q1234 = 1 and
∑4

i=1 pi ≡ 0 (mod p). We also denote pij = pi+pj ,
etc. Using the Zp matrix defined in (3.15), we define an analog of the q-Cartan matrix as follows:

C =
4∏

i=1

(1−Qi ⊗ Rpi) = c+ c†,

where we have the half contribution

c =
3∏

i=1

(1−Qi ⊗ Rpi) = 1−
3∑

i=1

Qi ⊗ Rpi +
∑

1≤i<j≤3

Qij ⊗ Rpij −Q123 ⊗ Rp123 . (5.1)

Hence, these matrices C and c are analogs of P1234 and P123. We denote the inverse of the
q-Cartan matrix C by C̃. Applying the vector notation, N = (Nj)j∈Υ0 = (nj − n̄j)j∈Υ0 and
K = (Kj)j∈Υ0 , and denoting the observable sheaf by

Y = N−CK,

we define the full contribution as follows:

V = Y∨C̃Y = V̊ +Vinst.

The perturbative and the instanton parts are given by

V̊ = N∨C̃N,

Vinst = −N∨K−K∨N+K∨C†K = vinst + v∨
inst,

where the half contribution is given by

vinst = −N∨K+K∨c†K.

Comparing this expression with that for the double quiver theory (4.2b), the K∨K term becomes
identical under identification c = cΥc

+
Γ . Then, the instanton partition function associated with

the topological data γ = (n, k) =
(
nj , kj

)
j∈Υ0

is given by

Zγ =
1

k!

∮
TK

dϕ
∏
j∈Υ0

[
kj∏
I=1

P
j(
ϕj
I

)
P j
(
ϕj
I

)
×

∏kj

I ̸=J

[
ϕj
I − ϕj

J

]∏3
a<b

(∏I=1,...,kj+pab

J=1,...,kj

[
ϕj+pab
I − ϕj

J − ϵab
])

∏3
a=1

(∏I=1,...,kj+pa

J=1,...,kj

[
ϕj+pa
I − ϕj

J − ϵa
])∏I=1,...,kj−p4

J=1,...,kj

[
ϕj−p4
I − ϕj

J + ϵ4
]
]
. (5.2)

It would be interesting to clarify the residue structure of this integral, which is expected to be
characterized using the colored version of solid partitions. See [9] for the progress along this
direction.
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5.3 C4/Υ

In order to consider a generic orbifold C4/Υ, we should find a q-Cartan matrix for the four-fold
factorized into that for the three-fold as in (5.1). It is obvious for the Abelian orbifold Υ = Zp

under the Calabi–Yau condition. Another possibility is
(
C2/ΥA

)
×
(
C2/ΥB

)
where ΥA generic,

ΥB = Zp, and vice versa. It would be interesting to ask what is a generic form of the factorizable
q-Cartan matrix.

6 BPS/CFT correspondence

The BPS/CFT correspondence is the correspondence between the BPS observables in super-
symmetric gauge theory and the vertex operators in CFT-like theory [49, 50]. An important
consequence of this correspondence is the equivalence between 4d gauge theory partition func-
tion and a conformal block of the Virasoro/W CFT, a.k.a., AGT-W relation [2, 61]. In [32],
it has been shown that the contour integral form of the instanton partition function also has
a conformal block interpretation (free field realization). See also [28] for an earlier result in
this direction. In this section, we provide the vertex operator construction of the double quiver
theory7 and also the magnificent four.

6.1 Vertex operators

Denoting the normal ordering symbol by :− :, we define the vertex operators

Aj
i (x) = x−κj

i : exp

∑
n̸=0

aji,nx
−n

 :, Zj
i (x) = : exp

∑
n̸=0

zji,nx
−n

 :,

Xj
i (x) = : exp

∑
n̸=0

xji,nx
−n

 :, Yj
i (x) = : exp

∑
n̸=0

yji,nx
−n

 :,

where each oscillator obeys the commutation relations,[
aji,n, a

j′

i′,m

]
= − 1

n
c
[n]
Υ,jj′c

[n]
Γ,i′iδn+m,0,

[
aji,n, z

j′

i′,m

]
=
[
xji,n, y

j′

i′,m

]
= − 1

n
δj,j′δi,i′δn+m,0,[

aji,n, x
j′

i′,m

]
= − 1

n
δj,j′c

[n]
Γ,i′iδn+m,0,

[
aji,n, y

j′

i′,m

]
= − 1

n
c
[−n]
Υ,j′jδi,i′δn+m,0,[

xji,n, x
j′

i′,m

]
= − 1

n
c̃
[−n]
Υ,j′,jc

[n]
Γ,i′iδn+m,0,

[
yji,n, y

j′

i′,m

]
= − 1

n
c
[−n]
Υ,j′j c̃

[n]
Γ,i′iδn+m,0,[

xji,n, z
j′

i′,m

]
= − 1

n
c̃
[−n]
Υ,j′,jδi,i′δn+m,0,

[
yji,n, z

j′

i′,m

]
= − 1

n
δj,j′ c̃

[n]
Γ,i′iδn+m,0,[

zji,n, z
j′

i′,m

]
= − 1

n
c̃
[n]
Υ,j′j c̃

[n]
Γ,ii′δn+m,0.

We applied the Adamas operation notation (2.4) to the q-Cartan matrices. We have the following
relations among these oscillators:

aji,n =
∑
k∈Υ0

xki,nc
[−n]
Υ,kj =

∑
ℓ∈Γ0

yjℓ,nc
[n]
Γ,ℓi =

∑
k∈Υ0,ℓ∈Γ0

zkℓ,nc
[−n]
Υ,kjc

[−n]
Γ,iℓ .

These vertex operators are reduced to those discussed in [32, 36], which were originally motivated
by Frenkel–Reshetikhin’s construction of q-deformation of W-algebras [19]: The A-operator

7We apply the 5d convention in this section. The 4d and 6d theory can be similarly constructed using the
vertex operators discussed in [57] and [35].
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corresponds to the root, while the X- and Y-operators are for the weight in the context of
representation theory associated with quiver.

For example, the OPE of A-operators is given by

Aj
i (x)A

j′

i′ (x
′)

:Aj
i (x)A

j′

i′ (x
′):

= exp

(
−

∞∑
n=1

1

n
c
[n]
Υ,jj′c

[n]
Γ,i′i

x′n

xn

)
.

Similarly, the OPEs with the operators X and Y are given by

Aj
i (x)X

j′

i′ (x
′)

:Aj
i (x)X

j′

i′ (x
′):

=



(
1− x′

x

)(
1− x′

x
q−1
12

)
, i = i′, j = j′,(

1− x′

x
µ−1
e

)−1

, e : i → i′, j = j′,(
1− x′

x
µeq

−1
12

)−1

, e∨ : i′ → i, j = j′,

Aj
i (x)Y

j′

i′ (x
′)

:Aj
i (x)Y

j′

i′ (x
′):

=



(
1− x′

x

)(
1− x′

x
q−1
12

)
, i = i′, j = j′,(

1− x′

x
µe

)−1

, e∨ : j′ → j, i = i′,(
1− x′

x
µ−1
e q−1

12

)−1

, e : j → j, i = i′.

Based on these expressions, the instanton partition function of double quiver theory (4.2b) with
the topological data γ = (n, n′, k) is written as a correlation function of these vertex operators

Zγ =
Zγ

Z̊
, Zγ =

1

k!

∮
TK

dx
〈
A−1
k XnYn′Znf

〉
, Z̊ = ⟨XnYn′Znf⟩, (6.1)

where we define the products of the vertex operators as follows:

Ak =
∏
i∈Γ0
j∈Υ0

kji∏
I=1

Aj
i (x

j
i,I), Xn =

∏
i∈Γ0
j∈Υ0

nj
i∏

α=1

Xj
i (ν

j
i,α),

Yn′ =
∏
i∈Γ0
j∈Υ0

n′j
i∏

α=1

Yj
i (ν

′j
α,α), Znf =

∏
i∈Γ0
j∈Υ0

nf,j
i∏

f=1

Zj
i (µ

j
i,f ),

in the multiplicative notations, xji,I = exp
(
ϕj
i,I

)
, νji,α = exp

(
aji,α
)
, ν ′ji,α = exp

(
a′ji,α
)
, and µj

i,f =

exp
(
mj

i,f

)
. The integration measure is given by

dx =
∏
i∈Γ0
j∈Υ0

kji∏
I=1

dxji,I

2πιxji,I
.

From the string theory point of view discussed in Section 4.3, the vertex operators, A, X, Y,
and Z, are naturally interpreted as the creation operators of D(−1), D3, D3′, and D7 branes.

We have several remarks on the formula. First, since the expression (6.1) is understood with
the radial ordering, the dual characteristic polynomials, P̃ j

i , etc, cannot be directly obtained from
this formula. In order to reproduce them, we should change the ordering, e.g.,

〈
XnYn′A−1

k

〉
,
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with tuning the fugacity and the Chern–Simons levels. See [32, 36] for details. Second, the
normalization factor Z̊ provides the perturbative part of the partition function. For example,
for (Υ,Γ) =

(
Â0, A1

)
, the X-operator product gives rise to

X(ν)X(ν ′)

:X(ν)X(ν ′):
= exp

(
−

∞∑
n=1

(1 + qn12)(ν
′/ν)n

n(1− qn1 )(1− qn2 )

)
= Γ2

(
ν ′

ν
; q1, q2

)
Γ2

(
ν ′

ν
q12; q1, q2

)
= Γ2

(
ν ′

ν
; q1, q2

)
Γ2

( ν

ν ′
; q1, q2

)
Γe

( ν

ν ′
; q1, q2

)
,

where Γ2(z; q1, q2) and Γe(z; q1, q2) are the q-deformed double gamma function (2.1) and the
elliptic gamma function (2.2). Hence, the X-operator correlator is given by

⟨X(ν1) · · ·X(νn)⟩ =
n∏

α ̸=β

Γ2

(
νβ
να

; q1, q2

) n∏
α<β

Γe

(
νβ
να

; q1, q2

)
.

Compared with the expression (4.2a), the product over the q-double gamma function is identified
with the perturbative part of the partition function, while the elliptic gamma function part is
interpreted as the contribution of the boundary ∂(C2)×S1 = S3×S1. We remark that the elliptic
gamma function appears in the computation of the superconformal index obtained from the path
integral on S3 × S1. Similarly, the Y-operator contribution is interpreted as the perturbative
contribution associated with the transversal direction. We also remark that the OPEs between
A and the other operators just provide a rational function, so that the boundary contribution
can be absorbed by redefinition of the Chern–Simons level.

Although it is not difficult to write down the generic formula again, we examine the for-
mula (6.1) with examples in Section 6.2.

Instanton sum and W-operator

The total instanton partition function is given by summing over all the topological sectors

Z =
Z

Z̊
, Z =

∑
k

qkZγ .

In the vertex operator formalism, this summation is organized as follows: We define the W-
operator from the A-operator

Wj
i =

∮
dx

2πιx
Aj
i (x)

−1, Wk =
∏
i∈Γ0
j∈Υ0

(Wj
i )

kji .

This construction is analogous to the screening charge, which is defined by the integral of the
screening current. In fact, the screening current of the associated W-algebra has a close relation
to the A-operator [19, 33]. The partition function for each topological sector γ is given by

Zγ =
1

k!
⟨WkXnYn′Znf⟩.

This expression is analogous to the Dotsenko–Fateev formula of the conformal block where the
W-operator plays a role of the screening charge operator. The summation over the topological
sectors then gives rise to a concise formula for the full partition function

Z =

∞∑
kji=0

∏
i∈Γ0
j∈Υ0

(
qji
)kji

kji !
⟨WkXnYn′Znf⟩ =

〈
eWtotXnYn′Znf

〉
,

where we define Wtot =
∑i∈Γ0

j∈Υ0
qjiW

j
i .
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6.2 Examples

6.2.1 (A1,A1) quiver

The simplest example is the finite case, (Υ,Γ) = (A1, A1). In this case, the a-oscillator obeys
the commutation relation

[an, am] = − 1

n

(
1 + qn12

)(
1 + q−n

12

)
δn+m,0.

Hence, the A operator product gives rise to

k∏
I=1

A(xI)
−1 =

k∏
I<J

[ϕIJ ]
2[ϕIJ ± ϵ12] :

k∏
I=1

A(xI)
−1:,

which reproduces the measure factor in (4.3). The products with X, Y, and Z provide the gauge
polynomial, the Y-function, and the matter polynomial, respectively.

6.2.2
(
Â0, Â0

)
quiver

For example, in the case of (Υ,Γ) =
(
Â0, Â0

)
, we have the commutation relation

[an, am] = − 1

n

(
1− qn1

)(
1− qn2

)(
1− qn3

)(
1− qn4

)
δn+m,0,

which is symmetric among (qi)i=1,2,3,4. Then, the A operator product gives rise to

k∏
I=1

A(xI)
−1 =

k∏
I<J

[ϕIJ ± ϵ12,23,31]

[ϕIJ ± ϵ1,2,3,4]
[ϕIJ ]

2 :
k∏

I=1

A(xI)
−1:,

which reproduces the measure factor in (3.10).
In this case, the Z-operator product is given by the q-quadruple gamma function

Z(ν)Z(ν ′)

:Z(ν)Z(ν ′):
= exp

(
−

∞∑
n=1

(ν ′/ν)n

n
(
1− qn1

)(
1− qn2

)(
1− qn3

)(
1− qn4

)) = Γ4

(
ν ′

ν
; q1, q2, q3, q4

)
,

which is associated with the perturbative part of the eight-dimensional theory on C4.

6.2.3 Magnificent four

We can similarly consider the partition function of the magnificent four using the vertex operator
formalism. Since it is realized as the D(−1)-D7-D7 (D0-D8-D8) system, we have the following
expression:

Zγ =
1

k!

∮
TK

dx
〈
A−1
k Zn

〉
,

where we modify the Z-operator product

Zn = :
∏
i∈Γ0
j∈Υ0

nj
i∏

α=1

Zj
i

(
νji
)
Zj
i

(
ν̄ji
)−1

:,

with the multiplicative parameters νji,α = exp
(
aji,α
)
and ν̄ji,α = exp

(
bji,α
)
. Hence, the measure

term is the same as before, while the source term is now compatible with the formula (5.2). We
remark that this magnificent four partition function is reduced to three-dimensional Donaldson–
Thomas theory by tuning the Coulomb moduli [53, 56], where another type of free field realiza-
tion is applied [4, 59].
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A Generic Zp orbifold surface

We consider a complex surface obtained through the resolution of a singularity associated with
the following generic Zp quotient of C2:

Zp :

(
z1
z2

)
−→

(
e2rπι/p 0

0 e2sπι/p

)(
z1
z2

)
. (A.1)

Namely, we consider Q = (Q1 ⊗ Rr) ⊕ (Q2 ⊗ Rs) instead of (3.12). This two-dimensional
representation can be embedded with SU(2) group only if r + s ≡ 0 (mod p). Otherwise we
should consider U(2) group embedding. The case with r = 1 corresponds to the Hirzebruch–
Jung surface, whose boundary is given by the lens space L(p; s). We obtain the corresponding
q-Cartan matrix under the Zp action (A.1) as in (3.13)

c = (1−Q1 ⊗ Rr)(1−Q2 ⊗ Rs) = 1−Q1 ⊗ Rr −Q2 ⊗ Rs +Q12 ⊗ Rr+s,

and its component is given by

cij = δi,j −Q1δi+r,j −Q2δi+s,j +Q12δi+r+s,j ,

where the indices are understood as mod p. The determinant is given by in the character
notation as

det c =
(
1− q

p/ gcd(p,r)
1

)gcd(p,r)(
1− q

p/ gcd(p,s)
2

)gcd(p,s)
,

where we denote the greatest common divisor of (x, y) by gcd(x, y) and remark that gcd(p, 0) = p.
Hence, it is invertible when q1,2 ̸= 1 in general.
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