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HIGGSING ¢¢-CHARACTER AND IRREDUCIBILITY

TARO KIMURA

Dedicated to Professor Hiraku Nakajima on his 60th anniversary

ABSTRACT. We show that the gg-character of the irreducible highest weight module for finite-type and affine
quivers is obtained by Higgsing, specialization of the equivariant parameters of the associated framing space

in the quiver variety.
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1. INTRODUCTION AND SUMMARY

The gg-character is a two parameter deformation of the ordinary character associated with a module
constructed on a generic quiver, which has been originally introduced in the context of supersymmetric gauge
theory through double quantization of Seiberg—Witten geometry by Nekrasov [Nek15]. The gg-character has
a geometric realization using Nakajima’s quiver variety [Nak94, Nak98, Nak99], which could be interpreted
as a natural generalization of the geometric construction of the g-character of Yangian and quantum affine
algebra [Kni95, FR98]:' Let I' = (Tg,T1) be a quiver, where Iy is a set of the nodes and I'; is a set of
the edges. We denote the quiver variety associated with quiver I" by E)ﬁl;w with the dimension vectors,
v = (vi)ier, and w = (w;)ier,, such that the vector spaces attached to the nodes and the corresponding
framing spaces are given by V; = C% and W; = C% for ¢ € I'g. We also denote V = (V;);er, and
W = (W,)ier,, and the automorphism groups by G, = GL(V) = [[;cp, GL(V;) and G, = GL(W) =
HieFo GL(W;). Then, in addition to the quantum deformation parameters ¢12 € C*, the ¢- and ¢g-
characters depend on the equivariant parameters of G,, denoted by z = (i a)icry,a=1,.. w,;, that we call
the weight parameters for short. These weight parameters are identified with the zeros of the Drinfeld
polynomials,? which play a central role in the construction of the finite dimensional representation of Yangian
and quantum affine algebra [CP91, CP94]. It has been known that the finite dimensional module constructed
from generic Drinfeld polynomials is not irreducible in general, and in order to obtain the irreducible highest
weight module, zeros of the Drinfeld polynomial, namely the weight parameters, should obey the g-segment
condition. The purpose of this paper is to elucidate the role of the weight parameters in the relation to the

irreducibility of the gg-character.

1.1. Irreducible reduction of gg-character. Let us briefly demonstrate what happens for the ¢- and

qg-characters via the specialization of the weight parameters. We denote the ¢- and gg-characters associated

with the weight dimension vector w and the weight parameters z by TE,?Q and TS,?};). Both of them are

constructed from the Y-function assigned to each node denoted by (Y; . )ier, zecx, which is associated with
the fundamental weight. Then, the simplest example is the weight one module of A; quiver. Denoting
Y1,z =Y, we have the ¢- and gg-characters as follows:

TO =Y, +Y.), T =y, 1yl (1.1)

*q1q2

We provide the details on the construction of the gg-character in §2. Apparently, the gg-character is reduced

to the g-character in the limits, lim,, Tg‘f;z) = Tg(f;) and limg, ,q T(l?;’Q) = T&I;).

LThere exists another two parameter deformation of the character, called the t-analog of g-character [Nak00, Nak01], which
also has a natural geometric construction based on the (graded version of) quiver variety. The role of the t-parameter is different
from the second deformation parameter of the gg-character, so that the relation between the gg-character and the t-analog of
g-character is still not clear at this moment.

2Namely7 the Drinfeld polynomial is a characteristic polynomial of G,.
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The next example is the weight two module. For generic weight parameters z = (x1, z2), the gg-character

of weitht two is given by

Té?;’g) = YzlYIQ + 8 (‘1"2> ‘Y 2 + S (:L.l> Y ! + ’ (1'2)

T 19192 L2 24192 Y1102 Yzaq10

where we have a rational function, called the 8-function, in the coefficient. See §2.5 for the definition. This
weight two character corresponds to the tensor product of the weight one characters, which is not further
decomposed at this point.® Then, we specialize the weight parameters. Noticing that the 8-function has zeros

8(z) =0 at z = q1,2, we put £ = (2, z¢1) and obtain the reduced gg-character containing three monomials,

1 = Ym 1
Thye) IO, 0D VY, 48 ) e + . (13)
- qu%g‘m YI(Ilq'zYzq%qz
We call this the irreducible gg-character of weight two of A; quiver denoted by 'T'é?;’Q). This reduction

mechanism to obtain the irreducible gg-character is the main subject of this paper.

Recalling lim,, 1 8(¢; ') = 2 and limg,; 8(¢; ") = 1, the irreducible gg-character 'T'é?;” is further

reduced to the ¢-characters as follows:

lim TS89 = ¥2 427 4 y2 = (v, 1 vol)? = (1) (1.4a)
a1 2,x - 'z chq2 xqa x xqs - 1,z ’ .

o =(a12) Ya 1 (@)

lim T =VY,Y. =T5 . 1.4b
q;gll 2,z q1 + qu% =+ qul qu% 2,z ( )

This implies that we have the irreducible three-dimensional module in the limit go — 1, while we have
the tensor product module, which is not irreducible, in the other limit ¢g; — 1. Such a reduction to the
irreducible module is specific to the gg-character: The (tensor) product of the g-characters with the weight

parameters (x,xq;) is given by

Y 1
T(Q) T(Q) =Y.Y z 1= T(‘Z) T(Q) . 1.
1,z " 1,xzq x ' xq + Yzq2 + ququ2 + 2,x + 0,z ( 5)

(9)

Although it is decomposed into the irreducible pieces, T, and T{®

0> one cannot eliminate either one of
.

them.? See §3 for more detailed analysis on A; quiver.

We remark that since the gg-character is symmetric under exchanging ¢; <+ ¢» in this example, we may also
consider another specialization = (x, 2g2) to obtain the irreducible gg-character. Such a symmetry between
q1 and ¢o is expected to hold for the Kirillov—Reshetikhin (KR) module of simply-laced quivers [KR90],
while it would be violated in other cases. See §4.1.3 for Ay quiver (weight w = (1,1)) and §5 for BCy quiver
examples.

1.2. Higgs mechanism. Specialization of the weight parameters demonstrated above has a natural inter-
pretation as the Higgs mechanism. Geometrically realizing the gg-character in the eight dimensional setup,
called the gauge origami, the weight parameters are interpreted as the Coulomb moduli of the dual gauge
theory defined in the transverse surface [Nek17]. From this point of view, the gauge symmetry is originally
described by U(W) = [[;p, U(w;), which is a compact version of G, = GL(W). Specialization of the weight
parameters implies freezing all the Coulomb moduli except for the center of mass factor. Therefore, we have
the symmetry breaking, U(W) — U(1). We remark that the Higgs mechanism freezes the non-Abelian part
of the gauge group. The U(1) factors of each U(w;) are fixed by the bifundamental mass parameters except
for the overall center of mass factor in this context. It has been established that the gg-character has no

singularity with respect to this center of mass factor, a.k.a., the compactness theorem [Nek16].

3From this point of view, the gg-character qu;’2> is irreducible, but not corresponding to the irreducible representation of
the associated (quantum) algebra. In this paper, the notion of the irreducibility is used in the later sense.

4This relation among the g-characters (Tgﬁ)x)w:o,l,z is interpreted as the simplest example of the T-system [KNS10].
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Such an interpretation of the parameter specialization as Higgsing has been discussed in the various
contexts. It has been known that one can move on to the root of Higgs branch of the moduli space of
supersymmetric vacua by tuning the Coulomb moduli [Dor98, DHT99]. In the context of topological string,
the idea of Higgsing is used to describe the geometric transition [GV98]. For the primary example of the
transition between the resolved and deformed conifolds, one may discuss the open string degrees of freedom
on the Lagrangian submanifold on the deformed conifold side, which is given as the cotangent bundle T*S3
and its Lagrangian S2. From this point of view, the Higgsing condition on the Kéhler parameter is interpreted
as the flux quantization condition. Along this direction, we may apply a similar interpretation to the current
situation. Geometrically, the irreducible part is interpreted as a subvariety of the whole quiver variety:
The graded quiver variety is decomposed into direct product under the g-segment condition [Nak99, §4].
Hence, the Higgsed gg-character, which describes the irreducible module, is expected to correspond to this
irreducible subvariety of the quiver variety. This is a geometric representation theoretical interpretation of

the Higgsing process.

1.3. Summary and organization. In this paper, we have the following conjectures regarding the qg-

character and its irreducibility through the Higgsing process.

Conjecture 1.1. Let T be a generic quiver and w = (w;);er, € Z%} be a generic weight dimension vector.
Then, there exists a canonical specialization of the weight parameters = (x; o), such that the gg-character

is reduced to that for the irreducible highest weight module parametrized by w.

This Conjecture is for generic modules and for generic quivers. See Propositions 6.1 and 7.1 for the tensor
product modules of the Fock modules of the quantum toroidal algebras associated with 121\0 and 121\,,,1 quivers.

We have a more specific Conjecture regarding the KR module of a finite-type quiver.

Conjecture 1.2 (Theorems 3.2, 3.3 for A; quiver). Let I" be a finite-type quiver and fix i € I'y. Considering

the weight dimension vector having a single non-zero entry, w; # 0 and w; = 0 for j # 4, the following holds:

(1) The gg-character is reduced to that for the irreducible highest-weight module if the weight parameters
z = (z;,) obey the gi-segment condition.

(2) This irreducible gg-character is further reduced to the irreducible g;-character in the limit g — 1.

(3) The irreducible gg-character is factorized into the product of the go-characters in the other limit

q1 — 1. Hence it is not irreducible in general.

The remaining part of this paper is organized as follows: In §2, as a preliminary, we provide an algorithm
to construct the gg-character. In §3, we consider A; quiver as a primary example and provide a proof
of Conjecture 1.2 in this case. In §4 and §5, we consider A; and BC5y quivers to show several examples,
which support Conjecture 1.2 for the KR modules and Conjecture 1.1 for other cases. In §6 and §7, we
consider affine quivers 21\0 and A\r and prove Conjecture 1.1 for the tensor product of the Fock modules of

the corresponding quantum toroidal algebras.

Acknowledgments. 1 would like to thank Ryo Fujita and Vasily Pestun for useful discussions, and especially
Hiraku Nakajima for patient explanations about various aspects of the geometric representation theory
and encouragements. Nakajima-sensei, kanreki omedetou gozaimasu! This work was partly supported by
“Investissements d’ Avenir” program, Project ISITE-BFC (No. ANR-15-IDEX-0003), EIPHI Graduate School
(No. ANR-17-EURE-0002), and Bourgogne-Franche-Comté region.
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2. CONSTRUCTION OF gg-CHARACTER

In this Section, we provide an algorithm to calculate the gg-character. We apply the algebraic construction
based on the iWeyl reflection. See [Nekl5, KP22] for the alternative geometric construction based on the

equivariant integral over the quiver variety.

2.1. Quiver. Let I' = (I'g,I'1) be a quiver with the set of nodes I'y and the set of edges I';. We call
rkT' = |Ty| the rank of quiver. We define a decorated quiver I’y = (T, d) with the set of positive integers
d = (di)ier, € ZL assigned to each node, which would be identified with the relative root length of the
corresponding root system. We denote d;; = ged(d;, d;).

2.2. Index functor. Let X be the bundle for which we denote the set of Grothendieck roots (exponentials

of the Chern roots) by X = {Za}a=1....:k x Then, the corresponding character is given by ch X = Z;k:)i Ty =

> zcx T We denote the wedge products of the bundle X by

rk X
N =P(-1)F AFX. (2.1)
k=0
Then, we denote the index functor, which converts the additive class to the multiplicative class, by
kX
IX] = [[(1 - 2za) = chAX. (2.2)
a=1

We also use the twisted version. We denote the twisted sum of the wedge products by

rk X
NX =P (—y)k AF X (2.3)
k=0
For X’ a one-dimensional bundle with ch X’ = z’, we have
rk X
XX =[]0 -2.a’) =chrsX, (2.4)
a=1

which is the characteristic polynomial with respect to X.

2.3. Y-function. For a quiver I', we assign a formal bundle to each node of I', Y = {Y,}ier,- We then
define the Y-functions for the quiver I,

rk X
Yi,X = ]I[X ®Y1] = H Yinya s 1€y, x4 € Cc*. (25)

a=1

Hence, each Y-function is the characteristic polynomial associated with Y,

Yi,x =ch /\in . (26)

In the context of quiver gauge theory, this Y-function is defined from the observable sheaf {Y;}, the
pullback of the inclusion map of the universal sheaf defined on the instanton moduli space [NP12; NPS13].
In particular, if rk X = 1, (logarithm of) the corresponding Y-function (hence, the bundle Y;) plays a role
of the fundamental weight of the Lie algebra gr associated with the quiver I" denoted by (w;)ier,,

Yip =@, (2.7)

In this context, the parameter x is interpreted as the spectral parameter to define the corresponding evalu-

ation module of the quantum affine algebra U, (gr). In the following, we will often use the notation

Yizijk =Y (2.8)

i od gk
1,241 95
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2.4. A-function. We define a g; >-deformation of the Cartan matrix associated with the quiver T',

cji = (14 ¢ q2)di; — Z feqy " — Z Z He 1q§r i g, (i, € Ty). (2.9)
ei—j r=0 ej—i  r=0

We may trivialize the parameters (e )eer, except for the cyclic quiver. Hence, we simply put p. = 1 except

in §6 and §7 where we discuss cyclic quivers. Then, we define the A-function,

Aix =11 (X®Y;)c;

Jj€lo
di/dqjj—l di/d,,j—l
= YixYi » II 1II v,
=YixYixid1 H H Y jobe Xirdi; 0 Yj,pglx;(r+1)dij,1' (2.10)
eri—j r=0 e:j—i  r=0

Compared with the bundle Y, the combination appearing in the A-function A; =Y Y cj; plays a role

J€l
of the simple root of the corresponding quiver,

Aip = el@?) (2.11)

2.5. 8-function. We define a rational function, that we call the 8-function,’

() = U 0= 2) o (Z 21— gy - q2”>> 212

where the latter expression is available for |z| < 1, |¢1,2] > 1. The 8-function obeys the inversion relation

8(2)=8(z"'q)  (+#1L,q)

n=1

— exp (Z g q3>> (2] > Llgr2l < 1). (2.13)

n=1
We also define the higher-degree 8-function,

r—1

_ A —z/g)(A—2/g) _ s
Sr(2) = =21 - 2/dia) _31;[()8( a°), (2.14)

which obeys the reflection relation

8:(2) =8.(27'¢{ar),  z#1,diq. (2.15)

For generic z, the 8-function becomes trivial in the classical limit,

S,(2)

q1,2—1

1. (2.16)

2.6. iWeyl reflection. We now describe an algorithm to calculate the gg-character:

1) Start with the highest-weight monomial associated with w = (w;)ier, € Z%I with the weight
0 >0

_ 6
parameters T = (xi,a)iel‘o,ozzl,...,w“

ws

Y'w}g = H H Yi,mi,a . (217)

i€l a=1

5We change the convention (q1,g2) — (qfl7 q{l) compared with our previous publications [KP15, KP16, KP17].
w; » which would be identified with the

framing space of the quiver variety zmgyw. Then, the Drinfeld polynomials {P; z};cr, associated with the finite-dimensional

6For i € T'o, denote by W; a vector space with the Grothendieck roots (z;,q)a=1

,,,,,

module of the quantum affine algebra Uq(gr) are given by the characteristic polynomials with respect to W, P; » = ch A, W;.
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(2) Apply the iWeyl reflection for the Y-function to generate the monomials,

di/dijfl di/dijfl
. . -1 _ -1
1Weyl : Yi,:r — Yin'UAi,x = Yi,z;di,l H H Yj7;v;rdij,0 H H Yj,m;(T+1)dij,1 . (218)
ext—j3 r=0 ej—i r=0

The reflection is applied to the Y-function in the numerator of the monomials.
(a) If the monomial contains several Y-functions which belong to the same node i € I'g, multiply

the S-functions:”

n Yia g N n Y,
Yia Hgn:l Ta M Yw/_\z—i% ) (2.19)
Hﬁ:l Yi,xﬁ Hﬁ:l 84, ($5/£U) ' Hﬁ:l Yi’l’ﬁ

n
(b) If the monomial contains the factor (Y; )", it should be considered as Ilalglm Y.z, which
gives rise to derivatives of the Y-function [Nek15, KP15]. !

(3) If there is no Y-function in the numerator, no further reflection is applied (lowest-weight monomial).
For finite-type quivers (det ¢! > 0, where c[%! is the classical limit of the Cartan matrix (2.9) obtained
by replacing all the C* variables with one), it is guaranteed that this process is terminated within
finite time reflections, while the sequence of reflections are not terminated for generic quivers (affine

and hyperbolic types; det ¢’ < 0).

This is an algorithm to generate gg-characters geometrically defined as an equivariant integral over the
corresponding quiver variety [Nek15, KP22]. The gg-character of the tensor product does not exhibits further
decomposition for generic weight parameters. In order to obtain the gg-character of the irreducible module,
we should specialize the weight parameters z. In the following, we study several examples to demonstrate

how to obtain the irreducible module in the context of the gg-character.

3. A1 QUIVER
In this case, we denote Y; , =Y, for simplicity. The iWeyl reflection of A; quiver is given by®
iWeyl: Y, — Y.l (3.1)
The fundamental gg-character is then given by”
Tia=Yat+ Yo, . (3.2)
We obtain the following expression from the direct computation based on the algorithm shown in §2.6.

Proposition 3.1. For A; quiver, the gg-character of weight w = (w) with the parameters z = (z1,...,Ty)

is given by
Z; 1
Mo YooYt = S T s(E) IV T 3
TUJ={1,...,w}y i€l,jeJ 17 el JjeJ
which contains 2" monomials in total.
"This $-factor is interpreted as the OPE factor in the vertex operator formalism of Y- and A-functions [KP15].

8We use the notation q =q1q2-

9We do not write the q1,2 dependence of the gg-character explicitly as far as no confusion.
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3.1. Weight two. From the formula (3.3), the gg-character of weight two w = (2) with the weight param-
eters ¢ = (x1,x2) is given by

Ya: T Yx 1
Toy = Yo, Ya, +8 Yoa g TL) Yo 3.4
2 1 Yar ($1>Yw1q+ <x2>Y 2R, (3.4)

z29 149 " T29

For generic weight parameters, this gg-character contains four monomials, corresponding to the tensor prod-
uct of two two-dimensional modules of the quantum affine algebra Uq(f/s\[g) associated with A; quiver. Re-
calling that the 8-function has zeros at z = ¢; and ¢2, we may obtain a three-dimensional module, which
corresponds to the irreducible module of weight two, by specializing the weight parameters,

_ Yz _
YwYx;1,0+5(Q1I)YizlﬂLYx}leél (11 =@, w2/21 = q1)
Top — T(ql 2) _ s (3.5)

_ Yx _ _
Y2Yazo01 + 8(q; 1)Y " + Yxileig (x1 =z, 2/21 = q2)

The highest weight monomials (Y;Yyq,, Jm=1,2 are given by

YoYaio = Yoo =IWEL Y1), YaYao1 = YaVay, =I[WE), @ Y1 ], (3.6)

where we define the vector spaces (W( 9 ) _ having the character

Fom @ i€l

ChW() =2+ TGy + - +agin?

Ko,z (m = 17 2) . (37)
Namely, this specialization (3.5) corresponds to the KR module of weight two with the shift parameter g o.

We also denote the corresponding gg-character by 'T'g)’;ﬂ) = T[Wg)m ].

We remark a geometric interpretation of the truncation of the gg-character. Before the truncation, there
are four monomials in the expression (3.4). The first and the last ones have no specific geometric structure
as the corresponding quiver variety is just a point. The second and the third ones correspond to the fixed
point contributions of the cotangent bundle T*P!, which is the quiver variety of (v,w) = (1,2). Tuning the

weight parameters, we can extract either of two monomials as the subvariety contribution.

Classical limit. In the classical limit, the S-factor behaves as follows,

_ I —grtet 2 (1 —1)
8 =0+ ) —H52g — (3.8a)

1—q17q 1 (g2—1)

_ o l—gtgt 1 (g1 —1)
8(e ) =(1+q ) — 125 — (3.8)

1-q; ¢ 2 (g2 —1)

Hence, the gg-character of weight two (3.5) is reduced as

Y
Y”2”+2Y +Yac01 = (Yw‘|'Y;;%),1)2 (@1 —1)
— _ x;0,1
YaYai1,0 +8(q l)Y o1 + Yx]i 1Ya: 21 —7 (3.92)
o YoYai0+ - +Yo10Yan0 (g2 = 1)
x;2,
\£ -1
YYmo1+Y 02+Y101Yz;0,2 (@1 —1)
— x;U,
VoY1 + 8 )y = +YoiaYols — Y, , (3.9b)
@i, Y§+2Y 10+Y$10 (Yo +Yaio) (2—1)

Therefore, we obtain the g-character associated with the KR module W](:l) . (W,(;)x) in the limit g — 1
(g1 — 1), while the degenerated g-character, corresponding to the tensor product of the two-dimensional
modules, is obtained in the limit ¢ — 1 (g2 — 1). Such a degenerated situation (folded g-character) has
been recently discussed in the literature [CK18, FHR21, KO22].
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3.2. Weight three. The gg-character of weight three with generic weight parameters z = (x1,x2,x3) is
given by

T3z =Ye, Yo, Yoo
() o) ()
T3 T3 ngq T2 T2 Y31'2q T T leq
x1 x1 Yo T2 T2 Yo x3 T3 Y,
) M) i
(fﬂ2> 23 ) Ya,qYasq 1 23 ) Yai1qYasq T 22 ) Yz, Yasq

1

o 3.10
Ya1qYa2qYsq ( )
Specializing the parameters z = (x, zq1, 2¢7), which coorresponds to the KR module of weight three Wéi)x,
we obtain
BN AR Y 1
Tow — TIWWY 1 =Y, Y00V Soqr ) [ —2rml: e 3.11
e [ 317%] o 20 * 2(Q1 ) Yz;S,l * Yz;Z,le;B,l Yz;l,le;Z,lYm;S,l ( )

This corresponds to the irreducible four-dimensional module of U, (;[2) associated with A; quiver. We obtain

a similar expression by another specialization z = (x, z¢2, 7¢3).

Classical limit. In the classical limit, the 8-factor is given by

1= a '

Salr ') = (L+ i +a%); =
-4 2

—

?(mﬁn (3.12)

(@2 — 1)

Hence, the gg-character is reduced to the degenerated g-character (g; — 1) and the ordinary g-character of
weight three (g2 — 1) as follows,

3Y?2 3Y 1 1 \3
ﬁ+yﬁ+ww+w = (Yo +Y501) (1 — 1)
Wi 4T Y Ve 1 69
YoYai1,0Ya20 + 210 S + 72 —1
v oe Ym;3,0 Yx;Q,OYx;S,O Yz;l,OYz;Z,OYm;S,O ( )
3.3. Generic weight. We consider the specialization of the gg-character of generic weight.
Theorem 3.2. Under the specialization z = (z, zq1, . .. ,xq}“fl) corresponding to the degree-w KR module
W83x7 the qg-character is given by w + 1 monomials,
w . .
TWH I=>" I sa@™) II Yeino JI  Yais (3.14)
v=0 |\ i=1,..., w—uv i=1,..., w—uv j=w—v+1,..., w
Jj=1,..., v
Proof. Under the specialization 2 = (x, zq1, . .., zql" "), due to the 8-factors, there are only the contributions
of I={1,...,w—v}, J={w—v+1,...,w} remaining in the gg-character formula (3.3), which gives rise
to the expression above. O

This proves the part (1) of Conjecture 1.2 for Ay quiver. We remark that the S-factor is identified with
the fixed point contribution of the equivariant integral over the quiver variety of A;, identified with the
cotangent bundle of the Grassmannian T*Gr(v, w).
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Classical limit. Let us consider the classical limit of the gg-character. We have the following results in the

limits ¢; — 1 and g2 — 1, respectively.

Theorem 3.3. The classical limit of the gg-character gives rise to the degenerated g-character and the

weight-w ¢-character,

v

Z <w) (Yﬂﬁ)wiv(Yz;O,l)iv - (Y:c +Y‘;(1)A,1)w ((h — 1)

TWE),] — <" . (3.15)
> I Yeio I Yoo o (@@=
v=0i=1,...,w—v j=w—v+1,..w

Proof. Applying the expression (2.12), we may rewrite the 8-factor in the gg-character (3.14) as follows,

T s )= (07 0 s ar oo (@ a4y oo (@7 a8 oo (a7 a5 a7 oo
1 - — —w+v—1_— — —v—1, — — —w,  —
=1 (0r 500 ool "y ar Doo(dr T an s Doo(ar 301 oo
j=1,...,v
w
(a6 " ool "0 501 oo T @ (U> (@ =1
- —w+v—1_—1, —1 —v—1_—1, —1 _ ’
(@1 B 5 Doo(qr 0y 3 ar oo Dyt (V)T (w — ) 1 (o> 1)
(3.16)
where we define the g-gamma function for |q| < 1,
z 4, 4) 1
T,(z) = (1-q) éxq)) 5 T(x) (3.17)
with the g-shifted factorial (¢-Pochhammer symbol)
(z0)0e = [T (1 —24"). (3.18)
n=0
Then, we obtain the expression above. O

This completes a proof of the parts (2) and (3) of Conjecture 1.2 for A; quiver.

4. Ay QUIVER

In this case, there are two fundamental Y-functions, and the corresponding iWeyl reflection is given as

follows,
Yoor Yig
iWeyl:  (Yia,Yau) — ( = ,”> : (4.1)
Yl,zq Y2,:rq
Then, the fundamental gg-characters are given by
Yo 1
T Tz = T Tz = Y T ’ 5 4.2
1, (1,0), 1Lz + Yioe + Yore (4.2a)
Y1z 1
Tow=Tone =Yoo, + —4 , 4.2b
2, 0,1), 2ot g, TV (4.2b)

which correspond to two three-dimensional modules of U, (;[3) associated with A, quiver.

4.1. Weight two. For A, quiver, we have three possible weight two situations, w = (2,0),(0,2) and w =
(1,1). The former two cases correspond to the KR modules, (Wéﬁiz) , while the last one is not.

i=1,2,m=1,2
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Yl,xl Yl,:cz
Y1,£2Y2,.’t1 Y17$1Y2,.’I:2
Yl,ﬂilq Y1>I2q
QV 1,z9 1V K’mz
Yl,ﬂlz Y2,931Y2,12 Y1>w1
Y27m1q Yl,rqul,qu Y2,f€2q
\7?2 2,x1 ﬁ2 11
Y2,Z2 Y2,w1
Yl,ﬂlquQJHQ Y17$1QY2,$2Q
2,22 QV
1

Y2,21qY2,22q
FIGURE 1. Hasse diagram for the iWeyl reflection flow of the weight w = (2,0) for A quiver.

4.1.1. w = (2,0). We consider the gg-character associated with weight w = (2,0) with generic parameters
z = (21,22),
Y2,Z1Y2,£E2 1

YLacqul,wzq Y27x1qY27ac2q
+S<x2> |:Y1,;c2Y2,x1 + Yl,xg + Y2,:c2 :|

Te0,e=Yie Y12, +

1 Yl,mq Y2’I1¢1 Y1’$2qY2,I1q
+ S<z.1> |:Y1,11Y2,132 + Yl,l’l + Y2,CD1 :| . (4.3)
To Yi,2aq Yousqg  YiwiqY2.mq

The flow of the iWeyl reflections is described by the Hasse diagram shown in Fig. 1. The gg-character (4.3)
contains 9 monomials, corresponding to the tensor product of two three-dimensional fundamental modules
of w=(1,0).

(1)

We specialize the weight parameters z = (z, zq; ), which corresponds to the weight-two KR module Wy, o

Then, we have the following.
Proposition 4.1. The gg-character of six-dimensional module of weight two of the algebra U, (g[d) is given
by

Yy o Yo 1
T[W(l) ]:Yl,zYl,z;l,()"_ 2, 2,2;1,0

21,x
! Yia:11 Y1221 Y2511 Y2221
—1 Yl,gcY2,3c;1,0 Yl,ac Y2,9c
+8(q7 ) Y; v + v v (4.4)
1,z;2,1 2,x;2,1 1,z;1,1 T 2,2;2,1

On the other hand, the eliminated factors in the gg-character are interpreted as the contribution of the

three-dimensional module,

Y1,12Y2,:El Yl,:EQ Y2}CEQ ($17w2)_>(w:wQ)

T 4.5
Y17$1q Y2,;c1q Y17;C2qY273;1q (0,1); ( )

We remark that this specialization of the parameter (z1,23) — (z,2q) corresponds to the pole of the 8-
function.'® This is consistent with the decomposition of the tensor product into the irreducible modules,
33=683.

10As shown in [KP15], the gg-character provides the generating current of the g-deformation of W-algebra associated with

quiver (quiver W-algebra). In this context, the pole term plays a crucial role in the quadratic relations for the generating
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Y2,x1Y2,x2
YlymquZf‘z Y17m2(1Y2,I1
Y27!L’1q Y2’$2q
Y2,z, Y119 Y 1,229 Yo,
Y2102 Y2219 Y2009 Y120
2,2 1,x1q Y‘zq 2,21
Y17$2q Ylyflq
Yl,mlquQ’wzq Ylyfl’zqu?,wlq
Qq 1,x1q
1

Ylm q? Yl,mzqz

FIGURE 2. Hasse diagram for the iWeyl reflection flow of the weight w = (0, 2) for Ay quiver.

Classical limit. Recalling the behavior of the S-factor in the classical limit (3.8), this gg-character is further
reduced in the classical limit as follows,

2
1 q1—1 Y2,z —2 Yl,:rYQ,:r Yl,x Y2,z
T[Wél)x} — Y%,m—’_( ) + Y5001 T2 +
Y1,2:0,1 Yiz01 Y2201  Y1,2:0,1Y2,20,1
2
\C» 1
= <Y1’I + L4 , (4.6a)
Yi201 Y2201
az—1 Y2,2Y22:1,0 1 Yi,2Y2,2:1,0 Yiz Yo,
YieYiano 4S5 Yao1o0Yarao 1Y Y Y101 0Yar20
1,z;1,0 T 1,2;2,0 2,2;1,0 12,2;2,0 1,z;2,0 2,x;2,0 1,z;1,0 ¥ 2,2;2,0

(4.6b)

In the limit ¢ — 1, we obtain the degenerated tensor product of w = (1, 0), while we obtain the g-character
associated with the KR module Wg)m in the limit go — 1.

4.1.2. w = (0,2). The gq-character of weight w = (0,2) is similarly calculated as before. For the weight

parameters z = (x1,x2), we obtain

Yl@qul,ﬂCzq 1
Y2,r1qY2,qu Yl,x1q2Y1,x2q2

+S<-732) |:Y1,x1qY2,zg + Y2,9c2 + Yl,zgq :l

T(O,Z),g = Y2,:E1Y2,a:2 +

r Y2,:r1q Yl,zqu Yl,zquYZ,zgq
+S(‘r1) |:Y17952¢ZY27$1 + Ya,2, + Yl,zlq :| ) (47)
L2 Y2,20q Y1,25q2 Y12:92Y 2,219

The iWeyl reflection flow is described by the Hasse diagram in Fig. 2.

Specializing the parameters as x = (z,2q1), we obtain the gg-character of the KR module Wg)x as

follows.

currents. For the A-type quiver, in particular, the quadratic relations [Oda01, Koj21] are interpreted as a double quantization

of Pieri’s formula for the fundamental representations.
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Yl,I1Y2,(E2
1,21 2,x2
Y2,931Y27$2 Y17$1Y17z2q
Ylyﬂ?lq Y2,f€2q
2V 2,2 1,21 \ng
Y2,x2 Yl,xqu2 T Yl’wl
Y27l'1q Ylﬂ'qu?,wzq Y1>12q2
2’:”2 Al 17% 1>11
YLqu Y2,x1
YZ,IIQYZCEWI Yl,zqul,mng
1»% 2,1
1

Y17$2q2Y2,$1q

FIGURE 3. Hasse diagram for the iWeyl reflection flow of the weight w = (1, 1) for A quiver.

Proposition 4.2.

@ 7 _ Yien1 Y1z 1
T[W21,x] - Y2»-'EY21-'L'§170 + Y Y + Y Y
2,x;1,1 12 2;2,1 1,2;2,2 V1,x2;3,2

+ S(q_l) Yl,x;2,1Y2,z Y2,m Yl,m;l,l (4 8)
! Yo2,2:2,1 Yiz32 Yiz32Y221.1
We may obtain a similar expression from another specializations z = (x, zg2).
Classical limit. The classical limit of this gg-character is given by
2
1 Y1,2:0,1 1 Y1,2:0,1Y2,2 Yo.u Y1,2:0,1
TWR,) 221 Y2+(”’)+ +2< 201 T2 | Tos  __ T1ai
e B Y2,2,0,1 Y02 Y2,2,0,1 Y1202 Y12:02Y2201
2
Y1,250,1 1 >
= (Yo, + "+ 4.9a
< * Yauo1  Yiwmoz2) (4.92)
g2—1 Y1,2,1,0Y1,2:2,0 1 Y1220Y2.x Yo . Y1210
Y27 Y27 ,170+ gLy Ly L&y _|_ + P ht) ) 3 sy Ly X
e Yo,2:1,0Y2,2:20  Y1,2:20Y1,2:3,0 Y2,2:2,0 Y130 Y1,2:30Y2,2:1,0
(4.9b)

We obtain the degenerated tensor product of w = (0,1) in the limit ¢g; — 1, while we obtain the g-character
associated with the KR module W in the limit q2 — 1.

21,2

4.1.3. w=(1,1). We consider the gg-character of weight w = (1,1),

Y2xY2x Ylachx Ylac Y23: 1
T :Yl Y2. 4 » L1 72_|_ » L1 »T24 24 4 »T1 +
(02 s Y1219 Y2209 Y2,014Y 2,229 Yl,IquLqu Yl,IzquZIlq
Y Y Y Y
+8(x2) 2,x9 +8<5L’1> 1,229 V2,21 +8<x1) 1,21 7 (410)
T Y2,11q x2 Yl,wqu2,w2q T2q Yl,a:zq2

which is described by the Hasse diagram in Fig. 3. The gg-character (4.10) contains 9 monomials, interpreted
as the tensor product of two three-dimensional fundamental modules, w = (1,0) and w = (0,1). In this case,
we shall have the decomposition, 3® 3 =8 @ 1.
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In order to obtain the irreducible module of the weight w = (1, 1), we have three possible specializations:

(a) z = (z,2q1), (b) z = (wq1, ), and (c) z = (z¢iqa, x).

(551,962) 5(12/%) 8(331/9ﬂ2) 5(351/552(])
(a) (2, 2q1) 0 S(ai ") S(ar’ax") (41
(b) (zqu, ) Nt 0 8(¢ ")
(c) (zqiqa, 2q1) 8(qr %2 ") 8(qy ") 0

Proposition 4.3. We have the following specializations of the gg-character, corresponding to the 8-dimensional

module of Ay quiver,

T @, vy +Y2,IY2,$;170+Y1,IY1,E;2,1 L Yi,2:2.1 n Yo,z 1
1,1),z 7 1,z V2,2;1,0
Yl,m;l,l Y2,$;2,1 Y2,m;1,1Y2,z;2,1 Yl,z;l,lyl,x;S,Q Yl,z;3,2Y2,m;1,1
Y1z21Y Y
-1 1,2;2,1 V2,2 -2 -1 1z
() g S ) (4.12a)
1,2;1,1 T2,2;2,1 1,2;3,2
®), v v +Y2,a:Y2,a:;1,O +Y1,a:;1,OY1,w;1,1 Yi,2:1,1 Y2,2:1,0 1
7 1,z;1,0 T 2.«
Yi,2:2,1 Yo 21,1 Yor1,1Y2,2:21  Yiz21Y1,2:22  Yi2:22Y2.2:21
Y Y1 o
-1 2,z -1 1,2;1,0
+8(a ), o 8 )y (4.12b)
2,x;2,1 1,z;2,2
(c) Y% v +Y2,x;2,1Y2,z Yi21,1Y1,2:2,1 Yi,:1,1 Yo,0:2,1 1
? 1,2;2,1 12,
Y1,2:3,2 Yo,2:1,1 Yor1,1Y2,2:32 Yiz22Y1232 Yie:22Y22:32
Y. Yy 11Yo
—2 1 2,x -1 1,2;1,1 12,2;2,1
+8(a; "2 ) +8(a ) g (4.12¢)

Y2,2:3,2 Yi,0:32Y2,2:1,1

Classical limit. In this case, we can discuss several classical limits of the gg-character. From the classical
1
limit of the 8-factor (3.8) together with 8(g; 24y 1) KA 1, we have the following expressions:

(a) z = (z,2q1)

Y2, Y1 Y1 o Y1 o Yo . 1
2, + 1,z ¥1,z;0,1 + 1,2;0,1 + 2,

3
Y1,2:0,1 Y2,2:0,1 Y3u01  Y12:01Y1,2:02  Y1,:0,2Y2,2:0,1

Y2'c le < Y2'c 1 )( Yl'c'Ol 1 >
po2r 4 _br oy, 42T Yo, 4 280l 4 . (4.13a
Y2001 Y1202 b Yie01 Y201 2 Y201 Y1202 ( )

(ql — 1) : Y1,1Y2,z +

) YoY2.2:1,0  YiaY1,220 Y1,2:2,0 Yo, 1
(g2—=1): Y1iYoz10+ + +
Yi,2:1,0 Y2,2:2,0 Yo0:1,0Y2,2:20  Y1,2:1,0Y1,2:30  Y1,2:3,0Y2,2:1,0
Yi,2:2,0Y2 Yy
s L34, s L + s L (413b)

Yl,m;l,OYQ,r;Q,O Yl,m;3,0
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(b) z = (zq1,2)

2
) Y2 e YiaY1,2:01 Y1201 Yo, 1
(g1 —=1): YigYo,+ + 5 +
Y1,2:0,1 Yo.0:0,1 Y5201 Y12:01Y1,202  Y1,2:0,2Y2,2:0,1
Yo Yi Yo 1 Y1201 1
+22" b o = (Yo + o + Yoo+ o+ , (4.142)
Yoz01  Yi,20,2 Y1201 Y2201 Yo,z:01  Yi,20,2
YooYorro  Yizio Y1,2:1,0 Y2210 1
(q2 — 1) Y1,1;1)0Y27w+ ) s Lyl + s Lyl + s Ly Ly + 27 34y +
Yl,x;Q,O Y2,z;1,0 Y2,z;1,0Y2,x;2,0 Yl’I;Q’O Yl,m;2,0Y2,z;2,0
Yo, Y1,2:1,0 Y2,2:1,0 1 Yi21,0 1
_'_ E) + 2 gy dy — Ylp,l:;llro + gyl + Y2’z + gy Ly + .
Y2,2:2,0 Y1,2:2,0 Yiz20 Y2220 Yozi10 Y1220
(4.14b)
2
(c) z = (zg{ge, )
2
oy v Y2.::01Y22 Y101 Y1,2:0,1 Y2,2:0,1 1
(@1 —=1): Yiz01Y2e+ + + 3 +
Y1,2:0,2 You,01  Y22:01Y22:02  Yizo2  Y12:02Y2202
Yo, Y1,2:0,1 Y2,2:0,1 1 Y1,2:0,1 1
+ 3 +2 y Ly — Yllr;()’l + sy + Y27,L. + gy + ,
Y2,2:0,2 Y1,2:0,2 Yi202 Y2202 Y201 Y1202
(4.15a)
) Yoz20Y22  Yia:1,0Y1,2:2,0 Yi21,0 Y2,2:2,0 1
(g2—=1): Yiz20Y2s+
Y1,2:3,0 Y2,2:1,0 Y2,2:1,0Y2,2:30  Y1,2:20Y1,2:30 Y1,2:2,0Y2,2:3,0
Yo Y1,2:1,0Y2,2:2,0
L Yeu 21,0202, (4.15D)

Yoz30 Yi,230Y2,21,0

We observe that (4.13b) and (4.15b) provide the g-character of the adjoint representation of the algebra
U, (sl3) (See, for example, [NNOS, §3.1]). The remaining cases are the degenerate limits, where we obtain

the product of two three-dimensional fundamental g-characters.

5. BCy QUIVER

We consider BC5 quiver, which is the minimal rank non-simply-laced example. In this case, we have the
decoration (root) parameters d = (dy,ds) = (2,1), and the iWeyl reflections for the Y-functions are given by

YouYouq Yiu
iWeyl: (Y1, Yo,) = [ 2220 Zload: ) (5.1)
Yl,zq%qa Y2291

Then, the fundamental gg-characters are given as follows,

Y2 1Y2 x;1,0 —1 Y2x Yl x;1,1 1
T — Y - + 3 s Lyl +S ) s Lyl + , 52&
(1,0). b Yi,2:2,1 (@ Yoz21 Yor1,1Y2z21 Yia32 ( )
N Yo o 1
T(071),a: = Y2,x + Lail,l 2,2:2,1 + (52b)

Yor11  Yiase Yozs2
They correspond to the five and four dimensional modules associated with the quantum affine algebra
U, (505) = U,(sp,) corresponding to BCy quiver.

In the following, we construct the weight two gg-characters based on the iWeyl reflections presented here,

and examine the irreducibility of the corresponding modules.
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5.1. w = (2,0). We consider the gg-character of weight w = (2,0),

T VIRV Y20, Y2,2,:1,0Y2,25 Y2,20:1,0 Y1511 Y1,20:1,1 1

(270)1£_ 1,21 17$2+ Y Y Y Y Y Y +Y Y
1,21;2,1 T1,29;2,1 2,21;1,1 12,24;2,1 V2,25;1,1 V2,29;2,1 1,21;3,2 V1,22:3,2

LS (902) Yl,w2Y2,m1Y2,x1;l,O+ Yi,21:1,1Y1,2, Y2,2,Y2,20:1,0 L Yi,20:1,1
Nt

x Yl,ml;Q,l Y2,ml;1,1Y2,xl;2,l Yl,ml;S,QYl,zQ;QJ Yl,xg;3,2Y2,12;1,1Y2,m2;2,1

+S(q1)(Y1,zzY2,w1 L+ Yoo Yows Yaamto0 Yie11 Y20, Y2, )
1

Yo,2.:2,1 Yi,20:2,1Y2,21:2,1 Yo,00:1,1Y2,21:21 Y 2,021 Y121:3,2Y2,20:2,1

g (T2 1,1 Yi,2, s, [ 2 Yi,2051,1Y2,20 Y2,25:1,0
+ o2 —q g Yo .. +o2| —q1 v Y; Y;
A 1,21;3,2 o 1,22;1,1 ¥ 2,21;1,1 Y 2,21;2,1

Yie Y20, Y2,2001,0 | Y1011 Y10, Y201 Y2,2151,0 Yiei51,1

+
Yl,x2;2,1 Y2,xg;1,1Y2,932;2,1 Yl,x2;3,2Y1,m1;2,1 Yl,azl;3,2Y2,11;1,1Y2,m1;2,1
+S(q1)(Y1,x1Y2,zz 4 YownYou Vom0 | Yiay11 Y20, Yo, )
1
Y2,z2;2,1 Yl,x1;2,1Y2,z2;2,1 Y2,r2;1,1Y2,12;2,1Y2,r1;2,1 Yl,m2;3,2Y2,x1;2,1

1 g _ Y1, 1 Yi,20:1,1Y2,2, Y2,21:1,0
+52< 6111(121)751 +S2<x26h> raill 2o 2o

+ 8 (961)
T2

1

o Y1,2,:32 Y12,11Y2,2,1,1Y2.25:2.1
_ To 4 T1 g Y20, Y220
+8(g 12s<q )s(q ) 53
( ! ) Z1 ! x2 ! Y2,x1-,2,1Y2,;L»2;2,1 ( )
The corresponding Hasse diagram is shown in Fig. 4. This gg-character contains 25 monomials, corresponding

to the tensor product of two modules of w = (1,0). We shall see the decomposition of this module into the
irreducible ones, 5® 5 =146 10 ® 1.

Recalling that 82(2) = 0 at z = ¢?, g2, we specialize the weight parameters as z = (r,zq¢?). This is
consistent with that the KR module Wg)x should be considered with ¢?-shift for the node d; = 2.

Proposition 5.1. The gg-character associated with the KR module wib s given as follows,

21,1
TwD 1y, oy Y2,0Y2,2:1,0Y2,2:2,0Y2,2:3,0 Yi,0:1,1Y1,2:3,1 1
[ 21,:0] — 'z 171§2,0+ Y Y + Y Y Y Y Y Y
1,2;2,1 Y1,2:4,1 2,2:1,1Y2,2:2,1Y2,2:3,1Y2,2:4,1 1,2:3,2Y1,2;5,2
+S <q72) Yl,xYQ,m;ZOYZ,a:;S,O + Yl,z;3,1Y1,z YQ,IYQ,I;l,O Yl,x;l,l
2\41
Yl,z;4,1 Y2,$;3,1Y2,w;4,1 Yl,w;S,QYI,J;;Q,l Y1,$;3,2Y2,w;1,1Y2,.'L';2,1
+ S(q_l) (Yl,mYQ,m;Z,O Y2,m;2,0Y2,xY2,z;1,0 Yl,m;S,lYQ,z Y2,z )
1
Yo,z4,1 Yi1,2:2,1Y2,2:41 Yo,2:31Y2,2:41Y2.2:21 Yia:52Y22:2,1

Yl,z;S,lYQ,zYQ,z;l,O

Vi _
+82(a ) g + Sa(ar )

7 (5.4)
1,2:5,2 Yi,2:1,1Y2,2:31Y2 24,1

which corresponds to the 14-dimensional module of BCs quiver for the weight w = (2,0).

We remark that the eliminated terms due to the factor 8g(x2/21) correspond to the 10-dimensional module
of weight w = (0, 2) discussed in §5.2.
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Classical limit. In addition to the classical limit of the 8-factors (3.8) and (3.12), we also have 8(¢; %¢5 ) K man

1 and

—2 1
1—qi7g 2 (=1
—oy —2 1 4o
Salar ) =(+a")— =2 =5 — (5.5)
— ¢ 9 1 (g2 —1)
Hence, the gg-character is reduced in the classical limit as follows,
4 Y2
(1) 1 aa—=l 2 Y3 1,2:0,1 1
T[W21,x] Yl,z + Y2 Y4 + Y2
1,z;0,1 2,2;0,1 1,z;0,2
2 2
+9 Y1’$Y2,x + Yl,zYl,r;O,l Y2,z + Yl,z;O,l Yl,z
2 2
Y1201 Y3 201 Y1,2:01Y1,202  Y1,:02Y22:01  Y1,2:0,2
Yi.Y Y3 Y Y Y. Y2
l,x 12,2 2,x 1,2;0,1 T2 x 2,x 2,z
+4 + ; + + 65
Yow01  Y1,2;01Y2,20,1 Y5 20,1 Y1,2;0,2Y2,2;0,1 Y3 0.1
Y3 Y Y ’
2,z 2,x 1,z;0,1 1
=Y+ +2 + o5 + , (5.6a)
Tizo1  Yowo1  Yazo1  Yiao2
ol oy n Y2,2Y2,2:1,0Y2,2:2,0Y2,2:3,0 Y1,2:1,0Y1,2:3,0 1
” 1,z 11,2;2,0
Y1,2:2,0Y1,2:4,0 Y2,2:1,0Y2,2:20Y2,2:30Y2,2:40  Y1,2:3,0Y1,2:5,0
. Y1,2Y2,2:20Y2.2:3,0 Yi,230Y1,2 Y2,:Y2,2:1,0 Y1i,2:1,0
Y1,2:4,0 Y2,0:30Y2,2:40 Y1,050Y1,2:20  Y1,2:3,0Y2,2:1,0 Y2,2:2,0
+ Yl,xYQ,a:;Z,O + Y2,x;2,OY2¢zY2,z;1,() Y1,1;3,0Y2,z YQ,I
Y2,2:4,0 Y1,2:2,0Y2,2:4,0 Y2,2:30Y2,2:40Y2,2:20  Y1,2:5,0Y2,2:2,0
Yia Y1,2:3,0Y2,2Y2,21,0
+ ) s L3I, ) Lyl (56b)

Yi250 Y1,2:1,0Y2,2:3,0Y2,2:4,0

We obtain the g-character of the 14-dimensional module in the limit g — 1. On the other hand, the limit
g1 — 1 provides the tensor product of the fundamental module w = (1,0). We remark that, in the limit
g1 — 1, the fundamental gg-character (5.2a) is already degenerated due to the S-factor. The resulting
module is associated with the six-dimensional module of AD3 quiver, which is the fractionalization of BCy
quiver [KP22].

5.2. w = (0,2). The gg-character of weight w = (0,2) is given as follows,

Y1211 Y 01,1, Y2,0032,1Y2,00:2,1 1

I(OQ)w —Y23: Y23:2
14)s, sT1 )
Y2,a:1;1,1Y2,x2;1,1 Yl,ml;S,QYl,zg;S,Z Y2,x1;3,2Y2,$2;3,2

x2 Yl,zl;l,lYQ,:rg Y2,:L’1;2,1Y2,a:2 T2 _o9 _q Y2,LEQ Yl,zg;l,l Y2,a:2;2,1
+8( — + +8( —aq; “q5 + +
T1 Y2,x1;1,1 Yl,x1;3,2 T Y2,x1;3,2 Y2,:L'1;3,2Y2,$2;1,1 Yl,x2;3,2Y2,7;1;3,2

1\ [ Yie051,1 Y220 | Y2021 Y20, T 9 1\ Yo Y1231, Yozi2,1
+8( — + +8( —aq; "¢y + +
T2 Y2,x2;1,1 Yl,zg;3,2 T2 Y2,z2;3,2 Y2,12;3,2Y2,m1;1,1 Y1,11;3,2Y2,a:2;3,2

S T2 Yl,rg;l,lYQ,ml;Q,l S z Yl,zl;l,1Y2,zz;2,l
8 ( o2 | GRECERRL 4 g, (S ) Chmin At (5.7)
1 1,21;3,2 1 2,29;1,1 ) 1,2z9;3,2 12,29;1,1

where the iWeyl reflection flow is described by the Hasse diagram in Fig. 5. There exist 16 monomials in
the gg-character. We shall show the decomposition, 4 ® 4 =103 5 ¢ 1, as follows.
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Y2,$1Y2,w2
1,z 1,z2
Yi,2131,1 Y2, Yi,2:1,1 Y2,
Y2,m1;1,1 Y2,zg;1,1
l,xl;y %/? 2,x1 Y%Ll
Y2,x1;2,1Y2,x2 Yl,xl;l,lYl,zg;l,l Y2,12;2,1Y2,m1
Yl,xl;3,2 Y2,1‘1;1,1Y2,x2;1,1 Y17x2;3,2
2,21;2,1 Xﬁm 1,21;1,1 \@2;171 QV 2,x2;2,1
Y2,m2 Yl,mg;l,lYQ,fcl;Q,l Yl,ml;l,lYQ,mg;Q,l Y2,11
Y2,0,:3,2 Yi,21:3,2Y2,20:1,1 Yi,00:3,2Y2,2:1,1 Y2,20:3,2
\2;@ 27I1;V \wz;lﬂ 17$1;V X@z;&l 2,21
Yi,201,1 Y2,21;2,1Y2,22:2,1 Yizi1,1
Y2,21:32Y2,20:1,1 Yi,21:3,2Y1,20:3,2 Y2,20:32Y2,2::1,1
\,12;1,1 2,11;V wgﬂ,l 1,z1;1,1
Yo,m552,1 Yow152,1
Y1,20:32Y2,21:3,2 Y1,01:3,2Y2,20:3,2

2,22:2,1 2,21;2,1

4

1

Y2.0,:32Y2,25:3,2

FIGURE 5. Hasse diagram for the iWeyl reflection flow of the weight w = (0,2) for BCy quiver.

Proposition 5.2. Specializing the weight parameters z = (x,xq1), we obtain the gg-character for the KR

module Wg)z as follows,

Yia:11 Y1221, Y2,0:2,1Y2,2:3,1 1

2)
TIWS ] = Yo Youio +

21,z 2,2 12,2;1,0
! You11Y2,221  Yia32Y1z42 Y22:32Y2 240

Yl,z;2,1Y2,x Y2,I;3,1Y2,I Y2,z Yl,a:;l,l Y2¢z;2,1

+8(q;t +8(g73¢5 "
( ! ) Y2,;17;2,1 Yl,a:;4,2 ( ! 2 )Y2,w;4,2 Y2,.1;;4,2Y2,J;;1,1 Y1,$;3,2Y2,a:;4,2
Yl7 ;2,1 -1 Yl7 ,;1,1Y2, ;3,1
+ SQ(Q1)7Y i + 89 (ql )—Y z Y 3: , (5.8)
1,z;3,2 1,z;4,2 V2,2;1,1

which corresponds to the 10-dimensional module (adjoint representation of SO(5) = Sp(2)) with the affine

extension.

Classical limit. In the classical limit, the S8-factors appearing in the gg-character T[Wé?)m] are given by

8(qf3q51) —Ml 1 and

G l-qg! -1 (@1 —1)
82(q1) = —q; 1%
Il—q g 1 (g2 — 1)
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Therefore, we obtain the following reductions,

2) 7 =1 2 Yiz01 . Yaa01 1
T[W21,a;] Y2,:v + Y2 + Y2 + Y2
2,2;0,1 1,2;0,2 2,2;0,2
Yl,z;O,lYQ,r Y2,z;0,1Y2,r Y2,x Yl,z;O,l Y2,a:;0,1 Yl,z;O,l
+2 + + + +
Y2, 2:0,1 Y1,2:0,2 You02 Y2.0:02Y22:01  Y1,2:02Y2,2:02  Y1,2:0,2
2
Y1201 Y2201 1
= (Yz,x+ s o+ , (5.10a)
Yoz:01 Y1202 Y2202
ol oy Yi21,0Y1,2:20  Y2,2:2,0Y2.2:3,0 1 Yiz20Y2,2
I 2,2 12,2;1,0 +
Yo0:1,0Y2,2:20  Y1,2:30Y1,2:40  Y2,2:30Y2,2:4,0 Y2,2:2,0
n Yo,0:30Y2,2 Yo Yi,2:1,0 Y2,2:2,0 Yi,2:20  Y1,2:1,0Y2,2:3,0
Y1240 Yoza0 Y2,z40Y22:1,0 Y1,2:30Y2,2:40 Y130  Y1a:4,0Y2,2:1,0

(5.10b)

The limit g1 — 1 is the degenerate limit, which provides the tensor product of two four-dimensional modules,

while we obtain the g-character of the 10-dimensional module with the affine extension in the limit g — 1.

5.3. w=(1,1). We consider the gg-character of weight w = (1, 1),

Yo,z Y2,21:1,0Y2,20:2,1

T Y Y Y2,x1Y2,x1;1,0Y2,x2 Yl,lel,xQ;l,l
(171)7£ - 1y 12,22 + Y + Y + Y Y
1,z1;2,1 2,x2;1,1 1,21;2,1 1 1,25;3,2
Yi,00:1,1 Y1,2051,1 Y2,00:2,1 Y0011 1

Y2,00:1,1Y2,21:21Y2 25011 Y1i21:32Y 1,232 Y2,20:1,1Y2.21:21Y2,20:32  Y1,21:3,2Y2.20:3.2
+52(1‘1 1 _1> {YLlez,xz;z@ L Yi,2 L Y22, Y2,2::1,0 ]+52($2q1q2> Yi,20:1,1Y2,21 Y2,21:1,0
1

+

—q1 42
T Y1,24:3,2 Y2032  Yi,a1:2,1Y2,25:3,2 x Y1,2152,1Y2,20:1,1

Z2 Y1,11;1,1Y2,z2 Y2,x2 Y1,x2;1,1 x1 Y1,11;1,1Y2,x2;2,1
— + + + 82| —
Yori1,1Y2,21:21  Y1,21:32 Y1,21:3.2Y2,20:1,1 22 ) Y1,2,:32Y2,21:1,1Y2,21:2,1

_ To _1\ Y2, Y T Yi2.11Y Yo 2. Y9 4o T1 _o _ Y
+8(q11)[8(2q1 1) 2,01 Y2,25 +S<1>( Laat 1 Y2m Yoo Yams2i >+8(1q1 2, 1) 2,01 7
1 Y2,r1;2,1 T2 Y2,x1;2,1Y2,z2;1,1 Y1,12;3,2Y2,11;2,1 T2 Y2,z1;2,1Y2,12;3,2
(5.11)

where the iWeyl reflection flow is described in Fig. 6. This gg-character shows the decomposition of the

tensor product, 4 ® 5 = 16 @ 4.

Proposition 5.3. We specialize the weight parameters as (a) z = (v¢fqq, 7) and (b) z = (2, z¢?) to obtain

the gg-character for the 14-dimensional module:

Yl,m;l,lYl,m;S,l Y2,m;2,1Y2,x;3,1Y2,m;4,1

(a) Y2,:Y22:31Y2.0:4,1
Tane — Yiz31Y2e + Y + Y + Y Y
1,2;5,2 2,x2;1,1 1,2;3,2 1 1,2;5,2
n Y1,2:1,0Y1,0:4,2 Y2221 Y142 1
Y2,x;1,1Y2,z;4,2Y2,x;5,2 Yl,x;B,QYl,x;G,S Y2,x;3,2Y2,x;4,2Y2,x;5,2 Yl,x;6,3Y2,x;3,2
I -3 —1 Yl,m;4,2Y2,z Y2,z Yl,m;l,l IS —2 Yl,m;1,1Y2,z;3,1Y2,m;4,1
+ 2(‘]1 d2 ) Y Y Y JrY Y + 2((]1 ) Y Y
2,x;4,2 V2,2;5,2 1,z;6,3 1,2;6,3 12,2;1,1 1,2;5,2 12,2;1,1

S (g Yi:42Y2,0:2,1 Yie11Y2,2:31  Y2,2:21Y2,2:3.1 S(a )8 (gt Yo,:Y22:31
1,2:3,2Y2,2:42Y2 2:5.2 2,2:1,1Y2,2:5,2 1,2:3,2Y2,2:5,2 2,1:5,2

(5.12a)
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Yl,w1Y27w2
1,z 2,72
Y201 Y2,0111,0 Y200 Y11 V1ot
Yl,m1;2,1 Y2,r2;1,1
2@1;% 2,2 V Yz;l,l
Y20, Y2,2, Yiw551,1 2,2, Y2,0051,0 Y12, Y2,25:2,1
Yo,z1;2,1 Y1221 Y2,20;1,1 Y1,22:3,2
2,7 w‘z 2711y \,12‘;1,1 1,21 sz;m
Yl,ml;l,lYQ,zQ Yl,mg;l,lYQ,rl Y2,ml;1,OY2,x2;2,l Yl,zl
Y2,:E1;171Y2,11;2,1 Y2,a:1;271Y2,w2;1,1 Y1,11§2,1Y175E2§372 Y2;$2§3;2

2.z 1,22;1,1 2,x9:2,1
Lxul,ll . 2ml — 2’1”1’% \ Lacli

Yoz, Y1011, Y 1,2051,1 Yoo, Y2,20:2,1 Yo, Y2,2151,0

Y17x1;3,2 Y2,z1;1,1Y2,m1;2,1Y2,zg;1,1 Yl,zg;B,ZYQ,azl;Q,l Yl,zl;2,1Y2,x2;3,2

2,m\ Al;l,l Loczk 2,1 2@2;&4 Awl;l,o

ﬂ Y1’$1;1a1Y27z2§271 %
Yl,x1;3,2Y2,x2;1,1 Yl,x2;3,2Y2,x1;1,1Y2,x1;2,1 Y2,x1;2,1Y2,ac2;3,2
1&62;& A;u 2@2% 2,21
;X234 x1;l,
_ Yoma1 Vi1
Y1,2153,2Y1,22:3,2 Yo,20:11Y2,21:2,1 Y2,20:3,2
27962% A;l,l
1

Y1,21:3,2Y2,25:3,2

FIGURE 6. Hasse diagram for the iWeyl reflection flow of the weight w = (1, 1) for BCy quiver.

Y2,xY2,x;1,0Y2,x;2,O Yl,;ch,;c;fi,l Y2,;CY2,;C;1,OY2,;£;4,1

(b)
Tane — Y12 Y2220 +
e T Yi,2:2,1 Y2.0:3,1 Yi,0:2,1Y1,2:5,2
Yi,0:1,1Y1,2:3,1 Yo p:4,1 Yi,2:1,1 1

+
You1,1Y22:2,1Y2,2:31  Y1,232Y1e52 Y2051, Y2221 Y2052 Y1,2:3,2Y2.0:5,2

+52(q1_3q2_1) <Y171Y271;4,1 + Yl,x + Y2,xY2,x;1,O >+82(q1_2) Yl,x;l,lYQ,;cA,l

Yl,z;5,2 Y2,13;5,2 Yl,x;2,1Y2,x;5,2
S —1 Yl,x;3,1Y2,xY2,x;1,O Yl,z;B,lYQ,m YZ,IYZ,I;4,1 S —1 S —4 —1 Y2,x
+8:(a) |~ +N + +8(a; )8(ar"ax ")

1,2;2,1 12,2;3,1 2,2;2,1 12,2;3,1 1,2;5,2 12,2;2,1

+

Yl,z;5,2Y2,x;1,1Y2,x;2,1

(5.12b)

Classical limit. We then study the classical limit of the gg-character for the 14-dimensional module. In the
limit g5 — 1, we obtain the corresponding g-character, while we observe the tensor product structure in the
degenerate limit ¢; — 1.

Y2,2:2.1Y2,2:5,2
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(a) z = (2¢ig2, )

2 2 3
oy v Y2.Y5 201 Yia01 Y5 2:0,1 Y1,2:0,1Y1,2:0,2 Y2,2:0,1
(1 —=1): Y1z01Y2:+ 5 +
Yl,a:;O,Z Y2,x;0,1 Yl,z;O,ZYLm;O,Q Y2,m;0,1Y2,z;0’2 Yl,m;O,2Y1,z;O,3
L Y1,2:0,2 L 1 n Y1,2:02Y2,2 Yo,z n Y1,2:0,1
3 2
Y3202  Y12:03Y2.2:0,2 Y3,2:0,2 Y1203  Y12:03Y2,:0.1
2
Y1,2:01Y2,2:01  Y2,2Y22:01 Y1,2::02Y2,2:01  Y1,2:0,1 Y3 2:0.1
+2 + +3 : +
Y1202 Y2.2:0,2 Y1,2:02Y5 002  Y2.2:02  Y12,02Y2.2:0,2
2
Y3 2:0,1 Yoz01 . Y1,202 1 Yiz01  Y2z0.1 1
= | Yizo1 + +2 5 + Yoo+ + + )
Y1,2:0,2 Y2202 Yaazo02 V1,203 Y201 Y1202 Y2202

(5.13a)

Y2u:30Y2,2:40Y2,2 . Y1,2:30Y1,2:1,0 . Y2,2:3,0Y2,2:4,0 Y2,2:2,0
(q2_>1>:Yl,a:;3,OY2,z+ s L3I, s Ly, 9 s L3I, syl sy s Ly, s Ly&y

Yl,m;5,0 Y2,m;1,0 Yl,m;5,0Y1,m;3,0
Yi,24,0Y1,2:1,0 Y2,2:2,0 Y1240 1
Y2,240Y2,2:50Y2,2:1,0  Y1.2:60Y1,2:3,0 Y2,240Y2,2:50Y2,2:30  Y1,2:6,0Y2,2:3,0
Yi240Y2,2 Yo,z Y1210 Y1,2:1,0Y2,2:3,0Y2,2:4,0
+ + +
Y2,:1:;4,0Y2,x;5,0 Yl,x;5,0 Y1,1;6,0Y2,z;1,0 Yl,z;5,OY2,z;1,(]
Y1,2:4,0Y2,2:2,0 Yi,2:1,0Y2,2:30 . Y2,2:30Y2,2:20 . Y2,2:30Y2,2
+ (5.13b)
Y1,230Y2,2:40Y2,2:50  Y2,0:50Y2,2:1,0 Y1,2:3,0Y2,2:5,0 Y2,2:5,0
_ 2
(b) z = (=, 2q7)
3 2 2
EAVERY Y2,m Yl,mYl,m;o,l Yz,mYZz;OJ Yl,.t;O,l Y2,:c;0,1
(@1 —=1): YiaYa, + + 3 + 3
Yi,2;0,1 Y2,0;0,1 Yi201Y1,2:02 Y2201 Y102
2
n Y1,2:0,1 1 YiaYoz01 | Yia You
3 3
Y01 Yia02 Y1,2:0,2 Yozo2  Yi20,1Y2,2:0,2
2
Y1201 Yo Y3, Y1,2:01Y2,2 Yo,
+2 +3 + +
Yl,z;O,ZYZ,a:;(],l Y2,I;(],1Y2,:r;(),2 Y2,z;0,1 Y2,a:;0,1 Yl,:v;O,Z
2
(v Y3 \CP Y1,2:0,1 1 v Yiz01 Y2201 1
=\ Vet TP Y2 Y 2ty ot Yiooa Y
1,z;0,1 2,x;0,1 2,z;0,1 1,z;0,2 2,2;0,1 1,z;0,2 2,2;0,2
(5.14a)
0Y. Ly Yo,:Y2,2:1,0Y2,2:20 . Y1,2Y1,2:30 Y2,2Y2.2:1,0Y2,2:4,0
(g2 = 1) 1,2 Y2,2;2,0 T ~; + Y Y v
1,2;2,0 2,2;3,0 1,2;2,0 T 1,2;5,0
n Y1,:1,0Y1,2:3,0 Y2,0:4,0 Y1,2:1,0 1
Y2,21,0Y2,2:20Y2,2:30 Y1230V 1,250  Y2,2:1,0Y2,2:2,0Y2,2:5,0  Y1,2:3,0Y2,2:5,0
Yl,.’tYQ,:r;4,O+ Yl,:v + Y2,1Y2,z;1,0 Yl,m;l,OYQ,x;él,O
Y1,2:5,0 Y2050 Y1,2:20Y2,2:50  Y1,2:50Y2,2:1,0Y2,2:2,0
Y1,2:30Y2,2Y2.2:1,0 Yi,2:30Y2,2 Y2,:Y2,2:4.0 Yo,z
4 (5.14b)
Yl,x;2,OY2,m;3,O Y2,z;2,OY2,m;3,O Yl,r;5,0Y2,m;2,0 Y2,z;2,0Y2,m;5,O

6. ﬁo QUIVER

We consider A\o quiver, which is the simplest affine quiver. In this case, there exists a single node with
the loop edge. The Cartan matrix is given by

c=1+q—p—plqg=0—pw(A—p""q) =1 —gs)(l —qa), (6.1)
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where we define

(43,a1) = (10~ "q) (6.2)

and
q=(q1,92,3,94) - (6.3)
We assume g3 4 # 1,'! so that the Cartan matrix is invertible. We remark the relation
4192 = q3q4 = q. (6.4)

Then, we have the iWeyl reflection with a formal counting parameter g € C*,

Yaoqa Y
iWeyl : Y, — qS(qg)%. (6.5)
q

We remark that the extra factor 8(g3) = 8(qq) is specific to the case with the loop edge.

6.1. Weight one. The fundamental gg-character of the weight w = (1) is given by an infinite sum over all
the possible partitions [Nek15, KP15],

Tio =Y d%20@) [ Yo T Yot (6.6)

A 5€04 A SED_A
(oo}
where |\ = Z Ak, and we denote by d4 A and O_ A the outer and inner boundaries of the partition A\, where
k=1

one can add/remove a box. For s = (s1, s2) and the transpose of partition denoted by AT, we define
w(s) =g T, a(s) = A, —s1, L(s) = AL —s2. (6.7)
Then, we have

H S Z(s +1 70, S) H S Z(S a S)Jrl) . (68)

SEA SEX

We remark that this factor is identified with the fixed point contribution of the Nekrasov partition function
of 5d N = 1* U(1) gauge theory with the Q-background parameters (g3, g4) (not for (q1, g2)) with the adjoint
mass g (or ¢z), which is geometrically interpreted as the x,, ,-genus of the instanton moduli space [Nek02,
NOO3].

The gg-character (6.6) is interpreted to be associated with the infinite dimensional Fock module of
the quantum toroidal algebra of gl; denoted by U, ( 1) [NPS13, FIMM15, FIMM16] and its elliptic up-
lift [KO21].'? See also [Liu22] for a related geometric representation theoretical perspective of the gqg-
character of Eo quiver. Similarly to finite-type quivers, we can reduce the module by tuning the parameters.

In this case, imposing the resonance condition [FFJ*10]'3

Ga =qe  or g =as, (6.9)
the rational function (6.8) becomes zero if (i,j) € A for (i,j) € Z%,. Hence, the infinite sum (6.6) excludes
the configuration such that (i,j) € A. This is called the pit condition at (i,j) € Z%, [BFM15].

HFrom the gauge theory point of view, supersymmetry is enhanced from 8 to 16 supercharges in the limit g3 4 — 1.
12The gq-character of the MacMahon module of Uq(gll) has been also constructed recently [IKKN23].
13We use a slightly different convention compared with the original paper [FFJT10].
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6.2. Generic weight. We then consider the gg-character of go quiver for generic weight w. In this case, the
ggq-character is given by a summation over w-tuple partitions A = (Aq)a=1

xr = (xa)a:L...,wa

w with the weight parameters

,,,,,

w
qu)“ZAqx Il I Yoo II Yilo (6.10)

a=1 [s€dira SED_ Ao

where || = Z |Aa|, and we define

a=1

x) :Oﬁzx\a(Q) I I 8(” Lolo)+ ““(5) 11 S( o(s) ganls )“) (6.11)

1<a<B<w |s€Xa SEAp
with
a0 (8) = Aa,sy — 515 lo(s) = )\2 o T S52- (6.12)
We remark
3 <i§q§5(s)+lq4—aa(s)> _g <r§;qseﬁ(s)qza(s)+1> s (Ziqg_ea(s)qzﬁ(s)H) _g <«Zf;q§(,(s)+lq4—ag(s)> .
(6.13)

The factor Z)(q;xz) coincides with the fixed point contribution of the Nekrasov partition function of 5d
N = 1* U(w) gauge theory under identification of the weight parameters with the Coulomb moduli. From
the representation theoretical point of view, the weight-w character is associated with the tensor product
of the Fock modules. In this context, the weight parameters (zqo)a=1,... . are identified with the evaluation

parameters.

We may consider the same condition as the case of weight one (6.9), which imposes the same pit condition
for all the partitions (Ay)a=1,...w. For the tensor product of the Fock modules, there exists a family of the
irreducible representations obtained by specialization of the weight parameters z = (24)a=1,.. w [FFJT10].

We consider the resonance condition

x s .
i q§q4 = q1,2 or iq3 1+1qfl =4q1,2- (6.14)
./L' ,’L‘ﬂ

In this case, we obtain the following restriction on the set of partitions,
Mok —Aopsjo1 =1 (1€Z<o, jJE€EZs1, k€ L), (6.15)
As the resulting modules are irreducible as shown in [FFJT10], we have the following.

Proposition 6.1. Conjecture 1.1 holds for the tensor product module of the Fock modules associated with

Ap quiver.

Such a restriction, known as the Burge condition [Bur93], has been discussed also in the relation to
the plane partitions [GK97], the Higgsing of 56d /' = 1* theory [CHZ12], and the minimal models of W-
algebras [BF14, AB14, BFS15].
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7. A,_1 QUIVER

We study the higher rank cyclic quiver Er_l, which consists of r nodes. In this case, we consider the

Cartan matrix given by

l+q —m —u5'q
—pite l4q —p

c= —uglq 1+4q (7.1)

—MUr—1

—Jo ~uwtig 14g¢

and the determinant given by
r—1
dete = (1= puot)(1 = priod”)» fhror = | [ - (7.2)
i=0

We assume piior # 1, ,ut_oiqr # 1 in order that the Cartan matrix is invertible. We specialize the mass
parameters to p; = p for ¢ = 0,...,7 — 1 without loss of generality, so that i, = p”. We use the same
notation (g3, q4) = (u, p~1q) as before (6.2). Then, the iWeyl reflection is given as follows,

Yz' T 'Yi— T .
iWeyl : Yo — q; w, i€ Z/rZ, (7.3)
i,xq

where we interpret the node index periodic ¢ = ¢ + r (mod r). We also denote Z, = Z/rZ.

7.1. Weight one. The fundamental qg-character associated with the i-th node, corresponding to the weight

w = (W) =o0,...r—1 With w; = 6; ;, is again given by summation over the partition,

_ E : A (r) | I H -1
Ti,a: - ﬂi ZA (g) Yi(S)JFi’w(S) Yi(s)-l—i,;c(s)q ’ (74)
A S€EOLA SEO_X

where we define the coloring index i(s) = s — s2 (mod r) for s = (s, s2) € Z%, and

r—1
Al . .
O =Tlaww=TTa  Mi=#{se]is) =} (7.5)
SEA 7=0
We also define
T L(s)+1 —a(s —L4(s) a(s)+1
20@= I s@"a")= T[] S@"™“ge™, (76)
SEXh(s)ETL SEXR(s)ETL
with the hook length
h(s) =a(s) +¥€(s)+1. (7.7)

In this case, the rational factor (7.6) is identified with the fixed point contribution of the Nekrasov partition
function of 5d N' = 1* U(1) theory on C?/Z, with the Q-background parameters (g3, q4) [FMP04]. The
ggq-character (7.4) is then associated with the colored Fock module of the higher rank quantum toroidal
algebra U, (gl,) [JM83, TU9S, FIMM12].

Let us discuss truncation of the configuration. We tune the parameters as before (6.9). In this case, the
rational function (7.6) becomes zero if (i,j) € A and also i+ j — 1 € rZ. The condition (6.9) is rewritten in

terms of the total mass ot instead of p,

Néi;{j_l)/rq_jﬂ =q1,2 or /~Lt_o(ti+j_1)/rqj =4q1,2- (7.8)

Hence, we can impose the pit condition at (i,j) € Z2, only if i +j— 1 € rZ for Ay quiver.
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7.2. Generic weight. We study the case with generic weight w = (w;)i=0,....r—1 € Zgo. We define the
1

T

index set I, = {(i,) | i =0,...,r —La=1,...,w} with w:= |[,,| = w;. Then, the gg-character is

s
Il
=)

given as a summation over the set of partitions A\ = (i o) (i,a)er,

Toe =Y 027 (gz) ][] II Yorieas 1 Yidiie .o (7.9)
A

(i,a)e]w S€8+Ai)a sEB,Ai,a
where we define
=TI II aic (7.10)
(i,a) €L, SEXNG o

and the rational factor

r r Tj.B L;z(s)+1 — ia Xj.B —Lia(s) ajg(s)+1
2@ = [ 20 ]I II 8(;(1(13”*() 0" (s)> I1 8<xzaqg Fgir

(4,0) €L (,0)<(7,8) | s€Nia b SENj 8
hy 5 (s)ErL hiE(s)erz
(7.11)
with
78(8) = aia(s) +4ip(s) +1 = (i = 7). (7.12)

The arm and leg are similarly defined as in (6.12). In this case, this factor is identified with the fixed point
contribution of the Nekrasov partition function of 5d V' = 1* U(w) theory on C?/Z,.

As in the previous case (§6.2), we have two possibilities to impose the restriction on the set of partitions.
The first is the pit condition (7.8) obtained from the diagonal factor Zi:)a (g) in (7.11). The second is from
the pair contribution associated with (i, «) and (j, 8), which yields the irreducible modules constructed from
the tensor product of the Fock modules for the quantum toroidal algebra Uq(;[r) [FIMM12]. In this case,

we consider the following resonance condition

Tj8 5 —j+1 Tio _j .
DERGT =gy o g =g (7.13)
Tia T8

3

Ifi+j—1— (i —j) € rZ, we have the restriction on the set of partitions,

Nigrk = Maksjor =1 (1€Zco, JE€ Lz, k€ L), (7.14)

As the resulting modules are irreducible [FJMM12], we have the following.

Proposition 7.1. Conjecture 1.1 holds for the tensor product module of the Fock modules associated with

A,_1 quiver.
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