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ARITHMETIC SUBGROUPS OF CHEVALLEY GROUP SCHEMES
OVER FUNCTION FIELDS II: CONJUGACY CLASSES OF
MAXIMAL UNIPOTENT SUBGROUPS

1

Claudio Bravo ! Benoit Loisel 2

ABSTRACT. Let C be a smooth, projective, geometrically integral curve defined over
a perfect field F. Let k = F(C) be the function field of C. Let G be a split simply
connected semisimple Z-group scheme. Let S be a finite set of places of C. In this
paper, we investigate on the conjugacy classes of maximal unipotents subgroups of
S-arithmetic subgroups. These are parameterized thanks to the Picard group of Os
and the rank of G. Furthermore, these maximal unipotent subgroups can be realized
as the unipotent part of natural stabilizer, that are the stabilizers of sectors of the
associated Bruhat-Tits building. We decompose these natural stabilizers in terms of
their diagonalisable part and unipotent part, and we precise the group structure of
the diagonalisable part.
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1. INTRODUCTION

In the following, we always denote by Gj a split simply connected semisimple k-
group scheme and by G a semisimple Z-group scheme such that G ®z k = Gy [DG70b,
Exp. XXV 1.3]. All the considered group schemes are assumed to be linear, smooth and
connected. For such a group scheme H defined over a (commutative) ring R, we denote
by H(R) the group of R-points of H.

Along this work, we always denote by C a smooth, projective, geometrically integral
curve over a perfect field F. The function field k£ of C is a separable extension of F(z),
where z € k is transcendental over F. Hence, it follows from [Sti09, 1.1.5, p.6] that the
closure F of F in k is a finite extension of F. In all that follows, without loss of generality,
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we assume that F = F, i.e. F is algebraically closed in k. Let S be a finite set of closed
point of S. We denote by Og the ring of functions of C that are regular outside S, so
that Quot(Os) = k.

In the following, a subgroup G < G(k) which is commensurable with the group G(Ogs)
of Os-points of G is called an S-arithmetic subgroup. In [Rag76, §1], S-arithmetic sub-
groups are defined as follows: considering a faithful linear representation p : Gi, — SLy,
defined over k, an S-arithmetic subgroup is a subgroup of G(k) which is commensu-
rable with G (k) np~! (SL,(Os)). According to [BT84, 1.4.5], G admits a faithful linear
representation defined over Z which is a closed embedding. Thus, the natural inclusion
G(0s) € G(k)np~! (SL,(Os)) is an equality. Hence, the definition of S-arithmetic sub-
groups given by [Rag76, §1] coincides with that of commusurable subgroups of G(Os).
Both depends on either the choice of a representation or of a model of G over Z.

As the rational points of an algebraic group over a field, by Jordan decomposition,
there are elements of G(k) that are either semisimple or unipotent. We say that a
subgroup U of G(k) is unipotent (resp. diagonalisable) if any element u € U is unipotent
(resp. semisimple) in G(k). In this paper, we focus on maximal unipotent subgroups of
S-arithmetic subgroups.

Let F' be a field of characteristic 0 or a field of positive characteristic p > 0 such
that [F' : FP] < p. For instance, F' can be a global field. Let U be a unipotent
subgroup of G(F'). There exists a (maximal) unipotent subgroup-scheme Up of Gp
such that U € Up(F). This result is a consequence of [BT71, Corollary 3.7|, when F
has characteristic zero, and of Theorem [(il02, Theorem 2|, in positive characteristic.®
In particular, if U is a maximal unipotent subgroup of G(F'), then U = Up(F'). Since
Up(F) is solvable, it is contained in the group Bx(F), for a Borel subgroup By of Gp.*
Moreover, the group Up(F') is a unipotent radical of By (F'). Since the Borel subgroups
of Gp are G(F)-conjugated, we conclude that all the maximal unipotent (abstract)
subgroups of G(F') are G(F)-conjugated.

When R is an arbitrary commutative ring, maximal unipotent subgroups are not
always G(R)-conjugate. Moreover, in the context of S-arithmetic subgroups, Corol-
lary 4.1 will provide families of counter-examples. Nevertheless, when the arithmetic
properties of the ring R are closed to be that of a field (e.g. R is a PID), one will observe
that the maximal unipotent subgroups are G(R)-conjugate (c.f. Corollary 4.2).

This work is devoted to understand the conjugacy classes of maximal unipotent sub-
groups contained in any S-arithmetic subgroup G of G(k). As we say above, for simply
connected semisimple groups over F, there is a unique conjugacy class of maximal unipo-
tent subgroups. This is a consequence of the G(F')-conjugation of Borel subgroups. This
G(F)-conjugation result corresponds to the G(F)-transitive action on chambers of the
spherical Tits building associated to (G, F') [AB08, Thm. 6.56]. Thanks to this combi-
natorical interpretation, in § 5 we describe the maximal unipotent subgroups of GG, as
well as its G-conjugacy classes, in terms of certain unipotent subgroups U(Gp) of the
G-stabilizers Gp of chambers 0o, D of the spherical building defined from (G, k). These
properties are summarized in Theorem 3.1. Theorem 3.2 provides a parametrization
of the G-conjugacy classes of maximal unipotent subgroups of G thanks to the Etale
cohomology, as developed in § 6.

In some cases (c.f. [MS13], [MS15], [Ser03, Ch. II, § 2.5], |[Beh04, §4 (d)| and [Stu80,
§3]), the groups Gp (or G-stabilizers of simplices in the affine building which are related
with Gp) have been directly computed. So, it appears to be more natural to compute
directly the Gp than the U(Gp). Then, in order to understand the groups U(Gp),
in § 7 and § 8, we compare each Gp with its (unique) maximal unipotent subgroup
U(Gp). In order to do this, in Theorem 3.4, we find a diagonalizable subgroup of
G (k) that is isomorphic to Gp/U(Gp) and that isomorphic to the direct product of an

3This also arises when the splitness assumption of G is omitted.
4This also arises when G is assumed quasi-split instead of split.
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“arithmetic bounded torus” T with a finitely generated free Z-module. The group T is
finite whenever F is finite, so that the preceding result describes the decomposition in the
torsion and the free part of the abelian group Gp/U(Gp). For a principal congruence
subgroup I' of G(Ogs), when for instance F is a finite field and S = {P}, the application
of Theorems 3.1, 3.2 and 3.4 gives in § 9 that the maximal unipotent subgroups of I'
are exactly the stabilizers in ' of chambers of the spherical building.

Consider a (non necessarily split) semisimple group G of rank 1 defined over a local
field K. Since the group of rational points G(K) of G is a locally compact unimodular
group, it has a Haar mesure p which is G(K)-invariant. A lattice A of G(K) is a sub-
group of finite p-covolume, i.e. u(G(K)/A) is finite. In [Bau03, Th. 2.3|, Baumgartner
characterizes the maximal unipotent subgroups of any lattice A of G(K).

Assume that F is finite and that G has rank 1 (i.e. G = SLj since it is assume split
simply connected and semisimple). It follows from [Ser03, Ex. 2, Ch. II, § 2.9, Pag. 110|
that G(Oypy) is a lattice of G(kp). Since G(Oypy) S G(Os), when P € S, the group
G(Ogs) is also a lattice of G(kp). In particular, any S-arithmetic subgroup G of G(kp)
is a lattice of G(kp). Thus, the results of Baumgartner describe the maximal unipotent
subgroups contained in G when F is finite and G has rank 1. Still in the context of
finite fields, Serre proves in [Ser03, Ch. II, § 2.9] that the maximal unipotent subgroups
contained in finite index subgroups G of SL2(Oypy), whose torsion is p-primary, are
exactly the stabilizers of chambers of the spherical building of (SLg, k). In other words,
Serre proves that the aforementioned unipotent subgroups are the G-stabilizers defined
from the action of G on P!(k) by Moebius transformations. In the same work, Serre
characterizes the homology of G modulo a representative system of the conjugacy classes
of its maximal unipotent subgroups in terms of the Euler-Poincaré characteristic of G.
These results are summarized in [Ser03, Th. 14, Ch. II, § 2.9]. In [Ser7l, § 3, Pag.
155|, Serre conjectures that these results can be extended to the context where G has
an arbitrary rank.

In the following, we describe the groups involved in the preceding conjecture due
to Serre. For simplicity, this study is limited to split groups because they admit a
Chevalley pinning defined other Z. In particular, points of tori and root groups natu-
rally make sense over arbitrary commutative rings. This may not happen for non-split
groups, since root groups may not be defined other Z. Some investigation for quasi-split
groups of rank 1 are developed in [Bra23]. In the method we follow, it appears crucial
to restict to simply connected semisimple groups. Indeed, this hypothesis allows us to
apply results on injections of unipotent groups such as [BT71, Corollary 3.7| and The-
orem [Gil02, Theorem 2|. It also allows us to obtain certain identification using étale
cohomology due to the triviality of certains étale cohomological sets. More precisely,
with the method followed in this work, we cannot obtain a parametrization of conjugacy
classes of maximal unipotent subgroups when G is not simply connected.

2. THE BRUHAT-TITS BUILDING AND THE ACTION OF G(k)

2.1. Recall on algebraic groups and Bruhat-Tits buildings. In the following, we
consider a given Killing couple (T, B) of G defined over Z [DG70b, Exp. XXII, 5.3.13].
The group B defines a subset of positive roots @ of the set of root ®(T,B) as in [Bor9l,
20.4]. This induces a basis of simple roots A = A(B) [Bou81, VI.1.6] of G relatively
to the Borel k-subgroup B. For any a € ®, let U, be the T-stable unipotent subgroup
of G defined from this. Since G is assumed to be split, it admits a Chevalley pinning
[DG70b, Exp. XXIII, 1.1]. We denote by 0, : G, — U, the Z-isomprphism given by
the Chevalley pinning. We denote by U* the subgroup of G generated by the U, for
a € &, The group UT is the unipotent radical of B [DG70b, Exp. XXIV, 1.13(i)].
Let P € §. Let vp : k* — Z be the valuation induced by P, and let kp be the
completion of k with respect to vp. Let Op be the ring of integers of the local field kp.
The datum of T and the root groups Uy, together with the valuation vp induces a root
group datum on G(kp) [BT72, 6.2.3(b)]. We denote by Xp = X(G,k, P) the affine
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Bruhat-Tits building of the split semisimple k-group Gy over the valued field (k,vp),
associated to this valued root group datum, and by Ay p the apartment of Xp associated
to this root group datum [BT72, 7.4.2]. The apartment Ay p is an Euclidean space over
a vector space Vp p. We denote by Do p < Vj p the vector chamber in Vj p associated to
(T,B), that is Do p = {z € V p, a(x) > 0,Ya € A}. Since G is semisimple and simply
connected, the pointwise stabilizer of Ag p is T(Op) [BT72, 6.4.16(b)]. Since Gy, is
split, semisimple and simply connected, it follows from [BT84, 4.6.31 and 4.6.32] that
there exists a special vertex xo p € Xp such that its stabilizer in G(kp) is G(Op). In
fact, since T(Op) < G(Op), the vertex zg p belongs to Ag p [BT72, 7.4.10].

Any apartment A of Xp is endowed with an affine Coxeter complex structure asso-
ciated to ®. It induces a spherical Coxeter complex structure on the underlying vector
space V of A. The vector chambers of those V are called the vector chambers of Xp.

2.2. The diagonal action of G(k). We denote by X the direct product of the build-
ings Xp, for P € S. It is an Euclidean building of type ®°, as a finite product of
Euclidean buildings all of type ®. The abstract group Gg := [ [pes G(kp) acts on Xs
via
(gp)pes - (xP)pes = (gp - zpP)Pes, V(gp)pes € Gs, Y(xp)pes € Xs.

By definition, an apartment (resp. a chamber, a vector chamber) of Xg is a product
of apartments (resp. chambers, vector chambers), vector of the Xp, for P € S. Since
G(kp) acts strongly transitively on Xg [BT72, 2.2.6], we know that Gs acts strongly
transitively on Xgs.

We define an apartment of Xg by Ag := [[peg Ao p. Since ég acts transitively on
the set of apartments of Xg, the apartments of Xg are the g-Ag, for g € @3. Hence, the
group é’g acts transitively on the vector chambers of Xg, that are the vector chambers
of the vector spaces associated to its apartments.

The conical cell Dy = []p. s Do,p is a vector chamber of the underlying vector space
Vo of Agy. By transitivity of CA?S, the vector chambers of Xg are the D = g- Dy < g- Vp,
for g € és. For any x € Ay, the subset Q(z, Dy) = = + Dy < Ay is a sector chamber as
a product of sector chambers on each component. As in [BT72, 7.4.12], we define the
sector chambers of X as the subsets g - Q(x, Do) < g- Ay, for g € Gs and z € Ay.

We define a point xg = (x,p) pes of the apartment Ag. It is a special vertex since so
are the zo p € Ag p, for all P € S.

Since G(k) embeds in Gs via g — (g)pes, the group G(k) acts diagonally on Xg via

g-(xp)res = (9 p)pes,
for (:L‘p)peg € XS and g e G(k‘)

2.3. Rational chambers at infinity. We denote by 0, Xs the spherical building at
infinity of Xs as defined in [ABO8, § 11.8]. It consists of parallelism classes of geodesical
rays of Xs. Its apartments (resp. chambers) are in one-to-one correspondence with
the apartments (resp. vector chambers) of Xs [AB08, 11.75, 11.79]. Since Gs acts
simplicially and by isometries on Xs, it sends geodesical rays onto geodesical rays.
Thus, it induces an action of Gs on 0y Xs. We denote by dnA (resp. doD) the image
in 0w Xs of an apartment A (resp. a vector chamber D). Since Gs acts transitively on
the pairs consisting of an apartment and a vector chamber of this apartment of Xg, the

group Gs also acts strongly transitively on 0, Xs.
Lemma 2.1. The stabilizer in G(k) of dwDo is B(k).

Proof. For each P € S, the stabilizer of 0o, Do p in G(kp) is B(kp). Hence the stabilizer
of 0Dy in Gy is | [ pes B(kp). Thus, by diagonal action, the stabilizer of 0,x Dy in G (k)
is the intersection of the groups B(kp) n G(k) € G(kp), for P € S. Since the algebraic
group B is closed in G, we have that B(kp) n G(k) = B(k), for each P € S. O
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We denote by 0% Xs the G(k)-orbit of 0xDp in the set of chambers of o Xs. An
element of 9% X is called a rational chamber at infinity of Xs. Since Stabg () (0o Do)
equals B(k), there exists a G (k)-equivariant one-to-one correspondence between 0% Xs
and the Borel variety G (k)/B(k). Thus, the set 0% Xs corresponds to the set of chambers
in the usual spherical building defined from G (k).

3. MAIN RESULTS

The main results of this work is the following theorem that describes maximal unipo-
tent subgroups of G in terms of its action on 0% Xs.

Theorem 3.1. Recall that Gy denotes a split simply connected semisimple k-group, B
a Borel subgroup with unipotent radical U™ . Recall that the base field F is assumed to
be perfect. Let G be an S-arithmetic subgroup of G(k).

For each 05D € 0% X, let hp € G(k) be an arbitrary element such that hp - 0D =
OxoDg. Let us write:

(1) Gp = Stabg(@wD) = hy'B(k)hp n G, and U(Gp):=hp' Ut (k)hp N G.
Then:

(1) U(Gp) is the subgroup of all the unipotent elements in Gp, and
(2) U :={U(Gp) : 0D € 0% X5} is the set all the mazimal unipotent subgroups of
G.

Fiz a set {0xD, : 0 € B} of representatives of the G-orbits of 0% Xs, and write
he :=hp,, Go = Gp, and U(G,) = U(Gp,). Then:
(3) 4/G = {U(Gy) : 0 € X} is a set of representatives of the conjugacy classes of
mazimal unipotent subgroups of G.

The isomorphism classes of vector bundles of rank 1 on Spec(Og) (resp. C) form a
group Pic(Og) (resp. Pic(C)) with the tensor product as composition law. Moreover,
if S is the image of S in Pic(C), then, we have Pic(Og) = Pic(C)/{S). Thank to étale
cohomology, a numbering of the maximal unipotent subgroups described in Theorem 3.1
can be done for G(Ogs) in terms of Pic(Os) and of the rank t = rk(G) of G, which is the
dimension of T. This also has interesting consequences on the S-arithmetic subgroups G
of G(k). For instance, this implies that the number of G-conjugacy classes of maximal
unipotent subgroup is finite whenever F is finite.

Theorem 3.2. There exists a bijection between the set of G(QOg)-orbits in 0% Xs and
the group Pic(Os)t.

Remark 3.3. If Gy is a split reductive k-group scheme (non necessarily simply con-
nected semisimple), then there exists a bijection between the set of G(Og)-orbits in
0k Xs and ker (HY (Spec(Os), T) — H{, (Spec(Os), G)). 1t is proven in § 6.

Let p be a prime number. We say that the torsion of a group G < G(k) is p-primary
if each finite order element in G has a p-power order. For instance, if F is finite of
characteristic p, then the torsion of any principal congruence subgroup of G(Ogs) is
p-primary (c.f. Lemma 9.1).

The following result describes the group Gp/U(Gp) as the direct product of an
“arithmetic bounded torus” T with a finitely generated free Z-module. The group 7T is
finite whenever I is finite, so that the following result describes the decomposition in
the free part and torsion part of the abelian group Gp/U(Gp).

Theorem 3.4. Let G be an S-arithmetic subgroup of G(k). For each dD € 08 X3,
let hp, Gp and U(Gp) as in Theorem 3.1. Then, for ecach 0D € 0% Xs, there exists
T(Gp) = hp' T(k)hp such that:

(1) Gp is an extension of the mazimal unipotent group U(Gp) by T(Gp).
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(2) T(Gp) = T x Z", where T is commensurable with a subgroup of T(F), and
r =1r(G,S, D) is less or equal than t - {S.

(3) Moreover, if G € G(Ogs), then T < T(F),

(4) if G € G(Os) and S = {P}, thenr =0, and

(5) if G € G(Os), S = {P}, F is finite of characteristic p and the torsion of G is
p-primary, then T(Gp) = {id}. In other words, the group Gp is unipotent.

4. NUMBERING OF CONJUGACY CLASSES OF MAXIMAL UNIPOTENT SUBGROUPS

By using the Theorem 3.1 and 3.2, we can count the number of conjugacy classes of
maximal unipotent subgroups as follows.

Corollary 4.1. Recall that the ground field F is perfect and Gy is assumed to be a
split simply connected semisimple group. There exists a bijective map between the set of
conjugacy classes of mazimal unipotent subgroups of G(Os) and Pic(Ogs)t.

Proof. This is an immediate consequence of Theorem 3.1 (3) and Theorem 3.2. O

The following result shows that the characterization of the conjugacy classes of max-
imal unipotent subgroups in G(Ogs), when Og is a principal ideal domain, is similar
than the description in the field context.

Corollary 4.2. The function ring Os is a principal ideal domain if and only if any
mazimal unipotent subgroup of G(Og) is conjugate to UT(Og).

Proof. Tt is well known that Og is a principal ideal domain if and only if Pic(Og)
is trivial. But, Theorem 3.2 shows that Pic(Og) is trivial exactly when G(Og) acts
transitively on 0% Xs. Thus, Ogs is a principal ideal domain precisely when there exists
a unique conjugacy class of maximal unipotent subgroups in G(Og). As a consequence,
if each maximal unipotent subgroup of G(QOg) is conjugate to UT(Og), then Og is a
principal ideal domain.

Conversely, if Og is principal, we can choose dn Dy as a representative of the unique
G(Og)-orbit. Theorem 3.1, applied with h, = 1, shows that each unipotent subgroup
of G(Og) is conjugate to U(G(Osg)) = Ut (k) n G(Os) = U (Og). O

Corollary 4.3. Assume that the field F is finite. Then, each S-arithmetic subgroup G
of G(k) has finitely many conjugacy classes of mazimal unipotent subgroups. Moreover,
if G <€ G(Ogs), then G has at most [G(Os) : G] - Card (Pic((’)‘g))t conjugacy classes of
mazimal unipotent subgroups.

Proof. Assume that G € G(Ogs). Then, the number of G-orbits in 0% X is less or equal
than the set of G(Og)-orbits in 0% Xs multiplied by the index [G(Ogs) : G]. Then, the
second statement follows from Corollary 4.1. Note that, since Pic(Og) is finite whenever
F is finite (c.f. [Ser03, Ch. II, § 2.2|), the group G < G(Ogs) has finitely many conjugacy
classes of maximal unipotent subgroups.

Now, let G be a arbitrary S-arithmetic subgroup of G(k). Let G% be a subgroup
of G n G(Og) such that the indices [G : G¥] and [G(Os) : G| are finite. Since
[G(Os) : G is finite, the group GP has finitely many conjugacy classes of maximal
unipotent subgroups. Equivalently, the number of GP-orbits in 0% Xs is finite (c.f.
Theorem 3.1 (3)). Since G¥ € G, the number of G-orbits in % X is also finite. Thus,
it follows from Theorem 3.1 (3) that G has finitely many conjugacy classes of maximal
unipotent subgroups. This proves the fist statement. O

Let Div(C) be the group of divisor of the curve C. We denote by (S) the subgroup of
Div(C) generated by a finite set S of closed point of C. The following result shows that,
for some large enough set of places S, the group G(Os) has a unique conjugacy class
of maximal unipotent subgroups, since Og is a principal ideal domain, for such sets S.
This holds even when C does not have any rational point.
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Corollary 4.4. Assume that the field F is finite. Then, for any smooth, projective,
geometrically integral curve C over F, there exists a finite set of closed points S, such
that:

(C1) each mazimal unipotent subgroup of G(QOg) is conjugate to UT(Og).
Moreover, if S and S satisfy (C1), S S # & and (S U S’ does not contains a
non-trivial principal divisor, then S NS’ also satisfies (C1).

Proof. Let Sgp = {P}, where P is a closed point of C. Let us write A = Og,. Since F is
finite, the Picard group Pic(A) = Pic(C)/(P) is finite (c.f. [Ser03, Ch. II, § 2.2]). Let
Py,---, P, be a finite set of closed point of C such that Pp,---, P, generates Pic(A).
Let us write S = {P, Py,---, P,}. Then, the Picard group Pic(Os) = Pic(C)/(S) is
isomorphic to Pic(A)/ ((S)/(P)), which is trivial, since S contains a set that generates
Pic(A). In other words, the ring Og is principal. Thus, it follows from Corollary 4.2
that S satisfies (C1). Hence, the first statement follows.

Now, assume that S and S’ satisfy (Cl) and S n S’ # . Then, it follows from
Corollary 4.2 that Pic(Os) and Pic(Og ) are trivial. We have the exact sequence

(2) 0 — ((S)/{S n'8")) = Pic(Osns1) — Pic(Os) — 0.

Let 7 : Pic(C) — Pic(Og) be the projection. Then m ((S)) = ((S)+(S)) {(S) =
(8)/ ({8) n(S")). Since (§ U &) does not contains a non-trivial principal divisor, we
have (S) N (S§') = (S 1 &’), whence 7 ((S)) = ((5)/{(S N &)). Hence, since Pic(Os)
is trivial, we have that (S)/(S n &) is trivial. Therefore, since Pic(Og) is trivial, we

conclude from Equation (2) that Pic(Osns) is trivial, whence S n S’ satisfies (C1)
according to Corollary 4.2. ]

5. MAXIMAL UNIPOTENT SUBGROUPS

The main goal of this section is to prove Theorem 3.1. Before that we need some
preparation, which precises the structure of all maximal unipotent subgroups of G.

Lemma 5.1. Assume that F is a perfect field of characteristic p > 0. Then [k : kP] = p.

Proof. Recall that, since k is the function field of a curve, k is a finite extension of
F(u), where u € k is transcendental over F. Let us write k& = F(u,0y,---,0,), where
0; is algebraic over F(u). Since F is perfect of characteristic p > 0, we have kP =
F(u?, 6y, -+ ,0F). Let fi(T) (resp. ¢;(T)) be the irreducible polynomial of 6; (resp.
0?) in L; := F(u,61,--- ,0;—1) (resp. in F; := F(uP,67,--- 6" |)). On the one hand,
since 0 = g;(67) = (g:(6;)), for some g; € L;|T| with the same degree of g;, we have
deg(g;) = deg(f;). On the other hand, since 0 = f£;(6;)? = f;(67), for f; € F;[T] with
the same degree of f;, we have deg(g;) < deg(f;). Thus

[F(u,61,---,6;) : F(w)] = | [ deg(fi) = | [ deg(g;) = [F(uP, 6], -~ ,67) : F(u)],
i=1 i=1

whence [k : kP| = [F(u) : F(uP)] = p. O

Lemma 5.2. Assume that the ground field F is perfect (of arbitrary characteristic).
Then, for each unipotent subgroup U of G(k), there exists h € G(k) such that U <
h=1U*Y(k)h.

Proof. Let U be a unipotent subgroup of G(k). Since Gy, is a simply connected semisim-
ple k-group, the group U is k-embeddable in the unipotent radical R,(P) of a k-
parabolic subgroup P of G. This result is a consequence of [BT71, Corollary 3.7],
when F has characteristic zero, and of Theorem [Gil02, Theorem 2] and Lemma 5.1,
in positive characteristic. In other words, if F is a perfect field, then U is contained
in R, (P)(k). Moreover, since R,(P) is contained in the unipotent radical of some
Borel subgroup of G, and two Borel subgroups are G(k)-conjugate, we conclude that
U < h'U*(k)h, for some h € G(k). O
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Let G ¢ G(k) be an S-arithmetic subgroup of G(k), i.e. a group that is commensu-
rable with G(Og). For each o € ®* and each h € G(k), we denote by G, and by N(h),
the groups:

Go :=h™1U4(k)h N G,
No(h) =01 (hGoh™) = 051 (Ualk) n hGh™Y).
For G = G(Os) we write M (h) := Nq(h).
Lemma 5.3. For any h € G(k) and any a € &, the group N, (h) is infinite.

Proof. By commensurability of G with G(Ogs), there exists G! € G(Os) n G such that
the indices [G : Gf] and [G(Ogs) : G7] are finite. Let us write Mg(h) = 0,1 (Ua(k) N
hG*h™1). Let {x;}ier be a system of representatives of Ma(h)/M(i(h) By definition
of My (h), the element g; = h™'0,(z;)h belongs to G(Og). If gigj_1 belongs to GP,
then h™10,(z; — 2j)h = gl-gj_1 € G4, or equivalently x; — xj € Mg(h), whence i = j.
Thus [Ma(h) : Mg(h)] < [G(Os) : Gh]. The same argument shows that [N (h) :
Mg(h)] < [G: G”]. Thus, we have that M,(h) and N, (h) are commensurable. Since

Os is an integral domain, it follows from [BL23, Prop. 6.5| that M,(h) contains a
nonzero Og-ideal. Thus, we conclude that N, (h) is infinite. O

Lemma 5.4. Let hy,hy € G(k). Then, the group hy'U*(k)hy N G is contained in
hy*Ut (k)hg N G if and only if hohy' € B(E).
In particular, if the equivalent conditions are satisfied, then
hTYUT(k)hy A G = hy'UT(k)he 0 G.

Proof. Firstly, assume that hoh;' € B(k). Since B(k) normalizes Ut (k), we have
hohT U (k)hihyt = Ut (k). This implies that hy 'U* (k)hg = h7"U* (k)hy. Thus, by
intersecting with G the both sides of the preceding equation, we get

hT*UT(k)hy A G = hy'UT (k)he 0 G.

Now, we prove the converse implication. Let us write 7 = hoh "', so that 7(U* (k) n
h1Ghy 1Y)77 is contained in U (k) n hoGhy'. For each a € ®F, we can write Uy (k) N
hiGhT' = {04(2) : z € No(h1)}. Then, we have

T { [] Oa(za) : 20 € Na(hl)} 712 U (k) n hoGhyt.
aedt

By the Bruhat decomposition, let us write 7 = b'wb, where b,b' € B(k) and w € NP,

Since b’ normalizes U™ (k), we deduce that

b ( 1 9a(xa)> b7l e [ Upra(k), V(@a)acw+ € | Nalha).

aedt aedt aedt
Assume by contradiction that w # id. Let «p be a positive root such that the root
w™! - o is negative. Then, the ag-coordinate of b (][ cp+ 0a(2a))b™! equals zero,
for all (za)aco+ € | laep+ Na(h1). Since the linear algebraic k-group B normalizes
the subgroup U™, the conjugacy map defined from b € B(k) induces a scheme au-
tomorphism v, on U*. Moreover, since Ut has a parametrization (as k-variety)
[Tsea+ 95 ¢ [lgeq+ Gak — U™, the automorphism 1y induces an automorphism ¢,
on [[geqp+ Gak- Let ¢f be the automorphism ring ¢} : F[Xs|8 € 7] — F[Xp|3 € &7]
induced by ¢,. For each a € T let us denote by P, the polynomial in Card (®*) inde-
terminates defined as the image of X, by the ring automorphism ¢;. This polynomial
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depends on b and on the ordering of factors of 5 € ®*. Since each X, is nonzero, we
get that each polynomial P, is nonzero. Moreover, by definition of P,, we have that

b < H ea(za)> b= H 9a<Pa((Za)ae<I>+))v V(2a)aca+ € H G-

aedt aedt aedt
Thus Poy((Za)aes+) = 0, for all (za)aco+ € [lpep+ Nal(hi). In other word, we
get that P,, vanishes on the product [[,cp+ Na(h1), where any Ny (h1) is infinite
(cf. Lemma 5.3). Since P,, # 0, we get a contradiction. Therefore, we conclude
that w = id, whence 7 = hahy* belongs to B(k). O

The following result directly proves Statement (1) and (2) in Theorem 3.1.

Theorem 5.5. Let G be an S-arithmetic subgroup of G(k). For each 0D € 08 Xs,
let hp € G(k) be an arbitrary element such that hp - 0wD = 0xDy. Let us write
Gp = Stabg(0cD) = hy'B(k)hp N G, and U(Gp) = h,'UT (k)hp n G. Then:
(1) U(Gp) is the subgroup of all the unipotent elements in Gp, and
(2) U:={U(Gp) : 0D € 0% Xs} is the set of all the mazimal unipotent subgroups
of G.

Proof. Let u be a unipotent element of Gp. Since u belongs to hBlB(k)hD, there exists
a unique pair (£,4) € hp'T(k)hp x h'UT(k)hp such that u = £ - @, since a Borel
subgroup is a semi-direct product over the ground field & [Bor91, 21.13|. Moreover,
since u is unipotent ¢ = id, whence u € h,'U%(k)hp. Thus u € U(Gp). Hence, we
conclude that U(Gp) is the subgroup of all the unipotent elements in Gp. This proves
Statement (1).

Let U € G be a unipotent subgroup containing U(Gp). It follows from Lemma 5.2
that U is contained in h='U* (k)h n G, for some h € G(k). Hence

' U (k)hp nG =U(Gp) U < h 'UN(k)h N G.
Then, it follows from Lemma 5.4 that the preceding inclusion becomes the equality
U(Gp) =U =h~'UT(k)h n G.

We conclude that U(Gp) is a maximal unipotent subgroup of G.

Let U be a maximal unipotent subgroup of G. It follows from Lemma 5.2 that U is
contained in h='U*(k)h n G, for some h € G(k). We set oD = h™! - 0 Do, so that
U(Gp) equals h~'U*(k)h n G. In particular, we get U € U(Gp). Moreover, since U
is maximal, we conclude U = U(Gp). Thus, Statement (2) follows. O

End of the proof of Theorem 3.1. It remains to prove Statement (3) of Theorem 3.1.
Let 4/G = {U(G,) : 0 € &} as in Theorem 3.1. Let U(Gp) = h,' UT(k)hp n G be an
element of 4. Then, by definition of the set {0 Dy }oex, there exists o € ¥ such that
0D = g - 0Dy, for some g € G. Therefore U(Gp) = gU(Gy)g~!. This proves that
each G-conjugacy class in 4 contains an element of {/G.

Conversely, let 01,090 € ¥ such that there exists an element g € G satisfying
gU(Gy)g ' = U(G,,). Let us write D = g- D,,. Let h be an element of G(k)
such that 0D = h™! - 0,Dg. Then U(Gp) = b~ 'U* (k)h n G. Since ghfﬁ < 0Dy =
O D = h™1 - 05Dy, we get hghfﬁ € Stabgx) (0oDp). Thus, it follows from Lemma 2.1
that hghBi belongs to B(k). Since B(k) normalizes U™ (k), we get:

(3) U(Gp) = h '"Ur(k)hn G = (ghp,r ) U (k) (hp,g™ ') N G.
Moreover, since g belongs to G, we have g 'Gg = G. Thus, Equality (3) becomes
U(Gp) = g (hpr U (k)hp, 0 G) g™ = gU(Goy)g™" = U(Go).

Therefore, Lemma 5.4 applied to U(Gp) = U(G,,) implies that hp,h~ ! € B(k), whence
we deduce that 6D = h™1- 05Dy = hB; 0Dy = 0Dy, In other words, we conclude
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900Dy, = 0 Dy,. This implies that o1 = o9, by definition of the set of representatives
{00 Ds}sex. Thus, Statement (3) in Theorem 3.1 follows. O

6. G(Os)-CONJUGACY CLASSES OF BOREL k-SUBGROUPS

Here we prove Theorem 3.2. By definition of 0% Xs, for any d,D € 0% Xs, there
exists h € G(k) such that dwD = h™' - 0 Dy. Since Stabgy) (0 Do) = B(k), we have
that 0% Xs is in bijection with the Borel variety G(k)/B(k). In particular, the set of
G(Os)-orbits in 0% X is in bijection with the double quotient G(Os)\G (k)/B(k).

We start this section by realizing the double quotient G(Os)\G(k)/B(k) as the kernel
of an homomorphism between two Etale cohomology groups. This result is valid even
when Gy is a quasi-split reductive k-group.
Proposition 6.1. Let ¢ : Hét(Spec((’)g),T) — Helt(Spec((’)g),G) be the map defined
from the natural exact sequence 1 > T — G — G/T — 1. There exists a bijective map

from G(Os)\G(k)/B(k) to ker(¢).

Proof. Firstly, we claim that (G/B)(Os) = (G/B)(k) by using a classical argument via
the valuative criterion for properness and patching (c.f. [Liu02, Prop. 1.6, § 4]). Indeed,
set x € (G/B)(k). By the valuative criterion of properness, for any prime ideal P’ of Og
there exists a unique element zp € (G/B)((Os)pr) such that x = Res(xps). Since the
functor of points hy of V' = G/B is faithfully flat, we can suppose that zp € V/((Os)s,,)

where fpr ¢ P'. Moreover, Spec(Og) can be covered by a finite set {Spec((Og)fP,)} )
i Ji=1

Hence, by a patching argument, we find 7 € V(Os) such that p/ = Res(Z), and then
x = Res(Z). This element is unique by local considerations. Thus, we conclude the
claim.

Now, let us consider the exact sequence of algebraic varieties

1-B5G5G/B—1.
It follows from [DG70a, § 4, 4.6] that there exists a long exact sequence
1 > B(0s) - G(0s) = (G/B)(0Os) — H; (Spec(Os), B) — Hy, (Spec(Os), G).

Moreover, it follows from [DG70b, Exp. XXVI, Cor. 2.3 that

Hflppf( Spec(Os), B) = Hflppf( Spec(Os), T).
But, since B and T are both smooth over Spec(Ogs), we have

Hioi(Spec(Os), B) = H (Spec(Os),B),

Hflppf( Spec(Os), T) = ]'1Télt ( Spec(Os), T).

This implies that H} (Spec(Os),B) = H{, (Spec(Os), T). Thus, there exists a long
exact sequence

1 - B(0s) — G(0s) — (G/B)(k) — Hg (Spec(Os), T) — Hg (Spec(Os), G).
This implies that
ker (H; (Spec(Os), T) — H(Spec(Os), G)) = G(Os)\(G/B) (k).
According to [BT65, 4.13(a)], the quotient (G/B)(k) equals G(k)/B(k), whence the

result follows. 0

Corollary 6.2. Assume that Gy, is a split simply connected semisimple k-group. Denote
by t its semisimple rank which is the dimension of its maximal split torus T. Then, there
is a one-to-one correspondence between G(Os)\G(k)/B(k) and Pic(Og)*.
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Proof. Since T is split over Z, we have that T = GE@,Z' It follows from Hilbert’s
Theorem 90 (c.f. [Mil80, Ch. III, Prop. 4.9]) that

H%ar(Spec(OS),Gm) = Hélt(Spec((’)g), Gm) ~ Pic(Og).
Thus, we get that
Hy,.(Spec(Os), T) = Hg, (Spec(Os), T) = Pic(0Os)*.

Since qﬁ(H%ar(Spec(Os),T)) c Hy,.(Spec(0s),G) and Hyj, (Spec(Os), T) equals

Zar
H (Spec(Os), T), we get that
ker(¢) = ker (Hjy, (Spec(Os), T) = Hy (Spec(Os), G) ).

Moreover, since Gyj is a simply connected semisimple k-group scheme and Og is
a Dedekind domain, it follows from [Har67, Th. 22.1 and Cor. 2.3.2] that
H}. (Spec(Os), G) is trivial, for any integral model G of Gj. We conclude that

ker(¢) = Hy,.(Spec(Os), T) = Pic(Os)*,

whence the result follows. O

7. FIXING GROUPS OF GERMS AT INFINITY OF CHAMBERS

We want to decompose the semisimple group Gp/U(Gp) as the product of a free
Z-module of finite rank and a “arithmetic bounded torus” T', which is a torsion group
whenever F is finite (c.f. Theorem 3.4 (2)). The group T can be described as the
stabilizer of a filter.

The sector chambers of Ay with direction Dy form a basis of a filter v(Dy), as in [BT72,
7.2.3|. The germ associated to this basis is called the germ of Ay with direction Dy =
(Do,p) peg- For each P € S, it induces a germ of Ag p with direction Dy p. Since the set
of pointwise stabilizer subgroups is a directed set according to [BT72, 7.2.2|, the union
of the pointwise stabilizers over a basis of the filter v(Dg p) forms a group. This group
is the pointwise stabilizer in G(kp) of the filter v(Dg p), that is:

Pipem = U Fixaas) (Qr. Dor)).

.’L'EAO’p

We have

(4) Plip, ) = T(Op)U* (kp),

whenever G is semisimple [BT72, 7.2.3] and split®. Since the family of pointwise stabi-
lizers in G(kp) form a directed set, also does the family of pointwise stabilizers in any
subgroup of G(kp).

Analogously, given an apartment A and a vector chamber D, we define a filter (D)
given by the basis of sector chambers of A with direction D. The pointwise stabilizer
of v(D) is defined as the union of the pointwise stabilizers of sector chambers in A with
direction D.

Let 0oD € 0% Xs and hp € G(k) such that dD = hp' - dwDo. Let A be the
apartment of Xgs defined as

(5) A=hpt A
We want to consider the pointwise stabilizer in G of the filter v(D) = (’Y(DP))PES
generated by the germ of A with direction D.

5The groups H = T(kp)y, H® and H' = T(Op) defined in [BT84, 4.6.3] are the same since T is a
smooth connected integral model over Op of a maximal (split) torus as being defined over Z (see [BT84,
4.6.32).
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For each P € S, the pointwise stabiliser of y(Dp) in G is
U Fixg (Q({L‘p,Dp)) = h51< U FiXG(kP) (Q(yp,D07p)) N hDGhBI)hD.
xpEAP yPEAO,P
Thus, the pointwise stabiliser of v(D) in G is
Gy = ) 1 1( U Fixae) (Qup: Dop)) n hDGhBl)hD-
PeS ypGAO’p
Since S is finite,
Gy =hp' (U () Fixags) Qe Dop)) 0 hoGhy! )i,
y=(yp)Pes€ho PES

Moreover, since

() (Fixa) (@r, Dor)) 0 hpGhip') = Fix, g1 (Q((wp)res. Do) ).
PeS

we deduce that

(6) Gy = | Fixe (Qy, D)).
yeA
For any y € A, the pointwise stabilizer Fixg(Q(y, D)) is contained in Stabg (0w D).
Thus, the group G.(py is contained in Stabg(de D), which equals hBlB(k)hD N G. By
the writing in semi-direct product of the Borel subgroup, for any g € G(p), there exists
a unique pair (t,u) € (hBlT(k)hD) X (hBlU+(k)hD) such that g = ¢t - u. Then, we
define

(7) T (Gypy) = {t € hp'T(k)hp : Jue hy" Ut (k)hp, t-ue Gyp)},
and
(8) U (Gypy) = by U (K)hp N Gy

The main goal of this section is to describe the groups T (GV(D)) and U (GV(D)) in
order to decompose G(p) as in Equation (4).

Lemma 7.1. The map f : Gypy — h'T(k)hp defined by f(tu) = t is a group
homomorphism and it induces a group isomorphism G.(p)/U (G'y(D)) =T (GW(D))-

Proof. Let g1 = t1 -u; and go = t9 - ug, as above. Since hBlT(k:)hD normal-
izes h51U+(k)hD, we have glgz_l = tlulugltz_l = tltglﬂlﬁg, for some u1,Us €
hBlUJr(k)hD. Thus, by uniqueness of the writing, we deduce that f is a group ho-
momorphism. Note that, by definition, ker(f) = hp'U*(k)hp N Gypy =U (GV(D)),
and Im(f) =T (GW(D))- Thus, the result follows. O

The following lemmas explain why any unipotent element contained in U(Gp) belongs
to G(py-
(D)

Lemma 7.2. For any u € U™ (k) there exists a k-sector chamber Qp = Q(yp, Do p) in
Ao p such that u € Fixg ) (Qp).

Proof. Let us write u € U™ (k) as u = [ [ cp+ Oa(za), for some (2q)aeap+ € [ [ 4eqp+ k- Let
v be a vertex in the standard apartment Ay p of X (G, k, P) defined in § 2.1. According
to [BT72, 6.4.9], the group [ ], Oa (7TP (U)Op> is contained in Stabgx,)(v). In par-

ticular, the unipotent element u is contained in Stabg,(v), for any vertex v € Ag p
such that a(v) = —vp(zs). This implies that u fixes the complex

Ep:={z€Mgp:a(z) > —vp(z,),Vae dt}.
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Let yp € Ep. Then Q(yp, 0w Do, p) is contained in Ep. Thus, we conclude that u fixes
Q(yp, Do p), as wished. 0

Lemma 7.3. Lel 0D € 08 Xs. For any g € hp'UT(k)hp there ewists a k-sector
chamber Q = Q(y, D), with y € A = hBl - Ao, such that g € Fixg)(Q)-

Proof. Let u = hpghp' € Ut (k). We have to show that there exists Q' = Q(y', Do)
with y' € Ag such that u € Fixg)(Q'). Indeed, it follows from Lemma 7.2 that there
exists a sector chamber Qp = Q(yp, Do.p) in Ag p such that u € Fixg)(Qp). Let
Q" = [Ipes @p be a k-sector chamber of X, which is contained in Ay by definition
of Ay (c.f. § 2.1). Then, the direction of Q" is Dy. Moreover, since for any point

z = (2p) pes we have Stabg ) (2) = [ pes Stabgr)(2p), We get
Fixg(Q') = ﬂ Fixg ) (Qpr),
PeS
whence we conclude that u belongs to Fixgi)(Q'). Therefore, if we set Q = hpt-@Q', then
we have Q = Q(hp' v/, hp' Do) = Q(y, D), forx = hp'-y' € A and g € Fixg(Q). O

Proposition 7.4. For any 05D € 0% Xs, we have
U (Gypy) = hp'UT(k)hp n G = U(Gp).
Moreover, U (G,Y(D)) is the subgroup of all unipotent elements in G(py.

Proof. On one hand, by definition, the group U (GW(D)) is contained in hlf)lU+ (k)hpnG.
On the other hand, let u € h,'U*(k)hp n G be an arbitrary element. It follows from
Lemma 7.3 that u fixes a k-sector chamber Q(y, D), where y € A. Thus, it follows
from Equation (6) that g belongs to G.(py. Hence, we conclude that u belongs to
h; Ut (k)hp 0 Go(py, which equals U (G.(py).

Let u be a unipotent element of G (p). Since u is a unipotent element of the Borel
subgroup h,'B(k)hp, it is contained in its unipotent radical h,"U* (k)hp (since it is
defined over k [Bor91, 15.4]). Thus u € U (GW(D)) Since U (G'y(D)) is unipotent, we
conclude that U (GV(D)) is the subgroup of all the unipotent elements in G.(py. ([

Proposition 7.5. Assume that G € G(Os). Then, for any 0D € 0% Xs, we have
T (Gypy) S hp T(F)hp.

Proof. Let teT (GV(D)) be an arbitrary element. By definition of T’ (GA/(D)), there is
u € h51U+(k)hD such that tu € G.(p). Moreover, by definition of G, (p), the element
tu pointwise stabilizes a sector chamber @ = Q(y, D) of A. In particular, tu stabilizes
a vertex z € (). Let us write z = (zp)pes, where zp € X (G, k, P). Since G(k) acts
diagonally on Xg, the element tu stabilizes each coordinate zp of z.

Consider the element b = hp (tu) hp' € G(k). Since t € hp'T(k)hp and u €
h U (k)hp, we have that b € B(k). Moreover, since tu stabilizes each zp, the element
b belongs to the parahoric subgroup ]34, = Stabg ) (2') € G(kp), where 2, = hp - zp.

In other words, if we write 2’ = hp - z, then b belongs to (\peg (ﬁz; o B(k)) . In the

Borel subgroup, write b = sv with s € T(k) and v € UT (k). By uniqueness of the pair
(s,v), we have s = hpthp' and v = hpuhp'.

Recall that there is a canonical isomorphism X*(T) = X*(B) since R,(B) = UT
and B = T x U*. In particular, for any x € X*(B), we have that x(b) = x(s).
According to [BT72, § 8.1], the parahoric subgroups of G(k) are bounded®. Hence,
so is 1343 n B(k) © G(kp). Since Gy is semisimple, for each P € S, the set of

6In fact, the parahoric subgroups are compact whenever F is finite, since G(k) acts properly on its
building X whenever G is semisimple and k is locally compact.
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values vp (X (]SZ;) N B(k:))) is lower bounded” according to [BT84, 4.2.19]. Thus,

X (]?’Z;) N B(k:)) is a subgroup of OF. Hence, we conclude

X (PZ/ N B(k)) =X (ﬂ P n B(k)) c ﬂ X (PZQD N B(k)) c ﬂ O5.
PeS PeS PeS

Up to conjugate by an element in GL,(k), there is a faithful linear representation
p: G — GL,; embedding T in the maximal torus of diagonal matrices D,, and em-
bedding B in the standard Borel subgroup B,, of GL,, ) consisting in upper triangular
matrices. Thus, the restriction of p to the injective group homomorphism T — D,
induces a surjective homomorphism p* : X*(D,) — X*(T) (cf. [BT65, 1.2]). For
any character ' € X*(B,) = X*(D,), we have p*(x') € X*(T) = X*(B), whence
X' (p(b)) € Npes OF- Thus, the eigenvalues of p(b) belong to [)pes OF-

Since G € G(Og), the element b € hpG(Os)hp'. Then, p(b) is conjugate in GLy, (k)
to a matrix in GL,(Os). Thus, the characteristic polynomial P, of p(b) has coefficients
in Os. Since the eigenvalues are in [)p.g Op, we deduce that P,y has coefficients in
Os(\pes Op = F. Since F is assumed to be algebraically closed in & (c.f. § 1) and P,
is split over k, we deduce that the eigenvalues of p(b) are in F*, whence x’ (p(b)) e Fx
for any y' € X*(B,,).

Since p* is surjective, we deduce that x(s) = x(b) € F* for all x € X*(B). Thus,
since T is split and defined over Z, we deduce from the perfect dual pairing (c.f. [Bor91,
8.6]) that s € T(F). Hence t = hy'shp € hy T(F)hp. O

Corollary 7.6. For any S-arithmetic subgroup G of G(k), the group T (G'y(D)) s com-
mensurable with a subgroup of hBlT(F)hD,

Proof. Since G is commensurable with G(Og), there exists a subgroup G% of G " G(Os)
such that [G : G'] and [G(Os) : G7] are finite. Since G¥ € G(Os), it follows from

Proposition 7.5 that T <Gi(D)) c hBlT(IF)hD. Thus, in order to prove the result,

we have to check that T (Gu )
(D)
Equation (6) that G(p) equals

has finite indexed in T (GV(D))- It follows from

U Fixg (Q(y, D)) = U (G A Fixgu) (Q(y,D))) =G n (U Fixg k) (Q(y,D)))

YEA YEA yEA
In other words, the group G.(p) is the intersection of G with the group G(k),(p) :=
UyeA Fixgs) (Q(y,D)). An analogous argument shows that Gi(D) is the intersection
of G* with G(k).(p). Since, for any H = G(k) we have [G n H : G" n H] < [G : GY,

we get, by taking H = G(k),(p), that Gi has finite index in G,(p). Moreover, since

(D)
Gi(D) S G(py, it follows from Equation (8) that U (Gi(D)> equals

hp' Ut (k)hp A G ) = (hp U (k)hp A Gypy) 0 Gy = U (Gpy) 0 G

(D) (D)

In other words, we have U (Gi(D)> =U (GA/(D)) N Gi(D). Since, for any normal sub-
group N of G(py we have [G.(p)/N : Gﬁv(D)/(NmGﬁW(D))] < [Gypy: Gi(D)], we obtain,
by taking N = U (Gy(p)), that %, /U (G, ) has finite indexed in Gy (p)/U (G-
Thus, the result follows from Lemma 7.1. U

In the context where S = {P} and G € G(Ogs), the G-stabilizer of the germ of A
with direction D is the G-stabilizer of 0D, as follows:

"We are in the case where G = G' since Gy, is assumed to be semisimple (c.f. [BT84, 4.2.16]).
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Proposition 7.7. Assume that S = {P} and G < G(Os). Then, for any 0D € 0% X,
we have
G.p) = hp'B(k)hp n G = Gp.

Proof. Let 0D be an arbitrary element in 0% Xs. Note that, since G G(O¢py), if
G(Opy)y(p) = hp' B(k)hp N G(Ogpy) = G(O¢p})p, then G (py = hp'B(k)hp n G =
Gp. Thus, in that follows, we assume that G = G(Oypy).

For any y € A, the pointwise stabilizer FixG(O{P})(Q(y, D)) is contained in
Stabc;(@{P})(aooD). Thus, the group G(Oypy)(p) is contained in G(Opy)p, which
equals hy'B(k)hp N G(O¢py). Hence, it remains to prove G(O(py)p S G(Op})(p)-
Let Q = hBl - Q(xo, Do) be a sector chamber in A with direction D. In particular, the
sector chamber @ equals Q(x, D), for certain x € A. It follows from [BL23, Theorem
2.2] that there exists a sector chamber Q' = Q(2’, D) € @ which embeds in the quotient
G(O¢py)\X(G,k, P). Let g € G(O¢py)p. The complex Q' n g- Q' is the intersection
of two sector chamber with same direction. In particular, it follows from [AB08, 11.77]
that Q" ng- Q' contains a sector chamber @”, which has the form Q" = Q(z”, D). Since
Q" < @', we have Q" € A, whence 2" € A. Let 2 be a point in Q”. Then z belongs to
Q' N g-Q', whence there exists w € Q' satisfying z = g - w. Moreover, since g belongs
to G(O¢py) and since Q" does not have two points in the same G(Ojpy)-orbit, we have
that z = w. Thus, we conclude that g € StabG(O{P})(z), for all z € Q”. Hence g belongs
to G(O¢py)(p), whence the result follows. O

8. COMPARISON BETWEEN THE STABILIZERS OF A VECTOR CHAMBER AND OF ITS
GERM

As above, let 05D € 0% Xs and hp € G(k) be such that hp - 0D = 0xxDp. Recall
that Gp = hBlB(k)hD NG is the stabilizer in G of the vector chamber D, or equivalently
of 0w D. We define a diagonalisable group by

(9) T(Gp) = {te hp' T(k)hp : Jue hp' Ut (k)hp, tue Gp}.
Using the writing in a semi-direct product of the Borel subgroup h,'B(k)hp con-

taining Gp, any element g € Gp can be written uniquely g = tu where t € hy,'T(k)hp
and u € h' Ut (k)hp. Thus, one can define a map:

f: Gp — hp'T(k)hp

(10) g=tu t
which is, in fact, a group homomorphism.

Lemma 8.1. The group homomorphism f induces an isomorphism Gp/U(Gp)
T(Gp).

Proof. The kernel of f is U(Gp) and its image is T (G p). O

12

Lemma 8.2. Let G.(py be the group defined in Equation (6). Then, G.(py is a normal
subgroup in Gp.

Proof. Let 7 € Gp and let g € G, (p) be arbitrary elements. Then, by definition of G,(p),
the element g belongs to Fixg(Q), where @ is contained in A. Since, by definition Gp
equals Stabg(0xD), we have T - 0D = 0 D. In particular, it follows from [ABOS,
11.77] that the intersection @ n 7 - @ contains a sector chamber @’. In particular, since
Q' < Q, the direction of the sector chamber Q' is D and @’ is contained in A. Since
7 € G, the element T7g7~! belongs to Fixg(r - Q). But, since Q' S 7 - Q, we have
Fixg(T - Q) € Fixg(Q'). Thus, we conclude that 797! belongs to Fixg(Q'), where
Q' < A. This implies that 7g7—!' € G.(D), whence the result follows. O
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It follows from Lemma 8.2 that the quotient groups Gp/G.py and T(Gp)/T (G (p))
make sense. The following proposition describe their structure. As in § 3, we denote by
t the rank of G.

Proposition 8.3. We have Gp/Gpy = T(Gp)/T (G,Y(D)) is isomorphic to 7", for
some r =r(G,S,D) € Z=q such that r <t -4S.

Proof. At first we prove that Gp/G.(py and T(Gp)/T (G.(p)) are isomorphic. Indeed,
we have Gp/U(Gp) = T(Gp) according to Lemma 8.1 and that G.p)/U (Gpy) =
T (GW(D)) according to Lemma 7.1. Then, since Proposition 7.4 shows that U (GW(D)) =
hp'Ut (k)hp 0 G = U(Gp), we conclude Gp/G.ypy = T(Gp)/T (G(p))-

Let h € G(k) be such that dwD = h™! - 0, Dg. Then, by Equality (4), we have that
the pointwise stabilizer of y(D) in Gs is [1pes hT(Op)-U* (kp)h~!. Thus, by diagonal
action of G on z, the pointwise stabilizer G.,(p) in G of v(D) can be obtained as:

Gn () G(k)n (RT(Op) - Ut (kp)h™") = Gk (ﬂ G(k) n (T(Op) -U+(1<:P))> ht.
PeS PeS

Since T(Op) - U™ (kp) € B(kp) and G(k) n B(kp) = B(k), in G(kp), we have that
G(k) n (T(Op) - U*(kp)) = B(k) n (T(Op) - U*(kp)) .
Consider the quotient group

Ay = hB(k)h™Y/h (ﬂ B(k) n (T(Op) .U+(kp))) ht
PeS
By restricting the quotient homomorphism 7, : hB(k)h™! — A}, to Gp, we deduce that
G p/G.(py is isomorphic to a subgroup of Aj.
Consider the diagonal group homomorphism
¢ :B(k) - [ [ B(kp)/ (T(Op) - U™ (kp)) .
PeS
For any P € S, we have that B(kp)/(T(Op) - Ut (kp)) = T(kp)/T(Op) = Z* where t
is the dimension of T [Lan96, 1.3(ii)]. Since ker p = (\pesB(k) N (T(Op) - Ut (kp)),
we deduce that Ay is isomorphic to a subgroup of im ¢ = (Zt)s. Hence Ay, is a finitely

generated free Z-module, whence so is GD/GV(D) as a submodule of Aj,. We denote by
r(G, S, D) its rank as free Z-module, which is less of equal than t-§S by construction. O

End of the proof of Theorem 3.4. Statements (1) and (4) directly follows from
Lemma 8.1 and Proposition 7.7, respectively. Since T(Gp) and T (GW(D)) are abelian
groups, it follows from Proposition 8.3 that there exists an exact sequence

(11) 0— T (Gypy) = T(Gp) = Z" — 0,

where r < t - §S. Since Z" is Z-free, the exact sequence (11) splits. Thus, the group
T(Gp) is isomorphic to a semi-direct product of T’ (GW(D)) by Z". Note that, since
T(Gp) is abelian, it is isomorphic to the direct product of T' (GV(D)) and Z". Thus,
Statement (2) follows from Corollary 7.6 by setting T := hpT (GV(D)) hBl. Moreover,
Statement (3) is a direct consequence of Proposition 7.5.

Now, assume that G € G(Os), S = {P}, F is finite of characteristic p > 0 and
that the torsion of G is p-primary. Since G € G(Os) and § = {P}, it follows from
Proposition 7.7 that Gp = G, py. Let g € Gp = G,(p) be an arbitrary element.
We write it as g = t-u, where t € T (GW(D)) and u € U (GW(D)) (c.f. Lemma 7.1).
Since F is finite, the group T (Gv( D)) has cardinality g coprime with p, according to
Proposition 7.5. Then ¢? = t?- 4 = @, for certain @ € h51U+(l<:)hD. Recall that, up
to conjugate by an element in GL, ;(k), there exists a faithful k-linear representation
G(k) — GL,, (k) embedding U™ (k) in the group of unipotent upper triangular matrices
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U, (k) of GL,, (k). Since Char(F) = p > 0, U,(k) is a torsion group, whence U* (k)
also is a torsion group. In particular, the unipotent element @ € hBlUJr(k:)hD has
finite order. We deduce that g has finite order. Thus, since the torsion of G is p-
primary, the order of g equals pf, for some f € Z=o. Let a,b € Z be such that 1 =

ap’ +bg. Then g = (P )7 - (¢9)b = (g9)’ € hp Ut (k)hp. Hence, we deduce that
Gp € hp' Ut (k)hp n G = U(Gp), whence Statement (5) follows. O

Let us denote by X a representative system of the G(Ogs)-orbits in 6% Xs. For each
0w D € X, the semisimple group T'((G(Os))p) is isomorphic to the direct product of a
subgroup of T(F) and Z", for some r = rp = (G, S, D) € Z (c.f. Theorem 3.4 (2)-(3)).
Lemma 8.4. Assume that G is a normal subgroup of G(Os). Let dpnD' € 0% X5 be a
chamber which belongs to the G(Og)-orbit of 0D € Xo. Then:

(1) Gpr is G(Os)-conjugated to Gp,

(2) U(Gpr) is G(Og)-conjugated to U(Gp), and

(8) T(Gpr) is isomorphic to the direct product of a subgroup of T(F) and a Z-free
group, whose rank is exactly rp.

Proof. By definition of do D', there exists g € G(Og) such that 0,D' = g~ ' - 0 D. In
particular, we have hpr = hpg. Since G is normal in G(Og), we get
hyB(k)hp 0 G = (ghp)'B(k)(ghp) n G = g~' (hp'B(k)hp n G) g.

In other words, we have
(12) Gp =g 'Gpg.
By an analogous argument, we get

hp Ut (k)hp 0 G = (ghp) U (k)(ghp) n G = g~ (hp' U (k)hp 0 G) g,
whence
(13) U(Gp)=9~'U(Gp)y.

Thus, Statement (1) and (2) follows.
Now, we prove Statement (3). Let A = hj,'- Dy and A’ = hy;) - Dy as in Equation (5).
Since hpy = hpg, we have A’ = g~ A. In particular, for any z € A/, the point y = g~ 'y

belongs to A. Since G is normal in G(Os), we have

Fixg (Q(z, D)) = Fixgy (Q(2, D)) n G = g7 Fixgy (Qy, D"))g n G
=g~ (Fixg) (Q(y, D") ngGg™") g = g~" Fixg (Q(y, D))g.

Thus, it follows from Equation (6) that Gy S gilGV(D)g. An analogous argument
provides the converse inclusion, whence

(14) Gy = 97 Gyn)g-

Hence, it follows from Proposition 8.3 that

(15) T(Gp)/T(Gypy) = Gp/Gyp) = G /Gy = T(Gp)/T(Gypry).

Since G € G(0Os), it follows from Theorem 3.4 (2)-(3) that T'(Gp) (resp. T(Gpr)) is
isomorphic to the direct product of a subgroup of T(F) and a free Z-module, whose rank
we denote here as (D, G) (resp. (D', G)). In particular, it follows from Equation (15)
that (D, G) = r(D’,G). Thus, in order to prove Statement (3) we have to show that
r(D,G) equals rp.

Since G+(p) = (G(Os)).(py N G, the natural inclusion Gp — (G(Os))p induces an
injective group homomorphism ¢ : Gp/G,p)y = (G(Os))p /(G(Os)),(p)- We iden-
tify Gp/G(py with its image via ¢, so that we realizes Gp/G(p) as a subgroup of
(G(0s))p /(G(Os)).,(p)- Since G has finite index in G(Os), the group Gp has finite
index in (G(Os))p, whence Gp/G.(p) has a finite index in (G(Os))p / (G(Os)).(p)-
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This implies that (D, G) = rp, since the respective free Z-modules are commensurable.
Thus, Statement (3) follows. O

Recall that the isomorphism classes of vector bundles of rank 1 over C form a group
Pic(C) with the tensor product as composition law. If e denotes the ged of the degrees
of closed points on C, then we have the exact sequence:

0 — Pic%(C) — Pic(C) 48, 7 0.
The group Pic’(C) is called the Jacobian variety of C. This is finite when F is finite
according to Weil theorem (c.f. [Ser03, Ch. II, § 2.2]).

Example 8.5. Let d,Dp € 0% X5 as in § 2.2. In order to simplify our calculations, we
set hp, = id. Let G = G(Os) be the group of Os-points of G. By definition, we have
(16) Gp, = B(k) n G(Os) = B(Os) and U (Gp,) = U (k) n G(Os) = UT(Os).
Recall that T'(Gp,) is the image of Gp, by the group homomorphism f : Gp, — T(k)
defined by f(g) = t, where g = ¢ - u. Moreover, since ker(f) = U (Gp,) according to
Lemma 8.1, it follows from Equation (16) that

(17) T(Gp,) = T(Os).

Now, we decompose T(Gp,) as a direct product, as in Theorem 3.4 (2). Let T’ (Gw(Do))
be the semisimple group defined in Equation (7). On the one hand, Proposition 7.5
shows that T (GV(DO)) is a subgroup of T(F). On the other hand, since vp(F*) = {0},
for any place P on k, we have that T(F) fixes any point in A. This implies that T(F) is
contained in each Fixg (Q(y, D)), for y € Ag. In other words, we have T(F) S G (p,)-

Thus, we conclude T(F) € T (Gv(Do))7 whence:
(18) T (Gw(Do)) = T(F)

Note that, from Equation (17) and Equation (18), we get that T'(Gp,) /T (Gv(Do))
equals T(Os)/T(F). Since T = Gt , where t = rk(G), the following diagram commutes:

T(F) — (F*)* .

;

T(0s) — (0%)*

L

G

1R

In other words, we have

(19) T (Gpy) /T (Gy(py) = T(Os)/T(F) = (0%)" / (F*)" = (OF/F*)"

It follows from the Dirichlet unit theorem (c.f. [Ros02, § 14, Coro. 1|) that O% is
isomorphic to the direct product of F* and a Z-free group A’, whose rank is at most §5—1.
Moreover, [Ros02, § 14, Prop. 14.2] shows that the rank of A’ is exactly S — 1 when
Pic’(C) is a torsion group. This is the case when F is finite. We conclude that T (Gp,)
is isomorphic to the direct product of T(F) and the Z-free group A := (O%/F*)* =~ (A')t,
whose rank rp, is at most t - (1S — 1), with equality when Pic’(C) is a torsion group.

Remark 8.6. Assume that F is an algebraic (possible non finite) extension of a finite
field Fp. Since any element of Pic’(C) is defined over a finite extension L < F of I, the
group Pic’(C) is a torsion group. In particular, rp, = rk(G) - (§S — 1), for such fields.
Recall that the Jacobian variery Pic?(C) is an Abelian variety. Moreover, recall that
the group of n-torsion points .A[n] of any abelian variery A is a finite group. This implies
that the group of torsion points of A is countable. In particular, the group of torsion
points of Pic?(C) is countable. Let F be a non-countable perfect field. We can take, for
instance, I = C, in characteristic 0, and F = [F,,((T)), in characteristic p > 0. Then, for
an elliptic curve £, the Jacobian variety Pic?(£) = &£(F) is non-countable. This implies
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that Pic®(£) has non-torsion elements. In particular, the integer rp, is strictly smaller
than rk(G) - (§S§ — 1), for such curves.

Corollary 8.7. Assume that Og is a principal integral domain. Let G be a normal
subgroup of G(Os). Then, for any 0D € 05 Xs

(1) Gp is G(Os)-conjugated to B(k) n G,

(2) U(Gp) is G(Os)-conjugated to Ut (k) n G,

(8) T(Gp) is isomorphic to the direct product of a subgroup of T(F) and Z", where r
is at most t-(§S —1), with equality when Pic®(C) is a torsion group. In particular,
we have r =t - (S — 1) when F is finite.

Moreover, the set 31/G of G-conjugacy classes of maximal unipotent subgroups in G is

in bijection with the double quotient G\G(Os)/B(Os).

Proof. Since Og is a principal integral domain, it follows from Theorem 3.2 that G(Os)
acts transitively on 0% Xs. In other words, each doo D € 0% Xs belongs to the G(Os)-
orbit of dwDg. Thus, Statement (1) and (2) follows from Lemma 8.4 (1)-(2). Moreover,
it follows from Lemma 8.4 (3) that T(Gp) is isomorphic to the direct product of a
subgroup of T(F) and a Z-free group of rank rp,. Thus, Statement (3) follows from
Example 8.5.

Now, we prove that /G is in bijection with G\G(Os)/B(Os). Since G(Os) acts
transitively on 0% Xs, and Stabg(0g) (0w Do) = G(Os) N B(k) = B(Os), we have that
0% Xs is in bijection with G(0Os)/B(Os). Therefore, the set of G-orbits on 0% X is in
bijection with G\G(Os)/B(0Os), whence the result follows. O

9. APPLICATIONS TO PRINCIPAL CONGRUENCE SUBGROUPS

In this section, we present some examples on the description of maximal unipotent
subgroups of some arithmetic subgroups.

Let I be a proper ideal of Os. The principal congruence subgroup I'; defined from
I is the kernel of the group homomorphism 7y : G(Os) — G(Os/I) induced by the
projection my : Os — Os/I. A principal congruence subgroup is a group of the form
I';, for some ideal I € Ogs.

Lemma 9.1. Assume that F is finite of characteristic p > 0. Then, the torsion of I'r
1S P-primary.

Proof. According to [BT72, 9.1.19(c)|, there exists an injective homomorphism of
Spec(Z)-groups p : G — SL, 7. This is a faithful linear representation of G. In
particular, for each (commutative) ring R, the homomorphism p induces an injective
group homomorphism G(R) — SL,, z(R), which, by abuse of notation, we denote p. Let
g € I'y be a finite order element and let P;(T") be the characteristic polynomial of p(g)
over k. When we apply the ring homomorphism 77 : Os — Og/I to each coefficient of
P,(T), we obtain the a polynomial 7;(Py(T")) € (Os/I)[T]. Since 77 : Os — Og/I is a
ring homomorphism, we have
71 (Py(T)) = 1 (det (p(g) — T +id)) = det (m1(p(g)) — T +id).
Moreover, since 77(p(g)) = p(71(g)) and 7;(g) = id
det (m7(p(g)) — T -id) = det (p(7w1(g)) — T -id) = det (id = T -id) = (1 = T)".

Then, we get 77(Py(T)) = (1 —T)". But, since g is a torsion element, ¢" = id, for
some m € Z. Then p(g)™ = id, whence we deduce that each eigenvalue of p(g) is a root
of unity. In particular, each coefficient of Py(T') lies in the algebraic closure of I in £,
which is [F itself by assumption (c.f. § 1). Thus, the polynomial P,(T") belongs to F[T7].
In particular, each coefficient of Py(T') lies in F, and we have Py(T) = m1(Py(T)) =
(T'—1)", since F is a subring of Os/I. Hence, the matrix p(g) is unipotent. Since k has
characteristic p > 0, any unipotent element of SL,, 7(k) has p-power order. Therefore,
p(g)pt = id, for some t € Z. Thus, we conclude that ¢?' = id. O
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Corollary 9.2. Assume that F is finite of characteristic p > 0 and S = {P}. Fiz a set
{0 Dy : 0 € X} of representatives of the G-orbits in 08 Xs. Then:
(1) U = {Stabpl(&’ooD) 10D € 6§0X3} is the set of mazximal unipotent subgroup of
'y, and
(2) /T = {Stabr, (0uDy) : 0 € £} is a set of representatives of the I'j-conjugacy
classes in L.

Proof. Since T is finite of characteristic p > 0, the torsion of I'7 is p-primary according to
Lemma 9.1. Since S = {P}, its follows from Theorem 3.4 that, for any 05D € 0% X, we
have U((I'1)p) = Stabr, (0xD). Then, the result follows from Theorem 3.1(2)-(3). O

Remark 9.3. Statements (1) and (2) of Corollary 9.2 do not hold for arbitrary finite
subsets S. For instance, let us take C = P} and S = {0, 0}, so that Og = F[t,t7!]. Let
I =(t—1)Ogs, so that 7y : Os — Og/I corresponds to the ring homomorphism defined
by the evaluation at ¢t = 1. Let G = SL,, and let I'; be the corresponding congruence
subgroup. We identify T (resp. B) with the diagonal (resp. upper triangular) subgroup
of SL,,,. Let

T .= {diag(tnlj... ,t”m):nl—i----—i-nm:(),m,--- ,nmEZ}.

Since mr(t) = 1, we have T' € TI';. Moreover, since T < B(k), we have T <
Stabr, (0w Dp). This proves that Stabr, (0 Dp) is not unipotent. Thus, Statements (1)
and (2) of Corollary 9.2 do not hold in this context.

Let us denote by I'y the group Ut (k) n I';. In contrast with Corollary 9.2, the
following result holds even when I is an infinite perfect field.

Corollary 9.4. Assume that Og is a principal ideal domain. Let 81 and U/T1 as in
Theorem 3.1. Then

(1) Any U € U is G(Og)-conjugated to '], and

(2) /Tt is in bijection with I'1\G(Os)/B(Os).

Proof. Since I'r is a normal subgroup of G(Ogs), Statement (1) follows from Corol-
lary 8.7 (2). Moreover, it also follows from Corollary 8.7 that 4[/T'; is in bijection with
I''\G(Os)/B(0Os), which concludes the proof. O

Example 9.5. Let G = SL,,. The subgroup B,, (resp. D, resp. U,) of upper triangular
(resp. diagonal, resp. unipotent upper triangular) matrices in SL, is a Borel (resp. a
maximal torus, resp. a maximal unipotent) subgroup of SL,, defined over Z. Let ©;
be the set of nilpotent upper triangular matrices with coefficientes in I. The group I‘;
equals id + @7 = {id+ 0 : 6 € O1}. By a straightforward computation, for G = SL,,, the
group I'] is the group generated by {#,(I) : « € @*}. This provides an example of the
group I'J introduced in Corollary 9.4 (1).

Since the group homomorphism 7y : SL,(Os) — SL,,(Os/I) is surjective, we have
I'\SL,(Os) = SL,(Os/I). Moreover, since (I't n B, (0s))\B,(Os) = B,(0s/I),
we get that T'/\SL,(Os)/Bn(Os) is in bijection with SL,,(Os/I)/B,(Os/I). There-
fore, it follows from Corollary 9.4 (2) that the set /'y is in bijection with
SL,(Os/I)/B,(Os/I). This bijection allows us to do some explicit computations on
U/T7. Assume that I is a prime ideal. Then, the ring F' := Og/I is a field, since Og
is a Dedekind domain. The exact sequence of algebraic varieties 1 — B, % SL, LN
SL,/B, — 1, induces the following long exact sequence (c.f. [DG70a, § 4, 4.6])

1 — B, (F') > SL,(F') — (SL,,/B,)(F") — H (Spec(F'), B,) — H (Spec(F'),SL,,).

But Hg, (Spec(F'),B,) = Hg (Spec(F’'),Dy,) = Hélt(Spec(]F'),Gm)n*1 = {0}, accord-
ing to [DG70b, Exp. XXVI, Cor. 2.3] and Hilbert’s Theorem 90. Then, we get that
SL,,(F") /B, (F") is in bijection with (SL,,/B,,)(F’). Thus, the set {/T'; is in bijection with
(SL,,/B,)(F’), in the case of a prime ideal I. In other words, the I'j-conjugacy classes
of maximal unipotent subgroups of I'; are in bijection with the set of F’-points of the
Borel variety SLy,/B,,.



MAXIMAL UNIPOTENT SUBGROUPS OF S-ARITHMETIC SUBGROUPS 21

ACKNOWLEDGEMENTS

The first author was partially supported by Anid-Conicyt by the Postdoctoral fellow-
ship No 74220027.

REFERENCES

[ABO8] Peter Abramenko and Kenneth S. Brown, Buildings: Theory and applications, 1 ed., Graduate
Texts in Mathematics, vol. 248, Springer, New York, 2008, Theory and applications.

[Bau03] Udo Baumgartner, Cusps of lattices in rank 1 Lie groups over local fields, Geom. Dedicata 99
(2003), 17-46 (English).

[Beh04] H. Behr, Higher finiteness properties of S-arithmetic groups in the function field case. I.,
Groups: topological, combinatorial and arithmetic aspects. Papers from the conference, Biele-
feld, 1999., Cambridge: Cambridge University Press, 2004, pp. 27—42 (English).

[BL23] Claudio Bravo and Benoit Loisel, Arithmetic subgroups of chevalley group schemes over function
fields I: quotients of the bruhat-tits building by {P}-arithmetic subgroups, available at https:
//arxiv.org/pdf/2207.06546v4.pdf, 2023.

[Bor91] Armand Borel, Linear algebraic groups, second ed., Graduate Texts in Mathematics, vol. 126,
Springer-Verlag, New York, 1991.

[Bou81| Nicolas Bourbaki, Eléments de mathématique, Masson, Paris, 1981, Groupes et algébres de
Lie. Chapitres 4, 5 et 6.

[Bra23] Claudio Bravo, Relative homology of arithmetic subgroups of SU(3), 2023, available at https:
//arxiv.org/abs/2304.00505.

[BT65] Armand Borel and Jacques Tits, Groupes réductifs, Institut des Hautes Etudes Scientifiques.
Publications Mathématiques 27 (1965), 55-150.

, éléments unipotents et sous-groupes paraboliques de groupes réductifs., Inventiones
Mathematicae 12 (1971), 95-104.

[BT72] Francois Bruhat and Jacques Tits, Groupes réductifs sur un corps local, Institut des Hautes
Etudes Scientifiques. Publications Mathématiques 41 (1972), 5-251.

, Groupes réductifs sur un corps local. II. Schémas en groupes. Existence d’une donnée
radicielle valuée, Institut des Hautes Etudes Scientifiques. Publications Mathématiques 60
(1984), 197-376.

[DGT70a] Michel Demazure and Pierre Gabriel, Groupes algébriques. Tome I : Géométrie algébrique,
généralités, groupes commutatifs, vol. Tome 1, North-Holland Publishing Co., Amsterdam,
1970, Avec un appendice Corps de classes local par Michiel Hazewinkel.

[DG70b] Michel Demazure and Alexander Grothendieck (eds.), Schémas en groupes. séminaire de
géométrie algébrique du bois marie 1962-64 (sga 3), Lecture notes in mathematics (153), vol. 3,
Springer-Verlag, Berlin, New York, 1970, augmented and corrected 2008-2011 re-edition of the
original by Philippe Gille and Patrick Polo. Available at http://www.math. jussieu.fr/~polo/
SGA3.

[Gil02] Philippe Gille, Unipotent subgroups of reductive groups in characteristic p > 0, Duke Math. J.
114 (2002), no. 2, 307-328 (English).

[Har67] Giinter Harder, Halbeinfache Gruppenschemata iiber Dedekindringen, Invent. Math. 4 (1967),
165-191 (German).

[Lan96] Erasmus Landvogt, A compactification of the Bruhat-Tits building, Lecture Notes in Mathe-
matics, vol. 1619, Springer-Verlag, Berlin, 1996.

[Liu02] Qing Liu, Algebraic geometry and arithmetic curves, Oxf. Grad. Texts Math., vol. 6, Oxford:
Oxford University Press, 2002 (English).

[Mil80] J. S. Milne, Etale cohomology, Princeton Math. Ser., vol. 33, Princeton University Press,
Princeton, NJ, 1980 (English).

[MS13] A. W. Mason and Andreas Schweizer, The stabilizers in a Drinfeld modular group of the
vertices of its Bruhat-Tits tree: an elementary approach, Int. J. Algebra Comput. 23 (2013),
no. 7, 1653-1683 (English).

, Elliptic points of the Drinfeld modular groups, Math. Z. 279 (2015), no. 3-4, 1007-1028
(English).

|Rag76] Madabusi S. Raghunathan, On the congruence subgroup problem, Inst. Hautes Etudes Sci.
Publ. Math. (1976), no. 46, 107-161

[Ros02] Michael Rosen, Number theory in function fields, Grad. Texts Math., vol. 210, New York, NY:
Springer, 2002 (English).

[Ser71] Jean-Pierre Serre, Cohomologie des groupes discrets. (Cohomology of discrete groups),
Prospects Math., Ann. Math. Stud. 70, 77-169, 1971.

, Trees. Transl. from the French by John Stillwell., corrected 2nd printing of the 1980

original ed., Springer Monogr. Math., Berlin: Springer, 2003 (English).

[BT71]

[BT84|

[MS15]

[Ser03]



https://arxiv.org/pdf/2207.06546v4.pdf
https://arxiv.org/pdf/2207.06546v4.pdf
https://arxiv.org/abs/2304.00505
https://arxiv.org/abs/2304.00505
http://www.math.jussieu.fr/~polo/SGA3
http://www.math.jussieu.fr/~polo/SGA3

MAXIMAL UNIPOTENT SUBGROUPS OF S-ARITHMETIC SUBGROUPS 22

[Sti09] Henning Stichtenoth, Algebraic function fields and codes, 2nd ed. ed., Grad. Texts Math., vol.
254, Berlin: Springer, 2009 (English).

[Stu80] Ulrich Stuhler, Homological properties of certain arithmetic groups in the function field case,
Invent. Math. 57 (1980), 263-281 (English).




	1. Introduction
	2. The Bruhat-Tits building and the action of G(k)
	3. Main results
	4. Numbering of conjugacy classes of maximal unipotent subgroups
	5. Maximal unipotent subgroups
	6. G(OS)-conjugacy classes of Borel k-subgroups
	7. Fixing groups of germs at infinity of chambers
	8. Comparison between the stabilizers of a vector chamber and of its germ
	9. Applications to principal congruence subgroups
	Acknowledgements
	References

