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Branching random walks and Minkowski sum of
random walks

Amine Asselah * Izumi Okada' Bruno Schapirat Perla Sousi®

Abstract

We show that the range of a critical branching random walk conditioned to survive for-
ever and the Minkowski sum of two independent simple random walk ranges are intersection-
equivalent in any dimension d > 5, in the sense that they hit any finite set with comparable
probability, as their common starting point is sufficiently far away from the set to be hit. Fur-
thermore, we extend a discrete version of Kesten, Spitzer and Whitman’s result on the law of
large numbers for the volume of a Wiener sausage. Here, the sausage is made of the Minkowski
sum of N independent simple random walk ranges in Z%, with d > 2N + 1, and of a finite set
A C Z%. When properly normalised the volume of the sausage converges to a quantity equivalent
to the capacity of A with respect to the kernel k(z,y) = (1 + ||z — y||)?V~?. As a consequence,
we establish a new relation between capacity and branching capacity.

Keywords and phrases. Capacity, range of random walk, branching random walk, branching
capacity, intersection probability.
MSC 2020 subject classifications. 60F15; 60G50; 60J45.

1 Introduction

In this paper we establish similarities between the typical behaviour of two multi-parameter pro-
cesses whose Green’s functions are comparable: the Minkowski sum of two independent random
walks and the infinite invariant critical branching random walk. Both processes are considered in
the transient regime on Z¢, that is when d > 5. The analogy holds first at the level of the volume
of their Wiener sausages associated with any set A C Z¢. More precisely, the Wiener sausage (of a
trajectory of the process) is obtained as we roll a finite set A C Z¢ over the trajectory. Secondly,
the analogy holds for hitting times from infinity, showing some form of intersection-equivalence, a
notion first discussed by Benjamini, Pemantle and Peres [BPP95]. We then consider the Minkowski
sum of N independent random walks, both in terms of their Wiener sausages, and then in terms
of their hitting times. Finally, in the critical dimension d = 4, we provide a law of large numbers
result for the capacity of a discrete Wiener sausage.
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The models. We first consider a so-called infinite invariant tree 7, whose one-sided version was
introduced by Le Gall and Lin [LGLI16] as a natural tool for studying the range of critical branching
random walks on Z?, and whose two-sided version was later defined by Zhu [Zhul8] and Bai and
Wan [BW22] respectively with the goal of defining branching interlacements and for studying the
capacity of critical branching random walk ranges. Interestingly, the genealogical structure of this
tree is an instance of the invariant sin-tree introduced earlier by Aldous [Ald91], and appears as a
local limit of critical Bienaymé-Galton-Watson trees, conditioned to have a size going to infinity.
Also more importantly for us, and as we shall see in a moment, a one-sided version of 7 appears to
be a crucial ingredient for defining a notion of capacity for critical branching random walks, called
branching capacity [Zhul6].

The tree T is a labelled ordered (or plane) tree made of a spine, that is a semi-infinite line of nodes
(F,uq,...), to which are attached independent critical trees as follows. Independently, each node
u; for i > 0 draws a random number of children Z; with size-biased distribution pg, (defined by
tsb(2) = iu(7)), identifying one uniformly at random with u;41, and thus partitioning the Z; — 1
other children as left and right on each side of the spine, and letting each of them in turn produce
a critical Bienaymé-Galton-Watson tree with reproduction law p. Furthermore, the root draws Zj
children, where Zj is distributed according to (i) = u(i — 1) (for ¢ > 1) instead of pg,. Its first
child is identified with u;, and the remaining Zy — 1 produce in turn and independently p-critical
trees. The root is assigned label 0 and, using a clockwise depth-first search algorithm from the
root, we label vertices on the right of the spine with positive labels. Using a counter-clockwise
depth-first search, we label vertices on the left of the spine with negative labels, see Figure [l For
each n € Z, we denote by 7 (n) the vertex with label n. The set of vertices with nonnegative labels
is called the future of 7, and is denoted by 7T, while the set of vertices with negative labels is
called the past of T, and is denoted by 7_.

Figure 1: An infinite tree 7, with the spine in blue.

Then we consider a random walk (Sy),e7, indexed by T by assigning independent increments to

the edges of the tree, whose common law is taken for simplicity to be the uniform distribution on

the neighbours of the origin. Given z € Z¢, the value S, of the walk starting from x at a vertex

u € T is obtained by summing the increments along the edges on the shortest path joining w to

the root, and adding x to the result. In particular, the value of the walk at the root is . We next

denote by 7% = {S, : u € T}, its range and define similarly 7% = {S, : u € T_} (respectively
' ={Su:u € Ti}) its range in the past (respectively in the future).



A second model of interest here is the Minkowski sum of two random walk ranges. We recall that
the Minkowski sum of two subsets A, B C Z%, is defined to be A+ B={a+b:ac A bec B}. Let
(Xn)n>0 and ()?n)nzo be two independent simple random walks on Z¢. We denote by Reo = { X, :
n >0} and Reo = {X, : n > 0} their respective ranges. In this paper we study their Minkowski
sum which is simply R + ﬁoo. Thus, intuitively speaking one rolls on the support of one walk

the support of another independent walk, obtaining a sausage.

Wiener sausage. A celebrated result of Kesten, Spitzer and Whitman [IMcK74, p. 252] (see also
[Sp64]) concerns the volume of a Wiener sausage obtained as we roll a compact set, say A C R?
with d > 3, over the trajectory of a transient Brownian trajectory. As we run the sausage over
a time period of length ¢, and divide the volume of the sausage by ¢, the ratio converges to the
electrostatic capacity of the set A. In our discrete setting their result reads as follows. Given a
simple random walk (X,,)n>0, define its range in the time window [a, b], with 0 < a < b < oo, by
Rla,b] = {Xa,...,Xp}, with the short-hand notation R,, = R[0,n]. Then almost surely, for any
finite set A C Z%, with d > 3,

lim [Ro+ 4] = Cap(A). (1.1)

n—00 n
The limiting functional Cap(A) turns out to be the discrete capacity of A. It is linked with the
Green’s function through an energy. Indeed, for a kernel k : Z% x Z¢ — R*, and a probability
measure v on A, the k-energy is defined to be

Ew) ==Y Y kla,yv(z)v(y). (1.2)

reAycA

The capacity of the set A is defined as
-1
Cap(4) := (inf {Sg(y) : v probability measure on A}) , (1.3)
where ¢ is the Green’s function of a simple random walk (X, ),>0 on Z%, defined as

glw,y) = Ea| Y 1(Xn = )]

n>0

with E, denoting expectation with respect to a walk starting from z. We recall that g(x,y) =
9(0,y — x), which we shall also write as g(y — x). As Spitzer observed later [Sp73], follows
directly from Kingman’s subadditive ergodic theorem and a last exit decomposition. In [Zhul6] it
was shown that, when d > 5, the hitting probability of a finite set, say A C Z%, by the past tree 7_
appropriately normalised has a limit, called the branching capacity of A, and denoted by BCap(A).
More precisely,

2/0?

BCap(A) := lim
p(4) llzl|—+00 g * g()

P(T*NA#D). (1.4)

Furthermore, it was shown in [ASS23] that the branching capacity is comparable to a capacity
corresponding to the kernel g g in the following sense: there exists a positive constant C depending
on the variance of the offspring distribution p, so that for all finite sets A C Z%, we have

1

c -BCap(A)~! <inf {Sg*g(y) : v probability measure on A} < C-BCap(A)™'. (1.5)

Let A be an arbitrary set. For any two functions f,h : A — R, we write f < h if the ratio
f(a)/h(a) is bounded both from above and below by positive constants uniformly over all a € A.



Our first result extends the result by Kesten, Spitzer and Whitman to tree-indexed random walks
and additive random walks, thus revealing similarities between these two processes. Fix an offspring
distribution g with mean one and finite variance and consider the associated infinite tree T defined
above, together with the walk (S,).e7 indexed by 7. Then, for n > 0, define 7,0 = {S, : u =
T7(0),...,7T(n)}, its range when restricted to the first n + 1 vertices of 7, and starting from the
origin.

Theorem 1.1. Fizd > 5. Let X and X be two independent simple random walks on Z% and let 70
be as above. Let A be a finite subset of Z*. Then the following limits hold almost surely,

TP+ Al R+ Re+ A
hmith—

n—o00 n n—o00 n2 ’ (16)
with the implied constants only depending on the variance of u. Moreover,
A
i T2 AL Boap(a). (1.7)
n— 00 n
and _
n n A . n A
i Rt Rt Ay, Cap(Rut4) (1.8)
n—o00 n n—o00 n

Theorem states that the two limits in exist, and that they are comparable. To the best of
our knowledge, the observation that the limits are comparable is new, as well as the characterisation
of the limits in terms of the branching capacity. Note that generalises a law of large numbers
result for Cap(R,,) proved by Jain and Orey [JO69] with the limit being positive if and only if d > 5.
We show in a similar result where the branching capacity is considered instead of the capacity.
In Lemma we give a representation of the limit in terms of escape probabilities in analogy with
the classical formula for capacity. We finally note that generalises a recent result of Le Gall
and Lin [LGL16] where they treat the case A = {0}. More precisely, Le Gall and Lin study a
critical BRW conditioned on having exactly n nodes and take the limit as n — oo. In order to
establish limit laws for the volume of its range, they had to introduce the infinite invariant tree
we described above as its invariance under the shift of labels makes the corresponding law of large
numbers a simple application of Kingman’s subadditive ergodic theorem. Here, our starting point
is directly the infinite invariant tree, and the interested reader can check [LGLI6] for linking the
conditioned process and the infinite invariant one. Note that in the case A = {0}, Le Gall and Lin
provide a dual formula for Bcap({0}) in Theorem 4 of [LGL16]. This formula was later generalised
by Zhu in [Zhul6], where he defined the branching capacity of any finite set A C Z¢, as in .

Concerning the proof of Theorem let us say that follows from Kingman’s subadditive
ergodic theorem, together with a last exit-decomposition, exactly as for . Likewise also
simply follows from and a multidimensional subadditive ergodic theorem, for which we refer
to Section for a precise statement. In fact, the main observation is . The strategy is not
to compare both terms directly here, but rather to show that they are both comparable to a third
quantity, the (d — 4)-capacity of A, which will be introduced later, in . Indeed, the fact
that the left-hand side of is comparable to this third quantity follows from and .
Hence, the main novelty here is to show that the right-hand side of , or equivalently of , is
comparable to the (d —4)-capacity of A. For this we first use that the capacity of a set is related to
the probability of hitting this set by a simple random walk starting from far away. Hence after some
elementary computation (see Proposition , we reduce the whole problem to that of estimating
hitting probabilities of a set A by a sum of two walks, which is the object of our second result
below.



Hitting probabilities. Our second result shows that, in the terminology of [P96], 7% and x +

Roo —1—7500 are intersection-equivalent when x is away from the set to be hit. For a finite set A C Z¢,
we define its diameter as

diam(A) = 1 4+ max{||lz — y|| : z,y € A},
where || - || denotes the Euclidean norm.

Theorem 1.2. Assume d > 5 and let p be an offspring distribution with mean one and finite
variance. There exists a positive constant C so that the following holds. Let Roo and R be two
independent simple random walk ranges in Z*. Then for any finite set A C Z%, containing the
origin, and any x € 72, satisfying ||z|| > 2 - diam(A),

& BTN A2 0) <P((2+ Roo + Roc) NA£0) < C-B(TZ N A£D). (1.9)
Note that Benjamini, Pemantle and Peres [BPP95] focus on the Martin capacity for a general
transient Markov chain on a countable state space. The Martin capacity is associated with the so-
called Martin Kernel k(z,y) = g(x,y)/g(p,y), where p is the starting site of the chain and g is its
Green’s function. Their main result states that the hitting probability of a set A is within a constant
factor of two equal to the Martin capacity of A; in particular two Markov chains with comparable
Green’s functions are intersection equivalent. While here both the random walk indexed by 7_, and
the sum of two walks, have comparable Green’s function, the main difficulty in proving Theorem [I.2]
is of course the lack of Markov property: for branching random walks or for additive random walks,
as Salisbury explains in [S96] “the difficulty is that there may be no first hitting time at which any
kind of Markov property applies”. Fitzsimmons and Salisbury [FS89) [S96] using remarkable ideas
managed to deal with multivariate processes. Here we shall adapt proofs of Khoshnevisan and
Shi [KS99], inspired by [S96], which provide estimates on the probability that a Brownian sheet
hits a distant compact set A C R? in terms of some appropriate (continuous) 7-capacity of A,
see below for a definition in the discrete setting. On the other hand, as already mentioned,
the fact that the hitting probability of A by a random walk indexed by 7_ is also comparable to
the (d — 4)-capacity of A was obtained independently earlier, see and .

Sum of N random walks. One of the achievements of potential theory for Markov processes
(in the continuous setting) is to establish necessary and sufficient conditions for a transient process
to hit a set. Morally, the set should support a probability measure whose g-energy is finite, where g
is the Green’s function. Fitzsimmons and Salisbury in [F'S89] managed to build such a measure for
additive Markov processes using random times which are not stopping times. Their proof requires
estimates on the first two moments of the local times and their approach is adapted to tackle a
sum of N walks, as we shall see later in Lemma, 3.1

We now define the y-capacity, denoted Cap., for any v > 0, by replacing g in (L.3) by the kernel
ky(2,y) = (1+ ||z — y||)~7. More precisely, for a finite and nonempty subset A C Z%, we define

1
m = inf {5k7(V) : v probability measure on A}. (1.10)
Our third result is a natural generalisation of Theorem

Theorem 1.3. Let N > 1, and d > 2N + 1. Let (R')i=1...n be N independent simple random
walk ranges on 7. There exists a positive set-function fn, such that for any finite and nonempty



A C 7%, almost surely

Ly . RN
fy(A) = lim IRL+ -+ RY + A

n— o0 nN

= Capd72N(A). (111)
Furthermore, the following limit exists almost surely and satisfies

. Capd—Q(N—l)(R}z + A)
lim

n—00 n

= Capy_an(4). (1.12)

Remark 1.4. In Section 2.2 we give a dual representation of fy(A) in terms of escape probabilities
for sums of walks analogously to the case of capacity for N = 1.

As in the case N = 2, once ([1.12) is established, (|1.11]) follows from a multidimensional subadditive
ergodic theorem, hence the whole matter is here again to prove ((1.12), which will be obtained as a
consequence of our next two results.

First, we relate hitting probabilities of a set by the sum of N walks to its (d — 2N )-capacity. This
is where we use the ideas of Fitzsimmons and Salisbury mentionned above.

Theorem 1.5. Let N > 1 andd > 1+2N. Let (Réo)izl,...,N; be N independent simple random walk
ranges in Z%. There exists a positive constant C, such that for any finite set A C Z2, containing
the origin, and any x € Z2, with ||z|| > 2 - diam(A),

1 Capy oy (A4) 1 N Capg_on(A)
— . 8PdaN ) o p RL 4. 4R A <. ZPd2N ) 11
C T S ((:c+ ot + RN 7&(2)) <C lo[-2N (1.13)

Note that the case N = 1 of Theorem [1.5|is well-known, see e.g. [L91] or [BPP95| for a more precise
result. In addition to Theorem [I.5] we have the following proposition, which makes the link between
the probability of hitting a set A by a sum of ranges, and the ergodic limit appearing in of
Theorem [L.3]

Proposition 1.6. Let N > 2 and d > 2N + 1. Suppose that R',...,RY, are N independent
simple random walk ranges in Z. There exist positive constants ¢i and ca, such that for any finite
nonempty set A C 74,

Capy_onv_1(RE+ A
1immf||x||d—2N.P((x+ngo+---+ng)m,4;ﬁ(z)) S ey Tim CPa2-n( ), (1.14)

and

Capy_on_1)(RL+ A
limsupHa:Hd*QN-P((x—&-Réo—i---'—i—RéVo)ﬂA;ﬁ@) < ¢+ lim Pa-2(v-1)( ) (1.15)

llz[| =00 e n

Observe that indeed follows from Theorem and Proposition The proof of Proposi-
tion follows from the fact that the capacity of a set is related to its hitting probability by a walk
starting from far away. The whole point here is to make sure that one can exchange limits, which
is done by a careful, though somewhat standard, decomposition of a random walk trajectory into
excursions.



Critical dimension four. We now briefly discuss the case of dimension four which is critical for
the capacity of the range. By analogy with the case of the volume in dimension two, first considered
in Spitzer’s original paper [Sp64], and then by Le Gall [LG90] and Port [Port65], one can expect
that in the asymptotic development of E[Cap(R,, + A)], only the second order term should depend
on A (and be related to a properly defined notion of branching capacity). Here we do not pursue
such a precise result, but notice that indeed the first order term does not depend on A.

Proposition 1.7. Let R be a simple random walk range in Z*. Then for any finite and nonempty

set A C Z*, one has
2

8T | BiCap(Ry + A)] = =, (1.16)

lim

n—oo n
To prove the proposition above we use key ideas from Lawler’s book [L91]: the relationship between
capacity and Green’s function in Theorem 3.6.1, and the estimates from Section 3.4 in [LI1]. It
was proved in [ASS19] that when A = {0}, then (logn)Cap(R, + A)/n converges to 72/8 almost
surely as n — oco. The same argument as in [ASS19] can be used to prove almost sure convergence
also in the case when A is a general finite set, see Remark However, a central limit theorem is
missing in the general case.

Notation. We will use the notation f 2 g if there exists a positive constant ¢, such that f > cg,
and f < g (or sometimes f = O(g)) if ¢ = f. We also use the standard notation o(1) for a
quantity which converges to 0 as the parameter n goes to infinity. For z € Z% and r > 0 let
B(z,7) = {y € Z¢ : ||y — x| < r}, the Euclidean ball of radius 7. We write A for the inner
boundary of a set A C Z?, i.e. the set of points in A having at least one neighbor in A°.

The paper is organised as follows. In Section [2], we gather known results from ergodic theory that
we apply to trees and sums of walks. We then provide an expression for fy(A) from Theorem
and show that it is positive when d > 2N + 1. Finally, we recall why ~-capacities are sub-additive.
In Section [3] we prove an estimate on the second moment of local times, Lemma which is an
important ingredient for the proof of Theorem given in Section [4, together with the proof of
Theorem [I.2] In Section [5] we prove Proposition [I.6] using Theorem [I.5] and in Section [6] we focus
on the 4-dimensional case and give the proof of Proposition [1.7] Finally, in Section [7] we gather
related open problems.

2 Subadditive functionals & Ergodic theorems

In this section we show the existence of three ergodic limits, namely the limits in ,
and holding almost surely. We start in the next section by recalling some results about -
capacities. Then in Section we recall a multi-parameter extension of the subadditive ergodic
theorem and then deduce that the limit in exists almost surely. Then in Section we apply
it to functionals on trees.

2.1 ~-Capacities

In this section we collect some results about ~-capacities. In particular the existence of the limit
in (1.12) directly follows from Kingman’s subadditive theorem [K73|] and the subadditivity of ~-
capacities, which we recall now.

Claim 2.1. Let v > 0. Then for any finite sets A, B C Z% we have
Cap, (AU B) < Cap,(A) + Cap,(B).

7



Proof. First notice that Cap, is increasing for inclusion, i.e. if A C B, then Cap, (4) < Cap,(B),
since a probability measure on A is also a probability measure on B. It thus suffices to prove
sub-additivity for disjoint subsets. Now consider A and B two disjoint subsets of Z¢, and let v be
a probability measure on AU B. Let o =} 4 v(x). Then it is easy to see that

— “v(x)v o (- a)2
z,y;:w(“”x W)@ 2 G + Gy

Indeed, this is trivially true if & € {0, 1}, while otherwise the restriction of v/« to A is a probability
measure on A, and the restriction of %~ to B is a probability measure on B. Taking the infimum
over all v on the left hand side yields

1 ) { a? (1 - a)? }
> inf + .
Cap,(AUB) ~ aefo1] | Cap,(A)  Cap,(B)

Now observe that for any z,y > 0, and any « € [0, 1],

a2 (1-a)? 1
7+ 2 I
T Y r+y

which proves well that Cap, (AU B) < Cap,(A) + Cap,(B) and finishes the proof. O

Lemma 2.2. Letd >3, v > 2 and A C Z%, be a finite set. Let R be the range of a simple random
walk in Z¢. Then we have almost surely
Cap., (Rn + A) E[Cap, (R, + A)]

. Lap,(Rn+4) . >
i n Tlfﬁfl n Cap;—(4).

Proof. Let p be a probability measure on A. Given n > 0, and = € Z%, define

ln(z) =E [Z 1(Xy = 517)] :
k=0

and consider the probability measure v, on R,, + A given by

b (x
vn(2) = ZZl(m—{—a:z)'nii-u(a), for all z € R, + A.
TERn a€A

Note that this is indeed a probability measure on R,, + A. Then we have for any n > 1

1
= St 7 = gl vn(@)on(y)
_ (n+1)2
S en S yeza (Lt o — bt 7 — g a(@) i) o (@) o)

By Jensen’s inequality we get

Cap, (R, + A)

(2.1)

(n+1)2
D ape pyezd(l+ lla=b+z —y[) 7 u(a) p(B)E[ln(x)ln(y)]

E[Cap, (R + A)] >



Let gn(x) = E[,(x)], and ¢g(z) = goo(z). Then the Markov property and the symmetry of the
random walk steps yield,

Ell(@)b)] < S (B(Xp = 2, X = y) + B(Xy =y, Xy = 2))

k<k'<n

<kzkz (Xp=2)+P(Xx =) P(Xp_r=y—2x)
0 !

= (gn(@) + gn(y))9(z — y).

Therefore, letting &k, (u) = (1 + |lul|)~7, we get that for all a,b € A,

Y ky(a—bta—y) Ell(@)y)] S (kyxgla—10)- Y gn(x) = (n+1)- (ky* gla—b)).

z,yeZd z€Zd

Plugging this into (2.1)) we get

n+1
~ Yapeakyx gla—b)u(a)u(b)

Now we claim that as soon as v > 2, and d > 3, then ky * g < k,_». Indeed, recall that g(u) <
(1 + [|Jul)®>~4, and thus for u # 0,

ky x g(u Zk: (u—v)

Cap.,(Rn+ A) 2

veZd
1 1 1
X — + +
[l 2 Lo —ulr  JulP 2 lv Hd AP [[o][7 +d 2
vEB(u,||ull/2) vEB(0,2]|ul) [[o]]>2ul]
_ 1
lulr=2"

proving our claim. Therefore taking the infimum above over all probability measures p on A, we
get that almost surely,

lim ——— = inf 2, Cap,,_5(A), (2.2)

where the existence of the limit and the first equality both follow from Claim and Kingman’s
subadditive ergodic theorem [K73, [Sp73]. This concludes the proof of the lemma. O

2.2 Multiparameter subadditive ergodic theorem

We start by recalling a multi-parameter extension of the subadditive ergodic theorem due to Akcoglu
and Krengel. We denote by Uy the set of all N-dimensional rectangles of NV i.e. sets of the form
Hfil{ni,...,mi}, with 0 < n; < m,; for all 1 < N.

Theorem 2.3 (Akcoglu-Krengel [AK81]). Let N > 1, and (L(U))veu, be a sequence of real-valued
random variables, satisfying the following properties:

(i) (Stationarity) For any k, any Uy, ..., U, € Uy, and any u € NV, the joint distribution of
(L(u+Uh),...,L(u+Uyg)) is the same as that of (L(Uy),...,L(Uy)).



27 ubadditivit wen any disjoint rectangles Uy, ...,Uy, such that U;_U; € Un, one has

(13) (Subadditivity) Gi y disjoi gles U U h th flU U h
L(Ui<kUi) <32, L(UG).

(791) (Integrability) The random variables L(U) are integrable for all U € Uy .

(iv) (Boundedness in mean) One has sup,>oE[|L({0,...,n}V)|]/nY < cc.

Then there exists v € R, such that almost surely

L({0,...,n})

lim =
Y v,

n—oo

and furthermore,

oo i BEALLO.nd)] o BE(IIEA0.. . n)]

ni,...,ny>1 n...nyN N1y NN —00 ny... NN

Using this we now explain the existence of the limit in (1.11]).

First, by the elementary exclusion-inclusion formula for the volume of the Minkowski sum we get
for A, B finite subsets of Z,

IR+ (AUB)|=|(R+A)UR+B)|=|R+A|+|R+B|—|(R+A)N(R+ B)|.
Since, R+ (AN B) C (R+ A) N (R + B), we have a strong form of subadditivity
IR+ (AUB)|+|R+(ANB)|<|R+ A|+|R+ B|. (2.3)

Now clearly, for any fixed A C Z% and R',...,R" independent simple random walk ranges, the
process defined by

N
L(H{ni, - ,mz}) = ’Rl[nl, ml] + -+ RN[nN,mN] + A,
i=1
satisfies all the hypotheses of the previous theorem (in particular stationarity follows from the fact
that for any £ > 0 and any n < m, R[k + n, k + m| has the same law as X + R[n,m]), and hence
we get the almost sure existence of the limit below for any finite set A,
E HR’I"” +o R +AH

N

‘R£+---+R5+A’
fn(A4) = lim = lim .

n—oo nN N1 ,y...,L N —>0O0 ny...nN

Note also that it follows immediately from this definition that fx satisfies for all N the strong
subadditivity property which reads

In(AUB) + fN(ANB) < fn(A) + fn(B).
Therefore almost surely as well,
E[fN,l(Rn + A)]

lim ) = lim .
n—oo n n—oo n

Applying twice the dominated convergence theorem yields

1 EHR}”JF”'JFR%_IJngJFAH
fn(4) = lim —- lim

n—oo 1 M—00 miN-1 (2.4)
N N
— lim Elfn-1(Rn +A)] — lim w
n>1 n n—»c0 n

In the next result we give an expression for the set-function fy(A) generalising the expression for
capacity in the case when N = 1. We give the proof in Section [2.4

10



Lemma 2.4. Let N be an integer, and consider dimension d > 2N + 1. Let R',..., RN be
independent ranges of double-sided simple random walks in Z¢. Then,

N
() =>"P[{(R(0,00)+ Y  RI(-00,00)+a)NA=0}]. (2.5)

acA  \i=1 i<j<N

2.3 Functionals on trees

A fundamental property of the infinite invariant tree is its invariance in law after applying the shift
on the labels. This fact was first observed by Le Gall and Lin [LGL16] on the restriction of the
tree to 74, and then on the full tree independently by Zhu [Zhul8] and Bai and Wan [BW22].
The infinite tree has an invariant product measure, and the shift is actually a reversible map. Le
Gall and Lin introduced the infinite tree to be able to use ergodic theory to prove asymptotics for
the size of the range of the first n labelled sites of the invariant branching random walk. They
then transferred their result to critical trees conditioned on having total population n, as n goes to
infinity. Here, for simplicity, we only discuss 7,0, and the reader is referred to [LGLI6] to transfer
the results to critical branching random walks conditioned to have population n.

In fact [LGL16] shows that |7,0|/n converges almost surely to the probability that a walk indexed
by 74 avoids the origin (except at the root), simply as a consequence of Kingman’s sub-additive

ergodic theorem. By following the same argument, together with a last exit decomposition, exactly
as for (1.1]), we obtain that for any finite set A C Z¢,

TX+A @

n n—00

E:H% f+r]A::®%

€A

where T, = T4 \ {@} (and T}, is the restriction of the range to 74, ). This latter expression
turns out to be the branching capacity of A. Indeed, Zhu [Zhul6l Proposition 8.1] showed that

BCap(4) => P(T"NA=0)=> P(TF NA=0). (2.6)

€A TEA

Thus, the original part in Theorem is to make the link with the set-function f2(A) obtained
with two independent random walks from ((1.11).

Now let us mention some natural extensions of our results. We can indeed deduce that also

cap(TY + A)/n converges in probability, and furthermore that the limit is of order Cap,_¢(A),

when d > 7. Let us just explain the proof in this case. First, applying twice the multi-parameter
ergodic theorem, Theorem [2.3] and using Theorems [I.1] and we get that almost surely

C A R A BCap(R A

i ST +4) L Rat+ T+ Al BCap(Ry + 4)

n—o00 n n—o00 n2 n—00 n

R,+ A R4+ R2ZLR3I+ A
= lim M: lim‘ n b R R |:f3(A)XCapd,6(A),

n—00 n n—00 n3

(2.7)

where R,, and (R%)i:17273 are independent ranges of simple random walks, independent of 77°.

2.4 Dual representation for fy

In this section we give the proof of Lemma 2.4 which again makes use of Theorem

11



Proof of Lemma 2.4, We can write

RL+. +RY +4|=)" > LX) +2¢ Ui (X]+RE+...+RY + A)

1<ngeRZ+..+RY+A

> > LX)+ X0+ ¢ Ui (X] +RE+ ...+ R+ A))
i1,i2<n 2R3+ +RY +A

(XD 42 ¢ Ujpsin (X3, + RS+ ...+ RY + A)).
Iterating this, we obtain
RL+ ...+ RY + A
=3 > XN +a ¢ Upsiy (X + A) x LN+ XN tad Upsiy (X HRY 4+ A))

iN-1
a€Aiy,....in<n

XX X+ A XN dad Ups (X +RE+ R+ A)).
Forall i € {1,...,N} and k < n, we set

Ri(—k,n—k) =X, —R. and RY(0,n—k)= X}, — R[k + 1,n].
Then we can rewrite the expression above as

IRL+ .. +RY + A

=> > 1(RNO0,n—in)+a) N A=0)L(RY10,n —in_1) + RV (—in,n—in) +a) N A=0)

a€Ail,...,in<n

oo x L((RY0,n — i1) 4+ R (—ig,n — ig) + - - RN (—in,n —in) +a) N A = ).

Restricting the sum above over all iy,...,ix € (logn,n — logn), dividing through by n’V and
applying Theorem we deduce that almost surely as n — oo

N
— RL+ AR+ A =Y P ({(RIL,00)+ ) RI(—00,00) +a)NA=0} |,
acA =1 1<j<N

where R(—o00,00) corresponds to the range of a double-sided simple random walk. This now
concludes the proof. O

3 Preliminaries on local times

Our goal in this section is to prove Lemma below, which provides second moment estimates
for the local times of the sum of N independent walks. Fix N > 1, and consider X!,..., X", a
sequence of N simple random walks, all starting from the origin. Then given any xz,z € Z%, set

Cooxigyxn(T) = Z l(z—{—thl—F---—i—XtJYV:x). (3.1)
t1,..tN
Let G be the N-th convolution power of the simple random walk’s Green’s function g (so that

Gn(z—2)=E[l,, x1,. . x~(x)]). Our second moment estimate reads as follows.

12



Lemma 3.1. Let N > 1 and d > 2N + 1. There exists a constant C = C(d) > 0, such that for
any z,a,b € Z¢, with ||z|| > 2max(||al], ||b]]), we have

E[0, x1hxn (@)l yisyxn (B)] < C (GN(Z —a)+Gy(z - b)) Gyla—b).  (3.2)

Before we move to the proof of this lemma, let us recall that g(x) =< W, which by an
immediate induction shows that for any k € {1,..., N} (and as long as d > 14 2N), one has

1

Crle) = T a2

(3.3)

Proof of Lemma [3.1]
Let k,4,m € {1,...,N}, and for a,b,z € Z%, let
Frim(z,0,0) =Y Gr(z = b+ w)Go(w)Gm(a — b+ w).
The first step towards the proof of Lemma |3.1]is the following claim.
Claim 3.2. One has

> 99y —y) + 99— ¥) Frem(z 6+ y,0+ ) = Frsrei1m(2,6,0) + Ferremia(2,a,b),
vy

Proof. First of all we notice that Fj, ¢ (2, a,b) = Fi m¢(2,b,a). Therefore it suffices to prove that

Zg y y Fkﬂm(z a+y7b+y) Fk‘+1,f+1,m(zaaab)‘

We have
> 99y —y) Frpm(za+y,b+y)
vy
= > 9Waly —y)Gr(z = b=y +w)Ge(w)Gm(a+y —b—y +w)
vy’ w
—Z u)Gr(z —b+u—y+w)G(w)Gm(a — b+ u+ w)
YU, W
= Zg(u)Gg(w)Gm(a —b+u+w)Grii(z —b+u+ w)
= Zg )Gi(v —u)Gm(a — b+ v)Gry1(z — b+ v)
= Z GZ—H CL —b+ U)Gk+1(z — b+ U) Fk+1,£+1,m(27 a, b)
and this completes the proof. O

For z,a,b € Z%, define now

VN(Za a, b) = E[€z+X1+~~~+XN (a)€z+X1+-~~+XN (b)} :

The next step is obtained by a simple induction on N > 1.

13



Lemma 3.3. One has for any z,a,b € Z,

N —

N-1
Vn(z,a,b) < Gn(z —b)Gn(a —Db) —I-Z:l (k:

>FN,N—k,kz(za a,b)
N -a

+ GN(Z—(I)GN(G—b)+ <k_1>FN,N—k,k(Z7b7a)a
k=1

with the convention that the two sums are zero when N = 1.

Proof. Defining,
— (N-1
= — — Fan—
WN(Z7a7b) GN(Z b)GN(a b)+ kz_l <k‘—1> N,N k,k(z>a7b>7
the statement of the lemma then becomes
Vn(z,a,b) < Wn(z,a,b) + Wn(z,b,a). (3.4)

We will prove this by induction on N. For N =1 we get

Vi(z a,b) < IE[ Y 1+ X =a)-1(z+ Xepy = b)] +E[ 3 10+ Xepe=a)-1(z+ X, = b)
s,teN s,teN

=g(z —a)g(a —b) + g(z — b)g(a —b),

and hence (3.4]) holds for N = 1. Suppose now that (3.4]) holds for N. We will establish it also
for N + 1. Summing over all the possible locations of the (N + 1)-st walk and using the induction
hypothesis gives

Vnii(z,a,0) < Y (9w)gly— o) +9W)aly —y)Va(za+y,b+y)

< (9waly—v) + 90 )9y —v)) Wa(za+y,b+y)+Wa(z.b+y,a+y)).

To simplify notation we let A be the operator given by

Af(z,a,0) =Y (9)g(y — )+ 9W)aly =y ) f(z,a+y,b+)

Y,y

for any function f. To prove the lemma it thus suffices to show that
AWn(z,a,b) = Wni1(2,a,b). (3.5)
Note first that

Zg 9(y —y)Gn(z —b—y)GN(a—b+y—y) = Gnii(z — b)Gria(a —b),

which gives the first term in Wx1(z,a,b). Note also that

ZQ 9y —y)Gn(z = b=y )Gnla—b+y—y) = Fni11,n(2a,b).

14



By Claim [3.2] we obtain
AFNiN-1(2,a,b) = FNy11,n8(2,a,b) + Fnpi2v—1(2,a,b),

which shows that the coefficient of the term Fy 11 n5(2,a,b) in AWn(2,a,b) is given by 1+ (%:;)

which is equal to (N]L). Thus the term Fx411,n8(2,a,b) appears with the same coefficient in both
Whn+1(z,a,b) and AWn(z,a,b). Let k € {2,..., N — 1}. Using Claim [3.2] again we get that

AFN Nk k(2,0,b) = g1 N41-kk(2,0,0) + Fyyi Nk kt1(2,0,b)  and
AFN Ny1-kk—1(2,0,0) = Fnp1 Ny1-kk(2,0,0) + Fyyi N42—kk—1(2, 0, b).

We thus see that for k& € {2,...,N — 1} the coefficient of the term Fn i ny1-kk(2,a,0) in

AWn(z,a,b) is equal to
N-1y, (N-1\_ (N
k—1 k-2) \k-1)

which is the same as its coefficient in Wy 1(z,a,b). Using Claim for a last time we see that
the term Fn41 n,1(2,a,b) is one of the two terms of AFn ny—1.1(2,a,b), and hence its coefficient in

AWn(z,a,b) must be (N) = (No_l) = 1. Therefore, we see that the coefficients of all the terms

0
appearing in AWy (z,a,b) and Wx41(z,a,b) are equal and this completes the proof of (3.5). [

Finally we shall need the following claim.

Claim 3.4. Let N > 1 and d > 2N. There exists C' > 0, such that for all k € {1,..., N — 1}, and
all z,a,b € Z%, with ||z|| > 2max(||a||, ||b]),

FN,N—k,k(za a, b) <C- GN(Z)GN(CL - b)

Proof. First of all note that for all £, m, such that £ +m < N,
Gé * Gm = GZ+m~
Moreover, a change of variables gives

Fy n- kkzab ZGN VGN_k(u+b—2)Gp(u+a— z).
NYA
We then have for ||z|] > 2max(]|al|, ||b]|), using (3.3,
Z GN(u)GN_p(u+b—2)Gr(u+a—2)
l[ull=l2]l/4

< Gn(2) ZGN,k(u +b—2)Gr(u+a—=z)=Gn(2)Gn(a —D).

On the other hand, if ||u|| < ||z||/4, since we also have ||z|| > 2max(||al|, ||b||), one has ||[u+b— z|| <
||z|| and ||u 4+ a — z|| < ||z||. Therefore, using again (3.3)),

> GNW)Gn_p(u+b—2)Gr(u+a—z)

lull<ll=ll/4
SOHAIGE) Y Gyl = T = Gy( £ Ox()Gx(a b
llull<[|z]l/4
and this finishes the proof. O
Lemma [3.7] now follows from a combination of Lemma [3.3 and Claim [3.41 O
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4 Hitting probabilities and capacities

In this section we give the proof of Theorems [I.2] and [I.5] We start by giving the proof of Theo-
rem [1.2] assuming Theorem [I.5] and then give the proof of the latter for which we mainly follow the
arguments of [KS99], see also [K03], which extends the approach of [FS89].

Proof of Theorem [1.2l The proof follows from the combination of four distinct observations: (i)
Theorem [L.5{ with N = 2, (ii) the hitting time asymptotics for the infinite invariant tree (1.4)), (iii)
the fact that BCap(A) =< Cap,_4(A) proved in [ASS23|, and finally (iv) the asymptotic (3.3]) with
k=2. U

The rest of this section is devoted to the proof of Theorem [1.5

Let X',..., X" be ii.d. simple random walks on Z? started from 0 with ranges RL,...,RY
respectively. For v > 0, recall that we defined k,(z,y) = (1 + ||y — z||)”7, and now given a
probability measure v on A, to lighten notation we set &,(v) = &, (v), where & is defined

by .

Lower Bound. It suffices to prove that if v is a probability measure on A, then
P((m+R§O+--~+R£)mA7é®)> 1
Gn(2) ~ Egan(v)’

with an implicit constant that is independent of v. To this end, for any probability measure v with
support on A, let

(4.1)

Z, = Z v(a) lyyxiq.xn(a).
acA
Then it is immediate that
(E[Z)))?
E[Z2] ’

v

P((z+ R+ +RE)YNA#0) >P(Z, >0) > (4.2)

where for the last inequality we used the Paley-Zygmund inequality. For the first moment of Z,,
we have for any = with ||z|| > 2 - diam(A), using (3.3)),

E[Z,)] = Z v(a)Gn(z —a) 2 Gy (x).

a€A

For the second moment, by Lemma [3.1) we have for x with ||z| > 2 - diam(A),

E[Z2] = > v(a)v(®)Vn(z,a,b) S Gn(z) Y v(a)w(h)Gnla—b) S Gn(x)Eaan(v).  (4.3)
a,beA a,beA

Plugging these two bounds into (4.2)) yields (4.1)).

Upper Bound. We define N random times, which are not stopping times. First,
T :inf{t1 >0:3dtg,...,ty s.t. l‘—i—thl —|—+ng GA},
and then inductively for i = 2,..., N,

Ty =inf{t; >0: 3 tigr,...,tn st o+ X + ..+ X5 + X[ + ...+ X]] € A}
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We next define a probability measure p on A by setting for a € A
p(a) :IP(:U+X:1F1 —{—...—|—Xi]p\lfv =a| T <o0).
It then suffices to prove that for ||z|| > 2 - diam(A),

P(Tl < OO) < 1 (44)

Gy(z) ™ Eg—on(p)

To this end we define the variable Z,, = 3 4 p(a)l,y x14.... x~(a), and if (F},)n>0 stands for the
natural filtration of the walk X?, then we define the multi-parameter process

M(t,....ty)=E[Z, | FLVv...VFY]

Y0 X % P ot [ R P(X —ama oy | RY). (09
acA 81538 N T1yeeyTN—1
We then have almost surely for all ¢1,...,ty € N
M(ty,...,tN)
Y Y B - | AP —ams = —ana | )
acA $12t1,..,SN2EN x1,..., o N _1 EZY
= Z,u(a) Z g(th1 —361)-”9(Xt]>7vj —xN_l)g(x—Fxl—i-...%—:cN_l—i—ng —a)
acA 11,...,xN_1€Zd
= ula@)Gny@+ X +...+ X - a).
acA

Therefore, almost surely we get

sup M(ty,...,ty) = L(Ty <o0) Y pla)Gn(z+ X5, + ...+ X7, — a),
t1,...tN acA

and hence squaring both sides and taking expectations we obtain

2
E| sup M2(t1,...,tN)} >E (ZM(Q)GN(x—l—X%I+...+X;]p\]7v—a)> Ty < ool -P(Th < )

t1,. 0t acA

2
=" ud) (Z (@) G (b - a)) (T} < 50) 2 (Eaman())? - B(T1 < o),

beA acA

where in the last step we used the Cauchy-Schwarz inequality and ([3.3)).

By monotone convergence it then suffices to prove that for any uq,...,uy,
E [ sup  M3(ty,...,tn)| S Gn(2)€a-an (1), (4.6)
t1<us,..., tn<un
with an implicit constant that is independent of ui,...,uy. This together with the inequality

above would conclude the proof of (4.4)).
Using the product expression for M from (4.5)), it is easy to check that the process

ty — sup M(tlatQ)"'atN)a

ta<ug,...tNn<un
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is a non-negative submartingale with respect to the filtration (F}, VFZ, V-V F%)tlzg. Applying
Doob’s L2-inequality we then deduce

E sup M?(uq,to,. .., tN)

to<u2,...,tN<un

sup < sup M2(t1,t2,...,tN)>] <4-E

t1<ur \ t2<ug,...,in<upn

Repeating the same argument N times, gives

E[ sup M2(t1,...,tN)} <4V E[M2(us,...,uy)] < 4N -E[Z2],

t1<uy,.. . tNn<un

where for the final inequality we used Jensen’s inequality. By (4.3) for x with ||z|| > 2 - diam(A),
we get
E[Z]] S Gn(2)€a-2n ().

Altogether this proves (4.6)) and thus completes the proof.

5 Hitting probabilities and ergodic limits

In this section, we prove Proposition The proof is divided in two parts. First we prove (|1.14))
in Section which is the easiest direction, and then in Section which is slightly more
demanding. We note that follows in fact from a combination of Theorem and Lemma
but we provide here another direct proof, as it might be of independent interest.

5.1 Proof of (1.14).

Let N > 2, and assume that d > 2N + 1. Recall the definition of the functions Gy from the
beginning of Section [3] Since R, and —R have the same law, it amounts to proving that

P((z+ R+ + RN (Reo + A) # 0)

lim inf 2 J?N A),
2]l—00 Gn(2) “
where R is the range of a random walk (X})x>0, which is independent of RL,... ,Révofl, and
~ Capy_on_1)(RE+ A
Fn(A) = lim Pa—2(N 1)( ).
n—00 n

(The existence of the limit here follows from Lemma[2.2]) Let € > 0 and let 7, = inf{k > 0: X}, ¢
B(0,7)}. Then we get for ||z|| large enough, using Theorem for the second inequality,

P((z+RL +- -+ RE N (Roo + 4) # 0)

Gn(z)
- P((z +RL 4+ RE-D N (R[0,e]|2]|?] + A) # 0, T)z)l/2 > 6”2”2)
- Gn(z)

7) : E[Capd—Q(N—l)(R[OaEHZH2] +A) - l<THz||/2 > EHZHZ)}
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As ||z|| = oo we have that

1 -
T " ElCapamavny (RIO, el + )] = v (4).

. . nt+A . .
Indeed, the convergence holds in L' since the sequence (%)n is uniformly bounded by
some deterministic constant, for any v > 0. Furthermore, by Cauchy-Schwarz we get

E[Capg_a(v—1y (RI0,2l|21%] + A) - Lmpay 2 < ell2]?)]

<\ [Capuairory (RIO,ll1P] + 7] B2 < elz1P).
By a standard random walk estimate we get for a positive constant ¢ that

P(7))2 < ell2]|?) < exp(—c/e).

n+A . . > .
Using again that (Capd”(N*l)(R ki ))n is bounded we get that it also converges to fy(A) in L2

Hence this gives for ||z|| sufficiently large
E[Capa a1y (RI0.ell2]2) + A)2] < 2[]1* - Fv(4)2
using also that ]?N(A) is positive (since d > 2N + 1). Therefore we get
E|Capy_s(y—1) (RI0, 122 + 4) - Lmpay 2 < ell2I3)] S 1212 Fn (4) exp(—c/(2)).

Putting everything together now gives that for ||z|| sufficiently large

P((z+ R+ +RY N (Roo + A) # 0)
Gn(z)

by taking e sufficiently small. This finishes the proof. O

2 efn(A) = exp(—c/(2e)) [n(A) Z [n(A),

5.2 Proof of (1.15).

We use here the same notation as in Section We define for i € Z, r; = 2%||z||, and let I be the
maximal index such that r_; > 4 diam(A). Now for ¢ > —I, define

B; = 8B(z, T‘i+1) U 83(2,’/“7;71).
and for ¢ > —1I, and k > 0, let

Tik = inf {n > af_l : X, € 6B(z,rl-)}, and Uf = inf {n > Tik : X, € Bi},

with the convention o, 1'= 0. To simplify notation we will also write 7; = 7'2-0 and o; = O'ZQ, for
1 > —1. Note that by definition one has 79 = 0. Then let for ¢ > —1I,

Ry = U R[E, ok
k>0

Observe that on the event {7_; = 0o}, one has

Reo = |J R
i>—1
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Note that, at least if ||z[| is large enough, one has for i > I, R + A C B(z,7it2) \ B(z,7i-2). In
particular it is always possible to split R(;) + A into a finite number (independent of z and A) of
pieces with diameter at most r;/8 each. Then using Theorem and a union bound, we obtain

IP((Z + Réo +---+ Révofl) N ('R(i) + A) #* @) S GN—l(Tz‘) -E [Capd—Q(N—l)(R(i) + A) .
Using another union bound and the above we then get, with g(r) = r2~% for r > 0,
P((z+ R+ +RE N (Rao + A) # 0)

<P(ry<o0)+ > P((z+RL+--+RIN (R + A) #0)

i=—1
: g(di(rfl)(z@) ! Z-Z_:I Gxa(ri) - E[Capg_agv-1) (R + 4)]. (5.1)

where for the last inequality, we used the well-known fact that for a simple random walk starting
from z, the probability to hit a ball B(0,7), with r < ||z||/2, is of order g(z)/g(r). Now one has
for any —I < ¢ < 0, using the transience of the walk, and recalling that E, denotes the expectation
with respect to the law of a simple random walk starting from x,

E|Capg_on—1)(R@) +A)| <P(ri <o00) - ;];1(1?) )Ex [Capd—2(N—l)(R(i) + A)}
xe 2,7

< 9(2) . Sup ZPI(TZk < oo)) -E, [Capd—Q(N—l)(R[O’Ui] + A)]

g(ri) x€0B(z,r3) k>0
z
< i ,) - sup  E, [Capd_z(w_l)(R[O,oi] +A)}. (5.2)
g(rl) €0B(z,r;)

Likewise for any ¢ > 0, one has

E[Capd—Q(N—l)(R(i) + A)} S ;;(P )E:c [Capd—Q(N—l)(R[Ou oi] + A)] (5.3)
e 2,7

Now we claim that for any ¢ > —1I, one has

sup  Ex | Capy_y(v—1) (RI0, o] + 4)| S F(A4) -2, (5.4)
xz€0B(z,r;)

Let us postpone the proof of the claim and conclude the proof of (1.15). Plugging (5.4) into ([5.2)
and (5.3)), and using (5.1) we get using that d > 1+ 2N,

_ 9(2) 7
P((z+R%+ -+ RE N (Rao + A) # 0) me‘FfN(A)'GN(Z)-

Dividing both sides by Gn(z), and letting ||z|| — oo concludes the proof of ([1.15]).

Thus it only remains to prove the claim (5.4]). For this one can just write, using monotonicity of
~-capacities, for any x € dB(z,r;), and some constant ¢ > 0,

E. [Capy_av_1)(R[0, 03] + A)} -3 E, [capd,Q(N,l)(R[o, o]+ A) - L(kr? < oy < (k+ 1)@)]
k>0
S DB | Capy_agv—1) (RIO, (k + 1)r] + A) - Loy = kr?)]
k>0
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> 1/2
<N E, [Capd av_1)(RIO, (b + 1)rd] + A)?| - P(o; > kr?)!/?
k>0

< Fv(A) Y k2 - exp(—ck) < fv(A) 12,

k>0

(Capd—2(N—1) (Rnt+A) )

as wanted, where for the penultimate bound we used again that since - n i

bounded, it also converges to .]/C\N(A) in L2. O

6 Capacity of the sausage in d =4
In this section we prove Proposition Recall that we assume here that d = 4. Following the
notation of [L91], we set ay = 2/72.

Claim 6.1. Fix M > 0. There exists a positive constant ¢ and ng so that for all n > ng, if £ is a
geometric random variable of parameter 1/n, then for all  with ||z|| < M we have for all € € (0,1),

c
( > €logn>

e2logn’

£
Z X —x) — 2a4(logn)

k=

Proof. Let

3
A=) (9(Xy —2) — g(Xp)).
k=0

By the gradient estimate for Green’s function (see e.g. Theorem 1.5.5 in [L91]), one has

1
Xp—2)—g(Xp)| < ——.

Furthermore, a standard computation gives

= 1 g(x)
E —_— | = —_— .
LZ:O It ||Xk||3] 2 T <%

T€Z4

Therefore Markov’s inequality gives that

P(lA] > = logn)

~ elogn’

To conclude the proof we use the concentration results proved by Lawler. Indeed, he shows in
Lemma 4.2.1 in [L91] that

d

S
> 9(Xk) — 2a4(logn)
k=0

€ 1
> —1 < .
— 2 ogn> ~ e2logn
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We now introduce some notation. Fix a set A and let X be a simple random walk starting from
the origin with range R. Let R be an independent copy of R. Let & and £ be two independent
geometric random variables of parameter 1/n. For every x € A we set

A = {l@+R1L0) N (RI-E,. 6]+ 4) =0}
no = 1@ ¢ (RLE]+A)

Uy = Y D gl Xp+y).

yeA —¢f <k<gy,

(&

The next lemma is an extension of a beautiful identity found by Lawler [L91, Theorem 3.6.1], which
corresponds to the case A = {0}. Here we mainly follow the notation and presentation of [BW22,
Lemma 2.12].

Lemma 6.2. We have
D E[L(AD) - ef - UY] = |A.

€A
Proof. For every nearest neighbour path (z1,...,z,,) we define
B(m,xy,...,xm) ={ + & =m, X g0y — X g =ap, V1< k<m},
and for all 0 < j < m we define
B(m,j, a1, oam) ={& =4, §r=m—j, X g py— X g =xp, V1< k<m}.

Using the independence of the increments of the walk and the geometric random variables we then
obtain

. 1
P(B(m,j,x1,...,xm) | B(m,x1,...,2m)) = e
Setting g = 0, we then have
> E[L(AL) - el - U]
T€EA
> P(B(m,x1,...,Tm)) UL
:ZZ Z 1 Z_:Z:l($+xj¢({l‘j+1,,$m}+/l))
2€AM=0 (z1,....xm) k=0 j=0
x P((w+ 25+ RI1,00) O ({0, 1, w} + A) = 0) D gl + 5 — 2k — ).
yeA

Recall that the last exit decomposition formula [LII) Proposition 2.4.1(d)] entails that for any finite
set B C Z% and any b € B,

1= gb—b) P((t/ +R[1,00))NB=0).
veB

Applying this to the set B = {zg,...,zm} + A4, and b = 2 +y, with y € A and k € {0,...,m}
fixed, we get

1:ZZl(ac+xj ¢ ({$j+1,...,.%'m}+A>)

z€A j=0
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x P((z + zj + R[1,00)) N ({z0, 21, .., Zm} + A) = 0) gz +a;— xR —y).

Substituting this above we obtain

DOERAD) e U= Y B(B(mai,... ) |A] = Al

z€A m=0(z1,...,2m)
and this concludes the proof. d
Lemma 6.3. We have A
Y E[L(AY) il = (1 +o(1)) - Taslogn’

T€A
Proof. We have from Lemma that

> EL(AY) e - Us] = Al

T€EA

We now get

4] 1
- : E[1(A%) - e* . (dayl — U,
daglogn = 4daqlogn Z; [L(A7) - € - (daglogn )

> EL(A7) -]

€A
For every x € A and € > 0 we let
B, = {lty — Eltt;]| > elogn}.
Then we have
E[L(AZ) - ¢ - [ERA) — U2 < clogn - E[L(AZ) - e£] + E[L(AZ) - [ER4Z] — U] - 1(BL))
We now explain that it suffices to prove that

B{L(AR) - ) - 23] LB S o (6.1)

Indeed, once this is established, then we get

A 1
S B il - o] < S ELAD il +O (o)

and since this holds for any € > 0, this concludes the proof. So we now turn to prove (6.1)). By the
Cauchy-Schwarz inequality we obtain

E[L(A}) - [E[T] - Us| - 1(B5)] < VP(AZ N BE) - B[(E[UE] - Uz)?] < /P(AZ N BE) - logn
using Claim for the last inequality. It remains to bound the last probability appearing above.
To do this we define

0

&
Upt = D 9@, X)) and Up® =" g(z, Xp),
k=—¢t k=0
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and also two events for i = 1,2
B2 = {|{U>" — 2a4logn| > elogn/4}.
Then it is clear that BE C BZY U BE?, at least for n large enough, and we have
P(A5 N BE) < P((w+ R[1,00)) N (R[-&4,0] + 4) = 0, B;2)
+P( (@ + R[1,00)) N (R[0, &3] + 4) = 0, B5")
= 2P( (2 + R[1,00)) N (R[-L, 0] + 4) = ) P(BL?).

Since x € A we get

P((o -+ R{1,00)) 1 (RI-€5.01+ 4) = 0) < B(R{L,00) 1 RI-€1,01 =0) §

Viogn’
using Corollary 3.7.1 in [L91] for the last inequality. Moreover, by Claim we get that

1
P(By?) <
( " ) ~ logn
and hence altogether this gives
xX X QZ‘ 1
BLLAD) - [BT) - 5] LB S o
concluding the proof. O

Proof of Proposition [I.7] Recall that for a finite set B C Z%, one has cap(B) = Y,z P((b+
R[1,00)) N B = 0), see [L91, Section 2.2]. We thus have

E[Cap(R,, + A)] ZZP(M [1L,n— ]+ A), (= + R[1,00)) N (R[—j,n — j] + 4) =0)
z€A j=0

We then get the following bounds for m = n/(logn)?

E[Cap(R, + A)] > n - Z ]P’(x ¢ (R[1,n] + A), (x + R[1,00)) N (R[—n,n] + A) = @) and
z€A
E[Cap(Ry + A)] <m-|A[+ (n—m)- ) P(:): ¢ (R[L,m] + A), (z + R[L,00)) N (R[—m,m] + A) = @) :
€A
and we conclude using Lemma O
Remark 6.4. As mentioned in the introduction, it would be possible to strengthen the result of
the proposition by proving an almost sure convergence, following the arguments of [ASS19]. The
idea is to obtain good bounds on the variance of Cap(R,,+ A), and then use Chebyshev’s inequality
and the Borel-Cantelli lemma. The variance estimates are based on the fact that the capacity is

almost an additive functional, with an error term (called cross-term in [ASS19]) having small second
moment. This approach is robust and works as well when we consider R,, + A for a finite set A.

7 Open problems
We discuss some open problems related to our present analysis.
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General v-capacity. It would be interesting to show that for any v € (2,d), one has

. Cap, (R, + A4)
lim ————~

n—00 n

= Cap,_5(A).

The results of this paper show that it is true when v = d — 2k, for some integer k, and Lemma
proves one direction for general v > 2, but the other direction is missing.

Hitting Times. In Theorem we established that the probability that a sum of N simple
random walks started from z hits a finite set A is of order Gy(z) - Capy_on(A), when d > 2N + 1
and ||z|| = oo. A natural question is whether the quantity

1 N
GN(Z)IP(z+ROO+---+RoomA7é®)

has a limit as ||z|| — oc.

Another natural question is whether the analogue of Theorem holds for the sum of invariant
trees. More precisely, when d > 4N + 1 and A is a finite subset of Z%, is the quantity

1
Plz+Th+ - +TaNA
G () (z+ T+ +TONA#D)
of order Cap,_4n(A) as [|z]| = co0? One difficulty here will be to be able to define hitting times of
the set A for which we can decouple future and past for each invariant tree.

Tails of local times. In Theorem we stated an intersection equivalence between the sum of
two simple random walks and an infinite invariant tree. However, the equivalence between these
two processes is not expected to hold beyond hitting probabilities. Obtaining tails for the local
times of additive walks is an open problem. We expect the local times of the sum of two walks to
decay as a stretched exponential when d > 5 as opposed to an exponential decay in the case of the
invariant tree (see [ASS23, Theorem 1.6]).

Critical models. There is a range of critical models for which several questions arise: the
Minkowski sum of two simple random walks in d = 4, the Minkowski sum of 3 walks in d = 6
and so on. Interesting questions include:

(i) The fluctuations of the capacity of a sausage obtained as we roll a finite set over the trajectory
of the process.

(ii) The tail of the local times, where we expect a stretched exponential tail. It would be inter-
esting to have a representation of the rate function.

(iii) The folding phenomenon for additive walks or trees, and the first estimates we need is an
upper bound on the probability to cover a region up to a certain density (measured in a
certain space-scale). A typical example of such a folding phenomenon is the event of having
a large intersection between two invariant trees in dimension d > 9, and the approach should
follow the analogous problem of intersection of two random walks in d > 5 studied recently
in [AS21].
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