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Abstract

We extend a theory for the deformation of glassy polymers based on the hetero-

geneous nature of the dynamics up to the strain hardening regime. We attribute

the latter to the increase of free energy barriers for α-relaxation as a consequence

of local orientation of monomers. The free energy barriers are set on a scale ξ ≈ 5

nm or of about Nc ∼ 1000 monomers which is involved in the α-relaxation mech-

anism. The variation of the local free energy barriers is given by the expression

∆F (σ∼, q∼) = ∆F0 − ξ3σ∼
..σ∼

2G′0
+ µ̃2 · Nc · Tr(q2∼ ) where ∆F0 is the free energy barrier per

monomer in the glassy state, typically ∼ 40 − 45kBTg for an aged polymer, q
∼
is the

local order parameter (nematic in nature) whose distribution is computed during the

course of deformation, σ∼ is the local stress and G′0 is the bulk glassy modulus. µ̃2 is an

energy scale of typical order 0.2-0.3kBTg. The second term is negative and is respon-

sible for yielding and the onset of plastic �ow. The third one is positive and becomes

important after a large deformation has signi�cantly oriented the chains on the scale of

the monomers. It may overcompensate the decrease of the free energy barriers due to

the increasing stress and is responsible for strain hardening. Since the contribution of

the stress to the reduction of the free energy barrier between stress softening and the

deformation λ ∼ 2 is of the order of −5kBTg, the contribution which leads to strain

hardening, µ̃2 ·Nc ·Tr(q2∼ ), is found to be of the order of 10 kBTg which corresponds to

an increase of the order of 0.01kBTg per monomer. This order of magnitude is compati-

ble with the calculated values of the order parameter q ∼ 0.3 in the direction of tension

during our simulations as well as that measured by Vogt et al (1990) by NMR. We

calculate the evolution dynamics of the order parameter q
∼
. Its dynamics is controlled

by a driving force due to the local stress and a relaxation process due to rotational

di�usion. The latter is entropic in nature and may be very slow in glassy polymers.

We compare the predictions of our model to recent experimental results regarding both

the evolution of the dominant relaxation time under applied strain and that of the

width of the relaxation times distribution up to large deformation amplitude, and more

speci�cally their non-monotonic behavior.
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I. Introduction

The mechanical and dynamical properties of glassy polymers have been intensively studied

for a long time, due to their fundamental and technological importance.1 Glassy polymers

exhibit a maximum in the stress-strain curves (yield point) at a strain value of a few percents

and a typical yield stress value of a few tens of MPa's,1,2 followed by the so-called stress

softening regime corresponding to a decrease of the stress of the order of a few (up to

typically ten) MPa's, depending on the thermo-mechanical history of the sample.3 This

regime is followed by a stress plateau corresponding to plastic �ow. Strain hardening may

then occur at even larger strain values. This regime corresponds to a roughly linear increase

of the stress as a function of the strain, with a slope GR of typical order of magnitude 107-

108 Pa well below the glass transition.4,5 Strain hardening, which is enhanced in polymers

with large molecular weights,4,6 is essential for obtaining high mechanical properties, since it

prevents strain localization and the propagation of cracks or the formation of shear bands,6�9

thereby making the polymer ductile and tough.

On the microscopic scale, an essential feature of polymers in the glassy state is the

strongly heterogeneous nature of the dynamics10,11 on a scale ξ of 3 to 5 nm as measured

by NMR12 or deduced by �uorescence recovery after photo-bleaching (FRAP).13 The cor-

responding distribution of relaxation times (DRT) has been shown to span up to eight

decades.14�16 Loo et al, Ediger et al, Kalfus et al, and Ciliberto et al17�28 have studied the

dynamics under plastic deformation by NMR, reorientation dynamics of small �uorescent

molecular probes and dielectric spectroscopy, respectively. The dynamics is accelerated even

before yield up to the stress softening regime and the onset of plastic �ow. Conversely, the

dominant relaxation time τα increases in the strain hardening regime.18�20,26�28 It was also

observed that the evolution of the width of the DRT is non-monotonic. The width �rst de-

creases, then reaches a minimum at the end of the stress softening regime and increases again

in the strain hardening regime. These non-monotonic evolutions of τα and of the width of

the DRT appear to be key features of strain hardening. Hem et al27,28 attributed the increase
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of the stress in the strain hardening regime to the increase of the dominant relaxation time

τα. Indeed, the measured increase of the stress in the strain hardening regime is consistent

with the increase of the monomer relaxation time τα. It was argued by Hem et al27,28 that

this increase of the relaxation time may account for an additional contribution to the �ow

stress of the order of σhard(ε) = G′0(τα(ε) − τsoft)ε̇ where ε (resp. ε̇) is the strain (resp.

strain rate), τsoft is the α-relaxation time at the end of the stress softening regime (where

it is comparatively faster) and G′0 is a high frequency (glassy) shear modulus of the order

of 109 Pa. This interpretation is consistent with the conclusions of Hoy and Robbins who

attributed strain hardening to molecular mechanisms similar to those which control the yield

stress and the �ow stress.7,29�33 These new results rule out the picture of entropic elasticity

associated to entanglements proposed by Haward.34

Mechanical properties of polymer glasses have also been studied by molecular dynamics

(MD) simulations.35�41 However, unraveling the processes involved in plasticity and strain

hardening by molecular dynamics simulations remains elusive though the studies by Robbins,

Hoy and Ge brought some new insights regarding the mechanisms related to strain harden-

ing.29,31,42,43 Chen and Schweizer have described the plastic onset, yield and plastic �ow of

glassy polymers within the Non-linear Langevin Equation model, an approach conceptually

similar to that of the energy landscape.44�47 Note that the spatial aspect of the problem is

not explicit in this mean-�eld description which lacks an explicit 3D description. At small

deformation, the position of the system is slightly higher in the landscape than at rest, re-

sulting in an accelerated dynamics. When stress is released, the system goes back down to

its initial state. At higher strain, the free energy barriers are tilted and the system starts to

�ow. On the other hand, Dequidt et al48,49 have proposed that the decrease of the barriers

is quadratic in the applied stress and scales like a quadratic invariant of the stress tensor

−σ∼ ..σ∼,49,50 the reduction corresponding to the stored elastic energy on the scale ξ ∼ 3−5 nm.

Based on this assumption, they proposed a model to calculate the evolution of the DRT in

4
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3D under any thermomechanical histories in the linear and plastic �ow regime, but without

strain hardening. An important di�erence between these two approaches is the scale involved

in the α-relaxation process: Dequidt et al assume that this scale involves about Nc ∼ 1000

monomers14,49 whereas Schweizer et al consider cages of the order of 10 monomers.44 The

physical mechanisms introduced by Dequidt et al49�51 have been con�rmed quantitatively

by Belguise et al by a detailed comparison of the stress relaxation function obtained experi-

mentally in the small amplitude plastic deformation regime to the predictions of the model.52

Other key features of glassy polymers in the strain hardening regime are memory ef-

fects, commonly referred to as Bauschinger e�ect.42,43,53,54 When the deformation is stopped

at some point during strain hardening and resumed after some waiting time, the second

stress-strain curve superposes on the reference one obtained at constant strain rate all

along.42,43,53,54 Various histories of deformation in the strain hardening regime have also

been considered in studies aimed at quantifying the microscopic dynamics.18�20,26�28 It was

observed that the dominant relaxation time increased rapidly when arresting the deforma-

tion, then decreased back rapidly as well upon resuming the deformation before rejoining

that of the reference test. These memory e�ects were interpreted by Hem et al28 as the con-

sequence of changes in the free energy barriers for α-relaxation induced by the deformation

applied to the sample. It was proposed that these changes are the sum of two contributions.

The �rst one is negative and scales like the quadratic invariant −σ∼ .. σ∼ introduced by Dequidt

et al48�52 for describing yield stress and plastic �ow in the absence of strain hardening. This

contribution relaxes with the stress, which can be very fast. The second contribution is

positive and is responsible for strain hardening.28,55 It is a function of chain orientation at

the monomer level, which may relax very slowly, with an associated relaxation time possibly

of the order of days, weeks or even more, depending on temperature and on the dynamical

state, itself resulting from the thermomechanical history, of the sample. Hem et al have

argued that Bauschinger memory e�ects43,53 could be explained by the slow relaxation of
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the structural change, on much longer time-scales than the one associated to the stress and

to the experimental time-scales.

In this manuscript, we introduce new physical mechanisms to account for strain hard-

ening. By analogy to the model of Chen and Schweizer,46 we assume that monomers are

oriented by the deformation, which is essentially homogeneous at the length scale ξ. This

slows down the local dynamics by strengthening interactions between monomers, as free en-

ergy barriers are enhanced by local chain alignment on the monomer scale, in addition to

the e�ect of the stress,49�51 as was discussed by Hem et al.28 Though the system remains

far from full alignment, i.e. far from an isotropic-nematic transition, we introduce a second

rank tensor order parameter analogous to a tensorial nematic order parameter. The evolu-

tion of this order parameter is described by a dynamical equation. When the stress is set

to zero, the order parameter relaxes towards the isotropic state, though this relaxation may

be long on the considered time-scale. Besides strain hardening itself, which is studied here

in a systematic way, the proposed extension of the model accounts for various e�ects which

are distinctive of glassy polymers, namely the complex evolution of the dominant relaxation

time and of the width of the DRT, from the linear elastic regime of deformation up to the

strain hardening regime.

II. Theory for plastic �ow of glassy polymers

II.1. Summary of the current state of the theory

Let us �rst summarize the theory previously developed in references.14,28,48�51,56,57 Long and

Lequeux,56 and Merabia and Long14,58 have proposed that the α-relaxation process involves

a number Nc ∼ 1000 monomers, which corresponds to a scale of about 5 nm. The local

relaxation time is determined by density �uctuations. Slow subunits correspond to upwards

density �uctuations of the order of 1 to 2%, while fast subunits correspond to downwards

6
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Figure 1: Left: A slow (high density) subunit of size ξ ∼ 3 − 5 nm within a faster (lower
density) surrounding may relax either by internal free volume reorganization (time τs) or
di�usion (time τd) (density di�erences are exagerated). Right: variation of τs (dashed curve)
and τd ∼ N2/3 (dash-dotted curve) vs the number N of monomers in subunits. The smaller
the scale, the larger the density �uctuations, hence the larger the value of τs. On the other
hand, the smaller the scale, the shorter the lifetime τd of density �uctuations.

density �uctuations of the order of -1 or -2%.

The size ξ of dynamical heterogeneities corresponding to the dominant scale of the α-

relaxation process stems from two competing relaxation processes.14 The �rst one corre-

sponds to reallocation of local free volume at the length scale 5 nm, within the standard

free volume picture on this local scale. The smaller the scale, the larger the density �uctu-

ations. In principle, one could �nd increasingly slower subunits by considering decreasing

scales. On the other hand, the smaller the scale, the shorter the lifetime of a density �uc-

tuation, as the local density can relax by free volume di�usion from the neighboring fast,

less dense subunits. Fast dynamical states can thus di�use from fast neighboring subunits.

This process has been called facilitation mechanism.14,45,51,58�60 The number Nc of monomers

involved in the α-relaxation process is thus determined by considering the lifetime τd of den-

sity �uctuations (see Figure 1).14,58 Therefore, the corresponding length scale ξ = aNc
1/3 (a

is a monomer length) is the smallest scale at which the lifetime of density �uctuations can

be equal to or larger than τα. Density �uctuations on smaller scales are irrelevant for the

α-relaxation process, being too short-lived. As a consequence of the facilitation mechanism,

7
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the relaxation time τα obeys the following relation

τα = τd = N2/3
c τf (1)

where the characteristic relaxation time of fast subunits τf obeys:

∫ τf

0

Q(τ)dτ = qc (2)

in which Q(τ) is the distribution of relaxation times (DRT) and the fraction qc of fast sub-

units is an adjustable parameter, typically a few tens of percents. The lifetime of density

�uctuations τd can be considered as a melting time of large density �uctuations by the fastest

surrounding subunits.14,58 The relation τd = N
2/3
c τf means that the relaxation of the slowest

subunits corresponds to both internal processes and to the melting by the faster environment.

Equation (2) is key for calculating the melting kinetics of a glassy polymer upon heating.58

In reference,58 Merabia and Long have shown that the rejuvenation dynamics as measured

by Kovacs61 can be correctly described by using the value qc = 0.3. The dominant relaxation

time τα can never be larger than τd as a consequence of the facilitation mechanism. This

mechanism is responsible for the narrowing of the distribution of relaxation times under

applied strain up to the stress softening regime.18,27,28,50,51 Note that so-called facilitation

mechanisms, according to which the local dynamics also depends on the dynamics of the

neighbors, have also been introduced in di�erent contexts.59,60

In the presence of a local stress σ∼, before strain hardening takes place, Dequidt et al48,49

and Conca et al51 have proposed that the α-relaxation is an activated process with free

energy barriers given by

∆F (σ∼, T, ρ) = ∆F0(T, ρ)− ξ3σ∼
.. σ∼

2G′0
(3)

8
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where ξ3 = Nca
3 is the scale of dynamical heterogeneities, with a number Nc ∼ 1000 of

monomers involved in α-relaxation and a ∼ 0.5 nm a monomer size. ∆F0(T, ρ) is the free

energy barrier for the polymer at rest at temperature T and density ρ before the stress has

been applied, and is typically of the order of∼ 40−45kBTg for an aged polymer. The quantity

σ∼
.. σ∼ is the quadratic invariant de�ned as σ∼

.. σ∼ = (1/2) [(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2]

where σ1, σ2, σ3 are the eigenvalues of the local stress tensor σ∼. In shear deformation along

direction 1 with a displacement gradient along direction 2, this invariant is equal to 3σ2
12. In

the course of plastic deformation, subunits relax randomly and the local relaxation time of a

given subunit becomes a complex quantity which depends on temperature, on the local state

(ρ, σ∼), on the history of relaxation and on the aging process undergone by the considered

subunit.49,51,58

For large deformation amplitudes, Hem et al28 have argued that, for polymers which expe-

rience strain hardening, monomer orientation contributes to increasing free energy barriers,

which become

∆F (σ∼, T, ρ) = ∆F0(T, ρ)− ξ3σ∼
.. σ∼

2G′0
+Ncκ(ε) (4)

where ε is the strain. This is of course a short-hand notation since the orientation depends

on the whole deformation history and relaxes, at least partially, during the applied defor-

mation. We will de�ne κ(ε) and calculate its evolution for each subunit as a function of the

deformation history.

II.2. Local tensorial order parameter

Upon applying a deformation on a polymer, the microscopic deformations on short time-

scales may be assumed to be a�ne: the small tensorial deformation applied on the macro-

scopic scale is the same down to the molecular scale, before relaxation takes place.62 Figure

2 illustrates how deformation results in local monomer orientation. At high temperature,

9
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this orientation is short-lived because relaxation on the monomer scale is very fast. Below

Tg, this orientation may be long-lived because monomer relaxation times during plastic �ow

may be as large as 103 to 104 s.26�28 As a consequence, monomer orientation may increase

during deformation. We will calculate this evolution in the following.

Figure 2: Schematics suggesting how deformation a�ects the local con�gurations. At large
length scales, polymer chains maintain their Gaussian structure. At the scale of dynamical
heterogeneities, monomers partially align in the direction of deformation because segmental
relaxation is too slow. As a consequence, intermolecular interactions and correlations are
enhanced, reducing the local mobility and slowing down the dynamics.

Let us consider one monomer bond, described by a unit vector ~u. When an in�nitesimal

deformation tensor Id∼ + κ∼ is applied, where Id∼ is the identity tensor and κ∼ a small strain

tensor, the bond vector of coordinates ui becomes

u′i = ui + κi,juj

where summation over repeated indices is implicit. Note that we assume here that monomers

can be slightly extended by the applied strain, which is possible if so-called monomers are

actually coarse-grained chemical units, beyond one Kuhn segment. Up to linear order, one
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Page 10 of 55

ACS Paragon Plus Environment

Submitted to Macromolecules

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



gets

〈u′iu′l〉 = 〈uiul〉+ 〈κi,jujul + κl,mumui〉

where the average 〈.〉 is performed over the Nc monomers in a given subunit of size ξ. Since

the initial state is isotropic, one has 〈uiuj〉 = 1
3
δi,j and

〈u′iu′l〉 =
1

3
δi,l +

1

3
(κi,l + κl,i)

The local order parameter q
∼
is de�ned by

qi,j =
1

2

〈
3u′iu

′
j − δi,j

〉
(5)

which yields:

qi,j =
1

2
(κi,j + κj,i) (6)

that is q
∼

= (1/2) (κ∼ + κ∼
t), where κ∼

t is the transpose of κ∼. This equation relates the local

(quadrupolar) orientational order parameter q
∼
to the local deformation tensor κ∼. In the

Supplementary Information document, we consider the case where monomers are described

as inextensible, rigid rods. We show that this results in an equation essentially similar to

Equation (6), within a prefactor 0.6.

II.3. Impact of monomer orientation on energy barriers

We assume that the orientation of the chains on the monomer scale leads to an increase

of their molecular interaction. This is due to the anisotropy of van der Waals interactions.

Quadrupolar polarization along the backbone is generally larger than in a direction normal to

the backbone, which may lead to nematic ordering when the di�erence is su�ciently large.63

The interaction energy is a quadratic function of the local order parameter, is invariant by

frame rotation and is negative. It may thus be assumed to be proportional to −Tr
(
q
∼
2
)
,

11
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where q
∼
is the tensorial order parameter de�ned in Equation (5). As a consequence, the

interaction energies of the monomers decrease (they increase in absolute value) under the

applied deformation. The latter tends indeed to orient the monomers and to produce hairpins

along the backbone. We assume that full alignment would lead to a decrease (an increase

in absolute value) of the interaction energy of the order of −0.2 to −0.3kBT per monomer.

This interaction energy is smaller in absolute value than, but nevertheless of the same order

of magnitude as, the value which would lead to nematic ordering.63 Thus the decrease of

free energy per monomer is given by −µ̃2Tr
(
q
∼
2
)
, where µ̃2 is typically of the order of 0.2 to

0.3kBTg. Our point of view is that, for a signi�cantly larger anisotropy of the interactions

(that is, a signi�cantly larger µ̃2 value), the polymer would be in a nematic state, corre-

sponding to a liquid crystalline polymer,63�65 while for a signi�cantly smaller anisotropy,

there would be no strain hardening at all, as we shall see in the following.

The next issue is to elucidate the e�ect of this decrease (increase in absolute value) of

interaction energies between monomers on the free energy barriers for α-relaxation. The

monomers are driven in a lower energy state which is not favorable for the random motions

leading to α-relaxation. We assume that, in order to be able to explore the whole phase space

for α-relaxation attempts, the monomers need to recover their initial (closer to equilibrium)

state of random orientation. This can be made at a cost of µ̃2NcTr
(
q
∼
2
)
per dynamical

subunit. The free energy barriers are thus increased by this amount.

It follows that the local free energy barrier for α-relaxation is modi�ed into :

∆F (σ∼, q∼) = ∆F0 −
ξ3σ∼

.. σ∼
2G′0

+ µ̃2NcTr
(
q
∼

2
)

(7)

The term Ncµ̃2Tr
(
q
∼
2
)
may be rewritten kBTµ2Tr

(
q
∼
2
)
with µ2 = Ncµ̃2/kBT a dimen-

sionless, adjustable parameter of the model that we predict to be of the order of 200-300
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typically, as we shall see below.

From equation (7), the evolution of the local relaxation time τ can be written:

τ = τ0 exp

(
∆F (σ∼, q∼)

kBT

)
= (8)

τ0 exp

(
∆F0

kBT
− λσ∼ .. σ∼ + µ2Tr

(
q
∼

2
))

where λ = ξ3/(2kBTG
′
0) denotes the plasticizing parameter and τ0 is a ballistic time between

monomer collisions, typically of the order of 10−13 s.

In order to determine the evolution of free energy barriers during the applied deformation,

we need to calculate the dynamics of the average monomer orientation at the scale ξ of

dynamical heterogeneities.

II.4. Dynamics of the local tensorial order parameter

The local order parameter q
∼
evolves according to two distinct contributions. The �rst one

is the driving force due to the applied deformation. The local deviatoric stress σ∼dev induces

a tension along each polymer chain. On a given monomer, this tension is given by σ∼deva
2,

where a is one monomer length. This tension is a driving force which progressively orients

the monomers. We thus have:

a
dq
∼

dt
=
σ∼deva

2

2G′0τa
=
σ∼deva

2η
(9)

where the numerator is the tension and the denominator contains the local viscosity η ≈ G′0τ ,

in which τ is the local relaxation time, which depends on the history of the given subunit

and on the local stress, as discussed above and in references.49,51

The second contribution makes q
∼
relax to zero in the absence of driving force. The

force which restors orientational isotropy is entropic in nature. In order to calculate the
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relaxation dynamics, let us consider the orientation vector ~u of a given monomer under an

applied tension force ~f . The unit vector may be written as ~u = ~u0 + δ~u, where ~u0 is a

�uctuating random vector of average value the nil vector and δ~u is a permanent bias due

to the applied tension. If ~f is in the i direction, for small δui, δui ≈ af/(3kBT ) where

af/(3kBT ) is the dimensionless tension.66 In the absence of this tension and of any other

perturbation such as the driving force discussed above, the average orientation vector relaxes

on average to the zero tensor. As a consequence, the relaxation of the elongation δui is given

by

a
dδui
dt

= −kBT
aζ

af

kBT
=

3kBT

aζ
δui (10)

where ζ ∼ ηa ∼ G′0τa is a friction coe�cient at the monomer scale. In terms of the bias

vector δ~u, the order parameter (Equation (5)) can be written

qi,j =
1

2
〈3uiuj − δi,j〉 =

3

2
〈δuiδuj〉 (11)

It follows from equations (10) and (11) that the order parameter q
∼
relaxes to the zero tensor

according to this restoring force which derives from the orientational entropy :

dqi,j
dt

=
3

2

〈
δui

dδuj
dt

+ δuj
dδui
dt

〉
= −9kBT

a2ζ
〈δuiδuj〉 = −6kBT

a2ζ
qi,j

or equivalently

a
dq
∼

dt
=
−6kBTq∼

aζ
=
−6kBTq∼
G′0τa

2
(12)

This equation describes the relaxation of the orientational order parameter by rotational dif-

fusion. In the Supplementary Information document, we consider the orientation relaxation

of rigid rods and show that it is essentially equivalent to that given by Equation (12).

Combining Equations (12) and (9), the evolution equation for the local order parameter
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is obtained:
dq
∼

dt
=

1

2τ(q
∼
, σ∼)

(
σ∼dev
G′0
−

12kBTq∼
G′0a

3

)
(13)

This equation describes the evolution of q
∼
for each dynamical subunit, considering its own

history and relaxation time. Equation (13) is the main physical e�ect added to the model

as compared to references.48,49,51

II.5. E�ect of the pressure on the dynamics

Equation (8) explicitly incorporates the e�ect of the deviatoric stress only and not the e�ect of

the hydrostatic component of the stress. Taking the deviatoric stress into account is su�cient

when either tensile or compressive tests are considered separately,50,52,54,67 since the e�ect of

the hydrostatic stress on the relaxation time is relatively small as compared to that of pure

shear. On the other hand, this e�ect must be taken into account when comparing tensile

and compressive tests.5,55 This may be done by adding a multiplicative factor of the form

exp(a∗pp) to the r.h.s of Equation (8), where p = −Tr (σ∼) /3 is the hydrostatic component

of the stress (i.e. the pressure) and a∗p is a constant of the order of 10−8 Pa−1 typically.5,57

For the considered experiments, the argument a∗pp never exceeds a value of the order of 1,

whereas relaxation times vary by many orders of magnitude under the e�ect of the deviatoric

component of the stress.55

II.6. Discussion

Let us consider the physical meaning of Equations (8) and (13). The discussion here is

qualitative and we shed the tensor notation. The ratio ε = σ/G′0 between the local stress

σ and the glassy modulus G′0 may be interpreted as a "glassy deformation". Equation (13)

then reads

dq

dt
=

1

2τ

(
σ

G′0
− q

R

)
=

1

2τ

(
ε− q

R

)
(14)
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where R = G′0a
3/12kBT . The quantity kBT/a

3 is the Rouse modulus extrapolated to one

monomer. It sets the scale for the orientational entropy forces which restore isotropy through

orientational di�usion.62 The ratio 1/R sets the respective e�ects of the driving force and

the restoring force. R is an adjustable parameter of the model. Its approximate value is

predicted by the theory. Assuming a = 0.5 nm and T = 290 K, one has kBT/a
3 ≈ 3 ·107 Pa,

whereas G′0 ≈ 3 ·109 Pa typically. The ratio R is then between 6 and 10. The relatively large

value of R stems from the fact that the Rouse modulus on one monomer scale is smaller by

two orders of magnitude than the bulk glassy modulus G′0.

As a consequence of Equation (14), the local orientational parameter q saturates at a

value qmax = Rσ/G′0. Assuming σ = 9 · 107 Pa, G′0 = 3 · 109 Pa and R = 10, one obtains

qmax = 0.3. q may thus be assumed to remain far below its maximum value 1, which war-

rants the linear approximation used to derive the dynamical equation (13). Assuming that

µ2 ≈ 300, we deduce that an upper bound for the contribution to the local increase of free

energy barriers due to monomer orientation is of the order of 30 kBTg.

To increase the local order parameter, that is, to rapidly and e�ciently orient the

monomers, a high local stress value σ is favorable, since both the driving term σ/τG′0 in

Equation (14) and the saturation value qmax = Rσ/G′0 increase as σ increases. As long as

the stress has not relaxed yet, the local relaxation time τ is relatively small as a consequence

of the decrease of the free energy barriers due to the stress. However, the driving force σ/G′0

for orienting the monomers is still present. The possible occurrence of strain hardening then

results from a �ne balance between the increase of free energy barriers due to monomer

orientation driven by the stress (Equations (8) and (13)) and the decrease of free energy

barriers due to the stress which in turn contributes to shortening the relaxation time τ and

accelerate the relaxation of the orientation.

As long as a relaxation event has not taken place yet, the driving force progressively
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orients the monomers and the local order parameter increases. Conversely, if a relaxation

event takes place, the driving force drops, the relaxation time drops to a low value before

increasing again through aging and the local orientation might relax by rotational di�usion.

The parameter µ2 corresponds to the lowering of interaction energy between perfectly

aligned monomers as compared to an isotropic distribution of orientation, and controls the

increase of the local free energy barriers and of the local viscosity due to orientation. This

e�ect is due to van der Waals interactions between monomers and is purely enthalpic. The

quadrupolar interaction is larger between aligned rods than for perpendicular rods. At low

temperature, these interactions (which are essentially independent of temperature) would

lead to a nematic state. At temperatures of the order of Tg or above, the equilibrium state

is isotropic because the orientational entropy dominates. When monomer orientation is

driven in out-of-equilibrium states, this entropy dominates the restoring force, though there

are indeed energetic contributions which marginally reduce this restoring force. We only

consider the dominant term of orientational entropy as a restoring force, associated to the

factor 1/R.

III. Relaxation mechanisms

We discuss here the 3D numerical implementation which has been developed to solve the

theoretical model described above. The numerical model without strain hardening has been

described in references.48,49,51 The local nematic order parameter q
∼
is a new degree of free-

dom. Dynamical heterogeneities are modeled by both glassy springs characterized by a high

frequency elastic modulus G′0 and a local relaxation time τ(tw, σ∼, q∼) which �uctuates and

evolves in time. τ(tw, σ∼, q∼) depends on the age tw of the glassy spring, that is the elapsed

time since the last breaking event, the local stress σ∼ and the local order parameter q
∼
. The

strain and stress �elds are computed in 3D. The resolution is the size ξ of dynamical hetero-

geneities. A spatial distribution of relaxation times, which age and relax randomly during
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the course of the simulations, is computed and updated at every time step of the simulation.

At each time step dt, a glassy spring relaxes with a probability dPrel given by

dPrel(τ(tw, σ∼, q∼)) =
dt

τ(tw, σ∼, q∼)

When a spring relaxes, its age tw is set to a lower cuto� value tmin and the glassy stress is re-

leased. Otherwise, the spring ages further by dt. The aging and relaxation processes in glassy

polymers in the linear and plastic �ow regimes were modeled in this way in references.48,49,51

According to equation (8), the dependence on σ∼ is introduced by

dPrel(tw, σ∼, q∼) = dPrel(t, 0, 0) exp
(
λσ∼

.. σ∼ − µ2Tr
(
q
∼

2
)
− a∗pp

)
(15)

where p is the pressure. Assuming ξ = 3 nm, G′0 = 3 × 109 Pa and T = 5 × 10−21 J, the

typical value λ = ξ3/(2G′0kBT ) ∼ 10−3 MPa−2 is obtained for the plasticizing parameter.

This value will be used in our simulations. The deviatoric component σdev of the stress

appears in the argument of the exponential, which becomes of the order of one for a stress

of a few tens of MPa's and a strain of a few percents. Regarding the e�ect of orientation,

we have seen that µ2 = µ̃2Nc/kBT may be assumed to be of the order of 300. This value

will generally be used in our simulations. Based on experimental data by Govaert et al,5 we

assume that a∗p is typically of the order of a∗p = 10−2 MPa−1.

The dependence on the age tw of the glassy spring relaxation rate is given by

dPrel(tw, 0, 0) ' −d ln peq(τ)

dτ

∣∣∣∣
τ=tw

dt (16)

where peq(τ) is the equilibrium DRT.48 We assume that the distribution of relaxation times

τs at equilibrium can be represented by a log-Gaussian probability distribution of central
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value τ̄ and width ∆:16,49

peq(Log(τs)) =
1√
π∆

exp(−Log2(τs/τ̄)

∆2
) (17)

with Log = log10. We further assume that decreasing the temperature slows down the

dynamics only by shifting peq towards longer time scales. The central value τ̄ is computed so

that the time τpc corresponding to the percolation threshold pc is equal to τα at equilibrium,

through the percolation equation :49,56,68,69

∫ ∞

Log(τα)

peq(Log(τs))dLog(τs) = pc (18)

with pc ≈ 0.11.

For each dynamical subunit, equations (15) and (16) provide a local relaxation time

which depends on its age tw, is accelerated by the local stress and slowed down by monomer

orientation. A "bare" distribution of local relaxation times Qσ(τs, t), from which the long-

time cut-o� τd for α-relaxation is calculated, is obtained in this way. The following expression

is then used for the e�ective relaxation time associated to a subunit of age tw with a local

stress tensor σ∼ and local order parameter q
∼
:

τ(tw, σ∼, q∼, {τs}) = min
[
τs(tw, σ∼, q∼), τd({τs})

]
(19)

The relaxation probability during dt is given by

dPrup(tw, σ∼, q∼, {τs}) =
dt

τ(tw, σ∼, q∼, {τs})
=

dt

min
[
τs(tw, σ∼, q∼), τd({τs})

] (20)

Equations (15), (16), (19) and (20) altogether contain the e�ect of aging,48,49,70 the impact

of the stress on the acceleration of the dynamics and the facilitation mechanism (melting of
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slow subunits by faster ones).49,51

IV. Results and discussion

IV.1. Mechanical properties and strain hardening

Unless otherwise stated, the strain hardening mechanism is implemented in the simulations.

All simulations implement the facilitation mechanism: the relaxation time of a given subunit

is coupled with the dynamics of neighboring subunits by Equation (19). The reference values

for the parameters µ2 and a
∗
p are µ2 = 300 and a∗p = 10−2 MPa−1. The WLF parameters of

polystyrene (PS), with Tg = 373 K, have been arbitrarily chosen for this generic description of

the model.14 This choice sets the temperature dependence of the dominant relaxation time

of the undeformed polymer in all calculations. Speci�c polymers and experimental data

will be considered in future work. Stress-strain curves obtained with the strain hardening

mechanism but without the e�ect of the pressure (a∗p = 0) are shown in Figures 3.(a) and

3.(b) during tensile and compressive tests, respectively. The true strain ε is de�ned as

ε = ln (L/L0) where L0 and L are the lengths of the sample in the relaxed and deformed

states respectively. No strain hardening is observed at T = 351K. The stress-strain curve

exhibits a plateau corresponding to a steady state of the relaxation time distribution.49,51

Strain hardening sets in upon lowering the temperature.

The elastic, yield and stress softening regimes are similar to those obtained in refer-

ences49,51 without the strain hardening mechanism. At deformation amplitudes beyond the

stress softening regime, a roughly linear increase of the stress with a slope GR ∼ 107 � 108 Pa

is observed. The onset of strain hardening occurs at about 15 to 30 % strain amplitude. This

behavior is qualitatively consistent with experimental data reported in the literature. GR

vanishes close to Tg and increases as temperature decreases, up to values of about 100 MPa

far below Tg. In addition, larger GR values correspond to smaller stress overshoots during
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Figure 3: True stress - true strain curves during uniaxial tensions (a) and uniaxial compres-
sions (b) at di�erent temperatures and at constant true strain rate of 0.1 s−1. The strain
hardening mechanism is implemented. The strain hardening parameters are µ2 = 300 and
a∗p = 0 MPa−1. For both tension and compression, no strain hardening is present at T = 351
K whereas strain hardening sets in at lower temperatures. The lower the temperature, the
higher the strain hardening modulus. Note that as the e�ect of pressure is not taken into
account, the mechanical responses in both tension and compression are similar.
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stress softening, which is also observed in experiments.7 Note that, as the speci�c contribu-

tion of the pressure is not taken into account, both series of curves in Figures 3.(a) and 3.(b)

are very similar.

We describe the α-relaxation as a random process. When a relaxation event takes place,

the stress is entirely relaxed, the dynamics of the subunit becomes fast and starts aging again.

As a result, the stress-softening is somewhat sharper than that observed experimentally. Our

point of view is that comparing in detail results of our simulations to experimental data in

this regime could give important clues regarding the physics of the α-relaxation and the

facilitation mechanism itself and may allow to describe a more progressive relaxation with

more details as regards to the physics involved. The key for a better description of the stress

softening would be a �ner description of the α-relaxation and of the facilitation mechanism

themselves.

Stress-strain curves obtained at di�erent temperatures and di�erent strain rates are plot-

ted in Figure 4.(a) and Figure 4.(b) respectively, for both tension and compression tests. The

lower the temperature or the higher the strain rate, the higher the strain hardening modulus

for both tension and compression. Note that the higher temperature in Figure 4.(a) and lower

strain rate in Figure 4.(b) both nearly correspond to the onset of the strain hardening. For

the same temperature and strain rate, the stress level in compression is systematically larger

than in tension. In our model, this di�erence is entirely due to the e�ect of the pressure.

Simulations of tensile and compressive tests with various values of the pressure parameter a∗p

have been performed at 345 K and strain rate of 0.1 s−1. The obtained stress-strain curves

are shown in Figure 5. The larger the value of a∗p, the larger the di�erence between tension

and compression. Note that the curves are much less noisy than those in reference,49 as the

size of the simulation box is 4 times larger and the time step 10 times shorter than in.49

As shown in Figure 4.(b), the strain hardening increases as the strain rate increases. In

fact, as the strain rate increases, the stress increases over the whole range of deformation,
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Figure 4: True stress-true strain curves during uniaxial tensions (full curves) and compres-
sions (dashed curves): (a) at di�erent temperatures and at constant true strain rate 0.1 s−1,
and (b) at di�erent strain rates at a constant temperature 345K. The strain hardening mech-
anism is implemented with parameters µ2 = 300 and a∗p = 0.01 MPa−1. At the lower strain
rate, the strain hardening regime is barely present. The higher the strain rate, the higher the
strain hardening modulus. Note that compressive stress-strain curves exhibit systematically
stronger strain hardening than do tensile curves due to the e�ect of pressure.
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Figure 5: True stress - true strain curves during uniaxial tensions (continuous curves) and
compressions (dashed curves) for di�erent values of a∗p in MPa−1. Simulations are performed
at a constant temperature 345K and constant true strain rate 0.1 s−1. The strain hardening
mechanism is implemented. The strain hardening parameter is µ2 = 300. Compressive
stress-strain curves exhibit a stronger strain hardening behavior than tensile ones due to the
e�ect of pressure.
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which is consistent with experimental results.71

The modulus GR is roughly proportional to the logarithm of the strain rate. GR is plotted

as a function of temperature in Figure 6, for simulations run at a constant strain rate 0.1 s−1.

GR decreases and strain hardening is less pronounced as temperature increases. GR vanishes

at about T = 352K, that is T ≈ Tg − 21K.

344 346 348 350

T (K)

0

20

40

60

80

G
R

(M
P
a

)

Figure 6: Evolution of the hardening modulus GR as a function of temperature during
tensile tests performed at −0.1 s−1. The strain hardening parameters are µ2 = 300 and
a∗p = 0 MPa−1.

IV.2. Orientation

The evolution of the average value of the order parameter Tr
(
q
∼
2
)
as a function of the strain

is shown in Figure 7, for di�erent temperatures. Not far below Tg, the order parameter does

not increase signi�cantly under deformation, because the monomer orientation relaxes too

fast. As temperature decreases below Tg − 25 K, the average Tr
(
q
∼
2
)
value increases up to

about 6 − 7 % at large deformation. At small strain, monomer orientation is too small to

induce a signi�cant increase of free energy barriers for α-relaxation. As a consequence, the

yield stress and the stress softening regime are not signi�cantly modi�ed, even though the

25

Page 25 of 55

ACS Paragon Plus Environment

Submitted to Macromolecules

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



yield stress is slightly increased and stress softening slightly reduced in the presence of the

strain hardening mechanism.

The observed average Tr
(
q
∼
2
)

value at deformation ε ∼ 1 at the lowest considered

temperatures is about 3 × 10−2. This value leads to an average increase of free energy

barriers due to monomer orientation of the order of 9kBTg, which is quite large. However,

we shall see later that the increase of Tr
(
q
∼
2
)
is strongly heterogeneous and that the e�ect

observed on stress-strain curves cannot be understood by considering the average Tr
(
q
∼
2
)

value only. The average value of S = | < q33 > | is plotted in Figure 8, for both tension

Figure 7: Average orientational parameter < Tr
(
q
∼
2
)
> as a function of true strain during

uniaxial tensions (continuous lines) and uniaxial compressions (dashed lines) at a constant
true strain rate ε̇ = 0.1 s−1. The di�erent colors correspond to di�erent temperatures.
Highest orientation is observed at low temperatures, due to the reduced mobility and higher
stress levels. The strain hardening parameters are µ2 = 300 and a∗p = 0.01 MPa−1.

and compression tests along direction 3. At the lowest considered temperatures and at large

deformations, S takes values of the order of 0.1-0.15, comparable to the values measured

by NMR by Vogt et al in polycarbonate.72 Figure 8 also shows that the orientation does

not increase signi�cantly for the highest considered temperature. This temperature of about

Tg − 21K corresponds to the temperature at which the modulus GR vanishes. Note that
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Figure 8: Evolution of S = | < q33 > | as a function of true strain during uniaxial tensions
(continuous lines) and uniaxial compressions (dashed lines) at a constant strain rate ε̇ = 0.1
s−1 along direction 3. The di�erent colors correspond to di�erent temperatures. The strain
hardening parameters are µ2 = 300 and a∗p = 0.01 MPa−1.

< Tr
(
q
∼
2
)
> and S = | < q33 > | are quadratic and linear functions of the order parameter

respectively, hence the di�erent variations in Figures 7 and 8.

IV.3. Evolution of the free energy barriers

The cumulative distributions of orientation F
(

Tr
(
q
∼
2
))

, of elastic energies F (λσ∼
.. σ∼) and of

the entire barrier modi�cations for α-relaxation F ({−htot}) where −htot = λσ∼
..σ∼−µ2Tr

(
q
∼
2
)

are plotted at di�erent strain values in Figures 9.(a), 9.(b) and 9.(c), respectively. The

cumulative distribution F of a positive random variable x is de�ned by F (x) =
∫ x
0
p(u) du,

where p is the distribution function of the variable. By de�nition F (x→ +∞) = 1.

The evolution of the distribution of Tr
(
q
∼
2
)
(Figure 9.(a)) is monotonic, with an overall

shift towards higher values as ε increases (see also Figure 7). Conversely, the evolution of
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the distribution of λσ∼
.. σ∼ (Figure 9.(b)) is not monotonic. Up to yield ( ε ≈ 4 %) and during

stress softening (up to about 25 % true strain), the evolution of elastic energies is the same

as the one without the strain hardening mechanism. The elastic energies decrease during

stress softening. Then, in the strain hardening regime, instead of remaining stationary, the

distribution of elastic energies shifts towards higher values again.

Figure 9.(c) shows that at small strain values, energy barriers for α-relaxation always

decrease (i.e. shift towards the right-hand side of the graph). However, when subunits start

to get oriented (at approximately 25 % true strain), some energy barriers increase (shift

towards the left-hand side of the graph). At strain values as high as 75 % and 150 %, a

signi�cant fraction of subunits have very high energy barriers. Even though such high bar-

riers (of the order of 50 kBTg) should correspond to inaccessibly long relaxation times, the

corresponding subunits may relax with a characteristic time τd as a consequence of the facil-

itation mechanism (see also Figure 12). Since some subunits have high elastic energy levels

and contribute to a large decrease of free energy barriers, we deduce that the orientation and

stress are correlated: subunits which bear a large stress are also strongly oriented, as could

be expected.

A fraction of subunits which bear no stress and are oriented may exist as a consequence

of the di�erence between the relaxation rate of the stress, which may be fast, and that of

orientation, which is progressive. Consider a particular subunit which has stored a high

local stress, that is a high local elastic energy, and which in turn has oriented signi�cantly.

When this subunit undergoes a relaxation event at t = 0, the local stress (the driving force

for orientation in equation (13)) drops instantly to zero, while the local orientation remains

unchanged at t = 0+ and relaxes progressively under the e�ect of the entropic relaxation

force in equation (13). It results that the energy barrier of this subunit suddenly increases

by a large amount (roughly corresponding to the elastic energy stored by the subunit before

the relaxation event) and subsequently decreases progressively as local orientation relaxes.
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Figure 9: Cumulative distribution functions computed at di�erent true strain values, during

a tensile test at 345 K and 0.1 s−1, for: (a) the orientations Tr
(
q
∼
2
)
; (b) the elastic energies;

(c) the entire free energy barrier modi�cation for α-relaxation (multiplied by −1) at the
scale of subunits. The strain hardening mechanism is implemented, with strain hardening
parameters µ2 = 300 and a∗p = 0 MPa−1. Abscissa scales are in units of kBT .
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IV.5. In�uence of model parameters

The main adjustable parameters of the model are λ, µ2 and R. λ, which is the key parameter

for yield stress, is directly related to the dominant scale ξ of the α-relaxation process. The

value of this length ξ is approximately, but not exactly, known. µ2, which sets the increase

of free energy barriers as a function of monomer orientation, is related to the anisotropy of

the monomer polarizability, to the Kuhn length and to the scale ξ. Note that in non-polar

polymers, that is polymers with no permanent dipoles, monomer interactions are mostly van

der Waals interactions, which are essentially dipolar interactions between �uctuating and

induced dipoles. This interaction between monomer A and monomer B involves the product

of the electron polarizabilities of these monomers, W ∼ pApB, which are most frequently

larger for parallel monomers than for perpendicular ones.63,73 The order of magnitude of µ2

is about 300, but its precise value depends on those polymer details. The order of magnitude

of 1/R, which sets the relaxation rate of monomer orientation in the absence of driving force,

is predicted by the theory to be of the order of 0.1. We consider here how strain hardening

depends on the precise values of these adjustable parameters.

Stress-strain curves are plotted for di�erent values of the parameter λ in Figure 10.(a).

When λ decreases, both the yield stress σy and post-yield stress values increase. Strain

hardening is also more pronounced, with a larger hardening modulus. This is due to the fact

that smaller values of λ lead to smaller decrease of the free energy barriers as a function of

the stress, and thus to longer relaxation times at a given stress level. Orientation is enhanced

as a consequence of the slower relaxation of the orientation. Conversely, strain hardening

is less pronounced upon increasing λ and becomes small, with stress values always smaller

than σy even in the strain hardening regime, for values of λ larger than 1.5× 10−3MPa−2 .

Tensile stress-strain curves obtained for di�erent values of µ2 are plotted in Figure 10.(b).
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Figure 10: Stress-strain curves during tensile tests at 345 K and 0.1 s−1: (a) for di�erent
values of λ. Indicated λ values are in units of 10−3 MPa−2. Other parameter values are
µ2 = 300, a∗p = 0.01 and 1/R = 0.1; (b) for di�erent values of µ2. Other parameters values
are λ = 10−3 MPa−2, a∗p = 0.01 and 1/R = 0.1.
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It appears that µ2 has no in�uence on the elastic regime nor on yield because monomer ori-

entation is negligible at small deformation. However, the stress values during stress softening

and strain hardening, as well as the hardening modulus, are strongly a�ected by µ2. The

higher µ2, the higher the stress values after yield and the more pronounced the strain harden-

ing. In particular, a strong strain hardening is observed for values of µ2 larger than typically

400. Higher values of µ2 lead to a more rapid increase of free energy barriers, and thus a

more pronounced slowing down of the dynamics, upon deformation. Furthermore, higher

stress values also mean a stronger driving force for orientation, which is thus enhanced.

Conversely, strain hardening altogether disappears for values of µ2 smaller than 200:

below a critical value for µ2, monomer orientation does not allow free energy barriers to

increase enough to overcome the reduction of barriers due to the stress.
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Figure 11: Stress-strain curves during tensile tests at 345 K and 0.1 s−1 for di�erent values
of 1

R
. Other parameter values are λ = 10−3 MPa−2, µ2 = 300 and a∗p = 0.01.

The last key parameter for the theory of strain hardening is the relaxation rate of

monomer orientation, which is controlled by the parameter 1/R ∼ 0.1. Stress-strain curves
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are plotted for di�erent values of 1/R in Figure 11. Strain hardening is more pronounced

for smaller values of 1/R, that is when monomer orientation relaxes more slowly. Monomers

then get more oriented and free energy barriers increase faster. Conversely, strain harden-

ing is less pronounced for larger values of 1/R. Typically, strain hardening is strong for

1/R = 0.05 and vanishes for 1/R = 0.2. Note that the critical values of the model parame-

ters considered in this discussion are inter-dependent.

Note that the local orientation is calculated based on the assumption of a�ne deforma-

tion on all scales and on Rouse-like relaxation on the monomer scale. We do not consider

relaxation modes on larger scales. These modes of course have a slower relaxation than those

at the monomer scale, but the corresponding orientation is also smaller and contributes less

to the enhancement of free energy barriers. In the Rouse model, the modes are not coupled

and each mode relaxes to zero irrespective of the other modes. For long chains, one should

in principle introduce a coupling between local orientation and larger scale orientation, as it

is considered in the reptation model. On the other hand, the intermediate orientation due

to this coupling would be small. Whatsoever, in the strain hardening regime, the relaxation

on the monomer scale is already much slower than the time scale of the applied strain due

to the the large value of the parameter R ∼ 10. This is the reason why we consider that the

orientation dynamics on the scale of one monomer is the dominant contribution to strain

hardening. Future extension of the theory may implement Rouse-like relaxation modes on

larger scales and reptation-like orientation.

V. Relaxation times

V.1. Distribution of relaxation times

The DRTs are displayed in �gure 12 for various strain values during a tensile test at 345

K and 0.1 s−1. The strain hardening mechanism is implemented. Up to the end of stress
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softening (about 25 % true strain), they are quite similar to the ones obtained without the

strain hardening mechanism (see Figures 7 and 8 in reference51). The initial distribution

(corresponding to the initial glassy state) is progressively erased and a new contribution at

shorter times emerges (the peak on the left hand-side of the distribution). As the stress starts

to increase at larger strain values, this latter part of the distribution shifts towards longer

times. This shift does not occur when the strain hardening mechanism is not implemented.

Equivalently, the fraction of subunits with long relaxation times increases at large strain

values. These subunits with increasingly long relaxation times either have never relaxed and

go on aging during deformation, or their local order parameter S has increased signi�cantly

under strain. The fraction of fast subunits is smaller and smaller as the strain increases

in the strain hardening regime, as a consequence of an enhanced on-going aging process

resulting from the increase of the free energy barriers for α-relaxation. Even relatively

fast subunits also get oriented, which slows down not only their local dynamics, but also

the global dynamics through an increase of τd. As a consequence, the relaxation by the

facilitation mechanism is slowed down. For each distribution of relaxation times, the long-

time cut-o� τd resulting from the facilitation mechanism is indicated by a vertical dashed line

in Figure 12. It is observed that τd �rst decreases as deformation increases up to the onset

of strain hardening, at about ε ∼ 0.25. Then, τd starts increasing during strain hardening,

that is for ε values larger than or equal to about 0.25. Note that τd is constant during plastic

�ow when the strain hardening mechanism is not implemented.51

V.2. Evolution of relaxation times

There are several ways to de�ne the dominant relaxation time in the presence of a broad

DRT covering many decades. Physically, the dominant relaxation time of the system is

assumed to be τα = min{τd, τpc}.14,56,58,69 At equilibrium, both τd and τpc are equal.14,58

During aging after a downwards temperature jump, τd becomes larger than τpc and τα is

equal to τpc. Upon rejuvenating by heating, τd becomes smaller than τpc and τα is equal to

34

Page 34 of 55

ACS Paragon Plus Environment

Submitted to Macromolecules

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



−4 −2 0 2 4 6 8

log10 (τs)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

p
( l

og
10

( τ
s)

)

ε = 0.00

ε = 0.02

ε = 0.04

ε = 0.25

ε = 0.75

ε = 1.50

(a)

−4 −2 0 2 4 6 8

log10 (τs)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

p
( l

og
10

( τ
s)

)

ε = 0.04

ε = 0.05

ε = 0.06

ε = 0.10

ε = 0.15

ε = 0.25

(b)

Figure 12: Distributions of relaxation times during a uniaxial tension at 345 K and at
constant true strain rate of 0.1 s−1, with strain hardening parameters µ2 = 300 and a∗p = 0
MPa−1. Dashed vertical lines indicate the values of τd at the indicated true strain values.
The deformation amplitudes vary from 0 to 1.5. We display the distribution on two di�erent
sub-�gures for the sake of clarity.
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τd. A similar situation takes place when deforming a glassy polymer: τd becomes smaller

than τpc and slow subunits are melted by faster ones (facilitation mechanism) so that τα = τd.

This process is responsible for the narrowing of the distribution of relaxation times during

early stages of plastic deformation, before strain hardening takes place.51 In our simulations,

stress relaxation is solved numerically and the dominant relaxation time is the result of the

3D calculation.

Another way to measure a dominant relaxation time experimentally is to integrate the

relaxation function, which provides a dominant relaxation time τc. This has been commonly

done e.g. in the group of Ediger with the orientation funcrtion of �uorescent probes.25

The same can be done in our numerical simulations by calculating the relaxation function

F (t, tw) =
∫ +∞
0

exp(−t/τ)P (τ, tw)dτ where P (τ, tw) is the DRT at time tw.
49,51 Fitting

F (t, tw) with a stretched exponential then gives the Kohlrausch exponent β and an average

correlation time τc. Those three quantities τd, τpc and τc have been found to be consistent

with each other.49,51 We can thus compare the evolutions of τd or τc and β in our simulations

to those of τα and β in experiments, such as those measured by Sahli et al,26 Hem et al27,28

and Lee et al.18�20

We �rst consider the evolution of the relaxation time τd. The evolutions of both the

stress and τd as a function of strain are plotted in the same graph in �gure 13 for a tensile

test at 345 K and 0.1 s−1, with strain hardening parameters µ2 = 300 and a∗p = 0 MPa−1

(the results with a∗p = 0.01 MPa−1 being similar).

In the simulations, the initial relaxation time τd, corresponding to an aged glassy poly-

mer, is larger than 105 s. τd �rst decreases upon deformation as some elastic energy is stored

and induces an acceleration of the dynamics. At yield, τd still has a relatively large value

of about 3 × 103 s. Upon increasing the strain further, τd goes on decreasing beyond yield

until it reaches a minimum during stress softening, at about 6-7 % strain. Then it remains

fairly constant for a few additional per cents of strain and starts to increase before the onset

of strain hardening. The fact that τd increases before strain hardening starts is due to the
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Figure 13: Evolutions of both the true stress and τd as a function of the true strain shown
on the same graph during a uniaxial tension at 345 K and at 0.1 s−1. Strain hardening
parameters are µ2 = 300 and a∗p = 0MPa−1. The true strain goes up to 1.5. The minimum
of the stress and of the relaxation time τd are indicated by dotted line. The latter starts
increasing before the stress increases.

stress softening, as free energy barriers increase when σ relaxes. During strain hardening,

the stress increases with a nearly constant slope, and so does τd. The evolution of τd is quite

similar to the experimental evolution of the dominant relaxation time.27

The evolutions of τd during mechanical tests performed at 0.1 s−1 and at di�erent tem-

peratures are plotted in �gures 14.(a) and 14.(b). In Figure 14.(a), the strain hardening

mechanism is not implemented and τd remains constant at large deformations. In Figure

14.(b), the strain hardening mechanism is implemented, and τd increases in the strain hard-

ening regime (see also Figure 12).

Let us consider now the evolutions of the Kohlrausch parameter β and of the average

correlation time τc obtained by �tting the relaxation functions of the stress with a stretched

exponential exp(−(t/τc)
β), as a function of the deformation. The results are shown in �gure

15 at 3 di�erent temperatures (343 K, 344 K and 345 K). At the 3 temperatures, the evo-

lution of τc (Figure 15a) are identical up to the very beginning of stress softening, at about
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Figure 14: Evolution of τd during uniaxial tensions at di�erent temperatures and at constant
strain rate 0.1 s−1, (a) without strain hardening (µ2 = 0 and a∗p = 0), and (b) with strain
hardening (µ2 = 300 and a∗p = 0).
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8 % true strain. Beyond this point, the curves are di�erent: the lower the temperature,

the higher the value of τc and the sooner it starts increasing again in the strain hardening

regime. The evolution of τc is very similar to that of τd or τα at the same temperatures. The

evolution of β (Figure 15b) is non-monotonic, as has been observed experimentally by the

groups of Ediger18�20 and of Ciliberto.26�28 In the same way as in simulations without strain

hardening, β �rst increases up to a temperature dependent strain value of about 30 to 45

%, which corresponds to the onset of strain hardening. This increase of β corresponds to a

decrease of the width of the DRT. Then β decreases up to the end of the tensile test, which

corresponds to an increase of the width of the DRT during strain hardening, as observed

experimentally by Lee et al18�20 and by Hem et al.27,28

The narrowing of the DRT up to and slightly beyond the stress softening regime may

be interpreted as follows. Fast dynamical subunits relax very frequently and cannot store

elastic energy. Their relaxations times are little a�ected by the applied strain. The majority

fraction of subunits, which have intermediate relaxation times, both sustain the stress and

relax. They are accelerated because free energy barriers are lowered by the stress. This

process contributes to shift part of the DRT towards shorter times. Conversely, very slow

subunits would not relax if they would persist in their slow state, which would result in a

broadening of the DRT. However, as the intermediate part of the distribution shifts towards

shorter times, the melting time τd decreases. As a consequence, slower subunits melt on a

time scale shorter than at equilibrium, due to the enhanced Merabia-Long facilitation mech-

anism.14,45,51,58

If the fraction of subunits with increased free energy barriers is large enough, τd increases

and aging takes place during stretching. Relaxation events are less frequent and the stress

gets higher. The increase of free energy barriers, particularly that of subunits with interme-

diate relaxation times which are less prone to relax and thus more prone to get oriented than
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faster ones, makes the facilitation process less e�cient. The slowest part of the relaxation

times spectrum goes on aging, whereas fast subunits remain fast. As a consequence, the

width of the DRT increases during strain hardening, as observed in Figure 15. Up to stress

softening, at about 15 % true strain, the evolution of β does not depend on temperature.

Beyond this point, the curves start to di�er : the lower the temperature, the more e�cient

the monomer orientation process, the earlier the strain hardening and the decrease of β due

to the enhanced aging process. The evolution of β is quantitatively consistent with recent

experimental results by Hem et al27,28 and qualitatively consistent with earlier experimen-

tal results by Lee et al.18�20 The evolution of τc is also consistent with recent experimental

data.26,27

VI. Discussion and Conclusion: physical origin of strain

hardening

In our microscopic description of the strain hardening mechanisms, the change of free energy

barriers due to the applied strain is the sum of two terms. The �rst term reduces the barriers

and scales like the square of the deviatoric part of the stress. Consistently with the model

proposed by Chen and Schweizer,46 we introduce a second term which increases the barriers

and scales like the square of a nematic-like tensorial order parameter describing monomer

orientation. The �rst term relaxes immediately as a function of the applied stress whereas,

deep in the glassy state, the second one relaxes very slowly. The dynamics of monomer

orientation in glassy polymers submitted to an applied strain is explicitly computed.

Based on this model and on the results presented above, the physical origin of strain

hardening may be interpreted as follows. Below the onset of stress softening, monomer

orientation is negligible and energy barriers for α-relaxation decrease due to the stored

elastic energy. Would there be no orientation, beyond the stress softening regime, the elastic
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Figure 15: (a): Evolution of the average correlation time τc (a) and of the Kohlrausch
parameter β (b) obtained by �tting the relaxation function F (t) with a stretched exponential
function during tensile tests performed at 3 di�erent temperatures (343, 344 and 345 K) and
at a constant strain rate 0.1 s−1. The strain hardening mechanism is implemented, with
strain hardening parameters µ2 = 300 and a∗p = 0.
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energy distribution would reach a steady state leading to stationary plastic �ow at constant

stress. However, on deforming beyond the onset of stress softening, monomer orientation

increases and start contributing to increase the local free energy barriers for α-relaxation.

At some point, this e�ect eventually overcompensate the decrease of the free energy barriers

due to the local stress. Relaxation times then start increasing and strain hardening sets in.

The non-monotonic evolutions of the α-relaxation time and of the width of the DRT are

also explained by the model. The decrease of the width of the DRT up to stress softening is

a consequence of the facilitation mechanism, which is at the very heart of the α-relaxation

process.14,58 The strain hardening regime is the result of a positive feedback. Monomer ori-

entation increases the free energy barriers and thus the subunit relaxation times, which in

turn further favors increasing orientation. The facilitation time τd, which is the e�ective

subunit relaxation time, increases as a consequence of the overall shift of the DRT towards

longer time-scales. The increase of the width of the DRT at large deformations is the result

of the enhancement of aging due to the increase of free energy barriers.

The studied temperature range is comprised between Tg + 50 K and Tg − 30 K (420

K - 343 K), with a particular focus on the temperature range where strain hardening sets

in and becomes strong, that is between 352 K and 343 K. Results at higher temperature

display a plastic �ow at constant stress level and no yield stress at all above Tg. This narrow

range is related to the speci�cally chosen WLF law (displayed in reference 49), which is

quite sharp below Tg. The equilibrium relaxation time increases from 104s up to about 106s

between 352 K and 343 K. For the lowest considered temperatures, the samples do not reach

equilibrium, as it is frequently the case in experiments. In its current state, the theory

would predict quite similar strain hardening at lower temperatures, because what matters

most is the dynamical state of the samples which are in any case limited by their age, that

cannot be longer than the aging time 105s. Upon aging further, we may expect stronger strain

hardening on theoretical grounds. The current version of the numerical model is stable down
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to temperatures close to Tg − 30 K (340 K) and becomes unstable at lower temperatures,

where the current distributions of relaxation times are too far from the equilibrium one.

Solving the numerical model at temperatures lower than Tg − 35 K would require extension

of the numerical tool we have developed.

However, one should keep in mind that the physics of aging itself becomes more complex

at lower temperatures and cannot be described by such simple aging dynamics as that of

Merabia and Long.58,74 For instance, polycarbonate does not age at room temperature and

ages more rapidly at Tg−20 - Tg−30 K because the dynamics is not frozen in that temperature

range. In reference,28 we interpreted this fact as a consequence of the dependence of the

relaxation times on both the density and temperature. If temperature is too low, aging is

frozen. On the other hand, aging takes place even at room temperatures under stress as the

dynamics is accelerated due to the stress.

At even lower temperatures, relaxation may be blocked as a consequence of freezing sec-

ondary β-relaxations. One may conclude that the current range of validity of our physical

description correspond to temperatures higher than 340 K (Tg − 33 K) or relaxation times

shorter than 105-106 s.

Currently, we only describe the equilibrium temperature dependence of ξ. The arguments

in reference14 show that ξ depends on the whole �bare� distribution of relaxation times. In

principle, ξ should increase as the aging time increases. We assume a constant ξ value close

to that estimated at Tg in various non polar polymers, because the dynamical states we

consider remain relatively close to Tg. The dependence of ξ might be studied by investigat-

ing the di�usion of small �uorescent probes in polymers with di�erent thermo-mechanical

histories, as it has been done the group of Ediger.11,18 Such experimental data, however, are

currently not available.

It is important to note that the free energy barrier changes on the monomer scale are
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indeed very small, of the order of 10−2kBT . However, on the scale ξ which involves a number

Nc ∼ 1000 of monomers, this results on large changes of free energy barriers, of the order

of Nc × 10−2kBT ∼ 10kBT . The free energy barrier for collective reorganization within

a subunit leading to the creation of one hole allowing for α-relaxation is reduced by this

amount, which explains why the yield stress is so low in glassy polymers. This aspect is at

the very heart of our theory48,51 and has been discussed in reference.50

The evolution of the tensorial element q33 in the tensile direction is quantitatively com-

parable to the results obtained by Vogt et al by NMR, with a value of q33 of the order of

0.2 in polycarbonate at 100% of deformation.72 Many other studies have observed optical

anisotropy but comparison can only be qualitative because the monomer optical anisotropy

is usually not known quantitatively.75�77 Further studies should aim at measuring the evolu-

tion of the orientation during various thermo-mechanical experiments in order to check the

validity of the theory and to further quantify the values of the adjustable parameters.

Other approaches have been proposed to describe strain hardening and the associated

e�ects. Hoy and O'Hern42 have introduced a dynamical equation for the evolution of large

scale chain orientation under deformation. Large chain orientation relaxes slowly, with a

relaxation time scaling as the molecular weight N of the chains during deformation and as

N2 upon cessation of the �ow. In the model by Hoy and O'Hern, the increase of the stress in

the strain hardening regime is a direct e�ect of chain orientation and the associated increase

of the size of plastic event correlation zones. Memory e�ects are incorporated in the model

as a consequence of the slow relaxation of large scale chain orientation. Strain hardening has

been recently studied by coarse-grained molecular dynamics simulations by Zou et al.78,79

However, these authors do not describe yield and plastic �ow itself. Their model does not

predict changes in the relaxation times.

Our model is consistent with the MD results and analysis by Hoy and Robbins.29,31,42
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Indeed, Hoy and Robbins concluded that the stress and the dissipation due to relaxation

events in the strain hardening regime are of the same nature as those observed at yield

and during �ow stress. At this regard, our theory is fully compatible with their results,

as we propose that these same interactions are at play, with longer lifetimes, in the strain

hardening regime. Following the work by Hoy and Robbins, the Haward's and all similar

models which involve entropic elasticity between entanglements are inconsistent with Hoy

and Robbins interpretation of their simulations. In contrast, in the present work, we show

that the acceleration of the dynamics up to yield and during stress softening followed by

an increase of relaxation times during strain hardening, as well as the corresponding non-

monotonic evolution of the β parameter in these regimes of deformation, are key features of

the plastic deformation and strain hardening of glassy polymers.18,19,26,27 On the other hand,

strain hardening is indeed associated to high molecular weight polymers. Our point of view

is that chain ends act like defects which prevent local orientation in their neighborhood and

thereby prevent strain hardening to take place. We do not consider chain ends in our model

for the moment and implicitly assume that their role is negligible, which corresponds to the

case of high molecular weight polymers. Considering the e�ect of chain ends and how they

suppress strain hardening for shorter polymers will be a further extension of our theory.

The theoretical description proposed here for strain hardening is consistent with other

aspects of the theoretical model developped in.14,48,49,51,56�58,69 In particular, the length scale

ξ of 3-5 nm is the same as the one used for explaining Tg shifts in thin �lms,49,56,69 the

reinforcement of �lled elastomers80�83 and the violation of the Stokes law for small probe

di�usion in polymers in the vicinity of Tg.
14 The facilitation mechanism which is responsible

for this length scale14,45 also explains the temporal asymmetry between aging and rejuvena-

tion,58 a feature con�rmed by Medvedev and Caruthers.84 The same facilitation mechanism

is used in this manuscript and is responsible for the narrowing of the distribution of relaxation

times at yield and in the stress softening regime.51 Other de�ning features of the physics of
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strain hardening in glassy polymers include the Bauschinger memory e�ects5,43,53,85,86 mea-

sured in mechanical experiments and by dielectric spectroscopy26�28 or by using �uorescent

probes.18�20 Note also that DSC measurements by Hasan and Boyce have shown that prede-

formation in the strain hardening regime modi�es the subsequent DSC response even above

Tg,
87 whereas smaller predeformations below the strain hardening threshold a�ects the DSC

response below Tg only. A complete theory of polymer plasticity will eventually have to

explain and reproduce the whole observed complex behavior in a consistent and uni�ed way.

In conclusion, we have introduced a microscopic model for strain hardening, in which a

key assumption is that free energy barriers associated to α-relaxation are set on a scale of

Nc ∼ 1000 monomers. Strain hardening and associated distinctive features are explained

in a uni�ed way. The model allows obtaining not only strain-stress curves consistent with

experimental data, but also evolutions of the dominant relaxation time and of the width

of the distribution of relaxation times during the course of deformation which are, at least

semi-quantitatively, in agreement with recent experimental results.
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