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ABSTRACT

In this Tutorial, we provide a discussion of “What are cell membrane resistance (MR) and capacitance (MC)?” and then give a number of
examples to illustrate how cell membranes constitute nature’s ultimate stretchable resistor–capacitor network. There are many approaches to
the analysis of the electric field effects in cell membranes, but a particularly intuitive and conceptually straightforward method is to use the
biophysically inspired lumped parameter resistor (R)–capacitor (C) network in order to simulate the charging and discharging processes. By
developing advanced multiphysics and multiscale numerical analysis, we expect to learn many cross-properties of biological materials which
involve multiple spatial or temporal scales. These include electrodeformation (ED) and electroporation (EP) biophysical processes occurring
in the cell membrane. In a first stage, we present electric and mechanical circuit analog models of cell membranes and examine their predic-
tions and limitations. An important parameter that researchers can tune with these deterministic approaches is the strength of the trans-
membrane voltage Vm: at low values of Vm, MC varies quadratically as a function of Vm and MR is infinite, but as Vm is increased at a
value below the EP threshold, the membrane should be considered as a nonlinear capacitor. Over the EP threshold, there is a decrease in
Vm and MR due to the charge transport across the membrane. Mechanical and electrical stresses, singly or in combination, can result in
damage and eventually breakdown of the membrane. In a second stage, the parameters in the finite element (FE) modeling that we present
are linked to scales we know should be associated with EP and ED processes. We present simulation data and attempt to determine whether
the MC and MR behaviors compare well with experimental observations and/or trends from analytical approaches. MC and MR are corre-
lated with the dielectric, mechanical, and morphological information of cells. For an initially spherical cell exposed to an electric field, moni-
toring MC and MR reflects a quadratic and then higher order nonlinear behavior as a function of Vm. The quadratic regime scales with
spheroidal morphologies of the stressed cell up to a critical value of Vm beyond which higher order nonlinearities arise, and the cell shape is
no longer described by a spheroid. Furthermore, we consider the present challenges of connecting electrostatic stress, strain energy in multi-
cellular environments to sub-cellular scale material properties, and show that they have the potential to explain the ED and EP of cell mem-
branes via multi-physics and multi-scale numerical analysis. The emergence of Vm as a reporter of neighboring cell interactions is also dis-
cussed in a theory-based method for constructing realistic models of tissues based on densely packed environments made by irregularly
shaped cells. Of particular interest is the proximity-induced ED and capacitive coupling between neighboring cells, and the subsequent cor-
relation that this has upon anisotropic local ED distribution over a wide range of conditions. For future studies, we identify significant chal-
lenges, opportunities, and a sampling of a few used case studies for the development of tissue ED and EP modeling in the coming years.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0033608

I. INTRODUCTION

A. Context and motivation

Living organisms are made largely from soft substances that
have the ability to stretch and to heal when damaged.1 Over the
years, studies of crowded biological systems (individual cells,
tissues, organs, and whole organisms) have revealed a rich

phenomenology. The commonality of these systems is that they
have complex hierarchical structures that are sensitive to interre-
lated spatial and temporal dynamics that characterize their internal
heterogeneities and are a key part of the physics describing them. It
is generally recognized that the progress in biosciences will increas-
ingly depend on deep and broad integration of theoretical analysis
into studies at all levels of biological organization. This has
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attracted considerable attention over the last few years to model the
collective physical (notably, dielectric, and mechanical) response of
multicellular systems in suspension or in tissues.3–7 The study of
the cellular hardware (structure and electromechanical properties)
and associated cellular software (information processing capabili-
ties) has blossomed into a very active field of research. From an
engineering perspective, this also creates an opportunity for biomi-
metic design: making artificial tissues that can be actuated with an
electric field or an extrinsic mechanical stress.

The basic form of the single-shell model of the eukaryotic cell
can be traced back to the pioneering paper by Schwan in 1957,
which suggested that most eukaryotic biological cells, being highly
heterogeneous objects, can be described by the canonical core–shell
(CS) structure, i.e., a dielectric nanometric membrane, a phospholi-
pidic bilayer, surrounded by conducting cytoplasm and extracellu-
lar medium.2–3,5,8 Lipid bilayer membranes, i.e., a layer that is only
two phospholipid molecules thick, are extremely stable envelopes
allowing cells to survive in various environments and to maintain
the desired internal composition. The CS models of a biological
cell are interesting by virtue of their simplicity from the physicist’s
standpoint. However, a note of caution is in order at this point.
Biological materials are different from standard soft materials due
to the fact that they can develop an active response when submitted
to stress arising from mechanotransduction, i.e., transformation of
an exogenous mechanical stress into a biochemical signal.
Although there is an impressive body of experimental data on this
phenomenon, direct measurement of MC and MR remains elusive
because of the presence of charges at the interface. In a physiologi-
cal environment, cell membrane surfaces are charged, whether by
proteins, like ion channels and enzymes, nucleic acids, like DNA,
or most importantly by Na+, K+, and Cl− ions inside and outside
cells that screen electrostatic fields over nanometer length scales.
Thus, some crucial questions cannot be answered with available
experimental techniques.

An electric field interacts with the molecular polarizability to
generate forces, torques, and internal stresses. One problem is that
we need to take into account the electrodeformation (ED) and elec-
troporation (EP) of cell membranes that are often poorly known,
and therefore, the underlying physical processes of creation and
evolution of pores in the membrane can be problematic to
simulate.9–15 As a result, it remains difficult to understand the dis-
tribution of forces within a cell membrane. In fact, there are two
questions: When a cell is exposed to a uniaxial electric field, how
MC evolves when its morphology is changed (ED and EP)? and a
subsidiary theme is, how an increase in the transmembrane voltage
can potentially affect the membrane dimension (electrostriction
EL)? The answer to these questions is of interest, for example, in
dielectropheresis studies of biological cells,16,17 and when one
wants to know how a living cell exchanges information with its sur-
roundings, which requires understanding how materials pass
through the cell membrane. Several studies have shown that the
dielectric properties of cells are determined by the difference in cell
membrane morphological complexity.18,19 While elegant, this tech-
nique has proven to be especially challenging for two reasons: it
needs performing SEM imaging of cell specimens composed of
homogeneous single-shell cell suspensions. The second reason lies
in the peculiarities of cell rheology; in particular, it remains difficult

to get an in-depth understanding of the mechanical properties of
cells; i.e., how changes in the cellular shape can occur in response
to environmental cues? The mechanical properties of cells are
largely determined by the cytoskeleton network, a hybrid polymer
gel consisting of several kinds of different filamentous proteins,
consisting of filamentous actin (F-actin), microtubules, and inter-
mediate filaments, whose primary function is to give the cell its
shape and mechanical resistance to deformation. Microtubules have
unique electrical properties because of their distribution of charges
and large dipole moments. Thus, microtubules may affect their
interaction with the surrounding molecules beyond the short-range
Coulomb and van der Waals interactions.20 Since the cytoskeleton
interacts with the cell membrane, it is reasonable to assume that it
may affect the ED and EP processes.

This is also compounded by the fact that conventional mea-
surements, such as cytoplasmic rheology, blend the response of
these complex materials, exhibiting a high degree of structural hier-
archy and heterogeneity and provide only a homogenized compari-
son for modeling efforts.21 Yet, natural tissues are structurally
complex and composed of multiple cell types. Indeed, it is only
recently that computer models have shed some light on simultane-
ous ED and EP models of tissues7,9,22,23 and have renewed interest
in the problem, but a direct investigation of the spatiotemporal pro-
cesses of creation and evolution of pores on the nanometer level,
i.e., 20–120 nm, is still lacking. Multiphysics and multiscale analysis
of materials that can perform interactions across several character-
istic lengths and timescales is an emerging area that has gained
attention in recent years.24–26 Understanding how and to what
extent these electromechanical changes induce and influence MC
and MR would provide an improved physical description of biolog-
ical systems and help isolate the role of specific factors based on
their influence on MC and MR. One efficient tool for addressing
such questions is a heuristic mathematical model based on an elec-
tric RC circuit equivalent model, built so as to capture the transient
dynamics associated with charging and discharging the membrane,
respectively.27–29 As was pointed out by many authors, these
models also constitute a source for well-grounded assumptions for
empirical studies of the ED of cell membranes.30–42 Over the years,
a lot of material has accumulated on the standard linear solid
(SLS), also known as the Zener model, which is a method of mod-
eling the behavior of a viscoelastic material using a linear combina-
tion of springs and dashpots to represent elastic and viscous
components, respectively.38,43 Mechanical relaxation under the con-
straint of biological materials is concomitantly enjoying growing
interest.44 Two types of modeling approaches are primarily used to
study EP. On the one hand, the molecular dynamics (MD) based
first-principles simulations of defect formation are useful to
describe processes during pore formation at a small spatial, i.e.,
nanometers, and timescales, i.e., picoseconds to nanoseconds.45–47

Although conceptually compelling and computationally expensive,
these models leave open the question of quantitatively determining
molecular uptake. Another strategy is based on continuum partial
differential equations and use FE for solving boundary value
problems.7,9,22,23,48–52 These continuum theories rely on the idea of
smearing out the underlying discreteness of matter with continuum
scalar and vector field variables. FE is a very efficient and popular
way to computationally solve Maxwell’s equations for studying the
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interaction of matter with fields. This adds flexibility for modeling
the membrane response to much longer electric stimulation (from
microseconds to milliseconds), making it relatively easy to explore
all types of voltage and strain rates. Such spatiotemporal modeling
has the advantage of connecting quantitative cell-level behavior
with cell assembly-level phenomena.7,9,22,23 In Table I, we compare
the predicted physical quantity from these previous computational
studies. As an aside comment, it is also noticeable that well before
humans carried out EP experiments, nature may have used it due
to lightning strikes into the sea and land, to fuse and transfect
microorganisms.41

So, many papers have cluttered up the archival literature that
it seems necessary to write a progress report-type paper on where
we have gotten so far, i.e., the things that could be agreed as a basis
for further work. This article aims to provide a current landscape
of the field of MC and MR as well as to illustrate relevant opportu-
nities and challenges. Aiming to facilitate the understanding of the
field to non-experts, we overview the principles, practices, and per-
spectives of cell membrane electromechanobiology. Our primary
interest in this paper is to present the intricacies of the biophysi-
cally inspired lumped parameter RC equivalent circuit model for
describing a simple continuum model of cells.53–59 Our other moti-
vations are to analyze FE predictions of the transmembrane
voltage, MC and MR, and compare the results with those obtained
from RC analysis. This allows a convenient examination of the elec-
tric behavior of the cell membrane in an electromechanically
coupled material system. Ultimately, one of the primary ways of
checking a model lies in the ability to make predictions about
as-yet undone experiments. The developments of earlier studies on
membrane ED and EP make it possible to examine the question of
whether available experimental data are well reproduced by theory.
Another question that would benefit from direct investigation is the
possibility of defining precisely a metric based on MC and MR
which can estimate the critical transmembrane potential at which
EP is initiated. A technology that would simultaneously record
TMP and encoded TMP indicators such as MC and MR will have a
transformative effect on ED and EP cell research.

B. Structure of this paper

Our approach in this paper is to first present in Sec. II the
general notations to familiarize the reader with the basic concepts

and briefly review isolated cell models with time-invariant, static
and passive membranes, i.e., the kind of insight that can be dis-
cussed on a blackboard. We then proceed to describe lumped
parameter RC circuit models. There are impressive approaches in
which the properties of the membrane are modeled using RC net-
works. We illustrate their main features with typical examples for
ED and EP membrane purposes. In Sec. III, we report the results
from FE simulations of the electromechanical properties of biologi-
cal cells which are carried out for different cell configurations and
electric stimulations. This will allow us to consider an efficient and
versatile numerical method for constructing realistic theory-based
tissue models of irregularly shaped cells in proximity, analyze
membrane electromechanics, and quantify the cell MC and MR
variation as a function of both Vm and neighboring cell proximity.
Finally, in Sec. IV, we present our conclusions and discuss opportu-
nities for the future.

II. BACKGROUND AND NOTATIONS: A CORNUCOPIA
OF IDEAS

The objective of this presentation is to provide some basic
examination and analysis of the dielectric and mechanical
responses that are observed for cells in suspensions. The intended
scope of the remarks includes both the interpretation of experimen-
tal data and the relevance of simple physical models intended to
interpret these data. For the present purposes, only a few of the
primary concepts will be examined. We will ignore all the complex-
ities of the biochemistry machinery found inside the cell (e.g., cyto-
skeleton, Golgi apparatus, nucleus, etc.) and outside the cell (e.g.,
adhesion between neighboring cells, etc.) and simply consider the
membrane as a little bag filled with saline, i.e., water with ions dis-
solved in it.

A. Transmembrane voltage

As mentioned above, the membrane of eukaryotic cells is
composed of a flexible lipid bilayer. The transmembrane voltage
Vm is the difference in voltage between the interior and the exterior
of a cell and arises from the interaction of ion channels and ion
pumps embedded in the membrane, which maintain different elec-
tric charge carrier concentrations on the intracellular and extracel-
lular sides of the membrane. In their physiological state, the
membrane potential of non-excited cells is called the resting

TABLE I. Predictions of physical quantities or physical behaviors by different theoretical approaches for a single cell.

Physical quantity Type
of model

Membrane
capacitance Cm

and resistance Rm
Transmembrane

voltage Vm

Spatial distribution of
the electric potential,

pore density

Dynamics of
pore formation
and evolution

ED and dynamic
electromechanical

behavior

Electrical and
mechanical circuit
equivalent models53–59

✓ ✓ ✓

Electromagnetic
analysis4,5,19,25,27

✓ ✓ ✓

FE modeling 7,9,22,23,48–52 ✓ ✓ ✓ ✓ ✓
MD simulation45,46 ✓
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potential Vrest , i.e., reflecting the imbalance of electrical charge that
exists between the interior of biological cells and their surround-
ings. The value of Vrest is determined by the concentration gradi-
ents and the relative permeability values of ions for which there are
open channels in the membrane, i.e., Goldman–Hodgkin–Katz
equation.19 The surface of a cell membrane in an aqueous environ-
ment becomes negatively charged. Thus, a thin double layer of
mobile cations is accumulated adjacent to the extra-intracellular
membrane surfaces.8,19,60 Its magnitude varies according to cell
type, but the inner surface is always more negatively charged than
the outer one, and the magnitude of Vrest is roughly
−0.07 V,4,29,38,54–56 leading to an electric field of the order of
107 Vm−1. Additionally, Vrest is constant everywhere on the cell
membrane. Opening or closing of ion channels at some specific
point in the membrane produces a local change in Vrest , which
causes electric current to flow rapidly to other points in the mem-
brane. Distinct from the effects of external electromagnetic field
exposure, it is now known that the endogenous gradients of voltage
serve as signals regulating cell proliferation, differentiation, and
migration.58 When an external electric field E is applied to the cell,
the induced transmembrane voltage (ITV) Vm superimposes to
Vrest . It results in a broad range of effects depending on the electric
field intensity and the duration of its application. It is commonly
understood that the value of Vm dictates the onset of pore forma-
tion, i.e., when Vm> VEP. Experimental estimates for VEP fall in the
range of 0.2–1.5 V,41,50,55–58 so the huge electric field strength
across the membrane is on the order of 108 Vm−1 (compared with
the 3 106 Vm−1 fields associated with atmospheric lightning). As
the number of pores increases, the membrane conductivity σm

(respectively the membrane resistance Rm) increases (respectively
decreases) until critical pore size and number are attained,61–65

which have, for effect, to counteract the Vm increase. A visualiza-
tion of isolated pores by fluorescence imaging during the applica-
tion of potential allows an estimation of their conductance,
typically 400 pS, in support of the hydrophilic pore model.59 The
long history of scientific and technological interest in EP and ED
has generated an enormous phenomenology presented partly in the
approximate electric pulse strength-duration space diagram shown
in Fig. 1, which involves seven orders of magnitude in duration
and three orders of magnitude in strength.

A closer look at Fig. 1 shows that ED is not considered in this
diagram. It should be emphasized that this phenomenon eventually
impacts the threshold values displayed here since it is widely recog-
nized that membrane cells can react and adapt to electromechanical
stresses.9 However, the absence of an in-depth understanding of
the physical mechanisms by which the MC and MR vary as Vm is
increased renders the identification of the physical parameters and
behaviors that control the EP of a deformable membrane
speculative.

B. MC and single-shell model

A biological cell contains highly conductive (material parame-
ters are typically for cytoplasm: σc � 0:3 Sm�1 and relative permit-
tivity εc � 60; extracellular medium: σe � 1:1 Sm�1 and relative
permittivity εe � 76) aqueous electrolytes separated by a very thin,
low-conductivity membrane (σm � 10�5 Sm�1, relative

permittivity εm � 11, and thickness d � 5 nm). Within a simple
electrostatic model, the cell membrane can be considered as a
capacitor that can be charged by applying a field across the mem-
brane. Electrically speaking, the membrane can be considered as a
capacitor separating two conductors. The capacitive nature of the
membrane is essential for cell viability in external fields, because it
acts as a shield to the cytoplasm. The conventional equations
describing electrostatic effects in a biological cell predict
proportionality between the total charge Qm accumulated at the
inner and the outer surfaces of the membrane and Vm, i.e.,
Qm ¼ CmVm. An implicit, yet fundamental, assumption underlying
membrane electrical modeling is that it can be described by a
parallel-plate capacitor made with two identical plates. The
capacitance with plate area Am and thickness dm � Am is

Cm ¼ ϵ0ϵmAm
dm

1þ O
log

ffiffiffiffiffi
Am

p
/dmð Þ

2
ffiffiffiffiffi
Am

p
/dm

� �� �
.65 Thus, its capacitance per

unit area is ~Cm ¼ ε0εm/dmsince the second term in the brackets
can be ignored. Typical data obtained on biological cells indicate

FIG. 1. Schematic diagram of the electric pulse strength-duration space with
important examples of electric field effects in biological systems ranging from E
D, including reversible or irreversible EP and membrane disruption. Typically,
when a biological cell is subjected to an electric pulse of magnitude above a
few kV cm−1 and duration in the range of μs-to-ms, numerous hydrophilic pores
are formed in the membrane, which becomes permeable (hatched region).
Strong electric pulses of short duration induce electric breakdown in membrane
integrity. Breakdown leads to the formation of transient pores occurring on the
order of ps-to-ns. In the minutes to hours following EP, a porous membrane can
reseal to again inhibit molecular transport. At a very large pulse duration, the
reversible breakdown turned into an irreversible mechanical breakdown, associ-
ated with the destruction of the membrane, i.e., the cell cannot regain its
homeostasis after EP, eventually leading to cell apoptosis [adapted from Weaver
et al., Biolectrochemistry 87, 236–243 (2012). Copyright 2012 Elsevier].
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that the MC per unit area is of the order of 10−2 F m−2, which rep-
resents a very large capacitance per unit area because of the nano-
metric thickness of the membrane.2,8,65–67 The larger the area, the
larger the capacitance will be. Keep in mind that the membrane has
also an associated areal resistance of the order of 10−2Ωm2.
Assuming a uniform permittivity in the membrane, the field across
the membrane is Em ¼ Vm/dm, and the force acting on this capaci-
tor is Fm ¼ CmV2

m/2dm. This results in a pressure on the membrane
of 104 Nm−2 at 100 mV (voltages close to 100 mV are typical in
the voltage clamp electrophysiology experiments used to measure
protein conductance). This pressure has a direction normal to the
membrane surface. This implies that increasing the force results in
a reduction of thickness and an increase of area. Additionally, the
membrane resistance value is in the range 109–1011Ω.4,8,38,66 These
values have been repeatedly confirmed experimentally. Consider a
spherical cell of radius R = 10 μm, which represents a surface area
4πR2 of typically 10−9 m2, actual MC of the order of 10 pF, and
actual resistance 109Ω at low values of Vm. If one sets Vm to 5 mV,
this would require a charge transfer of 1.6 10−14 C across the mem-
brane, i.e., corresponding to 9.8 104 univalent cations (each bearing
an elementary charge of 1.6 × 10−19 C). If the cytoplasm is modeled
as a physiological solution (0.10 N) KCL containing 3 × 1010 univa-
lent K+, it means that the generation of a voltage difference across
the membrane of 5 mV necessitates the change in the number of
K+ of 3 ppm. This illustrates the strength of the electric effects, i.e.,
the membrane has a very large capacity to store charge with little
voltage rise. MC may also change due to local membrane thickness
variations at lipid rafts, which are 10% thicker than non-raft
membranes.38

A couple of notes are in order. First, it is worth mentioning
that the MC and MR are measurable quantities in the entire biolog-
ically relevant frequency range, i.e., from dc to say 100MHz by
impedance spectroscopy techniques.51 Second, Everitt and
Haydon52 proposed an interpretation of the MC of a lipid mem-
brane (uniform thickness, infinite MR, and uniform surface charge
density) separating two aqueous phases by considering its surface
charge density, electrolyte concentration, and applied potential.
The capacitance per unit area was given as 1

~Cm
¼ 4πdm

ε0εm
þ 8π

ε0εcη
, where

the first term represents the standard geometric capacitance and
the second term corresponds to the planar electrical double layer
contribution (η is proportional to the Bjerrum length, which is
defined as the separation at which the electrostatic interaction
between two elementary charges is comparable in magnitude to the
thermal energy scale and to the electrolyte conductivity). From this
expression, we observe that the electrical double layers contribute
only weakly to the MC since the right term represents only 1% of
the total MC for Bjerrum lengths within physiological bounds (a
few nm) and electrolyte conductivities above 5 mS/m (which is
around 3 orders of magnitude lower as compared to typical buffer
conductivities used in EP experiments).

A note of caution must be added here. First, it should be
stressed that the relative permittivity of the membrane and the sur-
rounding aqueous electrolyte are not spatially uniform.25 In other
words, in the hydrophobic region of the lipid tails, the relative per-
mittivity is very small, while in the region of lipid headgroups, it is
decreasing in direction from the outer solution toward the boun-
dary between the hydrophilic and the hydrophobic part of the lipid

bilayer.67 The local fluctuations of permittivity are not taken into
account in the analytical expression of MC. Second, the consider-
ation of the membrane as a capacitor separating two conductors
represents a simplification if one would like to describe the mem-
brane electrostatics in details. The differential capacitance of the
electric double layer on both sides of the membrane may be
strongly influenced by the different conditions in an electrolyte
solution, e.g., the finite size of ions, asymmetry in the size of the
ions, etc.67

C. Cell (single-shell) modelization by an RC circuit
equivalent model

Figure 2 provides the starting point. An important problem in
using a RC model for describing the ITV is the calculation of the
membrane charging time τm as a function of the RC characteristics.
One way to formalize what might be going on here is to take
advantage of the quasistatic approximation since 2πεc,eε0/σc,e �
10�9 s and 2πεmε0/σm � 10�4 s, where F and ε0 denote the fre-
quency of the (harmonic) electric field and the vacuum permittiv-
ity, respectively, and the displacement currents in the cytoplasm
and in the extracellular medium are negligible compared with the
conduction current (typically below 100MHz), i.e., the electromag-
netic field cannot distinguish the details of the cell, which can be
described by an effective medium.24 Then, the (spherical) cellular
dielectric properties can be described by an equivalent RC network,
i.e., coarse-grained modeling of materials. In the following, only
DC stimulation (steady-state or pulse) is considered.

The mathematical formulation of this problem consists in
solving Laplace partial differential equation which considers con-
tinuous spatial and time variations of every physical quantity in the
cell for a dc homogeneous electric field E excitation in order to get
the internal and external potentials. Dirichlet conditions are dealt
with only at cell boundaries. The cytoplasm and the extracellular

FIG. 2. (a) A cross-section schematic diagram illustrating an RC configuration
of the (single-shell) CS structure of an idealized spherical biological cell of
radius R. (b) The membrane, of uniform thickness, is considered as passive
(the ideal capacitor presumption leads to a nominally infinite resistance of the
membrane, i.e., σm can be considered as negligible compared with σc and σe).
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medium can be described by resistors, i.e., Rc and Re, respectively,
and the membrane can be described by Cm (Rm is infinite). If the
membrane is electroporated, a variable resistance is added to model
the resistance decrease due to the pore formation (typically from
an initial value of 109Ω to a few 102Ω). Several tacit assumptions
need be considered. First, the cytoplasm is treated as a single-phase
material. Second, the intact (nonelectroporated) membrane is
purely capacitive. Third, the membrane is considered as a rigid
object with a smooth surface. Fourth, the cytoplasm and the mem-
brane are perfectly concentric (uniform membrane shell) spheres.
Fifth, all permittivity and conductivity values are time-invariant.
Sixth, at time t = 0, the external uniform electric field (e.g., micro-
second pulse) is provided by infinitely distant electrodes.

Thus, we get Schwan’s equation,2, i.e., the ITV is

Vm(t, θ) ¼ 3
2 ERcosθ 1� exp(� t

τm
)

� �
, where τm ¼ R~Cm(σcþ2σe)

2σcσe

denotes the time constant for membrane charging, and θ denotes the
angle between the surface normal and the field direction. The value
of τm is found to be in the range 0.1–1 μs at physiological conditions
(Fig. 1) for a 10 μm cell, meaning that if τm is small compared with
the duration of E, a convenient simplification occurs, and Schwan’s
equation is Vm(θ) ¼ 3

2 ERcosθ
68 expressing a linear dependence of

Vm on the cell radius R. This is also consistent with the fact that a
much stronger electric field magnitude has to be applied for ns EP
(Fig. 1), because, in this situation, the pulse duration is too small for
the membrane charging to complete. Most of the potential drop
across the cell is effective across the membrane. As a result, the cyto-
plasm is shielded from the applied field. During electric field stimula-
tion, the electric current density through the cell membrane is
obtained by summing the capacitive current ~Cm _Vm (t)

	 

and the

conduction current (σm(Vm þ Vrest)/dm), where Vm+Vrest is the
overall transmembrane voltage. It is worth noting that unlike Vrest

which is constantly present in the cell membrane, the ITV varies with
position over a cell membrane according a cosinusoidal shape, i.e.,
Vm(θ)/ cosθ: a spherical cell will polarize in such a way that the
maximum and minimum of the overall Vm occur at the poles of the
cell and are equal to Vrest at the equator. However, this analysis
cannot reproduce the flattening of Vm observed in electroporated
membrane regions, i.e., at the poles.6,28,68 Beyond VEP, Vm cannot be
further increased, and can even decrease due to the charge transport
into the membrane.68 Unfortunately, the above derivation is valid
only for regular cell shapes. In three-dimensions, the best we can do
for realistic cells is to solve the Laplace equation by using numerical
methods; see, e.g., Refs. 4, 6, and 9. Additionally, Schwan’s equation
does not hold for short electric pulses, i.e., well smaller than τm, for
which the pulse duration and repetition are parameters of paramount
importance for estimating Vm.

4,7,58,63

D. ED and transmembrane voltage-dependence of
membrane capacitance

As discussed in the above formulation, it was assumed for
simplicity that the membrane capacitance Cm is constant. Now, we
address issues related to the ITV dependence of Cm where we need
to account for the fact that charges on a capacitor generate
mechanical forces, i.e., Maxwell stress tensor.27,38,65,70 A nice syn-
opsis of the field of electromechanics is discussed in Ref. 17. By

way of consequence, these forces can change the dimensions of the
capacitor, e.g., dm decreases, and the capacitance Cm increases.
Hence, we expect a nonlinear behavior of the MC as Vm is
increased. Classical EL theory allows us to provide a crude estimate
of the magnitude of the force on a membrane, which is a quadratic
function of voltage when the membrane is polarized. Assuming a
membrane with constant area and small thickness change,
Mosgaard and co-workers70 suggested that the capacitance is pro-
portional to the force and can be described as a quadratic function
of voltage. Based on experimental data on artificial bilayer mem-
brane, Alvarez and Latorre71 demonstrated that the dependence of
MC on Vm can be written as Cm ¼ Cm0 þ a0(Vm � Vrest)

2, where
Cm0 ¼ Cm(Vm ¼ Vrest) and a0 denotes a fitting parameter.
Heimburg suggested that the change in Cm can be expressed as
Cm ¼ Cm0(1þ χV2

m), where χ is a constant (close to 10−2 V−2)
and should be attributed to EL, i.e., an increase in Am and a
decrease in dm.

72

Multiple RC configurations in the time domain have been
proposed73–75 for describing the pre-transitional state of ED of the
membrane underlying the EP phenomenon. The majority of the
current literature on RC models is focused on characterizing ionic
currents through different porosity stages and does not consider
relevant spatial scales, e.g., dm. An illustrating example is shown in
Fig. 3, where the authors developed a model that describes the cel-
lular electro-viscoelastic membrane based on thermodynamic prin-
ciples.73 Within this analysis, it should be realized that the
presumption of a pure capacitive membrane is relaxed, but the MC
and MR are constant.

These ideas have motivated a lively collection of RC circuit
equivalent models. Further details and a discussion of these efforts
can be found in Refs. 74 and 75. Several authors, e.g., Refs. 77
and 78, have also argued that the increase of MC is related to the
sphere-to-spheroid transformation, i.e., surface expansion of the

FIG. 3. RC circuit equivalent model of the ED and the electromechanical cou-
pling in a cell membrane. The left panel represents the electrical circuit where V,
R, C, and q denote, respectively, the membrane voltage, MR, MC, and the rate
of the transferred charge (current). The right panel represents the mechanical
part of the model, where _εp, Vmech, N, and T stand for the rate of passive strain,
mechanical component of the voltage, membrane resultant, and the transformer
ratio, respectively Reproduced with permission from Roy et al., PLoS ONE 7,
37667 (2012). Copyright 2012 Author(s), licensed under a Creative Commons
Attribution (CC BY) license.
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membrane of an initially spherical cell exposed to the electric exci-
tation as Vm is increased. Notice that this statement is completely
consistent with experimental observations that have been made in
many places, e.g., Ref. 77. In mechanical equilibrium, the degree of
stretching can be estimated by the aspect ratio b/a, where b and a
are the two principal semiaxes along and perpendicular to the elec-
tric field direction, respectively. A prolate spheroid (of revolution)
has a surface area defined as 2πa2 þ 2πab sin�1(e)/e with
e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 � a2
p

/b. The maximum deformation corresponds to about
10% in terms of aspect ratio9,22,77 and is expected to depend on the
initial surface tension of the membrane and the excess area of an
initially spherical cell of the same volume, δAm/Am0

ffi ln (Γ/Γ0)kT/8πK, where Am0 is the initial surface area for which
the tension is Γ0, Γ is the membrane tension when the cell is
exposed to the electric field, K is the membrane bending stiffness
(K ffi 102 kT), and kT is the scale factor for energy. Needham and
Hochmuth considered that Vm induces a Maxwell (electrocompres-
sive) stress tensor on the membrane that manifests as an additional
membrane tension (MT) that is proportional to V2

m.
78 MT relates

to cellular phenomena that induce membrane shape changes at
constant volume resulting in a molecular scale shifting of mem-
brane lipid equilibrium configuration, giving rise to tension within
the membrane that cannot exceed the lysis tension (Fig. 1).

But although there has been a good deal of attention directed
toward probing different RC circuit equivalent models to analyze
ED, relatively little exploration has been dedicated to studying EP
because of the no-scale structure of these models. Furthermore, the
possibility of such electrical circuit equivalent models for describing
the membrane ED at large values of Vm, the membrane EP, and
the collective behavior of cell clusters (tissues) raises a group of
open questions, e.g., do these models produce representative electri-
cal waveforms that can be checked out with measurable signals?

E. EP and cross membrane transport of small
molecules

We can begin to ask why EP is a thresholdlike phenome-
non.76,77 This means that EP takes place when Vm exceeds a thresh-
old VEP above which electrically conductive (hydrophilic)
nanopores start forming in the membrane. The literature suggests
several ways to deal with this issue and also provides estimates of
VEP. Such estimates do suggest that dynamically formed pores in
membrane could contribute significantly to observable events. The
pores are primarily formed where the local electric field is maximal
and expands in size if the electric field is sustained until critical
pore size and number are attained.79

Reversible EP occurs when the MT reaches a critical magni-
tude. Supercritical MT can also result in lysis (accompanied by irre-
versible EP), with reference to Fig. 1.30–36 To address this issue,
Needham and Hochmuth78 argued on the basis of simple
back-on-the-envelope calculation of the storage of elastic energy in
a flat incompressible membrane at equilibrium as a result of work
done at the boundaries of the system by either tensile or electro-
compressive stress, that the tension in the membrane takes the
form Γ ¼ AδAm/Am0 � ~CmV2

m/2, where A is a specific constant
and δAm/Am0denotes the relative increase in the surface membrane
area. Then, a general failure criterion of a membrane is suggested

when Γ = 0, i.e., Vc
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2AδAm/Am0~Cm

p
, providing a critical mem-

brane voltage required for breakdown. Needham and Hochmuth78

conducted a series of electromechanical experiments for three
kinds of membrane systems (artificial lipid bilayers) and showed
that this relation is verified experimentally for 50-μs pulses. The
tricky thing is that we do not know a priori if this analysis gives us
the correct EP condition, i.e., VEP ¼ Vc

m.
An important parameter that the researchers can tune in addi-

tion to the voltage strength is its pulse duration. Akinlaja and
Sachs80 attempted to determine whether mechanical tension and
electric couple stress too cause breakdown in cells. In their experi-
mental work dealing with HEK293 cells, voltage pulses of increas-
ing amplitude were applied until the authors observed a
simultaneous sudden decrease of Rm and increase of Cm.
Complicating this interpretation, they found that the mechanisms
of high field/short pulse and low field/long pulse breakdown are
fundamentally different: for pulses of 50 μs duration, the break-
down required >0.5 V and was dependent of the tension, whereas
for pulses of 50–100 ms duration, the breakdown required 0.2–
0.4 V and was independent of tension. Reference 80 also identified
that the critical energy (voltage) underlying the EP criterion cannot
be compared with experimental data without a model that incorpo-
rates time.

When Vm ¼ VEP, typically in the range from 0.2 to 0.6 V
when Vm exists for times of about 100 μs or longer (Fig. 1), then
electrical breakdown and destructive rupture of the membrane
manifest as a very rapid drop in Rm. This can be explained by the
large population of transient pores in the membrane. Having iden-
tified the critical nature of EP, we now attempt to gain further
insight into understanding the physical framework that aims to
capture the electromechanical behavior of membranes and link this
to the creation of pores in the membranes by the transition over an
energy barrier due to thermal fluctuations as Vm is increased.59

Figure 4 illustrates such a model for which the kinetics of pore for-
mation is described by the transition over an energy barrier created
by the intersection of two different pore configurations, namely, a
hydrophobic pore where the lipid phase is broken up and a hydro-
philic toroidal pore [Fig. 4(a)]. For small radii, the hydrophilic
pores are confined within a local energy minimum, while for large
radii, there exists a local maximum beyond which a pore may grow
indefinitely. The free energy of the hydrophilic pore is changed
upon application of ITV such that its free energy, along with this
local maximum, is decreased [Fig. 4(b)]. At some critical potential,
the local maximum restraining pore expansion vanishes and the
pore grows until the bilayer is destroyed.59

Furthermore, under an electric field stimulation, it is reason-
able to predict that electropores appear and disappear in the mem-
brane in a stochastic manner and have fluctuating sizes. The
transient nature of electropores places significant limitations on the
characterization of their dynamics. Recently, Ref. 59 provided an
improvement in our experimental understanding of electroporation
by imaging individual voltage-induced defects in a bilayer mem-
brane by detecting a fluorescent signal proportional to the flux of
Ca2+ flowing through a pore. Using optical single-channel record-
ing, Sengel and Wallace59 were able to track multiple isolated elec-
tropores in real time in planar droplet interface bilayers (formed
from the contact between an aqueous droplet and a hydrogel
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surface immersed in a phospholipid/oil solution). They observed
individual mobile pores that fluctuate in size and with a range of
dynamic behaviors revealing complexity in their interaction and
energetics. Furthermore, their observation is consistent with the
fact that the potential well that supports hydrophilic pores (Fig. 4)
widens and shifts to larger radii when ITV is increased.

Stabilization of hydrophilic pores can be also realized by het-
erostructures contained in the membrane. We further observe that
due to the highly unfavorable line tension of the pore rim, mem-
brane pores are generally not expected to be energetically stabilized.
Fošnarič and co-workers described a theoretical model that predicts
the existence of stable pores in a lipid membrane, induced by the
presence of anisotropic inclusions.81 Furthermore, they argue that
the optimal pore size is governed by the shape of the anisotropic
inclusions, i.e., saddle-like inclusions favor small pores, whereas
more wedgelike inclusions give rise to larger pore sizes.

Cross membrane transport refers to ion or molecule transport
across the electroporated membrane through aqueous pores. Based
on minimization of the membrane energy, Barnett and Weaver55

proposed an asymptotic Smoluchowski model to describe the crea-
tion, destruction, and evolution of cylindrical pores, which was
later modified by Neu and Krassowska.54 On the basis of coarse-
grained descriptions of the membrane, several groups concluded that
cell EP can be described by the formation of hydrophilic pores in the
membrane; see, e.g., Refs. 45 and 82, resulting in a significant
increase of σm and current density across the membrane, namely,

jm(t) ¼ σm(Vm þ Vrest)/dm þ ~Cm _Vm(t)þ jEP(t), where jEP denotes
the current density flowing through the pores.85 An expression of jEP
based on the Nernst–Planck equation was suggested as a function of
Vm.

84–86 It was shown that one can extract information about pores
by solving an evolution equation that governs the dynamics of the
pore density per area as a function of their radius and time
t, _N(t) ¼ α exp((Vm/VEP)

2)[1� (N/N0) exp(�q(Vm/VEP)
2)], where

N0 is the pore density in the unelectroporated membrane, and α and
q are two parameters encoding the EP process. Since this model
relies on the exponential of the squared ITV, it requires small time
steps to resolve in numerical simulations. For derivations of this
expression and comprehensive discussions of the underlying theory,
the reader is referred to Refs. 58 and 84. Within this model, one
assumes that all identical non-interacting pores have reached their
equilibrium size before the end of the electric pulse for μs EP, since
the pulse length is much larger than the characteristic timescale of
pore evolution.54,55

There has been much effort directed to develop energy-based
EP models53 in order to predict the EP activation energy, VEP, and
the equilibrium pore size. First, consider the membrane as an infi-
nitely thin film without internal structure subjected to external
lateral tension σ, i.e., this would correspond to the situation for
which Vm=Vext. The energy of a cylindrically symmetric pore with
radius r can be written using Derjaguin’s equation,87, i.e., the work
required to create a pore in the cell membrane, at Vm= 0, is given
by U(r) ¼ 2πγr � πΓr2, where γ is the edge energy density of the
pore (γ ffi 10�11 Jm�1) and Γ is the membrane surface tension
(Γ ffi 10�3 Jm�2). The system energy has a maximum at critical
radius rc ¼ γ/Γ defining the energy barrier to pore formation
U(rc) ¼ πy2=Γ . Pores with r < rc are reversible and tend to close,
whereas those with r > rc grow unlimitedly, eventually causing
membrane breakdown.88 Now, consider that a source current pro-
portional to the exogenous electric field drives an increase in Vm

beyond VEP, thus membrane defects begin to occur. The pores,
assumed to be cylindrical (radius r), are estimated to require energy
U(r, Vm) to be created by thermal fluctuations, where
U(r, Vm) ¼ � π

2dm
(εe � εm)V2

mr
2 þ 2πγr � πΓr2, where again the

first term accounts for the drop in the electrostatic energy stored in
the membrane induced by pore formation; the second, for the line
tension acting on the circumference of the pore; and the third, for
the surface tension of the membrane. In like fashion as above, this
free energy form leads to a critical pore size at which the energy
reaches an activation energy.54,55,85 In this case, the system energy
has a maximum at critical radius rc ¼ γ/(þ~CmV2

m / 2). Within this
approach, the rate of change of the pore radius is determined by
_r ¼ � D

kT
@U(r)
@r , where D is the diffusion coefficient of pore

radius,53,82 i.e., a pore must be thermally activated to overcome the
nucleation activation energy. The pores expand in size with time if
the electric field is sustained until an unstable pore size is reached,
e.g., up to 50 nm.61,79 This model predicts that the electric pulse
produces more but smaller pores on the hyperpolarized cell hemi-
sphere and fewer but larger pores on the depolarized hemisphere.
At this point, it is worth noting that Deng and co-workers91 con-
sidered a different form of the free energy of the cell membrane by
introducing a supplementary strain energy term Us(r) due to the
large deformation of the membrane during EP,

FIG. 4. (a) Illustrating the transient aqueous pore hypothesis for the purpose of
understanding EP, the pore energy U(r,Vm) is defined as
U(r , Vm) ¼ � 1

2
~CmV2

mπR
2 þ 2πR � ΓR2 þ β

R

	 
4
(each term from left to right

is being respectively associated with the release of electrostatic energy, linear
tension, surface tension, and lipid head steric repulsion contributions). A
sequence of lipid bilayer rearrangements leading from the unperturbed mem-
brane (i) to the formation of a non-conducting hydrophobic pore (ii) to the crea-
tion of a hydrophilic pore (iii); (b) The dashed (respectively solid) line represents
the hydrophobic (respectively hydrophilic) pore free energy. The numbers
denote the ITV values. Reproduced with permission from Sengel and Wallace,
Proc. Natl. Acad. Sci. U.S.A. 113, 5281–5286 (2016). Copyright 2016 PNAS
Publishing.
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U(r, Vm) ¼ � π
2dm

(εe � εm)V2
mr

2 þ 2πγr � πΓr2 þ Us(r). These
authors showed that it is this strain energy term that provides
resistance to the pore growth and eventually stabilizes the pore size.
Tests performed on chicken red blood cells (R = 10 μm and dm
= 10 nm) determined EP pore nucleation activation energy of the
order of 10 kT, an equilibrium size of 3.5 nm, and VEP = 0.82 V.
Kroeger and co-workers42 have also investigated a curvature-driven
pore dynamics model and showed that the aqueous viscosity of the
extracellular medium can impact pore dynamics. Recently, a more
complicated pore conductance model26 has been developed based
on a continuum Poisson–Nernst–Planck theory considering a tor-
oidal pore shape, pore selectivity for different ionic species, and the
electric double layer at the membrane–extracellular medium
interface.

The models presented above allow us to study both temporal
and spatial aspects of EP. Analysis based on lumped parameter RC
models has also been extensively studied in the
literature.13,27–29,33,41 An illustrating example has been recently
reported by Sweeney and co-workers13 to cope with the molecular
transport into a single idealized spherical cell immersed in an
aqueous buffer. This model (Fig. 5) includes a cell membrane
circuit model (reversible primary process) coupled with a

phenomenological dual-porosity model and simple diffusion (irre-
versible secondary process). During the former, a source current Is
drives an increase of Vm (noted U in Fig. 5), with the formation of
pores allowing ions to flow across the membrane. Ionic currents
slow the Vm increase until a dynamic equilibrium is reached. In the
latter, the transport of solute is considered from a high extracellular
concentration into a cell initially containing no solute.

A nonlinear size-dependent equivalent circuit (Fig. 6) model
of a single-cell EP was presented by Shagoshtasbi et al.92 Based on
the Kirchhoff laws and continuity equations, this method allowed
the authors to get the time response of Vm, pore size, and pore
number at different stages of permeabilization. This analysis relies
on an earlier strain energy model19 that takes into account the
change in membrane strain energy due to pore formation (rather
than due to a change in membrane tension). The model was
designed under the tacit assumption of a uniformly polarized
membrane exposed to a pulse shaped electrical stimulus and
includes an assumption of nonlinear elasticity in the membrane.
Although the main feature of this model is the coupling of the elec-
trical circuit with the mechanical process of EP, it does have several
limitations, e.g., this is partly due to the fact that no direct assess-
ment of VEP can be obtained from this model.

F. Multilayer shell models and multicellular system
models for understanding tissue-level electric field
effects

Evolving subcellular features, e.g., mitochondrial membrane,
prominently in models of a biological cell approximated by multi-
layer spheres with homogeneous, lossy, and dispersive dielectric
properties for each layer have been presented (see, e.g., Ref. 48).
Multilayered spherical cell models with concentric and non-
concentric nucleus were proposed, but considering the full

FIG. 6. Equivalent circuit analog describing the nonlinear electromechanical EP
model consists of two main electromechanical parts. The dashed line rectangu-
lar box includes the components of the cell: Cm, series Rs, shunt Rsh, and cyto-
plasm Rc resistances are functions of the cell size rc, and Rm is a function of N
and r. The equivalent circuit for the pore dynamics is illustrated on the right-
hand side. The two controlled voltage sources are the corresponding energy
source for the applied voltage and the surface tension 2πΓr. The line tension
2πγ is represented by a constant load; the nonlinear spring [ks(r)r] for the mem-
brane elasticity is represented by a nonlinear capacitance. The energy dissipa-
tive element (kT/D) is represented by a resistance. The total current passing
through the cell membrane Im is part of the total EP current Ii. Reproduced with
permission from Shagoshtasbi et al., J. Lab. Automation, 1–10 (2015).
Copyright 2015 SAGE Publishing.

FIG. 5. (a) Electrical circuit model of the cell membrane charging: σm is given
by the parallel resistance of the naïve membrane (blue, left) and porous mem-
brane weighted by the membrane fraction in each of 2 stages (green and
magenta, right), N is the fraction of the membrane area that is conductive of
small ions, M is the fraction of the membrane area permissive of the entry of
larger solutes, U ¼ Vm/VEP , and α, β, δ, and η are constants; (b) The naïve
membrane contributes a conductivity and permittivity to the electrical model
(blue, left). The N membrane fraction contributes to the permeabilized conductiv-
ity of ionic currents but does not permit the transport of larger solutes (green).
The M membrane fraction permits diffusive transport of solute (magenta).
Reproduced with permission from Sweeney et al., D. C. Sweeney, Technol.
Cancer Res. Treatment 17, 1–13 (2018). Copyright 2018 SAGE Publishing.
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morphological information in these models is elusive without
precise 3D spatial and dynamical data.

Lumped parameter models can also connect cell-level descrip-
tion to tissue-level phenomena.93–95 A transport lattice model has
been used to analyze multicellular 2D structures with nonlinear
active sources of Vrest, including simple representations of local and
passive membrane EP.56 Kirchoff’s laws provide basic procedures
for deriving mathematical models for electrical circuits. Within this
approach, a cell assembly can be described by a large electrical
system in which local RC components interact through paths that
connect nearby cells. But overall, these equivalent circuit models of
EP are either too complicated (i.e., for very large electrical circuits)
or too simplified (i.e., capacitively coupled nearby cells and more
distant layers of cells) to be generalizable to realistic tissue models.

G. Benefit of multiphysics simulations

In light of the above debates, a line of works6,7,9,22–24,103 con-
structed and studied numerical generic cell-based models for a scan
of parameters and cell assemblies by making use of multiphysics
simulations. These examples are not meant to be exhaustive, but
may indicate how any continuum CS modeling of cells might be
approached. Before embarking on a discussion of case studies, it is
worth discussing briefly how multiphysics-based multiscale models
capture the unique behavior of biological materials. Finding ana-
lytic procedures to calculate the electromechanical properties for
cells of irregular shape and/or having many neighbors exactly, or
even just with high numerical precision, remains generally
unsolved. It is important to understand what it means to model
cells and tissues, how these models involve scale and complexity at
different levels, and what they can and cannot do. Computational
modeling possesses several important virtues. Ease of visualization
for cell configurations is certainly one. Another is that these techni-
ques connect dynamics on a hierarchy of length and timescales.
From a numerical modeling perspective, a physically complete
description of the electromechanical properties at very different
length scales (membrane thickness, cell size, and customized tissue
scaffold) is enormously challenging since it leads to a rapid increase
in the computational cost with the system size. Here, the goal is to
make things as simple as possible, but no simpler. An added
benefit of using numerical techniques is the possibility of tuning
ED and EP parameters to experimental data, such as MC and MR
and pore density, which are crucial for the accurate prediction of
the electrical and mechanical properties.

III. CASE STUDIES AND DISCUSSIONS

In the below cases, we address four subjects. First, the ability
for the electric field to instigate cell shape change is probed by esti-
mating the Vm dependence of Cm and Rm of an initially spherical
cell under steady-state electric field excitation. We discuss the
effects of different material parameters (both under electric field
stimulation and deformation conditions) on Cm and Rm. Second,
we focus on the old question of membrane electromechanics, i.e.,
the relationship between forces and electric field. The quantitative
determination of the location and magnitude of the effective strain
is an important challenge, because it eventually impacts the ED
and EP behaviors. These computer simulations should be placed in

parallel with the development of experimental techniques that
combine optical tweezers (providing measurement of forces at the
pN scale) with patch-clamp apparatus (allowing control of the cell
transmembrane potential) to investigate the electromechanical
properties of cellular plasma membranes.96 Third, we report on a
method for constructing realistic models of tissues based on irregu-
larly shaped cells allowing us to deal with the specific symmetries
(e.g., heterogeneity, anisotropy) of their cellular environment,
which differ in many ways with the case of a single cell exposed to
an electric field. The pressing challenges of a fully reconstructed
biological tissue, e.g.,6 have prevented previous authors from fully
working through all the elements of the analysis. The mechanisms
behind all of these biophysical effects are active areas of investiga-
tion. To demonstrate the applicability of the proposed method, we
present a 3D microscopy-based realistic cell model that is able to
reproduce the observed ITV cues. Fourth, we perform mutual
capacitance calculation between cells in close proximity and high-
light its most relevant implications. Appendix A lists the material
parameters used in the numerical models.

A. Numerical determination of Cm(Vm) and Rm(Vm)
and electrostatic control for an isolated cell model

Since Vm is a crucial parameter for ED and EP because it
drives the creation and evolution of pores on the membrane, it is
also desirable to examine the dependence of MC and MR as a func-
tion of Vm for nonporated membranes. From Sec. II E, the key
point to take away for the MC behavior of a single polarized cell
model is its quadratic dependence as a function of Vm. For this
work, we consider a single initially spherical cell that is modeled as
an elastic shell (Young’s modulus Ym) surrounding a homogeneous
core cell interior that is elastic. Because the Poisson ratio of soft
materials typically ranges within 0.3–0.5, the maximum error in the
definition of the elastic modulus due to the unknown Poisson ratio
is expected to be <10%. Therefore, it makes sense to characterize
the mechanics of cells with just one parameter, the elastic
modulus.36 We also assume that the ED of the cell does not
degrade the mechanical properties of the membrane. Physically rea-
sonable parameter selection describing the mechanical and electri-
cal properties of the cell is used.23 Further technical details,
corresponding to our simulation approach, are presented in the
supplementary material of Ref. 23.

For our uniform steady-state electric excitation analysis, we
study how a cell, initially having a spherical CS structure, responds
to the application of a constant applied electric field. In Fig. 7, we
plot the MC and MR against the ITV. The results show an increas-
ing trend of Cm and 1/Rm with an increase of Vm in the Vm range
investigated from 10mV to 1.4 V. We confirmed numerically the
quadratic dependence of Cm, Cm ¼ Cm0(1þ χV2

m), where the
adjustable parameter has been determined, i.e., χ is in the range of
5.3–8.2 10−2 V−2, and can be understood from the perspective of
EL which is the dominant effect for explaining the shape change of
the cell if Vm is not too large.23

Overall, this quadratic dependence fits with the observed data,
but we find that Cm increases more rapidly at larger field strengths,
i.e., Vm> 1V.97 Upon approaching this limit, we observe a significant
deviation from prolate cell morphologies as illustrated in Fig. 7.
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Consequently, the cell shape is no longer spheroidal. A close inspec-
tion of the aspect ratio change follows the Cm behavior up to
b/a ffi 1:4 (Fig. 7), beyond which the large strain produces complex
axisymmetric cell shapes that can be described using a variety of dif-
ferent parameterized forms, e.g., Cassini curves.98 This shows an
important finding that the higher the ratio, the more dominant the
effect of the TMP which increases the MC and decreases the MR.
Another fact arising from our simulation is thatRm(Vm) does not
scale as V�1

m , as suggested by Morshed and co-workers,75 but as V�2
m .

With an understanding of the ITV sensitive capacitance
behavior of a cell membrane under steady-state electric field excita-
tion, we performed additional simulations to investigate the elliptic-
ities and associated 3D cell shapes, and whether they might be
prolate or oblate depending on the polarization and magnitude of
the electric field excitation.23 There is no general analytical formula
of Vm which can be used for arbitrary cell shape, but analytic calcu-
lations allow one to compute Vm; see, e.g., Ref. 4, for a prolate
spheroid with the axis of rotational symmetry aligned with the elec-

tric field, Vm,analytical ¼ E (b2�a2)

b� a2ffiffiffiffiffiffiffiffi
b2�a2

p log bþ
ffiffiffiffiffiffiffiffi
b2�a2

p
a

� �� acos(θ)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2sin2(θ)þa2cos2(θ)

p .

Using the procedure outlined above, we performed a set of calcula-
tions for different values of the steady-state electric field ranging
from 1 kV/cm to 5 kV/cm, i.e., different values of the aspect ratio
b/a ranging from 1.02 to 1.36. We find that Vm,analytical reproduces
the numerical results to better than 5% accuracy over the range of
θ explored (Fig. 8).

Notice that in the numerical approach taken here and for our
choice of parameters, we find that the membrane thickness is not
uniform. Consequently, significant deformations of the membrane
can arise (up to 5%). We will quantify the differences in dm
by calculating δdm/dm0 which decreases approximately quadrati-
cally with electric field strength, where dm is the effective mem-
brane thickness under electric field excitation and dm0 is the
unperturbed membrane thickness. We also compare our data to
dm= dm0 − ccos2(θ) + dsin2(θ), where c and d are two constants.23

The fit obtained this way is plotted as a solid line in Fig. 2(b) of.23

Positive values of δdm/dm0 denote tensile strain, whereas negative
values denote compressive strain.23 A 500-mV increase causes a
1.5% increase in Cm, 0.7% dm decrease, and 0.7% Am increase such
that the nominal volume of the membrane remains constant. This
is corroborated by experimental data showing that the thickness of
the membrane does not change by more than a few percent
throughout the EP process.82

While these preliminary simulations present an opportunity
to witness complex dielectric phenomena in cell membranes, they
suffer from a number of limitations. First, our analysis has focused
on nonporated membranes. In Ref. 14, Weaver and co-workers esti-
mated the contribution of transient aqueous pores to capacitance
and found that the time average property of a large population of
transient aqueous pores has similar features with a quadratic
dependence of capacitance. Second, an important constraint of the

FIG. 8. A comparison of the ITV from our numerical simulations (red lines) with
the analytical formula of Vm,analytical

4 (black lines) at similar aspect ratios for an
isolated cell model: a and b characterize the spheroidal cell, being the long and
short semi-axes, respectively, and θ denotes the angle between the surface
normal and the field direction. Ym = 19 MPa, and we keep all other structural
and material parameters similar to those used for obtaining Fig. 7. We show the
evolution of different choices of the steady-state electric field value, which is
increased from 0.3 kV/cm (dashed dotted line) to 2.4 kV/cm (dotted line) to 3.7
(dashed line) to 5 kV/cm (solid line) for which the corresponding aspect ratio
values are 1.02, 1.08, 1.19, and 1.36.

FIG. 7. Evolution of MC (blue lines) and MR (green lines) as a function of the
ITV for an isolated cell model.23 The corresponding numerical values are dm
= 5 nm, R = 5 μm, σm = 5 × 10

−7 Sm−1, ϵ0ϵm= 4.4 × 10
−11 Fm−1, σc = 0.2 Sm

−1,
ϵ0ϵc = 7 × 10

−10 Fm−1, σe = 0.2 Sm
−1, ϵ0ϵe = 7 × 10

−10 Fm−1, Yc = 1 kPa, and
Vrest =− 0.07 V. In these numerical simulation data, the membrane Young
modulus Ym is varied from 19 MPa (solid line) to 22 MPa (dashed line) to
25 MPa (dashed dotted line) to 28 MPa (dotted line). The quadratic fits of MC
are shown in black. The inset illustrates the deformed 3D steady-state geome-
tries of the cell for three different values of Vm. The color bar represents the
electromechanical force (units: 107 N/m2) acting on the membrane, and points
A, B, and C correspond to the aspect ratios of 1.004 at 19 MPa (1.002 at
28 MPa), 1.03 at 19 MPa (1.02 at 28 MPa), and 1.07 at 19 MPa (1.04 at
28 MPa).
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continuum model comes from the fact that the MC and MR fea-
tures are independent of the molecular details of the membrane in
which they occur but are dominated by the geometry and can be
explained with simple mechanical models. Schwan’s equation pre-
dicts that cells should porate at threshold electric fields that go as
R−1; however, the authors of Ref. 99 found that the electric field
needed to induce poration that varied between three types of cells,
but all of them confirmed the lack of size dependence. It is also
worth referring to a recent study of Liang and co-workers.100 In
this study, the authors reported on a 3D analysis of the positive
and negative optically induced dielectrophoresis (ODEP) forces on
cells stimulated by a nonuniform ac bias potential. The MC per
unit area and areal MR of four types of cells were derived by char-
acterizing their ODEP crossover frequencies using micro-vision
techniques and were found to be of the order of 10−2 Fm−2 and
10−2Ωm2, respectively, i.e., remarkably close to the estimates
found in Sec. II B and to our numerical data. Third, we made the
assumption about the scalar nature of the membrane permittivity.
It can be argued that this assumption is not very physical (i.e., the
cell membrane is heterogeneous and the electric-field induced
stretching of the membrane exhibits a peculiar anisotropy), but
nevertheless our results allow us to shed some light on the mechan-
ical strain involved in the ED. Fourth, in Ref. 23, we provide
another figure when the conductivity ratio between the cytoplasm
and the extracellular medium varies by two orders of magnitude
but keep all other structural and material parameters constant. We
find that Cm and Rm are weakly affected only in the range of the
electric field magnitude explored. We further note that the charge
near the membranes (ionic double-layer) contributes with a capaci-
tance that acts in series with Cm. Within a mean field approxima-
tion,8, i.e., assuming that the double layer capacitance is equal to
the capacitance of a planar capacitor with thickness equal to the
Debye length and permittivity ϵ0ϵe, a correction to the Cm value is
obtained at the percent level in accordance with experimental
capacitance values for biomimetic bilayer membranes at different
solution conductivities.77 Fifth, since we considered only a single
cell, a statistical analysis that considers the influence of different
variables was not possible. These trends, we believe, are real despite
the limitations. Also, note that this model is flexible to incorporate
a variety of other biological attributes such as internal organelles
and nucleus membrane. Here, the cell membrane is assumed to
have elastic properties when stretched. An obvious next step is to
consider viscoelastic (or even poroelastic21) cell materials; however,
this is a much more difficult problem, because the mechanism by
which the membrane is deformed is crucially affected by the
detailed temporal sequence of electric field excitation.

B. Strain energy in multicellular environments and
membrane electromechanics

Thus far, we have presented evidence that our numerical sim-
ulations exhibit elastic membrane deformation consistent with a
prolate cell morphology. Another kind of question that is of interest
from a quantitative modeling perspective includes the description
of strain energy in cell assemblies.22 These discrete cell models are
useful to predict the behavior of an individual when mechanical
properties are changed either intrinsically or driven by an electric

field excitation. First, we use FE in the framework of a time domain
to solve for the ED and cell EP when a well-defined electrical stim-
ulus is delivered to a multicellular environment. There is increasing
interest in using high-frequency electric fields to manipulate cells
and tissues. Second, the strain–stress response of the cell assemblies
is characterized by a relaxation time that is much larger than the
time constant of the membrane charging. We begin by summariz-
ing the formalism presented in Ref. 22. The individual cells are not
in contact with each other. The CS cell models are 3D, and inter-
cellular distances range from 0.625 μm to 5 μm with a thin mem-
brane (set to 5 nm) maintaining the cell integrity and selective
transport of substances in the cell. The interior of the cell (cyto-
plasm) is assumed to be homogeneous. The individual membrane is
modeled as a viscoelastic structure surrounding an elastic cell inte-
rior. Each cell is initially a sphere, and the cell shape and size vary as
the electric field excitation deforms it axially. In terms of earlier
notation, a small-scale phenomenology allows to obtain the surface
electric field from the solution of electric potentials that are coupled
at the cell membrane through the specific boundary condition given
by n:J ¼ 1

dm
(σm þ εm)@t (Vint � Vext), where n is the unit vector

normal to the boundary surface, J is the electric current density, @t
denotes the time derivative, and “int” and “ext” denote the cell inte-
rior and exterior sides, respectively. A resting potential of −50mV is
set and the conductivity and permittivity values for the interior and
exterior side of the cell and for the membrane have standard
values.3,27 The resulting stress distribution is coupled to the struc-
tural model for calculation of membrane displacement u. In the case
at hand, the strain energy was calculated by solving first
ρ@2

t2u ¼ ∇:S, where it should be borne in mind that ρ denotes the
mass density and S denotes the stress.20 The strain energy of the cell
membrane can be calculated for both deformable materials as
E ¼ ÐÐÐ

Sγ dΩ/2, where γ is the strain and dΩ is the volume or
surface element. Standard parameter values describing the cell
mechanical and electrical properties are used.22 Technically, we give
the concrete details of the FE simulations in the supplementary
material of Ref. 22. This case study is interesting because it considers
the thin membrane thickness with an analysis in which the mem-
brane is modeled as a distributed impedance boundary condition.

We impose various pulsed field pulses22 and analyze the pore
dynamics during pulsing. For simplicity, all pores have the same
size (0.75 nm), which does not change with time. The pore density
in the membrane is calculated with the Neu and Krassowska model
on the basis of the highly nonlinear dependence on ITV, i.e., which
alters the initial cell membrane conductivity by adding the follow-
ing term σEP ¼ N(2πr2pσpdm/(πrp þ 2dm)), where we denote the
density of pores in the membrane, the radius and the internal elec-
trical conductivity of a single pore, and the membrane thickness by
N, rp, σp, and dm, respectively.54 Then, the number of pores
involves surface integration of pore density over the total cell mem-
brane surface area, so we obtain Npores ¼

ÐÐ
NdA.

We rationally designed eight examples of seven CS arbitrary
fixed in space cell configuration (Fig. 9) which are subjected to an
electric field pulse excitation and tested them for evaluating the
time evolution of strain energy and membrane displacement. The
electrical excitation is a positive polarity trapezoidal voltage pulse
(applied in the z direction) which delivers an average electric field
of strength E0 = 5 kV/cm.
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Shamoon and co-workers22 analyze their data to calculate,
among other things, the strain energy for the viscoelastic mem-
brane as it determines its ability to sustain its shape under electrical
stress. Under Maxwell stresses, initially spherical cells deform into

prolates, with the longer axis oriented along the electric field direc-
tion. Furthermore, they reported a “switch off” phenomenon for
several kinds of electrical stimuli observed in different cell configu-
rations and a detailed study of the parameters affecting the tempo-
ral dynamics of the local enhancement of the electric field, the
surface charge density, the polarization distribution, the relative
deformation, the elastic strain energy, and the pore area extent
within the cell membrane. The effects of symmetry and proximity
on the elastic strain energy distribution of the viscoelastic mem-
brane for the different configurations are shown in Fig. 10. First,
there is a general pattern in these graphs in the “switch on” state,
i.e., a narrow peak during a few tenths of μs followed by a broad
plateau. Second, it is noticeable that in the “switch off” state, a
second peak is observed with a timescale that can range from
several tenths of μs to 200 μs. The “off” state reflects the dominance

FIG. 9. Schematic of the eight canonical examples of a seven-core-shell arbi-
trarily fixed in space cell configurations and subjected to an electric field pulse.
In the A1–A4 configurations, all cells have the same radius set to 6 μm, and the
intercellular boundary–boundary distance, db-b, with respect to the central cell is
varied from 0.625 μm (A1), 1.25 μm (A2), and 2.5 μm (A3) to 5 μm (A4). In the
B1–B4 configurations, cells have a radius distribution leading to a broader db-b
distribution with a minimum set to 0.5 μm with respect to the nearest neighbor.
The side of the computational cube domain is 50 μm. Reproduced with permis-
sion from D. Shamoon, S. Lasquellec, and C. Brosseau, Appl. Phys. Lett. 115,
043701 (2019). Copyright 2019 AIP Publishing LLC.

FIG. 10. Time evolution of the strain energy in seven-cell configurations vs time
when the different configurations are excited by pulse, which begins at 10 μs
and ends at 110 μs. The limits of the pulse are marked with vertical dashed
lines. The dashed lines indicate the beginning and end of the pulse. (a) Strain
energy for the interior and exterior of the cell, (b) strain energy for the viscoelas-
tic membrane, and (c) the maximum value of the membrane displacement for
the different configurations studied. Physiological conditions (T = 310 K).
Reproduced with permission from D. Shamoon, S. Lasquellec, and
C. Brosseau, Appl. Phys. Lett. 115, 043701 (2019). Copyright 2019 AIP
Publishing LLC.
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of the mechanical relaxation process over the electrical charge
relaxation. The “switch off” signal is likely observable in currently
AFM-based, scanning probe and confocal fluorescence microscopy
experiments under in-vivo experiments and could be used to probe
cellular tensegrity in tissues and other biological structures at
smaller and larger size scales. This model can produce large linear
strain energies for the membrane of a few kT in magnitude and
extremely high displacements of over 300% in magnitude (Fig. 10).

There is scope to improve this kind of computational
approach by introducing cell structural complexity compared with
this simplistic mechanical model since recent research has shown
that cells are able to sense mechanical signals and forces in their
environment. In pursuit of this, these results indicate a possible
correlation of elastic strain energy and membrane displacement.
The ability to inhibit and/or control the “off” state is important for
applications in the field of ultrasensitive clinical diagnostics, tissue
engineering, and biologically inspired materials for tissue repair
and reconstruction. Furthermore, the impact of each parameter of
the Neu and Krassowska model is highly non-uniform due to the
nonlinear parametrization. As briefly covered above, there is a lack
of experimental data to characterize the mechanical properties of
electroporated cells and tissues to confront with numerical predic-
tions. So, from both a fundamental perspective, i.e., how the
mechanical signals are converted into an intracellular biochemical
response, and an application perspective, these results have signifi-
cance, because they can open newer doors to be used for 3D engi-
neered tissues.

C. Multicellular environments and tissue EP

Another central theme of this tutorial is the development of
3D microscopy-based realistic cell models for tissue EP from a
coarse-grained (continuum) perspective.6 Several strategies can be
employed to analyze the EP in tissuelike structures, i.e., shape
adapting to the environment without compromising functionality.
Many analytical formulas for the cell shape were generated for a
specific structure, but there is no general form that can be used for
all materials.98,104,105 Progress has been also reported in predicting
cell shape by analyzing their contours, e.g., phase-field104 and Potts
models.105 These works have enhanced our understanding of the
dynamics of non-axisymmetric cell shape and ED forces when cells
are exposed to pulse electric fields.

In Ref. 6, in an attempt to replicate realistic cell shapes, a
general procedure is proposed to generate simple cell shapes in 2D,
which uses the reconstruction of biological structures based on
microscopy characterization and is applicable to a variety of cells.
This scenario exploits fluorescence microscopy bitmap images
[Fig. 11(a)] to generate the piecewise continuous mesh used to
develop a 2D FE element model [Figs. 11(b) and 11(c)]. Then, each
cell is narrowly confined by the presence of its immediate neigh-
bors that themselves are narrowly confined. This provides a means
to determine the ITV for cells of irregular shape and/or having
many neighbors, since Vm cannot be derived analytically. To illus-
trate the potential power of this technique, a 2D implementation is
illustrated below. Such a method has been demonstrated to produce
experimentally consistent dense disordered multicellular environ-
ments whose electrical properties can be analyzed. These results

FIG. 11. Steps taken when transforming a microscopy bitmap image to a
COMSOL® geometry. (a) Fluorescent microscopy bitmap image with traced cell
edges and traced nuclei edges, which were also colored in white. (b) Final
bitmap image of the cells and their nuclei, used to create the geometry used in
the COMSOL® model. The numbers 1–6 denote the cells used in a separate
model.6 (c) Zoom of a part of the entire geometries used in the COMSOL®
model, illustrating the dense edge (cell and nucleus membrane) meshing. The
blue color represents the nuclei [Reproduced with permission from Murovec
et al., Biophys. J. 111, 2286–2295 (2016). Copyright 2016 Elsevier Publishing].
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can be leveraged to 3D geometries using a similar protocol and
confocal microscopy images.

Following the method described in Ref. 6 to obtain the pre-EP
ITV induced in tightly packed cells (the six-cell configuration
shown in Fig. 11), the next figure, Fig. 12, examines the ITV along
a reference cell membrane [cell 4 in Fig. 11(b)]. Of course, the
dense packing of cells disrupted the uniform electric field gradient
that is observed when the six cells are isolated. In the case of an
isolated cell, it is also interesting to note that the ITV is signifi-
cantly larger than the packed cell configuration. This decrease of
Vm in a densely packed environment is consistent with several
experimental studies reported in the literature, e.g., Ref. 101. We
also note that Schwan’s equation (Sec. II C) cannot capture most of
the features of Vm shown in Fig. 12 for an equivalent cell radius,
i.e., a circle with an identical area of the cell. Reference 6 also
argues that a significant difference between the densely packed
layer of cells and the isolated scenario is observed in which the ITV
is significantly larger when the cells are isolated. Currently, this
model is limited in scope by the data with which it has been
checked and validated. This model offers a viable perspective to the
challenge of consistently generating a numerical model of many
cell configurations. In principle, this approach can provide generali-
zation when a variable membrane conductivity dependent upon
the induced ITV can effectively model pore formation.

D. Proximity-induced ED and capacitance coupling
between cells

The fundamental physical resource for performing various
biochemical processing tasks is the interaction between cells. In the

interest of promoting broader discussion about collective effects in
cell assemblies, it seems appropriate to describe mutual capacitance
arising from short-range interactions between cells. This is an
important issue since cells in multicellular organisms sense their
location within tissues via diffusible molecules, contact interactions,
and mechanical signals.102 In tissues, cells form electrical connec-
tions with their neighbors via gap junction channels. One can then
ask whether this capacitance coupling (CC) is a minor perturbation
on the individual cells or whether it plays an important role in the
dynamics of bioelectric cues.

Progress in understanding, predicting, and controlling CC has
been, on the whole, limited by the lack of two factors: first, from a
theoretical perspective, currently there exists no general framework
to quantify CC in the literature; and second, techniques to generate
reproducible and accurate MC measurements are very challenging.
As articulated in Sec. III A, the change in Cm is directly related to
the change in membrane thickness. The results presented herein
are acquired through the use of methodology presented in the sup-
plementary material of Ref. 106. Here, we concentrate on sur-
mounting the significant technical issues of systematically studying
the ED and CC between a pair of cells arising so as to better quan-
tify the complexity inherent in tissues. Addressing this source of
complexity will eventually require research-area-specific experimen-
tal and theoretical advances, but the growth in computational
power also opens up the possibility of outsourcing some of the ana-
lytical burden to high-throughput computing resources.

We show that an emergent behavior arises by considering the
separation distance-orientation angle diagram when the difference
between the ED force for a pair of cells and its counterpart for a
single reference cell is analyzed. This allows a consistent analysis of
the CC anisotropy. Here, r is the distance between the two cells
and θ is the orientation angle relative to the electric field direction.
The case of steady-state electric field excitation is first considered
with magnitude E = 1.9 kV/cm. It should be noted that the corre-
sponding maximum value of the ITV at the cell’s poles is 1.4 V,
which is less than the maximal value of the membrane EP voltage
threshold, i.e., 1.5 V.4 For a frequency-dependent field excitation,
the model is valid within the quasistatic approximation. The cell is
described as an elastic membrane surrounding an isotropic and
homogeneous cytoplasm that is elastic. The membrane and the
cytoplasm are purely elastic materials, with their respective Young’s
moduli set to Ym= 19MPa and Yc = 1 kPa.

The key point to take away is that beyond a threshold separation
distance, the excess ED force becomes independent of the separation
distance and the cell pair becomes non-interacting (gray region in
Fig. 13). At the same time, it is informative to observe the flatness of
Vm and δm= dm0− dm (what exactly is meant by these parameters is
discussed in the supplemental material of Ref. 106) which parameter-
izes the field-induced change in membrane thickness which generally
varies with position over a cell membrane. For illustrative purposes,
we indicate the membrane capacitance per unit area of the reference
cell for three points, A, B, and C, corresponding to different regions
of parameter space in the r-θ plane: 0.0099 F/m2, 0.0097 F/m2, and
0.0108 F/m2, respectively. For A, we find that the membrane capaci-
tance per unit area reproduces well the value found in Refs. 23
and 106. We further note that we have a 11% increase in Cm between
the two specific points B and C (r = 1.05 μm) that can be accounted

FIG. 12. ITV variation along the membrane of a reference cell [Fig. 11(b), cell
4] when it is isolated (red solid line) and surrounded by other cells (blue dashed
line) during the pulse (20 μs) excitation,6 compared with the analytical calcula-
tion based on Schwan’s equation with constant radius (dotted black line, circle
marker). Reproduced with permission from Murovec et al., Biophys. J. 111,
2286–2295 (2016). Copyright 2016 Elsevier Publishing.
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for by a significant CC coupling between the two cells in the amplifi-
cation region of the distance-orientation angle diagram. One can also
see from the figure that there exists an angle θc for which the excess
ED force vanishes.

To further investigate the different regions in the r-θ plane, we
dissect the individual effects of the geometrical property of extracel-
lular space (conductivity ratio Λ = σc/σe between the conductivity
of the cytoplasm σc and that of the extracellular medium σe) and
with frequency of the excitation field by changing only one parame-
ter at a time and keeping all other parameters constant. Our discus-
sion is now framed around the ED response with frequency of the
excitation field. We consider two different values of the frequency
of the applied field ranging from 50 Hz [below the α-dispersion
(1 kHz)2,3] to 50 kHz. The different panels in Fig. 14 show several
important findings.

By comparing with Fig. 13, we observe that the shape of this
diagram, as σe is increased from 0.05σc to 20σc (σc = 0.2 S m−1),
remains very similar to that shown in Fig. 13 below the
α-dispersion. However, when the α-dispersion frequency is crossed,
the θ-dependence of the excess ED force attenuation–amplification
transition exhibits an inversion compared with Fig. 13, and the
position of θc varies with Λ as shown by the crossover lines of the
transition depicted in (Fig. 4 of Ref. 106). Additionally, this spectral
property makes our analysis a very interesting object for more
formal and experimental applications as it allows a physical inter-
pretation in the context of the attraction–repulsion transition of
electrostatic forces between biological cells.103

Together, these results demonstrate that ED and Cm are
sensitive to the proximity of neighboring cells, which eventually
induce anisotropic perturbation of the local electric field distribu-
tion in a cell assembly and/or a tissue. While there are no directly
comparable experiments, these results can be qualitatively com-
pared to a variety of observations published in the archival litera-
ture.22,96,107,108 One of the mutual capacitance “issues” that
deserves some thought and discussion is the connection between
the broad modeling opportunities offered by computational simula-
tion techniques on the one hand and the severe constraints on
these opportunities required by physical realism to construct cell
assemblies and tissues, such as those described in Sec. III C.

FIG. 13. Regions in the separation distance-orientation angle diagram for the
excess ED force. The gray region indicates the region in the r-θ plane for which
the absolute value of the excess ED force is less than 5%. The line correspond-
ing to the null excess ED force is described by angle θc. Additionally, this
diagram illustrates the distance-orientation range for which the absolute devia-
tions of Vm (dashed line) and δm (dotted line) are less than 5% (see Ref. 106
for definitions). Three particular points of this diagram are considered for discus-
sion of the CC: A (r = 28.6 μm, θ = π/10), B (r = 1.05 μm, θ = π/10), and C
(r = 1.05 μm, θ = 4π/10).106

FIG. 14. Evolution of the attenuation–amplification transition of ED force for
an ac electric field excitation and different values of the conductivity of the
extracellular medium. Top panel: 50 Hz, bottom panel 50 kHz. Λ = 20, and
E = 1 kV/cm.106
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E. Limitations of continuum models of EP

We have sketched just a few examples of how FE simulations
will advance our understanding of the ED and electroporation EP
biophysical processes occurring in the cell membrane, beyond what
is achievable from analytical models. In reaching the end of this
section, it is worth emphasizing a list of open questions that FE
simulations cannot help us answer, because they disregard the
molecular-level structure. First, as a non-equilibrium process on a
molecular scale, the EP mechanism is determined by the movement
of phospholipid molecules, water molecules, and ions. Continuum
models cannot describe molecular scale microscopic processes,
such as the molecular and small ions transport across the pores in
membrane. Since EP involves a broad range of length scales [from
nm (membrane thickness) through μm (cell size) up to cm (tissue
sample)] and timescales (from ns to h), understanding its first-
principles features requires a multiscale modeling approach,
ranging from molecular simulations to large-scale continuum
models of cells and tissues. Insights from molecular-level modeling,
particularly MD simulations that enhance an understanding of
pore formation, and evidence of chemical modifications of mem-
brane lipids have been addressed in the literature; see, e.g., Refs. 12,
26, 45, and 46. Second, FE analysis is useless to analyze the molecu-
lar scale configurational states of lipid membranes during pore for-
mation, while MD simulations can provide biomolecular
mechanistic perspectives through which many mechanosensitive
cellular processes can be quantitatively characterized.

IV. EPILOGUE AND PATHS FORWARD

Early work focused on analytical models that can capture the
key features of multiscale processes that occur when cells are elec-
trically stimulated or mechanically stressed. Our theoretical
approach was guided by the aim to make the simplest possible
models that captured key aspects of cell membrane electrical char-
acteristics. A basic message of this tutorial is that these biophysi-
cally inspired electric circuit equivalent models for modeling
electrically stimulated deformable membranes are useful, because
they rely on few parameters to describe the main features of experi-
ments. Unfortunately, they are available only for a few biological
materials and cell configurations. To compete with more general
first-principles methods, the research community is just beginning
to explore computational models that can be developed for any
material and cell assemblies.

A. Summary

We conclude by reiterating a few important points of this multi-
faceted Tutorial. A comprehensive description of deterministic RC
approaches based on continuum theories is first provided. These cal-
culations and experiments show the relative importance of the mem-
brane compression vs Vm. At low values of Vm, MC varies
quadratically as a function of Vm and MR is infinite, but as Vm is
increased at a value below the EP threshold, the membrane should
be considered as a nonlinear capacitor. Over the EP threshold, Vm

and MR decrease due to the charge transport across the membrane.
On the other hand, stochastic mechanisms of pore creation, destruc-
tion, and evolution included in several transient aqueous pore

models of EP based on Smoluchowski are described. These models
differ in the formulation of the expression of the pore creation
energy and the description of the resistance of an individual pore.
However, the validity of the Smoluchowski equation has been ques-
tioned for submicrosecond pulses for which the timescale to form a
hydrophilic pore may be longer than the time that large Vm exists.

On the simulation side, continuum and deterministic FE
analysis has proven to be a powerful technique to deal with the
complexity of the ED and EP of outer cell membrane mecha-
nisms. These model building approaches are able to predict both
spatial and temporal resolutions of the electric field and strain
distribution in the cell and can serve as a benchmark for quantita-
tive comparison with methods based on lumped electric circuit
equivalent models and experimental observations. To summarize
our findings concerning the electromechanical properties of
strained biological cells, we show that a quadratic dependence of
membrane capacitance and conductance captures the impact of
the strain state of an isolated cell model under electric field excita-
tion. An added benefit of using FE analysis is the possibility of
tuning electromechanical parameters to experimental data, such
as ED, Vm, and CC, which are crucial for the accurate description
of bioelectric cues. Using a theory-based cell system model, we
examine how an ensemble of cells responds to the application of a
constant and uniformly applied electric field. These numerical
models highlight the significant differences between isolated and
tightly packed cells. This paper also reveals the existence of a criti-
cal separation distance-orientation angle diagram providing evi-
dence of a separation distance beyond which the electrostatic
interactions between a pair of biological cells become inconse-
quential for the ED. There is now a widespread recognition that
tissue engineering requires a firm understanding of the underlying
CC that occurs within the cell assemblies under consideration.
Our findings underscore the structural parameters (cell aspect
ratio, membrane thickness, and surface area) as efficient tools to
tailor the effective electromechanical properties of membranes
that affect proximity-induced CC between cells. This introduces
the interesting prospect that these phenomena are coupled.
Clearly, if one wishes to further exploit the potential of numerical
models with realistic cell morphologies for clinical applications, a
multiphysics study into the pore formation that occurs during the
application of electric pulses is warranted. Of course, no one
believes that membrane ED and EP are ever actually this simple.
Nevertheless, these idealized models have widespread influence,
because there are countless complications that could, in principle,
matter, and it is impossible to model all of them at once. We
highlighted several case studies as they serve to exemplify two
sources of complexity: separately, each case presents an incredibly
rich set of questions and problems that are in some cases already
pushing the limits of computational capability; in combination,
they represent a multi-scale challenge that starts at the molecular
scale through the cellular and tissue levels.

B. Several open challenges and opportunities

The challenge of how to build quantitative models of complex
systems such as biological tissues with many interacting degrees of
freedom is not new, but the use of computer simulations clearly
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changes the story. There has been great progress in recent years
from a number of different quarters in developing robust numerical
simulations for ED and EP modeling, but it seems that every new
model presents unforeseen numerical and physical challenges. One
key aspect of the continuum description that was not considered in
our numerical simulations is the inhomogeneity and anisotropy in
material properties of the cell such as conductivity and permittivity.
Clearly, more thought should be given to predictive multiscale
models in which the microscopic physics is maintained only where
needed. Another most promising approach is to include hysteretic
behavior of the MR change of an electroporated membrane due to
recovery (resealing68). Typical elastic and viscoelastic modes would
require average properties of several millions of cells on a millime-
ter scale.97 Additionally, voltage-gated specific ion channels have
the ability to affect membrane barrier permeability and should be
inextricably linked to changes in electrical parameters that include
local MC and MR, so the state of strain of membrane cells under
electrical stimulation should be inferred by sensing these channels.

A vast amount of evidence exists for the presence of nano-
scopic pore formation in cell systems under electric field stimula-
tion, but our understanding is incomplete both from theoretical
and experimental standpoints. More specifically, a visualization of
the presence of electropores is difficult in practice, since their tran-
sient nature and small size place strong limitations on the experi-
mental characterization of their detection and growth dynamics. At
the time of writing, one of the flagship techniques for examining
membrane EP is to use fluorescence imaging generated by the ionic
flux, e.g., Ca+ and K+, through a pore.59,68,105 A wide variety of
direct and indirect EP detection experiments are actively searching
for evidence of pores depending on many physical parameters and
environmental factors that can introduce large uncertainties in
making theoretical predictions. However, their origin, dynamical
formation, and statistical distribution of size remain a crucial open
question, especially on scales where we have no direct observations
of the detailed inner structure of membranes.

There is an ongoing effort suggesting that ED and EP mecha-
nisms like those described above are governed by an intricate interplay
between, for example, electrostatic repulsion and attraction forces,
mechanical deformations, thermal energy, and chemical bond energies.
These mechanisms involve multiple scales in space (Figs. 8 and 10)
and in time (Fig. 1), but also in energy, which reflect the rich interplay
between deterministic and stochastic energies that dictate phenomena
in nearly all the molecular processes of life. On these scales many fun-
damental physical concepts have a large impact on biology, among
them are thermal fluctuations, cooperativity, self-assembly, or elasticity.
We observe that membrane strain energy (∼5–10 kT) and whole
media strain energy (∼103 kT) estimates from our numerical models22

are well within the range of the physically relevant processes displayed
in the energy metrics diagram shown in Fig. 15.

Thermal fluctuations agitate molecules in solution over a
broad range of times and distances. Since the population of pores
in the membrane is attributed to thermal fluctuations, it is also
interesting to compare the relevant energies in ED and EP to kT.
The scale kT is important since processes that operate on the scale
of kT or below happen spontaneously and reversibly.

The field of cell membrane EP and ED is still a little theory and
computation heavy, and a direct comparison of numerical

simulations to quantitative experimental data is yet to be made. We
have yet to fully optimize the modeling analysis of the ED and EP of
cell membranes in order to take full account of the cell shape change
and spatiotemporal dynamics of EP. As illustrated above, we are also
interested in how Cm, Rm, and Vm sense changes in the extracellular
environment. From a practical perspective, such models could also
help predict the dielectric and mechanical behaviors of healthy and
cancerous cells which have been found significantly different from
their healthy counterparts, e.g., cancer cells have more negative
charges on their surface, a lower Vm, and a lower electrical imped-
ance than normal cells.110 These approaches can eventually provide
us a better physical intuition for the parameter dependence of the
dynamics of each individual pore, including location on the mem-
brane, creation, destruction, and size evolution, and thus help us to
better understand much complex challenges such as the DNA elec-
trotransfer and endocytosis (i.e., electrointernalization110) mecha-
nisms. Very little is known about the spatiotemporal distribution of
defects into the membrane, and even less about nanostructured com-
ponents that might be a small fraction. However, it is precisely these
small but interesting components that might prove to be the most
spectacular on the voltage-gated ion channels.111

While this foreshortened list of several key challenges remaining
before the ED and EP of cell membranes can be fully understood, it
is useful to keep in mind that this field of research has reached a
stage where it captures the imagination, inspiring innovative goals for
engineering cellular systems to carry out specific functions. As dis-
cussed by Selberg and co-workers,112 the fields of synthetic biology,
which focuses on genetic and cellular substrates, and of bioelec-
tronics, which focuses on interfacing electronics with biology, have
made significant advancements that now allow for convergence.
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Appendix A: Physical parameters used in numerical
simulations6,22,23,106

The purpose of this appendix is to provide the reader a
detailed list (Table II) of the input parameters used in our FE

FIG. 15. Illustrating the energy scale (in terms of the thermal energy scale kT)
in the cellular context.
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simulations.6,22,23,106 The reader is also referred to other sources
that describe the physical parameters used in the FE analysis of bio-
logical cells exposed to electric fields.4,12,13,15,26,28,48,49,58
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