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Abstract

We derive a formula for the quasi-potential of the one-dimensional symmetric exclusion process
in weak contact with reservoirs. The interaction with the boundary is so weak that, in the diffusive
scale, the density profile evolves as the one of the exclusion process with reflecting boundary
conditions. In order to observe an evolution of the total mass, the process has to be observed in
a longer time-scale, in which the density profile becomes immediately constant.
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theory
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1 Introduction

The investigation of the nonequilibrium stationary states of interacting particle systems in contact
with reservoirs has attracted a lot of attention in the last years [3, 13, 5, 26, 12, 8, 10, 2, 21, 18, 19].

In this article, we examine the one-dimensional symmetric exclusion process in weak contact with
reservoirs. The interaction of the system with the reservoirs is so weak that the hydrodynamic equation
describing the macroscopic time evolution of the empirical density is the heat equation with Neumann
boundary conditions, the equation which represents the density evolution of the exclusion process with
reflecting boundary conditions.

The global density of particles in the system, which from now on, we refer to as the mass of the
system, changes in a much longer macroscopic time-scale. In this very long time-scale, the empirical
density immediately reaches the stationary profile of the heat equation with Neumann boundary
conditions and mass given by the initial mass (that is, a spatially constant density profile with mass
equal to the initial mass). Then, the density profile remains constant in space, while the mass evolves
smoothly in time.

There are therefore two important time-scales. In the first one, the density profile evolves according
to the heat equation with Neumann boundary conditions and converges, as time increases, to a constant
density profile without modifying its mass. In the second much longer time-scale, the constant density
profile evolves smoothly, modifying the mass according to an ODE, until it reaches the value determined
by the interactions of the system with the boundary.

This picture extends to the dynamical large deviations. Denote by Ko 1)(u) the cost of observing
a trajectory u(t) in the time interval [0, T]. For each ¢, u(t) is a density profile. Assume that the mass
of u(t) is constant in time ([ u(t,z)dx = c¢). As the interaction with the boundary is small, this cost

coincides with that of an exclusion process with reflection at the boundary [16]. Denote the later cost
by K[%Ie]li]( ) so that K[O,T]( ) K[I\Ofejli]( )



To consider the large deviations of the mass, observe the system in the longer time-scale at which
the mass evolves. Fix a trajectory a: [0,7’] — [0, M], where M represents the length (or volume) of
the interval where particles are interacting, and denote by Ijg 7+)(a) the cost of observing a trajectory
u(t), 0 <t < T’, whose mass at time t is equal to a;. Theorem 2.8 below states the dynamical large
deviations principle for the mass and provides a formula for Ijo ().

We turn to the quasi-potential. The existence of two time-scales creates an obstruction in its
derivation. Denote by p,,, 0 < m < M, the constant density profile with mass equal to m. Let V,.Neu()
be the quasi-potential associated to the exclusion dynamics with reflection at the boundary: for a
density profile p whose mass is equal to m, V.N¢"(p) = infr~¢ inf, K, [Ig,e;] (u), where the second infimum
is carried over all trajectories u with time-independent mass and such that «(0) = p,,,, w(T) = p.

Fix a density profile p whose mass is equal to m, and let uycu be the relaxation trajectory, that is,
the trajectory which describes the typical evolution of the density profile when the initial condition is p.
As this evolution corresponds to the solution of the heat equation with Neumann boundary conditions,
upy®(t) = pm as t = co. Let uN°" be the time-reflected trajectory: up-N"(t) = uy®(—t). As the

P p
exclusion process with reflecting boundary conditions is reversible, V.N¢%(p) = KNeu . (yf:New),

(70070] P

Since the dynamical large deviations rate functional of the exclusion process with weak interaction
at the boundary coincides with the one with reflection at the boundary, the quasi-potentials also
coincide. The infimum is therefore reached at the time-reversed relaxation trajectory: for any density
profile p with mass m,

3 : o : Neu _ Neu R,Neu) __ Neu
Vulp) i= jnf inf Kiory(u) = inf inf KNG (u) = KR g (afoNen) = vAe(p)

Moreover, as the stationary states of the exclusion process with reflecting boundary conditions are

the uniform measures with fixed total number of particles, a straightforward computation yields that

{o@) 10827 4 11— (o) 1og 2 Y g

Vi) = V(o) = [
K
for any density profile p(-) whose mass is equal to m.

The quasi-potential V(-) associated to the mass evolution, is given by V(m) := infrsginf, I'r(a),
where the second infimum is carried over all trajectories a: [0,T] — [0, M] such that ap =7, ap = m.
In this formula, v stands for the typical mass under the stationary state, determined by the weak
interaction of the system with the boundary.

Fix a mass m and let a,, be the relaxation path of the mass which starts from m and converges to
v as t — 0o. Denote by al* the time-reversed trajectory. In Lemma 4.11 and its proof we show that

m 1-m
V(m) = I—ag(al) = M{mlog; + [1—m]log = }.

Theorem 2.9 asserts that V' is indeed the large deviations rate function of the mass under the stationary
state.

We conclude this section with heuristics to derive the quasi-potential for the symmetric exclusion
process with weak interaction at the boundary. Fix a density profile p(-) with mass m. As time
evolves, it relaxes to a constant density equal to m. In a longer time-scale the mass relaxes to 7.
Hence, reasoning backwards, it is expected that to fluctuate to p, the system first changes its mass
from v to m following the relaxation path reflected in time. Then, its density profile evolves from one
which is constant in space and has mass equal to m, to p, following the relaxation path reflected in
time. The total cost of this trajectory is given by

I—oo)(am) + K% g (™) = V(m) + Vin(p) -

By the previous identities,



is the quasi-potential for the symmetric exclusion process with weak interaction at the boundary.

To prove that W is indeed the quasi-potential, one should consider a time-inhomogeneous dynamics
in which the process evolves diffusively in a time interval [0, 7], and properly time-rescaled, so as to
observe an evolution of the mass in a time interval [T,7T + S].

It is also possible to use the matrix representation of the stationary state to derive the above
equation for the quasi-potential [11]. It coincides with the quasi-potential for the symmetric exclusion
process with Robin boundary conditions as the interaction with the boundary vanishes [12, 8, 9].

2 Notation and results

2.1 The model
For N > 1, the state space is given by Qx := {0,1}*~, where Xy = {1,...,N —1}. For n € Xy
x € ¥y, n(z) =1 if site = is occupied and n(x) = 0 if it is empty.

Consider the infinitesimal generator £y = N2 (E N0+ ﬁ[ﬂ N)b) where L o represents the generator
of the symmetric simple exclusion process and Ly, models the interaction of the system with the
boundary reservoirs. For any function f: Qn — R,

N—-2

(Lnof)m) =D (fa™™*) = fn),

=1

LnpHm) = DY [ra(l=n@)+ 1 —ro)n@)] (f0") = f(0))

ze{1l,N—-1}

8

with r; = o, ry_1 = 3, where 0 < , 8 < 1. In this formula, for z € {1,..., N — 2}, the configuration
n®*+1 is obtained from 7 by exchanging the occupation variables n(z) and n(z + 1), i.e.,

n(x+1), ify==x
() =9 (@), fy=z+1 (21)
n(y), otherwise,

and for z € {1, N — 1}, the configuration n* is obtained from 7 by flipping the occupation variable
n(z), i.e,

) = { o) Minerse. (22)

The factor N2 in front of the generator of the boundary dynamics indicates a very weak interaction
of the system with the reservoirs. The sum Ly o + ﬁﬁ ~,b is multiplied by N 2 to model a diffusive
behavior of particles in the bulk.

Remark 2.1. All results stated below are valid if we replace the generator Ly o + ﬁﬁg\ﬂb by Ln,o +
ﬁﬁN,b, with 6 > 1, a parameter that modulates the interaction of the system with the reservoirs.

Denote by (1:)¢>0 the Markov process with infinitesimal generator £y.

2.2 Hydrodynamical limit and large deviations in the diffusive scaling

Here, we recall the results established in [1], resp. [16] regarding the hydrodynamic limit, resp.
large deviations for the process with generator £y known as the SSEP with slow boundaries. For
that, let us first introduce some notation. Fix a time horizon T' > 0, and recall that Qx = {0,1}*~,
Yy ={1,...,N —1}, and (n)¢>0 is Qn-valued the Markov process with infinitesimal generator L.



Given a Polish space A, DY denotes the space of trajectories on [0,7] which are right continuous
with left limits and with values in A. Given a probability measure pn on Qn, P, is the probability
measure induced on D by {n, ¢ € [0,T]} when no has law . Also, denote by E,,, the expectation
with respect to P, .

Introduce

M = {u is a positive measure on [0, 1] such that u([0,1]) < 1},

which we equip with the weak topology. Denote by My C M the subset of elements which are
absolutely continuous with respect to the Lebesgue measure and with density between zero and one.
The subset My is closed for the induced topology and is therefore a Polish space.

Introduce the empirical measure associated to an element n € Qy as the the element of M defined
by
] V-1
N (n, du) = 7V (du) = ¥ > n(@)d s (du)
r=1

where 0 is the Dirac measure at point z/N. The process (m]¥)o<i<T of empirical measures associated
to (nt)o<t<r is a Markov process inducing a measure on D}’CA.

For a continuous function F : [0,1] — R, write

(7 F) = = 3 (@) F(w/N)

=1

and for F,G € L2([0, 1]),

(F,G) = F(z)G(z)dz.

S~

Denote by C%I = C%I([0,T] x [0,1]) the set of functions that are of class C* in time and of class
C7 in space with i, j possibly infinite, and C*([0, T]) resp. C*([0, 1]) the functions that are C* in time,
resp. space.

To lighten the notation, given G : [0,T] x [0,1] — R, we will sometimes write G;(x) instead of
G(t,z) and 0;G(t, z) denotes its partial time derivative. Also, given G : [0,T] — R we will sometimes

write Gy instead of G(t), and Gy or G(t) denotes its time derivative, which we also sometimes denotes
by 8,5Gt.
We say that a sequence of probability measures (un)n>1 on Qn is associated to the profile

po: [0,1] = [0,1] if for any § > 0 and any continuous function G: [0,1] — R,

lim gy (7Y, G) = (po, G)| > 6] = 0.

N—o0
2.2.1 Hydrodynamic and hydrostatic limit in the diffusive scaling

The following results established in [1] and [16] hold:

Theorem 2.2. (Hydrodynamic limit, c.f. [1]) Consider a sequence of probability measures (un)N>1
associated to a measurable profile po: [0,1] — [0,1]. Then, for every t > 0, § > 0 and continuous
function f:[0,1] — R,

dim By [ (=0~ (e D] > 6] =0,

where p(t,.) is the unique weak solution of the heat equation with Neumann boundary conditions

Oip(t,x) = 02p(t,z), fort>0, z€(0,1),
Op(t,0) = Opp(t,1) =0, fort >0, (2.3)
p(0,2) = po(x), forx € 0,1].



For N > 1 fixed, the dynamics of (1;)o<¢<r is irreducible and its state space finite. Therefore,
it admits a unique invariant measure that we denote by .. The following result provides a law of
large numbers for the empirical measure under the stationary state u’., referred to as the hydrostatic
limit. It was first established by Baldasso, Menezes, Neumann and Souza in [1]. Tsunoda provided an
alternative proof in [20].

Theorem 2.3. (Law of large numbers under the invariant measure, c.f. [1] and [20]). For any
continuous function H: [0,1] — R,

a+p
2

(7N H) —

Nooo = Has

lim EN|:

(1,H>HO.

For the proof of Theorem 2.3, Baldasso et al. use a microscopic control of the two point correlations
function for the invariant measure and they do not rely on the knowledge of the hydrodynamic limit
of the empirical measure in the diffusive scaling. In [20], Tsunoda obtains Theorem 2.3 by using a
macroscopic dynamical relaxation approach that relies on the knowledge of the hydrodynamic limit
of the empirical measure, in the spirit of [23]. Reasoning as in [23] he first proves that the limit is
necessarily a stationary solution of (2.3) and therefore a constant profile. He obtains the value of
that constant using the hydrodynamic limit of the mass of the empicial measure in a well chosen
super-diffusive scale (see Section 3 and Proposition 3.1 for a precise definition of the mass and for
the statement of its hydrodynamic limit). In what follows, we are also able to recover Theorem 2.3
through a macroscopic dynamical approach. It relies on a refined version of Tsunoda’s results: we
derive the pointwise hydrodynamic limit for the process (and not just the mass) in the super-diffusive
scaling (see Theorem 2.5). From that, we obtain the hydrostatic limit for the mass (Proposition 3.8),
and then combine the super-diffusive and diffusive time scales to obtain the law of large numbers for
the empirical measure under the invariant measure of the system.

2.2.2 Dynamic large deviations in the diffusive scaling

We write L2(0,1) the space of L? functions defined on [0, 1] and denote by ||.| .2, the associated norm.
Let H'(0,1) be the subset of L%(0,1) such that for any F' € H!(0,1), there is 9, F € L?(0,1) satisfying
(0,F,G) = —(F,0,G), for any G € C* with compact support in (0,1). For F' € H(0,1) define the
norm L
1Pl = (I1F I3 + 0:FI3:) .
Let L2([0,T],H') be the space of measurable functions F : [0,T] — H! such that

T
1P ryoey = [ 1Filfad: < .
Define the energy functional £ : D}, — [0, 0¢], as in [16], by £(m) = sup Ex () where the supremum
is taken over elements in C%1([0,T] x [0, 1]) whose support is containeg in [0,7] x (0,1), and
fol fOT O H(t,x)p(t, z)dtdx — 2f01 foT H?(t,z), if m € DY, and m(dx) = pi(x)dz

En (71' =
+o00 otherwise.

Introduce
M = {7 € D}y, (m,1) = (mo,1), Vt € [0,T]}.

For H € C2([0,T] x [0,1]), define the linear functional Jy(r) : D%, — [0, 00] as

T T
Jﬂﬂz@ﬁm—@mm—/<%@mwﬁjﬁ@%@mms
0 0

3A@ﬂ—mmmmﬂ@



if 7 € M and E(m) < oo with 7y = py(x)dr, and Ji () = 400 otherwise.
The rate function Iy : D}, — [0, 4+00] that appears in the large deviations principle proved in [10]
and recalled below (Theorem 2.4) is given by:

Ir(m=  sup  Jy(m.
HeC-2([0,T]%[0,1])

Theorem 2.4. (Dynamical large deviations principle, c.f. [10])

Consider a sequence of deterministic configurations (UN)NZI associated to a continuous profile pg
which is bounded away from 0 and 1. The sequence of probability measures (PénN)Nzl satisfies the
following large deviations principle:

(i) (Upper bound) For any closed subset C of DL,

_ 1 -
1 -
W, 1o Po (G =~ ()

(ii) (Lower bound) For any open subset O of D},

1 i
i 7 logPs [0] 2 — f Ir(m).

2.3 Main results

To observe an evolution of the mass of the process (1;);>0, time has to be accelerated by a factor N,
that is, by speeding-up the exclusion part by N3 and the boundary dynamics by N. We refer to this
as the super-diffusive regime, or accelerated regime.

Fix one and for all a time horizon T' > 0 and denote by {¢;, t € [0,T]} the Markov process with
generator

Eny =N*{Lyo+N"2Lys} = NLy.

We will often refer to {¢;, t € [0,T]} as the accelerated process. Given a measure puy on Qp, B, is
the probability measure induced on DgN by the speeded up process {¢;, ¢t € [0,T]} when (o has law

1. Also, denote by IEHN the expectation with respect to I@HN.
For m € M, introduce
m(m) = (1,7) = =([0,1])

N

the mass of m. Then, the process (ﬁz(wN(Q, )) which we will denote by (T?L(ﬂ't defines

0<t<T’ ))ogth
a hidden Markov process with state space [0, 1] and induces a probability measure on D[% 1 the space
of trajectories defined on [0,7] that are right continuous with left limits and taking their values in
[0, 1].

2.3.1 Hydrodynamic limits

As mentioned before, in [26], Tsunoda established the hydrodynamic limit for the mass m(7}Y) in the
super-diffusive regime, which corresponds in our case to having the process accelerated by a factor N.
An extra argument provides the hydrodynamic limit for the empirical measure of the process.

Theorem 2.5. (Hydrodynamic limit for the accelerated process). Fix a measurable profile po : [0,1] —
[0,1] and consider a sequence (un)n>1 associated to pg. For any ¢t € (0,T], § > 0 and continuous
function H: [0,1] — R,

lim B, H(wfV7H> - m(t)(LH)‘ > 5} —0,

N—o0



where m : [0, T] — [0, 1] is the unique solution of

om=—2(m—
{ im = —2(m —7) (2.4)
m(0) = [y po(z)dz,
and v := (a+ 3)/2.
For N > 1 the generators of (n;)o<i<7 and ((:)o<i<r are proportional so they admit the same
stationary measure ..

2.3.2 Large deviations principles

We first define the rate function that appears in the dynamical large deviations principle.

Definition 2.6. For T > 0 fized and G € C*([0,T)), define Jrg : Dﬁ;l] — R by

T T
Jr.c(a) =: arGr — apGo — / 0,Gsasds — / Ag, (as)ds, (2.5)
0 0

where (as)o<s<T Tepresents an element of D[To’l], and

Ag(b):==2v(1—b)(e? —1) +2(1—)b(e 9 —1), g€R, be[0,1]. (2.6)

The rate function is defined as follows.

Definition 2.7. Fiz m € (0,1). Let I, Ir(-|m): D[:g > RU {+00} be given by

IT(a) if ag=m

Ir (a) - Sup JT’G(a) ’ Ir (a|m) - { +o00  otherwise.

Gecl([o,17])

We present in Proposition 4.4 below an explicit formula for rate functional provided the trajectory
is smooth. Fix a € C2([0,T]) for which there exists § > 0 such that § < a(t) <1—6§ for 0 <t < T.
Then,

T
Ir(a) :/0 27v(1—as) {1 + HyeMs —ef= } ds o
2.7

T
+/ 2(1—=7)as {1 - Hye s =M }ds,
0
where, for each 0 <t < T, H; is the unique solution of the equation

a(t) =2v(1 - at)th —2(1 — y)age Hr.

We are now in a position to state the dynamic and static large deviations principle.

Theorem 2.8. (Dynamical large deviations). Fiz mg € (0,1) an initial mass and consider a sequence
of configurations (n™)n>1 such that m(7™N (n™)) converges to mg. The sequence of probability measures
IP’L;”N satisfies the following large deviations principle:

(i) For any closed subset F of D[E,H,

. 1 ~ N
Jim - log By, [(m(]

< —1i .
E]:] < auelg_ I(almyp)



(i) For any open subset O of D[I(;,l],

1 N
lim Nlog Ps N [(m(wgv))ogtST € O} > —inf I(a|myg).

N—o0 acO

Theorem 2.9. (Static large deviations principle).
(i) For any closed subset F of [0,1],

: 1 N [/ N a :
— < — V
1\;1m IOg Hss [m(n ) € J] n},n; (m) (28)

(ii) For any open subset O of [0,1],

. 1 N i~/ _N .
— > — . .
J\}fio N log pigg [m(n™) € 0] > nlLIéi:ﬁV(m) (2.9)

where V' : [0,1] — [0, +00], the quasi potential for the rate function It( . |7y), is given by:

V(m) := inf inf It (aly), (2.10)

T>0 a(.), ap=m

and the infimum is taken over elements a in C*([0,T7).

Remark 2.10. Theorems 2.5, 2.8, 2.9 hold as stated if the generator N~2Lx , is replaced by N*QENJJ
for some @ > 1. In this case, Ly has to be accelerated by N°~1 so that

NP IN* (Lno+ N"Lny) = N"Lyo+ NLyy -

The study is carried out for the case where 8 = 2 but all arguments apply without modifications, to the
case 0 > 1.

We prove Theorem 2.5 in section 3, Theorem 2.8 in Section 5 and Theorem 2.9 in Section 7.

3 Hydrodynamic limits

3.1 Dynamical law of large numbers for the accelerated process

To prove Theorem 2.5, which is a pointwise hydrodynamic result, we first establish the hydrodynamic
limit of the mass (Proposition 3.1). The latter is also stated pointwisely but we prove that the
convergence of the mass trajectory holds in law, which yields the pointwise convergence. For that, we
follow the standard steps. First we prove tightness of the sequence of probability measures induced by
the mass process (Lemma 3.2). Then, we perform a superexponential replacemment lemma (Lemma
3.3) which will also be used for the proof of the large deviations principle. In order to do so, we use
some Dirichlet estimates (Lemma 3.5).

Fix p € (0,1) and define

N—-2

= [ X (VIGT - VIQ) a0

=1

and

Doy (f / > [0 )+ (1= ra)¢@)] (V) VIQ) v

re{l N—



for f: Qn — R. In this formula, VFJ)V represents the Bernoulli product measure on 2y with density p.

Fix a constant mg € [0,1]. We say that a sequence of probability measures (uy)ny>1 on Qy is
associated to the mass my if, for any § > 0,

A}i_r)n()o N Hﬁz(wN) —mg| > 6] =0.

Proposition 3.1. (Hydrodynamic limit for the mass). Fiz mqy € [0,1] and consider a sequence of
measures (un)n>1 on Qn associated to the mass mg. Then, for any t € [0,T] and any § > 0,

lim P,, [ ‘m(wN) - m(t)’ > 5} =0,

N— 00
where m : [0, T] — [0, 1] is the unique solution of (2.4) with m(0) = my.

Lemma 3.2. For any sequence of measures (fin)n>1 on Qn, the sequence of probability measures
(Puy)n>1 induced by m(m) when ng ~ pun, is tight for the Skorohod topology. Moreover, all limit
points are concentrated on continuous paths.

Proof. 1t is enough to show that for any ¢ > 0,
R = ~( Ny _ ~( N _
lim limsup P, | sup |m(m,')—m(ng )| >e| =0. (3.1)
=0 Nooo [t—s|<5

By Dynkin’s formula (see [22, Appendix 1]),
t t
MY = m(xN) - w(r) — N / Lo om(rN)ds — N / Lo )ds
0 0

is a martingale with respect to the natural filtration F; := o(ns, s < ¢). As the bulk dynamics is

conservative,
~ N
ACN’Om(TFS ) =0.

Also, computations yield:
NLyp(rl) = a — (1) + B — (N — 1),
SO .
MY = i) = () = [ (@48 G0 = GV = D)as (3.2)
Therefore, (3.1) holds if

N N
sup ‘Mt M
j1—si <6

lim limsup E
6—=0 N—>oop -

] =0 (3.3)

and

lim limsup E
6—0 N—)oop e

sup '/: (@+8—=¢1) = G(N —1))dr

lt—s|<d

] =0. (3.4)
Denote by (M}) the quadratic variation of M;}¥. By Doob’s inequality,

E 1z

KN

sup ‘MtN — MY
|t—s|<&

< 21~EMN [ sup ‘MtN
0<t<T

| < B 0353



Dynkin’s formula and the fact that the bulk dynamics is conservative yields the following expression
for (MN):
t
(MNy = N / [Cna(r )2 — 2(x ) L)) ds
0

t (3.5)
v [ T @m0 ds.

we{1,N-1}

Hence, as (s(x) is bounded, (M}V) e 0, in L, and (3.3) follows. To prove (3.4), simply note that
—00

for 0 <s <t a+p—_(1)—((N —1) is uniformly bounded. O

Lemma 3.3. (Superexponential Replacement Lemma). Given g € C([0,T]), for any sequence of
probability measures py on Qn, t € [0,T], 6 >0 and x € {1, N — 1},

i 105 B [ | [ 906060~ tn s > ] = o (36)

N —o0

Remark 3.4. In the proof of Proposition 3.1 we only need the probability in (3.6) to vanish in the
limit. The stronger version presented in Lemma 3.3 is needed in Section 5.

For the proof of Lemma 3.3, we use the following :

Lemma 3.5. For any density f with respect to I/év,

(i) (LnoVF NPy =~
on p, such that [Un(f

Proof.

1/2) Dy, (f) + Un(f). There exists a finite constant Cy, depending only
| < Cy for all N > 1 and density f with respect to Vév.

(
)

(i) This point comes from the the fact that the measure V,év satisfies the detailed balance conditions
under the dynamics generated by £y and a change of variables.

(ii) Add and subtract (1/2)El,/1]v [Ln.bf]- On the one hand,

- %{EV’ZJV[ACN,b.ﬂ - 2<L‘N7b\/.?7 \/?>V£] } = - (1/2) DN,b»(f) :

On the other hand, performing the change of variables ¢ — (% in the term (1/2) E,,/iv (LN bS]
yields that

(LnpF, \/?>V/§V =- %DN,b(f> +

DN =

_ Co: —-p UN
PR | =0 a.

Now, using that f is a density, that the jump rates are bounded and that p € (0,1), the result
follows.
O

Proof of Lemma 3.3. Fix p € (0,1), and suppose, without loss of generality, that x = N — 1. For
s € [0,t] and g € C([0,T]), write VI(C) = g(s)(¢s(N — 1) — m(wl)). Using that "fl"—z"’ < e“N and

s N
Yo

). e

Tchebychev’s inequality,

P, [ ] /O t VI(¢)ds| > 5} < exp(—(cd — O)N) x B, [exp <ch /0 t VI(()ds

10



for any ¢ > 0. Therefore,

%log Py [ ‘/Ot ng(g)ds‘ > 6] <C—cd+ %log E,y {exp <CN‘/Ot vg@)ds’)] : (3.8)

Let us deal with the last term. As el®l < e + e %, and

1 — 1 — 1
— < 1 — 1 — .
J\}I—I&N log(ayn + by) < max (1\[11_13(1)0 N logan, A}l_rgo v log bN) , (3.9)
it is enough to bound that expectation without the absolute values.

Let VY (¢) = ((N—1)—(1,7V). By Feynman-Kac’s inequality, stated, for instance in [22, Appendix
1], Lemma 3.5 and the fact that Dy is non negative,

£ [oo (o / (o)
( sup cNg(s)vN<c>f(<>dv,iV Q)+ N¥Ln oV o V) + N(Lno ﬁ>}ds> (3.10)
N3
( sup cNg(s)VN@)f(odu;V (O) = 5 Dn(f) + NUN<f>}ds> ,
where Uy (f ) has been introduced in Lemma 3.5, and the supremum is carried over all densities f with

respect to 1/

By definition of V'V,

21 z / (1) = €O (F() = FECH)dv (€),

where we performed the change of variable ¢ — ¢%*+! in the last line. Now, write

FQ) = F(CHT) = (VA = VD) (V) + V().

By Young’s inequality and using the fact that ¢ is bounded, the penultimate expression is less than

N—-1N-2

/[B (Jf T - VIQ) + gy (VG + VFQ) | )

for any B > 0, where we used that f is a density.

11



Taking the log of (3.10), dividing it by N and using the above inequality yields

10w g o (o [ vp(0as)| < [Coun{ X p () + Digto) - o) + Uvi) s
< T sup{ LB o)+ Fgle - Sowr) + Uv1)}
<T {% + UN(f)}7

where to get the last inequality we took B = %. By Lemma 3.5 Un(f) is uniformly bounded by a

constant Cy. Therefore, we are left with

1 - t
lim Nlog ]E,,év [exp <cN/ ng((:)ds>] <TCy.
0

N —oo
By (3.8),
1 - t
Tm — log P, [ )/ Vj(()ds‘ > 5] <O —es+TC.
N—oco N 4 0
Taking ¢ — 400 yields the result. O

Proof of Proposition 3.1. From (3.5), we have that

]E#N{ sup ‘MtN
0<t<T

| 0.

N—o00

Thus, by the formula (3.2) for M}¥ and by Lemma 3.3, for any ¢ > 0, ¢ € [0, 77,

B, [ ‘ﬁl(ﬂfv)—ﬁ%(ﬂév)—/otQ(y—ﬁz(ﬂév))ds‘ >g} 0.

N—o00

Since, by Lemma 3.2, all limit points of the sequence (P,,)n>1 are concentrated on continuous
trajectories, by Portmanteau’s lemma, for any limit point Q* of (P, )n>1, for any ¢ > 0 and ¢ € [0, 77,

@ [ [t~ tro) = [ 20— lr)as| > <] <o (3.11)

Taking ¢ — 0, for any t € [0, T],
Q" [ (1) — (o) = / Doy - m(m))ds] 1. (3.12)
Taking a dense subset of times and using the right-continuity of the trajectories yields that
o [m(m) _ i) = /Ot 2y — fi(m))ds, Vt € [0,T] } _1 (3.13)

If (un)n>1 is associated to a mass my,

Q* [m(m) :mo—l—/ot2(7—r%(7rs))ds, vt € [o,T]} =1.

Therefore, Q* is concentrated on solutions of (2.4) with m(0) = mp. By uniqueness of solutions,
the measure Q* is the measure concentrated on the trajectory m(-) which solves (2.4) with m(0) =
mg. Convergence in law to a deterministic measure implies convergence in probability so we proved
Proposition 3.1. Note that m is explicitly given by

m(t) = v+ (mo — ) e . (3.14)
O
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We move on to the proof of Theorem 2.5, the hydrodynamic limit of the empirical measure
associated to the accelerated process. The idea is to use the fact that the hydrodynamic limit of the
non accelerated process is the heat equation with Neumann boundary conditions (see Theorem 2.2)
and that the solution of that equation converges in time to a flat profile given by the mass of the initial
condition (Lemma 3.7). The accelerated process then only evolves according to the hydrodynamic
limit of the mass, stated in Proposition 3.1. This is the object of Proposition 3.6.

Proposition 3.6. Consider (un)n>1 a sequence of probability measures. Fixz a > 0 and a continuous
function H: [0,1] = R. There is a to > 0, depending on a and H, such that

m B, [ ‘wg,m—m(wmu,m‘ >a} —0, (3.15)

N —o00
for any t > tg.
To prove Proposition 3.6 we use the following Lemma for which a proof can be found for instance
in [14] or [24], Chapter 4.
Lemma 3.7. Consider a measurable profile py : [0,1] — [0,1] and let p be the solution in H'(0,1) of
(2.3). Then, for anyt >0,

1 1
() */ po(x)dz|Z> < lp(0,.) */ po(x)da|Zae Mt < 272N,
0 0

where A1 > 0 is the smallest non zero eigenvalue of the Laplacian associated to Neumann boundary
conditions.

Proof of Proposition 3.6. Fix a > 0, and a continuous function H: [0,1] — R. Consider ¢ty > 0 such
that 2e=*1%||H || 12(0,1) < ¢ and fix t > to. Let (Nj)r>1 be a subsequence such that

m P, [ ]wg,m—m(wgm,m] >a] = lim B, HWF,H)— A(wéVk)<1,H>\ >a} .

N—o00 k—o0 &

Let us show that the right-hand side vanishes. To prove this assertion, it is enough to show that any
subsequence of Nj has a further subsequence which converges to 0. Fix a subsequence of Ny, still
denoted by N} to keep the notation simple.

Define A; C DYy, as the set of trajectories {p(r,-), 0 < r <t} whose density p is a solution of (2.3)
for some initial condition. The process (ﬂ% Jo<r<: has generator L and by the proof of Theorem 2.2
in [1], the sequence of probability measures Puzvk on DY, induced by (W%)ogrit when 0% ~ pi,, is
tight and all its limit points P* satisfy

P* (Ay) =1
Consider (N});>1 a subsequence of (Ni)g>1 such that I@’HN]( converges to a probability measure P*.

Then, by Portmanteau’s Lemma,

Jj—00

i B, UWE,H) —m(wévﬂ")a,H)] > a}
I 3.16
< P* [(‘(p(t),H>/Olp(O,:c)d:E<l,H>’ Za) ﬂ(peAt)] o

By Lemma 3.7, for any p € Ay,

1 1
|<PtaH>*/0 p(0,z)dx(1, H)| < II/J'(t,-)*/O p(0, z)dz|[r20,1) [ H [l L2(0,1)

S 2€7>\1tHH”L2(071).
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Therefore, by definition of ¢y, for any ¢t > tg and p € A;

oty = [ pl0.)dn(r. D] < 5

This implies that the right-hand side of (3.16) vanishes, and completes the proof of the lemma, as we
showed that any subsequence of Ny possesses a further subsequence N J’ such that

lim P, , [ ‘@&,m —m(ﬂévf)a,m( > a} — 0.
J—00 J NJ/'

O

Proof of Theorem 2.5. Fix a continuous function H: [0,1] — R. The idea is to split the term |(7}N, H)—
m(t)(1, H)| into two parts involving the mass process m(m"). One part is dealt with thanks to the
hydrodynamic limit for the mass given in Proposition 3.1. The other part relies on Proposition 3.6.
Fix a t € (0,7]. We have
[(md¥, H) —m(t)(1, H)| < [(m}", H) — (") (1, H)|
+m(my) = m(b)][(1, H)|.
By Proposition 3.1, the second term above converges in probability to zero under If”# ~- Let us prove

that
[ ‘<7TtN’H> _m(ﬂiv)U,H)‘ > 5} =0

for all € > 0. Consider ¢y such that

€
267)\1150 ||H||L2(0,1) < Z,

where we recall that A\; was introduced in Lemma 3.7. Also, consider N large enough so that ¢t — tﬁ" > 0.
We have

[ H) = () (1 H) | < | H) =i (x] ) (0 H))

N
By (3.1),
. ot ~(_N ~/ N 3
dim, B [ (7l ) = Al )| > 5] =
Now, we are left to show that
: % N ~ (N €] _
Jim By [l 1) = (¥ ) (LB > 5] =0

By the Markov property, the previous expression is equal to
~ €

B,y | (s ) = )0 )] > 5],

where St_%o (un) is the push-forward of the measure un under the dynamics. By Proposition 3.6

(since this result does not impose any condition on the initial measure) and the choice of ¢y, this
expression goes to zero as N goes to infinity. O

14



3.2 Static law of large numbers for the accelerated process

In order to prove Theorem 2.3, we start by proving the static law of large numbers for the mass
of the process (see Proposition 3.8). This result follows from the fact that any solution to the O.D.E
(2.4) of the mass converges to 7. Then, we use a similar argument as in the proof of Theorem 2.5
which consists in moving by a factor ¢/N back in time, to recover the static law of large numbers for
the accelerated process of empirical measures.

Recall that p2, denotes the unique stationary measure on Qy relatively to the dynamics induced
by the generator Ly .

Proposition 3.8. The sequence of invariant measures (u)n>1 satisfies:
lim B, H?’ﬁ(ﬂN)—*y ] —0,

Nooo  Hes

where, recall, E,n 1is the expectation under ulN on Qp.

Proof. As (ﬁ%(wN ) — ’y) is uN-almost surely bounded, it is enough to prove the convergence in
N>1
probability to zero. Fix ¢ > 0 and choose T = T'(g) such that for any mg € [0, 1], |m0 — 'y|e’2T <e.
Consider (Ni)r>1 an increasing sequence such that
lim uﬁ\i( ‘T?L(WN) f’y’ > 5) = lim uf’;’“( ’ﬁl(wN’“) 77’ > e )
N—oo 7 k—oo = 7

By stationarity of uX,
i ([e™) o] > ) =B |(ed) = 5| > ).
By Lemma 3.2 (which does not impose any condition on the sequence of initial measures), one can

extract from ]P)HNk a converging subsequence P N with limit P*, so that
o8 Hss

lim Mﬁk( "I’?l(?TNk) _fy’ > E) = hm ED N’.( ‘m(ﬂgj) _’Y‘ > 8)

k—o0 j—oo  ued
<& ([aten | 2¢)
= P*( |(mo) = 7|e 2 2 ¢ ) =0,
where the last line comes from (3.11) and the choice of T O

Remark 3.9. One can deduce from the proof of Proposition 3.8 that there is a sequence (enN)N>1
converging to 0 such that u®. (B.,) converges to 1, where B., is the set of measures with mass less
than ey away from ~y:

B., ={mreM, |m(r)—~v|<en}.

Proof of Theorem 2.5. Consider (71¥)¢>0 the accelerated process of empirical measures, that is, with
generator £y, and such that 7Y ~ pX. Fix a continuous function G: [0,1] — R, and T' > 0. As
the generator of the accelerated process is proportional to the one for the non accelerated one, pl, is
invariant for that process. Therefore,

[ [, 6) = 1(1,6)| | =By

[
< E,N[ Tﬁtﬁo)u,@’ ] = an T -
By [ [ _) = mm)|[(L6) | = b,
+ By [ ) =] (1,6) ] = cy



where N is large enough so that T — tﬁ“ > 0. By Proposition 3.8, ¢y (which does not depend on T
because the expectation is under the invariant measure) goes to zero when N goes to infinity.

Using the proof of Lemma 3.2 we get:

t
hm bNTt(J < hm E#ss[ sup MtN } + hm E,~ [ sup N/ EN7bT/T\L(7T7{V)dT

t t
|s—t|< %o [s—t|<

}:0.
Ni=aVN

To control ay 1.+,, introduce the process (ﬁ' =T i ) as in the proof of Theorem 2.5. By
—NTx/s>0

Markov’s property,
anro = Euy [ |(7,6) - @ 10(1,6)| |.

By Lemma 3.2, (Puﬁ)Nzl is tight so we can extract from it a sequence (PH{V!«)’fZl converging to a
probability measure Q*. By Theorem 2.2,

Q* (7r e At0> =1,

where
Ay = {(p(t,x)dx)te[o 17 P18 & weak solution of (2.3)}.

Therefore,

i B [ (70, G) = (7%, 1)(1,6)| | =Eg- |

N-—soo Hss

<7Ttoa G> - <7TO7 1><1’G> 1

7'(6.«41,0:|

1
<Bo[llto.) = | p(0,2)doll a0 [Gllr0 Lnet,
0
S 26_)\1t0HG||L2(0’1).
We are left with

N _ < 7/\1t0
Jm gl [, 6) = (1,6 ]| < 267 Gllro) 2, 0.

4 Large deviations functional

In this section, we list some properties on the large deviations functional I, introduced in Definition
2.7, that will be used later on. We prove the I - density, used for the proof of the lower bound of
Theorem 2.8, and we prove Lemma 4.11.

4.1 Some properties on I

It is immediate to see that I is lower semi-continuous, as the supremum of linear functions and
therefore continuous functions. Furthermore, we show that it is infinite on non continuous trajectories,
that it has compact level sets and that its variational formulation is solvable on a particular class of
elements of D[%,u-

Proposition 4.1. Ifa € D[j(; 1] satisfies It(a) < 0o, then a is continuous.

Proof. Consider 0 < s < t < T such that t —s < 1 and let Hy, : [0,7] — R be given by H,.(r) =
log(1/(t — 8))1(s4(r). Also, consider an approximation HY, : [0,7] — R of H,; in the sense that for
any element f of C*°([0,T]),

T

/ f(r Hft Ydr — Tf() H, 4(r)dr, and /Tf(r)aer’t(r)dr — f(r)0rHs 1 (r)dr
0 p—00
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where 0. H fyt resp. O, H,  refers to the weak derivative of H?, resp. H, ;. The approximating sequence

HY, can be taken to be supported in [s,], constant in [s i (1/p),t — (1/p)], and linear in the two
remaining intervals.

Then, recalling the definition of Jr i and using that the weak derivative of H,; is given by:

T
/O f(r)0rHy i (r)dr = f(T)Hs1(T) — f(0)H,(0) —log(1/(t — s))(f(t) — f(s)),
we have

lim JT7H§t(7r) =log(1/(t — s))(ar — as)

. _ /: {27(1 —a,) (tls - 1) 1201 - y)ap(t — s —1)| dr. .

Now, as Nm Jr.gr,(a) < Ir(a) < oo and a is bounded, there are constants C1,Cy > 0 such that
— 00 Sit

la; — as| < [log(l/(t — 5))] -1 [I7(a) + (t — s)Cy + C9] (4.2)
and the right hand side of this inequality goes to zero as s — ¢, hence the result. O

For ¢ > 0, the g-level set of I is defined as
E, = {a € D[I(;,l], Ir(a) < q}.
A corollary of the proof of Proposition 4.1 is the following:

Lemma 4.2. The level sets of IT are compact in D[{)’l].

Proof. Fix ¢ > 0. By lower semi continuity of Ir, E,; is closed so we just need to show that it is
relatively compact. For that, we show that

lim sup sup |az—as| =0
0—=0 yeE, 0<s,t<T
[t—s|<s

but this is an immediate consequence of (4.2). O

Remark 4.3. By Proposition 4.1, any level set of It is a subset of C([0,T]) and the proof of Lemma
4.2 shows that a level set is compact in C([0,T)) for the topology of uniform convergence.

Proposition 4.4. Fiz a trajectory a € C*([0,T)]) for which there exists § > 0 such that § < a(t) <1—6
for0<t<T. For each 0 <t <T, let H; be the unique solution of the equation,

a(t) = 2y(1 — ap)e™ —2(1 — y)ae 1. (4.3)
Then, H belongs to C*([0,T]) and solves the following variational problem

Ir(a)= sup Jrgla) = Jru(a), (4.4)
ceci([0,1))

where Jp.c(a) has been introduced in (2.5).

Proof. For G € C'([0,T)), performing an integration by part we get
T T
Jr.alas) = / Gsasds — / Ag.(as)ds,
0 0
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where recall that Ag, (as) was defined in (2.6). Now, writing Jr ¢ (as) = Jr.q(as)—Jr m(as)+JIr m(as)
we check that Jp g(as) — Jr m(as) < 0. Replacing a5 thanks to (4.3) we have,

Jralas) — Jru(as) = /o (Gs — Hy)a,ds _/0 [Ac, (as) — Ag,(as)]ds
T
N / (Gs — Hy)[2v(1 — ay)es —2(1 —y)ase™ ] ds
: (4.5)

T
_/0 [27(1 —as)(e% —efl*) + 2(1 — y)as(e™C — e*HS)}]ds

T
- / Fuu 1. (G4)ds,
0
where for a € [0,1], z,y € R,
Fiy(z) :=2v(1—-a) [(:17 —y)e¥ — (e — ey)} —2a(l —~) [(x —yle ¥V 4+e " — efy].

We have that Fj ,,(z) is a concave function of x and Fj , (y) = 0 so it reaches its maximum at y, where
Fs4(y) =0. It follows that fOT F, 1. (Gs)ds <0, hence the result. O

A straightforward computation yields that under the hypotheses of the previous proposition

T
IT(CL) :/ 27(1_as){1+Hs€Hs —eHs}dS
0

T (4.6)
+ / 2(1—7)%{1 — Hye Hs — g7 He } ds .
0
Given t > 0, introduce the time shift operator 6, such that for a : R — R and s € R,
Otas = Qg4t¢- (47)

We will often make use of the following result: for any a € D[T(; 1] such that Ir(a) < oo, for any
t € 0,7,

IT(a) = It(a) + IT,t(Hta). (48)

In particular, as [ is a positive functional, for any ¢t € [0,T] I;(a) < IT(a). To prove that, decomposing

Jr.c(as), for G € C([0,T]), as

JT,G(as> = Jt,G(as) + JTft,G(atas)y

we immediately get that Ir(a) < It(a) + It—¢(0;a).
To prove the reverse inequality, fix ¢ > 0 and consider G € C!([0,t]) and H € C1([0,T — t]) such
that

Je.cas) + Jr—t,m(0ras) > I(a) + Ir—¢(0ra) — 2¢.
Taking smooth approximations (K )n>1 of Gl ) +0_¢H1p 1 in C*([0,T]), we have that

IT(CL) Z m JT,Kn (Cl) = th(a) + JT_t,H(Gta) Z It(a) + IT_t(HtCL) — 2e.

n—oo
Taking € to zero the result follows.

Corollary 4.5. Ifa € D[% 1] then It (a) = 0 if and only if a is a weak solution of @ = —2(a —-y). This
implies that a is a strong solution of that equation and is therefore in C*°([0,T1]).
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Proof. If a € D[T(;’l] is a solution of @ = —2(a — =), by Proposition 4.4, It(a) = Jg(a) with H = 0, so
IT(Q) =0.
Conversely, fix a € D[TO,” and assume that Ir(a) = 0. For t € [0,T], consider the function

F, : R — R defined by Fy(z) = J; ,(a), where x refers to the function that is constant in time, equal
to x. Then

Fi(z) = z(ar — ag) + 2/0 [v(e" —1) = (L =) (™" = 1)] asds — 2yt(e” — 1).

By (4.8), we have Ip(a) > Iy(a). As Ip(a) =0, for any ¢t € [0,T], I;(a) = 0. Evaluating Jg(a) with G
constant equal to z yields that F; <0 on R. As F;(0) =0, 0 is a local maximum for F; so F}(0) = 0.
This implies that for any ¢ € [0, 77,

¢
a; — agp = —2/ asds + 27,
0
o0 a is a solution of @ = —2(a — 7). O

4.2 The Iy — density

The proof follows the same steps as in the seminal papers [25] and [6]. First we approximate trajectories
by ones which follow the hydrodynamic equation on a small time interval (Lemma 4.8) and are
uniformly bounded away from 0 and 1 (Lemma 4.9). Then, we regularize such trajectories in time
(Lemma 4.10).

Definition 4.6. A set A C D[Tou is said to be It — dense if for any a in DE‘S 1) such that Ir(a) < oo,
there exists a sequence (ap)p>1 of elements in A such that

ap pjoa in DE‘SJ] and Ir(ap) p:)o Ip(a).

Let BT be the set of elements a in C2([0,7]) for which there exists H € C*([0,7T]) such that a and
H are related by the ordinary differential equation (4.3).

Theorem 4.7. The set BT is I — dense.

The proof of Theorem 4.7 is carried out in several steps. It relies on Proposition 4.4 which provides
an explicit formula (4.6) for the rate function. This result requires the path to be smooth and bounded
away from 0 and 1.

To smooth a path we use convolutions with respect to smooth approximations of the identity. To
perform such time convolution, we need to be away from the boundary ¢ = 0. This is the role of the
first step, carried out in Lemma 4.8, where we let the trajectory follow the typical path in a small
interval of time.

In the second step, presented in Lemma 4.9, we move the trajectory away from 0 and 1. At this
point, we are in position to prove the Ir-density of the set BT, as stated in Lemma 4.10.

Denote by II{ the set of elements a(-) in Dy ;; which follow in a time interval [0, 0] the typical

trajectory (2.4), described in Theorem 2.5. More precisely, for any a € II7, there is a § > 0 such that
on [0, 4], a is a solution of the ordinary differential equation

oA =—-2(A—7). (4.9)
Lemma 4.8. The set 11T is It — dense in D[To,l].
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Proof. Consider a in D[T(; ) such that Ir(a) < oo and A : [0,7] — [0,1] the unique solution of (4.9)
with initial condition ag. For § > 0, define a® as follows:
At), ifte]0,d)
a®(t) =4 MN26—1t), ifte[s,20] (4.10)
a(t —28), ift€[26,T).

It is clear that a’ converges to a in D[‘g 1] a8 § 1 0 and, by construction, a® belongs to II7. By lower

semi continuity of v — Ir(v),
Ir(a) < li%ni(r)lf IT(a‘S).
—

We are therefore left to show that

Ir(a) > limsup Ir(a’).
0—0

Decomposing Jr g(a’) into the sum of the contributions on each time interval [0,4], [4,25] and
[20,T) we get:

T T
JT,G(a‘SS) = a‘STGT — ag5G25 — / Gsagds — / Ac. (ag)ds
26 26

26 26
+ agéGQ(s - agGg - Gsagds - / AGS (ag)ds (4.11)
9 6

5 5
+a’Gs — alGo — / Gealds — / Ag. (ad)ds,
0 0

where we recall that the definition of A¢, is given in (2.6). The first term is bounded above by Ir_s5(a)
and recall, by arguments detailed in the proof of Corollary 4.5, that I7_as5(a) < I7(a). The last term
in (4.11) equals Is(as) = Is(A) = 0 because A solves (4.9) on [0,4]. Finally, let us show that

26

§—0  Gec'(0,T))

26
limsup  sup {a§5G25 —ajGs — Gealds — / Ag. (ag)ds} =0. (4.12)
5
For G € C'([0,T)),
26

24 24 24
ad5Gas — aSGs — 6SGsagdS—/6 Ag, (a®)ds = Gsagds—/(; Ag. (a?)ds

5 5
S s (4.13)
= / G25—Sdgé—sd8 - / AG25—5 (agé—s)d&
0 0
therefore,
25 25
sup ad5Gas — aGs — DsGyalds — Ag,(a%)ds
Gecl([o,17) ) 1
(4.14)

s s
= sup /Gsasds—/ Ag(a)(s)ds ¢,
aecr(o, ) | Jo 0

where a’(s) = al_, = A\(§ — s). Using that ag € (0,1) and that A(t) = v + (ag — ) e~ * we have that
for any ¢t > 0,
D<y(l-—eP)<al<~y+(1-7)e ¥ <.

We can therefore define the continuous function

. . 2
&0+ /(&))" + 16y(1 — 9)(1 — af)al
4y(1 - ay)

H(t) :=log (4.15)
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n [0,8]. Furthermore, this belongs to C'([0,7T]), and a and H are related by (4.3). It follows by
Proposition 4.4 applied to the time interval [0, §] that

sup {/ G asds—/ Ag.(as)d } / Hasds—/ Ap,(ag)ds.
Geci(] OT]) 0

Using that H as and Ay, (as) are continuous functions, the second term converges to zero as 4 | 0,
hence the result. O

Denote by I1Z the set of elements a in II¥ such that for every 6 > 0, a is uniformly bounded away
from 0 and 1 on [6,T], that is, there is an & > 0, such that for all t € [6,T], e < a; <1—e.

Lemma 4.9. The set 112 is It — dense in 17 .

Proof. Fix an a in II¥ such that Ir(a) < co. For e > 0, introduce a® = (1 — €)a + )\, where
A:[0,7] — [0,1] is the unique solution of (4.9) with initial condition ag. By definition, a® belongs to
¥ and a® converges to a in ’D[j(; 1 s € 4 0. Furthermore, using that

A(t) =+ (ag =) e™™,
with ag € [0, 1], the following inequalities hold: for any § > 0 and ¢ € [§, T7,
O<ey(l-e®)<af<l-cet+e[y+(1—7y)e ] <1,

so af is in TIZ. Again, by lower semi continuity of Ir, limﬁ)anT(aE) > Ir(a). Then, by linearity of
=5

Jr.a,
¢ Jra(a®) =1 —-¢e)Jrala) +edraN) < (1—e)Jragla) < (1 —e)lr(a),

where, in the first inequality, we used that Jrg(A) < 0, since A is a solution of (4.9). Taking the
lim sup we get the desired result. O

Denote by T the set of elements in IIZ belonging to C2([0,T7).
Lemma 4.10. The set 11 is It — dense in 113

Proof. Consider a € 1T} such that I7(a) < co. By Proposition 4.1, a is continuous. Let § > 0 be such
that a is solution to (4.9) on [0,34]. Consider ¢ : R — R smooth with compact support in (0,1) and
fo s)ds = 1. For e > 0, define ¢ (e, s) = 1(;5 (f) . Then, (¢(¢,.)).~ is an approximation of the identity
on compact sets in the sense that for any p € C(R) with compact support, ¢ — fR p(t + s)(e, s)ds
converges uniformly to p on R as € — 0.

Consider ¢ : [0,7] — [0, 1] a smooth non decreasing function such that

0, ift € [0,0]
e(t) =< 0<e(t) <1, ifte(d20) (4.16)
1, ifte[26,7T)

and for p € N, define ¢,(t) = ?. Introduce

1
ap(t):/o Atte,(t)sP(s)ds

where we extend a on [T, T + 1] by letting, for ¢ € [0,1], a7 = A(t), where X is the solution to (4.9)
with initial condition ar.

21



By construction of ¢, the sequence aP converges to a in D[T(;J]. For t € [0,6], al = a;, where a is
solution to (4.9), so a? € 17, As a € [T}, the convolution product ensures that a? is also in I1Z. For
t €10,20), a¥ = fot Uite,(t)sP(s)ds. As a is smooth on [0,30), for p large enough, a? is smooth on
[0,20). For t € (6,T], ep(t) > 0 and the following change of variable holds:

ep(t) 1 s t4ep (1)
af = /O U«t+sm¢ <5p(t)) ds = /t Gsiﬁ(fp(t)ys - t)dS

:/a,ﬂ/}(sp(t),s—t)ds
R

and this is smooth in ¢. Hence, a? is smooth on [0, 7] and it follows that a? € II7.
To conclude the proof, let us check that lim Ir(a?) < Ir(a). For G € C1([0,T]), decomposing
p—00

Jr.c(aP) as in (4.11) we have:

T T
Jr.c(a?) = a.Gr — absGas — / Gsabds — Ag.(aP)ds
25 25
25 26
+ a§5G25 — agGg — Gsabds — Aa, (als’)ds (4.17)
s 5

4 )
+ a§Gs — afGo — / Gabds — / Ag, (af)ds.
0 0

Again, as a is a solution of (4.9) on [0, 6], the last term is negative. The first term in (4.17) is given by

T T

1
/ [QzaTGT —0sas5Gas — | Gifsaudt+ | Ag, (9;as)dt] o(s)ds
0 20 20

Bound this by fol Ir(0=a)¢(s)ds. Using that a solves (4.9) on [T', T + 1], this is less than

/O Ir(a)é(s)ds = Ir(a).

Now we deal with the second term in (4.17). By regularity of a? we can perform the following

integration by part
26

25
absGas — aGs — : Gmfdtz/é alGgds.

Therefore,

26 26 26 26
agéG%fagG(;f/d Gtait’dtf/d AGS(ag)dSZ/d dgGsds—/é Ac.(ab)ds.

Using Proposition 4.4 and the fact that a? is smooth on [d,26] and uniformly bounded away from 0
and 1, we have that
26 26 26 25
sup / alGgds — Ag (af)ds = / aPHyds — Ap (a?)ds (4.18)
Geci(o,1)) /6 5 ' 5 s

where here

H(t) = log (dt ++/(a})? Lifv_(laf) V(1 —aP)dk ) |
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Since a solves the ODE (2.4) on [0, 30],
al = / artsP(ep(t), s)ds + / a4+50(ep(t), s)ds
R R

= —2/ ap+s(ep(t), s)ds + 27y + 7P (¢)
R

with
P (t) ::/Rawsatw(%(t),s)ds.

Hence,
ay = —2al + 2y 4+ rP (1), (4.19)

and the right hand side term in (4.18) equals

25 25 25
/ (—2a? + 2+) Hyds + / rP(s)Hyds — Ap, (a?)ds.
s s s
Therefore, the second term in (4.17) is less than
25 26 25
/ (—2a? +2v) Hids +/ rP(s)Hsds — / Ap_ (a?)ds. (4.20)
5 5 5

Now,
28 28
/ (—2a? + 2v) H(s)ds — / Ap (aP)ds < 0.
) 0
Indeed, for any G € C1([0,T]) and a € C([0,T]) with values in [0, 1], for any s € [0, 77,

Ag, (as) +2(as —v)G(s) > 0.

To see that, for s € [0,7T], write Ag,(as) + 2(as — v)Gs as fo.(Gs), where f, is a convex function
achieving its minimum at 0 where it is vanishes.

To conclude, we show that li_>m f525 rP(s)Hsds = 0. Recall that fol ¢(s)ds =1, so
p—00

/ b e, (1), 5)ds = 0.
R

We then have
rP(t) = /R larss — ar] Dyley(t), s)ds

and as a is smooth, so Lipschitz on [d, 26], there is a C'(6) > 0 such that |a;4s — at| < C(d)s. Following

the same lines as in the proof of Lemma 5.6 in [23], we prove that rP(¢) < @ which yields the
desired result. O

Proof of Theorem 4.7. By Lemma 4.10, it is enough to check that 12 C BT. For that, fix a € I and
t € (0,T], and define

H(t) = log (dt t \/a? +167(1 —9)(1 — a)ay ) .

4y(1 = ar)
This is well defined because a is in IIZ". Since a € C2([0,T]), H is in C'([0,7]) and by construction of
H, it is related to a by (4.3). Therefore a belongs to BT. O
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4.3 Solving the variational problem for the quasi-potential formula

For a constant m € (0, 1), recall the definition of the quasi-potential formula given in (2.10). The
following result holds:

Lemma 4.11. The quasi-potential satisfies:

Ym € [0,1], V(m) = S(m),

where )
m —-m
S(m) :=mlog <> + (1 —m)log () . 4.21
(m) ™) (1= m)tog (=7 (121)
The proof of Lemma 4.11 relies on an argument introduced in [4]. Let us recall some notation. The

quasi potential V : [0,1] — [0, +o0] relatively to Ir( . |7y) is defined by

V(im):= %I;fo a(‘)’lggzm I (aly), (4.22)

where the second infimum is taken over elements a of C([0,7]). The aim is to show that V = S, where
we recall that S was defined in (4.21).

To prove that V(m) < S(m), one exhibits a path a connecting v to m in [0, T| such that Ir(aly) <
S(m). Recall the variational definition of Ir given in Definition 2.7. To prove that V(m) > S(m),
we show that for any path a connecting v, at time 0, to m at time T, Ir(a) > S(m) from which the
inequality follows.

First we prove the following result:
Lemma 4.12. For k € (0,1), let a, : [0,1] — [0,1] be given by a.(t) = st + . Then,

Il(akah/) ’;)) 0.

Proof. Choose k € [0,1) so that t — rt + is an element of IT} (that is, uniformly bounded away from
0 and 1 and in C?). Then, I1(kt +y|y) = J1 u, (kt +7), with

H,.(t) = log (fi + \/n2 +4176(1(i;3)at(1 — at)> |

where a; = kt + . Therefore,

1 1
Bt +91) = [ Ho(s)ds = [ 201 = () = 1)+ 201 = a1~ 1)]ds

=K 1 Hy(s)ds — /1 [27(1 — ks)(ef=() —1) 4+ 2(1 — y)rs(e Hr®) — 1)]ds
0 0
1

= [ = 1) 201 = (e~ 1),

The last term is less than I;(y|]y) = 0. Using that H, converges weakly to zero, that it is uniformly
bounded in « and ¢ € [0, 1] and the dominated convergence theorem, the above converges to zero. [

Let us now prove Lemma 4.11.

Proof. Let us first prove that V(m) < S(m). Consider m € (0,1) and fix 0 < £ < 1. Denote by a* the
unique solution of the Cauchy problem: a* = —2a* + 2v, af = m. It is immediate to see that there
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is T1 = Ti(e) > 0 such that lime_,oT1(€) = 400, and |aj — 7| < € for any ¢ > T;. Now, consider the
following trajectory m* defined on [0,7} + 1] by

apt+~(1—1), if t €[0,1]

(4.23)
W1y ifEE[1,T1+1].
By definition, V(m) < I, +1(m*|y), and by (4.8),
Ity 41 (m™ly) = Li(m™|y) + I, 6im” (4.24)

= Li(m*|y) + Ir, (az, - ).

Let us compute the second term in (4.24) . Denote by a, = af, _, for s € [0,T1]. Then a satisfies the
Cauchy problem as = 2a — 27, ag = af,, and one can check that H, as defined in (4.15) associated to

a is given by:
(1—7)%)
H(t)=log | ——— ).
0 g<7(1—at)
We claim that
(I—=~)m (1 —7)ar 1—m
ol =ml AN VAShan IR | - L 1 — . 4.2
Jr, u(ar, ) mOg('y(lm) ar, log V0 a,) + log 1—~ (4.25)

The proof relies on a long but straightforward computation detailed in Appendix A. Collecting (4.24)
and (4.25) we have

: (1 —y)m . (1 —7)ar 1—m
V(m) < Li((ap, —7)t+7]y +mlog< —ap log | ——F— | +log| —— ). (4.26
(m) < I((a7, =7t +91) Si—my) " enls(Jasa ) @42
Since T1(g) — oo as € — 0, ai}l(e) — 7. Therefore, by Lemma 4.12, the first term on the right hand
side of (4.26) vanishes as € — 0. The rest, by (4.21), converges to S(m) so V(m) < S(m).

Now, we prove that V(m) > S(m). It is enough to show that for any T' > 0, for any a € D[Tm]
such that ag = v and ar = m, Ir(aly) > S(m). Fix T > 0, suppose that a is in 11 and define, for
te[0,T], H(t) = log (“*7)‘“)

y(I—a¢) )°

By definition, It (a|y) > Jr m(a). Now, let us compute Jr g (a):

T T
Jr.(a) =mHp —vHy — / asHyds — / Ap, (as)ds.
0 0

We have H, = ﬁ, so — fOT asHqds = [log(1 — ay)]¢ . Furthermore,
].* S 17 s 17 s S S
A (ay) = 24 (I1-9as  (d-a )] a8+2(1727)a8727( 05)0s - o(0s =)
Y1 —as)  (L—7)as (1 —7)as I —as
—2(1— ) s —99(1 — ag) + 24 — drag + —2— — 28 _
B Pyl—as i 5 s Vs l—as 1—as

We have thus proved that
Jr.m(aly) = mHyp — vHo + [log(1 — as)]oT = S(m).
To extend this fact for any trajectory a € Dﬁ; 1] such that ag = v and ar = m, we use the Iy — density

of I} in Dﬁ; 1 Indeed, if a € D[I(; 1 using the approximation a’ from the proof of Lemma 4.8 of a

and a®¢ the approximation of each a’ from the proof or Lemma 4.9, we have

lim Ip(a**ly) = Ir(aly) > S(m).

£,0—0
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5 Dynamical large deviations principle

In this section, we prove the dynamical large deviations principle (Theorem 2.8) following the approach
in [25], or [6]. The steps are by now standard. For the upper bound, we use an exponential martingale
and, for the lower bound, we perturb the dynamics to turn typical a trajectory.

5.1 Large deviations upper bound

We first prove the upper bound for compact sets. For that, we use an exponential martingale as well as
the superexponential replacement lemma (Lemma 3.3). To extend the result to closed sets, we prove
exponential tightness of the process (Proposition 5.1).

5.1.1 Upper bound for closed compact sets
For G € C*([0,T7]) consider, for ¢t € [0,T], F(t,n;) = N(z{,G;) = Nm (7}’) G; and

t
M (G) = exp {F(t, ne) — F(0,m0) — / e Floms) (g, + QN)eF(S’"S)ds} .
0

Then (M;(G))o<i< is an exponential martingale of mean 1 with respect to the natural filtration and
a computation yields:

t
M;(G) = exp {N (ﬁz () Gy —m () Go — / 9sGsm (nl) ds
0

' (5.1)
[ X Fe-n@)e® -0+ 0= rn@e S - 1) ds

ze{1,N—1}

Fix mg € (0,1) and consider a sequence of configurations (7)) y>1 such that m(7 (™)) x>1 converges
to mg. For § > 0, introduce the following event:

S5 = { (ns)o<s<r € Dy, Yo [l —ns(@)(e® = 1) + (1= ro)ns(a)(e” % —1)] ds
0

ze{1,N—-1}

T
- /0 [29(1 = () (¢ — 1) + 2@l ) (1~ ) (e~ —1)]ds]| < 5.
(5.2)

Let F be a closed subset of D[To,u- Introduce
Homg,s = {a € D[TOJ], lag — mo| < 5}.
Using inequality (3.9), we have
— 1 ~ ~/ N
A}gnooﬁ log ]P571N [m (7r, ) € fﬂHmO,g]

T 1 " ~ T 1 s c
< max ( A}gnoo Nlog Ps, x [(m (va) € F N Himg,s) N (7T£V € Sg)} ,]\;gnoo Nlog Ps v [ﬂ'ﬁv € (S?) }) ,

where, m(xlY), ¥ stand for the trajectories (m (7{) : 0 <t < T), (' : 0 <t < T), respectively. By

Lemma 3.3, the second limit is —oco. Now, writing

By, [(A(TY) € F 1 Hyng,s) 0 (78 € S§)] = By [ mimsyrom (e ese) ME (M) ]
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using the fact that Mjcf is a martingale with mean 1 and upper bounding (Mjcf )~ ! yields that this is
less than

T
sup exp {N (fh(w}v)GT —m(rd )Gy — / .G sm(rN)ds
) 0

reSFNm—1(F

. (5.3)
= [ - @) (S - 1) + 21 - ) e 1>st> } exp(N5)
0
where we used the definition of the event S&. Therefore, for any G € C*([0,T]),
=— 1 = N
ngnooﬁ log Pj (7)) € F N Hng s
T
< — inf {aTGT —agGo — / 0,Gasds
a€EFNHmg,s 0 (54)

- /OT [27(1 - as) (eGS —1) +2a,4(1 - V)(67G5 - 1)]d5} +46

< — inf .
S e Jalao

Now, as (7™ (n™V))N>1 converges to my,

lim Nlog IP’(;N [m (s )E]—‘ﬂ’HmOtg] = —o0,

N—oc0

so we are left with

— 1 ~ . .
ngnooﬁlog Ps x [m (7 M) e Fl < inf  Jg(a)+46

aG}'ﬂ’HmO,(;

and taking § — 0,
lim Nlog Ps. v [m (e ) eF]<— inf Jg(a),

N—o00 a€Fmy

where F,,, is the set of elements of F with initial data mg. Optimizing this inequality over G yields

lim —log Ps . [m eF|<— sup inf J 5.5
N—oo N N[ () ] Ggect([0,T]) 4€Fmo 76 (). (5:5)

If F is a compact subset of ’DJTW S0 is F, and one can exchange the supremum and infimum. Indeed,
at any fixed G € C1([0,T]), a — Jg(a) is a linear and continuous function so one can apply Varadhan’s
argument (as done in [22]). In that case we get

lim —log Pg N [m(rd) e F] <— inf Ir(a)= 71161; I (a|mo) . (5.6)

N—oco N a€Fmg

5.1.2 TUpper bound for closed sets

In the previous subsection, we have established the large deviations upper bound for compact sets. To
extend the result to closed sets we use the standard method presented in [22], Chapter 10, and based
on the so called exponential tightness of the process, stated in the following Proposition.

Proposition 5.1. For every ¢ € N, there exists a compact set K, € D[o 1] such that
=— 1 » ~/ N c
ngnooﬁlog Ps, [(m(wt ))Ogth € Ke} < —£. (5.7)
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To build a sequence of compact sets satisfying Proposition 5.1, one proves the following estimate:

Lemma 5.2. Fore,d > 0, introduce the set

Cse={ac D[:(FM}7 sup |a; — as| < e}
<t<s+é

For any ¢ > 0,
1 =~ N
lim T clog By [(m)) ¢ Cse] = —oc. (5.8)
We refer to [22], or [17] for precise details on how to recover the large deviations upper bound for

closed sets from Proposition 5.1, how to derive Proposition 5.1 from Lemma 5.2 and for a proof of
Lemma 5.2.

5.2 Large deviations lower bound

To prove the lower bound in Theorem 2.8, we follow the usual strategy which consists in finding a
perturbation of the process under which a trajectory satisfying some regularity assumptions becomes
typical. The large deviation functional then appears as the entropy of the measure induced by the
perturbed process, relatively to the one induced by the initial process. To extend this to any trajectory,
proceeding as in [0], we use an Ip-density argument.

5.2.1 Hydrodynamic limit of a perturbation of the process

Given G € C1([0,T]), consider the following generator:

(LS = > [COr (=) + e COn(a) 1 - )| (F07) = F). (5.9)

ze{l,N—1}

We will write G instead of G(t). Denote by {7V, t € [0, 7]} the Markov process with generator N Ly,
where B
Ly = NQﬁN,o + E%yb.

Given ppy a measure on Qy, denote by ]P’  the probability measure on DQ induced by (7" )¢>0 when

G .
Mo ~ i, and ]E  its associated expectatlon In particular, for n%V € Qy, ]P’5 is the measure induced
starting from 7. Denote by 7V the empirical measure associated to 77V and m(7) its mass.
Theorem 5.3. (Hydrodynamic limit for the mass of the perturbed process). Fix Ty € [0,1] and

consider a sequence of measures (un)n>1 on Qn associated to the mass Tg. Then, for any t € [0,T]
and any 6 > 0,

. = _N -
Jim, By [ [t —mo)] > o] =0
where m : [0, T] — [0,1] is the unique solution of
) — (1)) oGt — (1 — ~Vi(4) =G
{ om(t) =2y(1 —m(t))e 2(1 —y)m(t)e (5.10)

m(0) = .

The proof of Theorem 5.3 follows the same lines as that of Proposition 3.1. Indeed, start by writing
the martingale associated to m(7)

M, =m(7N) - — N3 / Ly om(T dst/ Eme
(5.11)

— () - () - / > [ =) — e a1 = )] ds
0 zef{1,N-1}
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Using the quadratic variation of Mﬁv one proves tightness of the sequence of measures FGN. Then, one
proves the replacement lemma: given g € C([0,T), for any ¢ € [0,7] and ¢ > 0, for any x € {1, N —1},

Jim %log e { ‘/Otg(s)(ns(x) - ﬁl(ﬁév))ds’ > 5} = 0. (5.12)

From this, one proves that a limit point must lie on a solution of (5.10). Uniqueness of the solution of
(5.10) is immediate.
For the proof of (5.12), use that there is a uniform constant Cy such that

<£§2§)\/}’ \/?>V£V < CO~

To prove that, proceed as in the proof of (ii) in Lemma 3.5 and use that the transition rates of the
dynamics are bounded in N. Then, to recover (5.12), proceed as in the proof of Lemma 3.3 using this
estimate.

5.2.2 Proof of the lower bound

Fix my in [0, 1] and consider a sequence (n™)x>1 such that m(7™¥ (n™))ny>1 converges to mg. We wish

to prove that for any open subset O of D[T(;’l],

. 1 = _ .
lim N logPs (™) e O] > — m(fDI (almyg) .

N—o0 ac

Consider a profile « € O NTIZ such that Iy (a|mg) < co. For & > 0 denote by B.(a) the ball of radius
¢ and centered in a for the Skorohod distance. Consider H € C!([0,7T]) such that a and H are related
by (4.3). As O is open, there is € > 0 such that B.(a) C O, so

Bs (™) € O] > By [m(wN) € B.(a)

- o,N d@(;HN (mN)€Be(a)
~ K (5.13)
_ dPs ~ _ ~
=, | =~ |m(@Y) € B.(a)| Py, (=) € B.(a)
n Cl]P)5 . n
The Radon-Nikodym derivative in the expectation is given by:
T
(Mr(H)) ™' = exp{ —N | (@) Hr — m(7) ) Ho 7/ Os Hym(72 )ds
0
. (5.14)
- / Yo (=@ = 1)+ (=) (2) (e - 1)] ds
0 ze{1,N-1}
For a justification of that, see for instance [22], Appendix 1. Therefore,
1 i ~( N
NIOgP‘SnN [m(xY) € O]
(5.15)

~

1 _
— log PfN [fﬁ(ﬁN) € B.(a)] .

1 —H,e 1~ — o
> 7 los B [Mr(H) (@) € Bo(a)] +

By the hydrodynamic limit of the perturbed process (Theorem 5.3), the last term goes to 0 when
N — oo. Using Jensen’s inequality in the conditional expectation, the replacement lemma 3.3 and
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the martingale computations in Subsection 5.1.1, we get that the right hand side is bounded below by
—Jr,m (a) = —Ir (a). Therefore,

1 ~
lim — logPs [A(nN) € O] > —I(a) Yae ONII].

N—o0

Optimize this in a« € O NI and the lower bound follows by I7 - density of I (see Lemma 4.10).
Again, we refer to [22], Chapter 10 for more details.

6 Static large deviations

In this section, we prove Theorem 2.9, that is, that the quasi potential V' is the large deviations
functional for the mass under the stationary profile. First we prove the lower bound, then the upper
bound. In both cases we make use of the dynamic large deviations principle (Theorem 2.8). In the
lower bound we use the hydrostatic limit for the mass (Theorem 3.8) and for the upper bound, inspired
by [20], [7] and [15], we use a Markov chain representation of the invariant measure. For 6 > 0, denote
by

Bs ={me M, |m(r) —~| < d}. (6.1)

6.1 Proof of the lower bound

Fix an open set ¢ in [0,1]. By definition of V, it is enough to prove that for any m € &, for any T > 0
and for any a € C([0,T]) such that ap = v and ar = m,

1
lim - log % [m(n™) € O] > ~Ir(aly).

N—o00

Fix @ € C(]0,T7]) such that a(0) = v and @(T") = m. Recall (see Remark 3.9) that there is a sequence
(en)n>1 4 0 such that p¥ (B, ) converges to 1. Consider such a sequence (¢x)ny>1. By stationarity
of plY,,

where we used that for N large enough, u¥, (B
above is achieved for a certain n™¥ € (7V) =1 (

lim ilogui\g [TT’L(WN) € 0] > lim ilog IFD&"N [m(ﬂzj\]) € 0]

N—o00 N—o00

where Op = {a € D[TO 1y ar € ﬁ} is an open set because & is open, and the map X: ng 1y [0,1]
given by X (a) = ar is continuous with respect to the Skorohod-topology on D[%,l]' By the dynamic
large deviations principle and since m (7 (n")) converges to v,

. 1 ~ ~ . ~
i log Ps [ (7 )iepo,n1) € O7] > —nf Ir(vly) 2 —Ir(aly).

30



6.2 Proof of the upper bound

Consider .Z a closed subset of [0,1]. If v € %, infng(m) = V(v) = 0 and the upper bound follows.
meJ

Now, let us deal with the case where v ¢ .#. There is a 6 > 0 such that [y — 34,7 + 36] N .7 = 0.
As mentioned above, the idea is to use a representation of the invariant measure p%, in terms of an
invariant measure for an irreducible dynamics defined on a subset of 2, as done in [20] and [15]. The
subset for this representation is the set of configurations n such that

(™ (1)) =~ < 6,

that is, the configurations whose associated empirical measure is in Bs, defined in (6.1).

Define the closed set
Rs ={m e M, 26 <|m(r) —~| < 36}.

For any integer N and any subset A of M, let AV = (7V)71(A) € Qu, and denote by 7~ :
D(RT,R) — R* the entry time in AV of 5}V, that is,
Tan = inf{t >0, n)¥ € AV}

We also denote by § = m~1(.#) C M, which is closed because m is continuous and .% is closed.
Define OBY as the set of configurations € BY such that there is a finite sequence (n%)1<;<x such
that n° € RY, n* = n and

(i) n is obtained from n*~! by a move which is allowed by the dynamics.
(ii) for any 1 <i <k, n* ¢ BY.

Define
n =inf{t >0, Is<t, n¥ € RY and n)¥ € 9BY},
and introduce the sequence of stopping times 75 obtained by iterating 7, that is, the sequence defined

by induction:

VE>2, 7, =inf{t >71p_1, 35, 1 <s<t, nY €RY and n) € 9BY}.

Lemma 6.1. The sequence (7, )x>1, is an irreducible Markov chain.

Proof. Since 13, is a sequence of increasing stopping times, (9, )r>1 is a Markov chain. Now, let
us prove irreducibility. Consider n,£ € 8B§V and (n%)1<i<k a path connecting n° € Rév to n. By
irreducibility of the original dynamics, there is a sequence (£%)o<;<; connecting £° = ¢ to =0,
Then, consider the sequence of configurations 20 = €0, ... 26 = ¢6 = n0, 201 =l 2tk =pk =9
connecting ¢ to 7. From the path z we can extract a sequence 2 = ¢, ...,2P = p in 8B(J;V, such that

Psi—s [77.,—1 = 22] > 0.
Indeed, consider jo = 0 and for ¢ > 1, let

jgi,lzjmin {j} and jo; = min {j}.

>j2i—2 J>J2i—1
zierY zicoBlY
The sequence 2* = 227 satisfies the assumptions. O
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Since aBév is finite, the irreducible Markov chain thus defined has a unique invariant measure that
we denote by vy. Following [20] and [15], the stationary measure uY, can be written as follows: for

every subset A of Qy,
1 ~ i
i) =g [ s, ([ teads) vyt (6.2
N JaBY 0

with Cy = faBgy E;n (11) dvn (n). Therefore,

1 N m
N (~—1(g
m N T)) = E 1 i1 gds | d
P (M(F)) O /aBéV 5 </0 N (V)= (AL(F)) 5) vn(n)

A

1 - m
< —— sup Es, (/ 1, Ne(aNy—1(m—1(F ds) 6.3
Cn yoomn | Laveay @) (6.3)

1 - ~
< o sup Ps, [Tgn < 1] sup Es, [11],
N neoBY negy

where the last inequality results from the strong Markov property.

For N large, any trajectory in D(R*, Q) starting from § has to perform at least one jump before
reaching OBY, because [y — 3,7 + 30] N.F = (). As the jump rates of the dynamics in the bulk are
of order N3 and those for the dynamics at the boundary are of order N, there is a constant ¢ > 0
depending on a and 3 such that Cy > —. If the mesh size 1/N of [0, 1] is small enough, that is N
large enough, by continuity of M, any trajectory in D(R*, Qy) starting in OBY satisfies TRY < TEN.
That means that when N is large enough, a flip in the configuration cannot lead directly from 9B
to & without passing through RY. For that same reason, we also have that for N large enough, any
trajectory starting in §V satisfies 7 = TN almost surely. The second supremum in (6.3) is therefore
bounded by sup, ¢z~ IEI(;W [TBév] and using the strong Markov property, the first supremum satisfies,
for N large enough:

sup Ps, [rgv <71] = sup Ej;, [Enr N []ITSN“J ]lTRN<T;¢N]
nedBY nedBY s s

< sup Iﬁ)[s" [T3v < 71] = sup ]@5," |:TS'N < TBév} .
neRY neRY

We are left with

uffs(ﬁz—l(ﬁ‘)) < ¢N3 sup ]fbgn |:TSN < TB§V:| sup E(;n |:TB(JSV} .

nery neSN
Now, to prove the upper bound, it is enough to prove the following result:

Lemma 6.2. (i) For every d >0,

— 1 -
NI o8 S B, o] <0 (64)

(i) For every e > 0, there exists § > 0 such that
T 1 T .
lim —log sup Pjs, |:7'3N < TBLJ;\r:| < — inf V(m)+e. (6.5)

N—o00 neRY meF

For that, use the following result proved later on.
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Lemma 6.3. For every § > 0, there is Ty, Cy, No > 0 such that for any N > Ngy and for any integer
k>0,

sup Py, [TBgv > kTO} < exp (—kCoN). (6.6)
neEQN

Proof. (Lemma 6.2)

(i) For 0 > 0 and Ty, Cy, Ny as in the statement of Lemma 6.3, for every N > Ny and every n € Qy,

~ ~ TN
Es, [TBg] = ToEs, [ B; ] < TOZ sup IP5 |:7'BN > k;TO}

TO k=0 neQN
To
< TOZeXp —kCyN) < T =GN
therefore,
— 1 - — 1 T
lim —log sup Es, [TBM < A}gnoo Nlog 1_67800]\[ =0.

N—o0 negN

(ii) Fix € > 0 and pick § > 0, that will be specified according to € later on. Consider T, Cy > 0 as
in Lemma 6.3. Since in;V(m) < 00, there is an integer k > 0 such that —kCy < — in;V(m)
me me

so taking Ts = kT we get, by Lemma 6.3,

1 ~
lim Nlog sup Ps, |:TBN > Tg} < — inf V(m). (6.7)

N —o00 neEQN meF

Now write for n € Rév ,

]fl’(sn |:7—:§N < TB(Q’} = @577 [(TSN < TB§V> N (TBé\’ < T(;)] -|-IP’577 |:(T3:N < TBé") N (TB?’ > Tg)}
< Ps, [rgn < Ts] +Ps, [TBéV > Té} .

. T 1 T 1 T 1
Using that A}gnoo ~ log(any +by) < max (A}gnoo ~ logan, A}gnoo + log bN) and (6.7), we are left
with

1 -
Z&i_{noo Nlog nselgzv Ps, |:T8:N < TBév} < max (—nirel;V(m), lim Nlognselg)N ]P’5 [r3n < Tg})

and so it is enough to show that

JE o8 sup Byl < < = MLV ) 42

As RY is finite, there is a configuration n"V € RY such that

SupN ]P)(;n [TSN < Tg] = IFDC;WN [T&:N < Tg] < ED(S,]N [T/T\L(WN) S 95] ,
neRy

where %5 is the closed set of elements in D[o 1 such that for a in that set, there is ¢ € [0, Tj] such
that a; or a(t—) is in .%. By compactness of M, 7% (n”) contains a subsequence which converges
to an element ps in Mg. The continuity of the map m ensures that m(ps) € Rs. Along that

converging subsequence, using the dynamical large deviation principle for the mass, one has:

— 1 ~ .
Am - log s [m(x™) € Z5] < —alen; I, (alm(ps)) -
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Finally, we show that there is a § > 0, such that

inf I m > inf V — €.

Juf Iz, (ali(ps)) 2 inf V(m)
T1

Assume that this is not true so that for any k > 0, there is a* € f?% C D[ok such that

1]

Ir (ak|fﬁ(p%)) < inf V(m)—e.

* mez

Then, for any k > 0, there is 0 < T < T such that a*(T}) € F or a*(T|—) € F. Without loss
of generality, we assume that a*(7}) € .Z. We have

. k . ~k
Inf V(m) < V(" (T) = inf Ir(eh) < I (@) (6.8)
w(0)=", aT:ak(T,;)

where @* is defined on [0, T} + 1] by

(1 —t)y +tin(ps), if t €[0,1]

1
k

ab(t—1), ifte[1,T] +1].

Then, by (4.8),

Irya (@*|y) = Lo (1= t)y + tm(pyyw)ly) + Iy (a’“lﬁl(py)

- (6.10)
<h ((m(p%) - 7) t\v) + inf V(m) —e,
where we used that T}, < Ty, s0 I (ak|ﬁ1(p%)) <Ir, (ak|m(p%)> .
&
By Lemma 4.12, for k > 0 large enough, I ((ﬁl(p%) — 'y) t|'y) < g, so we are left with
inf <V (a* (T3 inf —e= inf
At V) S V(M) < e L Vim) —e = Bl Vim)
which is a contradiction.
O

To prove Lemma 6.3, we use the following

Lemma 6.4. For every § > 0, there is a T > 0 such that
inf {IT(a), a€ D[j(;l] and ar €]y — 0,7 + 5[} > 0.

Proof. Suppose that the result is not true and consider ¢ > 0 such that for any 7" >0 inf Ir(a) =0,

a€Ds T
where

Dsr = {a € D[j(;l] and ar €]y — 9,7+ 5[} .

For T > 0 consider (a**);>0 a sequence in Ds 7 such that I(a”*¥) — 0. Recall that by Lemma 4.2 and
Remark 4.3, the level sets are compact for the uniform convergence topology so there is a” € C([0, 7)) a
limit of a strong converging subsequence of (a”"*);>¢ and, by lower semi-continuity of Ir, Ir(a”) = 0.
By Corollary 4.5, a” is therefore a strong solution of @ = —2(a — 7) and al. Tjoc v. The strong

convergence of a’*¥ to a also implies that |al. — | > & which yields a contradiction when T is large
enough. O
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Proof. (Lemma 6.3) Fix a 6 > 0. To prove the result, it is enough to show that there is Ty, Cy and an
Ny > 0 such that for every N > Ny,

sup P, [ngv > To} < exp(=CoN).
neQN

Indeed, using induction and the strong Markov property, one then gets the desired result. Let us show
that there is Ty, Cy > 0 such that

T ]- T
J o 2 B [rop 2T < =G0

Consider nV € Qu such that

sup I@[s" {TBé\r > To} = I@(;WN [TBév > To} .
neEQN

We have, for Ty < Ty,

By compactness of M and the fact that each configuration in 2 has at most one particle per site,
7N (n™V) contains a subsequence converging to some p in M. By continuity of m and the fact that
D 7, is closed, using the dynamical large deviations principle we get, up to some extraction,

—_— 1 ~ v 1 i~ ~
lim —logIF’gnN [TBév > To} = lim NloglP’an m(WN) € D&,To}

< 7ai€an—y 17, (alp).
We then conclude thanks to Lemma 6.4, by taking Tj large enough. O

A Proof of (4.25)

Recall that a ) 0
—77)at v
H(t)=log| —————= ] =:log | —% | .
® =08 (s ) =108 (53
Let us compute Jp, g(a*(Th —.)):
T1 Tl
Jr, m(a*(Ty —.)) = mH(T1) — ar, H(0) — / as0sH (s)ds — Ap,(as)ds.
0 0
On the one hand,

Ty T _ T:
/ as0,H(s)ds = / Mds - / Pt ds = — [log (1 — ay)]y" -
0 0 0

1—a, 1—a,

On the other hand,

Ap,(as) = 2v {U(S) + w(s)} as+2(1 —2v)a, — 2?8% — 2 (W) :
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and

u(s) — w(s) _ T 2a, — 2y _ Ty
27/0 st = 2’Y[) mds - - [IOg (1 - as)]o :

We are left with

T, (0 (Ty =) = mH(T1) — u*(T1) H(0) + 2 [log (1 — u(s))]y’

+ 27/0 " G u(s)ds + [2y — 2]/0 1 b(s>u(s)ds +2(1— 27)/0 1 u(s)ds.

b(s) as
As vaE;) = 2712')/’ . -
2y —1] / Masds = 27/ asds — 2T,
0 v(s) 0
S0 T2 (s) T T
2[7—1]/ —asds—&-Q(l—fy)/ asds:Q[l—fy]/ asds — 29T7.
o v(s) 0 0
We also have: % =2[1-1] ‘112_(;) =291 —2[1 — 9] a, + 27. Therefore,

Tl Tl
27/ ﬂasds = —[log (1 — as)}gl —2[1—7] / asds + 2vT7.
o w(s) 0

Collecting (A.1), (A.2) and (A.3) we are left with

Jr, 1 (a*(Ty — ) = mlog (M) — a, log (M) +log (ﬁ‘_’j) .
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