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A mathematical and numerical framework is proposed to compute the displacement and10

merging dynamics of sliding droplets under the action of a constant shear exerted by a gas11

flow. An augmented formulation is implemented to model surface tension including the12

full curvature of the free surface. A set of shallow-water evolution equations for the film13

thickness, the averaged velocity, an additional quantity (with dimension of a velocity)14

taking into account the capillary effects, and a tensor called enstrophy, is obtained. The15

enstrophy accounts for the deviation of the velocity profile from a constant velocity16

distribution. The formulation is consistent with the long-wave expansion of the basic17

equations with a conservative part and source terms including the effect of viscosity, in18

the form of a viscous friction, and the effect of the shear stress. The model is hyperbolic19

with generalized diffusion terms due to capillarity. Finally, our model is completed with20

a disjoining pressure formulation that is able to account for the hysteresis of the static21

contact angle. In this formulation, the advancing or receding nature of the contact line22

is assessed by the accumulation or reduction of mass of the droplet at the contact line.23

Simulations of sliding water droplets are performed with periodic boundary conditions24

in a domain of limited size. Hysteresis of the static contact angle causes a slowdown of25

the drops and a delay in the sequence of coalescence of the drops.26

1 Introduction27

Transport of water droplets or films at the surface on a rigid wall under the action28

of a shear exerted by the surrounding atmosphere (shear flow) is drawing an increasing29

attention due to its importance in aeronautics in the context of icing phenomena.30

Some experimental studies describe the phenomenon of shedding, which is the detach-31

ment of sessile droplet induced by the gas flow, and considered either the effect of the32

presence of other droplets (Razzaghi & Amirfazli 2019) or the influence of the surface33

wettability (Milne & Amirfazli 2009; Fan et al. 2011). Fan et al. (2011) observed that the34

droplet may retain a footprint similar to that at the point of motion, or exhibit a tail.35

In some cases, a trail remains behind the droplet (that can shed smaller droplets). In36

the context of aerodynamic applications, Moghtadernejad et al. (2016) further consider37

the coalescence of identical water droplets, on an aluminium plate. Their study reveals38

the formation of a rivulet as the result of the coalescence process. These authors further39

considered the evolution of rivulets on substrates of different wettabilities sheared by a40

high-velocity air stream (Moghtadernejad & Dolatabadi 2014).41
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In the context of the wind-driven water run-back process on an airfoil, (Zhang et al.42

2015; Zhang & Hu 2016) considered the formation of water rivulets on a NACA001243

airfoil. The rivulets width and rivulets distributions along the wing span were found to44

depend on the airflow velocity and to result from the destabilization of the liquid film45

which forms at the leading edge of the air foil. The instability mechanism is related to46

the dynamics of the advancing contact line during the water film run-back.47

In most cases, numerical studies focus on the averaged properties of the film (liquid48

hold-up) and did not resolve the wavy nature of the liquid interface (see for instance49

Lan et al. (2008)). However, some recent studies have been proposed based on crude low-50

dimensional modeling of the film flow yielding conservative, hyperbolic and two-dimen-51

sional equations (Gosset 2017; Lallement et al. 2018). Gosset (2017) used the numerical52

framework proposed by Meredith et al. (2011) which is based on a VOF formulation53

and the Continuum Surface Force model (CSF) introduced by Brackbill et al. (1992).54

Using Openfoam software, her simulations reproduced quite satisfactorily the onset55

of rivulets observed by Zhang et al. (2015); Zhang & Hu (2016). However, reasonable56

comparisons are impaired by the dependency of the results on the parameters of the57

partial-wetting model. Besides, the curvature of the interface is linearised using the long-58

wave approximation in this study.59

Lallement et al. (2018) proposed instead to model surface tension with an augmented60

formulation. They introduced a transport equation for the gradient of the film thickness,61

p = gradh. This formulation enables to lower the order of the derivatives in the averaged62

momentum balance from third-order to second-order. Such an augmented formulation63

has been initially proposed in Bresch et al. (2016) but limited to the linearised long-64

wave approximation of the curvature of the free surface. They also introduced an65

innovative approach of partial wetting within the framework of the disjoining pressure66

model proposed by Derjaguin (1940). A literature review of the different formulations of67

disjoining pressure to model long-range surface forces within the framework of long-wave68

thin-film equations is available in Oron et al. (1997). Lallement et al. thus introduced a69

disjoining force accounts for partial wetting and enables to regularize the discontinuity70

of surface energy at the contact line at a scale h⋆, which corresponds physically to the71

range of microscopic forces, but is taken much larger at the order of the mesh size. The72

evolution equations derived by Lallement et al. is compatible with a conservation law of73

the total energy of the equation at the macroscopic level. However, a discretization which74

preserves this property at the discrete level has not been achieved yet (Lallement 2019).75

Within the framework of long-wave approximation, the Derjaguin disjoining pressure76

model has been used extensively to simulate the spreading and sliding of droplets77

(Bertozzi & Pugh 1994; Brandon et al. 1997; Schwartz & Eley 1998; Ahmed et al. 2014;78

Esṕın & Kumar 2017) as well as the fingering instability of a liquid film front (Zhao79

& Marshall 2006). One advantage of the Derjaguin formulation is the introduction of a80

precursor film which alleviates the divergence of the viscous stresses at the contact line,81

also known as ’the contact-line paradox’ (Dussan 1979). Precursor films are known to be82

observable for static and spreading non-volatile droplets and emerge from the absorption83

of the liquid at the solid surface by long-range forces such as van der Vaals forces. Typical84

measured thicknesses of precursor films are 0 (100 Å) (Popescu et al. 2012).85

An alternative to this approach is the assumption of a slip at the wall boundary86

(see e.g. Haley & Miksis (1991); Savva & Kalliadasis (2009)). This approach is justified87

by molecular dynamics simulations (Ren & E 2007). The two approaches have been88

compared by Diez & Bertozzi (2000) who reported that much lower values of the slip89

length than the precursor film thickness are required to capture satisfactorily the moving90

contact line characteristics, either speed or shape. Besides, the precursor film formulation91
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does not require to track the contact line location. The Derjaguin approach has been92

employed by Ahmed et al. (2014) to study the sliding of drops. Their formulation adjusted93

the Hamacker constant of the disjoining pressure at the front of the rear of the drops,94

to prescribe an advancing and a receding contact angles. Indeed, a hysteresis of the95

static contact angles at the advancing and receding fronts may be observed as a result96

of the surface inhomogeneities (Schwartz & Eley 1998; Zhao & Marshall 2006), either97

roughness (Savva & Kalliadasis 2009) or chemical heterogeneities of the surface (Brandon98

et al. 1997), or the presence of solutes (polymers or surfactants) in the liquid which99

may contaminate the surface and form a film (de Gennes 1985). Typical contact angle100

hysteresis is 10◦ (de Gennes 1985) but may be higher. This phenomenon generates the101

adhesion force of a sessile droplet and determines the onset of shedding (Mahé et al.102

1988; Milne & Amirfazli 2009; Moghtadernejad & Dolatabadi 2014), as well as the speed103

and shape of sliding droplets on an inclined plane (Ahmed et al. 2014).104

In this paper, we wish to formulate a set of averaged equations which models the105

evolution of a gas liquid film sheared by a gas flow within the framework of the shallow-106

water equations, which is well adapted for large Reynolds number flows. This approach107

enables us to depart from the usual creeping flow assumption used in lubrication theory,108

as in Esṕın & Kumar (2017) for instance, which is not valid for typical experimental109

conditions of shear-driven droplets. As an example, Fan et al. (2011) conducted exper-110

iments of water, water-glycerin and glycerin droplets of typical thickness which can be111

estimated to be h ≈ 1 mm, sheared by an air flow in a wind tunnel of effective parameter112

Leff = 0.032 m. They reported typical gas velocities of Va ≈ 10 m/s. With the help of113

the correlation114

2ρaτe
V 2
a

= 0.0792Re
−1/4
G (1.1)

where the gas Reynolds number defined as ReG = VaLeff/µa. This gives τe ≈ 0.4 Pa and115

consequently a liquid Reynolds number Re ≈ 400 for water, in which case the creeping116

flow assumption is no more admissible.117

Besides, our formulation is based on an augmented formulation proposed by Bresch118

et al. (2020) which enables to avoid the long-wave approximation of the free-surface119

curvature, a questionable assumption for large contact angles.120

Our formulation alleviates the limitations of previous attempts by conserving the sur-121

face and disjoining energy and preserving the consistency with the long wave asymptotics.122

This proposed derivation will account for the displacement of contact lines with the123

Derjaguin formula. The evolution of droplets under the action of a flow is investigated.124

In particular, we are interested in the effect of the contact angle hysteresis on the droplets125

speed and shape. In this work, we limit ourselves to consider only a constant external126

shear stress. For a boundless gas flow, this assumption is admissible as long as the wake127

of the droplet does not generate a boundary-layer separation in the gas flow. Indeed,128

the shear stress exerted by the gas flow is determined by the boundary layer at the gas-129

liquid interface. Since, boundary-layer equations obey to the Prandtl transformation, the130

response of the shear stress to the wall geometry is negligible as long as the potential flow131

far from the wall remains unaffected. For open flows, wall roughness thus only affect the132

wall shear stress through second-order modifications of the pressure in the outer potential133

region (Luchini & Charru 2019).134

Section 2 is devoted to the mathematical formulation that is able to describe the135

sliding of the drops under a constant shear. This mathematical framework is based on136

the Saint-Venant approach, i.e. an in-depth averaging of the basic equations which is137

made possible by the long-wave nature of the flow as the typical thickness of the water138
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Figure 1: Definition sketch.

layer is much smaller than the extension of the drop on the wall. Section 3 presents139

a numerical investigation of the characteristics of single droplets and the coalescence140

dynamics of a cloud of small droplets in a periodic domain. Concluding remarks are141

given in § 4.142

2 Mathematical developments143

2.1 Governing equations144

We consider an incompressible Newtonian fluid of dynamic viscosity µ, density ρ and145

surface tension γ. The kinematic viscosity is denoted by ν. We study the propagation146

of a droplet upward on an inclined plane under the action of a constant shear stress147

of intensity τe. The inclination angle is denoted by α. The Ox-axis is oriented upward148

with an angle β with the line of the greatest slope OX and the Oz-axis is normal to the149

plane. Finally, the Oy-axis is chosen to form a direct orthonormal basis (see Figure 1).150

The liquid depth (in the Oz-direction) is denoted by h. The equations are written in the151

reference frame of the plane, which is supposed to be Galilean. The gas is supposed to152

impose a constant pressure and a constant shear stress. The fluid velocity v satisfies the153

continuity equation154

div v = 0 . (2.1)

Denoting by τ the viscous stress tensor and by p the pressure, the Navier-Stokes equation155

writes156

ρ

[
∂v

∂t
+ div (v ⊗ v)

]
= ρ g − grad p+ div τ (2.2)

where g is the weight acceleration and ⊗ the tensor product. The constitutive relation
is τ = 2µD where D is the strain rate tensor defined by

D = (1/2)[gradv + (gradv)T ].
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The components of the velocity are denoted by u, v and w respectively in the Ox, Oy157

and Oz-directions and the components of the tensor τ are denoted by158

τ =

τxx τxy τxz
τxy τyy τyz
τxz τyz τzz

 (2.3)

Note that the continuity equation implies that τzz = −τxx − τyy.159

At the bottom, the no-slip and no-penetration boundary conditions hold

v(0) = 0.

At the free surface, the kinematic boundary condition can be written160

∂h

∂t
+ u(h)

∂h

∂x
+ v(h)

∂h

∂y
= w(h) (2.4)

The dynamic boundary condition at the free surface gives three scalar equations, which161

are162

τxz(h) + [p(h)− τxx(h)]
∂h

∂x
− τxy(h)

∂h

∂y
+ γ

∂h

∂x
K = τex, (2.5)

163

τyz(h) + [p(h)− τyy(h)]
∂h

∂y
− τxy(h)

∂h

∂x
+ γ

∂h

∂y
K = τey, (2.6)

164

p(h) + τxz(h)
∂h

∂x
+ τyz(h)

∂h

∂y
− τzz(h) + γK = τex

∂h

∂x
+ τey

∂h

∂y
. (2.7)

In these equations and in the following, K denotes the total curvature165

K = div
gradh√

1 + gradh · gradh
(2.8)

and τex, τey are the components in the Ox and Oy-directions respectively of the shear166

stress τe imposed on the free surface. In the following, this shear stress is supposed to167

be a constant.168

2.2 Scaling169

The equations are derived with several assumptions concerning the order of magnitude170

of the dimensionless parameters of the problem. The shallow water parameter is supposed171

to be a small parameter so that172

ε =
h0

L
≪ 1 (2.9)

where h0 is the characteristic depth and L the characteristic length in the Ox and Oy-173

directions. The order of magnitude of all other dimensionless parameters will be defined174

by comparison with ε. The imposed shear stress at the free surface is large compared to175

the hydrostatic pressure. More precisely, we suppose that176

δ =
ρgh0

τe
= O(ε2). (2.10)

The characteristic velocity is defined from the imposed shear stress at the surface as177

u0 =
h0τe
µ

. (2.11)



6 C. Ruyer-Quil, et al.

The Reynolds number defined with this velocity and with the characteristic fluid depth178

is supposed to be of O(1) i.e.179

Re =
h0u0

ν
=

ρh2
0τe
µ2

= O(1). (2.12)

The Weber number is defined by180

We =
ρh0u

2
0

γ
=

ρh3
0τ

2
e

γµ2
= O(ε2). (2.13)

It will be convenient to use the number181

κ =
ε2

We
= O(1) (2.14)

which is of O(1). The angle α is such that sinα = O(1) and the same assumption is made182

for β, although the equations will be used in practice most of the time with β = 0. We will183

keep a non-zero value for β in all the derivation process, so that the final equations do not184

depend on the particular orientation of the axes. We define the following dimensionless185

numbers186

λx =
δ sinα cosβ

Re
= ε2λ1, λy =

δ sinα sinβ

Re
= ε2λ2, λz =

δ cosα

Re
= ε2λ3, (2.15)

where λ1, λ2 and λ3 are of O(1). The dimensionless quantities (denoted with a tilde) are187

defined with the following scaling188

ũ =
u

u0
=

µu

h0τe
, ṽ =

v

u0
=

µv

h0τe
, w̃ =

u0

εu0
=

µw

εh0τe
,

x̃ =
x

L
, ỹ =

y

L
, z̃ =

z

h0
, h̃ =

h

h0
, t̃ =

u0

L
t =

h0τe
µL

t, K̃ =
L

ε
K,

τ̃xz =
τxz
τe

, τ̃yz =
τyz
τe

, τ̃ex =
τex
τe

, τ̃ey =
τey
τe

,

τ̃xy =
τxz
ετe

, τ̃xx =
τxx
ετe

, τ̃yy =
τyy
ετe

, τ̃zz =
τzz
ετe

.

(2.16)

The pressure is dominated by the Laplace pressure and scaled accordingly189

p̃ =
L2

γh0
p. (2.17)

To lighten the notations, the tildes are now dropped. In dimensionless form, we can write190

the mass conservation equation191

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0 (2.18)

and the momentum equation, in the Ox, Oy and Oz-directions respectively,192

∂u

∂t
+

∂u2

∂x
+

∂uv

∂y
+

∂uw

∂z
= −κ

∂p

∂x
+

ε

Re

∂τxx
∂x

+
ε

Re

∂τxy
∂y

+
1

εRe

∂τxz
∂z

− ελ1, (2.19)

193

∂v

∂t
+

∂uv

∂x
+

∂v2

∂y
+

∂vw

∂z
= −κ

∂p

∂y
+

ε

Re

∂τxy
∂x

+
ε

Re

∂τyy
∂y

+
1

εRe

∂τyz
∂z

− ελ2, (2.20)

ε2
[
∂w

∂t
+

∂uw

∂x
+

∂vw

∂y
+

∂w2

∂z

]
= −κ

∂p

∂z
+

ε

Re

∂τxz
∂x

+
ε

Re

∂τyz
∂y

+
ε

Re

∂τzz
∂z

− ε2λ3. (2.21)
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The boundary conditions at the bottom plane become u(0) = v(0) = w(0) = 0. The
boundary conditions at the free surface can be written

w(h) =
∂h

∂t
+ u(h)

∂h

∂x
+ v(h)

∂h

∂y

and194

τxz(h) + [εκRe p(h)− ε2τxx(h)]
∂h

∂x
− ε2τxy(h)

∂h

∂y
+ εκRe

∂h

∂x
K = τex, (2.22)

195

τyz(h) + [εκRe p(h)− ε2τyy(h)]
∂h

∂y
− ε2τxy(h)

∂h

∂x
+ εκRe

∂h

∂y
K = τey, (2.23)

p(h) +
ε

κRe
τxz(h)

∂h

∂x
+

ε

κRe
τyz(h)

∂h

∂y
− ε

κRe
τzz(h) +K

=
ε

κRe
τex

∂h

∂x
+

ε

κRe
τey

∂h

∂y
. (2.24)

Finally the constitutive relation leads to196

τxy =
∂u

∂y
+

∂v

∂x
; τxz =

∂u

∂z
+ ε2

∂w

∂x
; τyz =

∂v

∂z
+ ε2

∂w

∂y
;

τxx = 2
∂u

∂x
; τyy = 2

∂v

∂x
; τzz = −τxx − τyy.

(2.25)

2.3 Asymptotic expansions197

To derive a consistent first-order model, accurate to within O(ε2), an asymptotic198

method is used. The fields (velocity, pressure, viscous stress) are expanded as X =199

X(0) + εX(1) +O(ε2) where X refers to other u, v, w, p, τxx, τyy, τzz, τxz, τyz, τxy.200

These expansions are inserted into the dimensionless equations of the flow to calculate201

the fields at orders 0 and 1.202

At order 0, the momentum equations (2.19) and (2.20) lead to203

∂τ
(0)
xz

∂z
= 0 ;

∂τ
(0)
yz

∂z
= 0. (2.26)

This gives τ
(0)
xz = τ

(0)
xz (h) and τ

(0)
yz = τ

(0)
yz (h). These expressions can be found from the204

dynamic boundary conditions (2.22) and (2.23). At order 0, we have simply205

τ (0)xz = τex ; τ (0)yz = τey. (2.27)

Since we suppose that the imposed shear stress at the free surface is a constant, these206

two components of the viscous stress tensor are uniform in the droplet at order 0. From207

the constitutive relation (2.25) and the no-slip condition, we obtain the components u(0)208

and v(0)209

u(0) = τexz ; v(0) = τeyz. (2.28)

The linear profile of the velocity is characteristic of a planar Couette flow. The mass210

conservation equation (2.18) enables to calculate w(0). Since u(0) and v(0) do not depend211

on x or y, the integration is straightforward. Taken into account the no-penetration212

boundary condition, we find w(0) = 0. At order 0, the momentum equation (2.21)213

reduces to −K∂p(0)/∂z = 0. This implies that p(0) = p(0)(h). At this order, the dynamic214

boundary condition (2.24) is simply p(0)(h) = −K, which gives215

p(0) = −K. (2.29)
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The pressure in the droplet is, at order 0, entirely determined by the Laplace pressure.216

The remaining components of the viscous stress tensor are calculated from u(0), v(0) and217

the constitutive relation (2.25). The result is simply218

τ (0)xx = 0 ; τ (0)yy = 0 ; τ (0)zz = 0 ; τ (0)xy = 0. (2.30)

At order 1, the momentum equation (2.19) gives219

∂τ
(1)
xz

∂z
= κRe

∂p(0)

∂x
. (2.31)

This equation can be integrated together with the expression (2.29) of the pressure at220

order 0 and the dynamic boundary condition (2.22), which writes at order 1221

τ (1)xz (h) = −κRe p(0)(h)
∂h

∂x
− κRe

∂h

∂x
K = 0. (2.32)

This leads to222

τ (1)xz = κRe
∂K

∂x
(h− z) , τ (1)yz = κRe

∂K

∂y
(h− z) . (2.33)

The constitutive relation (2.25) gives at order 1223

∂u(1)

∂z
= τ (1)xz ;

∂v(1)

∂z
= τ (1)yz . (2.34)

These equations can be integrated with the no-slip condition to obtain224

u(1) = κRe
∂K

∂x
z
(
h− z

2

)
; v(1) = κRe

∂K

∂y
z
(
h− z

2

)
. (2.35)

It is not necessary to calculate w(1), p(1) or the other components of the viscous stress225

tensor at order 1.226

2.4 Depth-averaging procedure227

2.4.1 Average velocity228

The model is obtained by averaging over the depth the equations of the flow. For any229

quantity A, its depth-averaged value is defined by230

⟨A⟩ = 1

h

∫ h

0

Adz. (2.36)

Furthermore, we will use the notations U = ⟨u⟩ ; V = ⟨v⟩. It is necessary to expand also
U and V as U = U (0)+ εU (1)+O(ε2), V = V (0)+ εV (1)+O(ε2). The expressions (2.28)
and (2.35) enable to calculate

U (0) =
1

2
τexh ; V (0) =

1

2
τeyh; U (1) = κRe

∂K

∂x

h2

3
; V (1) = κRe

∂K

∂y

h2

3
.

2.4.2 Mass and momentum equations231

Integrating the mass conservation equation (2.18) together with the no-penetration232

condition at the bottom and the kinematic boundary condition at the free surface leads233

to the equation234

∂h

∂t
+ div (hU) = 0 (2.37)

whereU = (U, V )T is the depth-averaged velocity vector. The momentum equation (2.19)235

in the Ox-direction is integrated over the depth, with the no-penetration condition and236
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the kinematic boundary condition, to obtain237

∂hU

∂t
+

∂h
〈
u2

〉
∂x

+
∂h ⟨uv⟩

∂y
+ κ

∫ h

0

∂p

∂x
dz =

1

εRe
(τxz(h)− τxz(0)) +O(ε). (2.38)

Note that the terms with the derivatives of the components τxx, τxy, τyy are negligible238

at this order of accuracy. This implies that there is no diffusive term due to the viscosity239

in the model, which, apart from the capillary terms, is hyperbolic. The effect of viscosity240

is represented by the terms with τxz, which give, by integration over the depth, a viscous241

friction and a driving force due to the shear at the free surface. In this equation, the242

pressure can be evaluated at order zero to calculate the integral243

κ

∫ h

0

∂p

∂x
dz = −κh

∂K

∂x
+O(ε). (2.39)

The right-hand side of (2.38) is evaluated with the expressions at order 0 (2.27) and order244

1 of τxz and with the expression of U (1) :245

τxz(h) = τex +O(ε2) ; τxz(0) = τex + ε
3U (1)

h
+O(ε2). (2.40)

Since U (1) can be written246

U (1) =
U − U (0)

ε
+O(ε), (2.41)

Equation (2.38) can be written with a relaxation term as247

∂hU

∂t
+

∂h
〈
u2

〉
∂x

+
∂h ⟨uv⟩

∂y
=

1

εRe

(
3

2
τex − 3U

h

)
+ κh

∂K

∂x
+O(ε). (2.42)

To calculate
〈
u2

〉
, ⟨uv⟩ and thereafter

〈
v2
〉
, u and v are expanded as

u = U + u′ ; v = V + v′

where u′ and v′ are the deviations of u and v respectively with respect to their depth-248

averaged values U and V . Then
〈
u2

〉
= U2+

〈
u′2〉 since, by definition, ⟨u′⟩ = 0. In vector249

form, the velocity u = (u, v)T is written u = U +u′ where u′ = (u′, v′)T is the deviation250

to the average velocity. Then we define the tensor251

Φ =
1

h3

∫ h

0

u′ ⊗ u′ dz (2.43)

which will be called thereafter enstrophy because it is homogeneous to the square of a252

vorticity. The components of this two-dimensional symmetrical and anisotropic tensor253

are defined by Φ = φ11ex ⊗ ex + φ12ex ⊗ ey + φ12ey ⊗ ex + φ22ey ⊗ ey. We can write254 〈
u2

〉
= U2 + h2φ11 ; ⟨uv⟩ = UV + h2φ12 ;

〈
v2
〉
= V 2 + h2φ22. (2.44)

The enstrophy terms are not negligible because the velocity u is not constant in the255

depth. This implies that ⟨u ⊗ u⟩ ≠ U ⊗ U . On the contrary, at order 0, as it is shown256

above, the variations of the velocity with the depth is linear as in a planar Couette flow.257

Furthermore, at order 1, the velocity profile can be different from a linear profile. With the258

enstrophy tensor, the nonlinear term is written ⟨u⊗u⟩ = U⊗U+h2Φ. The introduction259

of the enstrophy as an additional variable of the model guarantees a well-posed model260

i.e. with an energy conservation equation (see the discussion of the two-equation model261

(2.49) below), in the case of a non-constant velocity profile.262
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In tensor form, the depth-averaged momentum equation can be written263

∂hU

∂t
+ div

(
hU ⊗U + h3Φ

)
=

3

εRe

(
τe
2

− U

h

)
+ κhgradK +O(ε). (2.45)

2.4.3 Enstrophy equation264

The derivation of the conservative part of the equations for the tensors h3Φ and h2Φ265

can be found in [Teshukov (2007)] and for the tensor Φ in [Richard et al. (2019a)], in both266

cases under the approximation of a weakly sheared flow, which means that the tensor267

⟨u′ ⊗ u′ ⊗ u′⟩ is negligible. In the present case, the third-order tensor ⟨u′ ⊗ u′ ⊗ u′⟩ can268

be consistently evaluated at order 0. At this order, the flow is a plane Couette flow with269

a linear velocity profile, which implies that this third-order tensor is equal to zero at270

order zero. The structure of the conservative part of the equations of Teshukov can thus271

be found consistently even if this flow is not weakly sheared.272

The enstrophy tensor is expanded as Φ = Φ(0) + εΦ(1) +O(ε2) with at order 0,

Φ(0) =
1

12
τe ⊗ τe

and at order 1,273

Φ(1) = κRe
h

24
(τe ⊗ gradK + gradK ⊗ τe) (2.46)

It follows that274

Φ− U ⊗U

3h2
+

1

12h2

(
U ⊗U − h2τe ⊗ τe

4

)
= O(ε2). (2.47)

The enstrophy equation can be consistently written at first order as

∂hΦ

∂t
+ div(hΦ⊗U)− 2h (divU)Φ+ gradU · hΦ+ hΦ · (gradU)

T

= − 1

εRe

B

h

[
Φ− U ⊗U

3h2
+

1

12h2

(
U ⊗U − h2

4
τe ⊗ τe

)]
+O(ε) (2.48)

where B is an arbitrary dimensionless constant. Details on this derivation are given in275

Appendix A.276

Physically, B controls the relaxation of the enstrophy Φ on the tensor U ⊗U . Consi-
dering a large value of B yields

Φ ≈ 1

4h2
U ⊗U +

1

48
τe ⊗ τe

and leads back to a two-equation system of equation for h and U where the averaged277

momentum balance reads278

∂hU

∂t
+ div

(
5

4
hU ⊗U +

h3

48
τe ⊗ τe

)
=

3

εRe

(
τe
2

− U

h

)
+ κhgradK. (2.49)

Unfortunately, this two-equation system does not admit an energy conservation equation279

because of the factor 5/4 instead of 1 in the momentum flux (the justification is similar280

to the case studied in Richard et al. (2019b)). The only consistent two-equation system281

with a factor 1 in the momentum flux in front of hU ⊗U has a flux equal to hU ⊗U +282

(1/12)h3τe⊗τe. Due to the anisotropy of the tensor τe⊗τe, the second term of this flux283

does not behave as a pressure as for example the term gh2I cos θ/2 in the usual nonlinear284

shallow-water equations (I being the identity tensor). As a result, even this two-equation285

system does not admit an energy conservation equation in conservative form.286
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On the contrary, the three-equation system (2.37), (2.45) and (2.48) does admit an
energy conservation equation, which can be written

∂he

∂t
+ div

(
heU + h3Φ ·U

)
=

[
3

εRe

(
τe
2

− U

h

)
+ κhgradK

]
·U

− 1

εRe

Bh

2

(
trΦ− U ·U

4h2
− τe · τe

48

)
+O(ε) (2.50)

where the energy e is e = U · U/2 + h2trΦ/2. Because of the existence of this energy287

conservation equation in conservative form, the three-equation system is clearly preferable288

to all consistent two-equation systems.289

2.5 Inertialess limit290

Before completing our flow description with a model for partial wetting conditions,291

let us underline the link between the shallow-water three-equation model (2.37), (2.45)292

and (2.48), which we have derived so far, and the surface equations that are usually293

employed based on lubrication theory. A more complete justification of the link between294

shallow-water equations and lubrication ones can be found in Bresch & Noble (2007).295

In the limit of a vanishing Reynolds number, the momentum balance (2.45) reduces to296

U =
h

2
τe + ϵ3Ca

h2

3
gradK (2.51)

where Ca = γ
µu0

is a capillary number. Following the usual approximation of the297

lubrication theory, the curvature K of the free surface can be approached by ∆h. As298

a consequence, the mass balance (2.37) yields (Oron et al. 1997)299

∂th+ div

(
h2

2
τe + ϵ3Ca

h3

3
grad∆h

)
= 0 , (2.52)

which corresponds to the surface equation used by Esṕın & Kumar (2017) in the300

appropriate limit (absence of gravity, absorption and disjoining pessure).301

Interestingly, shallow-water systems of equations, equivalent to lubrication equations302

of the form (2.52) in the limit of a vanishing Reynolds number, have been used to prove303

global existence of nonnegative weak solutions of lubrication equations (Bresch et al.304

2019).305

2.6 Disjoining pressure306

In order to account for dewetting phenomena and the displacement of contact lines,307

we introduce a regularization of the jump of surface energy from the liquid-gas interface308

(γlg = γ) to the solid-gas interface (γsg = γ cos(θs) < γsl) by means of a disjoining309

energy ed(h) function of the free surface elevation. For convenience as will be discussed310

later in section 2.7, we set the reference of the dimensionless surface energy to zero at a311

flat solid-gas interface, so that the dimensionless surface energy at the wall is equal to312

κ(cos(θs)− 1).313

We adopt the classical formulation proposed by Derjarguin (Churaev & Sobolev 1995),314

where the disjoining energy density reads315

ed(h) =
(n− 1)(m− 1)

n−m
κ[cos(θs)− 1]

[
1

1− n

(
h∗

h

)n−1

− 1

1−m

(
h∗

h

)m−1
]
, (2.53)

where n > m, and varies accordingly from 0 in the bulk of the liquid (h ≫ h∗) to316
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κ[cos(θs) − 1] at the precursor film thickness h∗. The precursor film h = h∗ thus plays317

the role of the solid-gas interface. The introduction of a precursor film is an elegant way to318

deal with the singularity of the viscous stress at the contact line. Another approach is the319

introduction of a slip at the wall. Comparisons of the slip and precursor-film approaches320

show that they are more or less equivalent (Sibley et al. 2015). Yet Diez & Bertozzi321

(2000) found the former less numerically demanding.322

Associated to the disjoining energy is a disjoining pressure323

Π(h) = −ded
dh

=
(n− 1)(m− 1)

n−m

κ[1− cos(θs)]

h∗

[(
h∗

h

)n

−
(
h∗

h

)m]
(2.54)

so that the pressure in the liquid reads p = −K −Π(h).324

The disjoining pressure is negative for h > h∗ and positive for h < h∗ which guaranties325

the stability of the precursor film. At a contact line, the disjoining pressure promotes a326

gradient of pressure which drives the liquid out of the precursor film.327

In line with the observations of Diez & Bertozzi (2000), we observe that the Frumkin-328

Derjaguin disjoining energy (2.53) enables to take quite large values h∗ of the precursor329

film while modelling correctly the apparent static contact angle. Besides, the precursor-330

film model acts as a low-pass filter : drops with a height which is less than 2h∗ are331

absorbed by the precursor film. As a consequence, with this model, the minimal size of332

the droplets that are represented is controlled by h∗.333

2.7 Augmented Formulation334

In order to mimic the dynamics of shear driven sliding droplets, a mathematical frame-335

work has been developed. The derived formulation needs to overcome the limitations of336

previous attempts, especially the correct inclusion of surface tension, which is required in337

order to capture correctly the shape of the droplets. A second requirement is to obtain a338

conservative hyperbolic formulation and to guarantee the consistency with the long-wave339

expansion in the appropriate limit. These properties would enable to develop efficient340

numerical schemes which preserve the energy of the flow.341

Lastly, partial wetting has to be accounted for and must enable to capture the hysteresis342

of the static contact angle. This last requirement will allow for a correct description of343

droplets shedding and water accumulation. Bresch et al. (2020) developed an augmented344

formulation for surface tension, accounting for the full curvature of the free surface, thus345

improving over the initial formulation of Noble & Vila (2014) and Bresch et al. (2016)346

which was limited to linearised curvature of the free surface in the long wave limit.347

In short, the idea is to introduce an additional variable with the dimension of a348

velocity whose kinetic energy is equal to the surface energy of the film. By writing349

a transport equation for this additional variable, we are able to recast shallow-water350

equations with full surface tension terms into an “augmented” system of equations with351

a skew-symmetric structure with respect to the L2 scalar product which makes the proof352

of energy estimates. Additionally, the design of compatible numerical scheme is made353

easier as surface tension terms are then recast as generalized diffusion terms.354

Following Bresch et al. (2020), we introduce a vector variable W which is co-linear to355

the gradient of the free-surface location, p = gradh and verifies356

W =

√
κ√
h
α(q2)p , (2.55a)

with α(q2) =

√
2

q
(
√
1 + q2 − 1)1/2 =

√
2(
√
1 + q2 + 1)−1/2 , (2.55b)

q = ||gradh|| = ||p|| . (2.55c)
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Note that, in this context,W has the dimension of a velocity and transforms the capillary357

energy density into a virtual kinetic energy as358

1

2
h ∥W ∥2 = κ(

√
1 + q2 − 1) . (2.56)

Again, in order to make reversible the relation between the additional velocity W and359

the gradient gradh, the constant κ = γ/ρ has been subtracted to the usual definition of360

the surface capillary energy, which does not affect the dynamics of the flow.361

The system of dimensionless equations (2.37), (2.45) and (2.48) is then modified into362

∂h

∂t
+ div (hU) = 0 , (2.57a)

∂hU

∂t
+ div

(
hU ⊗U + h3 Φ

)
=

3

Re

(
τe
2

− U

h

)
+ hgradΠ(h)

+ div
[
h (grad(f1 ·W ))

T
]
− grad (f2 ·W ) , (2.57b)

363

∂hW

∂t
+ div (hW ⊗U) = −f1 · div

[
h (gradU)

T
]
− f2 divU , (2.57c)

∂hΦ

∂t
+ div(hΦ⊗U)− 2h (divU)Φ+ gradU · hΦ+ hΦ · (gradU)

T

= − 1

Re

B

h

[
Φ− U ⊗U

3h2
+

1

12h2

(
U ⊗U − h2

4
τe ⊗ τe

)]
, (2.57d)

where the second-order tensor f1 is given by364

f1(h,W ) =
√
κ
√
h

(
1 +

h

4κ
||W ||2

)−1/2 (
I − h

4κ
(1 +

h

2κ
||W ||2)−1W ⊗W

)
(2.57e)

and the vector f2 by365

f2(h,W ) =
hW

2

(
1 +

h

2κ
||W ||2

)−1

. (2.57f )

366

An advantage of the above formulation is to commute the third-order capillary term367

gradK in the averaged momentum balance into second-order generalized diffusion terms368

in (2.57b), a simplification that turns out useful in numerical simulations, especially on369

unstructured meshes. The principal advantage of (2.57) is the skew-symmetry of these370

second-order terms with respect to the L2 scalar product and allows for the construction371

of numerical schemes which conserve the energy (see below).372

Note that the definitions (2.55a), (2.57e) and (2.57f) of the additional velocity W373

and functions f1 and f2 remain unchanged when the kinematic surface tension γ/ρ is374

substituted for κ.375

Dimensional equations are given in Appendix B.376

3 Simulations377

An in-house 2D numerical solver implementing the proposed model (2.57) has been378

developed. The code is written in Julia, and uses the method of line. This method379

adopts a semi-discrete form of the model: an o.d.e. system is obtained after the spatial380
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discretization is implemented. The spatial discretization of the model uses both the381

finite volume method for the hyperbolic terms at the l.h.s. of the equations and the382

finite difference method for the remaining terms on the r.h.s. The MUSCL method is383

employed along with a slope limiter (optional), ensuring a numerical scheme of second384

order in space for the hyperbolic part of the equations. The “minmod”, “superbee” and385

“Van-Leer” limiters have been implemented. Their objective is to ensure the connection386

between the zones of strong and weak gradients as finite volume schemes of order greater387

than one are known to be unstable at strong gradients (Godunov & Bohachevsky 1959).388

The choice of limiters enables to switch from a scheme of second order in the regions where389

the solution is smooth to a scheme of first order where the gradients are important to390

ensure total variation diminishing property of the global scheme. The choice of the limiter391

has a strong impact on the numerical diffusion: this diffusion artificially smoothes the392

solution, which is to be avoided, but makes the diagram more robust to sudden oscillations393

near the discontinuities. In implemented limiters, “minmod” is the most diffusive (and394

stable) and “superbee” the most precise (but can generate digital oscillations). “Van-395

Leer” is a compromise between these two extremes. The remaining terms are discretized396

by centered finite differences of second-order. Integration in time of the obtained system397

of o.d.e. requires the selection of a time solver which satisfies the following constraints:398

(i) The presence of a steep fronts at the contact lines implies a “stiff” problem, which399

requires the use of an implicit solver. This means that a large-dimensional linear system400

(Nx ×Ny × 8)2 must be solved.401

(ii) Solving this linear system requires the computation of the associated Jacobian. Its402

finite difference approximation is expensive and imprecise. This requires to make use of403

sparse matrices in order to limit its memory storage.404

In comparison to the scheme developed by Bresch et al. (2020), we have avoided a405

semi-implicit scheme for the surface tension terms. Instead of using an implicit solver,406

we have chosen to use an Explicit Strong Stability-Preserving Runge-Kutta (SSPRK)407

method (Gottlieb et al. 2001). This method is a Runge-Kutta method that preserves the408

stability of first order methods. They have proved helpful in solving hyperbolic partial409

differential equations. Being explicit, this method does not require the computation of410

the Jacobian, neither the solution of a linear system. This leads to a significant reduction411

of the computational time as well as easy-to-write parallelization of the code. A CUDA412

compatible version of the code has been developed, which allows to perform simulations413

on a GPU. The SSPRK method enables to control the time step according to a local414

truncation error, which can be used to control the accuracy of the solution. The time step415

is controlled by a Proportional-Integral algorithm that adjusts the time step according416

to the local truncation error. Absolute local threshold is set to 10−6 and relative local417

threshold is set to 10−3.418

A reprojection routine is used to ensure that the augmented variable W stay close to419

its definition (see (2.55a)): this is mandatory when the variable become discontinuous,420

which will be the case near the triple point. The reprojection is done at each timestep.421

Simulations have been carried out on an AMD Ryzen 9 3950X 16-Core Processor and a422

GeForce RTX 3080 Ti (10’240 CUDA Core). The performance of the numerical code has423

been evaluated for a benchmark consisting of the simulation of a two-dimensional droplet424

for the flow conditions corresponding to figure 10 with no hysteresis and N×3N = 2×106425

nodes, aborting the simulations at time t = 20. Single-thread, mutli-thread and GPU426

runs have been compared. A single-thread run lasts 8018 seconds, an execution time,427

which is lowered to 2771 for 4 threads, but only reduces to 2001 seconds for 8 threads428

and actually increase to 2050 seconds for 16 threads. In contrast, the GPU simulation429

lasted only 189 seconds. Tests of convergence show a quadratic dependence of the time430
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step δt on the mesh size ∆ in the form δt = O(∆2) as expected from the second-order431

generalized-diffusion nature of the capillary terms.432

3.1 Contact angle hysteresis433

The adherence of the sessile drops is the hallmark of static contact angle hysteresis.434

Small drops have the ability to deform and resist the onset of motion due to the shear of435

the gas flow since a pressure gradient may be sustained between the front and the rear436

of the drop as a result of the difference between the contact angle at its front and back.437

Numerical implementation of contact angle hysteresis is generally based on an evalu-438

ation of the triple line orientation with respect to the orientation of the flow (Ding &439

Spelt 2008). For instance, using a precursor film formulation and a Frumkin-Derjaguin440

disjoining pressure, Ahmed et al. (2014) tracked the location of the contact line point at441

which the contact line was orthogonal to the flow direction, thus defining the back and442

front of the drop. However, Ahmed et al. computed only one drop at a time and this443

approach seems difficult to apply for several drops when coalescence or splitting may444

occur.445

As a first approach, the orientation of the contact line with respect to the flow has been446

evaluated by computing U · gradh. The front of the drop is identified as U · gradh <447

0 and the static contact angle θs is then set to it advancing value θa. Conversely, if448

U · gradh > 0, θs is adjusted to the receding contact angle θr. However, this method449

leads to numerical difficulties. The first one is the sharp jump of surface energies at the450

edges of the drop, i.e. for U ⊥ gradh. Small fluctuations of the orientation of the contact451

line at these edges thus promote sharp surface forces, which generate oscillations of the452

contact line. These numerical spurious waves propagate, grow, and may lead to failures453

of the numerical simulations.454

In order to avoid this problem, the front and back of the moving drops are identified455

based on div(hU) = −∂h/∂t. Thus, the front of the drop is identified if mass is gained,456

i.e. div(hU) < 0. The limit of the front and back regions of the drop does not depend457

on the orientation of the contact line with this definition. A direct consequence is that458

the local contact angle may not switch sharply from θa to θr by changing the orientation459

of the contact line. This proves to be sufficient to eliminate the occurrence of spurious460

oscillations at the contact line.461

In practice, the discontinuity of the value of the static contact angle has been regular-462

ized with a hyperbolic tangent.463

θs =
θa + θr

2
+

θr − θa
2

tanh

[
div(hU)

ε′

]
(3.1)

where ε′ has been taken sufficiently low.464

3.2 Simulations of single drops465

Simulations of the dynamics of sessile drops under the action of a shear stress have466

been conducted initially without taking into account the hysteresis of the contact angle.467

Convergence of our numerical scheme with respect to the grid mesh has been checked468

by conducting simulations in one dimension (i.e. assuming all derivatives ∂y = 0 with469

only one cell in the y direction) with periodic boundary conditions. A spherical cap drop470

is placed at initial time in the numerical domain. The characteristic height of the drop471

is h0 = 0.1 mm. Physical properties correspond to water (µ = 10−3 Pa.s, ρ = 103 kg/m3472

and γ = 75 mN/m) and the wall shear stress τe is adjusted to τe = 8 Pa.s. The Reynolds473

and Weber numbers are thus Re = 80 and We = 0.85. These values are unchanged474

throughout this section.475



16 C. Ruyer-Quil, et al.

5 10 15 20 25 30 35
x

0.0

0.5

1.0

1.5

h

N = 1440
N = 720
N = 360
N = 180

Figure 2: Convergence test in 1D. L = 7.2 mm, contact angle θs = 30◦

∆/h∗ = 2 for N = 720.

The numerical domain extension is 7.2 mm. The precursor film thickness is set to476

h∗ = 0.05, which corresponds to 5 µm. Figure 2 presents the result of our convergence477

test with respect to the mesh size ∆, or number of mesh nodes N . The final shape of478

the droplet is reported at the end of the simulation when a constant shape and speed are479

achieved. However, low values of N are associated to spurious oscillations of the drop. A480

number N = 720 of nodes is sufficient to approach satisfactorily the shape of the sliding481

drop, as simulations with N = 720 and N = 1440 provides close final shapes of the482

drop. Numerical tests with different precursor film thicknesses (not shown) indicate that483

the mesh size ∆ must be of the order of h∗ in order to prevent the onset of spurious484

oscillations which emanate from an inadequate representation of the contact line region485

of the drop. We thus conclude that a ratio ∆/h∗ = 2 is sufficient to capture the transition486

region which replaces a sharp contact line within the disjoining pressure description of487

partial wetting. A value of ∆/h∗ = 2 has thus been used hereinafter for every simulations488

presented in this work. However, a lower resolution, i.e. ∆/h∗ = 4 is still acceptable.489

Figure 3 presents the distribution of the velocity U and enstrophy φ within the droplet490

at final time. The velocity U is almost constant in the bulk of the droplet and varies only491

at the front and back of the drop as the film thickness reduces to precursor film thickness.492

Indeed, for travelling-wave solutions, i.e. solutions whose shape and speed do not vary493

with time, the mass balance (2.37) can be rewritten in the moving frame ξ = x− udropt494

and integrated to yield495

h(U − udrop) = h∗
(
τeh

∗

2
− udrop

)
(3.2)

where the constant flow rate in the moving frame of reference is expressed at the r.h.s.496

of (3.2) from the Nusselt solution h = h∗. Therefore h∗ ≪ 1 implies that U ≈ udrop497

whenever h ≫ h∗.498

Instead of plotting φ, we choose to show h2φ which corresponds to the contribution499

of the deviations of the velocity profile u− U to the kinetic energy. We compare h2φ to500

U2 by computing the shape factor501

α =
⟨u2⟩
⟨u⟩2

= 1 +
h2φ

U2
(3.3)

The shape factor α does not deviate much from the value 4/3 corresponding to the502

Couette flow solution (2.28). As a consequence, φ adopts large values at the edges of the503
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Figure 3: Distribution of averaged velocity U , enstrophy weighted by the square of the thickness,
h2φ and shape factor α = 1+ h2φ/U2 (the red horizontal line shows the value α = 4/3) for the
1D droplet of figure 2 (N = 1440, h∗ = 0.05). The dashed black curves show the depth profile
of the droplet.

droplet, so that displaying φ instead of h2φ gives the false impression that the enstrophy504

is negligible in the bulk of the droplet. A value of the shape factor equal to 4/3 indicates505

a linear velocity profile in the depth. A shape factor smaller than 4/3 indicates a convex506

velocity profile i.e. with a larger shear near the bottom than close to the free surface,507

while the opposite is true for a shape factor larger than 4/3, which denotes a concave508

profile, with a stronger shear near the free surface than near the bottom. The distribution509

of the shape factor shows that there is a strong shear effect close to the free surface in510

the center of the droplet, resulting in a shape factor larger than 4/3. At the edges of the511

droplet, the curvature of the velocity profile has the opposite sign.512

Figure 4 illustrates the influence of the precursor film thickness on the shape of one-513

dimensional drops which have reached a steady state. For a large value of h∗, the514

extension of the drop length is larger, and the front is more rounded. The front shape515

of the drop is more impacted than its back shape by the precursor film thickness. The516

maximum elevation of the drop also decreases as h∗ is raised.517

Figure 5 discusses the influence of the precursor film thickness h∗ on the drop velocity518

udrop and its extension length L. Both of them decrease monotonically with the precursor519

film thickness. In agreement with Schwartz & Eley (1998); Sellier et al. (2015), we520

observe that 1/udrop varies linearly with the logarithm of h∗ as expected from (C6)521

as a consequence of the dependency of the wall shear dissipative work with respect to h∗522

(see Appendix C).523

We next turn to the simulation of two-dimensional drops. The precursor film thickness524
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Figure 6: Snapshots of the free surface elevation at different times in a domain of size
7.2 mm×2.4 mm with 3N ×N ≈ 2 106 nodes for a contact angle θs = 30◦.

is set to h∗ = 0.05, a reasonable trade-off between accuracy and numerical cost as the525

mesh size ∆ must be chosen of the order of h∗. Two-dimensional simulations have been526

performed in a rectangular domain with periodic boundary conditions. At initial time, a527

single drop is placed in the numerical domain. Figure 6 illustrates the evolution of the528

drop as time is increased. The drop has initially a spherical cap shape, corresponding to529

the equilibrium solution in the absence of a shear, with an apparent radius Rθ = 0.8 mm.530

A constant static contact angle θs = 30◦ is again imposed.531

The numerical domain is 7.2 mm×2.4 mm, or 72 by 24 units. The mesh size to precursor532

film thickness is fixed to ∆/h∗ = 2 so that the numerical domain is discretized with533

N = 2160 nodes in the x direction and 720 nodes in the y direction. Mesh cells are534

thus squares of dimension 10 µm. The sessile drop is initially elongated by the shear,535

accelerates and, after some oscillations, achieves a constant shape and speed as can be536

observed from figure 6. The final shape of the drop is reminiscent of the teardrop shape537

of sessile drops entrained by gravity at moderate inclination angles (Ahmed et al. 2014).538

Figure 7 presents the components of the velocity field U as well as h2Φ. The velocity539

field is nearly constant everywhere and equal to the velocity of the droplet, except540

in the vicinity of the contact line. Similarly h2φ12 and h2φ22 are much smaller than541

the component h2φ11. As for the 1D droplets discussed in the previous section, the542

contribution of the enstrophy to kinetic energy h2trΦ/2 is significant throughout the543

droplet.544

3.3 Hysteresis effect on the drop shape545

We next turn to the simulations of single sliding drops in the presence of a hysteresis546

of the static contact angle. We replicate the simulation presented in figure 6 with a547

hysteresis range 2δs = 10◦ so that the advancing and receding contact angles are θa = 35◦548

and θr = 25◦. We again observe a strong initial elongation of the drop as it starts moving549

under the action of the gas shear stress, followed by oscillations leading finally to a550

drop propagating with a constant shape and speed (see figure 8). In contrast to the551

no hysteresis case, we observe a very different shape of the drop at the final stage of552

the simulation, which we may labelled as inverted-teardrop shape or bullet shape, with553

a rounded back and an ogival front. Similar observations have been made by Ding &554
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Figure 7: Velocity components, U and V , and enstrophy components h2φ11, h
2φ22 and

h2φ12 for the droplet in steady state presented in figure 8.

Spelt (2008) in their simulations of the onset of motion of shear-driven droplets with555

contact-angle hysteresis.556

As discussed in § 3.1, the simulation of sliding drops in presence of a hysteresis has557

been conducted considering the dependence of the static contact angle on div hU given558

by (3.1) with a regularization parameter ε = 10−3. We checked that the front and559

rear of the drop at the end of the simulation were identified similarly by spotting the560

accumulation of mass in time (sign of div hU) or spotting the orientation of the slope561

of the free surface (sign of U · gradh). Figure 9 presents the drop elevation h, and the562

distributions of U ·gradh and div hU within the drop, demonstrating that the locations563

of the contact line at which mass is accumulated (div hU < 0) coincides with the front564
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Figure 8: Snapshots of the free surface elevation at different times in a domain of size
7.2 mm×2.4 mm with 3N × N ≈ 2 106 nodes for a hysteresis 2δθs = 10◦ (θr = 25◦ and
θa = 35◦).

L l S
2δθs
0 27.2 12.1 261.64
10 23.5 12.9 245.44
18 19.5 15.5 238.34

Table 1: Drop shape parameters for different hysteresis of the static contact angle 2δθs =
0◦, 10◦ and 18◦.

of the drop (U · gradh < 0). In particular, the region at which, the static contact angle565

varies continuously from θr to θa is restricted to the side edges of the drop (see panel b566

of figure 9).567

As the hysteresis of the static contact angle is increased, the sliding drop continues to568

modify its shape, the widest section of the drop moving further to its back. The front569

adopts a more and more ogival shape. The width and maximum elevation of the drop570

increase, whereas its length diminishes (see figure 10). The variation of the drop length571

L, width l and wetting area S is reported table 1.572

3.4 Dynamics of coarsening573

We next investigate the coarsening dynamics of a cloud of small droplets deposited at574

initial stage on a planar substrate. The parameter set is again chosen to correspond to575

water droplets, µ = 10−3Pa.s, ρ = 1000 kg/m3, γ = 75 mN/m, undergoing a constant576

shear stress τe = 8 Pa. The numerical domain has a size of 8 mm × 24 mm. The initial577

condition consists in a set of 1000 droplets for a total mass 0.22 mm3, so that the mean578

apparent radius of a sessile droplet is 80 µm. The mesh size is ∆ = 10 µm and the579

precursor film thickness is again h∗ = 5 µm. These simulations are costly as the number580

of nodes reach N × 3N = 2106.581

Figure 11 illustrates the observed dynamics in the absence of contact angle hysteresis.582

After an initial absorption of the droplets into the precursor film, droplets of minimal583

thickness roughly equal to 15 µm, that is 3× h∗ start to emerge. This behaviour results584
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Figure 9: Stationary drop at the end of a simulation for a hysteresis 2δθs = 10◦ (θr = 25◦

and θa = 35◦)

from the disjoining pressure modelling of partial wetting, which acts as a low-pass filter.585

The attractive part of the disjoining pressure leads to the absorption of droplets whose586

thickness is below two to three times the precursor film thickness h∗. However, the mass587

of the film is conserved, and the absorbed droplets raise the mean thickness of the film588

above h∗ leading to its instability and the formation of larger sliding drops. These drops589

have a typical maximal height ranging from 5 to 10 times the thickness h∗ of the precursor590

film. The later evolution of the film is characterized by the merging of drops as large drops591

tend to move faster than smaller ones, catch them and coalesce. As a result, fewer and592

fewer drops are observed.593

In presence of a contact angle hysteresis, a similar evolution of the coarsening dynamics594

is observed. However, this scenario seems to be delayed in that case. For instance,595

comparing figures 11 and 12, one can notice that the evolution of the merging process596

observe without contact angle hysteresis at time t = 250 (seven drops) is reached only at597

time t = 750 for 2δθs = 14◦. This slowing down is a direct consequence of the lowering of598

the speed of the drops in the presence of a contact angle hysteresis, as one can anticipate599

from the drop speed estimate (C 6).600

To further understand the effect of the contact angle hysteresis on the drop merging601

process, we have performed a parametric study of the speed of a single sliding drop for602

different values of 2δθs as the mass of the drop is varied. Figure 13 reports the result603

of this parametric study and shows a dramatic effect of the contact angle hysteresis on604

small drops, whose speed is significantly lowered. However, for large drops, this effect is605
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Figure 10: Snapshots of the free surface elevation at t = 350 in a domain of size
2.4 mm×7.2 mm with N × 3N = 3104 nodes for different hysteresis of the static contact
angle 2δθs = 0◦, 10◦ and 18◦.

mitigated by their size. As a consequence, the slowing down of the coarsening dynamics606

by the contact angle hysteresis is more efficient in the early stages of the coalescence607

process.608

4 Conclusion and perspectives609

In this work, a mathematical and numerical framework has been developed to study610

the displacement and merging dynamics of sliding droplets under the action of a constant611

shear exerted by a gas flow. The mathematical development has been developed in612

Section 2. An augmented formulation has been implemented to model surface tension613

including correctly the full curvature of the free surface. Details can be found in Bresch614

et al. (2020). A set of shallow-water evolution equations for the film thickness h, the615

averaged velocity U , the additional velocity W and an enstrophy tensor Φ, have been616

obtained. The enstrophy Φ accounts for the deviation of the velocity profile from the617

constant velocity distribution that is usually assumed in the Saint-Venant equations and618
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Figure 11: Snapshots of the free surface elevation at different times in a domain of size
24 mm×8 mm with 3N ×N = 2106 nodes for a constant contact angle θs = 30◦.
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Figure 12: Snapshots of the free surface elevation at different times in a domain of size
24 mm×8 mm with 3N ×N = 2106 nodes for a hysteresis 2δθs = 14◦ (θr = 23◦ and θa = 37◦).

is not verified for viscous flows at low Reynolds numbers. The formulation is consistent619

with the long-wave expansion of the basic equations, remains hyperbolic and conservative.620

Finally, our model has been completed with a disjoining pressure formulation that is able621

to account for the hysteresis of the static contact angle. In this formulation, the advancing622

or receding nature of the contact line is assessed by the accumulation or reduction of mass623

of the droplet at the contact line (sign of div(hU)). Section 3 is devoted to an in-house624

2D numerical solver implementing the proposed model. This code is written in Julia and625

uses the method of line. We discuss the contact angle hysteresis and provide simulation of626

single droplet as well as dynamics of coarsening. The derivation of the enstrophy equation627

and a discussion on drop speed is given in Appendix A.628
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Simulations of sliding water droplets have been performed with periodic boundary629

conditions in a domain of limited size. Our simulations show a transition of the shape of630

the sliding droplets from a tear-drop shape to a bullet shape with a round back and an631

ogival front as the hysteresis of the contact angle is raised. Simulations of the coarsening632

dynamics of the drop demonstrate a slowdown of the drops and a delay in the sequence633

of coalescence of the drops due to the contact angle hysteresis.634

We have limited ourselves to consider only a constant shear stress at the free surface.635

However, several studies suggest a retroaction of the droplet geometry on the gas flow636

(Pozrikidis 1997; Ding & Spelt 2008; Sellier et al. 2019). Razzaghi & Amirfazli (2019) thus637

showed that the shedding of a sessile droplet by an airflow is affected by the presence of638

other droplets nearby. Hooshanginejad & Lee (2017) revealed that this interaction results639

from the modification of the pressure field induced by the wake of the first droplet on640

the second one. It is therefore important to extend the present liquid-side formulation to641

a two-phase flow one for which the gas motion is resolved (Lavalle et al. 2017). This will642

be investigated in a subsequent work.643
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649

A Derivation of the enstrophy equation650

Denoting u = (u, v)T and τsh = (τxz, τyz)
T, the equations (2.19)–(2.20) can be written651

∂u

∂t
+ div (u⊗ u) +

∂wu

∂z
= −κgrad p+

1

εRe

∂τsh
∂z

+O(ε). (A 1)
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Forming u⊗(A 1) + (A1)⊗u gives

∂u⊗ u

∂t
+ div (u⊗ u⊗ u) +

∂wu⊗ u

∂z
=

1

εRe

(
u⊗ ∂τsh

∂z
+

∂τsh
∂z

⊗ u

)
− κu⊗ grad p− κgrad p⊗ u (A 2)

Since ⟨u′ ⊗ u′ ⊗ u′⟩ = O(ε) (it is equal to zero at order zero), depth averaging this
equation over the depth leads to

∂

∂t

[
h
(
U ⊗U + h2φ

)]
+ div

(
hU ⊗U ⊗U + h3U ⊗φ+ h3φ⊗U

)
+
[
div

(
h3U ⊗φ

)]T
=

1

εRe

[
3

2
(U ⊗ τe + τe ⊗U)− 6

h
U ⊗U

]
+ κh (U ⊗ gradK + gradK ⊗U) +O(ε) (A 3)

Forming U⊗(2.45) + (2.45)⊗U leads to

∂

∂t
(hU ⊗U) + div

(
hU ⊗U ⊗U + h3U ⊗φ

)
+

[
div

(
h3U ⊗φ

)]T
− h3gradU ·φ− h3φ · (gradU)

T
=

1

εRe

[
3

2
(U ⊗ τe + τe ⊗U)− 6

h
U ⊗U

]
+ κh (U ⊗ gradK + gradK ⊗U) +O(ε) (A 4)

The difference between (A 3) and (A4) gives652

∂hΦ

∂t
+ div(hΦ⊗U)− 2h (divU)Φ+ gradU · hΦ+ hΦ · (gradU)

T
= O(ε) (A 5)

Because of (2.47), this equation can be consistently written as (2.48) where a relaxation653

term is added at the right-hand side with an arbitrary constant β which should be chosen654

large so that φ relaxes toward its equilibrium value.655

B Dimensional equations656

In dimensional form, the equations of the model (2.57) can be written657

∂h

∂t
+ div (hU) = 0, (B 1)

∂hU

∂t
+ div

(
hU ⊗U + h3 Φ

)
=

3

2

τe
ρ

− 3ν
U

h
+ hgradΠ

+ div
[
h (grad(f1 ·W ))

T
]
− grad(f2 ·W ) , (B 2)

658

∂hW

∂t
+ div (hW ⊗U) = −f1 · div

[
h (gradU)

T
]
− f2 divU , (B 3)

∂hΦ

∂t
+ div(hΦ⊗U)− 2h (divU)Φ+ gradU · hΦ+ hΦ · (gradU)

T

= −B
ν

h

[
Φ− U ⊗U

3h2
+

1

12h2

(
U ⊗U − h2

4ρ2ν2
τe ⊗ τe

)]
, (B 4)
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where the expression of the disjoining pressure is659

Π =
(n− 1)(m− 1)

n−m

γ

ρ

1− cos θs
h∗

[(
h∗

h

)n

−
(
h∗

h

)m]
(B 5)

and where the second-order tensor f1 is given by660

f1(h,W ) =

√
γh

ρ
h

(
1 +

ρh

4γ
||W ||2

)−1/2
[

I − ρh

4γ

(
1 +

ρh

2γ
||W ||2

)−1

W ⊗W

]
(B 6)

and the vector f2 by661

f2(h,W ) =
hW

2

(
1 +

ρh

2 γ
||W ||2

)−1

. (B 7)

In the 1D-case, these equations become662

∂h

∂t
+

∂hU

∂x
= 0, (B 8)

663

∂hU

∂t
+

∂

∂x

(
hU2 + h3φ

)
=

3

2

τe
ρ

− 3ν
U

h
+ h

∂Π

∂x
+

∂

∂x

(
h
∂f1W

∂x

)
− ∂f2W

∂x
, (B 9)

664

∂hW

∂t
+

∂hUW

∂x
= −f1

∂

∂x

(
h
∂U

∂x

)
− f2

∂U

∂x
, (B 10)

665

∂hφ

∂t
+

∂hUφ

∂x
= −B

ν

h

(
φ− U2

4h2
− τ2e

48ρ2ν2

)
, (B 11)

where Π is given by (B 5) and where666

f1(h,W ) =

√
γh

ρ

1√
1 +

hρ

4γ
W 2

1− hρ

4γ

W 2

1 +
hρ

2γ
W 2

 , (B 12)

667

f2(h,W ) =
hW

2

1

1 +
hρ

2γ
W 2

. (B 13)

C Droplet speed668

In this section, we consider a two-dimensional drop moving at a constant shape and669

speed and try to determine its speed. We develop arguments similar to the ones proposed670

by Gennes et al. (1990), Schwartz & Eley (1998) and Lallement (2019). The drop is671

entrained by the gas shear stress and arrested by the viscous wall shear stress and the672

adhesion force, a constant speed is achieved when the three forces balance each other, or673

equivalently when the sum of their work cancels.674

The dissipative work of the wall shear stress read in that case675

dWµ =

∫ [
2µU2

h
dt

]
dx (C 1)

whereas the work of the shear stress reads676

dWs =

∫
[τeUdt] dx = τeULdt (C 2)
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where L stands for the length of the drop. Finally, the work of the surface tension is677

dWcap = γ (cos θa − cos θr)Udt. (C 3)

Writing that the work of the dissipative wall shear stress is compensated by the work of678

the shear stress at the free surface and surface tension, i.e. −dWµ + dWs + dWcap = 0679

gives an expression for the drop velocity U . Since the dissipative work is a function of680

h−1, it is dominated by the viscous stresses in the vicinity of the contact line681 ∫
dx

h
=

∫
dx

dh

dh

h
≈

(
1

tan(θda)
+

1

tan(θdr)

)
log

(
H

h∗

)
(C 4)

H refers to the drop height at which the advancing and receding dynamical contact angles682

θda and θdr are measured. We thus obtain the estimate683

dWµ ≈ 2µU2dt

(
1

tan(θda)
+

1

tan(θdr)

)
log

(
H

h∗

)
(C 5)

Therefore the drop velocity can be approximated by684

U ≈ 1

2µ [(tan θda)−1 + (tan θdr)−1] log
(
H
h∗

) [τeL− γ (cos θr − cos θa)] (C 6)

We thus expect a reduction of the speed of the drop in presence of a hysteresis of the685

static contact angle. This effect shall be more important for small drops than for large686

drops as it depends on the ratio γ/(τeL). We also expect that the inverse of the drop687

speed is a linear function of the logarithm of the precursor film thickness h∗.688
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