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An entropy penalized approach for stochastic control

problems. Complete version.

THIBAUT BOURDALIS *, NADIA OUDJANE " AND FRANCESCO RUSSO *

July 2025

Abstract

In this paper, we propose an original approach to stochastic control problems. We consider
a weak formulation that is written as an optimization (minimization) problem on the space of
probability measures. We then introduce a penalized version of this problem obtained by split-
ting the minimization variables and penalizing the discrepancy between the two variables via
an entropy term. We show that the penalized problem provides a good approximation of the
original problem when the weight of the entropy penalization term is large enough. Moreover,
the penalized problem has the advantage of giving rise to two optimization subproblems that
are easy to solve in each of the two optimization variables when the other is fixed. We take
advantage of this property to propose an alternating optimization procedure that converges to
the infimum of the penalized problem with a rate O(1/k), where k is the number of iterations.
The relevance of this approach is illustrated by solving a high-dimensional stochastic control

problem aimed at controlling consumption in electrical systems.

Key words and phrases: Stochastic control; optimization; Donsker-Varadhan representation; ex-

ponential twist; relative entropy; demand-side management.

2020 AMS-classification: 49M99; 49]99; 60H10; 60J60; 65C05.

1 Introduction

General framework. Stochastic control problems appear in many fields of application such as robotics
[41], economics and finance [43]. These problems are, either tackled using the Pontryagin’s opti-

mality principle or the dynamic programming principle, which allows the representation of the
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value function via nonlinear Hamilton-Jacobi-Bellman PDEs or Backward Stochastic Differential
Equations (BSDEs). The idea of this paper is to propose a radically different approach based on
a weak reformulation of the stochastic control problem as an optimization problem on the space
of probability measures. We propose an entropic penalization of this optimization problem which
suitably approximates the original control problem. We prove the convergence of an alternating
optimization procedure to the infimum of the penalized problem: the interest of this procedure
is demonstrated in simulation compared with classical techniques relying on dynamic program-
ming. The proof of the convergence of our algorithm relies on geometric arguments rather than
classical convex optimization techniques.

Problem formulation. On some filtered probability space (€2, F,P), we are interested in a prob-
lem of the type

T
J:trong = IBfE [/0 f(n Xﬁ) Vr)dr + g(Xf’Z/“):| ) (11)

where v is a progressively measurable process taking values in some fixed convex domain U C R.

X = X" will be a controlled diffusion process taking values in R? of the form
t t
Xy = x—l—/ b(r, X,’f,ur)dr—k/ o(r, X} )dW,. (1.2)
0 0

Under some mild supplementary assumptions, Problem (L)) can be reformulated as an optimiza-

tion program on the space of probability measures, in the form

T

J*:= inf J(P), with J(P):=EF U f(r, X, vE)dr + g(X7)] , (1.3)
PePy 0

Py being a set of probability measures, defined in Definition such that, under P € Py, the

canonical process X is decomposed as

t t
Xi=z+ / b(r, X, v5)dr —I—/ o(r, X, )dW,, (1.4)
0 0

P

where ¥ is a progressively measurable process with respect to the canonical filtration X of X

taking values in U and W is some standard Brownian motion. In particular we will have J3;,.,,, =
J*. In the sequel, to insist on the path-dependence of v, we will write v, = v(t, X). We refer to
Appendix[Dlfor the precise link between the different formulations of stochastic control problems
(LI) and (@.3).

One major difficulty in analyzing Problem is the lack of convexity of the functional J
in (L.3) with respect to P, even though the literature includes some techniques to transform the
original problem into a minimization of a convex functional, see e.g. [2]. For that reason, we
cannot rely on classical convex analysis techniques, see e.g. [17], in order to perform related algo-
rithms, see e.g. [6]. As announced above, our method consists in replacing Problem with the

penalized version

T 1
T = (P}Q%f@x(@,m, with  J.(Q,P) := E® UO f(r, X, vE)dr + g(X7) +-H(QIP), (15)
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where A is a subset of elements (P, Q) € P(2)? defined in Definition3.12] H is the relative entropy,
see Definition[2.T] and the penalization parameter ¢ > 0 is intended to vanish to zero, in order to
impose Q = P.

Main contributions. In Theorem [3.15] one shows that the infimum in (L.5) is indeed a minimum
T = J(Qf, P¥), attained on some admissible couple of probability measures (P}, Q) € A. Given
one solution (P}, Q}) of Problem (L.5), PropositionB.16lshows that P} is an approximate solution of
Problem (L.3), in the sense that the infimum J* can indeed be approached by J(P}) where P} € Py
when € — 0, and more precisely J(P¥) — J* = O(e). The interest of the penalized Problem (L5),
with respect to the original Problem , is that the minimization of the functional 7., with re-
spect to one variable Q or PP (the other variable being fixed), can be provided quasi-explicitly. This
is the object of Section[5 Indeed, Proposition[5.2]states that the minimization with respect to P can
be reduced to a pointwise minimization, provided that Q has a Markovian decomposition. In this
situation, there exists a function (¢, z) + u(t, ) € U, such that, for all (¢,z) € [0,T] x R, u(t,z) is
independently obtained as the minimum of a strictly convex function and such that the infimum
of the minimization PiengUi(Q, IP) is attained by the unique probability measure I’ € Py verifying

v{ = u(t, X;). Concerning the minimization with respect to Q, Proposition 5.3] characterizes the

explicit solution of the subproblem. In fact, this is a well-known problem in the area of large devi-
ations, see [16]. It gives rise to a variational representation formula relating log-Laplace transform
of the costs and relative entropy, which is linked to a specific case of stochastic optimal control, for
which it is possible to linearize the HJB equation by an exponential transform, see [19, 20]. This
type of problem is known as path integral control and it has been extensively studied with many
applications, see [10] 142} 41].

In Section @ we introduce an alternating minimization procedure (4.1), which consists in solv-
ing sequentially each subproblem, in Q and P, alternatively. In Theorem 4.6 we prove that the
iterated values generated by this procedure converge to the minimum value 7. We insist again
on the fact that 7, is not jointly convex with respect to (Q, P), so, the proof of Theorem .6l relies on
geometric arguments developed in [14]. In Section[6] we show the relevance of this algorithm com-
pared to classical dynamic programming techniques, by performing an application to the control
of thermostatic loads in power systems.

Link to the literature. Interest in optimization problems on the space of probability measures
has increased strongly during the recent years with the Monge-Kantorovitch optimal transport
problem, which, for two fixed Borel probability measures on R, v; and v5 consists in determining
ajoint law, whose marginals are precisely v; and v, minimizing an expected given cost. Benamou
and Brenier in [2] propose a dynamical formulation of this problem: it consists in an optimal
control problem where the aim is to minimize the integrated kinetic energy of a deterministic
dynamical system over a given time horizon, in order to go from the initial law v; to v, as terminal
law. In [35], the authors replace the deterministic dynamical system with a diffusion, introducing

the so called stochastic mass transportation problem. This consists in controlling the drift of the



diffusion to minimize, over a given finite horizon, a mean integrated cost depending on the drift
and the state of the process, while imposing the initial and final distribution of the diffusion.
Those authors formulate their problem as an optimization on a space of probability measures, for
which they make use of convex duality techniques. In [40], the authors generalize these techniques
controlling the volatility as well. Those authors also propose a numerical scheme in order to
approximate the dual formulation of their stochastic mass transport problem. In the same spirit as
in [35], in this paper, we formulate a stochastic optimal control problem as a minimization on the
space of probability measures. However our approach is based, on the one hand, on an entropy
correction and, on the other hand, on an alternating procedure.

Similar ideas based on an entropy correction and an alternating procedure were introduced in
the context of optimal transport, see e.g. [3][15]. In [3], the authors are interested in the discrete
optimal mass transport problem. To approach that problem, they introduce an entropic regular-
ization which consists in minimizing a relative entropy H (|{) over a subset K := K; N K3 of joint
probability measures on R?*?, where ¢ is a reference probability measure on R%*4, K is a subset
of P(R?*?) with a given first marginal, while K5 imposes the second marginal. The solution to this

new problem is approximated by a sequence (’y(”)) where (1) is the entropic projection of

n>1’

7(") on the set C,,, where Cy), := K9 and Cap+1 := K4 for p € N. This means v,, = argmin H(7|7(")).
vECh

This type of methods and their generalization to continuous states distributions are commonly

referred to as Sinkhorn algorithms and are widely used in optimal transport and related fields,
such as the Schrodinger Bridge problem, see e.g. [11} 13} 34, 36] for detailed accounts. However,
the approach we propose here is resolutely different and differs from these classical methods in
two aspects. Firstly, our approach is based on a duplication of the optimization variables, and
the entropy correction term we introduce is a penalty term, designed to impose equality on the
duplicated variables. Furthermore, our alternating procedure aims to sequentially optimize the
penalized objective function, in the first and then second variable involved in the entropy penalty,
whereas the Sinkhorn alternating projection algorithm is always driven to minimize the cross
entropy term with respect to the first variable.

Our reformulation offers both numerical and theoretical advantages. From a numerical point
of view, our algorithm relies on two standard optimization sub-problems that are simpler than
the original stochastic control problem and that can be tackled by specific numerical schemes. For
example, one of the two sub-problems (called exponential twist problem) has an explicit solution,
which can be evaluated at each time step by parallel computations of conditional expectations.
On the other hand, that sub-problem corresponds to a stochastic control problem with no con-
straints on the control, and can therefore efficiently be tackled by regression methods [4} 22| 23]
or deep learning methods as in [12| 21} 24} 27]. Hence, our algorithm constitutes a complemen-
tary approach to existing regression or machine learning techniques developed to solve stochastic
control problems.

From a theoretical point of view, the entropy penalization approach offers new perspectives



for reformulating complex stochastic control problems including, for example, constraints on the
marginal laws of the controlled process, see e.g. Schrodinger bridge. This is the subject of a the
recent paper [8].

The paper is organized as follows. After this Introduction, Section [2is devoted to the basic
definitions and notations. In Section 3] we introduce an entropy penalized optimization problem
approaching the original stochastic control problem, see in particular Proposition[3.16l The sub-
sequent Section dl proposes an alternating minimization procedure to approximate the solution of
the entropy penalized problem: in particular Theorem [4.6] establishes that convergence. Section
[Blillustrates the interest of the approach on a specific application to demand-side management in
power systems. Some new perspectives of our method are sketched in Section [/l

The paper is organized as follows. After this Introduction Section [2] is devoted to the basic
definitions and notations. In Section 3] we introduce an entropy penalized optimization problem
approaching the original stochastic control problem, see in particular Proposition[3.16l The sub-
sequent Section dl proposes an alternating minimization procedure to approximate the solution of
the entropy penalized problem. In particular Theorem [4.6 establishes that convergence. Section
[0l illustrates the interest of the approach on a specific application demand-side management in
power systems. Some new perspectives of our method are sketched in Section [/l We conclude the

paper with the Appendices, which contain the proof of most the technical intermediate results.

2 Notations and definitions

In this section we introduce the basic notions and notations used throughout this document. In

what follows, T' > 0 will be a fixed time horizon.
e All vectors z € R? are column vectors. Given z € RY, || will denote its Euclidean norm.
* Given a matrix A € R¥9, ||A|| := \/Tr[AAT] will denote its Frobenius norm.

e Given ¢ € C12([0,T] x R%, R), 0,6, V¢ and V2¢ will denote respectively the partial deriva-

tive of ¢ with respect to (w.r.t.) ¢t € [0, T, its gradient and its Hessian matrix w.r.t. = € R,
* Given any bounded function ® : RY — R, we denote by |®|., its supremum.
e U will denote a closed subset of R? for some p € N*,

¢ For any topological spaces £ and F, B(E) will denote the Borel o-field of E; C(E, F') (resp.
B(E, F)) will denote the linear space of functions from E to F' that are continuous (resp.
Borel). P(E) will denote the Borel probability measures on E. Given P € P(E), EF will

denote the expectation with respect to (w.r.t.) P.

e Except if differently specified, 2 will denote the space of continuous functions from [0, 7]

to RY. For any ¢ € [0,7] we denote by X; : w € Q ~ w; the coordinate mapping on Q. We



introduce the o-field 7 := o(X,,0 < r <T). On the measurable space ({2, F), we introduce
the canonical process X : w € ([0,T] x ,B([0,T]) @ F) > Xi(w) = w; € (R, B(RY)).

We endow (€2, F) with the right-continuous filtration 7; := () o(X,,0<r <s), t € [0,T].
t<s<T
The filtered space (2, F, (F;)) will be called the canonical space (for the sake of brevity, we

denote (F)icpo,1] by (F¢))-

* Givena function A : [0,7]xR? — R, p > 1 and a Borel probability Q on (2, we will improperly
say that A € Li(dt ® Q) if the map (¢,w) — A(t, X (w)) € LI(dt ® Q).

¢ Given a continuous local martingale M, [M] will denote its quadratic variation.
¢ Equality between stochastic processes are in the sense of indistinguishability.

* Except if specified otherwise, all properties of processes (e.g. measurability, martingale) are

with respect to the canonical filtration (F3);c(o,77-

Definition 2.1. (Relative entropy). Let E be a topological space. Let P,Q € P(E). The relative entropy
H(Q|PP) between the measures P and Q is defined by

EQ {log %} fQ<P

H(QIP) := 2.1)

+ 00 otherwise,
with the convention log(0/0) = 0.

Remark 2.2. Let E be a Polish space. The relative entropy H : P(E) x P(E) is non-negative and jointly
convex, that is for all P1,Py, Q1,Q2 € P(E), forall X € [0,1], H(AQ; + (1 — AN)Q2|AP; + (1 — A\)P3) <
AH(Q1|Py) + (1 — X\)H(Q2|P2). Moreover, (P, Q) — H(Q|P) is lower semicontinuous with respect to the
weak-star topology on E*. We refer to [16]] Lemma 1.4.3 for a proof of these properties.

Definition 2.3. (Minimizing sequence, solution and e-solution). Let E be a generic set. Let J : E — R be
a function. Let J* := ingj(f)/ which can be finite or not.
S

1. A minimizing sequence for J is a sequence (xy,)n>0 of elements of E such that J(xy,) =7 J*.
- n—-+0oo

2. We will say that * € E is a solution to the optimization problem

inf J(x), (2.2)

if J(z*) = J*. In this case, J* = miBJ(x).
Tre

3. For ¢ > 0, we will say that ¢ € E is an e-solution to the optimization Problem 2.2) if 0 <
J(x¢) — J* < e. We also say that ¢ is e-optimal for the (optimization) Problem (2.2).

We remark that a 0-solution is a solution of the optimization Problem (2.2).



3 From the stochastic optimal control problem to a penalized optimiza-

tion problem

In this section we consider a stochastic control problem that we reformulate in terms of an opti-
mization problem on a space of probability measures. Later we propose a penalized version of

that problem whose solutions are e-optimal for the original problem.

3.1 The stochastic optimal control problem

We specify the assumptions and the formulation of the stochastic optimal control Problem (1.3),
stated in the Introduction. Let us first consider a drift b € B([0,7] x R? x U,R?) and a diffusion
matrix o € B([0,T] x R%, R?*4), following the assumptions below.

Hypothesis 3.1. (Diffusion coefficients).
1. bis continuous in (t,x,u).
2. There exists a constant Cy, , > 0 such that, for all (t,z) € [0,T] x R%, u € U,

b(t, 2, u)| + [lo(t, )| < Cpo(1 4 [2]). (3.1)

3. There exists c, > 0 such that for all (t,x) € [0,T] x R% ¢ € RY,

¢Too (t2)€ > col¢f. (3.2)

4. Forall x € RY,

lim sup |lo(r,z) —o(r,y)| = 0.
Y=T 0<p<T

Let us define the admissible set of probability measures Py for Problem (1.3).

Definition 3.2. Let Py be the set of probability measures on (2, F) such that, for all P € Py, under P, the

canonical process decomposes as
t
X, =xz+ / b(r, X, v5)dr + M;, (3.3)
0

where z € RY, M¥ is a (P, F;)-local martingale such that [MF¥) = [, oo (r, X, )dr, v¥ is a progressively
measurable process with values in U. If in addition there exists u* € B([0,T] x R, U) such that v; =
uF (t, Xy) dt ® dP-a.e, we will denote P € Phlarkev,

Remark 3.3. The admissible set of probability measures Py for Problem (L.3) imposes an uncontrolled
volatility. Indeed the approach developed in the present paper relies on Girsanov’s theorem and can not be

easily extended to the case of controlled volatility.



Remark 3.4. By classical stochastic calculus arguments, see e.g. Proposition 5.4.6 in [30l], we can state the
following. If P € PAlarkev in the sense of DefinitionB.2) then the following equivalent properties hold.

1. One has .
X, =x+ / b(r, X, uf (r, X,.))dr + M, (3.4)
0

with x € RY, [M¥] = [jo0 " (r, X, )dr.

2. P is solution of the martingale problem (in the sense of Stroock and Varadhan in [39]) associated with
the initial condition (0, x) and the operator L defined, for all bounded functions ¢ € C’g 2([0,T] x
R4 R), (t,y) € [0,T] x RY, by

1
Lopd(t:y) = 0d(t,y) + (Vad(ty), bty u” (1,9) + S Trloo " (Ly)Viety),  (35)
with v .= uP (-, X.) in (3.3).

3. Pis a solution (in law) of

t t
Xi=z+ / b(r, X, u" (r, X,.))dr + / o(r, X, )dW,, (3.6)
0 0
for some suitable Brownian motion W.

We will often make use of the following proposition.

Proposition 3.5. Assume Hypothesis B holds. Let u € B([0,T] x R% U). There exists a unique
probability measure P* € PHarkov sych that under P* the canonical process decomposes as (3.3), with
VF = u(t7Xt)(: uP(tht))'

Remark 3.6. In particular, for a given u : [0, T] x R% — R, the equation
t
Xy=xz+ / b(r, X, u(r, X, ))dr + My, (3.7)
0
where x € RY, X is the canonical process, and MY is a (P, F;)-local martingale such that [M*] =
Jo oo (r, X, )dr, admits a unique solution P.

Proof of Proposition 3.5l By Theorem 10.1.3 in [39], the martingale problem, associated with the ini-
tial condition (0, x) and the operator £, defined by (3.5) with u* = u, admits a unique solution P*.
The result is then a consequence of Remark[3.4] O

Let then f € B([0,T] x R? x U,R), g € B(R?,R), referred to as the running cost and the terminal

cost respectively, and assume that the following holds.
Hypothesis 3.7. (Cost functions).

1. The functions f, g are positive and there exist Cy 4 > 0, p > 1, such that, for all (t,z,u) € [0,T] x
R x U,
ft,z,u) +g(x) < Crg(1 4+ |zfP). (3.8)
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2. fand g are continuous in (t,x,u) € [0,T] x R? x Uand x € R respectively.

3. Let p > 1 mentioned at item 1. There exist constants p' > p and C' > 0 such that |u’’ < C'(1 +
ft,z ), forall (t,z,u) € [0,T] x R? x U.

For any (t,z) € [0, 7] x R?, we introduce the set
K(t,x) := {(b(t,az,u),z) uel, z> f(t,:n,u)} . (3.9)
Remark 3.8. 1. Item 3. of Hypothesis [3.71is of course verified if U is bounded.
2. Whenever U is unbounded, the same hypothesis implies that | f(t, z,uw)| — +oo if |u| goes to infinity.

3. Under Hypothesis [3.7) the set K (t,x) is closed. Let indeed ((yn, zn))n>0 be a sequence of elements of
K(t,z), which converges toward (y*,z*) € R™L. Let (uy,),>0 be a sequence of elements of U such
that for all n € N,

Yn =b(t,x,uy) and z, > f(t,x,upy). (3.10)

Then, by item 3. of Hypothesis [3.7,
sup |un [P < ¢’ <1 + sup f(t,a:,un)> < <1 + supzn> .
neN neN neN

Since (zy)nen converges, it is bounded and the previous inequality implies that (u,)nen i also
bounded. Up to a subsequence, we can thus assume that (u,)nen converges towards a limit u* € U
(recall that U is closed). Since b(t,x,-) and f(t,z,-) are continuous, letting n — +oo in (3.10),
yields y* = b(t, z,u*) and z* > f(t,x,u*). Hence (y*, 2*) € K(t,x), and K (t,z) is closed.

We will require the following convexity assumption.
Hypothesis 3.9. (Convex). Forall (t,z) € [0,T] x R?, the set K (t,z) is convex.

Remark 3.10. 1. If U is convex, b is linear w.r.t. to uw and f is convex w.r.t. u, then Hypothesis [3.9
holds.

2. Hypothesis is a classical convexity assumption when one wants to prove existence of optimal
Markovian control to Problem (L3) in the weak sense, by using compactness arguments, see e.g.
[25]126]118,132].

We conclude this section providing a moment estimate, see e.g. Corollary 5.12 of Chapter 2 in
[31].

Lemma 3.11. Let b, o fulfill Hypothesis 3.1land ¢ > 1. Then there is a constant C(q), which depends on
T and Cy o (and q), such that the following holds.
Let (Q, F,(F:),P) be a filtered probability space. Let v : [0,T] x Q@ — U be an (F;)-progressively

measurable process. Let X be an Ito process on (2, F,IP), which decomposes as

t
X, :x+/ b(r, X, v, )dr + M},
0

9



where M" is a P-local martingale such that [M"] = | oo ' (r, X,.)dr. Then we have

]EP

sup !Xt\q] < C(g).

0<t<T

Under Hypotheses[3.Iland[3.7] the function J introduced in (I.3) is well-defined on the set Py,
set out in Definition[3.2] Indeed, by the moment estimate given by Lemma one has

T
EF [/ f(r, Xr,uf)dr + g(XT)] < +o0,
0

forall P € Py.

3.2 The penalized optimization problem

As mentioned in the Introduction, we reformulate Problem (1.3), by doubling the decision vari-
ables and by adding a relative entropy term, in the objective function. The modified penalized
Problem is precisely (I5), where A is the subset of elements (P, Q) € P(£2)? defined below.

Definition 3.12. A will denote the set of probability measure couples (P, Q) € P(Q)?, such that
1. Pe Py,
2. HQ|P) < 4o0.

In the perspective of solving the penalized optimization Problem (L.5), we will introduce in
Sections5.1land 5.2 two subproblems. The interest of the penalized formulation relies on the
fact that each of the subproblems, inf 7.(Q,P)and inf 7.(Q,P), can be solved by classical tech-

QeP() PePy

niques described in the literature: those resolutions will constitute the two steps of our alternating
minimization algorithm.

The first subproblem, considered in Section[5.2} is a minimization on Q, the probability P being
fixed, and it is related to a variational representation formula, whose solution is denominated

exponential twist, see e.g. [16]. In particular the following result will intervene.

Proposition 3.13. Let ¢ : 2 — R be a Borel function and P € P(2). Assume that o is bounded below.
Then

St E9p(X)] + "H(QIP) = 105 E” [exp(~ep(X))] (3.11)

Moreover the problem (3.11)) admits a unique solution (minimizer) Q* € P(Q), given by
ig = _OPee(X)
EFfexp(—ep(X))]

Proof. The random variable ¢(X) is bounded below, hence satisfies condition (FE) of [5]. The

statement then follows from Proposition 2.5 in [5]. O

dP.

10



Applying Proposition to our framework for P € Py and ¢(X) = fOT flr, X, vE)dr +
g(Xr), we get that, under Hypothesis[3.7] the subproblem o i%{mjﬁ((@’ [P) admits a unique solution
€

Q* given by
exp (—e fOT flr, X, v5)dr — eg(XT)>
dQ* — - dP, (3.12)
B [exp (—c ) £ X, vE)dr — eg(Xr)) |

and that its optimal value is

1 T
J(Q*,P) = ——log EF [exp (—e/ flr, X, Vf)dr — eg(XT)>] . (3.13)
€ 0

This subproblem is further analyzed in Section5.2] In particular Proposition[5.3]allows to identify

Q™ as the law of a semimartingale with Markovian drift.
Remark 3.14. Suppose the validity of Hypothesis [3.71 Then ||dQ*/dP||s < +0c.

Let us discuss now about the second problem, i.e. the subproblem Piél%ﬂ(@, IP), which will be
the object of Section[5.T]l This is a minimization on P, the probability Q remaining unchanged. The
optimal solution of this subproblem is a probability measure P¥, in the sense of Proposition [3.5
where the function v € B([0, 7] x R%,U), is provided by a pointwise minimization.

The next theorem proves that the penalized Problem (L.5) has a Markovian solution.

Theorem 3.15. Assume Hypotheses 3.1} [3.7land 3.9 hold. Then the penalized Problem has a solution
(Px,QF) € A, in the sense that J* = J(Q,P¥). Moreover, under Pz, the canonical process is a Markov
process and V<, related to P! by Definition B.2) is such that I/t (— uee (t X)) = ul(t,Xy), for some
function v € B(]0,T] x R, U) and we also have

exp <—e fOT flr, X, ul(r, X,))dr — eg(XT)>
B [exp (e i £ X uz(r. X, ))dr = eg(Xr)) |

dQr =

. dPy. (3.14)
The proof of this result relies on several technical lemmas. For the convenience of the reader, it is
postponed to Appendix|Cl

The following proposition justifies the use of the penalized Problem (L.5) to approximately
solve the initial stochastic optimal control Problem (1.3). Indeed, the next result states that one

can build an approximate solution of Problem (1.3)), based on an approximate solution of Problem

@

Proposition 3.16. We suppose the validity of Hypothesis [3.1] and item 1. of Hypothesis B.7l Let ¢ >
0,¢' > 0 and let P< be the first component of an €' -solution of Problem (L.5), in the sense of Deﬁmtzon 2.3
with E = A. We set Y = fo (r, X, v )dr + g(Xr), where v corresponds to the V' , appearing in
decomposition (3.3). Then the following holds.

1. There is a constant C* depending only on Cj, o Cft.g.0,d, T of Hypothesis 3.7 1. such that
max(E[Y], Vark? (V<)) < C*, where Var® [YE | denotes the variance of Y under P<.
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2. We have
0< JP) — J* < ee®V Ty arPe [ve] 4+

where we recall that J and J* are defined in (L3).

Remark 3.17. 1. Let (P%, QF) be a solution of Problem ([L.5) given by Theorem 315 Applying item
2. of Proposition [3.16l with € = 0 implies that P is an eeEY1V arPe [Y0)-solution of the original
Problem (1.3).

2. By definition of infimum, for € > 0, the existence of an €’-solution is always guaranteed without any

convex assumption on the running cost f w.r.t. the control variable.

3. In the sequel, assuming Hypotheses [3.7] and [3.9] to hold, we will propose an algorithm providing a
sequence of €,,-solutions of the penalzzed Problem (L.5), where €, — 0 as n — +oo. This will also

provide a sequence of (eeFl }Var [V ] + €,)-solutions to the original Problem [L.3) (with a
fixed € > 0).

Proof of Proposition3.16] We first prove item 1. Let (P¢', Q¢') be an ¢’-solution of Problem (L.5). By
Hypothesis[3.7] for all € > 0, on the one hand one has

E[YS] < Cp (T +1) (1 +EF

sup | Xf"| |,
0<t<T

and on the other hand,

Var®e [Y€] < B [(Y;’)?] <A4ACF ,(T? +1) <1 + EP¢

yxtyzp]).
0<t<T

Combining these inequalities with Lemma 3.1 implies the existence of a constant C*, depending
only on Cy, 5, C 4, p,d, T, such that max(E[Y,], VarP? [V€]) < C*, which is the statement of item
1.

We go on with the proof of item 2. First, a direct application of Lemma[ETwith = Y, yields

0<EF Y] - (—llogEPE' [exp(—eY:l)]> < SvarPe [y e e 0, (3.15)
€

Let then Q be the solution of o igfﬂ)je((@, P<), given by (3.12), replacing P with P¢'. Consequently,
€

by GI3) 7.(Q,P¢) = —L1log EP? [exp(—€Y')]; replacing the right-hand side of previous expression
with 7.(Q,P¢) in (315), we get

0 < B [Y€] - 7.(Q,P) < eeB¥ Iy arPe [ve]. (3.16)

Let @g’ be the second component of the €’-solution of Problem (15), mentioned in the statement of
the current proposition. Observe that J.(Q,P¢) < J.(Q¢,P¢) < J* + €. Besides, Problem (L.3) is
equivalent to Problem (L.5), under the constraint Q = P, therefore [7,* < J*. Then

J(QP) T <Tr+ —J << (3.17)
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Using (3.16) and (3.17) finally yields
0 < J(B) - T =B (VY] - ZUQP) + TUQP) - I < e IVar [y e (318)

This concludes the proof of item 2. O

4 Alternating minimization procedure

From now on, € will be implicit in the cost function 7, to alleviate notations. In this section we will
assume Hypotheses[3.1}3.7land 3.9 We present an alternating procedure for solving the penalized
Problem (L5). Let (Py, Qo) € A. We will define a sequence (P, Qx)r>0 satisfying the alternating
minimization procedure

Qrs1 = argmin J(Q,Px), Pryq € argmin J(Qp41,P). 4.1)
QeP(Q) PePy

4.1 Convergence result

The convergence of alternating minimization algorithms has been extensively studied in particu-
lar in Euclidean spaces. In general the proof of convergence results requires joint convexity and
smoothness properties of the objective function, see [1]]. The major difficulty in our case is that the
convexity only holds w.r.t Q (in fact the set Py is not even convex). To prove the convergence we
need to rely on techniques which exploit the properties of the entropic penalization. Let us first

assume that the initial probability measure Py € Py is Markovian in the following sense.

Hypothesis 4.1. Py € PMkov see Definition In particular, there exists u®(= u"°) € B([0,T] x
R, U), such that Py = P’

Let 0! be the generalized right-inverse of o, i.e. o' (o0 ")~!. For a fixed Borel function j :
[0, 7] x R — R?, we set
1
Fp: (t,z,u) € [0,T] x R x U f(t,x,u) + ?\a_l(t,x)(ﬂ(t,x) —b(t, z,u))|?. (4.2)
€

Given (t,x) € [0,T] x R?, we furthermore introduce the function

(y,2) € RE X R — F’é’x(y, z) i =z+ %E]a_l(t,x)(ﬂ(t,x) — )% (4.3)

We state a lemma which will be used several times in this article and it will be proved in the
Appendix[El

Lemma 4.2. Let (t,x) € [0,T] x R% The following holds.

1. The function FL defined by @.3), restricted to K (t,x), has a unique minimum (y*, z*), which

verifies

s— {0 o )y — Bta))y— ) 20 W(y2) € K(ta).  (44)

€
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2.

(a) Let u* € U such that y* = b(t,x,u*) and z* > f(t,z,u*). Then

u* € argmin Fg(t, z, a), 4.5)
aclU

where Fg was defined in {@.2).
(b) Conversely, if u* € argmin Fs(t,x,a), then
acU

(y*,2") = (b(t,z,u”), f(t,x,u™)) € argmin Fé’m(y,z). (4.6)
(y,2)eK (t,x)

Remark 4.3. Let (3 : [0,T] x Q — R® be a path-dependent function. We extend the definition @&2) of Fj,

by setting

A

Fy(t, X, 0) = (8, Xy w) + ool (6 X (B0 X) = b(t, X)) P, @7)

We remark that, whenever i : [0,T] x Q — U, a(t, X) = u(t, X;), and (t, X) = B(t, X;), we have

Fy(t, Xy, u(t, X)) = Fy(t, X, a(t, X)).

Let P satisfying Hypothesisi.Tl We set Q) = Py. We build a sequence (P, Q)r>0 of elements

of A, according to the following procedure. Let k& > 1.

® Let
exp <—e fOTf(r, X, uF(r, X,))dr — eg(XT))
dQxq1 = - dPy, (4.8)
EFx [exp (—e Jo flr, Xp uk(r, X,))dr — eg(XT)>]
where u* = «F*. By Proposition 5.3 below there exists a measurable function 35*1 : [0, 7] x

R% — R? such that, under Qk+1, the canonical process decomposes as

X, =a+ /0 t BEHL(r, X, )dr + MPEE (4.9)
where M@+1 is a local Qy, ;-martingale such that [MQk+1] = IN oo (r, X, )dr.
By Proposition[5.2] there exists a Borel function u**! : [0, 7] x R? — U, such that

(t,z) — uF (¢, z) € argmin Fgrra(t, 7, a), (4.10)
acU

where Fji+1 is given by (4.2). We define Py := P“*"" according to Proposition 3.5} so that

under Py the canonical process decomposes as
t
X, =x+ / b(r, Xy, uF L (r, X,))dr + M, F (4.11)
0

where M"++1 is a local Py -martingale such that [M*+1] =[5 oo (r, X,)dr. In particular
bt = o Pr,
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The proof of the lemma below is a direct application of Proposition 5.3 for item 1. Item 2. follows
from Propositions[5.2land 3.5

Lemma 4.4. Let Py = Qg € Py satisfying Hypothesis .1l Let (P, Q)r>0 be given by the recursion
and just before @.11). The following holds for k > 0.

1. Qxi1 = argmin J(Q,Py), and
QeP(2)

1 T
J(Qxy1,Pr) = — logIEP’c [exp <—e/0 f(r, Xr,uk(r, X,))dr — eg(XT)>} ,

where u* = uPx. Moreover, under Q1 the canonical process is a Markov process and prtl e

Li(dt @ Q¥ 1) forall 1 < g < 2.

2. Pgyq € argmin J(Qg41,P).
PePy

Remark 4.5. Let u® € B([0,T] x R, U). We emphasize that the sequence (u*);>1 of Markovian controls
produced by the alternating minimization procedure in (A.8)-(.10), is independent of the initial law .

Indeed the function B = ¥ appearing at each step, is provided by Proposition[5.3\and it is of the type
B(t,x) = b(t, z,u(t, z))+A(t, z), according to the proof. That Proposition[5.3]is a consequence of Corollary
6.12 in [[7]], which follows from Corollary 6.8 of the same paper. We recall that, the aforementioned function
A was of the form vafd)
5.11 of [7]].

The function v, and (taking into account of the step (c) of the proof of that Proposition) I'V only depend

, where, v was defined in (5.4), ¢ — I'V(¢) was a map introduced in Proposition

on the “Regularly Markovian property”, (Hypothesis 6.2), which is always fulfilled in our case, see Remark
6.7 of the same paper. That ”"Regularly Markovian property” is in fact only concerned by the dynamics of P
and not on the initial condition.

Besides, the minimization in Proposition 5.2 does not depend on the initial condition provided that
f3 is also independent from it.

The main result of this section is given below.

Theorem 4.6. Let € > 0 and recall that J = J. and J* = J} defined in (L.5), i.e.

*—  inf P).
J (pf&)eAJ(Q’)

Let Py = Qq satisfying Hypothesis Assume also that Hypotheses[3.1113.71and[3.9hold. Let (Py, Qx)r>0
be given by the recursion @.8) and just before @1T). Then J(Qx,Pr) o J*

k—+o00
Moreover, there exists a constant C' > 0, which only depends on c,, C o, Cy,4, d and T (and not on

k,e), such that 0 < J(Qg,Py) — J* < € (1+ 1), forall k > 1.

Theorem[.6/and Proposition[3.16] yield Corollary 4.7 below.

15



Corollary 4.7. Let ¢ > 0 and J* as defined in (L3). Let Py = Qo € Py satisfying Hypothesis Let
(Pg, Qk ) k>0 be given by the recursion and just before @.17).

Under the assumptions of Theorem[4.6} there exists a constant C' > 0, which depends only on ¢, Cy »,Cy g, d
and T (and not on k, €) such that for all k > 1,

0 < J(P) — J* < eC + % (1 + %) . (412)

Remark 4.8. We fix ¢ > 0. By Corollary 7] approximating J* with a precision e requires at most O(1/€*)

iterations of our alternating minimization procedure.

Proof of Corollary[4.71 Let C; > 0 be the constant appearing in the convergence rate in Theorem
4.6l Letalso Co = C* > 0 be the constant provided by Proposition [3.16]item 1. We recall that C;
and C depend only on ¢4, Cy»,Cf4,d and T Let us fix € = % (1 + %) Theorem [4.6] states that
(Pg, Qi) € Ais an €’-solution of the penalized Problem (L5). Then, by Proposition[3.16]item 2., we
have that

1 1
0< J(Pg) — J* < e Varfry,] + % (1 + E) < eCoe? + % (1 + E) : (4.13)
where .
Y = / Fr, Xoyd*(r, X)) + g(Xr),
0
and (@12) follows from I3) setting C' = Cy v Cpe®2. O

Besides Lemma[4.4] the proof of Theorem[4.6luses the so called three and four points properties
introduced in [14].

Lemma 4.9. (Three points property). We suppose the validity of the hypotheses of Theorem For all
Qe P(Q),

1

—H(QIQx+1) + T ( Qs Br) < T(Q. By). (4.14)

Proof. We can suppose that H(Q|Py) < +o0, otherwise J(Q,P)) = +oo and the inequality holds
trivially. Let

T
o: X — / f(r, X, u¥(r, X)) dr 4+ g(X7),
0
where u* (and P;) have been defined in (@11) and just before. By the definition (£.8) we have

dQiy1 _ exp(—ep(X))
dP  EFk[exp(—ep(X))]

Now dQy1/dP;, > 0 implies Qx4 ~ P, hence taking into account H(Q|Py) < 400, we have that
Q < Qg 1, so that, Q-a:s.,

dQ dQ dQx41
log — =1o + lo =lo
T o P T

— ep(X) — log E* [exp (—ep(X))] .
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Taking the expectation under Q in the previous equality and dividing both sides by ¢ > 0, yields

SH(QIQk11) = TH(QIPY) + - 1ogE™ exp(~ep(X))] + E¥p(X)]
= J(Q,Px) — T (Qx+1,P),

where we have used Lemma4.4litem 1. for the latter equality. O
Remark 4.10. Whenever H(Q|Py) < +o0, previous proof shows that 4.14) is indeed an equality.

Lemma 4.11. (Four points property). We suppose the validity of the hypotheses of Theorem For all
(P,Q) € A,
1
T@Prr) < ZH@QQurr) + T (QP). (415)
Proof. Let (P,Q) € A. If H(Q|Qg41) = +o0 or J(Q,P) = +o0, the inequality is trivial. We then
assume until the end of the proof that H(Q|Q+1) < +o0 and J(Q,P) < +oc.

We first do some preliminary calculations. We recall that, by (4.9), there exists a measurable

function g¥*1: [0, 7] x R? — R? such that under Q. ; the canonical process has decomposition
¢
Xi=z+ / BEFY(r, X, )dr + M;Qk“,
0

where M@+1 is a local martingale under Q41 and [M@+1] = [ o0 (r, X, )dr. We provide now
a useful lower bound for H(Q|Q+1). By Lemma[A.4litem 1. in the Appendix applied with P =
Qk+1 and the fact that H(Q|Qg+1) < +00, there exists an (F;)-progressively measurable process

a = a(-, X) such that, under Q, the canonical process has the decomposition
t t
X, =x+ / BEFL(r, X, )dr + / oo (r, X, )a(r, X)dr + M2, (4.16)
0 0

where M is a local martingale such that [M©] = [j o0 (r, X, )dr, and

1 T
@) 2 38| [ 070 X )al 0Par . 417)
0

We set
B(t7X) = /Bk+1(t7Xt) +UUT(t7Xt)a(t7X)7 (418)

so that (4.17) can be rewritten

1 T .
H(QIQx+1) > 5B [ / o™ (r, X)) (B(r, X) = B (r, Xr)>|2dr] ! (419)
0

where we recall that o~ is the right-inverse of o.

k+1

We proceed now with the proof of the four points property @I5). Let u*! and u"*+! be as in

(@IT) and just before so that u*+1 = uF++1. We set

yIf = b(r, XT»,I/]P)(T,X)), yf“ = b(r, Xr,upk“(r, X)),

4.20
= f(T,XT,I/P(T,X)), zf“ = f(r,Xr,qu“(r,Xr)), (420

3N

zZ
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where /¥ (resp. uf#+1) is associated to P (resp. Py, 1), according to Definition B.2l Let FB defined
in Remark[4.3l Then

T T

~ ~ 1 N
Fyr, X, vy) = Fp(r, Xou™ 1 (r, X)) = 2 — 20 4 oo, X)) (B(r, X) — )
2e (4.21)

— ol X (Bl X) — P

We focus on the last two terms in the previous inequality. We apply the algebraic equality |a|?> —
b2 = |a — b2 + 2(a — b,b), witha = o1 (8 —¢F), b=0"1(8—y"), where for conciseness we

have omitted the dependencies in (r, X) of all the quantities at hand. So we have

1, s 1 s 1, 1 . .
2 Y=y )P = lo M B =y P = oo l(yp—yk“)!%rjff Mo =y ) 0T T - B)).

2€ 2€
On the other hand,
Lo P 0 W = B = o (6 - ), o (g - )
1 «
+ E(O-_l(yp _ yk+1),0'_1(ﬁk+1 _ 5)>

Combining what precedes yields

~

1 1 A
Sl B =y = e T (B -y P =

1 1 IR
5 o7y — "2+ - y* L (o7 o (Tt — gL
T s T Cas i}

From the inequality (4.21)) we then get
. . .
Fylr, X,v7) = By, X, X)) = 5o 0 X (07 — ™)

1 A
+ O X)) (B, X) = B(r, X)) 07 (0 Xo) (= ) (422)
1 _ _

2 = = (7)o o X = B X)) 0 — ).
By @I0) u**!(t,x) achieves the minimum of Fyei1(t, x,.), for all (t,2) € [0,T] x RY, where the
application Fpr+1 is the one defined in (.2). Taking into account (4.10), Lemma 2(b), ap-
plied for any (t,z) € [0,7] x R? with u* = «**1(t,z) and 3 = B**+!, states that the restric-
tion of the function F;’kﬂl given by (&.3) to the convex set K (¢, ), achieves its minimum at the
point (b(t, z, ukT1(t, 2)), f(t,z,u¥T1(t,z))). Consequently, for the generic probability measure P,
Lemma@2item 1., applied with 8 = g&*1, (y*, 2*) = (yF*+1 2E+1) and (y, 2) = (3F, 2F), shows that
(yE+1, zF+1) is the unique minimum of F;*, so that the term on the third line of the equality (#22)

»er

is non-negative. Then (£.22) yields
] 7 1
Fy(r, X, v7) = Fy(r, X, uf (r, X0))dr > |07 (r, Xp) (0 — )PP

1 . ‘ (4.23)
=l X (E (X)) = B X))o (X — )
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Next, by the classical inequality |ab| < a?/2 + b%/2 for all (a,b) € R?, the right-hand side term in
inequality (4.23) gives

%(U_l(rer)(ﬁk—i_l(Ter) _6(747X))7‘7_1(7’=X7’)( 4 yvlf+1)>
> = o X (B X) = B (r, X))
Lo k+1
o X — P
and from inequality (£.23) we get

Lo X (B X) — B (1 X)) 2 Byl X (1, X)),

FB(T,X,VED) + %

Integrating previous inequality with respect to € [0, T, yields

1 /7 A T
/ F (r, X, V5 )dr + 26/ lo™ (r, X)) (B(r, X) —ﬁk+1(r,Xr))|2dr2/ FB(T’,X,uk—i—l(T‘,XT))dT‘.
0
(4.24)
Since H(Q|P) < +o00, by Definition3.2) LemmalAdlitem 1. with §(-, X) = b(., X, /¥ (-, X)) (writing

VE(r, X) = 1Y), states the existence of a predictable process & such that
t
Xi=xz+ b (r, X,, V5 )dr +/ oo (r, X, )a(r, X )dr + M2, (4.25)
0

where M@ is a (Q, F;)-local martingale with [M?] = [yo0 " (r, X;)dr. By @&16) and (#I8), under

Q, the canonical process decomposes as
t ~
X, =z+ / B(r, X)dr + M2, (4.26)
0

where M is a local martingale verifying [M?] = [; oo ' (r, X, )dr.
Identifying the bounded variation component between (£.25) and decomposition (4.26) (under
Q), yields f(r, X) — b(r, X, vF) = oo (r, X, )a(r, X) and (A20) in Lemma[A4item 1. implies that

H(Q[P) > %EP [ /0 ' ot (r, X, ) (b(r, X 1) — B(r,X)>|2dr} : (4.27)
Then recalling the definition of 7 in (I5), previous inequality @27) yields
J(Q,P) > REQ [/OTF (r, X, v5)dr + g(XT)} (4.28)
From (#.28) and (4.19) it holds
T@P)+ @) 28 [ X+ ()

T ~
L [ [ oo X600 - X»)Pdr} ,
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and by (£.24)
1 T,
J(Q,P) + EH(Q\QkH) > E¢ [/0 Fy(r, X, u* (r, X)) dr + Q(XT)] : (4.29)

In particular, since g > 0, we have E@ [ fOT Fg(r, X, ubt1(r, Xr))dr] < 400, hence, recalling the
expression (4.7)

T
EQ [ [ 1o X000 X X, - Bo:x»ﬁﬂ < toc.
0

We keep in mind (.16) and (4.18). By Lemma 4.4l item 2., the decomposition (£.1]) is unique in
law. Then, by Lemma[A4litem 2. applied to P = Py, (= P*“") with 6(-, X) = b(-, X., u* (-, X))

and v = /3, we have

T
H(Q|Pjyq) = %EQ UO lo 1 (r, X)) (b(r, X, " (r, X)) — ﬁ(r,X))]Zdr} , (4.30)

and so

A

T
T@Pu) =52 | [ By X X, )+ ()| @31)

Finally, combining #.29) and (.31), we get

T(Q.P) + T H(QIQus) > T(Q Bis).

This concludes the proof. O

Lemma 4.12. Let (P¥,QF) be an optimal solution to Problem ([L5), given by Theorem B.15| under the
assumptions of the aforementioned theorem. Let (Py, Qx>0 be given by the recursion (4.8) and just before

@.11).
There exists a constant C' > 0, which only depends on c,,Cy, -, Cy 4, d and T, such that, for all k > 0,
J(QFPy) <C (14 ).

The proof of the result above is postponed to Appendix[E for clarity.

Proof of Theorem Combining (4.14) in Lemmal.9land (£.15) in Lemma@.ITlwe get, forall £ > 0,
the so called five points property

TJ(Q,Pri1) + T (Qut1,Pr) < JT(Q,Py) + T(Q,P). (4.32)

Evaluating (#.32) for (P, Q) being the solution (P*, Q*) of the penalized problem given by Theorem
we obtain

J(QF, Pry1) + T (Qry1, Pr) < T(Q5, Pr) + T (Q5, PF), (4.33)

and since J(Q},Py) < 400, by Lemma the previous inequality rewrites
T (Quy1,Pr) = T < T(Qc, Pr) = T(Q¢, Pryr), (4.34)
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where we have used the equality J (Q},P}) = J*.

Let K be a fixed number of iterations of the algorithm. Summing equation between 0
and K — 1 and dividing each member of the inequality by K, we get

1 K-1

rOIECE AR = (T(Q1,B) — T(Q2,P)). (4.35)

0

By construction of the sequence (P, Qx)x>0, it holds that

T (Qps1,Pr) > T(Qps1, Pry1) > T (Qppo, Pryr) > -+ > T (Qk, Pr) (4.36)

forall k < K — 1. Applying in gives

0. T(QuPx) ~ T* < 7 (T(QL,Bo) — T(QPx)) < 22T (QL,Fo). 4.37)

Finally, by Lemma 4.12] there exists a constant C' > 0, which only depends on ¢, Cj, », Cf 4, d and
T, such that 7(Q},Py) < C (1 + 1) and (@37) yields

. C 1
0< J(@Qx.Px) - J §E<1+z>-

Previous relation proves the convergence of the algorithm and exhibits a convergence rate for

tixed e. This concludes the proof. O

Remark 4.13. To prove Lemma 4.9 and Lemma one can relax the continuity assumption on b in
Hypothesis Bl and assume instead that b(t, x,-) is continuous for all (t,z) € [0,T] x R% and b(-, -, u) is
measurable for all w € U. Then J verifies the so-called five point property (4.32)) and Theorem 2 in [14]
ensures that J(Qp,Pr) ¢ J*. However our proof of Theorem [3.15] strongly relies on the continuity of

k——+o00
bin (t,z,u) € [0,T] x R x U, and this stronger reqularity allows to exhibit a convergence rate in Theorem

4.6]

We conclude the section by stating a lemma which is a reformulation in our setting of Proposi-

tion 3.9 in [5]. This allows us to estimate the drift 5* in the algorithm via a conditional derivative.

Lemma 4.14. Assume Hypothesis Bl and that a probability Py verifies Hypothesis Consider the
sequence constructed after Remark[d.3] For almost all 0 < t < T, it holds that

lim EQ* [M

h10

Xt Xt] — BH(t, X,) in L Q). (438)

Proof. We fix some 1 < p < 2. By decomposition (£.9), replacing k + 1 with k, in order to apply
Lemma [E2] it is enough to have ||3¥|| Lp(dteQ,) < +00, which is guaranteed by item 1. of Lemma
4.4l Consequently Lemma[E2 and Remark[E3 yield the result. O
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Remark 4.15. Our algorithm has the advantage of relying on two standard optimization sub-problems
that are simpler than the original stochastic control problem: on the one hand, an exponential twist problem
(4.8) and, on the other hand, a convex pointwise optimization problem (A10). From a numerical point of
view, each of the subproblems can be solved numerically by specific approaches. For example, solving the
exponential twist problem can be reduced to computing independent conditional expectations on each time
step, as shown in Lemmald. 14} hence those computations can be easily parallelized. Our method has a clear
advantage with respect to H]B or BSDEs representation of the solution of control problems, which involve
nonlinearly nested conditional expectations, because of the backward dynamical programming recursion.
In our context the conditional expectation computations can be also efficiently addressed by deep learning
methods when the dimension is high, see e.g. [12| 21| 24, 27|]. However, in the numerical applications
considered in Section [6] we choose to use a simple polynomial regression Monte-Carlo method, since we
restrict ourselves to a dimension less than 20. This linearization effect has of course the cost of repeating the

procedure along k iterations, allowing a convergence rate O(%)

4.2 Entropy penalized Monte-Carlo algorithm

The alternating minimization procedure in Section 4.T] suggests a Monte-Carlo algorithm to ap-
proximate a solution to Problem (L.3). In the following, 0 =ty < t; < ... < tpy = T, is a regular
subdivision of the time interval [0, 7] with step A¢, N > 0 being the number of particles and K the
number of descent steps of the algorithm. P, will denote the set of R%-valued polynomials defined
on R? of degree < r. Recall that for all & € B([0,7] x R, U), P% is the probability measure given
by Proposition B5l The estimation of the drift 5* in Step 2 of the algorithm below, is performed
via regression. This is inspired by {@.38) in Lemma 4.4l The term in the argmin is a weighted
Monte-Carlo approximation of the expectation of W, under the exponential twist of the

probability measure P%" .

22



Algorithm 1 Entropy penalized Monte-Carlo algorithm

Parameters initialization: M, N, K € N*, r ¢ N, At := %, r € R, 40 € B([0,T] x R, U).
Simulate: (X")1<,<n, N iid Monte-Carlo path simulations under Py = P on the time-grid
(tm)o<m<m, with X" = (X! Jo<m<m and X§ =z, forall1 <n < N.

forl1 <k < Kdo

Step 1. Compute the weights (D,,)1<n<n by

M—-1
D,, = exp <—e D Fltm, X 05 (g, X1 ) AL — eg(X;\y)> .
m=0

Step 2. Compute 3% = (8F )o<pmerr_1 in by the weighted Monte-Carlo approximation
of #.38)
. 1 N
gk € argmin ——— ) D,
PO AR ot

n ng, - X7T7L7, 2
p(xp) — Tt

Step 3. Simulate new iid Monte-Carlo paths (X");<,<ny under IP’ak, where for 0 < m <
M-1

1 N
@ (1) = argmin f(bn, 2,) + 10~ (b, 2) (35, (2) = Bltw, 2, )2, €€ st (4:39)
acU €

end for

return o

Remark 4.16. The algorithm stores the functions 3*, from which the controls are computed. In our imple-
mentation these functions are polynomial regressors (whose coefficients are stored at each time steps) but one
could also imagine storing them in the form of neural networks or any other machine learning models. The
algorithm actually returns ¥ after k iterations, from which the feedback 0¥ can be evaluated in each point
(t,x) by solving the minimization problem (4.39), which defines a measurable function, by Proposition

below. Thus an optimal feedback control is an output of the algorithm.

An interest of the entropy penalized Monte-Carlo algorithm is that in Lemma .14} (4.38) can
be independently estimated by regression techniques at each time step ¢,,, 1 < m < M, while
in dynamic programming approaches, conditional expectations are recursively computed in time,
implying an error accumulation from time ¢y, = T to ¢,,. Moreover one can expect that the trajec-
tories simulated under P**, localize around the optimally controlled trajectories, when the number
of iterations k of the algorithm increases to +0o. Hence, the computational effort to estimate the
optimal control, focuses on this specific region of the state space, whereas standard regression
based Monte-Carlo approaches are blindly exploring the state space, with forward Monte-Carlo

simulations of the process.
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5 Solving the subproblems

In this section we aim at describing the two subproblems Ping’ J(Q,P) and Qin%’ J(Q,P) appearing
€Py €Pq

in the alternating minimization algorithm proposed in Section 4l

5.1 Pointwise minimization subproblem

Let us first describe the minimization Pienng (Q,P) where the probability Q € P(f?) is fixed and
is such that, under Q, the canonical process is a fixed Itd process. In this section, we assume that
Hypotheses[3.1] 3.7 and [3.9] are fulfilled. Let p > 1 be the real intervening in HypothesisB.7]item
1. In the sequel of the present section we also make a specific assumption for a given probability

Q on the canonical space.

Hypothesis 5.1. There is a Borel function 3 : [0,T] x R? — R for which the canonical process X
decomposes as

t
X, =2+ / B(r, X, )dr + M2, (5.1)
0

where M@ is a local martingale verifying [M©] = [ oo (r, X, )dr. Moreover, E© [ sup | X, |P| < +oc.

0<r<T

For the proposition below we recall that if u : [0,7] x R? — R is a Borel function then P* ¢

Parkov denotes the associated probability measure given by Proposition3.5]

Proposition 5.2. There exists a measurable function (t,z) — u(t,x) € U such that

u(t,x) € argmin Fg(t, z, a), (5.2)
aclU

where Fg is given by (@.2), which is well-defined and measurable. Moreover J (Q,P") = Ping J(Q,P).
€Fu

Proof of Proposition 5.2l We will make use of the function Fém defined by @3), defined for all
(t,x) € [0,T] x RY. We also keep in mind the definition (3.9) of the convex set K (t,x) where
one will consider the restriction of Fgm

For all (¢,z) € [0,T] x R? let us consider (y*(t,z), 2*(t,x)) € K(t,z) given by Lemma @2 item
1. By Theorem B.T] there exists a measurable function u € B([0,T] x R U) such that y*(t,z) =
b(t,z,u(t,z)) and z*(¢t,z) > f(t,z,u(t,z)). By Lemmal.2litem 2.(a),

u(t,x) € argmin Fg(t,z,a), Y(t, ). (5.3)
aclU

By Proposition 35| there is a probability measure P* belonging to P} *ov. Let also P € Py. In
particular there exists a progressively measurable process v, with values in U such that under P

the canonical process X has decomposition

t
X :x—i—/ b(T,XT,V?)dT-FMF, t€0,T],
0
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where M" is a local martingale verifying [M¥] = [j oo " (r, X,)dr. We want to prove that
J(Q,P) > J(Q,P"). (5.4)

If 7(Q,P) = 400, inequality (5.4) is trivially verified. Assume now that J(Q,P) < +oco. In
particular, H(Q|P) < +oo and by Lemma [A4litem 1.(a), there exists a process & = «(-, X) such

that under Q, X decomposes as
t t
X, =2+ / b(r, X, v5)dr + / oo (r, X, )opdr + M2, (5.5)
0 0
where the local martingale M@ verifies [M©?] = IN oo (r, X,)dr, and
1 0 o 2
H@QP) > 582 | [ |07 (r, X )alr, X)Pdr| 56
0

Identifying the bounded variation and the local martingale parts in (5.1) and (5.5) yields o ' (¢, X;)a(t, X) =
o (t, X)(B(t, Xt) — b(t, X, ) dQ @ dt-a.e. and M = M. Replacing in (5.6) we get

T
H(Q[P) > %EQ [/0 lo =t (r, X)) (B(r, X)) — b(r, Xr,uf))|2dr] ,

and the previous inequality yields
T 1
7@P) =8| [ fr X, )i + o) + e
0

Q g P 1 (T _1 B
>E [/0 f(T,Xr,Vr)dT—Fg(XT)"FE/O o™ (r, X,)(B(r, X)) — b(r, X, 1)) dr]

(.7)
By assumption, E? | sup |X,|[?| < +oc and by (3.1) and (3.8) we have
0<r<T
T
EC [/ (16, X, w9+ 11, X, 7)) dr} < +oo. (5.8)
0

An application of Fubini’s theorem, the tower property and Jensen’s inequality for conditional

expectation in (5.7) gives

7@? =8 [ [ e 10 %D

+ L OT o7, %) (80 X,) — B [b(r X, )

Xr] dr + g(XT)
(5.9)

2
x))[ .
Since (5.8) holds, Lemma B2 applied with (y;,2) = (b(t, X, 1)), f(t, X¢,v})) gives the existence

of a function v € B([0, T] x R, U) such that for almost all ¢t € [0, 7], P-a.s.

{E@ [b(t,Xsz]fP))‘Xt} = b(t, Xp, v(t, X)) (5.10)

EC® |:f(t7Xt7 VF)‘Xt] > f(t, X, v(t, X))
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Injecting (5.10) in (5.9) we get

T T
QP 2 B8 | [ ool X))+ 906) |+ o088 | [ 10700650 X0) = bl Xt X)) ]

The previous inequality rewrites

T
T@P) 2B | [ Falr Xeuu(r X)) + 9(3r)|.
0
where we recall that F3 was defined in (4.2). By (5.3), for all ¢ € [0,7] we have
Fﬁ(ta Xta U(t7 Xt)) > Fﬁ(t7 Xt7 u(ta Xt)) Q-a's'a
hence
T T
T@P) 2B | [ Falr Xooln X + 93| 2 B0 | [ Fotr Xl X)) + (061
0 0

(5.11)

In particular,

T
EQ [/ |O'_1(T‘, X, )(b(r, X, u(t, Xy)) — B(r, Xr))|2d7“} < +o00.
0

By Remark [3.6] the equation (3.7) admits a unique solution. Therefore we can apply item 2. of
LemmalAdlwith 6(¢, X) = b(t, Xt, u(t, X¢)) and v(t, X) = (¢, X¢), and we have

T
H(QJP) = JE° [/0 0= (r, X, ) (b, X ult, X)) — B(r, X,J)Pdr} ,

hence .
EQ [ | Fs Xesutr Xopde + 93| = 7@ B
0

and previous inequality along with (5.I1) yields 7(Q,P) > J(Q,P*). O

5.2 Exponential twist subproblem

In this section we focus on the minimization . igfmj (Q,P), P € pMarkov being the reference
€

probability. Let us denote Q* the solution of that problem given by Proposition[3.13]

Proposition 5.3. Assume that, under P, the canonical process decomposes as X; = x+ fg b(r, X, u(r, X,))dr+
M, where M* is a local martingale such that [M*] = [, oo (r, X, )dr and u € B([0,T] x R%, U). Then
there exists 3 € B([0,T] x R%, R?) such that, under Q*, the canonical process decomposes as

t
X, =z 4+ / B(r, X, )dr + M, (5.12)
0

where MY" is a local martingale such that [MY'] = Jo oo (r, X, )dr. Moreover, X is a Markov process
under Q* and 8 € B([0,T] x R% RY) such that |8| € L4(dt ® dQ*), forall 1 < q < 2.
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Proof. Recall that by Remark[3.4] P is a solution in law of the SDE
dXy = b(t, Xi, u(t, Xt))dt + O'(t, Xt)th, Xog==x.

By Corollary 6.12 in [7] with Q = Q*, there is A € B([0,T] x R?%; R?) belonging to L(dt ® dQ*), for
all 1 < g < 2, such that (5.12) holds with

B(t,z) =b(t,xz,ult,z)) + (¢, z).

(t,w) > b(t, X;(w), u(t, X¢(w) € LI(dt ® dQ*), taking into account (B.I). The result follows again
by Remark O

6 Application to the control of thermostatic loads in power systems

We consider in this section the problem of controlling a large, heterogeneous population of V air-
conditioners in order that their overall consumption tracks a given target profile r = (r;)o<;<7, On
a given time horizon [0, T'|. This problem was introduced in [28]. Air-conditioners are aggregated
in d clusters indexed by 1 < ¢ < d, depending on their characteristics. We denote by N; the
number of air-conditioners in the cluster . Individually, the temperature X*/ in the room with

air-conditioner j in cluster i, is assumed to evolve according to the dynamics

dX}7 = —0"(X}7 — 2l ,)dt — k' P}

max

uldt + o dW ) X =2’ 1<i<d,1<j<N;, (6.1)

where z?, is the outdoor temperature, 6° is a positive thermal constant, ' is the heat exchange

out

constant and P!, i

independent Brownian motion that represent random temperature fluctuations inside the rooms,

is the maximal power consumption of an air-conditioner in cluster i. W%/ are

such as a window or a door opening. For each cluster, a local controller decides at each time step,
to turn ON or OF F some conditioners in the cluster i by setting u*/ = 1 or 0, in order to satisfy a

prescribed proportion of active air-conditioners. We are interested in the global planner problem
which consists in computing the prescribed proportion u’ = N% Z;Vzll u

in each cluster in order to track the given target consumption profile r = (r¢)p<¢<7. For each

bJ of air conditioners ON

1 < i < d the average temperature X* = % z;v;l X% in the cluster i follows the aggregated
dynamics
dX{ = —0"(X] — x),)dt — k' Py uidt + o'dW}, X§ = (6.2)

with
1 Ni o 1 Ni 1 N
= — Wi, ot = — o and 2} = — xh,
N; Z; ! N; Z; °T N Z; 0
j= j= j=

We consider the stochastic control Problem (T.3) on the time horizon [0, 7] with U = [0,1]¢ and
T = 2h. The running cost f is defined for any (t,z,u) € [0,T] x R? x U, such that

d 2 d
1 4
[t z,u) = p (Z pitli — Tt) P Z Yilpiwi)® 4 0i (i = Tha)t i (T — )3) . (63)

i=1
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where p; = N;P! ../ (Z?zl N; Pl,42), the first term in the above cost function penalizes the devia-
tion of the the overall consumption Y, p;ui with respect to the target consumption r;, ; quantifies
the penalization for irregular controls in cluster i, while 7; penalizes the exits of the mean tem-

z¢..). Finally the terminal cost is given

peratures in the cluster i, from a comfort band [z!  ar

Zimins
by g(z) = 3 Zz’:l |2 — 2}y get|*, Where z,, .., is a target temperature for cluster i. Clearly the
cost functions f and ¢ satisfy Hypothesis B.7l To estimate an optimal policy u* for this prob-
lem, we use Algorithm [l with a time step t,,+1 — t,, = 60s, for m = 0,--- M. The parameters
of the problem are the same as in [28]. We perform Ng,.;q = 100 independent runs of the algo-
rithm, providing (4*)1<;< N,..q €stimations of an optimal control on the whole period to, t1, - - tas.
For each estimation @', we simulate Ng;,,,, = 1000 iid trajectories of the process controlled by
@* and Compute the associated costs (J;(4%))1<¢<n.,,,,,- The average cost is finally estimated by
T = Z Ngria Zé\[:si'rnu jg(ﬁl)

To evaluate the performances of our approach, we compare it with the classical regression-

g'rszs'Lmu

based Monte-Carlo technique, relying on the dynamic programming principle in [28]. We under-
line that we only aim to obtain lower costs compared to the BSDE technique in [28], there are no
benchmark costs. The results are reported in Table [I} for dimensions d = 1, 2, 5, 10, 15, 20.
For both methods, N = 103, 10%, 5 x 10%, 10° particles are used to estimate an optimal policy
for each dimension d. For the entropy penalized Monte-Carlo algorithm, we use a penalization
parameter ¢ = 70 and K = 20 iterations for dimensions d = 1, 2, 5, 10 and € = 20 and K = 60
iterations for dimensions d = 15, 20. Concerning the approximation in Step 1 of the Algorithm
[ we limit ourselves to the set Py of polynomials of degree 0, since the problem is very localized
in space. On Table [Tl we can observe very good performances, that seem to be weakly sensi-
tive to the dimensions of the problem. On Figure [IJ we have reported the cost J(Qy,Px) and
T (Py,Py) = EF* [fOT fr, X, uF (r, X)) dr + g(XT)] as a function of the iteration number £, ob-
tained on one run of the algorithm with d = 20 and N = 50000. Theses costs are compared
to a reference cost obtained with a run of our algorithm with N = 100000 particles. As expected,
J(Qg, Py) is decreasing and converging to a limiting value. It is interesting to notice that 7 (P, Py)
is also decreasing and very close to J (Qy, Px). Hence, it seems that the parameter ¢ does not need

to be as small to obtain a good approximation of the original control Problem (1.3).

N =103 N =10* N =5x10% N =10°
Method | Entropy BSDE Entropy BSDE Entropy BSDE Entropy BSDE
d=1 | 7.60(1e7%) | 7.61(6e7%) ) | 7.60(3¢%) )| 7.60(3¢™%) | 7.59(1e76) | 7.60(3e™4)
d=2 |7.82(2e7%) | 8.24(7¢7?) )| 7.77(1e73) (5e77) | 7.79(2e™*) | 7.78(5e77) | 7.78(1e™%)
d=5 | 7.34(2¢7°) | 14.83(0.64) | 7.30(5e~") | 7.69(6e72) | 7.30(3e”7) | 7.28(2¢73) | 7.30(3e”7) | 7.27(8¢™%)
d=10 | 5.96(2¢7%) | 28.14(0.64 ) | 16.06(0.38) | 5.87(5e~7) | 7.96(0.25) | 5.87(4e~7) | 6.12(0.08)
d=15 | 9.15(7e7%) | 37.91(0.60 ) | 32.20(0.63) (5e79) | 26.69(0.65) | 8.08(3e°) | 22.54(0.56)
d =20 | 8.80(4e7%) | 34.83(0.45 ) | 30.66(0.59) (3e79) | 26.21(0.69) | 7.68(2¢7°) | 23.26(0.59)

)
)
)
)

Table 1: Simulated costs (within parenthesis, standard deviation) for the relative entropy penalization scheme and a classical BSDE
scheme.
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10.5 ----Regularized cost J (Qy, Px)
\ —— Controlled cost J (P, Py)
04N Optimal cost

Cost

Iterations k

Figure 1: Costs associated with the iterates, generated by the entropy penalized Monte-Carlo algorithm in dimension d = 20 with
N = 50000.

7 Conclusion and perspectives

In this paper we have proposed an original approach to treat stochastic optimal control problems,
regarded as optimization programs on the space of probability measures, based on an entropy
penalized formulation. In particular this has allowed us to design an alternating minimization
procedure to tackle those problems. One additional interest of this entropy penalized formulation
is that it can be naturally extended to treat control problems with more complex constraints of the

form

T
. P P
it E [ /0 F(r, X, VE)dr + g(X7)] 7.1)

with a general admissible set of the form .4 N 3 where A is a convex subset of P(2) and B is a sub-
set of P(2), describing a class of controlled dynamics, which fulfills some technical conditions. A
typical example appears when A = {P € P(2) : P; = pr}, where pr is a prescribed (terminal)
law and B imposes an initial law 1. Problem (Z.1)) then corresponds in this example to a stochas-
tic control problem with prescribed initial and terminal distributions, typically encountered in
the fields of martingale optimal transport or Schrodinger Bridge problems. We remark that this
formulation covers in particular the one of the present paper setting .A = P(Q2) and B = Py.

The idea is then to extend the splitting approach of our entropy penalized method, leading us
to two simpler subproblems, each one taking into account separately the constraints sets .A and 5.

This is the object of a paper in preparation.
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Appendices

A Relative entropy related results

Let (Q, F, (Ft)iepo,1], P) be a filtered probability space. Let § = (3¢ );(0,7) (resp- a = (ar)iepo,7]) be a
progressively measurable process with values in R? (resp. in the set of square d x d non-negative

defined symmetric matrices S}). Let X be a continuous process, which decomposes as
t
Xt:m+/5rdr+MtP,0§t§T, (A.1)
0

where M" is a continuous ((F;), P)-local martingale such that [M*] = [/ a,dr.

The theorem below is the Girsanov’s theorem under a finite relative entropy assumption.

Theorem A.1. Let Q be a probability measure on (2, F) such that H(Q|P) < +oc. Then there exists an

R-valued progressively measurable process o such that

T
EQ [/ a:arozrdr] < 400, (A.2)
0

and such that, under Q, the process X is still a continuous semimartingale with decomposition
t t
X, =z +/ Spdr +/ arapdr + M2, 0 <t <T, (A.3)
0 0

where M is a continuous Q-local martingale and [M©] = Jo ardr. Furthermore,

1

T
51&‘@ [ /0 o) arozrdr] < H(Q|P). (A.4)

Proof. The fact that H(Q|P) < +oo implies in particular that Q < P. Let then Zp := dQ/dP
and (Z;);e[0,7] be the cadlag P-modification of the martingale (E¥ [Z7|F]) te[0.7]" By Theorem 3.24,
Chapter III in [29], there exists a progressively measurable process a such that decomposition

(A.3) holds and .
/ a:arardr <400 Q-as. (A.5)
0

as well as .
[Z, M?] = / arcy Zy_dr, (A.6)
0

with respect to IP, so also with respect to Q.

Let then 75, := inf {t €[0,7] : fg a: arodr > k:}, with the convention that inf ) = +oc0. Set-
ting M* := fdAT‘“ o) dMEF and Z* the Doléans exponential £(M*), we define dQy := ZFdP. By
Novikov’s criterion (see Proposition 1.15, Chapter VIII in [38]), Z kisa martingale, therefore Qy,
is a probability measure on (2, F) equivalent to P since Z% is strictly positive P-a.s. As Q < P
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and Qi ~ P, we have Q <« Q. It follows that P-a.s., with the notation log(0) = —oo, and later
0log(0) = 0.

dQ dQ dQy
log ik = log w + log dIP’
= log % + log Z% (A7)
T/\Tk T/\Tk
= log dTQk + / d/MHB / a:arardr.

Previous equality can be of course considered also Q-a.s. since Q is “rougher” than P. Setting

M = M* — [, ayondr, equality (A7) rewrites

d@ T ATy 1 T AT -
lo log —— M, o - A.
gd]P’ ngk—l-/ ad —1—2/0 o, aropdr  Q-as. (A.8)

Taking into account (A.6), Theorem 3.11, Chapter III in [29] states that, M is a Q-local martin-
gale. Since, still with respect to Q, | o) dM,] = I ! aya.dr, by definition of 7, the process
J;"™ af dM, is a genuine Q-martingale. Consequently, taking the expectation under Q in (A.8)

gives
1 T ATy 1 T ATy
H(QP) = HQ|Qx) + §EQ {/ aTarardr} > iEQ {/ aTarardr] .
0 0

Since Ty, o +00 increasingly Q-a.s. by (A.5), a direct application of the monotone convergence
—+00

theorem then yields
T
H(Q|P) > %EQ [/ ajarardr} .
0
O

For the following lemma let again X be a process, as at the beginning of the section fulfilling
(A, this time with a; = oo (¢, X;). Then by Theorem [A there is a progressively measurable
process « such that (A.3) holds. For that we have the following estimates.

Lemma A.2. We suppose the existence of 1 < p < 2 such that
T
C, :=EF [/ o (r, XT)||27’/(2‘7’)dr] < +o0.
0
Let Q be a probability measure on (2, F) such that H(Q|P) < +oc.

1. If Co = ||dQ/dP||sc < 00, there exists a constant L > 0, which depends only on C, and Co,
such that

T
EC® [/ oo™ (r, X,,)ar\pdr] < L(1+ H(QP)). (A9)
0
2. Suppose moreover H(P|Q) < +oo. Then it holds that
1 T
51@“’ U o (r, Xr)arlzdr] < H(P|Q), (A.10)
0
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and L can be chosen such that both (A9) and

T
EF [ / loo " (r, XT)ozT|pdr} < L(1+ H(P|Q)). (A.11)
0

Proof. 1. We recall that H(Q|P) < oo. By Holder’s inequality applied on the measure space
([0,T] x Q,B([0,T]) ® F,dt ® dQ), it holds that

T T
EQ U |00T(T,Xr)ozr|pdr}§E@ [/ Ha(r,Xr)||p|JT(r,XT)aT|pdr]
0 0

< (=[] ot x| ) o (e[ g X dr| )W-

(A.12)
On the one hand,
T d@
EC [/ lo(r. Xr)\\2p/<p—2>dr] [ / lo(r, X,) |27/~ dr} <0Gy (AI3)
0
On the other hand, by (A.4) in Theorem[AT]
T
EQ U lo T (r, Xr)ar]2dr] < 2H(Q|P). (A.14)
0
Combining (A13) and (A14) with (A12), we get
T
EQ [ / oo (r, Xr)ar|pdr] < 2/2(CLC,) P2 H(Q|P)P/?,
0
and as p < 2, using the inequality
|a? < (1+a]), if ¢ €]0,1], (A.15)
with g =1— % and ¢ = §, we have
T
EQ [/ 00T (r, X, ) Pdr | < 2(1 + CouCy)(1 + H(QIP)).
0
Setting
L:=2(1+Cp(Cx V1)), (A.16)

one concludes the proof of item 1.

2. Applying Theorem [A.T] we recall the decomposition (A.3), where the local martingale M©
verifies [M©] = [; oo ' (r, X, )dr, under Q. As H(P|Q) < 400, interchanging P and Q, again
Theorem[AJlyields the existence of a progressively measurable process & such that under P

the process X decomposes as
t t t 3
X;=x+ [ 6.dr+ / oo (r, X, )apdr + / oo (r, X,)apdr + M;, (A.17)
0 0 0
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where M is a P-local martingale such that [M = [yo0 " (r, X;)dr and

EEP [

T
: /|JT(T,XT)dT|2dr < H(P|Q).

0

Identifying the bounded variation and the martingale components of X under P, in (A.17)
and (A.), we get that M = M® and o0 ' (t, X;)a; = —o0 ' (t, X;)oy dt @ dP-a.e. In particular,
(A.10) holds. Then, as in the proof of item 1., Holder’s inequality, (A.12) with Q replaced by
P, and (A.10) yield

EP [/OT 00T (r, Xr)aT|pdr] < <EP MT lo(r, XT)HQP/(Q_”)DI_IM (EP [/OT o7 (r, Xw)ar|2dr}>p/

< 2P2CIP2 [ (PIQ)P/? < 2(1 + C,)(1 + H(P|Q)),

2

where, for the latter inequality we have used again (A.I5) with ¢ = 1 — £ and ¢ = £ together
with (A.I0). This finally also implies the result (A.11) with L defined in M})
O

Remark A.3. Let C), := E© {fOT o (r, X)) ||/ =P dr| . Item 1. of LemmalA2Dlis still valid if one assumes
that C,, < +o0 instead of C, < 400 and ||dQ/dP||w.. One only has to replace Co, C,, by C,, in the estimates
in the proof.

The results of Theorem[A.T|can be specified if one considers probability measures on the canon-

ical space Q = C([0,T],R%). In the following, §,v : [0,T] x C([0,T],R?) ++ R? are progressively

measurable functions w.r.t. their corresponding Borel o-fields. A consequence of Theorem[A.T]in

this setting is the following.

Lemma A.4. Let P € P(2) such that, under P the canonical process can be decomposed as

t
X, =z+ / 6(r, X)dr + M, (A.18)
0

where M is a martingale with [M*] = [; oo (r, X, )dr, where o verifies item (ii) of Hypothesis 31} Let
Qe P().

1. Assume that H(Q|P) < 4o0. Then we have the following.

(a) There exists a progressively measurable process o, w.r.t. the natural filtration of X (in particular
of the form a = a(-, X)) such that, under Q, X decomposes as

t t
Xe=xz+ | 6(r,X)dr + / oo (r, X, )a(r, X)dr + M2, (A.19)
0 0
where MY is a martingale with [M©) = [, oo (r, X, )dr and
Lol /[T 1 2
H(Q|P) > §E lo" (r, X )a(r, X)|“dr| . (A.20)
0
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(b) If moreover uniqueness in law holds for the SDE (A.18), equality holds in (A.20).

2. Assume that under Q the canonical process writes
t
X, =z+ / v (r, X)dr + M2, (A.21)
0

where M@ is a martingale with [M®] = [, oo (r, X, )dr and that uniqueness in law holds for the
SDE (AI8). Let o~ be again the generalized right-inverse of o. If

EQ UOT =1 (r, X,)(0(r, X) — ’y(r,X))IZdr] < 400,

then H(Q|P) < 400 and

H(QIP) = %E@ [/OT o™ (r, X)) (8(r, X) — 7(7‘,X))|2d7} : (A22)
Proof. Part (a) of item 1. of Lemma [A.T8]is constituted by Theorem [A. T applied to the canonical
space equipped with the natural filtration of the canonical process. Item 2. is the object of Lemma
4.4 (iii) in [33].

As far as item 1.(b) is concerned, we apply item 2. with y(r, X) = §(r, X) + oo ' (r, X, )a(r, X)
in (A.2T) so that (y — §)(r, X) = oo ' (r, X,)a(r, X). So o~} (r, X,)(§ — v)(r, X) and the equality in
(A.20) holds because of (A.22). O

Remark A.5. By Hypothesis[3.1lon the diffusion coefficient o, uniqueness in law for the SDE (A.18)) holds
e.g. if 0 is bounded, or if 6(r, X)) = b(r, X, u(r, X;)), where b has linear growth in (t, x) independently of
u. This follows from Theorem 10.1.3 of [39].

B Measurable selection

The following measurable selection theorem is a direct consequence of Theorem A.9 in [26], setting

y:(t7x)7¢:bai:17¢l = f.

Theorem B.1. Suppose the validity of item 1. of Hypothesis [3.1land item 2. of Hypothesis[3.7] Let K (t, x)
be given by B9). Let y € B([0,T] x RY,RY) and z € B([0,T] x R4 R) be two functions such that
(y(t,x),z(t,z)) € K(t,x) forall (t,z) € [0,T] x R% Then there exists a (measurable) function u €
B([0,T] x R4, U) such that

t,x )
t2) > femaa)) o ) € DT xR

{y( @) = b(t, @, ult, x))

The result below is a simple consequence of Theorem [B.1]
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Lemma B.2. Let Q2 be a Polish space, and let F := B(S2) be its Borel o-field. Let X : [0,T] x Q — R4
and (y,z) : [0,T] x © — R be two processes on (2, F). Let P be a probability measure on (2, F).
Assume Hypothesis 3.9 and that EF [ fOT |yr|dr} < +oo and EF [ fOT |zr|dr} < 4o00. Assume moreover
that (yi, z) € K(t, X;) for almost all t € [0, T), P-a.s. Then there exists a function u € B([0,T] x R%,U)
such that for almost all t € [0,T], P-a.s.,
B y:| Xi] = b(t, Xy, ult, X1)) (B.1)
EP[Zt|Xt] > f(t7 Xt, ’LL(t, Xt))
Proof. 1. We set ®; := (y:, 2;) which belongs a.s. to K (¢, X;). We prove below that, for almost
allt € 0,77,
EF([®:|X:]) € K(t, X;) P-as. (B.2)
Indeed, let t € [0, T] such that (y;, 2) € K (t, X;) P-a.s. We set 1 := L (X;). By Theorem 1.1.6
and Theorem 1.1.8 in [39] there exists a measurable family (IP;),cg« of probability measures

on (Q, F) such that P, (X; = z) = 1 for y-almost all z € RY and P = [, P,pu(dz). On the one
hand, since P(®; € K(t, X)) =1,

1= ]P)((I)t S K(t,Xt)) = /

P, (P € K(t, X¢))p(de) = / P, (®: € K(t,x))pu(dx),
Rd

R4

hence P,.(®; € K(t,z)) = 1 for y-almost all z € R?. Consequently, since K (¢, z) is a convex
closed set, by Theorem 1 in [37],

P, (Eﬂ”w [, X,] € K(t,:n)) ~P, (pr [®,] K(t,a:)) ~ 1. (B.3)

On the other hand, by definition of the conditional expectation, EF[®,|X;] = (EF=[®]) o X;.

Consequently,

P (EP[(I>t]Xt] e K(t,Xt)) - /

P, (EP[@t\Xt] € K(t,Xt)) p(dz)
R

- [ B <IEP”” [®,] € K(t,az)) p(dz)

R
L,

where we used (B.3) to conclude. (B.2) is proved.

2. It remains to prove (B.I). Proposition 5.1 in [9] provides two measurable functions ), Z such
that for all ¢ € [0, 7], P-a.s.

(B el Xa) B [=4]X4] ) = (¢, X), 2(t, X)): (B4)

Let then
N = {(t,z) € [0,T] x RY| (V(t,z), Z(t,x)) ¢ K(t,z)}.
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The set N is a Borel set, and we now modify the functions } and Z on N and obtain two
Borel functions ) Z defined by

(B.5)

A~

(), Z(t,2)) = (V(t,z), Z(t, ) if (t,x) ¢ N
(y(t,$),2(t,x)) = (b(t,x,up), f(t,x,up)) if (t,z) € N,

where uy € U is fixed. In particular, (Y(t,z), Z(t,z)) € K(t,z) for all (t,z) € [0,T] x R
Then by Theorem B.Tthere exists a Borel function u € B([0, T] x R%, U) such that

{J}(t, x) = b(t, z,u(t, z))

R for all (t,z) € [0,T] x R<. (B.6)
Z(t,x) > f(t,z,u(t,x))

Combining (B.2), (B.4) and (B.6) yields (B.1) for almost all ¢ € [0, T, P-a.s.

C Proof of Theorem 3.15

To simplify the formalism of the proof we will assume that e = 1 and g = 0. In the whole section,
we can choose 1 < p < p’ as power constants appearing in Hypotheses[3.7l We start by some

definitions.

Definition C.1. (Wasserstein space). Let (E, d) be a metric space. We denote PP(E) the set of probability
measures P € P(E) such that [ (d(x,x0))’P(dx) < 400 for some (and thus for any) xo € E. We endow
PP(E) with the Wasserstein metric

1/p
dp(P,Q) := inf {/ExE(d(%y))”p(dw,dy) tpEPEXE), p(- xE)=P, p(Ex-)=Q

(C.1)

Definition C.2. (Relaxed controls). We denote V the set of relaxed controls, that is the set of non-negative

measures q on [0, T x U such that we have the following.
1. q(- x U) is the Lebesque measure on [0, T], and q([0, T x -) /T is a probability measure on (U, B(U)).
2. f[O’T]XU |uPq(dr, du) < +oo.

The space V is endowed with the distance dy(q1, q2) := dp(q1/T, q2/T) where d, is given by (C.I)).

Definition C.3. (Extended space). Let Q := C(]0,T],R%) x V and we denote (X, A) its canonical process.
The space §) is endowed with the filtration (F;),c(o 1) defined for all t € [0,T) by Fy := FX @ F{* where
FX = 0(X,,0 < r < t)and FP := o(A(A), A € B([0,t] x U)). Q is equipped with the distance d,
given by dg((x1,q1), (x2,¢2)) = |z1 — 2|00 + dv(q1, q2).

Definition C.4. (Relaxed admissible set). Let A be the subset of (P(Q))? such that (P,Q) € A if the
following holds.
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H(Q|P) < +oo0.

2. Under P the process X decomposes as

X =z+ / b(r, Xy, w)A(dr, du) + MY, (C.2)
[0,¢]xU

where MF is a (F;)-local martingale verifying [MF) = [yo0 " (r, X;)dr.

We will denote Py the set of elements of P({) such that decomposition (C2) holds.
For (P, Q) € A we introduce a relaxed problem defined by

J*:= inf J(Q,P) where J(Q,P):=E®

/ flr, X, w)A(dr, du) + g(XT)] + H(Q|P).
[0,T]xU
(C.3)

Remark C.5. 1. The notion of relaxed control in Definition extends the notion of (strict) control
v = V¥ as introduced in Definition B2 Indeed, a control v : [0,T] x Q — U induces a measure on

[0,T] x U by setting ¢ := dtd, (du) € V.

2. The set of relaxed controls has two main advantages : it is convex and there exist very convenient
tightness criteria to identify its precompact sets using Prokhorov’s theorem. This allows to easily
prove the existence of a solution to the relaxed Problem (C3)). Under the convexity Hypothesis [3.9) it
is then possible to deduce the existence of a solution to the original Problem (1.5).

The strategy of the proof of Theorem 3.15is the following. We first prove in Proposition [C.12]
that Problem (C3) admits a solution (P*,Q*) on A. We then use Lemma to compute an
optimal solution (P*,Q*) to the penalized Problem (LB) derived from (P*,Q*). We start by a

useful technical result, which is Lemma 3.2 in [32].

Lemma C.6. There exists a JF{*-predictable process A : [0,T] x V — P(U) such that for each ¢ € V,
A(q)(dt, du) = dtAy(q)(du).

Based on LemmalC.6 we can now write the canonical process (X, A) on Q as (X, dtA:(du)).
Remark C.7. We list below some facts that will be useful to prove Theorem [3.15]

1. We immediately deduce from Hypothesis[Blitem 2. and Hypothesis B.Zitem 1. that, forall t € [0,T,

/ b(t, X1, u) Ay (du)
U

S/U|b(t,Xt,u)|At(du) < Cyol1+ X, (Ca)

and

/ £t X, 1) R (du)
U

< /U (8, Xew)|Ay(du) < Cp o1+ [XP7). (C5)
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2. Let P € Py. Taking into account decomposition (C2), (CA) as well as linear growth of the diffusion
coefficient o in Hypothesis [3.1litem 2., we can apply Lemma 311} This yields that for all ¢ > 1, there
exists a constant C(q) which only depends on Cy, ,, T and q such that

g
o | om0
0<t<T

3. Hypothesis [3.1]item 2. implies in particular that

< C(q) < +o0. (C.6)

b(t, z,u)| < C(1+ |2[” 4 [uf”),

for some constant C' > 0. Since b is continuous in (t,z,u) € [0,T] x R? x U by Hypothesis B.1)item
1., by Corollary A.5 in [32]] applied with A = U, E = R% and ¢ = b, the map

(X, A) = b(r, Xy, w)A(dr, du),
[0,t]xU
is continuous for dg. Similarly, Hypothesis 3.71implies by Corollary A.5 in [32|] that the map
(X, A) £(r, X, u)A(dr, du)
[0,T]xU

is continuous for dg.
We will need the following simple two technical observations.

Lemma C.8. Let (P,,),>1 be a sequence of Borel probability measures on a Polish space E that weakly
converges towards a probability measure Po,. Let ¢ : E — R be a continuous function. Assume that there
exists o, C > 0 such that

sup /E 16(e)[ P, (de) < C. (€7)

n>1
Then
/E d(e)Pn(de) — /E d(e)Ps (de).

Proof. By Skorokhod’s representation theorem, there exists a probability space (2, F,Q), a se-
quence of random variable (X},),>; on © and a random variable X such that £9(X,) = P, and
X, — X Q-as. Condition (C7) implies that the sequence (¢(X,,)),>1 is uniformly integrable.
Furthermore, by continuity of ¢, ¢(X,,) n_>—+>oo »(X) Q-a.s. Thus

E%[p(Xn)] — E9[¢(X)]

n—-+4o00

or equivalently

/E¢(€)]P’n(de) n—>—+>oo/E¢(e)P00(de)'
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Lemma C.9. Let P € Py. Let Q € P(Q) be defined by

15 exp( fo Jo fr, X u ]X(du)dr) -
EP [exp( fo Ju f(r, Xo, w)A, (du)dr)]

There exists a constant C' > 0 only depending on Cy, ,, Ct 4, T and p such that ||[dQ/dP||o. < C < +oo.

Proof. On the one hand, since f > 0,

exp <_ /0 ' /U F(r, Xr,u)Ar(du)dr> <1 (C.8)

On the other hand, from (CJ) and (C.6) in Remark [C.7] there exists a constant C'(p) which only
depends on Cy ,, T' and p such that

EP [ /0 ! /U £, Xr,u)Ar(du)dr] < Cp,T(1+ C(p)). (C.9)

Then by Jensen’s inequality we have

EP[exp< / /erT,u du)d>]>exp<Ep[ / /erT,u )dD 10

> exp(— Cfg (1+C(p
Combining (C8) and (CI0) we get ||dQ, /dP, || < C by setting C := exp (Cy,,T(1 4+ C(p))). O
We can now start the proof of Theorem [3.15

Lemma C.10. There exists a minimizing sequence (P, Qp)n>1 of J verifying the following.

< +o00 and sup H(Q,|P,) < +oo.
n>1

2. (P, Qp)n>1 is relatively compact in (PP(2))2.

Proof. In this proof, C' denotes a generic non-negative constant. Let (P,,,Q,),>1 be a minimizing

sequence of J. Setting

- exp( fo Ju f(r, Xp, w)A, (du)dr) . 1
EPx» [exp< fo Jy f(r, X, w)A, (du)dr)} " '

by PropositionB.13} infg J (Q, P,) = J(Qn, P,) so that 7 (Q,, P,,) < J(Qn, B,). Hence (P, Qp)n>1

dQn
i < +o00 and

is still a minimizing sequence of J. Since Q, is defined by @D
sup H(Q,|P,) < +oo by LemmalC9l This establishes item 1.

n>1 B 3 3
Let us now prove that the sequence (P,,, Q,,),>1 is relatively compact in (PP(Q))?, i.e. item 2.

Notice first that since (Q,, Pn)nZl is a minimizing sequence of 7, we have

sup J (Qn, Pp) < +00. (C.12)

n>1
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Let then ¢’ > 1. Since (C.4) and (3.I) hold, by Problem 3.15, Chapter 5 in [30] applied with b(t,y) =
Ju b(t, y, u)Ar(du), there exists a constant C' > 0 which only depends on Cy,,, T, ¢’ and d such that

EPr [\Xt - XSPq’] <Ot —s|7,

hence (ﬁp" (X )) . is a tight sequence by Kolmogorov criteria, see e.g. Problem 4.11, Chapter 2
in [30]. Moreover, by Hypothesis[3.7/item 3. and ,

_ T _ T
sup EFr [/ / ]u\plj_\r(du)dr] <’ <1 + sup EF» [/ / fr, Xr,u)jir(du)dr]>
n>1 o Ju n>1 o Ju

<’ (1 + sup j(@n,]l_”n)> < +o00.

n>1

(C.13)

Using again (C.6) and by (C.13) we have

) P
sup EF» [( sup ]XA) +/ /\u!f” Ar(du)dr] < 00, (C.14)
n>1 0<r<T o Ju

where we recall that p’ > p > 1 as fixed at the beginning of Appendix[C Since (ﬁp" (X )) .

is tight in P(Q2) and (C.I4) holds, by Proposition B.3 in [32], the sequence (P,),>1 is relatively

compact in PP(2). Now since sgpl) H% o< +oo by item 1., (ﬁQ”(X)>n>1 is also tight and

(C19) is also verified replacing P, by Q,,. Hence (Q,,),>1 is also relatively compact in PP(2). This

concludes the proof. O

Lemma C.11. Let (P,,, Q,)n>1 be a minimizing sequence of J fulfilling items 1. and 2. of Lemma
statement. Any limit point (P, Q) of (P, Qp)n>1 belongs to A.

Proof. Up to a subsequence, we can assume that the whole sequence (P,,,Q,),>1 converges in
(PP(Q))? towards (P,Q). Let us prove that (P,Q) verifies all items of Definition [C4l We first
check item 1. We recall that E := (2 is a Polish space. By Remark 2.2} (Q,P) — H(Q|P) is lower

semicontinuous with respect to the weak-star convergence on E*. Since, the convergence in PP (£2)

implies the weak convergence, we have
H(Q|P) < liminf H(Q,|P,) < +oc.
n—+o0o
where we used item 1. of Lemma[C.I0|to prove the finiteness in previous inequality.

We now verify item 2. of Definition Let h belonging to the space C2°(RY) of real-valued

smooth functions with compact support on R%. We set
Y. = / b(r, X, w)A(dr, du).
[0,-]xU

By (C2), under P, we have X = z + Y + MF, where MF is a (F;)-local martingale verifying
[MPn] = Jyoo " (r, X;)dr. Then by Itd’s formula applied to (C.2) under P,,, the process

N[h] := h(X. = Y)) — h(z) — %/0 Trioo" (r, X, )V2h(X, — Y,)]dr
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is a local martingale under P,,. Moreover, since h and V2h are bounded, (3.I) and (C.6) implies
that

0<t<

P [ sup [N{hli|
0<t<T

< 2|l + TIIV2h]Cho <1 +EPr

sup \Xt\2]> < +o0,

hence N|h] is a genuine (P, F;)-martingale. We then want to prove that N[h] is also a martingale
under P. Let0 < s <t < T. Let¢ : C([0,5],R%) x V, — R be a bounded continuous function,
where V; is the set of the elements of V according to Definition[C.2lwhere we have replaced T" with
s. Then

EP [ (11,9X, Lo,5A) N[A]:] =E™ [ (1,9 X, Lo, A) N[A]] - (C.15)

On the one hand by Remark[C.7item 3., the map

(X,A) — b(r, X, w)A(dr, du)
[0,¢]xU
is continuous for dg, thatis Y = Y (X, A) is continuous for dg. Since ¢ and h are bounded contin-
uous, the function (X, A) — ¢ (194X, Lo gA) (h(Xs — Ys) — h(z)) is bounded continuous for dg,

and since P,, — P weakly,

EF" [ (Lo, X, Lo, A) (M(Xs = Ys) — h(z))] — EF [ (L0, X, Lo, A) (h(Xs —Ys) — h(x))] .

n—-+4o00

On the other hand, since V2h is bounded, yields for all r € [0, T

‘TT[O’O’T(T, X,)Vah(X, = Y,)]

< 203, |IVER o (1 + [ X, ).
Combining the previous inequality with (C.6) we get that for some « > 0,

sup sup EP UTT[UJT(T, X )V2h(X, - Y,)
n>1rel0,T)

1+a
} < +o0. (C17)

Hence it holds
_ 1+«
sup EP» [ < 400,

n>1

(L0, Lo g A) / Trioo" (r, X, )V2h(X, — Y,)]dr
0

and by Lemma[C8with E = C([0, s],R%) x Vs, we get

EE—D" |:¢ (]l[oﬁ]X, 11[07511\) / TT[O’O’T(T, XT)V?L,h(XT - YT,)]dr]
) 0 ) (C.18)
— EP |:¢ (]1[078}X, ]1[078}1\) / T?"[O’O’T(’f’, Xr)Vih(Xr — Y})]d?":| .

n—-4o0o 0

Combining (C.16) and (C.I8) and letting n — +oo in (C.15) yields
E° [¢ (10,5, Lo, A) N[h)e] = E¥ [¢ (L0,5 X, Lpo, ) A) N[]s] -

Hence the process N[h] is an ((F;), P)-martingale for all h € C°(R%). By standard stochastic
calculus arguments, this implies that under P the process writes X; = = + Y; + MF, where MF is

a (F;)-local martingale verifying [MF] = [yo0 " (r,X,)dr. Item 2. of Definition [C4lis verified and
we conclude that (P, Q) € A. O
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Proposition C.12. The Problem (C3) admits a solution (P*,Q*) € A, in the sense that 7* = J(Q*, P*)
which verifies ||dQ* /dP* | s < +00.

Proof. Let (P,,,Q,)n>1 be the minimizing sequence given by Lemma [C.I0 and let (P, Q) be any
limit point of the sequence (P, @n)nZl- Up to a subsequence we can assume that the whole
sequence (P, Q,),>1 converges towards (P, Q) in (PP(2))%. Recall that by Remark[C.7] the map

(X, A) F(r, Xpsu)A(dr, du)
[0,T]xU

is continuous for dg. Now by (C5), we have

/ flr, X, w)A(dr, du)
(0,T]xU

<Cyyq (1 + sup \Xr\p) ,

0<r<T
and by (C.6), we deduce that
14+a
sup EFr { / flr, X, w)A(dr, du) ] < 400
n>1 [0,T|xU
for any a > 0. Since sup H Z(% by item 1. of Lemma[C.10} it also holds that
n>1 n ||loo
14+«
sup E@n [ / f(r, X, u)A(dr, du) ] < +o0.
n>1 [0,T]xU
Then by Lemma[C.8 applied with E = (2, we have
EQ» / for, X u)A(dr,du)| — EQ / flor, Xy, u)A(dr,du) | . (C.19)
[0,T]xU n—+00 [0,T]xU

Again by Remark 2.2] (Q,P) — H(Q|P) is lower semicontinous with respect to the weak-star

convergence on 0, and we have

H(Q|P) < liquiran(@n@n). (C.20)
Combining (C.19) and (C.20), we get

%l

By Lemma [CT1] (P,Q) € A and we conclude that (

we set P* := P and

,Q) achieves the minimum of 7. Moreover,

~ exp ( fo Ju fr, Xp, w) Ay (du)dr — g(XT)) ~
dQ* = — dP*.
EP [exp < fo Jo £, Xy w) Ay (du)dr — g(XT)ﬂ
By Proposition 3.13 we have that J7(Q,P) > J(Q*,P*). Since (P*,Q*) € A, J(Q*,P*) = J(Q,P)
and (P*,Q*) also achieves the minimum of 7. Finally ||dQ*/dP*||» < +o0o by LemmalC.9l O
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Lemma C.13. Let (P,Q) € A such that ||dQ/dP||« < -+oc. There exists (P, Q) € A with P € PMarkov
such that 7(Q,P) > J(Q,P).

Proof. Since H(Q|P) < +oo, by Theorem[A Tlapplied on the space Q2 equipped with the probability
measures Pand Q with 8, = [;; b(r, X;., u) A, (du), a, = oo (r, X,), there exists a (F;)-progressively

measurable process a such that under Q, the canonical process decomposes as
t ~ t _
X, =+ / / b(r, X, u) Ay (du)dr + / oo (r, X, )apdr + M2, (C.21)
0 Ju 0
where the local martingale M2 verifies [M?] = Jyoo " (r, X;)dr and

H(Q[P) > %E@ [ /0 ST Xr)o‘zr|2dr} . C.22)

The proof consists in two parts. In the first part we establish some useful estimates related to Q and
to the previous decomposition. In the second part we introduce a probability measure Q € P(Q2)
mimicking the time marginals of Q for all ¢ € [0, 7] and another probability measure P € Pjfarkov

such that 7(Q,P) > 7(Q,P).

1. Note first that since ||dQ/dP|| < +oo, for all ¢ > 1, by (C.6) in Remark [CZlwe have

) q 0 . q
EQ sup |X,| < H—_H EF sup |X,| < +o0. (C.23)
0<r<T dP || 0<r<T

It immediately follows from (C.4) and (C.23)) that

1T )
EQ [ / / b(r, X, u)A, (du) dr} < 400, (C.24)

o |Ju
and from (C.5) and (C.23) that
T B
EQ [ / / f(r, Xr,u)Ar(du)} < +o0. (C.25)
o lJu

Finally being o of linear growth because of Hypothesis[3.T]item 2. and (C.6) in Remark
it holds that

EP [ / ot Xr)qur] < 400 (C.26)
0

for all ¢ > 1. Then we can apply LemmalA.2litem 1. which implies that for any 1 < ¢ < 2

T
EQ {/ loo T (r, Xr)o_zr|qdr] < 400. (C.27)
0
2. We set B := [;;b(t, X¢, u)A¢(du) + o0 ' (t, X;)a so that, taking into account (C.21I), X de-
composes as X; = = + fg Brdr + MtQ , where Mé@ is a local martingale such that [M Q) =

Jooo " (r, X, )dr under Q and (C:22) rewrites
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o (r, X,) <5r - [ v Xr,uw‘xr(du))

_ 1 - T
H(Q[P) > 511—3@ [/0

where 0~1 denotes again the generalized right-inverse of o.

It follows from (C24), (C27), and (C26) together with the assumption ||dQ/dP|| < +oo,
that EQ [fOT(]ﬂr\ + |lo(r, Xr)H)dr] < +400. Then by Corollary 3.7 in [9] there exists a mea-
surable function " : [0,7] x R? — R? and a probability measure Q on (Q, F) such that the
following holds.

2
dr] , (C.28)

e Forall0<¢t<T,
I(t, X;) =E93 | X;] dt® dQ-as. (C.29)

¢ Under Q the canonical process can be expressed as X; = = + fg T(r, X,.)dr + M2, where
M is a (F;)-local martingale with [M©?] = [/ oo (r, X, )dr.

o LO(X,) = L(X,), forall t € [0,T).
Since the estimates (C.24) and (C.25) hold, Lemma[B.2lapplied with 2 = Q,P = Q and

(g, 20) = </tht, VA, (du) /ftXt, )At(du)>

gives the existence of a measurable function @ € B([0,T] x R U) such that for almost all
t €[0,7], Q-ass.,

EQ [ /U b(t, X, u)Ay (du)

Xt:| = b(t7 Xt7 'lj(t, Xt))

) (C.30)
EQ [ /U F(t, X )R (du) Xt} > f(t Xo,ilt, X)),
(C.30) together with Fubini’s theorem then gives
_ T _ T
EQ { | [t + g(XTﬂ _E® [ | 56Xt Xy + g(XTﬂ
0 U 0 (C.31)

=EQ [/OT f(r, X, a(r, X,.))dr + g(XT)} .

(C.30) together with Fubini’s theorem and Jensen’s inequality for the conditional expectation

applied to (C.28) yields
HQIP) > /TE@[ 02 | (5 [ b X)) x|

T
:%/0 E [jo~ (r, X,)(T(r, X,)  b(r, X, a(r, X,)))[?] dr,

2
] dr
(C.32)
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where we used (C29) and (C30) in the last equality. Since Q and Q have the same time

marginals, we deduce from (C.32)) and Fubini’s theorem that

T

H(Q[P) > %/ EQ [lo~! (r, X, ) (D (r, X;) — b(r, X, u(r, X;)))[?] dr
) . (C.33)

= §EQ [/0 |0’_1(7“, X)) (D(r, X,) — b(r, X, u(r, XT)))|2dr] .

Finally, let P := P% € P}~V be the unique probability measure given by Proposition
We recall that, by Remark 3.6, the SDE

t
Xy ::17—1—/ b(r, X, a(r, X,.))dr + M},
0

where M is a local martingale with [M*] = [, o0 " (r, X, )dr, admits uniqueness in law.

As H(Q|P) < oo, (C33) and Lemma[A412. implies that H(Q|P) < +oo and that
T
HQP) = 750 [ o7 X0 ) b X XD Par] . (€30
0

In particular, (P,Q) € A and combining (C31)), (C33) and (C34) yields J(Q,P) > J(Q,P).

This concludes the proof.

We are now ready to prove Theorem [3.15]

Proof of Theorem 315 Let (P,Q) € A. Let P (resp. Q) be the law of (X, dtd, (du)) under P (resp.
Q). Then (P,Q) € (P(2))? and X has clearly the decomposition (C.2) under P. Furthermore, one
has dQ/dP = dQ/dP o 7x, where y is the first coordinate projection on ), and this yields

H(Q|P) = EQ [log Z%] =EQ [log Ccll% o 7Tx:| =EQ [log Z%(X)] = H(Q[P).

Hence H(Q|P) < +oo, (P,Q) € A and since

Q T
: " u au =EY Ty Ar, VE) T )
E [/[\07T}X[U f( 7Xr7 )A(d 5 d ) + g(XT)] E |:/(; f( ,X )d -+ g(XT):|

we get 7 (Q,P) = J(Q, P). Previous computations then show that 7* < J7*. Letnow (P*,Q*) € A
be the solution of (C3) given by Proposition In particular, J(Q*,P*) = J* < J*. Let
also (P*,Q*) € A be given by Lemma [C13applied to (P*,Q*). We have J(Q*,P*) > J(Q*,P*),
hence 7* > J(Q*,P*), thatis 7* = J(Q*,P*). This implies that (P*,Q*) is a solution of Problem
@L5). O
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D Strong and weak controls

Let (Q, F, (]—N})te[oﬂ ,IP) be a filtered probability space endowed with a Brownian motion W. Let V
be the set of (F;)-progressively measurable processes v on (2, F, P) taking values in U such that
equation (L.2) has a unique strong solution. We give here some details on the equivalence between
a strong formulation of our stochastic optimal control (LI) formulated on the generic probability

space (Q, F,P), and our optimization problem (L.3). We have the following result.

Proposition D.1. Assume Hypotheses B.Zland 3.1l Recall the definition (L1) of J3,.,, and of J*.
Then J3,ong = J™.

Proof. (i) We first prove that J3,..,, > J*. Let (1"),>0 be a minimizing sequence of elements of

V for Problem (LI). For any n € N, Lemma[3.1Tland (3.8) yields

- T N
B | [ (10 X2 ) 12 oo 0 X)) | < oo @)
0

Then by Corollary 3.7 in [9] there exist a measurable function T' € B([0,7] x R% R?) and a
probability measure P € P(£2) such that

e Forall0 <t <T,T(t X;) =EFb(t, X", v) | X" dP  dt-a.e.
* Under P the canonical process can be expressed as X; = x + fg [(r, X,)dr + M{, where
M¥ is a (F;)-local martingale with [M*] = [, oo (r, X, )dr.
o LP(X,) = LF(X,), Vit € [0,T).
Since (D.I) holds, by Lemma applied with Q@ = QP = P, X = X" and (y, %) =
(b(t, XY™, v, f(t, XY", 1)), there exists a function u™ € B([0, T]xR%, U) such that for almost
allt € [0,7], P-as.,

{E@’ [o(t, X2 )| X7") = b(t, XU u(t, X)) D2

EY [f(t, XU )| X0 = f XU (X)),
By Fubini’s theorem and Jensen’s inequality for the conditional expectation, by (D.2) we

have
f X e+ 9000|282 [ [ 100 X2 0, 0 e+ 905
0
P [/OT fr, X, u" (r, X,))dr + Q(XT)} (D.3)

_ T _
> inf EP [/ f(r, X, vy )dr +9(XT)} ;
PePy 0

where, for the latter inequality, we have used the fact that P € Py. From (D.3), forall n € N,
we have

EP[/ ervl“jv rdr+g(XT):|2J*7

and letting n — +oo yields J;, > J*.

strong
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(ii) We now prove that J* > J3,..,.-
of Py for Problem (1.3). Notice that, taking into account Lemma the estimate (D.1)) still
holds if we replace (X*",v",P) by (X,v»,,). Then for all n € N, again by Corollary 3.7
in [9] together with Lemma [B.2l applied with P = P,,, (y;, 2:) = (b(¢, X4, V}F”), ft, Xy, VF”)),

there exist a function u” € B([0, T] x R%, U) and a probability measure P,, on (£, F) such that

Let us consider a minimizing sequence (P, ), > of elements

the following holds.

e For almostall ¢t € [0,T], P,-a.s.

{E [b(t, X0 |X1] = bt X (2,X0))

EPn |:f(t7 Xt7 an)‘Xt:| 2 f(t7 Xt7 un(t7 Xt))
e Under P the canonical process decomposes as
t )
X, =2+ / b(r, X, u™(t, X;))dr + M;™,
0

where M is an (F)-local martingale such that [M P”] = Jyoo(r, X, )dr.
o LP(X,) = LPn(X,).
On the one hand, Fubini’s theorem and Jensen’s inequality for conditional expectation yield

T R T
EF» { / fr, X, VE)dr + g(XT)} > EPn» { / f(r, X, u(r, X,))dr + g(X7)| . (D.4)
0 0

On the other hand, Theorem 1.1 in [44] ensures the existence of a unique (strong) solution
X = XV" (on the space (£, F, (]:})te[()’;p},]f") to the SDE

dXt = b(t,Xt,u"(t,Xt))dt + O'(t,Xt)th, X() =X.

In particular the process v™ := u™(., X%) is an element of V, and we get by (D.4) that

zEP V flr, X" v dr + g( X4 )} >meP [/ fr, XY v)dr + g(XP) | = Jiong-

The previous expression gives J(P,) > J3,,,, for all n € N, and letting n — +oo yields

T2 Tirong
By item (i), we have J3,,,, > J*, whereas by item (ii), J* > J3,,,,- Hence J* = Jstrong, and
this concludes the proof. O

E Proofs of two technical lemmata

Proof of Lemmad2l 1. The function F ém is coercive on K (¢, z) in the sense of Definition 2.13
in [1]. Since K (t,x) is closed (see Remark [3.8), Theorem 2.14 in [1] gives the existence of a
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minimum (y*, z*) to Fém on K (t,x), which is unique since Féw is strictly convex. Let then
(y,2) € K(t,x). Since K (t,x) is convex, (Ay + (1 — N)y*, Az + (1 — \)z*) € K(t,z), for any
A €]0, 1]. By definition of (y*, 2*) we then have

5" Oy + (1= Ny Ae + (1= N)2') = FF* (") .
A — M

for all A €]0, 1],

and since Féx is of class C! on R? x R, letting A\ — 0 in the previous inequality yields
(Vi F5" (y", 2°), (y, 2)) > 0, which rewrites as @4).

2. We first observe that «* € arg min Fj(t, z, a) is equivalent to

aclU
Fa(t,z,u*) < Fg(t,x,a), Va € U (E.1)
and (4.6) is equivalent to
Fy™(y,2) = F§"(y",2"), Yy, 2) € K(t,2). (E2)

For any a € U we set now (y(a), z(a)) := (b(t,z,a), f(t,x,a)). Clearly (y(a),2(a)) € K(t,x)
and (y, z) € K(t,z) if and only if there is a € U with (y, z) = (y(a), 2) and z > z(a).
In fact we have

F'*(y(a), 2(a)) = Fp(t, z,a). (E3)
(a) Let u* € U such that y* = y(u*) and z* > z(u*) and we prove (EJ). By (E3), for all
a € U, we have
Fg(t,z,a) = F"(y(a),z(a)) > FO(y", 27)) = F*(y(u"), 27))
> FU(y(u®), 2(u*)) = Fa(t, x,u*)

and (E.2) follows.
(b) Let u* such that (E) holds and a € U such that y = y(a),z > z(a). Then, using again
(E3) we get
F'(y,z)) > F"(y(a),z(a))) = F(t,z,a)
> F(t,z,u") = F*(y(u"), z(u")),

and (4.6) holds.

U
Proof of Lemmad.12] By RemarkB.I4]and (3.14) in Theorem[B.I5 the quantity Cy := ||dQ} /dP} ||
is finite, so that

E% | sup |X,|

0<r<T

< CC(q) < +oo, (E.4)

< CoEP | sup |X, )9
0<r<T
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where C(q) is given by LemmaB.I1l As H(Q*|P!) < +oo, by Theorem [A. ] there exists a progres-

sively measurable process o such that under Q7 the canonical process decomposes as
t t
X;=x+ / b(r, Xy, ul(r, X,))dr +/ oo (r, X, )apdr + M}, t € 0,T],
0 0

where M* := MY is a local martingale verifying [M*] = [jo0 ' (r,X,)dr and u} is the Borel
function introduced in Theorem [3.15}

Moreover,

1 e[ (T
H(Q!P) > —E% [ / lo ™ (r, XT)ozT|2dr] ) (E.5)
2 0

We set Bt = b(t, Xt, U: (t, Xt)) + O'O'T (t, Xt)at
Let k£ > 1. On the one hand, combining (3.1), 3.2) (E4) and (E.5) and taking into account (£.9)
for k 4 1 replaced with k, we have

5 | [ o X (B, — b, X xoar| < as% | [ o (X )bl X X )]

T
+4EQ: |:/ |J_1(T7Xr)b(rerauk(rvXT))|2dr:|
0
. T
+ 4R U \UT(T,Xr)ar\zdr]
0

T
< 86,C2, (T+ / E@?uxrmdr) T SH(Q:|PY)
0

< 8T, C2, (1 + CouC(2)) + SH(QIEY).
(E.6)
We recall that, by Remark[3.6] the SDE

t
X, =z + / b(r, Xy, u"(r, X,.))dr + M, *,
0

where M¥* is a local martingale with [M**] = [ 00" (r, X, )dr, admits uniqueness in law.
The inequality (E.6) implies by Lemmal[A.4]2. that

T
HQ:IB) = 5B | [ o7 (X008, = 00 X o X)) | < 4,

hence
H(Q:Py) < 4TCUC§7U(1 + CC(2)) + 4H(QZ|PY). (E.7)

On the other hand, by (3.8) and (E.4),
T
E% [ / Fr, X, u(r, X;))dr + g(XT>] < (T +1)Cry(1+ CocC(p))- (E.8)
0
Taking into account (L.5) and combining (E.7) and (E.8) yields

T
(@) = 5% | [ Xk X+ 9(X0)| + LH@IRL

4T c,C} (1 + CC(2))

€

< (T +1)Cf (1 + CoC(p)) + + %H(@Z!Pi)-
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Finally, by (3.14) and Jensen’s inequality,

H(Q:[F) < o (E@Z [exp <_€/0Tf(r, X, (r, X,))dr — €9<XT)>D

</ C s Xt X)) + o(x1)] (E.10)
0

< (T +1)Cfy(1+ CosC(p)),

where we have used (3.8) and (E.4) for the last inequality. Injecting (E.10) in (E.9) yields the desired
result by setting C' := 5(T" + 1)Cy,4 (1 + CocC(p)) + 4T¢, Ci (1 + CooC(2)). O
F Miscellaneous

We gather in this section two useful technical results. In the following, all the random variables

are defined on a filtered probability space (2, F, (F¢)ic[0,7], P)-
Lemma E1. Let 1 be a square integrable, non-negative random variable. Then for all ¢ > 0,
0 < Bl (~LogElexp(-en)]) < Varlgle).
€
Proof. For all b € R, it holds by Taylor’s formula with integral remainder that
1
e l=1-b+"b / (1 —t)e .
0

A direct application of this formula with b = €(n(w) — E[n]) for all w € Q, yields

1
e =Bl — 1—6(77—13[77])+62(77—E[77])2/0 (1=t)e O EMDdt < 1—e(n—Eln))+€ (n—Eln])*e™,

taking into account that n > 0.

Taking the expectation in previous inequality we get
E [e—f(n—ﬂf[n})] <1+ &V ar[neEn,
Since log(1 4+ z) < z for all z > —1, we have
élogE [e‘ﬁ(”_E["D} < eVar[nlesEn,
Notice that E[5] is a constant, hence L log E [e=("=El)] = E[5] — (—LlogE [e="]). We then have
0 <E[n| — (—% logE [6_677]> < eVar[nle®n,

where the first inequality follows from Jensen’s inequality.
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Lemma E.2. Let (Xt);c(0,1) be an (F)-adapted process of the form
t

Xt:x—i—/ brdT+Mt,
0

where E [ fOT |br|pdr] < +oo for some p > 1 and where M is a martingale. For Lebesgue almost all
0<t<T

. Xt+h - X . . 1
1}51011@{ - ‘]—“t] = by in L'(P).

Proof. In this proof we extend the process X by continuity after 7" and b; by zero for ¢ > T'. Let

0 < h < 1. Notice first that
T T t+h
Xpon — X 1
E[/ E{L‘}}]—btdt}glﬁl[/ E/ b,,dr—btdt},
0 0 t

h
and that for all w € €, for almost all 0 < ¢ < T, by Lebesgue differentiation theorem,

1 t+h
—/ by(w)dr — by. (E1)
t

h n——+00

To conclude by a uniform integrability argument w.r.t. dt ® dP we need to prove that

T 1 t+h
— b.dr
I8/

Previous expectation, by Holder inequality, is upper bounded by

t+h r T
[/ / b, ]pdrdt} / yby—/ dtdr gEU \br\pdr] < 400,
hJ—n), 0

where interchanging the integral inside the expectation is justified by Fubini’s theorem. The family

p

dt| < +oo.

sup E
0<h<1

<l i brdr) is uniformly integrable with respect to dt ® dPP and we conclude using the
hoJt 0<h<1

Lebesgue’s dominated convergence theorem. O

Remark E3. If b, is a.e. o(X;)-measurable then the statement of LemmalE2|still holds replacing the o-field
Fi with o(Xy). This is an obvious property of the tower property of the conditional expectation.
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