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BOUNDARY STATES OF THE ROBIN MAGNETIC LAPLACIAN

R. FAHS, L. LE TREUST, N. RAYMOND, AND S. VU NGQC

ABSTRACT. This article tackles the spectral analysis of the Robin Laplacian on a smooth
bounded two-dimensional domain in the presence of a constant magnetic field. In the semi-
classical limit, a uniform description of the spectrum located between the Landau levels is
obtained. The corresponding eigenfunctions, called edge states, are exponentially localized
near the boundary. By means of a microlocal dimensional reduction, our unifying approach
allows on the one hand to derive a very precise Weyl law and a proof of quantum magnetic
oscillations for excited states, and on the other hand to refine simultaneously old results
about the low-lying eigenvalues in the Robin case and recent ones about edge states in the
Dirichlet case.

1. MOTIVATIONS AND RESULTS

1.1. About the magnetic Robin Laplacian. We want to describe the spectrum of the
semiclassical magnetic Laplacian ., = (—ihV — A)? on a smooth, bounded, and simply
connected open Euclidean domain 2 C R?, with boundary conditions of Robin type. The
vector potential A : Q — R? is supposed to be smooth and generating a constant magnetic
field of intensity 1:
01 Ay — 00A; =1.

The magnetic Robin boundary conditions are enforced by defining the operator %, = % 4 4
to be the selfadjoint operator associated with the quadratic form defined for all v € H'(Q)
by:

(L1) Qua(t) = /Q (—ihV — A)oPde +h? /8 s,

where v € RU{+00}, and ds is the length measure of the boundary induced by the Euclidean
metric. By convention, ¥ = 400 corresponds to the Dirichlet boundary condition ¢ € H} ().
In the whole paper, our estimates will be uniform when v € [—~,, +00] for an arbitrary fixed
Y > 0. When v € R, the domain of .}, is given by

Dom(%,) = {1 € H(Q) : (—ihV — A)%p € L*(Q), —ihn - (—ihV — A)y = yhie) on 09},

where n is the outward pointing normal to the boundary. Note that a change of gauge can
be used to ensure that A -n = 0. In this case, the magnetic Robin condition becomes a usual
Robin condition:

(1.2) —n - Vi = yh 1),

We would like to establish accurate spectral asymptotics for .2, in regimes where the magnetic
field plays a major role, competing with the Robin condition (this is the origin, as we will
see, of the factor h% in the Robin condition). Until now, very accurate results are available
only for the Neumann magnetic Laplacian (when 7 = 0). In this case, the lowest eigenvalues
have been analyzed in detail in [10] and uniform estimates have been recently established
in [3] where a purely magnetic tunnelling effect formula has been proved. When v # 0,
the only known results go back to the works by Kachmar, see [23|, where only the smallest

eigenvalue has been estimated. In all these situations (except when v = +o0, where the first
1
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eigenvalue is asymptotic to h times the magnetic intensity — here, 1), one can show that
the first eigenvalue becomes smaller than h as soon as h is small enough. This energy bound
is usually associated with a localization behavior near the boundary of the eigenfunctions,
which can be quantified by semiclassical Agmon estimates.

By a simple scaling, the semiclassical limit h — 0 translates into a quantum regime where
the intensity of the magnetic field tends to infinity. In the physics literature of thin conductors
or electron gases (approximated by 2D domains) subject to a strong external magnetic field,
it is well known that the presence of a boundary (or, more generally, of an abruptly changing
magnetic field along a curve) generates a current along the boundary due to the presence of
“bouncing modes” classically localized at a distance v E /B to the boundary (E is the kinetic
energy and B is the magnetic intensity: in this work B = 1), see for instance [15]. These
so-called “edge states” or “boundary states” exist as soon as the Fermi level of the conductor
lies strictly in between two consecutive Landau levels, and produce ballistic dynamics along
the boundary. If the boundary 0f2 is compact, this dynamics is quantized and produces new
discrete energy levels. These are precisely the eigenvalues that we wish to describe in this
work.

Heuristically, the localization near 02 is often explained by the classical bouncing modes
alluded to above, but it is also easy to understand from a quantum perspective. Indeed, if we
forget the boundary condition, .}, acts as the magnetic Laplacian with constant magnetic
field, on the Euclidean plane, fhfﬁi. The spectrum of this so-called “bulk” operator is well-
known and made of the famous Landau levels {(2n — 1)h,n > 1}, which are infinitely
degenerate eigenvalues. This suggests that, if one considers potential eigenvalues of %}, in
a window of the form I, = [ha, hb] with 2n — 1 < a < b < 2n + 1 for some integer n > 0
(for n = 0, we take a = —o0), they cannot correspond to any bulk state, and hence the
corresponding eigenfunctions should be localized near the boundary. This phenomenon has
interesting physical applications; a famous one is the quantum Hall effect, when the domain
is not simply connected, which expresses the collective effects of several boundaries on the
total net current. Another application is the confinement of particles in small domains, or
“quantum dots” (sometimes called “anti-dots” because one takes B = 0 inside the domain,
and B = 1 outside), see [30, 27].

On the mathematics side, the existence of edge currents in a half-plane with Dirichlet
boundary condition was shown in [6]. In a compact setting, the eigenfunction localization at
the boundary has been observed (again in the Dirichlet case v = 400, which is usually chosen
in physics) in [14], which was one of our motivations for this work. The methods of [14] lead
to a description of the spectrum in a thin spectral window, see [14, Corollary 2.7|. However
the exponential decay was not established. In fact, as we will see, this decay does not follow
from the usual Agmon estimates, but from a strategy a la Combes-Thomas (see the original
article [5] or the review [22]).

In this article we treat the general case v € R U {+oc}. This corresponds, physically, to a
domain  coated with a very thin layer of a different material (see for instance [2]). Since €2
is bounded, the spectrum in [}, is always discrete and a first rough estimate shows that the
number of eigenvalues lying in I, denoted by N(.%,, I1), satisfies

(1.3) N(Zh, In) < Ch™2,

for some C' > 0 and all A~ > 0 small enough (see Appendix A where we recall the origin of
this estimate). Our goal is to obtain a very precise description, in the semiclassical regime, of
the spectral elements corresponding to the interval I;, much more accurate than (1.3). This
includes the localization behavior near 0f2 of the corresponding eigenfunctions. For instance,
when v € R, a consequence of our main result Theorem 1.7 is the appearance of a quite



3

interesting phenomenon: for a given (low) energy, one can have boundary quasimodes corre-
sponding to classical currents flowing in opposite directions, leading to magnetic oscillations
of eigenvalues, see Theorem 1.12.

This work is also an opportunity to revisit the Neumann case analyzed in [17, 10] (see also
[3]) by establishing more uniform asymptotic expansions, with slightly more general boundary
conditions.

1.2. De Gennes operator with Robin condition. Our results will be expressed in terms

of the eigenvalues of the de Gennes operator with Robin boundary condition. This operator,

which appears naturally in the study of boundary induced magnetic effects [32, 11], is a

differential operator of order two depending on the real parameters v and ¢ and acting as
d2

Hlpy o) = =3 + (t = o),

on the domain
2

Dom(H|[vy,0]) = {u € B'(Ry): <— % + (t — 0)2)U € L*(Ry), u'(0) = ’YU(O)} ;

where

B'(Ry)={uec H' (R,) : [t tu(t)] € L* (R;)}.
It is well-known that H[y, o] is a self-adjoint elliptic operator with compact resolvent. Its
spectrum can be written as a non-decreasing sequence of eigenvalues (f1,,(7y, 0))n>1 (which are
all simple due to the Cauchy-Lipschitz theorem). We denote by u[n “) the normalized sequence
of the corresponding eigenfunctions (with ull ’G](O) > 0). We let

1)
O () = inf 4 (7, 0).

The index n — 1 is compatible with the notation used in the case of the de Gennes operator
(case when v = 0), see [11, Section 3.2|. The family (H[7y,0])(,0)er2 is analytic of type (B)
(in the sense of Kato, see [25, Chapter VII, §4]), i.e., the form domain does not depend on
the parameters and the sesquilinear form is analytic as a function of v or ¢. By convention,
we denote by H[+o00,0] (i.e. we let v = 400) the corresponding operator with Dirichlet
boundary condition u(0) = 0.

The following proposition gathers the main properties of the functions p, (7, ) (which are
usually called dispersion curves) that will be used in this article. Most of them have been
established in [23] (see also [24], and [6] in the Dirichlet case).

Proposition 1.1. Let us fixn > 1. When v € R, the function p,(v,+) is analytic and
(1.4) lim p,(y,0) =400, lim p,(v,0)=2n-—1.
o——00 0—+00

Moreover, j,(7, ) has a unique minimum attained at o = &,_1(y), but not attained at infinity.
This minimum is non-degenerate. The function p,(7,-) is decreasing on (—o00,&,—1(7)) and
increasing on (&,-1(7), +00). In addition, we have, for alln > 2,

(1.5) on—3 <0l l(y)<on—1.

When v = 400, that is when the Robin condition is replaced by the Dirichlet condition,
fin (00, +) is still smooth, but now decreasing from +oo to 2n — 1.

The non-degeneracy of the minimum of p,(7,-) for v € R is obtained by adapting the
Dauge-Helffer formula, see [23] for the case n = 1, which gives:

o 2
(1.6) 2410 (Y, ) ozt 1 () = 261 (7) [l (0)]” .
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The lower bound in (1.5) will be established in Appendix B. This proposition has the following
elementary but important consequences for our analysis, which are illustrated in Figure 1.

Corollary 1.2. Let v € R U {400} be fized. Let © be the set of all critical values of the
functions p,: we have

0 ={0"N(y), nx>1}.
Let A be the set of limit points of the functions u, at infinity:
A={2n—-1, n>1}.

Let [a,b] C R be an interval disjoint from A. Let either n =1 if a <1 ormn > 2 be such that
[a,b] C (2n—3,2n—1). (In the case n = 1 we allow a = —oc.) It follows from (1.4) that for
any integer k > 1, p; ' ([a,b]) is compact.

Let p(k) be the number of connected components of ;' ([a,b]): we have

pk)=1 if1<k<n

p(n) =0 if y =400

p(n) =1 ify€ R and O U ¢ [a,b]
p(n)=2 ifyeRand O <q
p(n)=0 ify€R and b < O~
pk)=0 ifk>n.

Therefore, when v € R,

n ifb>0rl(y)
n—1 otherwise

Y

(1.7) N(y,a,0) == #{k > 1: p(v,) 7' ([a,0]) # 0} = {

and if v = +oo (Dirichlet case) then py(+00,-) does not take any value in (—oo,1), and
N(v,a,b) =n—1.

From now on, we denote by N(v,a,b) = N this cardinal.

Assumption 1.3. In the following, a and b are allowed to depend on h, as soon as they stay
in an h-independent compact interval inside (2n — 3,2n — 1).

With this picture in mind, for each & > 1, we may construct a smooth function ﬁk, bounded
with all its derivatives, which coincide with py in a neighborhood of p;*([a,b]). Indeed, let
Zo : R = R be a smooth, bounded with all its derivatives, and increasing function such that
for all k € {1,..., N}, ur(y,Zo(0)) = pr(7y,0) in a neighborhood of p;'([a,b]) and py o Zg
takes its values in (—oo, a) U (b, +00) away from it. We consider

(18) /C’)Lk = Mk(% EO()) )
where we omit the reference to the parameter v to lighten the notation. In the following, we

will more generally denote by g%, the function ¢ after =.

1.3. Results. Let us now describe the main results of our article, which will be expressed in
terms of pseudo-differential operators in one dimension.



Eigenvalues of H[y, o] for Robin parameter v = —1

Mn(% U)

FIGURE 1. This figure shows the dispersion curves p(7,-), for v = —1. We
visualise the preimage of a given interval [a,b] C (2n — 3,2n — 1) with n = 3.
The curves are obtained by a standard finite difference numerical scheme.

1.3.1. A pseudo-differential framework. The bounded functions ﬁk will be convenient to state
our main theorem, which involves h%—pseudo—differential operators with symbols in the usual
class Srz(1) given by

Sr2(1) ={a € €°(R},) : Va € N*,3C, > 0:|0%] < C,}.

As we said before, the eigenfunctions of £}, will be localized near the boundary of 2, which
is a closed smooth curve with length 2L. Our main result describes their distribution with
the help of an h%—pseudo—differential operator on the boundary (see for instance [12, Section
4.1] where similar considerations have been done in the context of discontinuous magnetic
fields). Let us denote h = hz. We recall that the Weyl quantization of a symbol p is given
by the formula:

1 i(x— T+ Y
19) O pt) = 5 [ e (T2 ) wdudy, o€ SR,
21h R2 2
and that this formula defines a bounded operator form L?*(R) to L?*(R) if p € Sgz(1), by the
Calderon-Vaillancourt theorem. To shorten the notation, we will sometimes write p% instead
of Op,"p.
Let Ty, = R/2LZ, and L*(Tyy) be the subset of L? _(R) of 2L-periodic functions, equipped

with the usual L? norm on [0,2L]. When p € St,,xr(1), i-e. p € Sgrz(1) and is 2L-periodic
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in its first variable s, then for any 6 € R, the operator given in (1.9) induces a bounded
operator from e L?(Tyy) to € L?(Ty) — we denote by ¢ the function x +— €.

Remark 1.4. The space ¢ L?(T5y) only depends on the class of # modulo 7; it is equal to the
subspace of functions in L2 _(R) equipped with the Floquet boundary condition 9 (z +2L) =

e?L94)(z). The operator Op," p acting on €' L?(Tyy) is unitarily equivalent to Op;" p(z, n+h6)
acting on L?(Tyy).

1.3.2. Main theorem. Since our main result describes the spectrum of .%}, “modulo &(h>)”,
we need to make this notion precise.

Definition 1.5. In this article, we will say that the spectra of two self-adjoint operators T}
and T, depending on h coincide in [, modulo &(h*), « € R U {400}, when there exists
C, ho > 0 such that, for all h € (0, hg),

— T and T), have discrete spectrum in I, + [-Ch®, Ch?],
— for all interval J, C Ij, we can find an interval K}, such that J, C K, with dg (K}, Jp,) <
Ch® and

rank 1, (T1) <rank 1k, (7%), rank1y (T3) < rank1g, (7Y),
where dy denotes the Hausdorff distance:

dg(A,B) = sup max(d(a,B),d(b,A)).
(a,b)eAxB

This definition translates to discrete subsets of R as follows: for each discrete subset S C R,
we associate the sum of Dirac masses ds := } .4 0s, and consider the corresponding self-
adjoint operator whose spectral measure is dg. Then we say that two discrete subsets A;
and Ay coincide modulo &(h®) when the spectra of the corresponding operators coincide
modulo &'(h®) in the above sense. In order to deal with multiplicities, we will, by convention,
associate with the disjoint union S LIS’ the operator corresponding to the spectral measure
dg + Ogr.

Remark 1.6. — The relation "the spectra of 77 and 75 coincide in I;, modulo &(h®)” is
an equivalence relation. It is obviously symmetric and reflexive (taking K; = J). The
transitivity follows from the triangle inequality for dy. N

— If the spectra of T7 and T coincide in I, modulo &(h*), then, for all I, C I, the spectra
of T} and T; coincide in I, modulo &(h).

— If the spectra of T} and 75 coincide in I, modulo &(h%), we have

dy(sp(T1) N I, sp(Ty) N 1) = O(hY).

— If the endpoints of the interval I, stay away from an h”°-neighborhood of the spectrum,
with 8 < «, then for h small enough 77 and 75 have exactly the same number of eigenvalues
inside [, counted with multiplicities.

— The notion described in Definition 1.5 already appears under various forms in the literature
(see, for instance, the view point in |20, Section 1| and [16, §4]).

We can now state our main result, where we use, among others, the eigenvalues (7, o) and

cigenfunctions u"”) of the de Gennes operator (Section 1.2), the integer N defined in (1.7),
and the notation introduced in (1.8).
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Theorem 1.7. Under Assumption 1.3, the spectrum of £, in [ha, hb] coincides with that of
hONy, modulo O(h?), where

mV» 0 - 0

W

M, = 0 my
: -0
0O --- 0 myVV

is a bounded operator acting diagonally on e L?(Tyr)N. Here
2]
h)=——

and each m)" is an hz -pseudodifferential operator with symbol in St,, xr(1). Let us denote
by (s,0) the (canonical) variables in Top x R. Then we have:

e the principal symbol of m)" is ,Lfk(a);
e its subprincipal symbol is —k(s)Cy (o) with
(1.10) Cy(o) = < ((7’ — o) =0, — 27(0 — 7)2) u,[:’a} (1), u,[:’a} (T)>L2(R+) ,
and K(s) is the curvature of the boundary at the point of curvilinear abscissa s.

Remark 1.8. One can check that, for all £ > 1, Cy(&,—_1(7)) has the same sign as ’y([)kfl] -,

see Proposition B.5 where the threshold ’y([)kfl] is discussed. Proposition B.5 also corrects a
mistake in |23, Lemma I1.3 & (2.24)], where it is stated that C}(&o(7y)) is always positive.

It is important to notice that Theorem 1.7 is actually a diagonalization result since it
reduces the spectral analysis of %}, to that of a family of pseudo-differential operators in
one dimension: the spectrum of 9, is the superposition (counting multiplicities) of the
spectra of the m)Y, k = 1,...,N. As it turns out, the spectrum of each of these pseudo-
differential operators can be completely described using (refinements of) old and new results

in the literature. Indeed, notice that the principal symbols ,tfk have a special feature: they
depend only on the frequency variable o, and, as functions of ¢, they have at most a unique
critical point, which is a nondegenerate minimum (Proposition 1.1). Hence, from a microlocal
viewpoint, only two situations must be considered. Let E € [a, b], either E is a regular value

of 11, (or yux(7,-), equivalently), and then the well-known Bohr-Sommerfeld rules apply, or E

is a critical value of i, in which case the Hamiltonian (s, o) — ju(c) admits a transversally
non-degenerate minimum on a circle, and the recent study [7] of folded quantum action
variables applies.

1.3.3. Eigenvalues in a reqular spectral window. Our first application concerns the case where
the interval [a, b] consists of regular values of all u;. We will use the following well-known
spectral result, an extension to all orders of the Bohr-Sommerfeld rules (see, for instance,
[31, 18, 19, 8]), which we prove in Section 5.2.1.

Proposition 1.9. Consider an h-pseudo-differential operator Py, € Op," (Sr2(1)) with symbol
2L-periodic with respect to s and with principal symbol (s,0) — p(o) and subprincipal symbol
(s,0) — —k(s)C(0). We consider its realization on e***")L2(Ty.). Let E be a reqular value
of u for which u=*(E) is a finite set of points o, ... ,af.

Then, there ezists € > 0 such that [E — e, E + €] is a set of reqular values of p, and
wH[E —¢, E+¢]) is the disjoint union %y U---UX, where each ¥, C R is a compact interval

containing Jf in its interior. Let € > 0 be any value satisfying the above conditions. For
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each q = 1,...,p, let iq be an open interval containing X, such that the iq 's are pairwise
disjoint. Then the following holds.

For eachq=1,...,p, there exists a smooth map iq >0 fy(o,h) € R with an asymptotic
expansion, in the smooth topology,

fq(au h) ~ Jao(o) + hfq,1<0) + hqu,Z(U) +-e

depending only on the symbol of Py, in the cylinder Ty, x X, such that the spectrum of Py,
inside [E — e, E + €| coincides, modulo O(h*>), with the disjoint union

<|i| {fulo.h), o € (FZ+0(h%) N Sq}) N[E-¢cE+¢,

q=1

see Definition 1.5. Moreover, we have

(1.11) fao(o) = (o),
(1.12) faa(o) = %/0 fi(s)ds

Combining Proposition 1.9 and Theorem 1.7, we get the following result, where we use the
notation of Corollary 1.2 and Theorem 1.7.

Corollary 1.10 (Spectrum of .%j, at regular values). Let [a,b] be an interval disjoint from
© and A. For each k =1,...N, for each ¢ = 1,...,p(k), let ¥, C R be an interval such
that p(y,-) is a diffeomorphism from ¥y, to a neighborhood of [a,b], in such a way that all

Yq are pairwise disjoint and Uf;fl) Ykq contains pg(7y, )" ([a,0]). Then there exists a smooth
map Xg 4 D 0 — frq(o,h) € R with an asymptotic expansion (in the smooth topology)

Fra(0h) ~ frq0(0) + hifig1(0) + B frgo(o) + -
such that the spectrum of 4, in [ha, hb] coincides, modulo O(h*), with the disjoint union

N p(k)
L] L] {hfk,q@, ht), o € h3(ZZ +6(h)) N zk,q} N [ha, hb)] .

k=1q=1
Moreover, we have, when o € Xy 4,

(1.13) frqo(o) = px(v, o)
(1.14) frg1(0) = —(k)Cx(0)

where (k) is the average curvature:

W= [ wids,

Since the leading terms (1.13) and (1.14) do not depend on ¢ (apart from the domain of
definition X, ,) we obtain that the spectrum of %, in [ha, hb] coincides, modulo &'(h?), with
the disjoint union

N o
(1.15) | | {hum, 7) — h2(k)Cy(0), o€ h?(ZZ+ 9(h))} N [ha, hb] .

k=1
As a first application of this corollary, we obtain a very accurate formula for the number
of eigenvalues of %}, in [ha, hb], this number being much smaller than what the crude esti-
mate (1.3) says:
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Theorem 1.11 (Precise Weyl formula). Let I, = [ha, hb] where [a,b] is an interval disjoint
from © and A. Then the number of eigenvalues of L in Iy, is

sl 4 1/2
N(Z. I) = WZ Za +O(h'?)
where we use the notation ), =, Zs(kl, and

Cr(B Crla
51[311 = |ak,q_6k,q| , 519,1; - ( IW) _ ke ( k7q) 7

. Bl 1 (kg

with a4 == M,;}](a), Brq = '“lz,}z(b)'

In this statement we have denoted py,q 1= pur(7,)s, - Notice that, since the remainder
term €(h'/?) tends to 0, we obtain that, when h is small enough, N (%, I),) is equal to the

integer part of # >k 5,[3}(1 + @ >k 5,[;2, or this plus or minus 1.

In a second application, we focus on the regular eigenvalues of %}, below the first Landau
level, and investigate how the eigenvalues move when h varies (by the scaling mentioned
in the introduction, this corresponds to the variation of the quantum energies when the
external magnetic field is modified). This variation of eigenvalues is mainly due to the strong
flux term O(h) = %, see (1.15). When v € R, the eigenvalues below the first Landau
level are described by only two intervals ¥;; and ¥ 5, for which the sense of variation of
the approximate eigenvalues with respect to h are opposite. Hence, we obtain a strongly
oscillating behavior for these eigenvalues, which is a generalization to excited states of the
Little-Parks effect, see [13].

Theorem 1.12 (Magnetic quantum oscillations). Let v € R. Let I, = [ha, hb] with a >
©%~) and b < 1. There exists hg > 0, C > 0 and M > 0 such that the following holds.
Let h < hg, and let j € N be such that the j-th eigenvalue \;(y,h) of &, belongs to Iy.
Then there exists C; = Ci(j,h), i = 1,2,3, with 0 < C; < Cy < C3 < M such that, letting
hi == h + C;h?, we have

® )\](hg) > /\](hl) + Ch3/2,

® )\](hg) > )\](hg) + Ch3/2 .
Moreover, the gap between consecutive eigenvalues is — (roughly) periodically with period
O(h?) — smaller than any order in h, precisely: there exists h' such that |h — N| = O(h?)
and N\; (W) = Nj41(W) = O(h?), and there exists b such that |h — h"| = O(h*) and \j;1 (") —
Nj(R") = CR¥2.

See also Figure 2. The proof of this theorem is given in Section 5.2.4. We believe that
this is the first mathematical treatment of quantum magnetic oscillations for excited states
in the first Landau band. In principle, similar oscillations for eigenvalues between higher
Landau levels could be obtained in the same vein. However, the growing number of connected
components Xy, involved would make the analysis (and statement) quite complicated.

Remark 1.13. These applications illustrate the fact that Corollary 1.10 gives a very accurate
description of the spectrum of %}, by providing us with explicit approximations of the eigen-
values in [ha, hb] modulo &'(h?). When v = 400 (i.e. in the Dirichlet case), it also improves
the description given in [14, Corollary 2.7| concerned with a thin spectral window containing
a regular value. Moreover, although our results are formulated in terms of approximation of
the eigenvalues, the strategy, based on microlocal projections, leading to Theorem 1.7 can
also be used to describe the eigenspaces of .Z}, in terms of those of 91,.
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1.3.4. Critical values. Our main theorem also applies to the case when the spectral window
contains a critical value, i.e. an element of ©, see Corollary 1.2 (such a critical value is the
unique non-degenerate global minimum of a unique dispersion curve, see Proposition 1.1).
To illustrate this, let us focus on the low-lying eigenvalues. The following corollary improves
[23, Theorem 1.5, o = %] by establishing the spectral asymptotics of the lowest eigenvalues

and by exhibiting spectral gaps of order hi instead of A3 in the case of regular values for
each given dispersion curve. It also extends to any Robin parameter the result obtained by
Fournais and Helffer in [10] when ~ = 0.

Once Theorem 1.7 is applied and reduces the analysis to a single h-pseudo-differential
operator, this corollary becomes essentially an application of |7, Proposition 6.8, see details
in Section 5.2.2.

Corollary 1.14. Considery # ”y([)o] with %[)0] defined in Remark 1.8, and let € = sign(’y([)o]—fy) =
sign(C1(&o(7))). Assume that ex admits a unique mazimum at Spax, which is non-degenerate.
Then, for all j > 1, uniformly when jh% =o(1),
hi(2j —1

=D GG G 0) + ol

with ko = —K"(Smax), and where we recall that £ (7y) is given in Proposition 1.1.

ISK

Aj(7: 1) = O () A — K(Smax) C1(&0(7)h? + ),

Remark 1.15. Let us end the description of our results with a few comments about conse-
quences and extensions following from our approach.

(i) Corollary 1.14 describes the low-lying eigenvalues with some uniformity in j (which
was not the case in [10]), in an interval of the form (—oo, ©I(y)h + Ch3/?]. On the
other hand, Corollary 1.10 gives the spectrum in any interval of the form [ha, hb] with
a > 0%7y) and b < 1. Hence we have a spectral interval between these two regimes
which we don’t describe here. But actually, by using refined spectral results for 1D
pseudodifferential operators, and in particular the strategy of [7| in the case where &
is a Morse function, it should also be possible to close this gap. However, this would
require an analysis of the hyperbolic singularities arising from the minima of ek, where
we expect both a concentration of the eigenfunctions and a higher density of eigenvalues.

(ii) When v > 7([)0]7 Corollary 1.14 shows that the eigenfunctions (associated with the low-
lying eigenvalues) are concentrated near the points of minimal curvature. This contrasts
with the Neumann case when the points of maximal curvature play the role of attractive
wells. This phenomenon was not observed before, see Remark 1.8.

(iii) The case v = %[)0} is critical since C1(&y(y)) = 0. However, our analysis can still be
used by computing additional subprincipal terms in our effective operator method. A
similar phenomenon has recently been observed in the study of the magnetic Dirac
operator [1, Section 8| and also in the analysis of the magnetic Schrédinger operator
with discontinuous magnetic fields [12]. In this case, we have, for all j > 1,

Ai(v, h) = OCN ()b + A () + o(h?)

where @, = M(DS +0(h) — h™26y(7))? + C,k2(s), for some C;, € R. In this
transition regime, the effective operator is not semiclassical.
(iv) When the curvature & is constant, in the case v € R, we are in a degenerate situation

rather similar to the case when v = 7([)0}. Concerning the operators m}’ of Theorem 1.7,
this case corresponds to |7, Proposition 6.4]. We can prove an expansion in the form

Ai(7, h) = O ()b = KCy(0(7))h? + BN, () + o(h?) .



11

Here, the eigenvalues of 47, will generate magnetic oscillations, see |7, Theorem 2.2;
k =0]. When v =0 and j = 1, a similar estimate is described in |10, Theorem 5.3.1].

1.4. Organization of the article. In Section 2, we prove that the eigenfunctions associated
with eigenvalues of .4, in [ha, hb] are exponentially localized near the boundary of Q, see
Proposition 2.1. Note that the strategy used to derive this localization deviates from the
usual variational method (see, for instance, [16] or [29, Prop. 4.7]), which fails since we want
to consider eigenvalues between two consecutive Landau levels. To overcome this issue, our
strategy, which eventually generalizes the variational method, is based on establishing the
bijectivity of the magnetic Laplacian between exponentially weighted L? spaces. In Section
3, by means of tubular coordinates (s,t) near the boundary and a rescaling ¢ = h%T, we
introduce a model operator .4; depending on the effective semiclassical parameter h = h%,
acting on 2L-periodic functions and involving a flux term fo, see (3.3) and (3.2). We also show
that the eigenfunctions of .}, are roughly microlocalized in a compact set of the phase space
attached to the boundary, see Proposition 3.1. This allows to prove that the spectrum of %,
(between the Landau levels) is located near that of .47, see Proposition 3.2. However, one will
see that Proposition 3.2 is not directly useful to establish our main theorems. It is rather a
pretext to motivate the introduction of .45 and to describe the spectral estimates required to
prove that spectra coincide modulo &'(h*). Actually, one will compare directly the spectrum
of %, to that of an effective operator on the boundary of 2. For that purpose, in Section 4, we
construct a Grushin problem in order to invert the (pseudo)differential operator N, (which
acts as Ay, with fo replaced by 0). This method, inspired by the works of Martinez and
Sjostrand (and adapted to magnetic operators by Keraval, see [26]), has recently shown its
efficiency to describe the low-lying eigenvalues of various magnetic operators (see, for instance,
[3] and [12]). The novelty in the present paper is to use it to tackle the description of larger
eigenvalues for magnetic Schrodinger operators with boundaries, when several dispersion
curves are involved (see Figure 1), and not only the first one as in 3] or [12]. In order to use
this method, we write a semiclassical expansion of .45, see Proposition 4.2. The principal
operator symbol is the de Gennes operator (with Robin condition), which can be inverted in
the spectral window [a, b] up to considering an augmented matrix involving the eigenfunctions
of the de Gennes operator, see Lemma 4.3. This allows to build an approximate inverse of an
augmented version of M denoted by Op," &, see (4.4) (and the left and right quasi inverses
(4.6) and (4.7)). Thanks to these quasi inverses, the bijectivity of .4, —z is reduced to that of a
pseudodifferential operator on Ty, whose matrix symbol is My, modulo some remainders, see
Proposition 4.4 where the eigenfunctions of .%, are directly used as quasimodes for MV. In
Section 5, we perform the spectral analysis of M by using that the principal matrix symbol
My is diagonal with uniform gaps between the diagonal entries. We deduce Proposition 1.9
and Corollary 1.14. In Appendix A, we recall the origin of the estimate (1.3). Appendix B
is devoted to the de Gennes operator with Robin conditions: a couple of known results are
recalled and useful new ones are established.

2. EXPONENTIAL LOCALIZATION NEAR THE BOUNDARY AND CONSEQUENCES

Let us consider a smooth function ®, : Q@ — R, that coincides with dist(x, Q) near 9%,
and which vanishes only on 0€2. Such a function can be constructed as follows. Let € > 0 be
such that the e-neighborhood of 0f2, which we call 2, admits a trivialization by the geodesic
exponential: in other words ; ~ T x [—¢, €] with coordinates (s, t), and for any z(s,t) € £y,
we have dist(xz,0Q) = |t|, and t > 0 if 2z € Q. We denote by t : Q; — R the corresponding
(smooth) map x +— t. Let g C  be the complementary set of the e¢/2-neighborhood of 0f2.
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Thus, £, US; is an open neighborhood of Q. Let (Yo, x1), be an associated partition of unity.
The function ®4 := xo + tx; meets our requirements.

Next, we extend @ to a smooth function on R? that also belongs to W2 (R?).

The following proposition states that the eigenfunctions of %}, associated with eigenvalues
in I, are localized near the boundary of 2. The estimates look like Agmon’s estimates, but
they are not obtained via variational means as it is the case in many magnetic settings. Here,
they follow from resolvent estimates using the distance to the Landau levels.

Proposition 2.1. There exist « > 0,C > 0,hy > 0 such that for all h € (0,hy) and all
ergenfunctions v associated with an eigenvalue in I, we have

21) [ e @) e < ol
Q
and
(2.2) / 220 @/M | (_ing — Aypl2dz < CRIJY|?,
Q

2.1. Preliminaries. In the following, 02”,})”2 denotes the operator (—ihV — A)? acting on the
Hilbert space L*(R?). By using the gauge invariance, we assume in the whole section that
A = 3(—x,21). Due to our choice of eigenvalue A, we deduce that LR — )\ is bijective and
that there exists C' > 0 such that, for all h > 0,

(LR -7 <ont.

More precisely, we can take C' = min(|2n — 3 —a|,|2n — 1 — b|)7'. We let & = ad,, with
a > 0 to be determined, and consider the conjugated operator

(2.3)  LF =M LR N (LinV — A 4 ih2 VD)’

(2.4) = LR £ 2ih3VD - (—ihV — A) — h|[VO[> — ih? AD.
The following lemma tells us that the invertibility is preserved for £2 — \ if « is small enough.
Lemma 2.2. There exists C' > 0 such that for all h > 0 and all o > 0,

(2.5) h2||V® - (—ihV — A) (LR = N7 < Ca.

In particular, £* — X is bijective as soon as o < ag and g is chosen small enough. With
such a choice of ay, there exists C' > 0 such that, for all h > 0, and all o < v,

(26) ez -0 <5
Proof. Consider v € L*(R?) and let u = (ZR” — X\)~'v. We have
(L = Nu=v,

so that, by taking the scalar product with v and using that A < Ch,
I(=ihV — A)ul* < Chllull* + [Jull[lv] -
Therefore, since V&, € L, there is a new constant C’ > 0 such that
W2 ||V - (—ihV — A)ul| < C'ahlful| + C'hxalul|? ]|
Since ||ul| = H(g,f@ A

< Ch7 ||, we see that

hE || V@ - (—ihV — A) (LR — X)) < Callv]],
which gives (2.5).
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Let us now deal with the bijectivity. We have
L A=ZLF _\+B

with

B :=2ih2V® - (—ihV — A) — h|[V®|* — ih2 AD.
Since V&, and AP, are bounded, we deduce from (2.5) that

IB(ZR — )| < Ca+ Cra+ h'?Cha? < Ca,
when « is small enough. On the other hand,

L A= <Id + B(ZR — A)‘1> (LR )\

For v small enough, we deduce that Id+ B (thQ —\)~lis invertible, and thus so is 2 —\. O

In order to prove Proposition 2.1, we need to localize on an h'/?-neighborhood of 92. For

this purpose, we introduce two functions y, € €5°(f2) and X, € €>(2) as follows.
o —0,1] and . - Q—[0,1]
X5 & g(@o(@)/h3) X 2 s 1= g(@o(2)/203)

where ¢ is a smooth non-decreasing function on R, valued in [0, 1], equal to 0 on (—o0, 1)
and to 1 on (2,+00). In particular,

(2.7) supp(x») NQ C {z € Q, h_%QDO(x) > 1},
and
(2.8) supp(Vxn) NQ C {z € Q : h_%(I)O(x) e1,2]} c{z e :xnlx)=1}.

Note that the following properties hold:

— x5 = 1 away from an h'/?-neighborhood 0%,
— Vyu is supported in an h'/2-neighborhood of 052,

— ]lsuppVXh < Sghv
— X = 0 away from an h'/?-neighborhood of 9.

2.2. Proof of Proposition 2.1. Let us consider A € [ha, hb] N sp(-Z}) and an associated
eigenfunction ¢ € Dom(.%},). We have

(=ihV — A)2 = \) ) = 0.
Let ¢ = e®"*. Using (2.4) in ©, the equation becomes
(2.9) (L =N e=0.
Then, we have
(B = A) (xup) = 47 xale
= "L xnle M
= ¢®/h'? (=h*Axp, — 2ihVxy - (—ihV — A)) e_q)/hm(p
(2.10) - (—h2Axh — 2ihVxp - (—ihV — A + z‘h%wb)) v
We have [|h?(Axn)e|| < Ch||Xnpl|- (Here and in the rest of the paper, C' denotes a constant

that is independent on A but that can vary from line to line.) Let us explain how to deal
with the last term. We have

PV xn - (—ihV — A +ih2 V)| < l|[Vxn - (—ihV — A)g| + Ch %]
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Let us temporarily admit that, for o small enough,

(2.11) hlIVxn - (=ihV = A)p|| < Chllxnel -
We then immediately deduce from (2.10) that
(2.12) (2 =) (i)l < Chllxnell

Since xpp € Dom(ZR’) we obtain from (2.6) that

Ixnell < Cllxnell
which implies that
lell < Cixnell + 11 = xa)el)

1
showing that ¢ is localized near 0. More precisely, recalling that ¢ = e®/#?4), using that
Oy(x) = dist(z, 02) near the boundary, and the fact that the supports of y;, and 1 — x;, lie

in neighborhood of the boundary of size hz, we deduce (2.1).
Let us now deal with (2.2). We have the Agmon identity

Re (L, 22"y = 2y a(e/™*4) — b e® Va2,

which follows from (2.4) where we see that Re.Z® = ., — h|V®|* and we notice that
Re (Zb, 22120y = ((Re Z2)e®/M*, e/, Recall also that, when u € Dom(.%,),
then (Lu, u) = 2 a(u), see (1.1).

Then, by using that 1 is an eigenfunction, we get

1/2 2 : 1/2 1/2 1/2
/ ‘(—ihV —A) (e‘l’/h ! ¢)( dz + ”yhg/ 12" 2ds — R MYV D2 = M| yp)?
Q oN
With (2.1), we find
1/2 2 3 1/2
/ [(=ihv = A) (770 | de +7h2/ /M2 p2ds < ChlJy]?.
Q N

From a classical trace theorem (see for instance [9, Section 5.5]), there exists C' > 0 such that
for all € > 0, we have

/8 lePds <C (7 lelP + <l TIAIR)

With the diamagnetic inequality (see for instance |11, Theorem 2.1.1]), we deduce that
[ lePds <€ (n2e ol + <l (~iV ~ A)elP)
1)

and then
pE | lplds < C (eIl + eh | (—ikV — A)l?) .

o0
h

Taking £ = W

implies that

/Q (=7 — A) (#) | dr < ).

Computing a commutator gives (2.2).
It remains to explain why (2.11) holds. From (2.4) we can write

(2.13) L2 =Ly +ih?L,,

with
Ly = (—ihV — A)?2 — h|[V®|?, Ly =2V® - (—ihV — A) — ihAD.
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From (2.13) and (2.9), we get
(Ly — A+ ih?Ly)p =0.
For 5 = 1,2, we have
Re((Ly — A, (9jxn)*¢) — h3Im(Lagp, (9;xn)%0) = 0.
Thanks to the classical localization formula (see, for instance, [29, Prop. 4.2|), we have
Re((L1 — Mg, (95xn)*®)
= [(=ihV = A)[@xn)lII* — h/Q [VO*(95xn)pldr — A djxnpll® — RV (95xn)ell*

Moreover,

Im(La, (95xn)*¢)|

= [Im((9;xn) L2, (9jxn) )]

< |Im(La((95xn) ), (Dixn) )| + [([L2, Ojxn]e, (Dixn)#)]

< Chl|95xn)ell? + Call(=ihV — A)(@;xn) 105 xnell + CRIV (95xn) 2ll10; x|l -

Due to the properties of x;, we have

(Lo, (95x0)%0)| < CllRnell + Ch™2al|(—ihV — A)(@;xn)¢* + Ch™2a| el
+ Ch™2 | neel*
Therefore,
[(=ihV — A)[(9;xn)el1* < Clixngll® + Call(=ihV — A)(95xn)¢l* -
Taking o small enough, we get
[(=ihV — A)[(9;xn)PlI* < Cllxnel®

Computing a commutator, we get (2.11).

3. AN OPERATOR ON A SEMI-CYLINDER

3.1. A model operator. The exponential localization near the boundary at a scale of order
h2 given by Proposition 2.1 invites us to use the classical tubular coordinates (s,t) near the
boundary. We recall that these coordinates are defined thanks to the map

I: T2L X (O,t()) > (S,t) — F(S) — tl’l(S) T2L = R/2LZ,

which is injective if ¢y is small enough. Its Jacobian is a(s,t) = 1 — tk(s), where & is the
curvature of the boundary at the point I'(s). Here I' is a counterclockwise parametrization
by the curvilinear abscissa. Thus, I" induces a smooth diffeomorphism between To7, X (0, )
and Qto = F(TQL X (0,t0))

By using [11, Appendix F|, we can check that the magnetic Laplacian acts locally near the
boundary in these coordinates as

~ t? t?

"gh = a(S, t)_l (—Zhas —t+ f() + I{(S)E) CL(S, t)_l (—Zhas —t+ fo + /{(S)E>

— h2a(s,t) " 0a(s, t)0;,

in the ambient Hilbert space L*(adsdt). Here fy = % The boundary condition (1.2)

(s, 0) = yh™21(s,0).

becomes
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Of course the operator %}, is only defined near ¢ = 0. We would like to consider a global
operator. This can be done by inserting cutoff functions with respect to t. We let { =
tC(h2t) with n € (0, 1) and ¢ a smooth cutoff function equal to 1 near 0.

Let us consider the differential operator acting as

Z=a(s,D)! (—@'has —t+fo+ m(s)g) a(s, f)™* (—ih@s —t+fo+ m(s)§>
— h%a(s,t) 1 0a(s, )0,
on the domain
Dom(.%;) = {ue L*(Ty, x Ry) : —07u € L*(Toy, x Ry),
(—ihds —t +§o)* u € L*(Tap x Ry), du(-,0) = yh~2u(-,0)} .
The ambient Hilbert space is L?(a(s,f)dsdt) = L*(dsdt), with 2L-periodic condition with
respect to s.

The exponential localization of the original eigenfunctions at the scale hz near the boundary
suggests to consider the partial rescaling

(s,t) = (s, hT),

where i = h2. We consider the new operator, acting in the ambient Hilbert space L?(adsdr) =
L?(dsdr),

(3.1) -i/”; = an(s, 7) ' psnan(s, T) psp — an(s, 7)1 0ran(s, T)0;
with

7:2
(32) Psn = —Zhas — T+ h_lf() + h/{(S)g s

and where a(s,7) = 1 — itk with 7 = ((h?"7)T.
The boundary condition becomes

9-1(s,0) = 79(s,0).
The domain is given by
Dom(.%;,) = {ue L* Ty x Ry) : —02u € L*(Toy, x Ry),
(—ihOs — T+ R~ fo) u € L*(Tor, x Ry), 0-u(-,0) = yu(-,0)} .
In fact, it will even be more convenient to deal with the following operator
(3.3) My = ag(s, T)_lpi%dh(s, T)—lpi% — ap(s, 7)1 0ran(s, T)0;

where we recall that =y was defined in (1.8), and

[\

(3.4) P2y = Zo(- + A o) — 7 + Fm(s)% .
Dom E/‘% {U S L2 T2L X R+) —8211, € L2(T2L X R+)

7?u € L*(Tar x Ry), Oru(-,0) = yu(-,0)} .



17

3.2. Microlocalization of the eigenfunctions of .%),. In fact, we can prove that the
eigenfunctions of %}, associated with eigenvalues in [ha, hb] are roughly microlocalized with
respect to o + A~ 'fy, the (shifted) dual variable of s. In order to quantify this, we consider
the compact set

(3.5) K = U{O‘ €R: p;(0) € [a,b]} C [Omin, Omax) =2 K .
Jj=1

Note that K is indeed compact due to the properties of the y; (tending to +o0o in —oo) and
to the choice of [a, b], which does not contain Landau levels (the limits of the p; in +00).

The following result establishes a rather rough microlocalization result (with respect to o)
for the eigenfunctions: it tells us that the eigenfunctions are microlocalized in the compact
set K. To quantify this, we consider a smooth function = with values in [0, 1] such that = =
near K and 1 away from K.

We let A = h™1A.

Proposition 3.1. Let us consider the eigenvalue equation £n1» = A for X € [ha, hb]. Then,
(3.6) Zhp = Ao+ O(h)|[0]].

with @ = Xpth, where 1 = 1 o T'(s, hr) and Xn(T) = x(W'7) for a smooth cutoff function x
equal to O away from T = 0.
Moreover,

(3.7) Opy (E(o + 1 o))p = O () |||l -

Proof. The estimate (3.6) follows from the localization near the boundary (Proposition 2.1).
Then, let us only prove that (3.7) holds when Z is 0 near (—00, Opmax 4 5) and 1 on (Opmax +
€,+00), the estimate following from similar arguments on (—o0, o, — €).
In order to lighten the notation, we will use a slight abuse of notation by writing

(3.8) =W .= Op) (E(o + A o)) .
Then, we write

(2 —3) 2V = [Z. 2V + 00 )|1vl] .
Thanks to the explicit expression (3.1), we get

(3.9) 1124, EV]ell < CRIEV @]l + CRIEV -l + G () [ 9]l

and we can write, by using the support of X(h_%ﬂt),

(3.10) Gy=Lo+ T, Lo=—0241l,  Pano= —ihOs+ B T,
where the remainder %5 can be written as

(311) Ry, = hlianﬁ’g(S, T)pihp + h1747’Rh’1(8, T)pSﬁ,o + hQ*SWRh:) + hRﬁ,A&— ,

the Ry ; being smooth functions, uniformly bounded in A.
Then, we consider an increasing function o +— Z(0) € (0max + §, +00) that coincides with
Id on (Omax + 5, +00). We let

jp\ocut = OpY <—63 + (é(a + I o) — 7')2> ’

acting on L?(Tyz xR, ), where the superscript "cut" refers to the replacement of —ihd,+h~'f,
by ZWV (with the same abuse of notation as in (3.8)). We notice that Z" — X is bijective
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(with an inverse uniformly boun~ded in i) due to the choice of = and the definition of oay.
Moreover, we have {Z # 0} C {= = Id} so that, with (3.10),
(= A+ 2) 2V = (20, 2V + 0() 4],
which can be written as
(14-+ B Z5 - 3)) (Z — NEYg = 120 2% + ) .
By using (3.11) and applying the Calderén-Vaillancourt theorem, we get that
|5 (L5 = 27 = o(h ).
Thus, the operator Id + g?gut(.,?ocut — 5\)_1 is bijective as soon as h is small enough.
With (3.9), this provides us first with
IE%0l* < CRIEY o|* + CRIEVO,0|* + € ()91,
and then
IEV 0,0l + 12%¢)? < CRIEV ¢l* + CRIZV 0-¢l|* + G (h) 9]
The estimate (3.7) follows by induction on the size of the support of =. O

3.3. First spectral estimates. The aim of the following proposition is to establish that the
spectrum of %, in I}, is close to that of h.4}; and thus that .4 is a nice auxiliary operator
to describe the spectrum of .%,. In fact, we will see that this proposition is not necessary to
prove our spectral estimates, but its proof is instructive.

Proposition 3.2. There ezists hg > 0 such that for all h € (0, hy) the following holds. Let
us consider an interval J, C I,. Then, there exists an interval Jy, such that J, C J, C I

with dy(Jy, Jp) = O(h™) and

(3.12) rank 1, (%) < rank1; (hts).
Moreover, for all X € I, N'sp(%),
(3.13) dist(A, hsp(A4)) = O(h™).

Proof. Let us start by proving (3.13). Let us consider an eigenvalue A € I}, of .£,. We write
the eigenvalue equation 2,19 = \.
With Proposition 3.1, we can write (3.6). Then, with (3.7), we deduce that

htne = do + O(R=)|[¢]].

Thus, (3.13) follows from the spectral theorem.

Let us now consider (3.12), which deals with multiplicities. Let us write sp(:%,) N J, =
{A1,..., Ay} (where the \; are distinct) and underline that these eigenvalues depend on h
as well as p. Consider the associated eigenspaces (£;)1<j<, and note that dim @_, £; =
O'(h™?) thanks to the Weyl estimate (1.3). With the same notation as above, we consider the
spaces of quasimodes (Y4E;)1<j<p. Thanks to Proposition 3.1 (and the rough Weyl estimate),
dim(xsE;) = dim E;, as soon as h is small enough. Moreover, we have

(@1t = Mol < enllell,  en=O(R>),
for all o = (¢1,...,0,) € D), XnE; and where A = (Ar, ..., \).
We set J,, = [ap, by] and J, = [a, — ep, by, + €3]. If rank ]ljh(th/ﬁ) < rank 1, (%,), then
the projection II : @?:1 XnEj — ran 1 (hAp) could not be injective. Considering a non-zero
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¢ in its kernel, the spectral theorem would give |[(©%_;ht, — Al > enll¢ll, which is a
contradiction when ¢ # 0. Therefore, (3.12) follows. O

4. A GRUSHIN PROBLEM

4.1. A pseudodifferential operator with operator-valued symbol. Recalling Remark
1.4, we notice that the operator .45 can be seen as a pseudo-differential operator acting as

My = an(s, 7) " Tnaan(s, 7) " Tn — an(s, )" Orin(s, 7)0r ,

on functions of the form e**/"L2(Ty, x R, ) and where
Th=E) —7+hor.

In fact, it will be convenient to see 91, as a pseudo-differential operator with operator-
valued symbol. At a formal level, the principal symbol of M, is ng(s, o) = —0% + (Zg(0) — 7)*
equipped with the domain

Dom(ng) = {¢ € B*(R) : ¢/(0) = cp(0)} .

The vector space B*(R, ) is equipped with the (s, o)-independent norm
112wy = 1712 + 1917 + 18-

With this convention, we may write that ny € S(R?, Z(B*(Ry), L*(R}))).
We say that ¥ € S(R?, Z(B*R.), L*(R.))) when, for all a € N?| there exists C,, > 0
such that for all (s,0) € R?,

10V || 2(B2R4),22R:)) < Ca -

Such symbols might also depend on h; in this case, the constant C, is uniform in A.

Lemma 4.1. The operator N, can be written as the Weyl quantization of a symbol in
S(R?*, Z(B*(R+), L*(R4))).

Proof. We can write
W K
T = Opy, (EO(U) -7+ hE%Q) ,

the symbol (2L-periodic with respect to s) belonging to the class S(R?, . Z(B*(R.), L*(R.)))N
S(R?* Z(B*(R,),B'(R;))). The functions as(s,7) and as(s,7)~! are bounded uniformly
with respect to h (and so are all their derivatives). Then, the conclusion follows from the
composition theorem for pseudo-differential operators, see |26, Theorem 2.1.12]. O

In the following, we let = h*" and (,(7) = ((u7). This is convenient when expanding the
operator in powers of /i (u will be considered a parameter). This expansion allows to describe
rather accurately the symbol of 91; by expanding it in powers of h. An analogous description
for a very similar operator can be found in great detail in [12, Section 4.2|.

Proposition 4.2. The operator Ny can be written as follows:
(4.1) Ny, = 1y + Ay + B2 + hwyd, |

where, for some N € N, C, hg > 0, we have, for all h € (0, k),
(i) wy is a smooth function supported in {(s,7) : C7'h~*" < (1) < Ch™2"} and such that
wp = O((1))
(i) %,(12) 15 a pseudodifferential operator whose symbol belongs to a bounded set in the space

of symbols S(R?, £ (B*(Ry), L*(R,, (r)~Ndr))).
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Moreover, the n; are given by n; = Op}zvnj with

ng = —0% + (Eo(0) — 1),

ny = K(S) [(Eo(a) — T)C3T2 + (,0r +2¢,7(Eo(0) — 7')2} )

In particular, we can write N;, = Ova(nh) with a symbol ny, satisfying

(4.2)

Ny = Ng + hnl + hQT}SLQ) + hwhaT s

where 7",%2) belongs to the class of operator symbols S(R?, Z(B*(R,), L* (R, (T)~NdT))) uni-
formly in h.

4.2. Dimensional reduction. The aim of this section is to analyse the spectrum of _4;.
This can be done thanks to a Grushin reduction. The principal symbol of 9 is the "de
Gennes operator" with Robin boundary conditions. Explicitly, we have

no(s,0) = —0% + (Zo(0) — 7).

The increasing sequence of its (simple) eigenvalues is (ux(Z0(0)))k=1. We recall that the

functions py are described in Proposition 1.1.

. o . [¢] O[ 70]
Now, consider the window [a,b] C (2n—3,2n—1). For simplicity, let us denote wuy, := u,: ,

see Section 1.2 and (1.8). Let N be defined as in (1.7).

Lemma 4.3. For all z € [a,b], let us consider the matriz operator

Po(z) = (”()(3’1? —c %) : BXR,) x CV — [2(R,) x CV,

o

where IT* (o) = Zjvzl aju; and T = ((,1;))1<ken
Then, Py(z) is bijective with inverse

(4o I _ — AT
2= (%, W) @ (ulso) - arme

where My(0) is the diagonal N x N matriz whose diagonal is (fiy,. .., [iy).
Proof. Let g € L>(R™) and 8 € CV . Let us look for f € Dom(ng) and o € CV such that
Po(2)(f@a) =g f.

In other words,
(’I’L()(S,O')—Z)f—l-H*Oé:g, Hfzﬁ
Let F = span(al, o ,&N), and F = E+. We can write f = fg + fr where

N

fo =) (fiw)u; =T°TIf,  fr= ()" f.

J=1

We have
(n0(870) - Z)fF = _(TLO(S?J) - Z)fE — "o +9g
N
= —(no(s,0) — 2) Zﬂj&j —a+yg,
j=1
so that
N
(4.3) (no(s,0) = 2)fr = = >_ Bilit; — 2)u; —Ma+g.

J=1



21

The space F' is stable by ng(s, o) — z.
Moreover, thanks to the self-adjointness of ng, the min-max principle and the fact that

min /OLN_H > 2N + 1 > z, there exists ¢ > 0 such that, for all u € Dom(ng) N F,
((no = 2)u,u) = (now, u) — zllull® = (11 — 2)|Jull® = cflull®.

Thus, the operator (ng — 2)|p is injective with closed range and, by considering the adjoint,
we deduce that it is bijective. We also notice that

(im0 — 221l < Gy —2) " < e

Then (4.3) has a solution if and only if the right-hand-side belongs to F, that is
N
— Y Biliy— )t —Ma+geF
j=1

which means that, for all k£ € {1,..., N},

Bty — 2) — i + (g, ux) = 0.
We deduce that
a=1Ig+ (z — My(0))B.
This unique solution is given by
fr =) (ng(s,0) — 2)"'g.

Therefore,
f=fe+fr=18+ )" (ne(s,0) — 2)"'g.

Let us now consider the full symbol

2= (" ).

which may be expanded in powers of A as

Pn(2) = Po(2) + hP1(2) + T,

2= ("7 ) 2e= (D) @ (0 )

where 7, = hZfréz) + By + hwp 20, see Proposition 4.2.
We notice that

(4.4) PV = (m%—z gﬁ) . op=1".

Since the principal symbol of 22V is bijective, it is natural to try to construct an approximate
inverse in the semiclassical limit. Let us look for an approximate inverse whose symbol is in
the form

(4.5) Doy = 20(2) + h2,(2) .

As in [26], we are led to choose

_ _ (g9omiq0  gomIT*
21 = —2, P19, = (quo HmH*).

with
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This choice is convenient since the composition theorem for pseudo-differential operators (see
[26]) implies that

1 W
Q;\;’vl (@()(Z) + hgl)w =Id+h (;{Qo, @0} + 3204@1 + 3214@0>

+ O 12(Ty xR (r)Vdsdr) X L2(Tap ) L2(Tap xR ) x L2(Ta) (A7)
where the remainder is estimated thanks to the Calderon-Vaillancourt theorem (see [26, The-
orem 2.1.16]) and the resolvent estimate in Lemma B.6 (applied with an appropriate a > 0).
The A-term vanishes due the choice of 2, and that fact that the Poisson bracket is actu-
ally 0 since the principal symbol does not depend on s. With this choice, the bottom right
coefficient, denoted by Q?ﬁl, of the matrix 2y, is

Q;fl =z — My(o) — hlln,I1".
This invites to consider the effective matrix pseudo-differential operator whose symbol is
Mh = Mo(O') + hMl(S, O') y

with

M (s,0) = k(s)IE (1, Zo(0))IT*,  €(7,€) = (§ = T)Cor? + (uOr + 20,7(E — 7)°.
Using again the composition theorem to deal with the remainder %, we get
(4.6)

W
hwr0. 0

le ‘@;LN = Id + ﬁLz(TzL XR+,<T>NdeT)XLQ(TQL)%LQ(TQL><R+)><L2(T2L)(h2) + Qf\i)j]l ( g O) .

Moreover, similar arguments show that ngl is also an approximate right inverse of 22V in
the sense that
(4.7)

PV DN = 1d + O12(1,, xR (1) N dsdr) < L2 (Ta )+ L2(Tap xRy )x12(Tar ) (B7) + ( 0 0

Proposition 4.4. The spectrum of £, in [ha, hb] coincides (with multiplicity) with that of
hOp,Y My, modulo O(h?).

Proof. First, we consider ¢ an eigenfunction of .Zj, associated with A € [ha, hb]. We use (4.6)
with z = h™'\ o get that

anay (5) = (5) + ol

where ¢ denotes the function 1 after multiplication by a cutoff function in ¢ and rescaling as
in Proposition 3.1. Note that we used the exponential decay in 7 of our quasimode ¢ (which
comes from that of 1) to control the remainder term in (4.6). We infer that

(4.8) BPeo=w+ 0N, \—O0p)My)Bp =)ol

where we used that the principal symbol of the top right coefficient of 2 ; is II*. Since P~ is
bounded uniformly in A (as the quantization of a bounded symbol), the first relation implies
that

lell < CIPBel -
Then, from the second relation and the spectral theorem, we deduce that

dist(\, sp(Opy¥ M) < Ch?.
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This means that the spectrum of h~1.%}, in the window [ha, hd] is at a distance of order A? to
the spectrum of the effective operator Op;® Mj.

Let us now proceed as in the proof of Proposition 3.2 and keep the same notation. We
have

(@it = Vel <enllell, en=0(0™),
for all = (¢1,...,9,) € D), XnE; and where A = (Ay,..., \).

Similarly as (4.8), we have

(4.9) el < C|IBell
and
(@5_,0py My — NP = 0(h*)||By||,

where B = (Pi, ..., Pyp,). Due to (4.9), the action of the map P is injective on PF_, ik
Therefore, as in the proof of Proposition 3.2, the spectral theorem provides us with

rank 15, (%4,) < rank 1, (M),

where J;, C I}, and K}, is an interval such that J, C Kj, and dyg(J, K3,) = O(h?).
Let us now prove the converse estimate. We use (4.7) with an eigenvalue z = A of M} and
for f a corresponding eigenfunction. We have

(4.10) 225 (9) = () + e,

where the remainder term involving wy has been controlled by using the exponential decay
of the eigenfunctions of the de Gennes - Robin operator ny.
Then, the first line in (4.10) gives

A W
(4.11) (A=A (251) " [ =0l
whereas the second line gives
w
B (2i)" f=00)|fll
which leads to
w
Ifl<c|(en)™ s -

With (4.11), we get

A w w

(=N ()" 1= o) | (2h)™ 1 -

Now, by using the exponential decay of (o@;l)w f and the rough microlocalization of f in

the support of = (since the principal symbol of the scalar pseudodifferential operator M, is
ng), we get the quasimode estimate

(gh . )\)1/}quasi — ﬁ(h2)||¢qu%i|| 7
with ¢uasi(x) = y(t(x) /A7) W8t o T=1(z) where
wasi(s ) = (24)" f(s, M),
and y is a smooth cutoff function equal to 1 near 0 and 0 away from a neighborhood of ¢ = 0

and v € (0,1) is chosen small enough so that t((h_%”t) = t on the support of x(t/h'™7).
Note that W9 satisfies the Robin condition at t = 0 since 2y, (as well as 2y, see (4.5)) takes

values in a space of functions satisfying the Robin condition. In particular, 148! belongs to
the domain of .%,.
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The spectral theorem shows that A is close to the spectrum of .}, at a distance or order
at most @(h?). The argument concerning the multiplicities can again be used (as above) by
exchanging the roles of .4#; and M}¥. The conclusion follows. OJ

Remark 4.5. In Proposition 3.2 we only proved one inclusion of spectra. In contrast, Propo-
sition 4.4 is stronger, since it provides an equality modulo ¢'(h?), in the sense of Definition 1.5.
Indeed, in the proof of Proposition 4.4, we only have to use quasimodes for .4; and not neces-
sarily the true eigenfunctions of .45 (whose existence in the spectral window of interest is not
obvious). Our presentation avoids the spectral analysis of .4} (existence of the discrete spec-
trum, Agmon estimates, etc.) by comparing directly the spectra of %, and of the effective
operator.

5. ANALYSIS OF THE EFFECTIVE OPERATOR

This section is devoted to the spectral study of MY in [a,b]. Let us diagonalize this
operator, up to a remainder of order &(h?). Note that, by using the exponential decay of the
eigenfunctions of ng, we may (and so do we) replace ¢, by 1.

5.1. Asymptotic diagonalization and end of the proof of Theorem 1.7. The end of
the proof follows from classical arguments (see, for instance, [21, Section 3.1] where such
arguments are used). We notice that the spectrum of

T = exp(hRAVYMY exp(—hAWY)

is the same as the one of M, as soon as A belongs to S(1) and is 2L-periodic with respect
to s. In this case, we recall that AW is bounded from L?(Tyr) to L*(Ror) (and thus its
exponential is well-defined as an element of .Z(L?(Tyr)) thanks to the classical power series).
Let us explain how to choose A. By expanding the exponential, we have

T = (Id + RAV)MY (Id — RAY) + O(R?),

and thus
Th = M, + B AY, M¥] + O (),

so that

T = My + 1 (M + [A, M) " + O (1)
Therefore, A should be chosen so that M; — [My, A] is diagonal. The map Skewy(R) 2 A —
[My, A] € SymQ(R) is well-defined and an isomorphism since M is diagonal with distinct
real entries, where Skew y(R) is the vector space of skew-symmetric matrices and Sym’ (R)
the space of symmetric matrices with null diagonal. It is actually easy to compute its inverse.
Consider M a symmetric matrix with null diagonal. We want to find A € Skewy(R) such
that [My, A] = M. For all j € {1,..., N}, we have

(Mo — /Oj’j)Aej = Mej,

and then, for all k € {1,..., N},

(1, — 1) { A, ex) = (Mej, ex)
Thus, for all k # j,
(Aej, en) = (i — 11;) " {Mej, ex)
which determines a unique A € Skewy(R).
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Since there is a uniform gap between the /(ij (with respect to o), we get the existence of a
skew-symmetric A in S(1) such that
M, — diag(M:) +[A, Mo] = 0.

-

eSym{(R)

With this choice, we get
T = MY + hdiag(M\V) + 0(h?) .
Note that, for all j € {1,..., N}, we have (Mie;, e;) = r(s)(%(r, Eo(a))ug-EO(a)"’] ylFo@y,

>

By the spectral theorem, we deduce that the spectra of MY and MV + hdiag(M}V) coincide
modulo &'(h?). This procedure can be continued at any order.

5.2. Spectral consequences. The aim of this last section is to prove Proposition 1.9 and
Corollary 1.14.

5.2.1. Proof of Proposition 1.9. We could not find this particular statement in the literature,
because a) we have to deal with non-connected level sets of the principal symbol, and b)
we have Floquet periodic conditions, with A-dependent Floquet exponent. The first issue
is treated with usual microlocal arguments: each connected component carries with itself a
Bohr-Sommerfeld asymptotic series, as in [19], and the initial spectrum is obtained, modulo
O(h™), by the superposition (with multiplicities) of all these series. The second one is
easily included in the general theory thanks to the “sheaf” approach of [34]. Indeed, near
each point of the energy level curve ¢ = const, the operator Pj is microlocally a usual h-
pseudo-differential operator, and the quantum Darboux-Carathéodory normal form holds.
Therefore, the Bohr-Sommerfeld cocycle of 34, Proposition 5.6] holds; the difference being
that the condition for a global section should include the Floquet exponent #. This gives a
Bohr-Sommerfeld rule for quantized energies E (for each connected component) of the form

(5.1) A(E) + hm(E)% + hK(E) + O(R*) = 2rh(( + £60), (€ Z,

where A(FE) is the action integral (here A(E) = 2Lo when E = p(0)), m(E) the Maslov
index (which vanishes here, because the curves ¢ = const project diffeomorphically on the
s variable), and IC(F) is the integral of the subprincipal form [34, Definition 3.2] along the
energy level set. In order to compute K, we notice that the Hamiltonian vector field of (o)
is (0)% and hence the subprincipal form is ﬁd& where r is the subprincipal symbol of

Pp (here r = —C(0)k(s)). Hence, for E' = u(o), we have

/C(E):iglz /0 (s)ds

Inverting the formal series (5.1), we get
E = (o) — K(u(0)) & 4(0) + 62), o = Th(e + Lo)
which gives (1.11) and (1.12).

5.2.2. Proof of Corollary 1.14. Thanks to Proposition 4.4 and the considerations in Section
5.1, we know that the spectrum of .%, in [ha, hb] coincides with that of hMY modulo &'(h?).
In the present section, since we are interested in the low-lying eigenvalues, we take a = —o0
and b = Oy(y) + ¢ < 1 (for € > 0 small enough). Therefore, we have N = 1 and the matrix
symbol M} reduces to a scalar symbol:

M(s,0) = p11 (7, 0) + hir(s)(€ (1, Zo (o) yui 2@, ulZo 0y
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We are interested in the spectrum of MV (when acting on /" L?(T,.)). Hence, Corollary
1.14 can be obtained by [7] (see in particular the Morse case, section 6.3.1) followed by a
standard Birkhoff normal form (here, the Floquet exponent f,/h plays no role because the
analysis is local near a point in the boundary 0€2). Here are the details.

Thanks to the Weyl asymptotic formula for pseudodifferential operators (see, for instance,
[35, Theorem 14.11]), the counting function N(MY,O¢(7) + €) (giving the number of eigen-
values less than ©¢(v) + ¢) satisfies

N(MY,0¢(7) + ¢) dsdo + o(h™1)

2mh /{<s,o>:m<a><@o<v>+e}
L
= —{o 1 m(0) <Ou(7) +eH(1+o(1)).

Now, we take ¢ = A", for some given n > 0.

Due to the non-degeneracy of the minimum of ¢ +— p;(7y,Z0(0)), the eigenfunctions asso-
ciated with eigenvalues less than b are microlocalized in a neighborhood of &y(7y) of size h"/?
(and so are all the linear combinations of such eigenfunctions due to the Weyl estimate). This
invites us to expand the symbol near &y(7):

(5.2)
Mi(s,0) = €y(3) + 08D (5 g2 i(5)1 80 () + 00—l P+ Hlo ~ &)

Therefore, My, is relative perturbation of the symbol of a classical electric Schrodinger oper-
ator. The corresponding operator is

(7 £0(7))

My = Oo(7) + 5

(hDs = &(7))? — hr(s)Ci(&o (7)) -

Let us only consider the case when v < 7([)0] (i.e., ¢ = 1). The assumption that x has a
unique maximum, which is non-degenerate, allows to use the harmonic approximation near
the maximum of x (and even a Birkhoff normal form, see, for instance, [29, Chapter 5| or the
original references 33, 4]). The eigenvalues of .}, satisfy

k2C1(& ()i (7, 6(7)) 4 2 3
(TG 1. ),

Aj(Ay) = Oo(7) — EmaxC1(&o(7)) A + ((Qj - 1)

uniformly in j > 1 such that jhz = o(1).
We recall that i = hz. We get Corollary 1.14 by noticing, thanks to a perturbation analysis
using (5.2), that the spectra of hMY and h.#; below h(©y(v) + k) coincide modulo o(ht).

5.2.3. Proof of Theorem 1.11. By Theorem 1.7, and Definition 1.5 we have, for e = &'(h),
(5.3) N(hOMy, [h(a+ €),h(b —€)]) < N(Z, [ha, hb]) < N(hONy, [h(a — €), h(b+ €)]).

From Corollary 1.10, for any interval [/, b'] disjoint from © and A, the number of eigenvalues
of My, in [hd', hb'] is bounded by C’% for some constant C' > 0. Applying this with (a’, )
equal, respectively, to the four intervals (a,a+¢€), (b—¢€,b), (a —¢€,a), and (b, b+ ¢€), it follows

from (5.3) that
N(%,, [ha, hb]) = N(hy,, [ha, hb)) + O(eh™?) = N(hOy,, [ha, kb)) + O(R'?).

Therefore, it is enough to estimate N (k9N [ha, hb]), for which we apply Corollary 1.10 (which
is actually a description of the spectrum of 9,). This corollary says that the number of
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eigenvalues of hNy, inside [ha, hb], including multiplicities, is given, modulo &'(h?), by the
number of integers ¢ € Z such that

(5.4) ha(Z0+0(h) € fil,(la,0)),

for some admissible (k, q), where fy (o) := frq(o, h1/?).

To simplify notations, let us momentarily fix (k, q) and denote f, == fin = fo+hY2fi +
O(h), where fy and f; are defined in (1.13) and (1.14). By assumption, f; is monotonous on
Ykg, let us assume that it is increasing; the decreasing case is obtained by swapping (a,b).
For h small enough, f; is also increasing and hence f; '([a,b]) = [f, '(a), f; ' (b)]. Therefore,
the solutions to (5.4) are exactly the integers belonging to the interval

~1/2
Pl @, 5 0] Zon).

Let 0 = f,:l(a); of course o depends on h, but since ¢ € X4, it is bounded and we have
o = fy*(a) + O(h'/?). Therefore, f1(c) = fi(f; " (a)) + €(h'/?). According to the statement
of Theorem 1.11, we denote a := f;'(a). Writing fo(0) = a — h'/2f1(a) + O(h) we get, by
Taylor expansion,

(5.5) .

o= a— B2 (a) i (o o 172 (k) Cr(a)
h=(fo ) (@) file) + O(h) =+ h )

Using the analogous formula for f, (), we may compute the difference f; '(b) — f, '(a) and
obtain the length of the interval (5.5):

—1/2 -1/2
L o) — @) =2 —a) +

™ ™ ™

+O(h).

L{x) (Cr(B) _ Ci(a) 1/2
(G~ ser) + o0

which gives Theorem 1.11 by summing over admissible (k, q).

5.2.4. Proof of Theorem 1.12. We use the notation of Theorem 1.7. By Proposition 1.9, the
self-adjoint operators m}’ acting on €™ L?(T,.) satisfy the Garding inequality:

my > minp, — O(hY?) =W —g(ht?) >b  Vk=2,...,N, VYh<h

for hy small enough. Hence the spectrum of %, in I coincides, modulo &'(h?), with the
spectrum of hm}” in that interval. In other words, for this choice of interval Ij,, the disjoint
unions of Corollary 1.10 reduce to a union of the two components (k = 1, = 1) and (k =
1,q = 2), and the spectrum in I}, coincides modulo &(h?) with

| {hfl,q(a, ht), o € h3(ZZ +6(h)) N zl,q} A [ha, h] .
q=1,2

So eigenvalues \; in [, are associated with integers ¢ = ¢(h) € Z such that h%(%ﬁ +6(h)) €
Y11 U X4 9; therefore there are constants «, 3, independent on h, such that

ao(h) == hz (20 + 68(h)) € [o, ]

Hence 70 € [8 — 0(h), 77z — 0(h)]. Recalling that 6(h) = ggir, we get that, for h < hg :=
2]

Floa ¢ must be negative. Thus, for each fixed ¢, o,(h) increases when h decreases to zero.

In other words, because of the non-zero flux term, the corresponding semiclassical eigenvalues
1 . . .

hfi4(oe(h), h?) “move to the right” (in the sense of Figure 1) towards the Landau level p; = 1.

Let us now describe the semiclassical branches, i.e. the curves

(5.6) his hfig(oe(h),h?),  q=1,2, (€Z_.
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We may assume that the intervals ¥; , satisfy ¥;; < ¥;5. Recall from Proposition 1.1 (or
Figure 1) that there exists ¢ > 0 such that pj)y | < —c while pj5, , > c. Hence, in view of
the semiclassical expansion of f;,, and up to reducing ¢, we get

(5.7) fig < —c and fiazc

uniformly for A < hg small enough. Thus, for each fixed admissible ¢ € Z_, the branch (5.6)
generated by ;5 (i.e. corresponding to ¢ = 1) is an increasing curve, while the branch
corresponding to ¢ = 2 is decreasing. Moreover, the semiclassical branches generated by X ;
and associated with different integers ¢; # {5 will never cross as h varies, and their mutual
vertical distance is bounded below as

)| = h2—.

(5.8) hfig(06(R), h2) = hfig(oe,(R), h 7

Hence, in view of (5.7), we see that the horizontal distance between these curves is &'(h?).
Of course, the same holds for the branches associated with X; o, which thus form a collection
of disjoint decreasing curves. Therefore, the superposition of all branches is a deformed grid
intersected with the window (0, hy] X [ha, hb], see Figure 2. In particular, there are many
crossing points, and the horizontal distance between consecutive crossing points along a fixed
branch is &(h?).

3TC

D=

ol
—

fraloe (h),h f1.2(06,(h), h?)

By he hs

FI1GURE 2. Illustration of the collection of semiclassical branches of eigenvalues.
Here we plot the graphs of fi ,(c¢(h), h) with respect to the variable h = V/h, for

= 1 (blue curves) and ¢ = 2 (red curves). The continuous curve of \;(h)/h,
for fixed j, where \;(h) is the exact eigenvalue of %}, lies within the greyed
stair-case like curve (of vertical width &'(h)).

Consider now the exact eigenvalues A\; € [ha,hb]. By Corollary 1.10, each \; must be
O(h?)-close to one of the semiclassical branches. For fixed ¢ € Z_, modifying the value
of h by an amount of order &'(h?) amounts to shifting the abscissa o,(h) by an amount
proportional to hz. Therefore, by suitably choosing C, and setting hy := h + C;h? we may
assume that \;(hy) corresponds to a unique increasing branch (parameterized by ¥;1): when
h varies in an interval of size &'(eh?) around hy, with € > 0 small enough, there is a unique
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and fixed ¢; € Z such that

Nj(R) = hfia(on (), h?)
Next, we choose Cy > C so that with hy := h + Coh?, o4, (he) is O(h?) close to the first
crossing on the right hand side of o, (h;). The exponent 3 is not important, any exponent
N > 3 will work as well. We have

1
Aj(ha) = hafia(oe (ha), h3)
and since } f{,l‘ > ¢, we obtain a constant C' > 0 such that
Aj(he) = \j(hy) + Ch3/2.

On the right hand side of the crossing, the integer ¢;, and the increasing branch, do not
longer correspond to the eigenvalue \; (this branch will now correspond to A;11). Instead, we
have to select the branch parameterized by ¥ o, labelled by some ¢ € Z_; then, as before,
with a suitable C3 > C5, we have, with hs := h + C3h?

Aj(hs) = hsfra(ow, (hs), h3)| = O(h?),
and hence, since the new branch is now decreasing,
\j(hs) < Aj(hy) — Ch3/2.

Note that, in the above analysis, the constants C; depend on h, but in a uniform way:
they belong to a fixed compact interval contained in (0,4o00). The above estimates are then
uniform for A < hg if hg is chosen small enough.

We now turn to the last statement of the theorem. We choose hy as before, but with more
precision: we can always select the exact crossing point A’ between the semiclassical branches,
i.€.:

= 0(h?).

= O(h?).

W fra(on (1), 12) = 1 fra(o, (1), ')
This gives
N () = A () = 6(2).
Finally, for any value of h sufficiently far from the crossing, for instance h” = hy or hs, the
vertical estimate (5.8) ensures that

Apir () = X (H") = CHY?,
for some C' > 0, which finishes the proof of the theorem.

Acknowledgments. The authors are deeply grateful to the CIRM, where this work was initi-
ated. They also thank Philippe Briet and Ayman Kachmar for useful discussions. This work
was conducted within the France 2030 framework programme, the Centre Henri Lebesgue

ANR-11-LABX-0020-01.

APPENDIX A. A ROUGH WEYL ESTIMATE

The aim of this section is recall why (1.3) holds. Thanks to the Young inequality, we have,
for all Y € H'(Q),

h? 3
01a(6) 2 IVUIP = 2AAINIE + 713 [ jolds.
When v > 0, we get that

h2
Qa(¥) = FIVYI” =2 Al
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When v < 0, we use a classical trace theorem: there exists C' > 0 such that, for all € > 0,
| Iods <<vulP + o ule.
o9

By choosing ¢ = —j{—f > 0, we deduce that
h? 2 2 2 2 2
Qna(¥) = LIV = 2[ A" = 427 Chl[v].
In both cases, there exists C' > 0 such that, for all A € (0,1) and all ¢ € H'(Q),

h? ~
Qna() = Vol - Clll*.

With the min-max principle, this shows that, for all A,

A+ C
N(%,\) <N (—ANG“A =3 ) .

The conclusion follows from the Weyl asymptotics for the Neumann Laplacian, which is the
same at the main order as in the Dirichlet case, see, for instance, |28, Introduction].

APPENDIX B. SPECTRAL ANALYSIS OF DE GENNES OPERATOR
Lemma B.1. For each v € R,n > 2, we have
pn(y,0) >2n—3.

In particular, we have
en-1(y) > 2n —3.
Proof. From the Sturm-Liouville theory, w7} admits n — 1 zeros on R, . We denote by
2n.1(7, 0) its first zero. We consider the function
v (1) = w7 (4 20 (7, 0)),
which satisfies the Dirichlet condition at 0 and

H [0 — z,1(7, 0)]0l7 7 = pi (v, oo,

n

where HP™[o] is the Dirichlet realization of —92 + (¢ — 7)? on L?*(R.). The function v

has exactly n — 2 zeros on R, . By the Sturm’s oscillation theorem, 077 is the (n — 1)-th
eigenfunction of HP"[o — z, 1(7, )] . Therefore we have

pn(7,0) = b1 (0 = 201(7,9)) -
Moreover, by monotonicity of the Dirichlet problem, for all ¢ € R,

pPr (o) > 2n — 3.

The following proposition is obtained by adapting the proof of [23, Theorem II.2].
Proposition B.2. Let n > 1. If 0 is a critical point of p,(7,+), we have

(v, 0) = 0> —~°.
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Lemma B.3. When v € R, we have the following relations

+o0
(B.1) | =g opar—o.

+oo
B2 [ =G eI Pl = Gl 26 ().

Proof. We let

Ul = D O]
Let us consider the differential operator:
L=-0}+(t—&(7) -0 (y).
Note that for any polynomial p, we have:
(B.3) Lo= (p¥ —4[(t = &1 (1) = 0" ] p' =4t — &a (7)) w,

and

400 +o00
(B.4) / Wl () (L) (£)dt = / Lul (B (6)dt + (/(0) — 70 (0)) w2 (0),

for v = 2p[ug]]’ - p’ug]. Taking p = 1, we get

2

—4 /0+Oo<t - fn—l(q/)) ‘ug] (t)‘Q dt = 2 (§n—1(7)2 . 72 o @[n—l] (’Y)) |UL7}(O)‘

Recalling Proposition B.2, the above formula proves (B.1). To prove (B.2), we take p =
(t — &n-1(7))?. Then, we have

v'(0) = 70(0) = =2 (27601 (7) + D w](0).
We get now from (B.3) and (B.4)

—12 /O+Oo(t — & () [ull @) dt = =2(27601(7) + 1) [ O

0J

Lemma B.4. We have

L/ b ? i 3(,, 0 ?

Cile() =5 (W10)) = [ =600 (w0) a
1 2
= 2(1=15.0) (4O)
where C; is defined in (1.10).
Proof. We write
(c =)t +2t(c —t)* = (t —0)® — o*(t — 0).

We take 0 = £;_1(7). The conclusion follows from Lemma B.3. O

Proposition B.5. Let us fixr 7 > 1. When v € R, there exists 7([)]‘—1] > 0, such that,

C;(&-1(7)) is positive if v < ’y([)j_l] and negative if vy > véj_l].
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Proof. We notice that, for v < 0, we get C;(&-1(7)) < 0.
Now, for v > 0. From PI‘OpOSlthH B.2, we can rewrite C;(§;-1(7)) as

Ci62) = 3 (1= 2+ ) ) (0

2
Since (um(O)) > 0, then, to study the sign of C; (- 1( )) it is sufficient to study the sign

of the function f defined by f(7) =1 —v/7? + ©U~1(v). We have

@“’”(v)) +2y
() 7+ () =5 ST ei 0
We can use |23, Section B| (which can be adapted to j > 1) to deduce that f'(y) < 0.
Therefore, f is increasing on [0, +00|.

Let us notice now that f(0) =1 and im0 f(7) = —oo. This establishes the existence

of a unique zero of f(7), denoted by 'yo -1, O

Lemma B.6. Let a« € R and € N. Consider the interval [a,b]. We consider 1Iip =
({ ,u£7"’]>)1<j<n, where n is the number of dispersion curves ji; (WA, o) taking values in ~[a,b]
(see the discussion at the beginning of Section 3.2). We consider K a neighborhood of K.

There exists Cp 3 > 0 such that for all z € [a,b] and all o € K, the following holds. For all
v € L*(R,) such that (t)*v € L*(R,), we have
1{t)~ 05 (H [y, 0] — 2) " (ITPTD* (()*0) | < Capllv]l-

Proof. Let us only prove this estimate for 3 = 0. We consider z € [a,b]. Let us consider
v € Y(R;) and let u be the unique solution to the equation

(B.5) (Hly,0] = z)u = (I'T)* ({et)iv)
that is orthogonal to (U‘E-’%U})lgjgn, with

1
= (1+x3)* .
where xj is a smooth non-negative function equal to 0 on [0, 1] and to 1 on [2k,+o00) and
such that |x}| < k. In particular, the weight is 1 near 0. Here ¢ > 0 is a parameter to be
chosen small enough.
We have seen in Lemma 2.2 that

(Hh@li‘[] —Z 1_([)*) : B2(R+) < Q" LQ(R_,_) x C"

is bijective. Thus, the equation (B.5) is equivalent to

(H[%S] —z Té) (g) _ ((H*H)lo(@ﬁv)) '
o tE?ztgk“ (1)) (H [%ﬁ] —2 %) (<66>? (1)) _ <H [%1%—2-2; ffgf —2 <6t>;6“H*) |
where

1 2 t2 2\ 4 t2
Ry = —a€(t°X}) ——57—50 — (ﬂ : ékl ) +<ﬁ_1)ﬂ : §k2) ) .
1+ 223 2 1+ €e%x; 2 2 (14 €e2x3)?

With
u = (et)yu,
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we get

K. e H] (8) _ ((6?5);2“(11*13)%(6@%@)) 7
" Hly, 0,6 k] = (th%zret?gﬁ)k —z <€t>,6aﬂ*) .

Thanks to the exponential decay of the u?’gl (which is uniform for o € K ), we notice that

Ay, 0,€ k] is bijective as soon as € is small enough and & large enough. Moreover,
[y, 0,6, k] < O
This implies that
]l < Cli¢et)y (TN (et)go)ll

and then (by using again the exponential decay of the eigenfunctions)

[{et)i “ull < Cloll -
Taking the limit £ — +o00, the Fatou lemma gives

[{et)~ull < Clo] -
This provides us with the desired estimate since (et)(t)~* € [e, 1]. O

REFERENCES

[1] J.-M. Barbaroux, L. Le Treust, N. Raymond, and E. Stockmeyer. The Dirac bag model in strong magnetic
fields. Pure and Applied Analysis, (5-3):643-727, 2023.
[2] A. Bendali and K. Lemrabet. The effect of a thin coating on the scattering of a time-harmonic wave for
the helmholtz equation. SIAM Journal on Applied Mathematics, 56(6):1664-1693, 1996.
[3] V. Bonnaillie-Noél, F. Hérau, and N. Raymond. Purely magnetic tunneling effect in two dimensions.
Invent. Math., 227(2):745-793, 2022.
[4] L. Charles and S. Vi Ngoc. Spectral asymptotics via the semiclassical Birkhoff normal form. Duke Math.
J., 143(3):463-511, 2008.
[5] J. M. Combes and L. Thomas. Asymptotic behaviour of eigenfunctions for multiparticle Schrodinger
operators. Commun. Math. Phys., 34:251-270, 1973.
[6] S. De Biévre and J. V. Pulé. Propagating edge states for a magnetic Hamiltonian. Math. Phys. Electron.
J., 5:17, 1999. Id /No 3.
[7] A. Deleporte and S. Vil Ngoc. Uniform spectral asymptotics for semiclassical wells on phase space loops.
Indag. Math., 32(1):3-32, 2021.
[8] J. J. Duistermaat. Oscillatory integrals, lagrange immersions and unfolding of singularities. Communi-
cations on Pure and Applied Mathematics, 27(2):207-281, 1974.
[9] L. C. Evans. Partial differential equations, volume 19 of Grad. Stud. Math. Providence, RI: American
Mathematical Society (AMS), 2nd ed. edition, 2010.
[10] S. Fournais and B. Helffer. Accurate eigenvalue asymptotics for the magnetic Neumann Laplacian. Ann.
Inst. Fourier (Grenoble), 56(1):1-67, 2006.
[11] S. Fournais and B. Helffer. Spectral methods in surface superconductivity, volume 77 of Progress in
Nonlinear Differential Equations and their Applications. Birkhduser Boston, Inc., Boston, MA, 2010.
[12] S. Fournais, B. Helffer, A. Kachmar, and N. Raymond. Effective operators on an attractive magnetic
edge. J. Ec. Polytech., Math., 10:917-944, 2023.
[13] S. Fournais and M. P. Sundqvist. Lack of diamagnetism and the Little-Parks effect. Communications in
Mathematical Physics, 337(1):191-224, 2015.
[14] A. Giunti and J. J. L. Velazquez. Edge states for the magnetic Laplacian in domains with smooth
boundary. STAM J. Math. Anal., 53(3):3602-3643, 2021.
[15] B. I. Halperin. Quantized hall conductance, current-carrying edge states, and the existence of extended
states in a two-dimensional disordered potential. Phys. Rev. B, 25:2185-2190, Feb 1982.
[16] B. Helffer. Semi-classical analysis for the Schrodinger operator and applications, volume 1336 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin, 1988.



34 R. FAHS, L. LE TREUST, N. RAYMOND, AND S. VU NGOC

[17] B. Helffer and A. Morame. Magnetic bottles in connection with superconductivity. J. Funct. Anal.,
185(2):604-680, 2001.

[18] B. Helffer and D. Robert. Asymptotique des niveaux d’énergie pour des hamiltoniens & un degré de
liberté. Duke Math. J., 49(4):853-868, 1982.

[19] B. Helffer and D. Robert. Puits de potentiel généralisés et asymptotique semi-classique. Ann. Inst. H.
Poincaré Phys. Théor., 41(3):291-331, 1984.

[20] B. Helffer and J. Sjostrand. Multiple wells in the semiclassical limit. I. Comm. Partial Differential Equa-
tions, 9(4):337-408, 1984.

[21] B. Helffer and J. Sjostrand. Analyse semi-classique pour l’équation de Harper. II : comportement semi-
classique prés d’un rationnel. Number 40 in Mémoires de la Société Mathématique de France. Société
mathématique de France, 1990.

[22] P.D. Hislop. Exponential decay of two-body eigenfunctions: a review. Electron. J. Differ. Equ., 2000:265—
288, 2000.

[23] A. Kachmar. On the ground state energy for a magnetic Schrodinger operator and the effect of the
DeGennes boundary condition. J. Math. Phys., 47(7):072106, 32, 2006.

[24] A. Kachmar. Problemes aux limites issus de la supraconductivité : estimations semi-classiques et com-
portement asymptotique des solutions. PhD thesis, Univ. Paris Saclay, 2007.

[25] T. Kato. Perturbation theory for linear operators. Grundlehren der Mathematischen Wissenschaften,
Band 132. Springer-Verlag, Berlin-New York, second edition, 1976.

[26] P. Keraval. Formules de Weyl par réduction de dimension. Applications o des Laplaciens électro-
magnétiques. PhD thesis, Université de Rennes 1, 2018.

[27] S. Lee, S. Souma, G. Thm, and K. Chang. Magnetic quantum dots and magnetic edge states. Physics
Reports, 394(1):1-40, 2004.

[28] Y. Netrusov and Y. Safarov. Weyl asymptotic formula for the Laplacian on domains with rough bound-
aries. Comm. Math. Phys., 253(2):481-509, 2005.

[29] N. Raymond. Bound states of the magnetic Schrodinger operator, volume 27 of EMS Tracts in Mathe-
matics. European Mathematical Society (EMS), Ziirich, 2017.

[30] J. Reijniers, F. M. Peeters, and A. Matulis. Quantum states in a magnetic antidot. Phys. Rev. B,
59:2817-2823, Jan 1999.

[31] G. V. Rozenblum. Near-similarity of pseudodifferential systems on the circle. Dokl. Akad. Nauk SSSR,
223(3):569-571, 1975.

[32] D. Saint-James and P.-G. de Gennes. Onset of superconductivity in decreasing fields. Physics Letters,
7(5):306-308, 1963.

[33] J. Sjostrand. Semi-excited states in nondegenerate potential wells. Asymptotic Anal., 6(1):29-43, 1992.

[34] S. Vi Ngoc. Bohr-Sommerfeld conditions for integrable systems with critical manifolds of focus-focus
type. Communications on Pure and Applied Mathematics, 53(2):143-217, 2000.

[35] M. Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. American Mathe-
matical Society, Providence, RI, 2012.

Email address: rayan.fahs@univ-angers.fr

(R. Fahs) UN1v ANGERS, CNRS, LAREMA, SFR MATHSTIC, F-49000 ANGERS, FRANCE
Email address: loic.le-treust@univ-amu.fr

(L. Le Treust) Aix MARSEILLE UN1v, CNRS, CENTRALE MARSEILLE, 12M, MARSEILLE, FRANCE
Email address: nicolas.raymond@univ-angers.fr

(N. Raymond) UNIv ANGERS, CNRS, LAREMA, INSTITUT UNIVERSITAIRE DE FRANCE, SFR MATH-
STIC, F-49000 ANGERS, FRANCE

Email address: san.vu-ngoc@univ-rennesl.fr

(S. Vit Ngoc) Univ RENNES, CNRS, IRMAR - UMR 6625, F-35000 RENNES, FRANCE



	1. Motivations and results
	1.1. About the magnetic Robin Laplacian
	1.2. De Gennes operator with Robin condition
	1.3. Results
	1.4. Organization of the article

	2. Exponential localization near the boundary and consequences
	2.1. Preliminaries
	2.2. Proof of Proposition 2.1

	3. An operator on a semi-cylinder
	3.1. A model operator
	3.2. Microlocalization of the eigenfunctions of Lh
	3.3. First spectral estimates

	4. A Grushin problem
	4.1. A pseudodifferential operator with operator-valued symbol
	4.2. Dimensional reduction

	5. Analysis of the effective operator
	5.1. Asymptotic diagonalization and end of the proof of Theorem 1.7
	5.2. Spectral consequences
	Acknowledgments

	Appendix A. A rough Weyl estimate
	Appendix B. Spectral analysis of De Gennes operator
	References

