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EXCURSION DECOMPOSITION OF THE 2D CONTINUUM GFF
JUHAN ARU, TITUS LUPU, AND AVELIO SEPULVEDA

ABSTRACT. In this note we show that the 2D continuum Gaussian free field (GFF) admits
an excursion decomposition similar to the classical excursion decomposition of the Brownian
motion. In particular, 2D continuum GFF can be written as an infinite sum of disjoint
positive and negative sign excursions, which are given by Minkowski content measures of
clusters of a critical 2D Brownian loop soup with i.i.d. signs. Although the 2D continuum
GFF is not even a signed measure, we show that the decomposition to positive and negative
parts is unique under natural conditions.

1. INTRODUCTION

The 2D continuum Gaussian free field (GFF) is a universal model of a continuum height
function and has become a central object in the study of conformally invariant continuum
random geometry. The main reason for this is its strong connections with other objects like
for example Schramm-Loewner Evolution, Brownian loop soup and Liouville quantum grav-
ity measures (see e.g. overviews [BP23| [(GHS19, WP21]) and several known or conjectured
convergence results towards the Gaussian free field [Nad97, [Ken01l, RV07, BLR20].

In this note, we explain how to prove a decomposition of the 2D continuum Gaussian free
field into an (infinite) sum of signed measures with disjoint supports. This decomposition
is unique under natural conditions and can be obtained as a scaling limit of an honest
excursion decomposition of the metric graph GFF. Thus our result says that there is a natural
decomposition of the GFF into negative and positive parts, despite the fact that the field is
not pointwise defined and not even a signed measure. The obtained decomposition shares
many properties with the classical excursion decomposition of Brownian motion [It671], but
also exhibits some new surprising ones.

We work in an open bounded simply-connected domain D C C, and we consider ® a zero
boundary Gaussian free field on D. To fix a normalization, we consider the GFF' as the field
coming from the following functional integral

1
exp / IVel?) .
D

More precisely, ® is the centred Gaussian process with covariance given by the Dirichlet
Green’s function Gp(z,w) function with the following divergence on the diagonal

1
Gp(z,w) ~ Py log |z — w|™".
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With this normalization, the value of the height gap (used later and introduced in [SS09])
is 2\ = /7/2.

The contribution of this paper comes in three theorems: first we state the existence and
uniqueness of an excursion decomposition, second we list properties of this decomposition,
that mirror strongly those of the excursion decomposition of the one dimensional Brownian
motion and make connections with the 2D critical Brownian loop soup. Finally, we show
that the naturally defined excursion decomposition of the metric GFF converges to the
excursion decomposition of the continuum GFF. We make use of known couplings between
GFF, CLE, and Brownian loop soup [SS09, [SW12, [ASW17, QW18 [ALS20al, [ALS20b| and
build on techniques introduced in [SS13| [ASW17, [ALS20al, [ALS20b].

The existence of the excursion decomposition is given in the following theorem.

Theorem 1 (Excursion decomposition of the 2D Gaussian free field). Let ® be a zero
boundary GFF in D. There exists a unique collection of positive measures (Vg)r>1 with
supports (Ci)r>1, and a collection of signs (oy)k>1, such that the following conditions hold:

(1) We can write

® = lim Y o, (1.1)

where the sum is ordered by decreasing size of the diameter of Cy.. The sum converges
almost surely in all the Sobolev spaces H '7¢(D) (i.e. for the Sobolev norms) for
e>0.

(2) The decomposition satisfies the following Markov property. For any smooth simple
path v C D, starting from the boundary, let v**¢ denote the closure of the union of
all sets Cy, that intersect . We can write almost surely ® = & + @ coc, with

B = Y ow,

k:ClNy#£0D
where the sum is again ordered by decreasing size of diameter of Cy and converges
almost surely in all the Sobolev spaces H='=¢(D), for € > 0. Further, conditionally
on Y%, the field ®°° is independent of D ccc and has the law of a zero boundary
GFF in the domain D\~**.
(3) The collection (Cy)g>1 is pairwise disjoint, locally ﬁnitfﬂ and further each C} is
connected.

We call (Cy)g>1 the (sign) excursion clusters, (vy)i>1 the sign ezcursions and the triplet
(Ck, Ok, Vi )k>1 the excursion decomposition of ®.

Further properties of the excursion decomposition are listed in the following theorem.

Theorem 2 (Properties of the excursion decomposition). Let ® be a zero boundary GFF
in D and ((Ck, vk, 0k))k>1 respectively the excursion clusters, the measure and their signs in
the excursion decomposition of Theorem [l Then, the following properties hold:

(1) The excursion decomposition ((C, Vg, 0k))k>1 15 measurable w.r.t. P.
(2) In the joint law of ((C, Vg, 0k))k>1, the signs (ox)k>1 are independent of the rest and
have the law of i.i.d. Rademacher random variables.

Locally finite means that for any e > 0 there are finitely many Cj, with diameter bigger than .
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(8) For all k > 1, the measures vy are given by Minkowski content measure of Cy, defined
by
1
) = lim 3og 12 [ o) aiperd

for all f € C(D). In particular for all k > 1, vy, is determined by Cl.
(4) The law of (Cy)r>1 equals to that of clusters of a 2D Brownian loop soup at the critical
intensity o = 1/2 in D, ordered by decreasing diameter.

Further, one can justify the name excursion decomposition by showing a convergence result
from the well defined excursion decomposition on the metric graph GFF. See Section [5| for
the exact set-up.

Theorem 3 (Convergence of the excursion decomposition). Let ® be a zero boundary GFF
on D and (5,1 be a sequence of zero boundary metric graph GFFs on ﬁn that are coupled with
a GFF & such that a.s. ¢n — ® in H<(D), for some ¢ > 0. Further, take (CI', 7", 67 )ks1
the excursion decomposition of qgn

We have that for every k > 0, 5,2”) — Oy, D,g") — v and &,i”) — 0 as n — oo, where the
convergence is in probability and in the Hausdorff topology for the first component, and in
the weak topology of measures for the second component.

Let us elaborate on these theorems via some further remarks.

e It is known that the 2D continuum Gaussian free field is not a signed measure and in
particular it cannot be written as a difference of two sigma-finite positive measures.
Thus such a rewriting as a sum of disjoint signed measures is in itself already non-
trivial. Previously this was known for the continuum limit of the magnetization field
of the Ising model [CGN15|, but interestingly in that context the decomposition is
not measurable with respect to the continuum magnetization field itself.

e The existence of a decomposition into a signed sum of measures (without uniqueness,
measurability and an explicit description of the structure of the decomposition) could
be also obtained using subsequential convergence results from the metric graph, using
results from [Lupl8] but no further SLE theory.

e To prove existence and uniqueness of the decomposition we only need to use basic
properties of the GFF and its local sets (including CLE,, SLE,), and thus in particular
we do not use isomorphism theorems. In fact also the excursion clusters have a writing
in terms of only the nested CLE4: see Remark

e We expect the existence and uniqueness of the decomposition, and all the properties
to hold also in non-simply-connected domains. However, it adds some technicalities
that we decided not to address in this work.

e The convergence of the sum can most likely be improved to H~¢ for all € > 0.

e For the convergence in , the compensation induced by the sign is crucial, and
the total variation measure X,;>;v; diverges in every open subset of D. There is some
freedom in the specific order on the clusters (C;);>1. However, it is important to fix
the order independently of the signs (0;);>1. Notice that we do not a priori ask any
independence properties of the signs, and obtain them as a corollary.

e One may wonder if any Markov property at all is necessary to prove the uniqueness
of the decomposition. For example, in the case of Brownian motion on [0, 1] it suffices

for uniqueness to ask that we can decompose [0, 1] into disjoint closed sets where BM
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is either non-positive or non-negative (and not fully zero) together with a residual
set where BM is equal to zero. Yet, observe that without the final condition on
the residual set, the uniqueness is not so clear: one could further decompose the
support of any positive or negative excursion to countable many connected closed
sets, by giving up a set of zero measure. On that set BM would not be zero, but
all other conditions would be satisfied. In particular, if one decomposes Brownian
motion in the sense of L? to closed disjoint sets where BM is either non-positive or
non-negative, this decomposition would not be unique without some extra condition
like the Markov property after discovering some excursions, or independence of signs
of excursions (which would be implied by a reasonable Markov property).

e This theorem can be further tweaked to write the 2D continuum GFF using a Poisson
point process of excursion very similarly to the classical writing of the Brownian
motion by concatenating a PPP of Brownian excursions.

e A similar decomposition can be given also for the Wick powers of the GFF, although
interestingly the measurability part is again an issue. This will either appear in a
second version of the current paper, or in a separate note.

e It would be very interesting to see similar decompositions for other random distribu-
tions and indeed an upcoming work by Jego, Lupu and Qian manages to prove similar
decompositions for random fields constructed from sub-critical Brownian loop soups
[JLQ23]. Among other things, they will also give an alternative proof for existence
of the decomposition in the critical case that does not rely local sets of the GFEF (nor
CLE4, SLE,), but that does not provide uniqueness and measurability.

The rest of this note is structured as follows: we collect definitions of main objects in
Section 2; in Section 3 we prove the existence part of Theorem 1 and deduce the properties
of Theorem 2. In Section 4 we prove the uniqueness of the decomposition and in Section 5
the convergence.

2. DEFINITIONS AND PRELIMINARIES

For the convenience of the reader, we collect here the definitions of the 2D continuum
Gaussian free field and its local sets, CLE; and Brownian loop soup. For more information,
see e.g. preliminaries of [ALS20al, [ATL.S20b] or the book [WP21].

The continuum Gaussian free field (GFF) is the generalisation of Brownian motion, re-
placing the time axis by a d-dimensional domain. More precisely, it is defined as follows.

Definition 4 (Gaussian free field). Let D C C denote a finitely connected domain. The 2-
dimensional zero boundary continuum GFF in D is the centred Gaussian process (@, f) rece(c)
whose covariance is given by

E[(®, f)(®.g)] = / [ HE6P wg(w dadus [ € C(O)

where GP denotes the zero boundary Green’s function for the Laplacian in D.

For any open set U that is a union of countably many finitely-connected domains, we
define the zero boundary GFF on U as a disjoint union of independent zero boundary GFFs
in the connected components. The GFF is almost surely in H=¢(U) for any £ > 0, but we

can also consider the GFF as a random distribution on larger domains U’ O U, extending
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it outside of U by zero. The continuum GFF can be essentially characterized by its Markov
property [BPR20, BPR21) [AP22] and random sets coupled with the GFF that satisfy a
strong Markov property are called local sets. For a more general discussion of local sets and
their properties we refer to [Arulbl [SS13, WP21].

Definition 5 (Local sets). Consider a random triple (®, A, ® 1), where ® is a GFF in D, A is
a random closed subset of D and ® o a random distribution that can be viewed as a harmonic

function when restricted to D\A. We say that A is a local set for ® if conditionally on
(A, ®,), &4 :=® — ®,4 is a GFF in D\A.

We list here some properties of local sets that we use implicitly or explicitly, see for instance
[SS13! [Arulb| for derivations and further properties.

Lemma 6. The following properties hold for local sets of the GFF.

(1) Any local set can be coupled in a unique way with a given GFF: Let (®, A, @4, @A) be
a coupling, where (®, A, ®4) and (P, A, D'y) satisfy the conditions of this definition.
Then, a.s. &4 = ®'y. Thus, being a local set is a property of the coupling (P, A), as
4 is a measurable function of (P, A).

(2) If A and B are local sets coupled with the same GFF ®, and (A, ®4) and (B, ®p)
are conditionally independent given ®, then AU B is also a local set coupled with ®
and the boundary values of ® 4, agree with those of g or ® 4 at every point of the
boundary of AU B that is of positive distance of A or B respectz'velgﬂ. Additionally,
B\A is a local set of ®* with (CIDA)B\A =Opya— D4 .

(3) Let (D, (An)nen, (Pa,))nen a sequence of conditionally independent local sets coupled
with the same GFF ®. Furthermore, assume that A, is increasing. Then A, =
Unen An @5 a local set. Furthermore, if a.s. for alln € N, A, is connected to the
boundary, then a.s. 4, — Py.

In particular, we will use the existence and uniqueness of the following type of local sets:
two-valued local sets introduced in [ASW17| and studied in [ALS20al, and first passage sets,
introduced in [ALS20al [ALS20b]. For definitions of thin local sets, bounded type local sets
we refer e.g. to [ASW17, [ALS22].

Theorem 7 (Two-valued local sets: existence and uniqueness). Let a,b > 0 be such that
a+b > 2\. Then one can couple a thirﬂ bounded type local set A_,, # O with a GFF ®
such that in each connected component O of D\A_,, the harmonic function ®4 is equal to
either —a or b. Moreover, the sets A_,,, are

e unique in the sense that if A’ is another BTLS coupled with the same ®, such that
a.s. it satisfies the conditions above, then A" = A_,, almost surely;

e measurable functions of the GFF ® that they are coupled with;

e monotone in the following sense: if [—a,b] C [—d',b'] with b+ a > 2\, then almost
surely, A_,, CA_q .

It comes out [ASW17| that the Minkowski dimension of all of any two-valued set is a.s.
strictly smaller than 2 (it was precisely calculated in [SSV22]); we will make use of this fact

2We say that ®4up agrees with ®4 at a point x € (A U B) N JA if for any sequence of z,, ¢ AU B
converging to z, ®aup(x,) — Pa(z,) — 0 as n — oo.
3Thin means that ® 4 is a.s. equal to a harmonic function everywhere, see [Sep19].
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for this for A_sy2). Indeed, the boundaries of sign excursions will turn out to be two-valued
local sets A_5) 9x. The clusters themselves are given by first passage sets.

Definition 8 (First passage set). Let a € R and ® be a GFF in D. We define the first
passage set of ® of level —a as the local set of ® such that 0D C A_,, with the following
properties:
(1) Inside each connected component O of D\A_,, the harmonic function ®x_, |p\a_,
1$ equal to —a.
(2) Pa_,+a >0, i.e., for any smooth positive test function f we have (Ps_, +a, f) >0,
in other words v := @y, + a 1s a positive measure with support A_,.

The key result is the following.

Theorem 9 (Theorem 4.3 and Proposition 4.5 of [ALS20a|, Proposition 5.7 of [ALS20b]).
For all a > 0, the first passage set, A_,, of ® of level -a exists and satisfies the following
properties:
(1) Uniqueness: if A" is another local set coupled with ® and satisfying Deﬁm’tion@ then
a.s. A=A_,.
(2) Measurability: A_, is a measurable function of .
(3) Monotonicity: If a < a', then A_, T A_,
(4) Locally finiteness: for any e > 0 there are only finitely many connected components
of D\ A_, of diameter larger than e.

2.1. Couplings between different objects. We first that from the connection between
GFF and CLE, that was first discovered by Miller & Sheffield [MS11], based on the work
of Schramm and Sheffield [SS13], and it says that CLE, can be coupled as a local set of the
GFF. In [ASW17| this was rephrased in the language of two-valued sets - the set A_o) o) has
the law of a CLE, carpet.

Theorem 10 (Section 4 of [ASW17]). Let ® be a GFF in D and A_sy 2y be its TVS of levels
—2X and 2X. Then A_qy 2y has the law of CLE, carpet. Moreover, it satisfies the following
properties:
(1) The loops of A_syax (i.e. the boundaries of the connected components of D\A _gy2x)
are continuous simple loops. A_qy oy 15 the closure of the union of all loops.
(2) The collection of loops of A_sy 0 is locally finite, i.e. for any ¢ > 0 there are only
finitely many loops that have diameter bigger than c.
(3) Almost surely no two loops of A_sy oy intersect, nor does any loop intersect the bound-
ary.
(4) The conditional law of the labels of the loops of A_oy 2y given A_oy oy is that of i.i.d.
random variables taking values £2\ with equal probability.

From the ground-setting work of Sheffield and Werner, we know further that in simply-
connected domains CLE, loops can be described using the critical Brownian loop soup.

Theorem 11 (Theorem 1.6 in [SW12|). Let D be a simply-connected domain and consider
the critical Brownian loop-soup L in D. Then CLE4 loops are exactly the outer boundaries
of the outermost clusters of this Brownian loop soup (BLS).

This theorem together with Theorem [10[implies the following Markov property for A_s) o
6



Proposition 12. Let ® be a GFF in a simply connected domain D and ~y : [0,1] — D be a
simple continuous curve such that v(0) € D and ~v((0,1)) € D. Define v*** the closure of
the union of all loops of a A _sy 9y that intersect v. We have that v*** is o BTLS of ®, where
. et can be characterised as follows. Take I the union of the interior all loops £ of A_gy 25
that intersect vy, then ®. et (2) = £2X for any z € T and ®.eat(2) = 0 for all z € D\Z.

In fact, the relation of Theorem |11 can be further strengthened. First in [QW19| the
authors show that one can couple the critical Brownian loop soup, CLE; and the zero
boundary GFF all in one coupling where both CLE, describes the outer boundaries of
outermost BLS clusters as above, but also the Wick square of the GFF equals the renormalied
occupation time of the BLS. We will not use this statement directly, however we use a certain
strengthening that further identifies the Brownian loop soup clusters given their boundary
with first passage sets defined and constructed in [ALS20a].

Proposition 13 (Corollary 5.4 in [ALS20b]). Let D be a simply connected domain. Con-
ditionally on the outer boundary { of a Brownian loop-soup cluster in EID/Q, the topological
closure of the cluster itself is distributed like a first passage set A_sy inside Int(L), the
interior surrounded by Y.

Finally, one can identify the GFF restricted to a first passage set by its Minkowski content
measure.

Theorem 14 (Theorem 5.1 in [ALS20al). Let D be simply-connected and ® o GFF and
suppose A_, is a first passage set of level —a. Writing ® = ®5__ + ®*-a as in Definition
E’i], we obtain the following. The measure vy_, := ®x__ + a is a measurable function of A_,.
Moreover, il is proportional to the Minkowski content measure in the gauge r — | log(r)|*/?r2.
More precisely, almost surely for any continuous f compactly supported in D,

o1
o =l 5108 [ F( Lo
D

3. EXISTENCE OF THE EXCURSION DECOMPOSITION AND ITS PROPERTIES

In this section, we prove the existence of the excursion decomposition together with the
properties stated in Theorem 2] The proof follows rather directly from the theory of bounded
type local sets and first passage sets of the GFF, though some care is needed in collecting
and combining the results and techniques. The most technical part consist in proving the
Markov property of the decomposition.

We start by an elementary estimate on the H~! norm of a GFF open sets that are disjoint
unions of domains of small diameter. This lemma is used to show that contributions to the
excursion decomposition coming from small excursions can be summed.

Lemma 15. Suppose lA)n C D is a sequence of decreasing open set (not necessarily connected)
such that the mazimal diameter over its connected components goes to 0 as e — 0. Consider

&P« ¢ GFF in D,. Then E ||| &P~

2
-1 py| — 0, asn — o0



Proof. This just follows from the dominated convergence theorem (G5 < Gp) and the
computation

E [||¢)f)||?{_1(D)} = ff Gp(z,y)Gp(z,y)dxdy — 0, asn — oo.

DxD

We are now ready to prove the existence part of the main theorem.

Proof of the existence of an excursion decomposition in Theorem [1 We start by considering
the coupling (®, CLE, = (¢k)k>k, (0k)k>1) between the GFF, CLE4 loops and the i.i.d. signs
coming from Theorem [10f We can order the loops in descending order of their diameter.
Note that this theorem implies the almost sure equality

® = 2X0p L) + O,

k>1

where given the CLE, loops ({x)r>1, ®™) are independent zero boundary GFF inside
Int(f;) and (oy)g>1 are i.i.d. Rademacher random variables.

Using Lemma [L5] to control the tails, we can restrict our attention to the subset J. of
k € N such that the diameter of C} is at least ¢ > 0. As the set of CLE4 loops is locally
finite, J. is finite.

Now, we take k € J.. Conditionally on ¢, the law of ® restricted to Int(¢;) is equal to
that of 2\oy, + ®™ % where the conditional law of ™) is that of a GFF in Int({;). We
now sample Aj := A_,y(0x®™)) and define the positive measure vy, := qu)ffz(ék) + 2.
This measure is supported in A, thanks to Definition |8l We then have that

2/\0k + (I)Int(fk) = OpVA_,, + (I)Int(fk)\A,%.

Thus we obtain the following decomposition

P = Z (UkVAk + (I)Int(ﬁkz)\Ak) + Z (QAUk’llnték, + @Int(ék/)) :
keJ. vy

where the outermost boundaries ¢ and ¢ are ordered in the descending order of their
diameter. We now iterate this process inside each connected component of D\ |J,, A
We denote the outermost loops and clusters of the n—th iteration that themselves have
diameter larger than € by ({5 x)ke, ., (Cnk)res,., having ordered them decreasingly by di-
ameter, and the corresponding signs and Minkowski measures by (0, k) ke, (Vnk)kein.. -
The iteration of the construction allows us to write the following almost sure equality:

@ - Z (O'kyAn,k + ®Int(en’k\A7L’k)) _'_ Z (2)\0k11nt(fk) —|— @Int(en,k)) ,
kEUnSNJn,e (n’7k’):
kl%‘]n/,s
n'<N

where again the ordering in the first finite sum is along decreasing size of the diameter. This
writing allows us to apply Lemma [15]directly to obtain an error of order o.(1) independently
of the level of iteration /N on the second term. The existence of the decomposition now
follows from the a.s. martingale convergence theorem and the fact that for any € > 0, there

ote hat s 3, i)



is almost surely a finite /V such that all loops of diameter larger than ¢ have been discovered.
This follows directly from the locally finiteness of CLE, and FPS.

All the properties listed in the Theorem for the excursion clusters (Cj)x>1 hold by construc-
tion. The Markov property follows from the following claim combined with the argument
above that again shows we can sum the sign excursions in their decreasing order of diameter.

Claim 16. Consider vy a smooth simple path in D starting from the boundary. Let (C, ) rer
be the collection of outermost clusters with Cy, N~y # O and denote their outer boundaries by
U Let I. denote the set of k € I for which the diameter of Cy, is at least ¢ and define A, =
Uker.Cx U Ugerl. Then A. is a local set, such thal ¢, = Ziek oV + Ziel\le 200l et L, -

Proof. The claim follows directly from iterating the Markov property of A_s) 9y in Proposi-
tion together with the strong Markov property of FPS and the construction above.
O

O

We now proceed to discuss further properties of the excursion decomposition. In essence,
this amounts to collecting and applying a few interesting results from the literature.
We are now ready to give a proof of Theorem [2| assuming already uniqueness.

Proof of Theorem [9 Properties (1) and (2) follow directly from the construction given above.
Property (3) follows from the construction of the excursion clusters and excursions via First
passage sets of height £2\ and Theorem [14]

The identification with clusters of 2D Brownian loop soup follows further from iterating
Theorem [11] to identify the outer boundaries of critical BLS clusters with those of excursion
clusters in the construction above, and Theorem [13]to identify the critical BLS clusters with
the excursion clusters above. U

Remark 17. Indeed, as above, we know that conditioning on the outer boundary of an
excursion cluster, the cluster itself is distributed as the FPS of height 2\. But now by
Lemma 2.5 in [APS20] and the discussion under it, we see that this FPS can be obtained by
iterating the two-valued local set A_y ox until every component has label 2X. As A_y ) has
the law of CLE,, we indeed have a way of describing the whole sign cluster using iterated

CLE,.

4. UNIQUENESS OF THE EXCURSION DECOMPOSITION

In this section, we prove the uniqueness part of Theorem [I[] Throughout this section
(g, Ck, 0k )k>1 denotes the excursion decomposition constructed in Section and ([, Ch, o)
is another decomposition that satisfies the properties of Theorem [1| for the same GFF .
By conformal invariance we may assume that we work in the unit disk D throughout this
section.

The proof of uniqueness relies on two preliminary propositions. We first show that the
excursion clusters in the construction of the previous section are in a certain sense minimal:

Proposition 18. A.s. for any k € N there exists /%(/{) € N such that C), C é,;(k).

Then, we show that the signs of intersecting sign clusters of the two decompositions

introduced above have to match.
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Proposition 19. Let l%(k:) be as in Proposition W we have that a.s. o = G-
Next, we argue that there is a 1-1 correspondence between the clusters.
Proposition 20. The function k — l%(k:) of Propositéon is also injective.

And we conclude by by saying that the clusters are almost surely equal; the equality of
measures is concluded in the proof of the theorem.

Proposition 21. For all k > 1, with k — l%(k) as above, we have C), = é,;,(k). Moreover,
the function k — l;:(k:) is also surjective.

Throughout the proofs we will make use of the following local set, obtained by exploring
the clusters around a line segment until some stopping time.

Lemma 22. Let v : [0,1] — D be a simple curve. We define 5°°¢(t) as the union of all Cj,
that intersect y([0,t]) and take T a stopping time for the filtration F; := \/ ., o(7°"(s)). We

Jexrc

have that 4°*(7) is also a local set, more precisely ® = 7() ¢ Dseac(r) where conditionally
on 4°%¢(1) the law of @Y is a GFF in D\3**(7) and Psecc(ry = > oxvilo,rmzo (where
again the sum is ordered by descending diameter size of clusters).

L.exc

Proof. As by the Markov property of the excursion decomposition (9°(t))sco,1) is a family of
increasing local sets, this strong Markov property follows from Lemma 1.3.13 in [Arul5]. O

In fact, to circumvent some technical issues, we have to tweak this local set further to be
able to also explore only a subset of the excursions intersecting the line:

Lemma 23. Let v be the straight line segment from —i to 0 and define 4°* to be the closure
of the union of all Cy that intersect v. For any € > 0, there exists a local set x. that has the
following property:
(1) It is equal to the union of certain excursion of (C’k)k
(2) It is contained in ", and contains any cluster Cy, that surrounds 0 with diameter
bigger than or equal to €.
(8) if there is a simple loop ¢ C x. with diameter bigger than ¢ that surrounds 0, then

there exists k such that ¢ C C’k

Proof of Lemma[23. We construct the set recursively. We first define the stopping time
#i=inf{t > 0:35 > 0,30 c.c. of B(0,1)\(5(t) U7 |[=i,—sq) With 0 € O and ID N O = 0}.

Note that y*“(71)\ U,.,» 7**“(t) is equal to a certain excursion C. If this excursion sur-
rounds 0 and has diameter smaller than or equal to £ we finish our iteration and define
Xe = 79%¢(71); by definition it satisfies the desired conditions.

If the above is note the case, we note that 9°*°(7!) is a local set and that the set of
excursions (Cy : C, NA“*¢(71) = 0)i>1 generate an excursion decomposition of the GFF
PV We define

& = sup{S(x) : z € y(H) N~}
where (x) denotes the imaginary part of x and consider the line 7, that goes from —iz

to —ei. In this case we define 72 in the analogue way with 7, instead of v and iterate the

procedure above. This procedure finishes at a finite step j, because the set of clusters is
10



locally finite and at some point 7/ discovers a loop that surrounds 0 whose diameter is less
than or equal to e.

We now need to prove that this sets satisfies the claimed properties. (1) and (2) are clear
from construction. Moreover, if a cluster C}, intersects v and separates 0 from the boundary,
then it has to appear at one of the times 77.

To see the point (3), we note that by definition there can be no simple loops ¢ surround-
ing 0 contained in (U, 47" (t)\¥;21(7;) and furthermore \J,_. ., ¥5(t) N 4529(7;) and
Ut<¢_,-+1 A57¢(t) N 45%(7j41) both have exactly one point and thus there can not be a simple

loop going between | J, ., 977(t) and either 45"*(7;11) or 4529 (7). O
Let us now start proving the propositions.

Proof of Proposition [18 1t suffices to prove the proposition for any cluster Cy, that surrounds
0. Let v be the straight line segment from —¢ to 0 and define 4°*“ to be the closure of the
union of all Cj, that intersect v as before and consider the local set x. from Lemma

We now work recursively: we start by building A _o) 2),say via SLE4(—2) like in [ASW17],
and we consider & € N such that the outer boundary of Cj is in A_y) 9y and surrounds 0
(i.e. Cf is the outer-most excursion surrounding 0); we let Ly C A_,) 0, denote its outer
boundary. We aim to show that L is contained in some CA*,;(,C).

By Claim 17 of [ASW17] we see that a priori Ly can touch at most two-prime ends of
Xe (at the start and at the end of the loop). Furthermore, using the same proof as that of
Claim 17 of [ASW17] one can see that we can touch only one prime end. This is because the
loop is simple, and thus at the beginning of the curve it can intersect only one prime end.
Then, on the event that Cj intersect v |[_; _;) the construction of the loop implies that the
SLE,-type curve that makes the loop is a generalized level line of the GFF in D\ x. and by
Lemma 16 of [ASWI17] it can only hit at the starting prime end. Given that £, C 7v%*¢ is a
simple loop, then either it has diameter smaller than ¢ or it has to be contained in one é,;(k)

by Lemma . By taking ¢ — 0, we show that there always has to be on such CA’,;(,C).

We now show that the whole cluster CY, is contained in CA',;(,C). To do this, recall that given
the outer boundary, C} is constructed by taking A_,, inside the connected component of
D\ L containing 0. We can use the following iterative construction: to obtain A*, we sample
A _, , inside the connected component of D\ A*~! that contains 0, unless the boundary value
is already equal to 0. We can now use the same argument as under Uniqueness in Section 6
of [ASWT7] to see that each A* is contained in 4°*¢. Indeed, the fact that level lines used to
construct A_j  do not self-intersect and the fact that if they enter any connected component
of D\A%*¢ they cannot touch the boundary ¢ imply that they cannot enter any connected
component of D\ at all.

To show that the next excursion C} surrounding 0 is also contained in some excursion
C’,;(k,) it suffices to note that, the law of ® restricted to the connected component O containing

0 of D\C} is that of a GFF in D\C}. This implies that the restriction of (C’k, fik, Ok )k>1 tO
O is also that of an excursion decomposition, so we can repeat the above procedure.
O

We now prove Proposition To do this we show that we can recover the sign of the

cluster by integrating positive function whose support are close to it.
11



Proof of Proposition[19 Similarly to above, it suffices to prove the claim for the outermost
cluster Cy surrounding 0. Let v : [0, 1] — B(0, 1) be a straight line from —i to 0 and Cy (or
Cy) be the outermost cluster surrounding 0. Define

= inf{t € [0,1] : Cy € ¥**(t)}. (4.1)

By Proposition [18] we know that for all ¢ € [0,1], it holds that y***(¢) C 4°*“(¢). Thus
Ae¥¢(7) is also a local set, and as it contains the cluster Cliky)- Observe that by construction

the closure of J,_, 7**“(t) intersects Cj, only at & = ~(7) and that the same holds for C.

Claim 24. Let A C C’k\{i} be a closed set of positive diameter that is measurable w.r.t.
ye¥¢(T). Consider (f, : D+ [0,1])n>1, a a family of smooth functions all taking value 1 in A
and equal to O for all points of distance at least 27" of Ch. Further, assume that conditionally
on A¢*¢(1), f. are independent from the GFF &7

Then, almost surely if Dx(A) > 0, iminf (P, f,,) > 0k (A) and if 0x(A) < 0, liminf (P, f,,) <
—ui(A).

As this holds for clusters of any excursion decomposition, it holds in particular also for
the one constructed in the previous section, i.e. if we omit all the hats in the claim.

Further, by Proposition we know that v**°(7) is a local set contained in 4*¢(7). In
particular, it is conditionally independent of ®7("). We can now apply the claim with a closed
set A C Cy \ {2}, and functions f, chosen depending only on 4(7) and ®4(,) twice (once for
C}, once for C’,;(k) to obtain the proposition.

It remains to argue the claim.

Proof of Claim [24] We can use the local set property of 4¢*“(7) to write
((b fn> = ( Aea:c(T fn) + ( ezc fn)

By conditioning on 4°*°(7) we can see that the variance of (Pserc(s), fn) goes to 0. We
conclude by noting that there exists an n such that the support Of fn does not intersect the
closure of (J,_. Y°*(t). O

O
Before showing Proposition 20| let us state the following lemma.

Lemma 25. For any connected component O of D\Cy that does not contain 0D we have
that O N CA k) = 0. In particular, if €y is the outer boundary of Cj and O is the interior,

then C g N O = (.

Proof. We show it for the connected component containing 0. Define 7 as in the proof of
Proposition [I9) Note that O is also the connected component of D\***(7) that contains
0. Because C, C Cj ) we have that O N4““(7) is equal to O N Cy ;. The theory of local

sets implies then that O N CA’,;(k) is a local set of ®7““(") restricted to @. Conditionally on

¢ and the sign of the cluster Cy, (WLOG we assume it +1), we see that restricted to O,
(@7”6( N> 0. The first part of Proposition 4.5 of [ALS20a] implies that this set has to

(k)
be empty.
The second statement follows directly. 0]
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Proposition [20| needs again different arguments.

Proof of Proposition [20 By Proposition |18 we know that for each C, there is some k with
Cy C C;. We start by showing that the signs oy, 0 are independent even when we further
condition on the event that they do not belong to the same cluster of (Cy)g>1, more precisely,

Ey o = {k(k) # k(K')}.
This is done through the following claim

Claim 26. We have that
E [(O’kl/k, 1)(Jk/l/kl, 1)1Ekk’] = 0.

It follows from this claim that the function k — k(k) is injective: indeed, for any points

Z1,..., 2, and any nesting levels ji,..., j,, we can first write.
E > (owwn, 1))2] => E[(w1)*]. (4.2)
k=1 k=1

Using the claim we can alternatively write the LHS as:

n

(Z(sz/k, 1))2] = ZE [(I/k, 1)2} + Z E |:(0'ka7 L) (owvw, 1)113;7,6,} .

k=1 k£k!

E

But on the event E(Cz,j%(w,h), we have that 0, = 0. ; and thus all the terms in the second
sum are non-negative. But then they have to actually be equal to zero by . As this
holds for any collection of zq,..., 2, and any nesting heights, and all clusters can be listed
this way, we obtain that k — k(k) is injective.

Proof of Claim [26] For this proof, it is easier to denote clusters using the point they surround
and their level of nesting as follows: for z € D and j € N, we denote C, ; denote respectively
the j—th outermost cluster that surrounds z. So we now fix 2,2’ € D and j,5' € N and
denote k = k(z,7) and k' = k(%,j') the k and k" such that Cy, = C,; and Cp = C,
respectively.

We first prove the result when both the cluster are in the first layer, i.e., j = 5/ = 1.
Consider the local set 5°"(, A 7,/) along a line segment v from the boundary to z and then
to w, stopped at time 7, A 7,,, when either the cluster of C around z or w appears. Assume,
WLOG that C’z,l. In that case, and on the event Ej, 5/, we have that C,/; N CA(ZJ_ = (), we call
O’ the connected component of D\Y“*“(7, A 7,/) that contains z’. Furthermore we have two
options

(1) C.1 C (:’ZJ, in which case we define O = ()
(2) or C,; N C,y = 0., in which case we define O as the connected component of
D\Y¢*“(7, A 7./) that contains z. Note that O N O’ = (-

In both cases we claim the following. Take the A closure of the union of the outer-most
boundary of the outer-most clusters in (Cy)r>1 that are contained in either O or 0. We
have that a.s. A is equal to the union of A_g) 5y of ®77(7, A 7,/) restricted to O and to O'.

To show this, we use Proposition [I8| to see that none of the loops of Cj, that make part of
A intersect 4°"(1, A T,). Furthermore, the set AUA“*“(1, A T,/) is a local set that, restricted

to OU Q' is a.s. equal to A_gy 9y UA*(7, A 7). This is because the outer-most boundary
13



of the outermost loop of C} is equal to A_s)925. Now, we use that again Proposition
and basic properties of local sets to see that for any x € D\A _g) oy UA*(7, A T/) is equal
to either £2) if x is not surrounded by a cluster in v**(7, A 7,/) and 0 if not. Thus by
(2) Lemma [6] we see that A is a local set of ®7““("="7) that inside O and O (when it is
not empty) is thin (because its Minkowski dimension is smaller than 2) and its harmonic
function is equal to +2X. We conclude using the uniqueness of TVS.

We now notice that A can be obtain in a measurable function with respect to &7 (7=A7=1)
and that conditionally on 4°°¢(, A 7./), @7 (= ") is independent of ®sezc(r,rr,). SO nOW,

if we are on the case (1)
E [ngk/(yk, 1)(Vk’7 1)1Ek,k’1(1):|

= B [k, DE o0 (10 1) | 5777 A 72), @i ] 1,100 = 0

where we use that (1) and Ejj are measurable with respect to y**¢(7, A 7o), @ gsere(ranr,),
thanks to the fact that v**“(7,A7,/) C 4°“(1,AT,/), and that the law of (0., v,/) conditionally
on (Y7, ATar), ®4eze(r,ar,)) is that of the measure of the excursion decomposition of a GFF
in the domain O'.

For the case (2), a similar computation is needed

E [Uko'k/(yk; 1) (v, 1)1E,€,k/1(2)]

=K [E [Uk’(yk’ ) | ’7616(7—2 A Tz’)u CI)'?”C(TZ/\TZ/)} E [O-k(yky ) | ’YGCEC(Tz A Tz’)7 q)‘yezc(’rz/\’rz/)] lEkk/1(2)]
=0,

where we used that conditionally on (7°*¢(7, A 7o), @4eac(r,ar,)) the law of (0., v, 0.,0.)
is that of two independent excursion decompositions of one GFF in O and another in O,
respectively.

For next levels we discover 4%*“(7y), which is the stopping time where both outermost
clusters appear, and then iterate inside the connected components of complement of 4%¢(75)
containing either z or w similarly. 0

O
Proof of Proposition [21. We start by showing that

almost surely. By Proposition we have that C}, C CA’,;(,C). Further by Lemma we know
that Cj ) \ C only intersects the connected component O of D\ Cy, that contains OD on its
boundary.

Like in the proof of Claim [26] all clusters can be listed from outermost to innermost around
a dyadic points z,. Thus it suffices to prove for outermost clusters and this in turn
follows from showing the following claim: for any curve ~ along the dyadics starting from
dD to some z,, we have that the complements O, O of A = v°*°(1) and A = 4°*(1), which
share boundary with D, agree almost surely. Both A, A are local sets, and by Lemma@ (2),
A\ A is also a local set of ¢ restricted to ©. On the other hand as C}, C Cliry» We

know that A \ A C A_52\(D) and thus it has Minkowski dimension strictly less than 2
14



[ASWT7]. Hence, it is a thin local set of ¢ with zero boundary values, and thus by Lemma
9 of [ASW17] it is empty.

It remains to show that the function k¥ — k is surjective. This follows from a very similar
argument, after noticing that any cluster Cj that is not equal to some Cj is contained in
the closed union of outer boundaries of C) in some finite iteration step of the construction
of the excursion decomposition (Cy, v, Sg)k>1. But these outer boundaries are given by
independent copies of A_9y2y. Thus we can repeat the argument above to obtain that such
clusters of positive diameter do not exist. To see that there are no clusters whose support
is just a point, we recall that almost surely the 2D GFF does not put any mass on single

points.
([l

The uniqueness part now follows.

Proof of uniqueness in Theorem [1 Take (o, vk, Ck) and (6, g, C’k) two decompositions, where
the first one is the one constructed in the previous section. From Proposition [18 we know
that for every k there is l%(k:) such that Cy = C’,%(k) and by Proposition [20[ this assignment is
injective. In particular, for any curve v and for any time ¢ a.s., we have that v**(t) = 4(¢).
But now notice that by the Markov decomposition, we can conclude that almost surely for
any curve v along the dyadics and any rational time in H~17¢(D)

¢,\/ew(:(t) - ¢fyewc(t).

But the local set process v(t)“*¢ is right-continuous, and for any decreasing sets D,, with

N D, = D, ®P~ is also continuous. We conclude that in fact for all times ¢ € [0, 1], it holds
that

¢7€(L‘C(t) - ¢,Yemc(t)
and in particular it holds at the appearance of any cluster of diameter at least . This

concludes that in fact for all £ > 1, we have v, = ﬁ,;(k) and the theorem follows.
O

5. CONVERGENCE FROM THE METRIC GRAPH

In this section, we prove the convergence of the excursion decomposition of the metric
graph GFF to that of the continuum GFF. We will work in the same set-up as in Section
4.1 of [ALS20b], except that the domain D will always be simply connected.

For all n > 1, let ¢, be a metric GFF in a bounded graph D, C (27"Z)%. We define
(é,i”), 6,2"), ﬁ,g"))kzl as the sequence of sign clusters of gz~5n, the respective signs and sign ex-
cursions, ordered by decreasing size of cluster diameter. Here, by a sign excursion we mean

the absolute value of the restriction of the GFF to the cluster 5,&"), ie.

ﬂlgn)<d$) = 5-1(€n)$”($)1m65£")d$'

We now take a sequence of (metric) graphs D, C (27"Z)? converging to a bounded
and simply connected domain D C C in the sense that their complement converge in the
Hausdorff topology (as in Section 4.1 of [ALS20b]).

The main result of this section is the following.
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Theorem 27 (Convergence of the excursion decomposition). Let ggn be a sequence of zero
boundary metric graph GFFs on 517, that are coupled with a GFF ® such that a.s. ggn —
i H=¢. We have that for every k > 0, élgn) — Cy, ﬁ,g”) — v and 6,?” — 0 as n — oo,
where the convergence is in probability and in the Hausdorff topology for the first, and in the
weak topology of measures for the first and second components respectively.

In large lines, one could say that the theorem follows by patching together different con-
vergence results for each element, all of which are already present in the literature. This
patching, however, does require a bit of care. Notice that we will not use the uniqueness
claim of the theorem to identify the limit, as one has to take care of the summing of excursion
measures; rather we will identify excursion clusters, signs and measures one by one.

We start from a lemma that ensures the tightness of the sequences of measures (ﬁ]in))nZO
and allows us to see that nu spurious extra mass is produced in the limit by infinitesimal
excursion clusters.

Lemma 28. Let (C'( ") &,E:n), ﬂ,g ) be an excursion decomposition of the metric graph GFF gz~5n
and let J be any (determmzstzc) index set. Then for any q € N

E[(bn )] > ZEM, 4 4B (15,0, c006m £) (5.1)

and

2[5 5] - TE [ 5] e b ?] 6

keJ

Proof. For the inequality (5.1)), it suffices to prove it for any finite index set and any ¢ > 1,
then the case of infinite index sets follows by dominated convergence. We decompose

b = Z 5’(€n)gl(€n) + 157z\ukEJ5,§") B
keJ

Then, we write E[(q;n, f)%] as the sum of three types of terms, the first being
~(n) 2 e 2
ZE f q +E[( D \UkeJéggn)gén’f) q]a
keJ

the second type of terms are a binomial coefficients times

]E[(O'kn an)a f) ( Dy, \Ukellélin) an, f)Qq—p}

and the last type of terms are constant times

E[(a" o™, [P, )2,

with k& # j.
Now, when p is even, we can lower bound the second and third types of terms by 0.
However, we claim that when p is odd, they are equally zero by sign symmetry. Indeed,

conditionally on (C/,E3 ") U,E:"), 1/,& ))kej, the field 1~
additive inverse. Thus for p odd
S EG 57, 1P (L5, a0 Bns )] = 0.

keJ

B \Usc gbn has the same distribution as its

16



But also all the signs 6,(;1) are i.i.d. Rademacher random variables, thus also for all j # k € J

E[(," 5", £ (85" £} 7] = 0
and we conclude the first part. The second part for finite index sets follows from the com-

putation above, as in the case ¢ = 1, there are no cross-terms with even exponents; for
the infinite sums, we can use dominated convergence, guaranteed by say the case ¢ = 2 in

D). O

Proof of Theorem 27 We start by noting that thanks to the uniqueness of the excursion
decomposition and Lemma 4.10 of [ALS20b|, we only need to prove convergence in law of

(&n, (6;?),5,(:),5,&”)%) as n — 00.

Now, ¢, are tight by assumption; for any k£, 5,2") are tight as random closed sets in a com-

pact domain, 5_](;1) are tight as -1 valued random variables and finally ﬁ,g") are tight by the first

equality in Lemma Thus, using Tychonoff theorem, we see that (¢, (5,5,”), 6,(;1), &,‘j))k)
is tight, and thus we can find a subsequence of it (we denote it the same way) and use
Skorokhod’s representation theorem to obtain the almost sure convergence

(G (C, 55, 51 = (B, (Chy 61 5101

We just need to identify (@, (C’k,&k, Uk)k) as the elements of the excursion decomposition.
First, it is clear that (&%), are i.i.d. Radamacher random variables and ® is a GFF in D.

First, note that if we only study the outer most clusters C’l(cn) = ézgr(i) (i.e. those that
are not surrounded by any other cluster), then the outer boundaries of those outermost
clusters converge to the loops of CLE, in the sense that the outer boundaries of the m
largest outermost discrete clusters converge to outer boundaries m largest continuum ones,
and moreover the closed union of all outermost cluster boundaries converges to CLE, - these
statements follow from the work in [Lup18|. More precisely, the main statement of that paper
does not directly apply these claims - it does not exclude long thin filament-like clusters with
limits in the interior of CLE casket; however with further work it can be deduced with the
same methods; see e.g. Lemma 4.13 in [ALS20b] for a context, where similar care is needed,
or proof of Lemma 6 of [QW19].

Now, notice that once we manage to identify the outermost clusters, their signs and
measures, then we can recursively continue. Indeed, as the closure of the union of outermost
clusters C’lin) is a local set for all n, we conclude that in the limit, conditionally on the closure
of the union of all outermost clusters Cl, the law of & restricted to D\ (UxCy) is that of
a zero boundary GFF in D\ (UxCy). Thus we see that once we can deal with outermost
excursions, the convergence will also hold for excursions that are surrounded by finitely many
excursions. As for any € > 0 the number of excursions of diameter bigger than ¢ is almost
surely finite, we have reduced the proposition to proving convergence for outermost clusters.
This is the content of the following claim.

Claim 29. Fiz any loop ¢ of A_sy 25 and consider the sequence of clusters Co’l({") whose outer
boundaries converge to . Then C’lgn) converges to the union of { with the FPS Aoy of the
GFF d2-2»2x restricted to O, the interior of £. Furthermore, ﬁlin) converges to the measure

VAL, assoctated to this FPS.

Finally,
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Pmof of Claim[29 First, we note that the union of all outermost clusters C( is a local set
of gzﬁn, thus its limit Ck is a local set of P. Further, when restricted to the interior O of the
outermost boundary ¢ of the cluster C’k, this limit is a local set that satisfies the properties
of an FPS of level £2) (for the GFF ®*-2:2x restricted to O). Thus it is equal to this set
by the uniqueness of FPS, Theorem @ In particular, this means that é’k, the limit of Co'l((n),
is equal to some outermost cluster Cjy)

To identify the limiting excursion measures, we will follow a strategy similar to what was
used in Section [4] to deduce the equality of excursion clusters and excursion measures by a
no extra mass argument. Additional convergence issues are taken care by Lemma 28 Let
us flesh it out here. )

First, as no other subsequential limit of an outermost cluster Cy can intersect O, we
conclude from the Markov decomposition w.r.t. the FPS A,y in O that

ljk = lim V1(< n) > Vk(k) (53)

n—-+o0o
in terms of positive measures.

Further, one needs to show that there is no extra mass on the subsequential limiting
clusters, that is possibly compensated by some infinitesimal excursions in the limit.

To see this, recall that the closure of the union of outermost clusters C forms a local set.
Also, from the argument above we see that this local set is equal to the local set obtained by
taking CLE, and first passage sets of height =2\ inside each of the cluster, i.e. it is equal
to the closed union of outermost clusters Ci. Let us denote this set by A.

By Lemma we can write the sum over outermost excursion clusters Ci,

E| ZE Vo, 1)?] + E [(04,1)?].

On the other hand, using the second point of Lemma 28, we see that for any k, it holds that
E [(V{P, 1)2} — E [(ix, 1)2]

and moreover, also E [((/Eﬁ(m, 1)2} — E [(4,1)?], where A™ denotes the local set given by

the closed union of C’l((") Thus we also have
E [( ZE e, 1) +E [(94,1)7] .

But now recall that 7 > vy, from Where we see that in fact we have to have a one to
one correspondence between clusters with positive measure, and the equality has to hold in

63).
OJ

0
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