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Introduction

Though having been formalized relatively late along the development of science, random walks have progressed all the way to becoming one of the types of dynamics studied most frequently in physics and statistics, amongst other related areas (e.g. [START_REF] Spitzer | Principles of random walk[END_REF][START_REF] Révész | Random walk in random and non-random environments[END_REF][START_REF] Masuda | Random walks and diffusion on networks[END_REF][START_REF] Zinn-Justing | From random walks to random matrices[END_REF][START_REF] Lovász | Random walks on graphs[END_REF][START_REF] Masuda | Random walks and diffusion on networks[END_REF][START_REF] Noh | Random walks on complex networks[END_REF]). Basically, a discretespace and discrete-time random walk, which is henceforth assumed throughout the present work, involves one or more agents that move among (typically) adjacent cells within a given discrete structure such as a lattice or more elaborate type of graph.

To a good extent, the above observed increase of popularization has been motivated by the fact that several real-world, as well as theoretical, random dynamic systems can be suitably represented and modeled in terms of respective random walks. A prototypical example of this tendency consists in the Wiener stochastic processes, which are intrinsically related to the important real-world phenomena of Brownian motion (e.g. [START_REF] Uhlenbeck | On the theory of the brownian motion[END_REF]) and diffusion.

Though the most frequently considered type of random walk corresponds to its uniform version, in which the next steps are taken among links to adjacent cells with uniform probability among the available set of possibilities, an ever increasing number of types of modified dynamics have been proposed and studied. For instance, in biased or preferencial random walks (e.g. [START_REF] Fronczak | Biased random walks in complex networks: The role of local navigation rules[END_REF]), the transition probabilities governing the choices of the motion of the agent are not uniform, but proportional to some property such as the degree of the possible destination nodes (e.g. [START_REF] Costa | Exploring complex networks through random walks[END_REF]), or performed preferentially to unvisited, or less frequently visited nodes or links (e.g. [START_REF] Boyer | Random walks with preferential relocations to places visited in the past and their application to biology[END_REF]), defining a type of random walk which is often called self-avoiding (e.g. [START_REF] Domb | Self avoiding walks on lattices[END_REF]). As another example, in the type of random walk known as (discrete) Lévy flight [START_REF] Mandelbrot | The fractal geometry of nature[END_REF], the agent is no longer required to move to adjacent cells and can therefore perform a 'flight' to a more distant cell. Random walks can also take place in several types of discrete structures, including lattices with generic dimension and graphs and complex networks of several types (e.g. [START_REF] Albert | Statistical mechanics of complex networks[END_REF][START_REF] Newman | Networks: An introduction[END_REF][START_REF] Da | Characterization of complex networks: A survey of measurements[END_REF]), including uniformly random (Erdős-Rényi -ER) and scale-free (Barabási-Albert -BA).

Yet, despite the continuing and even growing interest in random walk dynamics, relatively little has been done re-1 garding situations in which the motion performed by the agents at each step require the consumption of a respective resource (e.g. energy, charge, fuel, etc.). This type of dynamics is of particular relevance and realism because it directly implies that, in case the agents dispose of limited resources, the random walk will stop once the available resources are completely spent, unless some recharging takes place (e.g., by visiting some special types of nodes allowing recharging).

Interestingly, dynamics involving recharging of resources is characteristic of a wide range of real-world systems, directly underlying transportation, food webs and ecologic systems, epidemics, and even space exploration. However, it can be argued that several other important dynamics -including knowledge, ideas and opinions -are also underlain by RRWs, though in a more subtle manner. For instance, some ideas (e.g. principles, dogmas, memes) could be understood as having limited potential to propagate, terminating unless they are regularly reused or retaken.

In this work, the above motivated type of dynamics is referred as rechargeable random walks -RRWs. A particular interesting effecs to be respectively studied include the quantification of the amount of resources carried by the moving agent along RRWs, as it can often impact the performance of the agent, as a larger amount of resources (weight) will typically impact on the moving agent performance and/or imply in a higher cost. In addition, larger maximum storage capacity also imply more space to be allocated within the moving agents.

Among the several interesting problems underlain by researchers on RRWs include the interplay established between the cost implied by the amount of resources stored by each agent and the coverage of the discrete structure achieved by the moving agent constitutes. In several situations, the ideal situation would be to cover the whole structure while spending as little resources as possible and using the minimum storage capacity as possible. Observe that it is often the case in which more than one random walk can be found that covers the whole structure while requiring possibly distinct total amount of resources. It is also interesting to keep in mind that, provided an RRW is maintained, all its properties other than those related to the amount of resource carried along time will be undistinguishable from a traditional respective random walk not involving resource consumption.

The present work aims at contributing to the definition and characterization of RRWs, which is here done respectively to ER and BA complex networks. The reported developments have been mainly motivated as an extension of a previous study of resource complex networks described recently [START_REF] Da | On the dynamics of resources networks -Part I: Single source, same rates[END_REF],

It is important to observe that though some features of RRWs, especially those involving a single recharging node, can be related or even derived from basic properties from stochastic process including statistics of return times to nodes, it these calculations typically involve spectral approaches which are not particularly straightforward. Therefore, the approach reported in the present work focuses on experimental characterization of RRWs properties. In addition, for simplicity's sake, we limit our attention RRWs taking place in unweighted, undirected ER and BA model-theoretic networks only.

The objectives of the present work are to characterize the properties of single-agent RRWs taking place in ER and BA networks. These properties include: (a) amount of resources transported by the agent along the random walk; (b) degree of the recharging nodes; and (c) ratio of network nodes covered by the RRWs. This approach allows the study of how the intrinsic topological properties of ER and BA networks may eventually impact on the properties of the respectively performed RRWs.

We start by introducing the adopted methodology, and proceed to experimentally studying RRWs in ER and BA networks.

Methodology

ER and BA networks were generated with N = 500 nodes and average degree ⟨k⟩ = 6. A total of 100, 000 RRWs were performed in each considered network, each of them starting at a recharging node which was randomly chosen among the N nodes for each performed RRW. Each RRW was allowed to proceed for N t = 2000 steps. The value of the maximum amount Q of resource that can be carried by the agents was chosen as 3000, allowing all performed RRWs to proceed uninterruptedly along all of the N s steps. Each step performed by the moving agent requires a respective amount of resource δ = 1 to be subtracted from its storage.

The amount of resources q(t) available for the moving node at each successive time step t was obtained, from which the respective average and standard deviation were calculated. A lists with the nodes visited during each random walk was also recorded during each RRW, from which the ratio C of total visited nodes, quantifying the coverage of the network nodes, was then calculated. The degrees k of the recharging nodes chosen before each RRW were also recorded into a respective list.

The characterization of the properties of the RRWs performed on the ER and BA networks considered the average Q av and standard deviation Q sd of the amount of resources q(t) carried by the agent during each RRW, which allowed the visualization of the scatterplots Q av × k and Q sd × k, as well as Q av × Q sd . The two first scatterplots provide indication about the relationship between the carried quantity of resources and the degree of the recharging node. The third scatterplot indicates how Q av and Q sd are interrelated. Scatterplots C × k were also obtained in order to provide indication about the relationship between these two quantities.

Experimental Results

Several examples of curves indicating the amount of resources q(t) carried by the agent along RRW taking place on the same BA network, but having recharging nodes with distinct degrees, are illustrated in Figure 1.

Figure 2 illustrates the histograms of q(t) shown in Figure 1.

All RRWs start at the recharging node, implying the initial value q(1) = Q = 3000. The amount of resource carried by the agent decreases linearly in terms of the performed steps, each of them requiring an amount δ = 1 of resource. Whenever the recharging node is revisited, the moving agent recharges to maximum storage Q. The more frequent these recharges can take place, the smaller will be the observed variation of q(t) along time. In addition, the larger the degree of the recharging node, the higher the changes of the moving agent returning to it.

In the case in which each step demands a resource unit, as adopted here, it is also interesting to observe that the moving agent will necessarily cease its motion once it has reached a shortest topological distance from the source that is larger than Q/2. Therefore, given a specific network, adopted maximum capacity Q, and starting point at the recharging node, it becomes possible to identify the respective set of reachable nodes, which correspond to the nodes that are no further than Q/2 from the recharging node and which can be accessed without necessarily implying the respective RRW to cease, though this cannot be guaranteed because the return to the recharging node can take a path longer than Q/2.

While the duration of the RRWs and reachable nodes can be approached as discussed above, the characterization of the amount of resources carried along those walks remain a subject of continuing interest, to be discussed in the following.

Figure 3 illustrates the four scatterplots Q av × k, Q sd × k, as well as Q sd × Q av obtained for the ER network.

Several interesting results can be verified from the results shown in Figure 3. First, we have that both the average and standard deviation of the carried resource quantity q(t) are only weakly related to the degree k of the recharging nodes, implying that that these quantities cannot be predicted with good accuracy from k, though there is a moderate tendency that RRWs performed on ER networks having recharging node with high a degree value tend to be characterized by a large quantity of resource carried during the walk. This can be explained by the fact that a moving agent tends to have greater probability of transitioning into a recharging node with larger degree than with a node with smaller degree.

Of particular interest, as shown in Figure 3(c), the average and standard deviation of the resource quantity q(t) along each RRW resulted in a strong negative Pearson correlation, indicating that any of these two quantities provide nearly the same amount of information about the characteristics of the performed RRWs on the ER network. This result indicates that a RRW presenting high average value of q(t) will tend to be characterized by a respectively small relative standard deviation value, and vice-versa. All instances of Q av observed for k larger than 30 have markedly high values, above 2800. Another interesting result concerns the semi-circular border observed at the lower portion of the distribution in Figure 3(c).

As depicted in Figure 3(d), virtually no relationship can be identified between the ration of node coverage C and the degree of the recharging node. This result is explained by the fact that, provided a RRW is maintained, all its properties, including node coverage, are independent on the carried amount of resources. The coverage is actually determined by the duration of the considered RRWs and the topology of the respective network.

The results obtained for the RRWs performed on the BA network, presented in Figure 4, also have several interesting aspects. The fact that BA networks have larger chances of having nodes with relatively high degree immediately implied in substantially longer ranges along the horizontal axis in Figure 4 (a), (b) and (d). The presence of these nodes with high degree, or hubs, allows the study of the relationship between the average and standard deviation of q(t) and k, indicating a marked tendency of a better defined relationship (less scattering along the vertical axes) between the node degree and the carried amount of resources along the right-hand side of Figure 4(a) and (b). However, despite this seeming different relationship shown in these two figures when compare to the respective counterpart results obtained for the ER network, a more detailed comparison reveals that the results respective to the two network models are actually almost undistinguishable, the main difference being the range of node degree values.

Interestingly, relationship between Q av and Q sd shown in Figure 4 is almost identical to that obtained for the ER network (Fig. 3). This indicates that the relationship between these two quantities does not depend on the respective topologies of the ER and BA networks, at least for the considered parameter configurations.

As with the ER case, virtually no relationship can be noticed between C and k also for RRWs taking place in the BA network.

The Particular Importance of Hubs

The results reported in the previous section indicate that recharging nodes which are hubs in structures such as BA networks imply substantially large Q av , and therefore reduced Q sd . On the other hand, little can be said about RRWs occurring in networks having recharging nodes with small degree, because of the large dispersion of values of Q av and Q sd which can be implied in that case. The results in Figure 1 illustrate these situations, with the situation k = 26 involving a hub recharging node presenting large values of q(t) and small respective dispersion. At the same time, the two situations involving recharging nodes with small degree (k = 4) presented markedly distinct ranges of q(t) along the respective RRWs.

The above important effect provides an interesting subsidy for reducing the maximum storage Q while allowing the RRWs to proceed uninterrupted. This can be achieved while taking into account the minimum value Q min of q(t) which can be achieved by RRWs taking place in a given network having recharging node with a specific degree k. . The value of Q min can be estimated either theoretically or by performing several experiments and allowing for a safety margin ∆q. Once Q min and ∆q have been properly identified, the maximum capacity can then be reduced from

Q 1 = Q to Q 2 = Q -Q min + ∆q.
The reason why hub recharging nodes can critically impact on the efficiency of RRWs on complex networks derived from the fact that, in undirected networks, the average frequency of visits to a given node is proportional to its respective degree (e.g. [START_REF] Da | Correlations between structure and random walk dynamics in directed complex networks[END_REF]). Therefore, a hub will be frequently visited, implying respective recharging of the moving agent. The recharging effectiveness of specific nodes is therefore also associated to the reachability of nodes in networks (e.g. [START_REF] Boccaletti | Complex networks: Structure and dynamics[END_REF][START_REF] Chen | Identifying influential nodes in complex networks[END_REF][START_REF] Travençolo | Border detection in complex networks[END_REF]). The difficulty of predicting the effects of recharging nodes on the efficiency of RRWs emanates from the fact that a node with a relatively small degree may happen to be adjacent or topologically near to a hub. This important result indicates that a better prediction of the effect of the placement of recharging stations can be obtained by considering hierarchical topological measurements that take into account successive neighborhoods of nodes (e.g. [START_REF] Travençolo | Hierarchical spatial organization of geographical networks[END_REF][START_REF] Costa | Hierarchical characterization of complex networks[END_REF][START_REF] Ravasz | Hierarchical organization of modularity in metabolic networks[END_REF][START_REF] Clauset | Hierarchical structure and the prediction of missing links in networks[END_REF][START_REF] Costa | What are the best concentric descriptors for complex networks[END_REF]).

Figure 5(a) presents a scatterplot of Q av ×k considering substantially more cases than that shown in Figure 4. This result was obtained for 1000 RRWs performed on each of 500 BA networks with N = 500 and ⟨k⟩ = 6. The respectively obtained average ± standard deviation are depicted in Figure 5(b).

This result indicates that the average curve undergoes a relatively abrupt stabilization of growth around k = 20. Because Q av holds a strong negative correlation with Q SD , we immediately have that after this transition point, particularly small values of Q SD will be necessarily implied. Relatively high values of Q av are obtained for k ≥ 20, with little dispersion along the vertical axis. Therefore, in the case of this particular BA configuration, the assignment of recharging stations at nodes with degree k ≥ 20 will tend to have similar effect on the duration of the respective RRWs. The small dispersion observed for k ≥ 20 indicates that the assignment of recharging stations at these nodes will be strongly likely to induce more effective RRWs irrespectively of the other nodes in the network. This interesting effect suggests that the transition point k = 20 could be eventually understood as the value from which nodes can be understood as hubs in the case of this particular network. In other words, it would be possible to consider a more formal definition of hubs as those nodes having a more determinant effect on the maintenance of the respective RRWs or, in other words:

Hubs in a given network have a number K of links such that assigning any node having a degree k > K in that network (or in other networks with the same parameters) as a recharging station will substantially enhance the chances of respective RRWs to be sustained. This definition is motivated by the relatively abrupt reduction of dispersion along the vertical axis in Figure 5 once a transition degree has been achieved (k = 20 in this particular case). Therefore, all nodes with degree larger or equal to k = 20 would be considered hubs in that specific network. Observe that while the above definition remains compatible with the notion that hubs are nodes with particular high degree, it also allows a transition degree to be identified which establishes the smallest degree characterizing hubs in that respective network, therefore providing a more objective and complete alternative definition. 

Conclusions

An alternative type of random walk involving the consumption and eventual recharges of some resource as requirement for the agent motion has been described and characterized respectively to ER and BA networks with N = 500 nodes and average degree ⟨k⟩ = 6. This type of random walks, called RRWs, are particularly interesting not only because of its intrinsic theoretical features, but also because this type of dynamics represent a particularly realistic model of several real-world systems, including transportation, epidemics, food webs and ecological networks, as well as more abstract systems such as the dynamics of knowledge, ideas and opinions propagation.

Several interesting results have been obtained and discussed. In particular, both the average and standard deviation of the quantity of resource carried by the agent along each RRW were found to present a well-defined non-linear relationship with the respective degree of the recharging node, provided the latter quantity is particularly high as in the case of BA networks. In other words, RRWs taking place on BA networks having a recharging node with particularly high degree (a hub) will have large average and small standard deviation of q(t). This effect is pos- sibly also verified for the ER structures, but the limited degrees of their nodes have not allowed a more definite conclusion regarding this possible universality. Another interesting result concerns the fact that these same two quantities present a markedly high negative Pearson correlation coefficient, defining distributions that are almost identical for both the ER and BA networks, at least for the considered configurations.

The critical importance of hubs while allocating nodes to perform recharge has been identified and discussed, indicating that the maximum resource storage can be substantially small when hubs are allocated as recharging nodes. At the same time, recharging nodes with smaller degree will result in a large dispersion of Q av . The key role of nodes with degree implying RRWs to be maintained with efficiency motivated an alternative respective definition of the concept of hub.

The concepts and results reported in the present work pave the way to several subsequent studies. For instance, it would be interesting to verify how the observed relationships vary with the size of the networks and respective average degree, as well as considering other model-theoretic networks, as well as real-world structures. Another interesting prospect for further investigations concerns the search for other topological properties of the networks and/or around the recharging nodes that can influence or allow more accurate predictions about the properties of RRWs taking place in these circumstances. Also of interest would be to study RRWs in directed and weighted networks. Several additional studies can be performed also respectively to the parameters of the RRWs, such as considering larger and smaller values of maximum resource capacity Q. In the former case, it would also be of particular interest to study the distribution of the duration of the RRWs before respective stopping.
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 1 Figure1: Examples of the quantity of resource q(t) carried by the moving agent along several steps of RRWs taking place on a BA network with N = 500 nodes and average degree ⟨k⟩ = 6. In the reported experiments, the RRWs are allowed to proceed along 2000 steps. The adoption of a relatively high value of maximum storage Q = 3000 has allowed the RRWs to proceed without stopping in the considered experiments. The degree of the recharging node is shown above each plot. Observe that higher such values tend to imply larger average and less dispersed values of q(t).

Figure 2 :

 2 Figure 2: Histograms of the values of q(t) in Fig. 1.
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 3 Figure 3: The scatterplots Qav × k (a), Q sd × k (b), as well as Q sd × Qav (c) obtained for the ER network. Each point corresponds to a performed RRW on the same ER network. Several interesting results can be identified: (i) weak Pearson correlations (0.475 and -0.441) can be observed between both the average and standard deviation of the carried resource quantity q(t) and the degree k of the recharging node; (ii) a strong relationship, substantiated by a Pearson correlation coefficient of -0.962, has been observed between the quantities Qav and Q sd ; and (iii) the quantities C and k (d) are mostly unrelated, with a Pearson correlation coefficient of just -0.035.

Figure 4 :

 4 Figure 4: Relationships between the properties of RRWs performed on the BA network. The longer range of node degrees allowed by BA networks reveal a more definite non-linear relationship between the average (a) and standard deviation (b) of the quantity of resources carried by the agent along time, namely q(t), and the degree of the recharging node. The relationship between Qav and Q sd , shown in (c), resulted almost identical to that observed for the ER network (Fig 3c), being characterized by a strong negative Pearson correlation coefficient of -0.970. As with the ER network, negligible correlation (-0.027) can be observed between the quantities C and k (d).

Figure 5 :

 5 Figure 5: The scatterplot (a) of av in terms of k obtained for 1000 RRWs performed on each of 500 BA networks with N = 500 and ⟨⟩ = 6. The respective average (salmon) ± standard deviation (grey) are shown in (b).
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