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The logarithmic Schrodinger equation with spatial
white noise on the full space

Quentin CHAULEUR and Antoine MOUZARD

Abstract

We solve the Schrédinger equation with logarithmic nonlinearity and multiplicative spa-
tial white noise on R? with d < 2. Because of the nonlinearity, the regularity structures and
the paracontrolled calculus can not be used. To solve the equation, we rely on an exponential
transform that has proven useful in the context of other singular SPDEs.

Keywords — Logarithmic Schrédinger equation; Multiplicative white noise; Global well-posedness.

1 — Introduction

We consider the logarithmic Schrédinger equation with spatial white noise
i0su = Au + ué + \ulog |ul? (SlogNLS)

on R? with initial data uy and £ the spatial white noise. We work in dimension d < 2, both
in the focusing case A > 0 and the defocusing case A < 0. Since the introduction of regularity
structures [15] and paracontrolled calculus [13], a large class of singular stochastic PDEs have
been studied. While the first theories originally dealt with parabolic PDEs, these methods
were adapted in order to solve dispersive singular PDEs such as the polynomial nonlinear
Schrodinger equation with [14, 19, 20, 26]. This approach relies on a construction of the
Anderson Hamiltonian
H=A+¢

as a self-adjoint operator which allows the resolution of linear and nonlinear associated
evolution PDEs such as the Schrodinger equation. In particular, [20] obtained Strichartz
inequalities on compact surfaces which allow the resolution of the cubic NLS equation with
initial data in the energy space of H. Another approach was used by Debussche and Weber
[9] on T2, see also [8, 25, 24, 7] for more general results on T? and R2. They consider an
exponential transform first used for the Parabolic Anderson Model (PAM) equation on R?
by Hairer and Labbé¢ [16] with the new variable v = eXu where X is a random field solution
to
AX =¢.

In particular, this allows the resolution of different singular stochastic PDEs without regu-
larity structures and paracontrolled calculus. This transformation was also used for example
for constructive Quantum Field Theory [17, 2] or the Anderson form [18] with the additional
use of regularity structures. While the resolution of parabolic singular SPDEs relies on the
regularizing properties of the heat semigroup, one uses the Hamiltonian structure of the
equation and its conservative quantities in the dispersive case. In particular, this requires
well-prepared initial data depending on the noise.

In this work, we solve the logarithmic Schrédinger equation on R? with spatial white
noise using the exponential transform. In particular, the nonlinearity is not Lipschitz which
prevents from using any generalized Taylor expansion or paracontrolled expansion. Note
that in the context of nonlinear Schrédinger equations, the logarithmic nonlinearity can be
seen as the formal limit p — 1 of NLS equation with polynomial nonlinearities of the form
AMulP~tu, see the recent survey [3, Section 7| for a better understanding of this point of
view. From this perspective, this work can be considered as a natural continuation of the



articles [8, 20, 25, 24, 7] where the authors successively increased the range of admissible
nonlinearity powers p > 1, using more and more involved tools from dispersive theory such as
Strichartz estimates or modified energies techniques. In the deterministic logarithmic setting
[3, 4], Strichartz inequalities or even more involved dispersive properties has not yet shown
to be useful, and one has to rely only on the Hamiltonian structure of the equation alongside
particular algebraic properties of the nonlinearity. Hopefully, the exponential transform
from [16] interacts well with the logarithmic nonlinearity of (SlogNLS). In fact, with the
new variable v = eXu, the equation rewrites formally as

10w = Av — 2V X - Vo + [VX 20 — 20X v + \vlog |[v]?

which is better behaved since the roughest term £ is canceled. In two dimensions, the Holder
regularity of the noise is —1 — x for any x > 0 hence VX is a distribution and we have
to replace |VX|? by a Wick product :|[VX|?: as for the polynomial equation, this is the
renormalization procedure. Then one can almost surely solve this equation for initial data
vy = eXug € H2. The strategy is to consider a regularization &, of the noise and the equation

100 = Ave, — 2V X, - Vo, + :|VXE|2:v,S — 22X v 4 Ave log |’U5|2

with AX, = £. A suitable H2 bound for this solution has eventually to be obtained in
order to recover a solution in the limit € to 0. In unbounded space, there is an additional
difficulty due to the fact that the noise does not decrease at infinity. In fact, the noise £ has a
sub-polynomial growth at infinity and only belongs to weighted Holder spaces. A solution is
to suppose some decrease for the initial data vy € Hio and to propagate this to the solution,
as done in [8, 7]. Note that in the case of the logarithmic Schrédinger equation, working
with weighted initial data is natural as it already appears in the deterministic equation,
see the work of Carles and Gallagher [4]. To the best of our knowledge, this is the first
pathwise resolution of a singular SPDE with a nonlinearity that is not locally Lipschitz, see
for example [21] where Perkowski and Rosati construct martingale solutions to an equation
of this type.

For the regularized equation, one still has to deal with the logarithmic nonlinearity and
the growth of the potential on R?. Indeed, the noise £ belongs to 617357K for any x > 0 however
it does not decrease at infinity since its law is invariant by translation. The regularized noise

& = & x p. is a centered Gaussian field with covariance

Bl @) = [ pela =ty -2z

and one can prove that £ converges to £ in a weighted Holder space. The idea is to introduce
a new parameter 6 > 0 which acts as a regularization of the nonlinearity with v s the solution
to

1005 = Ave s — 2V X, - Voo 5 4+ 1| VX 2o 5 — 20 X005 + Ave 5 log (6 + [vz,5]%)

which has a unique global solution for vy € H?, see for example [6]. Adapting the method
from Carles and Gallagher [4], we are able to recover a unique solution in the limit ¢ to 0.

In this work, we solve (SlogNLS) on R? with d < 2. In one dimension, this stochastic PDE
is not singular and one can obtain a unique global solution for initial data ug € Lio NHL A
natural question is the propagation of the regularity, in general in terms of Sobolev spaces. In
the presence of white noise, the irregularity of the noise prevents the propagation of classical
regularity, however one can still study the propagation of Sobolev spaces associated with
the Anderson Hamiltonian. We prove using the exponential transform that one can almost
propagate e X H? with X the random field solution to AX = £. In two dimensions, this is a
singular stochastic PDE and we use the exponential transform to get global well-posedness
for initial data ug € e=X HIQL ,- Our work applies to the same equation on T as no dispersive
effects are used throughout the proofs, we focus on the unbounded case which is harder since
one has to deal with weighted functional spaces.

In Section 2, we recall the needed tools from harmonic analysis with the Paley-Littlewood
decomposition, weighted Besov spaces, product rule and duality. In Section 3, we give the
needed stochastic bounds on the random fields and the renormalization of the equation with



the Wick product. In Section 4, we solve the equation for a deterministic regular potential
with a possible growth at infinity. In Section 5, we solve (SlogNLS) on R and prove the
propagation of regularity for initial data in the space e X #2. Finally, we solve (SlogNLS)
on R? using the exponential transform in Section 6.

2 — Functional spaces

Since the law of the white noise is invariant by translation, it does not decay at infinity.
To deal with this, we work in weighted Lebesgue and Besov spaces. For any p € R and

p € [1, o0], we consider
1

| 2 may = (/Rd@)ﬂ\f(x)lpdx);

with (z) = y/1+ |z|?>. An important tool is the Paley-Littlewood decomposition

u:ZAnu

n>0

where
(Anu) () = 290 / X (2" — y))uly)dy
R
with x € S(R?) and supp X C {3 < [z] <2} for n > 1 and

(Agu) (2) = /

Xo(z — y)u(y)dy
Rd

with xo € S(RY) and supp Yo C {|z| < 1}. Most of the following definitions and properties
can be found in [10, Section 4]. See also [8] and references therein, in particular the book [1].

Definition 2. Let i, € R and p,q € [1,00). The weighted Besov space By .. is the set of
distribution u € S'(R?) such that

1
sy, o= (3022 Al )" < 00,
n>0

For p = q = 2, one recovers the usual weighted Sobolev spaces Hj; = B3, , with

HUHHg(Rd) = ”(ﬂ71<'>ag\)uHLi(Rd)-

We also denote the case p = g = oo as C;; = BY, , , which corresponds to the usual weighted
Holder spaces for a € Ry \N. Moreover, there exist constants Cy,Cy > 0 depending on the
spaces parameters such that

Cill(VHullss, o < llullsg, ,, < Coll{-)*ullsg

p,q,0 — Pia,n ,a,0”

and By, corresponds to the usual Besov spaces hence weighted Besov spaces satisfy the
following embeddings.

Lemma 2.2. Let p1,p2,qi,q2 € [1,00] and p, " € R such that p1 < pa2,q1 < g2 and py > pa.
For all « € R, one has the Besov embeddings

1 1

a—d T
B, (R?) C Bpagzuiia )(Rd)-

P1,q91;:11

as well as the Sobolev embeddings

Ya >

a(md d
, Hu(R?) C L(RY)

N
hSHIRSH

for p € [2,00]. Finally, the embedding
e (RY) 22 (RY)

is compact for aq > ag and py > pa.



The following lemma is a useful interpolation estimate that we shall use in the following,
and which can be found in [22, Theorem 3.8|.

Lemma 2.3. Let po,p1,qo,q1 € [1,00] and agp, o, po, 11 € R and p, q, a, i such that
1 1-6 6 1-6 6
Z= +=, == +—

1
p P p o4 @ @

and
=1 —=0ao+0cr, p=(1-0)u+0um

for 8 € [0,1]. Then there exists C > 0 such that

lullsg, @0 < Clullged o lullzz @

Pg K

In particular, we have
lulleg < Cllullyzollullzg, -

In general, one can only multiply a distribution by a test function. The following lemma
gives a product rule in weighted Besov space, as a generalisation of Young condition, see [23,
Section 2.8.2].

Lemma 2.4. Let aq,a5 € R such that oy + as > 0. Let py, s € R with p = py + pe and
p1,p2 € [1,00] with % = p% + p%. Then for any k > 0, there exists a constant C' > 0 such
that

HUUHBGPH (R) = < CVHU’”BZH1 1K1 (R) ||v||8322 P2, Hz(Rd)

where a = min(ay, ag).

As we will control energy associated to dispersive PDEs, the following duality result from
in weighted Besov spaces from [23, Theorem 2.11.2] will be useful.

Lemma25. Let o, € R and p,q € [1,00]. Then there exists a constant C > 0 such that

| [ ute@ds| < Cllullsg, @l e
R4 p’.a’—n
where Z%—&—i =1 and%—l—% =1 for any u,v € S(R?).

In order to solve the logarithmic Schrédinger equation with an unbounded potential, we
will also need the following inequality in weighted Lebesgue spaces.

Lemma 2.6. Let m € N*, n > 0 and p, po € R such that 0 < p < pg. If n < 2(4“177?, then
2 L

there exists a constant C' > 0 such that

d77+2 777772
Aﬁ%%@WWWKH!M<QMWOMHM PO 4 |l 73

24n
L)

2+n

Moreover, there exists a constant C' > 0 such that

2 24n—5t dn
252, < € min (Il gy 357 %l ol 327 %),
2?71 dTI 2+77de77

In particular, this gives

Sn0 —N—3, 2
\u||L2 +C||u||w||u|| I

/ fu(z)[? [log [u(z) 2| dz < Cllul %
Rd.




Proof: For any m € N* and 1 > 0, there exists a constant C' > 0 such that
[logy|™ < Cy" + Cy ™"

for y > 0 thus

)2 u(z)|? |log |u(x)?|™ da z) 2 |u(z) > "da )2 |u(z) > d.
| @) foglu@P|" dr < € [ @ pu@l e+ C [ @GP

For the first term, let R > 0 and write
[ @u@p e = [ @@ P e s [ @ s
R4 |z|<R lz|>R
following for example [5, Lemma 6.2]|. For p = ﬁ € (1,00) and p' = % such that I%Jr ﬁ
Hoélder inequality gives

/Rd () |u(z) > "da < (/xlSR@;}?up/da:) P (/lxllSR |u(m)|(2_n)pdx) » |
i ( /|m|>R<x>(2#a)pldx) i ( /:6|>R<x>ap|u($)|(2n)pd$) ’

2—n

- </'£|§R<x>2”p/dx) ' (/IwSR |U($)‘2dx) N

a 2-n
+( / ()2 az) / () ua)2de)
|z|>R |z|>R
with o > 0 such that (24 — a)p’ < —d. This gives the condition
d
o> ne + 2u
2

hence we can take a = 2% = (2 — n)po for n small enough to get

4 2—n

2
L@@ <o ([ Par)
Rd ]Rd
2-n
+ C’RQM*(2*77)H0+% (/ <x>2“0|u(x)|2dx) 2
Rd
for a constant ¢’ = C’(n, u,d) > 0. Optimizing this bound in R > 0 gives
1
(T, \
[[ull 2
and we get
2 2— oo T 12T T
/Rd<$> Hlu(@)]" e < 207 ullgg O Mlull . 0,
which concludes that
" R A
[ @ lute)? foglu(@)P|™ do < 200 Jul {57 ull" 0 4 o,
24n

The condition n small enough is explicit and given by (2 — n)ue > %d + 24, that is

2(p0 — 1)

n<
%4'#0

Lemma 2.2 gives

||UHL22;2:% < Cll”Hﬁzg,}
2+n



with C' = C(n, 1) > 0 and Lemma 2.3 gives

/ 1-60 0
I sty < O Tl
Pry
for 0 € [0, 1] with C" = C'(n, 0, ) > 0 and
y = 7nd and = 72M
° = 290211 Ho= e 1)

Hence taking 6 = % yields

2+n 7 24n—42 &
IIuHLzﬁ+£ < C"lullz"" Nl -

247 dn

Following the same path, one also gets

dn dn
2+ dn o otg— 40
el < C"Mull g llullp"
ity 24— 41

which completes the proof.

3 — Stochastic bounds and renormalization

In this section, we give the bounds on random fields needed to solve (SlogNLS) on R and R2.
In particular, we perform the renormalization probabilistic step with the definition of the
Wick square :[VX|?: on R2. The noise ¢ is the Gaussian random distribution such that

E[(¢,¢)] =0 and
E [(ga §0> <£a 11[}>] = <§05 1/}>L2(]Rd)

for any ¢, € S(R?). The covariance can also be written formally as
E[¢(2)€(y)] = do(z —y).

The following proposition gives the regularity of the noise. We give its proof to give a flavor
of the arguments but refer to [8] for the proofs of all the finer stochastic bounds needed
throughout the analysis.

Proposition 3. For any o < —% and pn > 0, we have
d
§eC?,(RY)
almost surely.
Proof : Since the noise is Gaussian, we have

E[(¢,¢)?] < (p - DEE[(€, ¢)?]

for any test function ¢, this is usually refered to as Gaussian hypercontractivity. In order to

use this, we estimate the Besov norm B;’pﬁ . for p large and use the embedding

P
2

B (RY) < B (RY).

pps—H 0,00, —H

Denoting K, = 2%"=1y(2"~1.) as in the definitions of the Besov spaces in Section 2, we
have

E ||Anf||ig“(Rd)} = /RdEKf,Kn(x— )>p} (z)~Prde

H (z) " PPdx

<Go-f [ Bl K-

< (0= DKooy [ (0o
R4



using that ¢ is an isometry from L?(R?) to L?(€2). This is finite as long as pu > d and we
have
1Kl 2may = 227 DIK (2" ) 172 ey = 29V K72 ay -

We get

P orin_1)d _
B[18n€lEs, ] < (0= D52 DK Ry [ (2) 7o

hence for any v < —%, there exists a constant C = C() > 0 such that
E[2"|Angl7, | | < Cotrmod),

For p large enough, this is a convergent series thus

E[[[€llce ] < oo

—n

for any a < —% and p > 0, which completes the proof since a random variable in L!() is
finite almost surely.

O

Let G € C*°(R?\{0}) such that supp G C B(0,1) and that G coincide with the Green
function of the Laplacian on a small ball around 0. Then X := G * £ is a solution to

AX =&+ px

with a suitable function ¢ € C2°(R?). Consider a regularization of the noise & = & * p.
with pe(-) = e ?p(e~!-) and p a smooth positive function such that [;, p(z)dz = 1. Then &

d
. —5 — K . .
converges to § as € goes to 0 in C_7 = and one can consider X, := G * § which converges

to X as € goes to 0 in C2~27%. In one dimension, VX is a function hence the square |V X |2
is well-defined. In two dimensions, VX is only a distribution hence the square |VX|? is
ill-defined and the family of functions |VX.|? diverges as € goes to 0. This divergence is
described by the Wick square as stated in the following proposition.

Proposition 3.2. There exists a distribution :|VX|*: € CZ//(R?) for any x> 0 such that
|VX[%: = lim (|VX€\2 - IEUVXEF])
e—0
in CZ;(R?). Moreover, the mean E[|[VX.[?] diverges as log(e).

In order to solve our equation, we will need the following bounds proved in [8], see Lemmas
2.7, 2.8 and 2.10. In particular, not only X has sub-polynomial growth but also eX and e~
which will be crucial to our results. Similar bounds can be obtained on the line without the
renormalization procedure, we do not give the details since it is similar.

Lemma 3.3. For any u >0, « € (0,1),5 € R and a € R, we have
[ Xelle= , v2) + H:VXEQ:”Cf;l(R?) + ||€aX5||c<_¥“(R2) + [l * §a||C§H(R2) <C
with C > 0 a random constant bounded in LP for any p € [1,00).
Lemma 3.4. For any p € (0,1) and p € (2/p,0), we have
||VXs||%§H(]R2) VX2 Lr 2y < C|loge]
with C > 0 a random constant bounded in LP for any p € [1,00).
Lemma 3.5. For any ;> 0, € (0,1) and k € (0,1 — &), we have

||X€ - X

Ce @) + VX2~ ;vx2:||65;1(R2) < Ce”

with C' > 0 a random constant bounded in LP for any p € [1,00).



4 — The deterministic equation

In this section, we consider the deterministic logarithmic Schrédinger equation
i0yu = Au + Vu + Aulog |ul? (logNLS)

with initial data uo € L2 (R?) N H'(R?) and a potential V' € C*°(R%) which has sub-
polynomial growth at infinity, namely

Ve L®,[RY

for all 4 > 0 and d > 1. Two main problems prevent the use of classical arguments in order
to get global well-posedness, the fact that the logarithmic nonlinearity is not Lipschitz at
the origin and the growth of the potential V' at infinity. In order to solve the equation,
we work in weighted Besov spaces with a space truncation of V' and a regularization of the
logarithmic nonlinearity. This gives a global solution that passes to the limit with respect to
the two parameters which allows to recover a solution to (logNLS).

Proposition 41. Let 0 < pg < § and ug € L2 NH'. There exists a unique solution u €
C(R; L2 NH') to (1ogNLS) with initial data uo If moreover ug € H?, then u € C(R; L2 N
H?).

Proof: Let x € C§° (R%) a smooth positive compactly supported function such that supp x C
B(0,2) and x =1 on B(0,1). Denote

Xn(x) := x(nilx) and V, :=x,V
for n > 1. Let § > 0 and consider the regularized logarithmic Schrédinger equation
i0pud, = Aul + Vpud, + Ml log (6 + [ul|?)
with initial data ul(0) = wug. As this equation is L2-subcritical for any dimension and

contains only bounded and smooth terms, there exists a unique solution u? € C(R,H!) for
up € H1, see for example [6, Theorem 3.4.1]. The two conserved quantities are the mass

M) = [ (e
Rd
and the energy
Bon(uf) = [ [Val@Pdo— [ Vi@lud(@)Pdo-A [ 6+l (@) log (5+ u} (o) ).
Rd Rd Rd
We first obtain an uniform bound in H! with respect to §. Differentiating the equation gives

L p)
i0,Vul, = AVUS, + V,Vud +ud V'V, + AVud log (6 + [ul[?) + 2ARe (ugvug) ﬁ

which after taking the imaginary part of the scalar product with Vu? gives
P _
IV < [ W )|2 Vi @) +| [ 1m (VY ()l () ()
< (I + 19 Valloe o ()12 ) 17 (8) 32
< (1N + 19Vl lluol2 ) 19 (9113
using the conservation of mass. Gronwall Lemma then yields the bound

sup IVl ()22 < 2T (AHIVVall oo lluol122) Vo2
te



for any finite interval I C R, which is uniform in § > 0 but may diverge in n > 1. We now
obtain a bound in Lio for u. We have

1d, 5,02 x - Vud ()
palut 1, = [ tn (S e

0 §
< pollun () 2 [|Ven ()l 3,

< o luo || 2|l ()] 202

-1

since 2u9 < 1 and using the mass conservation. This gives

sup [|up, (t)[[72 < lluollZz + 2T |molluol| L2 sup [[ug, (£)]|7
tel ro ro tel

for any finite interval I C R hence a bound of u (t) in L2 uniform in § > 0 with the previous

bound in H'. We now need to take the limit ¢ to 0 for the approximating sequence (u)s in

order to recover a weak solution u,. This follows closely the compactness arguments from
the seminal paper of Ginibre and Velo [12], we give its main ingredients as this strategy will
be used throughout this paper. From the uniform bounds in H' and Lio, we infer that up
to extraction, not relabeled for reader’s convenience,

b —wu, in C(I,H! NL.)

and ||un||C(1,HlmLi0) < CHuonﬂLio where C' = C(n, ||, ||ug||z2) > 0. From Lemma 2.6,
we also get that ud log(|ul|? + 6) is uniformly bounded in C(I, L?) so that

ul log([ul>+6) = F in C(I,L?)

and || Flle(r,r2) < C||u0||HlmLﬁ0 for some F € C(I,L?), again up to extraction. From the

compact embedding H!' N Lio < L' and by passing to the limit § to 0 into the weak
formulation of the regularized equation, we get

10¢y, = Aty + Vyuy, + AF

in the sense of distributions since V;, € C*°. It only remains to show that F = u,, log(|u,|?)
which is the technical part of this compactness method. We have

uts) — u(tn)|2s = / "9 Re (ult) — ult), dput))dt

t1

< Aty — ti|lluller,mn) | 10sulleir2-1)

which gives a uniform bound in C %(I , L?) hence uniform equicontinuity. Restricting our
attention to a compact K C R%, we also naturally get a uniform bound in C(I, H'(K)). The
compactness of the embedding H'(K) < L?*(K) ensures that the set {ul(t) | 6 € (0,1)} is
relatively compact in L?(K). Up to extraction, one gets convergence in C’(I JHUK )) from
Arzela-Ascoli’s Theorem, see for example Ginibre’s lecture notes [11, Lemma 7.7]. Since we
already know that (ud)s converges weakly to u, in C(I, L*(K)), we have

ud = u, in C(I,L*(K))

for all finite I C R, hence u,, € C(R, LQ(K)) and u,(0) = ug. Finally, up to extraction,
ud (t, ) = wu,(t, ) for almost every (t,x) € R x K, therefore

ul (t, ) log(|ul (¢, 2))? + 6) — un(t, ) log [uy, (¢, z)|?.
As we also have weak convergence towards F' and the compact K is arbitrary, we infer that
F(t,z) = u,(t, ) log |un,(t, z)|?
for almost all (¢,z) € R x R%, which ensures that u, is indeed a solution to

10suy, = Auy + Vou, + Auy, log |un|2



with conserved mass and conserved energy
E,(u,) = / |V, (z)2de — / Vi (2) |t () dz — )\/ | ()] log [ty () |2 dz.
Rd Rd Rd
It only remains to pass to the limit n to +00. For the potential, we have
| [ Va0 Pda] < Vs, lun O3
R4 ro
which gives with the previous bound

sup| [ Va(@)lun(t,2) Pda] < Vilus, Juoll, + 2110V, ol 2 sup [ (0) e
tel | JRrd o 0 tel

since 2u9 < 1. For the logarithmic term, we have
2 2 2#0 27777;71 % 27777%
‘ lun(t2)" log [un(t, @) dx( < Cllun (@)l 2 lluoll 2 + Cllun ®)]57: [luoll 72
R

for any n > 0 small enough using Lemma 2.6 with ¢ = 0 and the conservation of mass. With
the previous bound on Hun(t)HLﬁO, we get

dn
sup | [ 1t og (6,2 ce] < v+ A1 sup ()15 + s sup (015
tel

with A, As, A3 > 0 constant depending on d,n and ”uOHLﬁo' Using the conservation of
energy, we get

sup | / [Vun(t, 2)Pda] < |Ba(uo)| + 1V, luollZs -+ alTlpollV s, ol sup [ (0) e
tEI Rd 0 1226 0 tel

dn_ . dn
+ Ay + Ap|I| 20 su? ||un(t)|\;‘{“1° + Aj su? llun (t) 1572
te te

which, for n < 4%, gives

sup [V, (t)[7: < A+ Bsup [[un (t) |20
tel tel
with constant A, B > 0 depending on d, yq, I, HuOHLio and E(up). This yields

sup sup ||V, (t)[[72 < oo
n>1 tel

and allows to pass to the limit in n to +o0o in H!' using Arzela-Ascoli’s Theorem as before
and complete the proof of the existence. The uniqueness follows from the inequality

‘Im (zlog|z|? — 2'log|2']2) (z — 7)| < 4]z — 2/ (%)

for all z, 2" € C, see for example [6, Lemma 9.3.5]. Indeed, for uy, us two solutions, v = u; —us
satisfies
10w = Av + Vv + A(uq log |ur |* — uz log [us|?)

hence

53O <IN [ [ Im (i 0) o s ()7 — v o) og o) 2) () — )
< AN[[l(®)]1Z-
which gives v = 0 using Gronwall Lemma.

For ug € H?, again the usual theory gives a solution ud € C(R,H?) to the truncated and
regularized equation. The time derivative v} := Qyul satlsﬁes

6
Up,

10



with initial data v3(0) = 9,ud(0) = Aug + Vauo + Auglog (6 + |ug|?). Following the same
path as before gives

1d —_
>3l < | [ Re (ol e2)
Ra

< Nlop®lZ2

Im (ud (¢, 2)vS (¢, z))
6 4 |ud (t,2)]2

dx‘

hence Gronwall lemma gives
lon (Ol72 < M| Aug + Viyuo + Auo log (6 + [uo| ) |7
using the expression for v3(0). Since uy € L2 NH?, we have
[Aug + Vauol| 2 < o0

hence we only have to deal with the logarithmic term. It follows from the same proof as for
Proposition 2.6 with

[uo|* 1og(8 + |uo[*) < C(|uo|**" + [uo|*™")

with n > 0 arbitrary small and C' > 0 a constant independent of § € (0,1). In the end, we
get

sup sup sup o3 (£)2: < o0

n>1 6>0 tel
and, with a similar bound on the potential and logarithmic term, the equation gives

sup sup supHufl(t)HHz < 00
n>1 6>0 tel

which completes the proof.

O

Remark: Note that H}, C L2NH" for pn > 0 since u € H,, is equivalent to x — (x)"u(z) €
H thus
)~ (@) + (@) Vu(@)|| e < oo

which is a priori not true for u € Li NHL. However for any v, € R, Lemma 2.3 gives
1-61,,110
lullo , < Cllullz’lulf
with C' > 0 a constant and 0 € (0,1). In particular, the previous result implies
0 0
u € C(R,H} _g),,) and ueCRHYT 5 ,)

for any 6 € (0,1) respectively for ug € L,y NH' and ug € Ly, N H2. This will be used often
in the following.

5 — Stochastic equation on the line

The stochastic logarithmic Schrodinger equation
i0pu = Au + Eu + \ulog |ul? (SlogNLS)

on R has two conservation laws, namely the mass conservation

M) = /R lu(z) 2de

and the energy conservation
B = [ [Vu@)Pds = [ fuo)Ploglu(o)Pds ~ [ Ju(o)Pe(a)de.
R R R

11



Since the noise is a distribution, the last term in the energy has to be interpreted as a

distribution bracket which is well-defined for smooth enough u. In one dimension, & € C:Ein

1 ’
for any x, ;> 0 hence the bracket is well-defined for u € ”Hffﬁ with g < ¢/ and kK < k’. In

particular, the energy is well-defined for any u € ’HL , With po > 0. Because of the irregularity
of the noise, one can not hope to propagate arbitrary smoothness for the initial data, we
prove the following theorem. Recall that the random field X introduced before satisfies the
equation

AX =6+ px*€

3
with ¢ € C° a smooth compactly supported function and that X, eX,e=% € C_,; " for any
k> 0.

Theorem 51. Let 0 < po < 5 and ug € L2 (R) N H'(R). There exists a unique solution

u € C(R,LZ (R) N H'(R)) to (SlogNLS) with initial data uo. If moreover ug € e”*H?2 ,

then u € C(]R e‘X’H21 o) ) for any < pg and 0 € (0,1). In particular, the solution belongs
to C(]R,H 171)#) for any p < po and v < %
2

Proof : From Proposition 4.1, there exists a global solution u. € C(R, L2 NH') to

i0sue = Aue + Ecue + Aug log |ug|?

with initial data ug € Lfm NH! with conserved mass and regularized energy

Eg(ug):/R\Vue(:v)|2dx—/R|u5(m)|2§5(a:)da:—)\/R|u5(x)|210g\u5(x)\2dx.

For & small enough, we have

/|Vu5(t,x)|2dx§2|E(uo)\+‘)\/ |u5(t,m)|210g|ug(t,x)|2dx‘—|—‘/ e (1, 2) 26 () de
R R R

with |E(ug)| < oo since ug € L2 NH' C 'H(l o) f0r any 0 € (0,1). For the logarithmic
term, the proof of Proposition 4 l gives

sup| [ uet.a) P log (1. ))da] < As + Aol7175 sup ()15 + s sup e ()]
tel R4

with Ay, Ag, A3 > 0 constant depending on 7, 1, Hu0||Li0 and ||ug||3 for any finite interval
I C R. For the noise term, we have

‘/55 e (t, x |2dx

el CA N PR OPE OIS

—2u By oy

< CYell -3 llue (12 RS

,QM

S NN -3l 2 4f e (8) 135

_QM

E—Qn

for k, u > 0 using Lemma 2.4 and Lemma 2.3 with C’ > 0 a constant depending on p and
k. Again following the proof of Proposition 4.1, we have

sup [lus ()72 < luollZs + 21 |polluol|z2 sup [|ue ()32
tel o o tel
hence for = puo(3 — 2k), we get

sup
tel

/é} )ue (t,2)dz| < CSHP(HUE( G+ 11132 e ()] )

with C > 0 a constant depending on pg,x and |Jugl] r2,- Thus the conservation of energy
gives

K 5—2K 2K
S“p/ Ve (t, )P < 2/ E(uo)| + C sup ([Jue (€)% + 111272 uc (8)]| 57°)
tel JR tel

12



which for % + 2k < 2 gives

sup sup |uz (1)1 < oo.
e>0 tel

This bound gives the existence of a solution using Arzela-Ascoli’s Theorem as before, the
_1_

noise part being well controlled since { € C_j " and that the solution is controlled in
Lio NH!'. The proof of uniqueness is the same as in the deterministic case of Proposition
4.1.

For the propagation of regularity, the usual path is to suppose higher Sobolev regularity
for the initial data and prove that it is conserved for positive time. Because of the roughness
of the noise &, this does not hold anymore. However, one can consider initial data in the

Sobolev space associated to the Anderson Hamiltonian. Consider the new variable

v i= GXU

where X is a solution to

AX =€+pxé
with ¢ € C°(R) is a smooth compactly supported function introduced before. It satisfies
the equation

100 = Av — 2V X - Vo — 20 Xv + v(|VX|? — o % €) + Avlog [v]?

with initial data vy = eXwuy. While this equation seems more complicated, it is better

behaved since the roughest term is canceled. With our previous result, one gets global
existence and uniqueness for initial data vo € e* (L2 NH') with v € C(R,eX (L2 NH')).

Since eX,e X € C%;H for any pu, x > 0, we have
EX(LiO M Hl) C H(el—e)u
for any p1 < pp and 6 € (0,1) as well as
M, CeX(LiNH)

for any p < po. For vy € ’H}m, we then have e Xy, € Li N H! for pu < po thus the

previous result implies the existence of a global solution v € C(R, "H?l_g) u) for any p < po
and 0 € (0,1). Using Kato’s trick, we now prove the propagation of regularity for vy € 7—[30.
Let w := 0yv which formally satisfies the equation

i0yw = Aw — 2VX - Vw — 22X w + w(|[VX]? — ¢ * €) + Awlog [v]? + 2) Re(ﬁw)#

with initial data
w(0) = (040)(0) = Avg — 2VX - Vg — 2AXvg + vo(|[VX |2 — ¢ * €) 4+ g log |vg|*.

Of course, we point out that the term 2\ Re(vw)v/|v|? might be singular, and one has to
perform the same kind of regularization procedure with saturating constant 4 > 0 as in the

proof of Proposition 4.1 and then to pass to the limit § — 0 thanks to uniform estimates. As

K
for

3_
it follows the exact same path as we did before, we omit the details here. Since X € C2,
any p, k> 0 and vy € ’Hio, we get that e~ Xw(0) € L?, which is exactly where it is important
that we have canceled the roughest term &, and we can then follow the usual path. Using

the equation at the level of u, Kato’s trick gives
leXw(®)[72 < e e Xw(0)]7-

thus
e X w(0)[|7-

lw(®l7: < ez,
for any g > 0. Using the equation on v, we get
[Av(t)ll2, < [[i0w +2VX - Vo + 2AXv — v(|[VX[* — % €) + Mlog [v]*| 2 |
< MM E lle”Xw(0)|F: + 2CIVX |, [ Vollg, + 201X [z, 10l 3,

_n_ 2_n_L n 24n—21
+CIIVXP =€l vleg, + CllIL [0l 0 + ol ol
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with a parameter n > 0 hence v € C(R, H? ) for any p > 0 small enough. Using that

Zu
2 2 20
L# N H_#/ — H(l_‘g)p‘_g‘u/
for any 6 € (0,1) and z/ > 0, this proves that v € C(R, ’H%{CG)M) for any 6 € (0,1) and p < pg.

In particular, this proves that the condition ug € e_X’HiO implies u € C(]R7 e_X"H(foe)H) for
any 0 € (0,1) and p < po which completes the proof.

g

6 — Stochastic equation on the plane

In two dimensions, the noise is even more irregular and the equation becomes singular in the
sense of ill-defined product. Indeed, assuming that one can construct a solution in ”H}m, the
equation

i0pu = Au + ué + Aulog |ul?

contains an ill-defined product since £ € C:if“(]l@) for any p,x > 0. As illustrated with
the equation in one dimension, it is not expected that regularity higher than g + 2 with
(B being the regularity on the noise can be propagated for the solution. As done in the
context of dispersive singular SPDE by Debussche and Weber [9], a way out is to consider
the exponential transformation, as done in the previous section, that is v = eXu with

AX =8+ px&
for a function ¢ € C>°(R?). Then v formally satisfies the equation
10w = Av — 2VX - Vo + 0(|[VX]? — ¢ % €) — 20X v + \vlog |v]?

with initial data vy = eXug. This equation is still singular since in two dimensions, we have

X e C:f hence VX is a distribution and the square |VX|? is ill-defined. This is however
a better behaved equation since the roughest term is canceled and the singular product is
independant of the unknown v as it concerns only X. For a regularization of the noise &,
the divergence of the singular term |V X.|? is well known with the Wick product

VX[ = lim <|VX€\2 —IEUVXEF])

in the space C:Z(RQ) for any p,k > 0. In particular, the mean c. := E[|VX€\2] diverges as
a logarithm of €. Hence one can hope to prove that the solution v, of the modified equation

100 = Ave — 2V X, - Vo, + v (|VX 2 — . — o x &) — 20X v + M. log v, |2
converges as € goes to 0 to the solution of

10 = Av — 2VX - Vo +v(:|[VX % — o % £) — 20X v + \vlog [v]? (mSlogNLS)
with initial data vy € ?—lio. The initial unknown wu,. satisfies the equation

i0ue = Aue + ue(€o — ¢2) + Aue log |u|?
with initial data u.(0) = e"*<vy and has conserved mass and conserved energy
[ 1n@Pae = [ @R - cde =2 [ jue@)Plog o) .
In the new variable v, this gives the modified energy
B.(00) = [ VoPe o= [ (@B (VXL = e = )Xo

-\ / v (2)]? log |ve ()™ 2X=@) da: + 2X / v ()2 X (z)e 2@ dg
R2 R2
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and modified mass
M. (v.) = / [ve () [2e2X@)dy,
R2
While this seems more complicated, this converges to the modified energy E(v) and mass

M (v), well-defined for v € H2 . Given a solution v. which converges to a solution v of

(mSlogNLS), we can interprete v = e~*v as a solution of the renormalized equation of

(SlogNLS) and limit of u. = e~*<v, in a suitable weighted space.

Theorem 6.1. Let vy € HiO(RQ) with 0 < pg < % There exists a unique solution v €

C(R,’H(foa)#(RQ)) of equation (mSlogNLS) for any p < po and 6 € (0,1).

Proof : Since vg € 'Hio, we have e Xeyq € Li N H? for any p < po. From Proposition 4.1,

there exists a global solution u. € C(R, L2 NH?) with p < po to
i0pue = Aug + (& — co)ue + Aue log ue|?
with initial data e~ X<vy with conserved mass M and regularized energy

’LL.’L'2.'17* UIQ ) — C xXr — UI2OU(E2IE.
/R|v5<>|d /Ru()uss() d A/R|E<>|1g|s<>|d

This implies that v, € C(R7 7—[(219_9)“) for any 6 € (0,1) with conserved modified mass

Me(ve) = /2 |U€($)‘26_2X5($)d$
R
and modified energy
E.(v.) = / |VUE($)|2€72XE(z)d$ - / |v5(a:)|2(|VX€(x)\2 + (p*&)(x) — 05)672)(5(17)(133
R2 R2

+2) / ve (2)2 X (x)e " 2Xe@da — A / |ve (2)]2 log |ve (z)]2e~2X= @) dz.
R2 R2
For p € R, we have

lgnvs(f& 172 = / ()* Re (0pv:(t, z)v:(t, x))efzxa(m)d$
RQ
- / ()" Im ((Avg(t, x) — 2V X (x) - Vo (t, x)) T (t, x))e*zXf(gﬂ)dx
R2

=— [ V(@) Vu(t,2)vz(t, x)e 2@ dy
R2

<ol [ (9, e O
]RQ
< 2/l lloe(t)e™ ¥ |21 Vve (D)l 3,
< 2|plllvoe™¥<|| 2 |ve (8) sy,
using the conservation of the modified mass. This gives
sup [|ve(t)e™ (|72 < llvoe™ <122 + 4l1||ulllvoe™ | 2 sup [Jve () 5z, |
tel H # tel !
for any finite interval I C R hence
sup [lve ()] 72 < lle¥[[i  sup v(t)e¥<[|7
1 [ Wk tel "

e oo™ g + Al I e e sup (B,

for any 0 < p/ < 1 < po. We now prove that v.(¢) is bounded in H* ., uniformly with respect
tot € R and € > 0 using this bound and the conservation of the modified energy. Indeed,
we have

/ |Vv5(t,x)|2672X5("”)dx = E.(vo) + / [ve (2, :£)|2(|VX€(x)|2 + (p*&)(x) — cE)e*QXE("”)d:E
R2 R2

— 2\ / e (t, ) > X o (x)e™ 2@ dz + X / e (t, z)|? log |va (¢, z)|?e2X @) dz
R2 R2
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and E.(vg) < 2|E(vg)| for € small enough. For the first two terms, we have

’ / |vs(t,x)|2(|VXs(z)|2+(cp x &) (x) — ce)eszf(m)dx’
]‘R2
<IVXe(@)]* + (p* &) (x) — Celle=g lve(W)Te(®)ll 55,
< 2||1|VX|25||C;Z~M||Ue(t)||312m
< 2||:|VX|2:||C:;“||1;5( )||L22S [[ve ()

T1=2k

541
and

| / et D)X (@)X o] < [ Xee g oo (1)1
for any p,x > 0. For the logarithmic term, we have

/ |v5<t,x>|210g\vg<t,x>|2e—2xf<f>dw\sne%nm [ @ vt )P log ot )Pz
R2 * JR2

— 2-n - — 24
< Olle™ e vt )II G loe@l " " +Clle X<l p=, [lve(t )IILafn
2+T/

using Lemma 2.6 with g < po and 7 > 0 small enough. Using
IVo- (Ol < lle™ (7= [IVoe(t)e™ 172
for any p > 0, we get in the end

sup Voo (t)7: < A+ Bsup|lve(t)|5,,
tel K tel 2p—1

with 8 < 2 and A, B > 0 constants depending on the noise and vy hence

sup sup [jve(t)[[31 < o0
e>0 tel "

for p < % to ensure 2p — 1 < —p. This gives

sup sup ||UE(t)HLA2£o < oo
e>0 tel

since g < % and interpolation yields

sup sup - (1) g, < 00
e>0 tel H

for any 6 € (0,1) and p < pp. For the H? bound, we use again Kato’s trick with w. = d;v..
Using the equation at the level of 0;u., we have

le™ X we(®)[|72 < e*Mle™ < w.(0)172
while the equation on v. gives
we(0) = Avg — 2V X, - Vug + ([VX.|? 4+ @ * & — c2)vo + Avg log |vg |2

As € goes to 0, w(0) converges to a distribution in H, " for any p < po and £ > 0 since
v € H2,. Thus [[e”*<w.(0)]| > diverges as € goes to 0 due to local irregularity. Note that
on the torus it is enough to use Gagliargo-Nirenberg inequality since VX, and :|VX.|?:
diverges as log( ) in L*(T?), see [9]. Following [8], we use instead

IVXclZe ey + VXl ge) < Clloge|
for 4 € (0,1) and p > % For 1 = % + %, Holder inequality gives

IVX. - Vo2 + H1|VX5\21?J0HL3 SCIVXcllrr [[Voollzg, + H:|VXE|2:HL’L#HUOHL‘2’M
< C'|loge|([[Vooll 12 + [Jvoll 1-2)
My, My, °

2 2u

< C'[loge] oz,
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for 2 < pg. Using Lemma 2.6, we get

[we(0)l[L2 < Cllog(e)llvollaz,

thus

lwe (®)llz2, < lle™e ||z, le™we (t)[|7

A I - €
< Cllog(@)|e* M [l | =, e[|z, lvolsz.
for any p € (0,1). Using the equation on v and similar bounds, this gives
loe(®)ll32 , < Clogel?

for some 8 > 0 and random positive constant C' > 0 independant of € € (0,1). As announced
before, this H2 ., bound is not uniform with respect to € so we can not conclude directly by
compactness arguments. Instead, as performed in [9], we are going to show that the sequence
(ve)e is a Cauchy sequence in Lﬁ with a polynomial rate in €, hence we will recover a limit
in H?{)—e)u by interpolation between L? and H? ,, taking advantage of the fact that the
divergence in H2 ., is only logarithmic in € and can therefore be absorb by a polynomial
decrease in €. Let’s denote €2 > ¢1 > 0 and r = v., — ve,, Which satisfies

i0r = Ar — 2Vr - VX, +r(:|[VX., [ —p* &) — 20X, 7 + 2V, - V(X,, — X.,)
+ UEz(:|VX61 |2: - :|VXE2|2: —P* 561 + P * 582) + 2/\U€2 (X51 - XEz)
+ A(ve, log ve, |2 — e, log vg, |2)

with 7(0) = 0. Multiplying the equation by 7, integrating over R? and taking the imaginary
part, we get

/ |r(t, z)|?e~2Xe (@) dx) =Im | 2Vu.,(t,z) V(X., — X.,)(2)7(t,z)e X @ dy

2 dt 2

+ Im/ Ve, (t, ) (:|VXE1 |2: — :|VX82|2: —px&, + px 552)(x)7(t,x)6_2xfl(x)dx
RQ

+ AIm . (21152 (t,2)(Xe, — X)) () + (ve, log |ue, |2 — v, log|ve, \2)(t, a:))?(t, x)e_QX“(m)dx.
R

Using Lemma 3.5 alongside the previous bounds, this gives

‘ Ve, (t,x) - V(X., — Xo,)(x)F(t, z)e” 2@ dy
R2

< VXe, — VX, || ——+~||V0627"6 2Xes I 1 1-x

-’ 1 !
—2X.
< CeglIVorall s s e
2 2
< Ol 3 v 1+ ||v 1
el g (| el ot gzncTHj)
2
3

< Ceflloges|2 63I/\‘t||vo||?‘1§O

and

| / 0ea (b 0) (1T X, [ = VX P = % €y + 05 ) (@)1 2)e X )
R

< VX P = VX = oo, o xball - pinl Voee X0 ]|

—u! 1,1,p/
1 ||7“||
12
L
2

< Ce5lluollgy,
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as soon as Kk € (O, %), i < £ and constants a, o’ > 0. The linear term is handle the same
way and we make use of the inequality (x) for the logarithmic part to get

| 1 (e og o [ vy log o) (5 = ) (8201
R2
< 4/ |r(t, z)[2e 2% @ dg,
R2

Gathering these bounds, Gronwall lemma thus yields

2 3
oy = veslleqrizz ) < Ce5'%|log ea|2 e M g 5
5 no

for I C R and some numeric constant 5 > 0. By interpolation we then infer that
=
vy

!
~
Hpy

1
||’U51 - sz”CTHZ < 2||’U€1 - ﬂlelc 2/2 HUSzH
TH =g
1

with v € (1,2), vy <+, w1 < (1 —v/2)po and p = —ps + %(ul + p2) which leads to

K

s(1—-2 3(1—2 /
o, = oeallcrag) < Cef U7 ogealt () oy g

where a(vy,7’) > 0, so (ve)e is well a Cauchy sequence in C(I, 7—[:{(]1@)) by comparative
growth, and so there exists a limit function v € C(I , ’HX(RZ)) solution of the limit equation
with initial data vg.

It now remains to show the pathwise uniqueness. Let v; and vs be two solutions of
(mSlogNLS) with paths in C(I,H),(R?)) with same initial data vy € H2 (R?). We set
r = v; — v9, which satisfies the equation

i0ir = Ar — 2Vr - VX +r(:|VX|% — o x &) — 2AX7 + A(v1 log |v1|* — va log |va]?),
leading to the standard estimate

1d

,7/ |r(t,x)|2672X(z)da: = /\Im/ (U1 log |[v1]? — va log |U2|2) (t,x)F(t,m)e’QX(f”)dx
2dt Jpe -

<A [ et PeX @
RZ
using equation (*). By Gronwall lemma, we get that
/ |r(t’x)|2672X(w)dx < eS\Alt/ Ir(0, x)|2ef2X(w)dx
R2 R2

hence r = 0 since r(0) = 0 and this completes the proof.
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