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We conjecture that "Antisymmetrized Geminal Power" wave functions, and, in particular, those of extreme type in Coleman's terminology (i.e. with all geminal coefficients equal), can always be rewritten as antisymmetrized products of geminals orthogonal to each other. We prove this conjecture in simple cases and provide numerical evidence that it holds true in more complicated examples. Establishing the validity of this conjecture is important as it questions the physical interpretation of AGP wavefunctions.

Introduction

Antisymmetrized Geminal Power (AGP) wave functions have appeared in the 1950's in superconductivity theory and were called Schafroth-condensed pair wave functions in this context ( [START_REF] Blatt | Theory of Superconductivity[END_REF], p.169). Later, it was noticed ( [START_REF] Blatt | Theory of Superconductivity[END_REF], p.183) that they correspond to number projected Bardeen-Cooper-Schrieffer (BCS) wave functions [START_REF] Bardeen | Theory of Superconductivity[END_REF], and they have attracted a lot of attention from the mathematical chemistry and quantum chemistry communities in the 1960's [3,4,5]. In the past twenty years, they have become a common factor of test functions in quantum Monte-Carlo calculations [6]. More recently, several authors have advocated their use as reference states for more involved post-treatments of electron correlation [7,8,9,10,11,12,13,14,15,16] and the AGP ansatz has even been ported to quantum computers [START_REF] Khamoshi | Correlating AGP on a quantum computer[END_REF].

Of particular importance are the AGP of extreme type, in Coleman's terminology, which have many remarkable properties, such as having reduced density matrices (RDM) whose largest eigenvalue achieves the maximal possible value for a 2n-Fermion wavefunction within a 2m-dimensional one-particle Hilbert space [3]. It is often argued that a large 2-particle RDM (2-RDM) eigenvalue is a "key to the understanding of superconductivity" [4] as it accompanies the onset of off-diagonal-long-range-order in the 2-RDM. It is usually believed that the seemingly "bosonic character" of the wave function structure as a power of a Fermion pair, is essential to the coherent pairing in the natural geminal associated to the largest 2-RDM eigenvalue.

The main purpose of this article is to propose a conjecture, which, if true, could lead to a revision of such belief. In the next section, we focus on AGP of extreme type. The conjecture is proved in two extreme cases, namely n = m, and n = 2, m arbitrary. It has been verified numerically for many values of m up to n = 5. In the last section, we consider the possible extension of the conjecture and conclude with a hint for a demonstration.

Conjecture for AGP of extreme type

Let H be a 2m-dimensional Hilbert space. We note (ϕ 1 , . . . , ϕ m , ϕ 1 , . . . , ϕ m ) an orthonormal basis set of this space. Consider the two-fermion wave function i.e. the "geminal", g defined by:

g =     1 n! m n     1 n m i=1 ϕ i ∧ ϕ i
and its n th antisymmetrized power:

g ∧n = g ∧ • • • ∧ g = 1 m n 1≤i 1 <i 2 <•••<in≤m ϕ i 1 ∧ ϕ i 1 ∧ • • • ∧ ϕ in ∧ ϕ in
The coefficients of g are all equal, which makes g ∧n an Antisymetrized Geminal Power (AGP) of extreme type in Coleman's denomination [3,4]. The normalization of g has been chosen so that g ∧n be normalized to 1.

We conjecture that there always exists n geminals g 1 , . . . , g n of the form:

g k = m i=1 c k i ϕ i ∧ ϕ i + i =j d k i,j (ϕ i ∧ ϕ j + ϕ j ∧ ϕ i ) such that g 1 ∧ • • • ∧ g n = g ∧n and g k ⊥ g l i.e. g k |g l = 0 for all k = l.
The conjecture is always true in the case m = n, since, as is well-known, g ∧n is a single Slater determinantal function in this case, that can be rewritten as:

g ∧n = ϕ 1 ∧ ϕ 1 ∧ • • • ∧ ϕ n ∧ ϕ n ,
so, it suffices to set: ∀i, g i = ϕ i ∧ ϕ i . Hereafter, we will assume m > n.

The conjecture is also true for n = 2 and arbitrary m. A solution is for example:

g 1 = m-1 i=1 ϕ i ∧ ϕ i + (1 + √ m) ϕ m ∧ ϕ m , (1) 
g 2 = 1 2m(m -1) m-1 i=1 ϕ i ∧ ϕ i + (1 - √ m) ϕ m ∧ ϕ m . (2) 
These two cases suggest to limit the search of g k 's to seniority 0 geminals i.e. to set ∀i, j, k, d k i,j = 0 in the first place.

The g k 's have to satisfy two types of constraints:

i) Orthogonality constraints, ∀k = l, m i=1 c k i c l i = 0 . (3) 
ii) "Coefficient" constraints, obtained by identification of the 2n-Fermion expansion coefficients in the induced basis on the 2n-particle space. The coefficients of

g 1 ∧ • • • ∧ g n involved permanents, noted "| | + ".
The constraints are expressed as follows:

∀(i 1 , i 2 , • • • , i n ) such that 1 ≤ i 1 < i 2 < • • • < i n ≤ m, c 1 i 1 c 2 i 1 • • • c n i 1 c 1 i 2 c 2 i 2 • • • c n i 2 . . . . . . . . . . . . c 1 in c 2 in • • • c n in + = 1 m n . (4) 
We thus have m × n parameters (the c k i 's), for n 2 + m n orthogonality contraints and coefficient constraints, which a priori are not necessarily independent.

By borrowing from the case n = 2, the special structure of its special solution given in Eqs. ( 1) and (2), we further constrain for each geminal k, the coefficients c k i 's to be all equal for i ∈ {1, • • • , mn + 1}. When j indices among i 1 , i 2 , . . . , i n belong to {mn + 2, • • • , m}, this reduces the number of distinct coefficient conditions to n-1 j , and since j takes all values in {0, • • • , n -1}, this leads to 2 n-1 independent coefficient conditions altogether, from Eq.( 4). It is also convenient to enforce that all the g k 's but g 1 be normalized to 1, adjusting the normalization of the latter to normalize the whole antisymmetrized product. All this simplifies our search for n > 2 solutions: the number of free parameters is reduced to n 2 , and the total number of constraints to (n-1)(n+2) 2 + 2 n-1 , both independent of m.

Even within these restrictions, we have obtained numerical solutions for n ≤ 5 and all values of m we have tried. For example, for n = 5 and m = 30, we let the reader verify that the following set of coefficients satisfies all the required conditions to an accuracy better than 10 -19 . In fact, it seems easy to find a solution of this type, even though the number of constraints, 30, is larger than the number of parameters, 25, in the case n = 5, whatever the value of m might be.

Generalizations and conclusion

So far, we have focused on AGP of extreme type, since their very special properties tend to suggest that they are the most difficult AGP to approach with orthogonal geminals.

However, the conjecture might also hold true for general AGP, that is those constructed as an antisymmetrized power of a geminal of the form:

g = m i=1 a i ϕ i ∧ ϕ i .
For the case n = 2 our particular solution, Eqs. ( 1) and ( 2), can easily be adapted:

g 1 = m-1 i=1 a i ϕ i ∧ ϕ i +   a m + m i=1 |a i | 2   ϕ m ∧ ϕ m , g 2 = m-1 i=1 a i ϕ i ∧ ϕ i +   a m - m i=1 |a i | 2   ϕ m ∧ ϕ m ,
gives

g 1 ∧ g 2 = 1≤i<j≤m 2 a i a j ϕ i ∧ ϕ i ∧ ϕ j ∧ ϕ j = g ∧2 while g 1 |g 2 = 0.
It is even tempting to go beyond AGP wave functions and state that the set of antisymmetrized product of orthogonal geminal is dense in the set of antisymmetrized product of any geminals, i.e. given n geminals g ′ 1 , g ′ 2 , . . . , g ′ n ,

∀ε > 0, ∃ g 1 , g 2 , . . . , g n , such that ∀i = j, g i |g j = 0 and

||g 1 ∧ • • • ∧ g n -g ′ 1 ∧ • • •∧ g ′ n || < ε.
In Eq.( 3), we have implicitly assumed real coefficients. However, we can of course consider the complex case, which can provide us more freedom. The scalar product has to be replaced by the Hermitian product and the orthogonality constraints become:

∀k = l, m i=1 ck i c l i = 0, (5) 
where ck i denotes the complex conjugate of c k i . On another hand, in the complex field, it is natural to invoke Hilbert's Nullstellensatz theorem to prove the existence of a solution to a set of polynomial equations. So, for each complex parameter, we set

c k i = X k i + ıY k i and ck i = X k i -ıY k i .
Then, we substitute these expressions for all i and k into the constraints.

We obtain a set of polynomial expressions in the indeterminates (X k i ) i,k and (Y k i ) i,k . The orthogonality constraints, Eq.( 5), give homogeneous polynomials of degree 2,

∀k = l, m i=1 (X k i • X l i + Y k i • Y l i ) + ı(X k i • Y l i -Y k i • X l i ). (6) 
The coefficient constraints give polynomials that have only monomials of degree n plus a constant i.e. of the form, for AGP of extreme type:

σ∈Sn n k=1 (X k σ(i k ) + ıY k σ(i k ) ) - 1 m n , (7) 
where the sum extends over permutations of n elements. It can be easily seen that the constant 1 is not in the ideal generated by these polynomials: if 1 was in the ideal, it could be expressed as a linear combination of products of these polynomials, where there should be at least a non zero-coefficient in front of a power of a "coefficient constraint" polynomial of expression (7), because the "orthogonality constraint" polynomials of expression (6), have no constant term. But then, the homogenous monomials of degree n of this term would not possibly cancel out with some other terms, because, the polynomials of expression (6) have necessarily indeterminate subscript coming in pairs of identical indices, the others polynomials from expression (7) give homogeneous monomials of degree n that are all distinct, and the powers of the same polynomial form a free set. So, since 1 is not in the ideal, the weak Hilbert's Nullstellensatz theorem applies and insures that all the polynomials have common zeros. However, it remains to prove that there are common zeros that are real, otherwise the zeros of the polynomials in (6) will not be suitable solutions of the orthogonality constraints Eq.( 5).

We leave a complete proof of the conjecture to the sagacity of the readers. We hope that the cases exhibited in this work up to n = 5, that is 10 molecular electrons for example in quantum chemistry, will already stimulate interest.
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