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Two-way blade modelling method for the structural redesign of compressor
blades

Solène Kojtych1, Charles Audet2, Alain Batailly1

Abstract
Over the past few years, stringent environmental requirements and the need for increased overall efficiency have forced
designers to bring turbomachine components closer to their operating limits. To address lifespan issues, costly redesign
operations are thus unavoidable. These operations face many roadblocks, especially when they are triggered by nonlinear
phenomena for which there exists no design guidelines. For aircraft engine blades, the handling of nonlinear structural
interactions is a major challenge. This works proposes a proof of concept for the redesign of compressor blades undergoing
structural contact interactions at the blade-tip/casing interface. The redesign process involves the modelling of an
existing input blade, followed by a shape update based on an iterative optimization algorithm. A two-way modelling
method is proposed to parameterize the input blade and generate a CAD model from blade parameters describing several
conical blade sections. The fidelity of the parameterized blade with respect to the input blade is assessed for the NASA
blades rotor 37 and rotor 67. A high fidelity is observed with respect to geometric and dynamic characteristics. The
modelling method is fully compatible with an iterative redesign process: it is applied to the redesign of rotor 37 to
increase its robustness to contact interactions.
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Méthode de modélisation bidirectionnelle pour la reconception d’aubes de
compresseurs

Solène Kojtych1, Charles Audet2, Alain Batailly1

Résumé
Ces dernières années, des exigences environnementales strictes et la nécessité d’accroitre les rendements en général ont
poussé les concepteurs à amener les composants de turbomachines proches de leurs limites de fonctionnement. Pour
prendre compte les problèmes liés à la durée de vie des composants, des opérations de reconception coûteuses sont
donc inévitables. Ces opérations se heurtent à de nombreux obstacles, en particulier lorsqu’elles sont causées par des
phénomènes non linéaires pour lesquels il n’existe pas de lignes de conception directrices. Pour les aubes de moteur
d’avion en particulier, la gestion des interactions structurelles non linéaires est un défi majeur. Ce travail présente une
preuve de concept pour la reconception d’aubes de compresseurs soumises à des interactions de contact entre le sommet
d’aube et le carter. Le processus de reconception implique la modélisation d’une aube d’entrée existante, suivie d’une
mise à jour de sa forme à l’aide d’un algorithme d’optimisation itératif. Une méthode de modélisation bidirectionnelle
est proposée pour paramétrer l’aube d’entrée selon plusieurs sections coniques et générer un modèle CAO à partir des
paramètres identifiés. La fidélité de l’aube paramétrée par rapport à l’aube d’entrée est évaluée pour les aubes NASA
rotor 37 et rotor 67. Une grande fidélité des caractéristiques géométriques et dynamiques est observée. La méthode de
modélisation est entièrement compatible avec un processus de reconception itératif : elle est appliquée à la reconception
du rotor 37 afin d’accrôıtre sa robustesse aux interactions de contact.

Mots-clés
conception d’aubes de compresseurs, interactions structurelles non linéaires, modélisation paramétrique, extraction de
paramètres, optimisation de forme
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1 Introduction

Turbomachines are key components of both transportation and power generation industries. While safety concerns
are essential in both these industrial domains, design processes of modern turbomachines are being transformed by
recent and more constraining environmental regulations. As a matter of fact, in an increasingly competitive global
market, reducing turbomachines environmental footprint has been driving research and development programs for
many years [1]. The challenges faced by engineers and designers may vary depending on the industrial domain. In
the power generation industry for instance, obvious material and economic constraints may prevent the replacement
of existing facilities. For that reason, engineers’ efforts are focused on expanding the lifespan of operating large
gas turbines [2, 3]. In the aerospace industry however, the large production of new aircraft engines that must
achieve lower emission levels, combined with critical mass constraints, call for the urgent evolution of specific design
processes. In any case, engineers are facing a series of novel challenges that bring modern turbomachines closer
to their operating limits: the lifespan of specific structural components may not be accurately assessed, which
unavoidably yields costly redesign operations.

Broadly speaking, redesign operations may be triggered by different factors such as regulatory changes, the
evolution of market demand [3], unsatisfactory performance [4] or lifespan issues [2]. In the worst-case scenario,
redesign operations are needed following the failure of a given component with detrimental economic consequences as
planes may be grounded or power plants stopped [2]. Beside their economic impact, redesign operations may be facing
major roadblocks when their root cause is tied to sophisticated interactions that may arise within turbomachines
and that are not yet fully understood. In particular, the mitigation of structural interactions—such as nonlinear
vibrations of blades due to friction at the blade/disk interface [5] or structural contacts at the blade-tip/casing
interface [6, 7] that must now be accounted for in non-accidental configurations—constitutes a major roadblock for
designers. On the one hand, there exists no unified theoretical framework for the analysis of such nonlinear structural
interactions. On the other hand, blade design procedures are essentially driven by aerodynamic considerations and
are ill-suited to account for such phenomena. Designers thus rely on empirical (oftentimes linear) structural criteria
and both design or redesign operations are time-consuming trial and error processes. A blade redesign process may
be divided into three steps:
(1) modelling of the blade of interest, which is the focus of this work. Several reverse engineering methods may

be used to model existing blades for redesign [8, 9], as well as for manufacturing [10], inspection [11] and
maintenance [12] purposes. These methods aim at generating a Computed Aided Design (CAD) model from a
point cloud obtained with experimental measurements of the blade. In most cases, the parameterization of
this CAD model relies on purely geometrical parameters, such as control points of NURBS [13, 14, 15]. Some
methods make it possible to extract engineering parameters with a more intuitive geometrical meaning, such
as lean or sweep angles, in order to retrieve at best the original design intents. This may be done to compute
a CAD model smoothed from measurements errors [16] or to analyze design trends on several blades [9].
However, only a few parameters, related to aerodynamic considerations, are deduced.
To the best of the authors’ knowledge, a very limited number of published redesign studies relies on param-
eterization methods including both a procedure to extract engineering parameters with intuitive geometric
meaning and a procedure to generate the corresponding CAD model [17, 18, 19]. In the work of Li et al. [18],
a simplified design rule is introduced to map geometric and aerodynamic parameters to facilitate the update
of the model with respect to aerodynamic considerations. Although aerodynamic performance is similar with
the two parameterized models, the profile curves may be different. In another article, a parameterization
was proposed for the optimization of blades accounting for contact interactions [20], but the geometry of the
blade tip was simplified by the use of planar surfaces. Recently, high-fidelity parameterization methods have
been proposed for aerodynamic studies [17, 19]. The need for methods linking several design steps has been
underlined for the manufacturing of radial compressor impellers [19], which involves CAD, computational fluid
dynamics and computer aided manufacturing models. As these methods are dedicated to specific applications,
a case-by-case check of the influence of the chosen parameters on the phenomenon of interest is conducted, for
instance to evaluate their impact on the flow control [17] or on the manufacturing quality [19].

(2) update of the blade. This step is often conducted empirically on the basis of previous studies and the expertise
of designers [2, 3, 4, 21]. Alternately, design modifications may be carried out by iterative optimization
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algorithms relying on successive performance simulations. Unconventional solutions of the space of parameters
may thus be explored, in particular when the physical phenomena involved in the redesign are not fully
understood. In the context of aerodynamic studies, evolutionary algorithms [13] are widely used, as well as
adjoint approaches requiring the shape derivatives with respect to geometric parameters [22]. More recently,
structural optimizations were conducted with blackbox optimization methods dedicated to time-consuming
simulations for which the derivatives of the quantities of interest are not available [20].

(3) performance check of the updated blade, relying on numerical simulations [4, 21] or experimental tests at
operating conditions [2, 3]. The performance check is often used to analyze features which were not explicitly
accounted for in the redesign process [3, 21, 23]. This step may be required to assess the relevance of design
modifications when an empirical update has been conducted [2, 4]. It may also be required following an iterative
update when simplified simulations or empirical quantities, also called surrogates, are used to accelerate the
optimization process [13, 20].

In this paper, the focus is made on the redesign operation of compressor blades undergoing structural contact
interactions at the blade-tip/casing interface. Nonlinear vibrations subsequent to such interactions have been
investigated for many years in both aircraft engines and large gas turbines. Indeed, these interactions are unavoidably
favored by tighter operating clearances that must be achieved for increasing the turbomachine overall energy
efficiency [24]. Recent advances in terms of numerical modelling led to the development of predictive numerical
methodologies [25, 26, 27, 28] that were successfully confronted to experimental observations [28, 29, 30] or
cross validated with other methods [31]. As of today, these methodologies have never been integrated within
blades’ design procedures. To the knowledge of the authors, they have only been employed for an a posteriori
discrimination of selected blade profiles [20, 21]. In order to fully benefit from these numerical developments at the
design stage, specific criteria—i.e. quantities characterizing the contact robustness—must be defined. However,
confidentiality requirements associated to redesign procedures and contradictory aerodynamic and structural design
recommendations [32] stymie a straightforward integration of such criteria in the design process. As a first step, new
design tools are required to better understand links between design parameters of aircraft engine blades and their
vibration response to contact interactions.

The objective of this work is to propose a proof of concept for the redesign of blades in order to enhance their
robustness to contact interactions. An update step relying on an optimization process is considered, which requires
a method to parameterize an existing blade and to iteratively generate blade models. Considering the confidentiality
requirements on proprietary parameterized models, the existing blade is assumed to be a CAD model in this work.
Consequently, this work focuses on the development of a two-way modelling method which aims at (1) extracting
intuitive blade parameters from an input CAD model and (2) generating a parameterized CAD model and its Finite
Element (FE) mesh in an iterative update context.

The proposed two-way modelling method represents the original contribution of the present work and aims at
filling the gap between predictive methodologies and design aspects in the context of contact interactions. Overall,
and contrary to previous published works [20, 33], the presented method is readily applicable to industrial blade
models.

As the proposed methodology relies on a parameterization which is the corner stone of the redesign process, it
must meet several criteria related to:
fidelity: the existing blade, called the input blade, and the computed parameterized blade should exhibit similar

mechanical behavior, which requires similarity between geometries but also between dynamic properties.
resolution: a minor change in the parameters should be reflected in the CAD model, and vice versa to ensure the

accuracy of the modelling step.
robustness: the parameterized CAD model and the FE mesh should be generated without errors from a wide

range of blade parameters.
interpretability: the parameters should have an intuitive geometric and engineering meaning to ease the under-

standing of geometric trends on optimized blades at the performance check step.
versatility: the parameterization should comply with the standards of the domain, such as smoothness requirements

of blade surface, and with the optimization method considered at the update step.
computational efficiency: the execution time for the parameters extraction and model generation should be low
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with respect to the computation time of the update step.
The remainder of this work is organized as follows. In Sec. 2, the proposed two-way modelling method is

described. An in-depth validation of the method is conducted in Sec. 3 from the parameterized models of NASA
rotor 37 [34] and NASA rotor 67 [35]. The applicability on the tool in a redesign process is demonstrated in Sec. 4
and conclusions and future works are given in Sec. 5.

2 Two-way modelling method

The proposed two-way modelling method is implemented as a numerical tool featuring three modules:
PAR : a parameterization module to extract blade parameters from a CAD model,
GEN : a generation module to compute a CAD model from blade parameters,
MSH : a mesh module to generate a FE mesh from a CAD model.

The tool is entirely automated, it is implemented using the Python 3 language. CAD models and FE meshes
are computed with the open-source software package Salome 9.71 to ensure the portability and integration of the
tool in both academical and industrial computing environments. Particular attention is paid to its robustness and
computational efficiency.

The redesign process considered in this work is summarized in Fig. 1, where the developed modules appear
as colored boxes. The modelling step refers to the parameterization of a CAD model, which may be obtained by
reverse engineering methods mentioned in Sec. 1. With respect to the update step, the blackbox optimization
algorithm Mads [36], that has already been successfully employed for the optimization of blades with respect to
contact interactions [20], is used. The redesign process relies on a blade parameterization partially inspired from
previous work [20].

modeling step

update step

toward
performance check

initial blade
parameters

optimized blade
parameters

input CAD
model

optimized
CAD model

optimizer

GEN

MSH

simulation

PAR GEN

Figure 1. Description of the proposed redesign methodology.

In the current work, the parameterization describes the intersections of a blade with conical surfaces, called
conical sections. When the conical surface is actually a cylindrical surface, the term cylindrical section is used. A
blade is described by nsec sections distributed along its height; three sections are depicted in Fig. 2. Each section is
defined by stacking and profile parameters. The stacking parameters control the position of the section and the
definition of the related conical surface. The profile parameters control the shape of the unwrapped section, called
profile.

The blade parameters are defined in Sec. 2.1 and the FE mesh and CAD generation are described in Sec. 2.2.
The extraction procedure is described in Sec. 2.3.

2.1 Blade parameterization

Blade sections are numbered using the index i ∈ {1, ..., nsec} from the hub to the top of the blade. Blade parameters
are defined in different bases introduced in Sec. 2.1.1: the stacking parameters are defined in Sec. 2.1.2 and the
profile parameters in Sec. 2.1.3.

1https://www.salome-platform.org/
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ez,b

ey,b

ex,b

Figure 2. Blade with three sections: at the hub, mid-span and top of the blade.

2.1.1 Bases and notations

Rigorous mathematical notations are required to define the geometric quantities used in this work. Let qi denote
a reference point of section i, such as the centre of mass of the section in a given basis. A three-dimensional
Cartesian basis is denoted B• = (o•, ex,•, ey,•, ez,•), where e is a unit vector. A point m in this basis is defined by
the coordinates m|B• = (mx,•,my,•,mz,•). The cylindrical basis with same origin and same longitudinal axis ez,•
is denoted by B′

• = (o•, er,•, eθ,•, ez,•). A point m in B′• is written m|B′
• = (mr,•,mθ,•,mz,•); the angle mθ,• is

defined from axis ex,• in the plane (o•, ex,•, ey,•) in the forward direction. The three-dimensional bases used in this
work are presented in Fig. 3 for nsec = 3 and described hereafter:
blade basis Bb(q) , abbreviated Bb, defined with respect to an arbitrary blade point q so that the blade turns in

the forward direction around the (ob, ez,b) axis, q belongs to the (ob, ex,b) axis and the flow circulates along
ez,b.

wrapped surface bases Bsi of sections i ∈ {1, ..., nsec} such that osi belongs to the rotation axis, ez,si = ±ez,b
and ex,si = ex,b. For a conical section, osi is the origin of the cone and ez,si is oriented in the opening direction:
the section is positive if ez,si = ez,b and negative if ez,si = −ez,b. For a cylindrical section, ez,si = ez,b and

considering an arbitrary point ki of the wrapped surface, osi is chosen such that kix,si = 0. In Fig. 3, k2 = q2.

ez,b

ey,b

ex,b

ez,s1

ey,s1

ex,s1
ez,s3

ex,s3
ey,s3

ez,s2

ey,s2

ex,s2

q1

q2

q3

obos1 os2

os3

RbBs1 Bs2

Bs3

Figure 3. Blade basis Bb and wrapped surface bases Bs1 ,Bs3 of conical sections and Bs2 of a cylindrical section.

A two-dimensional Cartesian basis is denoted P• = (o•, eu,•, ev,•) and the associated polar coordinate system
P ′
• = (o•, er,•, eθ,•), such that the angle mθ,• is defined from eu,• in the counterclockwise direction. The two-

dimensional bases are:
unwrapped surface bases Pdi of sections i ∈ {1, ..., nsec}, see Fig. 4. A conical section is unwrapped such that

the image of the point osi is the point odi and the image of a section point m|Bsi satisfying my,si = 0 is a

point on the (odi , eu,di) axis. For a cylindrical section, the image of the point p|B′
si

= (ri, 0, 0) is odi , where r
i
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is the cylinder radius, and the image of m|Bsi is a point on the (odi , eu,di) axis.

profiles basis Pp depicted in Fig. 5. For each profile i, the point ai|Pp at the leading edge is at the origin and the

point bi|Pp at the trailing edge belongs to the (op, eu,p) axis. These points are defined in Sec. 2.1.3.

e
v,d1

e
x,s1

= e
u,d1

e
z,s1

e
y,s1

o
s1

e
z,s2

e
y,s2

e
x,s2

o
s2

e
u,d1

e
v,d1

e
v,d3

e
x,s3

= e
u,d3

e
z,s3

e
y,s3

o
s3

eu,d1

ev,d1

od1

(a) positive conical section

eu,d2

ev,d2

od2

(b) cylindrical section

eu,d3

ev,d3

od3

(c) negative conical section

Figure 4. Wrapped surface bases Bsi and unwrapped surface bases Pdi , i ∈ {1, 2, 3}.

eu,p

ev,p

op=ai

q1

q2
q3

b1

b2b3

Figure 5. Profiles basis Pp.

2.1.2 Stacking parameters

Five stacking parameters define the position and orientation of each section i ∈ {1, ..., nsec} in Bb, see Fig. 6 and
Table 1. The radius ri, the lean angle ∆θi and the sweep distance ∆zi define the position of the point qi:

ri = qir,b, (1)

∆θi = qiθ,b − q1θ,b, (2)
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Table 1. Section parameters.

type name symbol

radius ri

sweep distance ∆zi

lean angle ∆θi

conicity γi
stacking

stagger angle λi

suction point abscissa siu,p

suction point ordinate siv,p

pressure point abscissa piv,p

chord ci

thickness between suction point and pressure point ti

major radius upper ellipse riLE+

major radius lower ellipse riLE−

circle radius riTE
blade inlet angle ϕiLE
inlet upper wedge angle ψiLE+

inlet lower wedge angle ψiLE−

blade outlet angle ϕiTE
outlet upper wedge angle ψiTE+

profile

outlet lower wedge angle ψiTE−

∆zi = qiz,b − q1z,b. (3)

The lean angle is positive in the direction of rotation of the blade. By definition of Bb(q), the radius ri is not affected
by the choice of q and the quantities ∆θi and ∆zi are relative to the hub section. These three parameters are then
independent from the chosen point q.

The wrapped surface supporting a section is generated by the rotation around the ez,b axis of a generatrix
contained in the half-plane {m ∈ R3 : my,b = 0,mx,b > 0} depicted in Fig. 7. The angle between the ez,b axis and
the generatrix is controlled by the conicity parameter γi ∈ ]−π

2 ,
π
2 [:

γi = êz,b,v,

where v is a vector of the generatrix such that vx,b > 0. When γi is null, the wrapped surface is a cylinder2,
otherwise, it is a cone. By definition, the angle γi is independent of the point q defining the basis Bb(q).

Finally, the orientation of the section on the wrapped surface is controlled by the stagger angle λi, defined in the
basis Pdi from the angle of the chord. The chord is given by the unit vector:

wi =
bi|Pdi − ai|Pdi
∥bi|Pdi − ai|Pdi∥

. (4)

2In the implementation, a section is defined as cylindrical if γi ≤ 10−3 rad to prevent numerical errors associated to changes of basis
from Bsi to Pdi , see 5.1.2.
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ez,bey,b

ex,b

ez,si ey,si

qi|Bb

q1|Bb

∆zi

ri

∆θi

γi

ev,di

eu,di = ex,si

qi|Pdi

λi

Figure 6. Representation of the stacking parameters.

γi > 0

ob
ez,b

ex,b v

(a) positive conical section

γi = 0

ob
ez,b

ex,b
v

(b) cylindrical section

γi < 0

ob
ez,b

ex,b
v

(c) negative conical section

Figure 7. Conicity parameter γi and wrapped surface generatrix ( ) with respect to the section type.

The setting angle λi ∈ ]0, π2 [ depicted in Fig. 8 is then defined by:

λi =


̂(vi,wi) for a positive conical section,

̂(−vi,wi) for a negative conical section,

̂(eu,di ,wi) for a cylindrical section,

(5)

where vi = qi|Pdi /∥qi|Pdi∥ is a unit direction vector of the generatrix for conical sections. By definition, the angle
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λi is independent from the point q.

e
u,di

e
v,di

o
di qi

ai

bi

vi

wi

λi

(a) positive conical section (γi > 0)

e
u,di

e
v,di

o
di

qi

ai

bi

e
u,di

wi

λi

(b) cylindrical section (γi = 0)

e
u,di

e
v,di

o
di

qi
ai

bi
vi

wi

λi

(c) negative conical section (γi < 0)

Figure 8. Stagger angle λi with respect to the section type (the magnitude of unit vectors is exaggerated).

2.1.3 Profile parameters

The profile of section i ∈ {1, ..., nsec} is drawn with 7 curves depicted in Fig. 9 and described in a previous

publication [20]. At the leading edge, two distinct elliptical arcs 1 , 2 are used to model independent curves on

the pressure and suction sides. The trailing edge, assumed to be small, is modeled by a unique circular arc 3 .

Suction and pressure sides are represented by two cubic splines each ( 4 , 5 , 6 , 7 ). The suction point si and

pressure point pi are defined as the linking points of the splines, the linking point of ellipses is called ai and bi is
the trailing edge point the furthest from ai.

To reduce the range of admissible parameters, assumptions on the curves are made. The profile is a G1 curve3,
horizontal tangents are imposed at points si and pi, the ellipsis axis ratio is fixed to 2 and ai is fixed at the origin
of Pp. In order to improve further the parameterization, it is imposed in this work that the center of the trailing
edge circle belongs to the abscissa axis. Thus, the orientation of the profile on the wrapped surface is decoupled
from profile parameters and is only defined by the stagger angle λi.

In total, 14 parameters depicted in Fig. 9 are thus required to model a profile. The angles are considered positive
such as represented and all parameters are defined in Table 1. All profile parameters are independent from the point
q defining the blade basis Bb(q).

2.2 Parameterized model generation (GEN and MSH modules)

The aim of the GEN and MSH modules is to generate a CAD model and the corresponding FE mesh from the blade
parameters, i.e. the nsec sets of section parameters defined in Table 1. Sec. 2.2.1 describes the generation and
discretization of the profiles based on profile parameters. Sec. 2.2.2 describes the positioning of the resulting point
clouds according to the stacking parameters. Finally, Sec. 2.2.3 and 2.2.4 describe the generation of CAD model and
FE mesh. For illustration purpose, these steps are conducted from the blade parameters given in 5.2 describing
three sections at hub, mid-span and top of the blade rotor 37. These parameters were obtained by application of the
extraction procedure described in Sec. 2.3.

2.2.1 Profile generation

The profile of each section i ∈ {1, ..., nsec} is drawn in Pp from profile parameters and discretized with the sampling
length ci/1200. This value was found to be small enough to ensure a fine representation of the profiles. This results
in nsec point clouds, from which the coordinates qi|Pp of reference points in Pp are computed. The point qi|Pp is
chosen as the barycenter of the point cloud of section i in Pp. For the considered example, the point clouds contain
approximately 2500 points each and the profiles are depicted in Fig. 5.

3A curve is of regularity class Gn it the n-nth derivatives vectors are equal in direction, but not necessarily in norm.
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(b) zoom on the leading edge
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Figure 9. Representation of profile parameters.

2.2.2 Stacking of the sections

The point clouds of all sections are projected from the basis Pp to the blade basis Bb(q1) by three changes of basis
summarized in Fig. 10. The change of basis equations are detailed in 5.1 and require equation parameters that must
be computed from the stacking parameters of each section.

At step 1 in Fig. 10, the coordinates of an arbitrary section point ni in Pp and Pdi are required as well as the

orientation of the chord or the profile in Pdi , given by the vector wi|Pdi . The point ni is chosen such that ni = qi,

thus the coordinates qi|Pp are known and the coordinates qi|Pdi are computed from the stacking parameters. For a
conical section, the equation parameters are computed by:

qiu,di =
ri

sin |γi| cos(− sgn(γi)∆θi sin |γi|), (6)

qiv,di =
ri

sin |γi| sin(− sgn(γi)∆θi sin |γi|), (7)

̂(eu,di ,wi) =

{
− sgn(γi)∆θi sin |γi|+ λi for positive conical section,

− sgn(γi)∆θi sin |γi|+ λi + π for negative one.
(8)

For a cylindrical section, the equation parameters are:

qiu,di = 0,

qiv,di = −ri∆θi, (9)

̂(eu,di ,wi) = λi.

Details on the origin of the previous equations are given in 5.1.4. At step 2 , only the conicity γi for conical sections
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Figure 10. Steps for the stacking of a section i in Bb within GEN module, equation parameters ( ) for the changes of bases.

and the radius ri for cylindrical ones are required; these quantities are already known. Finally, at step 3 , a point

ki|B′
b
belonging to the wrapped surface of the section is required. The point ki|B′

b
= (ri, 0,∆zi) is chosen.

2.2.3 CAD model generation

The CAD model is computed with Salome in the basis Bb(q1) from the point clouds of all sections. The proposed
methodology is inspired from a previously published tool [37], whose robustness has been strongly improved. For
each section, the points of the suction side are interpolated with a cubic spline, as well as the points of the pressure
side. Both splines are split in their middle; the contour of each section is thus described by four splines depicted with
different colors in Fig. 11a. According to their relative position on the section, four groups of splines are created.
From each group, a side face of the blade is generated by a spline approximation, see Fig. 11b. The degree of the
approximation is automatically selected by Salome between 2 and 5 to respect a prescribed tolerance. The side faces

1 , 2 , 3 and 4 of the blade are thus generated to facilitate the subsequent computation of a regular mesh.
The coincident edges are sewed to build a unique side surface and the holes at the hub and top of the blades are
filled to generate the remaining faces. All faces are grouped in a unique shell, which is transformed in a volume.
The resulting CAD model is shown in Fig. 11c.

The robustness of the sewing operation of side faces has been thoroughly assessed. For this operation, two faces
are considered coincident on the basis of a prescribed tolerance. Providing a convenient estimation of this tolerance
is not straightforward, as the four side faces are computed from four distinct approximations. An adaptive tolerance
is introduced in the current work: the tolerance is initially defined by ∆z/200, where ∆z is the blade’s width along
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the ez,b axis. If the sewing operation fails, the tolerance is doubled and a new sewing attempt is made, with a
maximum of three attempts.

(a) section contours (b) side faces (c) CAD model (d) FE mesh

Figure 11. Steps to generate the CAD model (GEN module) and its FE mesh (MSH module).

2.2.4 FE discretization

The four edges spanning the blade height are discretized using nh elements. For the sake of consistency, the same
discretization is applied to the eight edges belonging to the hub and top faces. Quadrangle elements derived from
the edges discretization are used to mesh the side faces whereas the hub and top faces are meshed with triangles. As
a result, the complete volume is meshed with quadratic pentahedrons.

As the nonlinear dynamic simulations conducted on the blade are very sensitive to the submesh of the top face,
the regularity of this submesh is thoroughly controlled: the areas of the triangles are limited by a fraction of the
blade height. The FE mesh computed for the example with nh = 38 is made of 6384 elements and depicted in
Fig. 11d. Based on the results of a thorough convergence analysis, not detailed here for the sake of brevity, this
value is considered acceptable for the numerical simulations conducted in Sec. 4.

2.3 Parameter extraction (PAR module)

The aim of the PAR module is to extract the blade parameters from the input CAD blade model. It is assumed
that the CAD model is provided in millimeters in a basis Bt, that the blade rotates in the forward direction around
the (ot, ez,t) axis and that the flow direction is ez,t. To position the blade in the blade basis Bb(q), the point q is
chosen as the blade point with the smallest coordinate along ez,t. Should several points meet this criteria, the one
with the smallest radius is chosen. The CAD model in Bb(q) is obtained by translation and rotation of the blade
with respect to the (ot, ez,b) axis, so that the point q belongs to the (ob, ex,b) axis.

Sec. 2.3.1 describes the intersections of the CAD model with nsec conical surfaces. The unwrapping of resulting
sections and the stacking parameters identification are described in Sec. 2.3.2. The profiles parameters are then
identified by solving an optimization problem detailed in Sec. 2.3.3. These steps are illustrated from the CAD model
of rotor 37 intersected with nsec = 3 surfaces, see Fig. 12. For this model, the point q belongs to the leading edge of
the hub face of the blade.

2.3.1 Intersection of the blade with the conical surfaces

The conical surface of section i ∈ {1, ..., nsec} is defined by the conicity parameter γi. A point m belonging to this
surface satisfies the following equation:

mr,b = mz,b tan(γ
i) + bi, (10)
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where bi > 0 is the radius of the surface in the plane (ob, er,b, eθ,b). The quantities γi and bi are then sufficient to
generate the surface i. The conical surfaces are equally distributed along the blade height such that:

γi = γ1 + (γnsec − γ1)
i− 1

nsec − 1
∀i ∈ {1, ..., nsec}, (11)

bi = b1 + (bnsec − b1)
i− 1

nsec − 1
∀i ∈ {1, ..., nsec}. (12)

Consequently, only the quantities γ1, b1, γnsec and bnsec related to the hub and top sections are required to
generate all the conical surfaces. The computation of these quantities is semi-automatized: a coarse mesh of the
blade is generated and several nodes on the top and hub faces are selected by the user. Surface parameters related
to each face are computed from a distinct linear regression conducted to fit Eq. (10) to the selected face points. The
blade is then intersected by each of the nsec conical surfaces, see Fig. 12. The contour of the resulting sections are
finely discretized and stored as nsec point clouds.

Figure 12. Intersection of the CAD model of rotor 37 with nsec = 3 conical surfaces.

2.3.2 Identification of the stacking parameters

Among the stacking parameters listed in Table 1, only the conicity parameter γi is known at this point from Eq. (11).
The coordinates of the point qi|Bb are required to compute the other parameters. In order to prevent numerical
errors and ensure consistency with the blade generation described in Fig. 10, this point must be identified in the
profiles basis Pp.

The point cloud of each section is projected from basis Bb to basis Pp, see steps 1 , 2 and 3 in Fig. 13. The

point qi|Pp is computed and this point is then projected from basis Pp to Bb during steps 4 , 5 and 6 . The

intermediate coordinates qi|Pdi are used to compute the setting angle λi from Eq. (5). Once the points qi|Bb of all

sections i ∈ {1, ..., nsec} are known, the parameters ri,∆θi and ∆zi are computed from Eq. (1), (2) and (3).

The computation of equations parameters is detailed hereafter. At step 1 , the point ki belonging to the surface

is chosen such that ki|B′
b
= (bi, 0, 0), according to Eq. (10). At step 2 , the radius ri of cylindrical section is given

by the quantity bi defined in Eq. (12). At step 3 , the point ni is chosen such that ni = ai; the coordinates ai|Pp
are known by definition as ai|Pp = op. To determine the point ai|Pdi , the camber line of the profile is computed by

a fifth degree polynomial approximation of the section point cloud. The section point ai|Pdi is chosen as the point

the nearest of the camber line on the leading edge. The point bi required to compute the chord vector wi defined in
Eq. (4) is chosen as the section point the most remote from ai.

2.3.3 Identification of the profile parameters

Let N i be the target profile computed by sampling with approximately 200 points the point clouds of the profile i in
Pp. The target profile N1 of the hub section of rotor 37 is presented in Fig. 14. The profile parameters describing a
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Figure 13. Steps for the identification of stacking parameters in PAR, equation parameters ( ).

target profile are identified by solving the following optimization problem:

min
x
e(x)

l ≤ x ≤ u,
(13)

where x ∈ R14 is the vector of profile parameters, l,u ∈ R14 are bound vectors and e(x) is an error function
quantifying the differences between the target profile and the parameterized profile defined by x. The definition of
the objective function e(x), proposed in a previous work [38], is recalled:

e(x) = 0.9d̄(x) + 0.1|δp(x)|, (14)

where d̄(x) is the average distance between the points of the cloud N i and the parameterized profile and δp(x) is
the relative perimeter difference between profiles.

eu,p

ev,p

op

Figure 14. Target profile ( ) and parameterized profile ( ) with e(x) ≃ 0.22 for the hub section of rotor 37.

Kojtych S., Audet C., Batailly A. 15

mailto:solene.kojtych@polymtl.ca


Two-way blade modelling method for the structural redesign of compressor blades

For each set of profile parameters x satisfying δp(x) ̸= 0, the objective function is differentiable. However,
the gradient is not known analytically because of the discretization of the profiles and additional efforts would be
required to compute it. As a consequence, Problem (13) is treated as a derivative-free problem and solved with
NOMAD software v.3.9.1 [39] based on the Mads algorithm [36]. A vector of initial parameters x0 is required to
start the optimization process. These parameters are computed from the coordinates of points of N i, see Fig. 15
and Table 2. To improve the robustness of the parameters identification, the bounds vectors of Problem (13), given
in Table 2, are relative to target profile N i as well. The camber line gi(mu,p) : R → R of the profile is required and
computed from a fifth degree polynomial approximation of the section point cloud. The optimal coordinates of the
suction point (siu,p,s

i
v,p) and the chord ci are directly computed from the target profile and thus kept constant in the

optimization process. The dimension of Problem (13) is then reduced to 11.

eu,p

ev,p

op

si

bisi v
,p

siu,p

ci

0.1ci

ti

(a) suction point coordinates, chord and thickness

eu,p

ev,p

op

si

bi

φiLE φiTEψiLE+ ψiTE+

(b) inlet, outlet and upper wegde angles

Figure 15. Initial profile parameters from the target profile ( ) and camber line g(mu,p) ( ).

Problem (13) is solved with the default parameters of NOMAD with a budget of 1500 evaluations of e(x). The
parameterized profile obtained for the hub section of rotor 37 is shown in Fig. 14. The asymptotic convergence of
the algorithm was checked on 17 profiles of rotor 37 and results show that 1500 evaluations are sufficient to converge
to low error values.

2.4 Partial conclusion

Recent blade parameterizations used for aerodynamic studies ensure that the side surface of the blade has continuous
curvature, which corresponds to a G2 regularity constraint. Indeed, curvature discontinuities may induce velocity
peak and flow separation phenomena [40]. Although the present work focuses on considerations only, details on the
regularity of the profile parameterization and the CAD model are given hereafter:
profiles G1 : the seven curves depicted in Fig. 9 used to draw a profile in Pp are G∞. As the tangents are preserved

at the intersections of curves, the whole profile is a G1 curve. Actually, it can be shown that the profile is G2

except at points si and pi. The continuity of the curvature direction at these points may be ensured by using

fifth degree splines for curves 3 , 4 , 5 and 6 . However, the G2 constraint was found to strongly limit

the shapes allowed by the parameterization. In the context of this study, the choice was made to force only G1
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Table 2. Initial parameters and bounds for the identification problem.

parameter x0 l u

siu,p mu,p : m ∈ argmaxm∈Ni mv,p — —

siv,p maxm∈Ni mv,p — —

piv,p ci/2 0 ci

ci maxm∈Ni mu,p — —

ti siv,p −minm∈Ni{mv,p : |mu,p − su,p| < 0.05ci} ci/100 ci/2

riLE+ ti/5 ti/50 ti

riLE− ti/10 ti/50 ti

riTE ti/10 ti/100 ti

ϕiLE arctan(g′(0)) 0◦ 90◦

ψiLE+ arctan(siv,p/s
i
u,p) 0◦ 89◦

ψiLE− ψiLE+ 0◦ 89◦

ϕiTE arctan(−g′(biu,p)) 0◦ 90◦

ψiTE+ arctan(siv,p/(c
i − siu,p)) 0◦ 89◦

ψiTE− ψiTE+ 0◦ 89◦

regularity to ensure the fidelity of parameterized models. Nonetheless, the G2 regularity is achieved for the
side surface of the blade.

side surface of CAD model G2 To generate the CAD model, each profile is discretized and the resulting point
cloud is projected from Pp to Bb. Pressure and suction sides of the section are computed by cubic splines;
they are thus G2. Considering that the point cloud is sufficiently dense, as the G2 regularity is preserved
by the conical transform from Pp to Bb, then the section contour in Bb is G2 at leading and trailing edges.
Consequently, all section contours are G2. The four side faces of the CAD model are spline approximations of
class G∞. Thus, the regularity of the whole side surface at the face intersections depends on the regularity
of the section contours. The side surface of the CAD model is thus G2 at the intersection of faces. This
characteristic was checked numerically.

3 Validation on NASA’s rotor 37 and rotor 67

The proposed methodology is validated with respect to its robustness, numerical efficiency and fidelity. The first
two aspects are detailed in 5.4. This section focuses on the fidelity assessment: specific criteria are introduced to
compare the parameterized blade model with the input blade. In published redesign processes, the assessment of
the fidelity of parameterized blades may not be addressed when an approximate model is acceptable [13]. Most of
the time, geometric comparison criteria are used to quantify the similarity between the CAD models globally [15,
19, 22, 23] or locally, at the profile level [10, 14, 18, 23]. These criteria are computed by commercial software
packages and underlying equations are often not detailed. While the need for criteria going beyond geometrical
considerations—such as aerodynamic, manufacturing or dynamic properties—has been recently underlined [12], such
criteria are still rarely used [8].

In the present work, the fidelity of parameterized blades is thoroughly assessed based on both geometric and
dynamic criteria. While the use of geometrical criteria is natural with respect to the literature, they only provide
a raw comparison of the geometries. As they are not sufficient to quantify the differences in dynamic behaviors,
which are of primary interest in the context of contact interactions, dynamic criteria are considered to bring a
complementary insight on the required fidelity level.

The validation is conducted on the compressor blade NASA rotor 37 and fan blade NASA rotor 67. From
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the input CAD models—freely available online4—the PAR and GEN modules are successively used to extract blade
parameters and to generate the parameterized CAD models.

The comparison criteria are analyzed with respect to the number of sections nsec. This parameter is supposed
to have a strong impact on the fidelity of parameterized blades, as a minimal number of sections is required to
accurately capture the blade curvature. The values of other parameters related to the parameter extraction, such as
the discretization of curves and the formulation of the identification problem, are taken from previous works or have
been determined empirically. The parameterized models are computed for nsec ∈ {2, 3, 5, 9, 17} in a dichotomous
manner.

3.1 Geometric criteria

The parameterized CAD models obtained for rotor 67 for nsec ∈ {2, 3} are pictured in Fig. 16. At least 3 sections
are required to accurately represent the blade curvature. For nsec ≥ 3, a visual inspection of the CAD models does
not reveal any discrepancy between them. Two geometric comparison criteria are used: a criterion related to the
CAD model volumes is introduced in the first subsection and a local criterion based on profile similarity is described
in the second subsection.

(a) nsec = 2 (b) nsec = 3

Figure 16. Input ( ) and parameterized ( ) CAD models of rotor 67.

3.1.1 Blade volume

The volume V of the input CAD model is divided into two parts depicted in Fig. 17: the inner volume Vin, between
the top and hub conical surfaces, and the outer volume Vout, beyond these surfaces. The outer volume proportion
∆Vout and the inner volume variation ∆Vin of a parameterized CAD model with respect to the input one are defined
by:

∆Vout =
Vout
V

× 100 [%] ∆Vin =
V ′
in − Vin
Vin

× 100 [%],

where V ′
in is the inner volume of the parameterized CAD model. The volumes variations are presented in Table 3.

Table 3. Volume variations of the parameterized CAD models for rotor 37 and rotor 67.

∆Vin [%]
blade ∆Vout [%]

nsec = 2 nsec = 3 nsec = 5 nsec = 9 nsec = 17

rotor 37 0.12 -0.5 1.04 0.79 0.96 0.81

rotor 67 neg. -10.04 -0.1 -0.1 -0.8 0.25

4https://lava-wiki.meca.polymtl.ca/public/modeles/accueil
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Figure 17. Blade volume partition: outer volume Vout ( ) (exaggerated), inner volume Vin( ).

For rotor 67, the outer volume Vout cannot be computed with Salome because the conical surfaces are too close
of the blade tip and hub faces. The quantity ∆Vout is thus considered negligible. For rotor 37, only 0.12 % of the
volume of the input blade is lost. The proposed methodology thus yield a negligible volume loss a the top and
hub of the studied blades. The inner volume Vin varies with respect to nsec for both blades. With nsec = 2, the
volume of the input blade is greater than the volume of the parameterized blade because the side surface of the
blade is generated by a linear interpolation in this case. Increasing nsec up to 5 makes it possible to more accurately
represent the blade curvature; the inner volume variation with nsec = 5 represents only 0.1 % for rotor 67 and
0.79 % for rotor 37. For nsec ≥ 5, the quantity ∆Vin stays small but slightly fluctuates with the value of nsec. This
is assumed to be related to the accumulation of local errors on the additional sections at the profile scale.

3.1.2 Profile shape

The similarity between a parameterized profile, defined by a parameter vector x, and a target profile N i is quantified
by the error function e(x) defined in Eq. (14). According to previous work based on plane sections [38, p. 35], a
target profile is considered well-represented if e(x) ≤ 0.05 for a model provided in millimeters. The use of conical
surfaces implies a deformation of sections from basis Bb to Pp. The parameterization proposed in the current work
is validated hereafter for profiles lying on conical surfaces.

For rotor 37 and rotor 67, the profile parameters vectors identified for the 17 sections all satisfy e(x) < 0.05.
According to the error function values, these profiles issued from conical sections are correctly represented with the
proposed parameterization. This also attests of the fidelity of the procedure for a variety of profile shapes. The
parameterized profiles of the hub section of rotor 37 and rotor 67 and shown in Fig. 14 and Fig. 18.

eu,p

ev,p

op

Figure 18. Target profile ( ) and parameterized profile ( ) for the hub section of rotor 67.

3.2 Dynamic criteria

Contact interactions are particularly sensitive to small variations of the geometry, especially lean or sweep variations
defining the stacking of blade sections [32]. Indeed, in a highly nonlinear context, small geometrical errors may
lead to unacceptable differences in dynamic behaviors. As a consequence, the fidelity of the parameterized model
must be high enough not to introduce changes in the blade’s dynamic response comparable to those obtained in
the literature due to deliberate modifications of the blade parameters. Comparison criteria related to the blade
dynamics are thus required to assess the fidelity of the parameterized model in the context of contact interactions.

Three dynamic criteria are considered. An accurate representation of natural frequencies is essential to finely
represent the blade vibratory response. Consequently, in the first subsection, a criteria quantifying the errors on
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natural frequencies between the input blade and parameterized blades is introduced. A quantitative criteria based
on the dynamic clearance of the blades—which is assumed to be a relevant quantity to look at in order to assess a
blade’s robustness to contact [20, 32, 41]— is introduced in the second subsection. The third subsection deals with
the qualitative comparison of Nonlinear Frequency Response Curves (NFRC), obtained from simulations predicting
the vibration response of the blades undergoing contact interactions.

The computation of these criteria requires FE meshes of the input and parameterized blades, which are computed
with the MSH module. According to convergence studies, the number of elements along the radial direction of the
blade is fixed to nh = 38, which leads to FE meshes of 6384 (respectively 6232) elements for rotor 37 (respectively
67) models. As the FE meshes have high influence on the dynamic criteria, the input blades have been meshed
manually with the MSH module. This way, it is ensured that all FE meshes related to a specific blade share the same
number of elements and topology.

3.2.1 Natural frequencies

The relative error on the jth natural frequency of a parameterized blade with respect to the input one is defined by:

∆fj =
|f ′j − fj |

fj
× 100 [%],

where fj (respectively f ′j) is the jth natural frequency of the input (respectively parameterized) blade. The natural
frequency errors are only computed for the first modes j ∈ {1, ..., 10}. Indeed, the influence of higher order modes is
supposed to be negligible on the dynamics of the studied blades. As the first mode of rotor 37 and rotor 67 is a
bending mode likely to cause structural contact/interactions, a maximal variation of 1 % is targeted for this mode.

The natural frequency errors for rotor 37 and rotor 67 models are given in Fig. 19. The results shown for
models with nsec ≥ 3 demonstrate an excellent agreement on the natural frequencies. The errors diminish for most
frequencies by increasing nsec up to 5. For nsec ∈ {9, 17}, the errors remain low but are slightly higher than those
computed for nsec = 5 for both blades. This may be explained by the accumulation of errors on profiles. For both
blades, the lowest error are obtained for nsec = 5: all errors are less than 2 % for rotor 37 and 1 % for rotor 67.
The error on the first natural frequencies are less than 0.6 % for rotor 37 and 0.08 % for rotor 67. The orders of
magnitude of these errors are similar to those observed after slight changes of the number of finite mesh elements in
convergence studies. The fidelity with respect to natural frequencies is thus considered excellent for these models. It
is also noticeable that the errors on natural frequencies are coherent with the volume variations observed in Table 3:
smaller frequencies errors are observed for smaller volume variations.

2 3 5 9 17

0

2

4

1

nsec

∆
f j

[%
]

(a) rotor 37

2 3 5 9 17
nsec

(b) rotor 67

Figure 19. Natural frequencies errors between parameterized blades and input blade: ∆f1 ( ), ∆f2 ( ), ∆f3 ( ),
∆f4 ( ) , ∆f5 ( ), ∆f6 ( ), ∆f7 ( ), ∆f8 ( ), ∆f9 ( ), ∆f10 ( ).
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3.2.2 Dynamic clearance

The dynamic clearance represents the clearance variation between a blade and its surrounding casing as the blade
vibrates along one of its free-vibration modes [20]. In the present work, the dynamic clearance cd associated to the
first bending mode of a blade is computed for the node u at its leading edge. More specifically, a single scalar value
cd,u∗ is considered, corresponding to the minimal blade-tip/casing clearance as the tangential displacement of the
blade’s leading edge is ub,y = u∗ = ±2 mm. The relative error on the dynamic clearance cd,u∗ of a parameterized
blade with respect to the input one is defined by:

∆cd,u∗ =
c′d,u∗ − cd,u∗

cd,u∗
× 100 [%],

where cd,u∗ (respectively c′d,u∗) is the dynamic clearance computed for the input (respectively parameterized) blade.
The errors on dynamic clearances computed for rotor 37 and rotor 67 are depicted in Table 4. For models with

nsec ≥ 3, the agreement between the input model and the parameterized model is excellent. In particular, models
with nsec = 5 exhibit the lowest errors for both blades. The evolution of errors with respect to nsec is coherent with
the evolution of volume variations observed in Table 3.

Table 4. Dynamic clearance errors between parameterized blades and input blade.

∆cd,u∗ [%]
blade

nsec = 2 nsec = 3 nsec = 5 nsec = 9 nsec = 17

rotor 37 6.23 0.24 -0.09 -0.14 0.27

rotor 67 -22.08 -1.03 -0.94 -0.94 -3.72

3.2.3 Vibration response to contact

A published numerical strategy based on time integration [42] is used to predict the vibration responses of rotor 37
and rotor 67 blades for a large range of angular speeds ω considering a contact scenario featuring a rigid ovalized
casing. Simulation parameters are given in 5.3. The simulations are conducted on Craig-Bampton reduced-order
models [43] of the full FE meshes for the sake of efficacy. Eight boundary nodes evenly distributed along the blade-tip
are retained for contact management. These nodes are the same for all FE meshes related to a blade in order to
ensure consistent numerical simulations.

For both rotor 37 and rotor 67, the results obtained for the parameterized models with nsec ∈ {3, 5, 9} are
compared to those of the input blades. The NFRC of each model is computed from the infinite norm of the global
displacement dLE of the leading edge boundary node over the last blade revolution. The NFRC are superimposed
for each blade in Fig. 20. The criterion considered in this section accounts for the quantitative comparison of
displacement magnitudes and the qualitative comparison of the nature of the computed solutions. This criterion is
particularly strict: considering the nonlinear phenomena involved in contact simulations, e.g. bifurcations [44] or
coexistent solutions on large speed range, as well as the use of a time solver, a small variation between parameterized
and input blades could indeed lead to very different vibration responses.

The agreement between the NFRC of the input and parameterized models, depicted in Fig. 20, is excellent for
both blades. A minor shift in angular speed is visible for parameterized models, for instance between 1490 and
1530 rad·s−1 for rotor 37. This is related to the small natural frequencies errors observed between the parameterized
and input blades. For speed ranges where the computed solutions are periodic for the input blade, e.g. between
1200 and 1250 rad·s−1 for rotor 67, the analysis of time signals reveal periodic solutions for parameterized models as
well. Time displacements on the last period were compared and excellent agreement was found. On other angular
speed ranges, e.g. around 1300 rad·s−1 for rotor 67, point clouds reveal the presence of coexistent solutions. These
zones are located on similar speed ranges for all NFRC related to a blade. From a qualitative viewpoint, the nature
of the solutions is thus preserved with parameterized models. Besides, the good superimposition of the NFRC of
each blade demonstrates the fidelity of parameterized models for all considered values of nsec. This also supports
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the idea that the slight differences observed between input and parameterized models are likely to be caused by the
limits of the profile parameterization.
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(b) rotor 67

Figure 20. NFRC of input ( ) and parameterized blades with nsec = 3 ( ), nsec = 5 ( ) and nsec = 9 ( ).

3.3 Validation outcome

For both rotor 37 and rotor 67, parameterized CAD models with nsec ≥ 3 are visually indistinguishable from the
input model. A good agreement in geometrical criteria was observed for parameterized models with nsec ≥ 3. In
particular, the volume loss resulting from the intersection of blades with the conical surfaces is negligible. In terms
of dynamic criteria, the models with nsec ∈ {3, 5, 9} exhibit excellent results. The best compromise for all studied
criteria are obtained with the 5-section model and demonstrate the high fidelity of this model considering both
geometric and dynamic aspects. Besides, the similarity between the values obtained for different number of sections
attests of the stability of the developed tool with respect to nsec.

4 Redesign of NASA rotor 37

The applicability of the developed two-way modelling method within the complete redesign process depicted in
Fig. 1 is assessed on the input blade rotor 37. A high fidelity parameterized model of the blade is computed with
the PAR module and called initial blade. This initial blade is used as starting point of the iterative update step
presented in Sec. 4.1 and the performance check of the optimized blade is described in Sec. 4.2.

4.1 Update of the initial blade

Because it was shown to be the closest to the input blade, the 5-section parameterized model of rotor 37 is chosen as
the initial blade. The update of the blade relies on an optimization problem: some blade parameters, chosen as
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optimization variables, are allowed to be modified in order to improve a performance criterion related to the blade
robustness with respect to contact interactions.

In order to efficiently assess the blade robustness, the dynamic clearance is used as surrogate, i.e. a quantity
assumed to provide a computationally inexpensive estimate of the blade robustness to contact [20]. The dynamic
clearance is computed for the first bending mode, for which specific structural interactions have been reported along
the fourth engine order [31]. The performance criterion considered for the update step is thus the dynamic clearance
cd,u∗ introduced in Sec. 3.2.2.

To ensure the numerical efficiency of the optimization process, only a few parameters are chosen as optimization
variables. The profile parameters are kept identical to the initial blade to preserve industrial aerodynamic properties.
As the influence of lean angle and sweep distance on contact robustness have been shown in a previous work [32], only
the stacking parameters ∆θi and ∆zi are allowed to vary. According to Eq. (2) and (3), the hub quantities ∆θ1 and
∆z1 are null by definition. For each profile generated during the update, in order to ensure that realistic blade shapes
are generated, lean angles and sweep distance of sections 2 and 4 are computed by means of a quadratic interpolation
of the values at sections 1, 3 and 5. The vector of optimization variables is thus defined as x = {∆z3,∆θ3,∆z5,∆θ5}
and all blade parameters y may be computed by a mapping function m(x) according to the previous choices.

The 4-variable optimization problem solved during the update phase is thus formulated as:

max
x

cd,u∗(m(x))

l ≤ x ≤ u,
(15)

where cd,u∗(m(x)) is the dynamic clearance associated to the blade parameters y = m(x) and l,u ∈ R4 are bound
vectors defined in Table 5. For a given vector y, the simulation time required to compute the quantity cd,u∗(y)
is approximately 30 seconds on a standard PC. Besides, the gradient of the dynamic clearance is not available.
Problem (15) is thus considered as a blackbox optimization problem and solved with the Mads algorithm [36]. This
algorithm is well-suited for time-consuming simulations and can manage failed simulations without stopping the
optimization. The default parameters of NOMAD v.3.9.1 are used and 400 simulations of the dynamic clearance are
allowed. The initial dynamic clearance value cd,u∗(y0) is approximately −0.46 mm, see Fig. 21. From the optimized

Table 5. Bounds of the optimization problem.

optimization variables l u

∆z3, ∆z5 [mm] −2 +2

∆θ3, ∆θ5 [◦] −1.5 +1.5

vector x∗ returned by the algorithm, the optimized blade parameters y∗ = m(x∗) lead to a dynamic clearance of
-0.0089 mm, which represents an improvement of 98 % with respect to the initial dynamic clearance. Initial and
optimized CAD models are depicted in Fig. 22: the optimized blade shape is realistic and presents a strong variation
of the lean angle from backward to forward direction along the blade height, see Fig. 22a. The sweep distance
follows the same trend, as shown in Fig. 22b. During the optimization process, only 3 simulations out of 400 failed
because of errors in the CAD or mesh generation, which attests of the robustness of the developed tool.

4.2 Performance check of the updated blade

The dynamic clearance cd of the initial and optimized blades are computed for tangential displacements ub,y = ±2 mm
and plotted in Fig. 21. The slope of the curves quantifies the evolution of the dynamic clearance when the blade
vibrates along the first bending mode. A significant decrease in the curve slope may be observed for the optimized
blade: for a same tangential displacement, the dynamic clearance varies much less.

Numerical simulations are conducted to predict the vibration response of the optimized blade to the contact
scenario described in Sec. 3.2.3. The global displacement vectors of the leading and trailing edges boundary nodes
over the last blade revolution, denoted dLE and dTE , are used to compute the NFRC depicted in Fig. 23. One may
note that the magnitude of displacements predicted for the initial blade around the nonlinear resonance are far
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Figure 21. Dynamic clearances curves with respect to tangential displacement for initial ( ) and optimized ( ) blades.
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Figure 22. CAD models of initial ( ) and optimized ( ) blade.

above acceptable values for a linear FE model. The numerical model suggests that plastic deformations, potentially
cracks, will occur. This is a clear indication of the severity of the considered contact configuration. In this context,
the reduction by 75 % of the maximum amplitude of displacement observed for the optimized blade is remarkable.
It underlines that the optimized blade is predicted to be far more robust than the initial blade to the simulated
interaction.

In order to get a deeper understanding of the differences between the initial and optimized blades, the NFRC
related to displacements along ex,b, ey,b and ez,b directions are plotted in Fig. 24. For comparison purposes, the
previous NFRC related to global displacements are shown in gray in the background. Amplitudes of vibration are
reduced in all directions throughout the considered angular speed range.

The developed modelling tool is fully integrated in the redesign process and its robustness, resolution and
computational efficiency allow for a successful redesign of rotor 37. Besides, the relevance of the dynamic clearance
as a design criterion to account for robustness to contact interactions is again underlined and in agreement with
previous publications. An extension of this criterion to other low frequency free vibration modes—such as the first
torsion mode—could broaden the scope of optimization to larger angular speed ranges in order to mitigate other
types of interactions.

The modularity of the proposed methodology allows to account for other criteria, including aerodynamic
performance. While a realistic blade design must account for aerodynamic considerations, it is here demonstrated
that optimization based on structural aspects only yields significant improvements with respect to its dynamics
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Figure 23. NFRC of LE and TE displacements for initial ( ) and optimized ( ) blades.

response. Presented results thus underline the need to find a new balance between aerodynamics and structural
dynamics in blade design process.

5 Conclusion

This work proposes an original two-way modelling method to parameterize existing blades and generate CAD
models from blade parameters. The method is embedded in a numerical tool fully integrated in the first redesign
process of blades more robust to contact interactions. Attention is paid to the fidelity assessment of parameterized
models with respect to input blades. This assessment goes beyond the usual comparison of geometric CAD models
and encompasses mechanical criteria related to blade vibrations. The validation is conducted for NASA rotor
37 and rotor 67 blades whose geometries are very different; an excellent agreement is observed between initial
and parameterized models. The applicability of the developed modelling tool in the complete redesign process is
successfully demonstrated for the redesign of rotor 37 with an iterative optimization algorithm. The developed
methodology is thus readily applicable to industrial blade models and offers an answer to the current lack of tools
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Figure 24. NFRC of Cartesian displacements for initial ( ) and optimized ( ) blades. NFRC of global displacement for
initial ( ) and optimized ( ) blades.

dedicated to the design of blade robust to contact interactions.
The fidelity of the parameterized model could be improved further, e.g. by modifying the profile parameterization.

Future works may involve the extensive use of the developed tool for the redesign of different blades accounting
for robustness to contact interactions. Other performance criteria could be considered, as well as modification of
the optimization algorithm to account for special characteristics of contact simulations, such as the presence of
discontinuous quantities. Because the modularity of the tool has the potential to exhibit relationships between
design variables and contact robustness, it is a powerful tool for the definition of original nonlinear dynamics design
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criteria.

Appendix

5.1 Changes of basis equations

The changes of basis are described for some section i ∈ {1, ..., nsec}. All angles are assumed to be in radians in the
equations.

5.1.1 Transformation between mBb and mBsi
The relative placement of Bb and Bsi bases depends of the type of section, as illustrated in Fig. 3. Changes of basis
equations are detailed below for each type of section with cylindrical coordinates. The coordinates ki|B′

b
of a surface

point ki are required as equation parameters.

Conical section The point ki is assumed to be different from the point osi at the origin of the cone supporting the
wrapped surface. For some section point m, the change of basis equations are:

mr,si = mr,b

mθ,si = sgn(γi)mθ,b

mz,si = sgn(γi)(mz,b − osiz,b)

⇐⇒


mr,b = mr,si

mθ,b = sgn(γi)mθ,si

mz,b = sgn(γi)mz,si + osiz,b,

(16)

where the coordinate osiz,b of the cone origin is given by: :

osiz,b =
−kir,b
tan(γi)

+ kiz,b, ∀γi ̸= 0. (17)

Proof. Eq. (17) is first demonstrated. Generatrices of the wrapped surface are depicted in Fig. 25 in the half-
plane{m ∈ R3 : my,b = 0,mr,b > 0} for positive and negative conical sections. According to Fig. 25, the following
equation holds:

l = |kiz,b − osiz,b| =
kir,b

tan(|γi|) .

For a positive conical section, γi > 0 and kiz,b − osiz,b > 0, then from the previous equation, Eq. (17) is valid for

•k
i

•osi

l

γi > 0
ob ez,b

er,b

(a) positive conical section

•k
i

•osi

l

γi < 0
ob ez,b

er,b

(b) negative conical section

Figure 25. Generatrices of conical wrapped surfaces in the half-plane (ob, ez,b, e
+
r,b).

γi > 0. For a negative conical section, γi < 0 and kiz,b − osiz,b < 0, then Eq. (17) is valid for γi < 0.

For a positive conical section (γi > 0), Bsi is a translation of Bb along the ez,b axis, and may thus be described
by the following equations:

mr,si = mr,b

mθ,si = mθ,b for γi > 0.

mz,si = mz,b − osiz,b

(18)
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For a negative conical section (γi < 0), Bsi is a translation of Bb along the ez,b axis followed by a rotation of π
radians around the ex,si axis, then:

mr,si = mrb

mθ,si = −mθ,b for γi < 0.

mz,si = −mz,b + osiz,b

(19)

Eq. (16) is obtained by the aggregation of Eq. (18) and (19).

Cylindrical section For some section point m, the change of basis equations are:
mr,si = mr,b

mθ,si = mθ,b

mz,si = mz,b − kiz,b

⇐⇒


mr,b = mr,si

mθ,b = mθ,si

mz,b = mz,si + kiz,si .

(20)

Proof. For a cylindrical section i, Bsi is a translation of Bb along the ez,b axis. The origin osi of Bsi is arbitrarily
chosen so that kiz,si = 0. Hence equations (20) derive directly.

5.1.2 Transformation between mBsi and mPdi
The transformation describing the unwrapping of the surface from Bsi to Pdi and the relative position of these bases
depends on the section type, see Fig. 4. This transformation is only valid for points belonging to the surface, which
requires to introduce specific definition domains for each section type. The point m is assumed to belong to the
surface in this section. The required equation parameters are the conicity γi for conical sections and the section
radius ri for cylindrical sections.

Conical section Let α = |γi| be the half-aperture of the conical wrapped surface of section i. The wrapped surface
in B′

si depicted in Fig. 26 is described by the following set of points:

DB′
si

= {m|B′
si

: mz,si ≥ 0,mθ,si ∈ [−π, π[,mr,si = mz,si tanα}.

The cone is unwrapped in the (osi , ex,si , ey,si) plane ; the unwrapped surface in P ′
di is described by the following

set of points:

DP′
di

= {m|P′
di

: mr,di ≥ 0,mθ,di ∈ [−π sinα, π sinα]}.

Let m|B′
si

∈ DB′
si

a point of the wrapped surface and m|P′
di

∈ DP′
di

its image on the unwrapped surface. The

transformation f : DB′
si

→ DP′
di

is defined by:{
mr,di =

mr,si

sin(α)

mθ,di = −mθ,si sin(α),
(21)

and the inverse transform f−1 : DP′
di

→ DB′
si

is defined by:
mr,si = mr,di sin(α)

mθ,si = −mθ,di

sin(α)

mz,si = mr,di cos(α).

(22)

Proof. The distances from point m to the origin are unchanged by the unwrapping operation. Consequently:

mr,si

sin(α)
= l1 = mr,di . (23)
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Figure 26. Wrapped conical surface in B′
si and unwrapped surface in P ′

di . Point m|B′
si

on the wrapped surface and its image

m|P′
di

on the unwrapped surface.

Besides:

mz,si = l1 cos(α). (24)

The arc lengths along the eθ,si direction on the wrapped surface are the same as the arc lengths along −eθ,di on the
unwrapped surface. It follows that:

−mr,simθ,si = mr,dimθ,di

⇐⇒ mθ,si = − mθ,di

sin(α)
from (23). (25)

Eq. (22) is derived from Eq. (23), (24) and (25). Hence, Eq. (21) follows.

Cylindrical section The wrapped surface of section i, depicted in Fig. 27, is described by the following set of points:

DB′
si

= {m|B′
si

: mr,si = ri,mθ,si ∈ [−π, π[,mz,si ∈ R}.

The origin of Pdi is defined by odi |Bsi = (ri, 0, 0). The cylinder is unwrapped in the (odi |Bsi , ey,si , ez,si) plane. The
unwrapped surface is described by the following set of points:

DPdi = {m|Pdi : mu,di ∈ R,mv,di ∈ [−riπ, riπ[}.
Let m|B′

si
∈ DB′

si
a point of the wrapped surface and m|P′

di
∈ DP′

di
the corresponding point on the unwrapped

surface. The transformation f : DB′
si

→ DP′
di

is defined by:{
mu,di = mz,si

mv,di = −mr,simθ,si ,
(26)

and the inverse transform f−1 : DP′
di

→ DB′
si

is defined by:
mr,si = ri

mθ,si = −mv,di

ri

mz,si = mu,di .

(27)
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Figure 27. Wrapped cylindrical surface in B′
si and unwrapped surface in Pdi . Point m|B′
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on the wrapped surface and its

image m|P
di

on the unwrapped surface.

Proof. Assume that the coordinates m|B′
si

are known. As shown in Fig. 27, the vectors ez,si and eu,di are identical,

thus mu,di = mz,si . The coordinate mv,di in absolute value is equal to the arc length on the cylinder, hence
mv,di = l = −mr,simθ,si . Hence Eq. (26) follows.

Assume now that the coordinates m|Pdi are known. As m belongs to the wrapped surface, mr,si = ri. Eq. (27)
derives from this and from Eq. (26).

5.1.3 Transformation between mPdi and mPp
Let m be some section point. The transformation between the coordinates m|Pp and the coordinates m|Pdi results
from a rotation and a translation preserving the profile shape, see Fig. 28. The required equation parameters are the

coordinates ni|Pp and ni|Pdi of a section point ni in both bases and the angle ̂(eu,di ,wi), where wi is the chord
vector defined in Eq. (4). Homogeneous coordinates denoted +m|P• = (mu,•,mv,•, 1) are used in the following
to facilitate the expression of the transformation. Elementary linear transformations are introduced prior to the
complete transformation is stated.

eu,di

ev,di

odi
ni

ai

bi

eu,ψ

ev,ψ

eu,p

ev,p

ψ
t

Figure 28. Two-dimensional Cartesian bases Pdi and Pp and profile in Pp with arbitrary section point ni.

Elementary linear transformations Let P1 = (o1, eu,1, ev,1) and P2 = (o2, eu,2, ev,2) be two arbitrary two-
dimensional Cartesian bases. Assume that P2 is the translation of P1 by a vector t = o2|P1 . The homogeneous
coordinates of m in both bases are linked by the translation matrix T1

2, denoted T(t):

+m|P2
= T1

2
+m|P1

, with T1
2 = T(t) =

1 0 −tu,1
0 1 −tv,1
0 0 1

 .
The inverse transform is given by the relation +m|P1

= T(−t)+m|P2
.
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Assume now that P2 is the rotation of P1 with respect to ob from the angle ψ = ̂(eu,1, eu,2). In this case, the
homogeneous coordinates of m in both bases are linked by the rotation matrix R1

2, denoted R(ψ):

+m|P2 = R1
2
+m|P1 , with R1

2 = R(ψ) =

 cos(ψ) sin(ψ) 0

− sin(ψ) cos(ψ) 0

0 0 1

 .
The inverse transform is given by the relation +m|P1

= R(−ψ)+m|P2
.

Compound transformation The transformation from the coordinates +m|Pp to the coordinates +m|Pdi is given
by:

+m|Pdi = T(t)R(ψ)+m|Pp , (28)

where ψ = ̂(wi, eu,di) and t is deduced from +t = R(ψ)+ni|Pp − +ni|Pdi . The inverse transformation from +m|Pdi
to +m|Pp is thus given by:

+m|Pp = R(−ψ)T(−t)+m|Pdi . (29)

Proof. Bases Pp and Pdi are shown in Fig. 28 along with one profile. An intermediate basis Pψ is introduced as the

rotation of Pp of the angle ψ = − ̂(eu,di ,wi). The transform from the coordinates +m|Pp to the coordinates +m|Pψ
may thus be written as:

+m|Pψ = R(ψ)+m|Pp . (30)

The basis Pdi is a translation of Pψ by a vector t = od|Pψ depicted in Fig 28. The transformation from +m|Pψ to
+m|Pdi may thus be written as:

+m|Pdi = T(t)+m|Pψ . (31)

By definition, t = od|Pψ = od|Pψ − od|Pdi . All the profile points undergo the same translation, hence t = (tu, tv)

may be computed from +ni|Pp and +ni|Pdi :

(tu, tv, 0) =
+ni|Pψ − +ni|Pdi

= R(ψ)+ni|Pp − +ni|Pdi from (31). (32)

Eq. (28) follows directly from Eq. (30) and (31). Hence Eq. (29) is straightforward.

5.1.4 Determination of equation parameters in GEN module

The equation parameters required for the change of bases in GEN module must be computed from the stacking
parameters provided in input of the module. Equations parameters depend on the type of section.

Conical section

Proof of Eq.(6), (7) and (8). The coordinates qi|Pdi are first given with respect to the coordinates qi|Bb . For qiu,di
the following equations hold:

qiu,di = qir,di cos(q
i
θ,di)

=
qir,si

sin |γi| cos(−q
i
θ,si sin(|γi|)) from (21)

=
qir,b

sin |γi| cos(− sgn(γi)qiθ,b sin(|γi|)) from (16).
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A similar equation may be derived for qiv,di :

qiv,di =
qir,b

sin(|γi|) sin(− sgn(γi)qiθ,b sin(|γi|)).

From the definitions of ri in Eq. (1) and ∆θi in Eq. (2), Eq. (6) and (7) derive directly from the expressions of qiu,di

and qiv,di . The chord angle ̂(eu,di ,wi) may be divided into two angles such as:

̂(eu,di ,wi) = ̂(eu,di ,vi) + ̂(vi,wi), (33)

with vi = qi|Pdi/∥qi|Pdi ∥. On the one hand, the first angle satisfies:

̂(eu,di ,vi) = qiθ,di

= − sgn(γi)qiθ,b sin(|γi|) from (21) and (16) (34)

= − sgn(γi)∆θi sin(|γi|) by definition of ∆θi (2).

The angle ̂(vi,wi) is directly derived from the stagger angle λi defined in Eq. (5):

̂(vi,wi) =

{
λi for a positive conical section,

λi − π for a negative conical section.
(35)

Thus Eq. (8) follows from Eq. (33), (34) and (35).

Cylindrical section

Proof of Eq. (9). The coordinate qiu,di is given by:

qiu,di =︸︷︷︸
from (26)

qiz,si =︸︷︷︸
from (20)

qiz,b − kiz,b. (36)

In the GEN module, the point ki is chosen such as ki|B′
b
= (ri, 0,∆zi). Thus from Eq. (36), qiu,di = ∆zi −∆zi = 0.

The coordinate qiv,di is given by:

qiu,vi =︸︷︷︸
from (26)

−qir,siqiθ,si =︸︷︷︸
from (20)

−qir,bqiθ,b =︸︷︷︸
from (1) and (2)

−ri∆θi. (37)

Finally, by definition of the stagger angle at Eq. (5), the chord angle satisfies ̂(eu,di ,wi) = λi. Hence and from
Eq. (36) and (37), Eq. (9) follows.

5.2 Parameterized model of rotor 37

The blades parameters of rotor 37 obtained with the PAR module and nsec = 3 are shown in Table 6.

5.3 Simulation parameters

Contact simulations are conducted in this work according to a published numerical strategy based on time
integration [42]. Simulations parameters are shown in Table 7 for rotor 37 models and in Table 8 for rotor 67 models.
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Table 6. Blade parameters of rotor 37 identified from PAR module with nsec = 3.

parameter section 1 section 2 section 3

ri 182.235 215.563 248.570

∆θi 0.000 −0.070 −0.189

∆zi 0.000 0.647 1.079

γi 12.600 −1.320 −15.240

λi 38.725 50.564 60.518

siu.p 31.752 33.544 40.040

siv.p 6.754 3.884 2.505

piv.p 34.981 37.749 45.928

ci 57.003 56.285 56.336

ti 4.555 3.076 1.774

riLE+ 0.875 0.606 0.292

riLE− 0.352 0.287 0.251

riTE 0.225 0.226 0.061

ϕiLE 4.622 0.209 0.603

ψiLE+ 12.474 8.138 4.094

ψiLE− 1.974 0.010 0.000

ϕiTE 19.944 8.438 18.089

ψiTE+ 9.967 10.195 0.000

ψiTE− 8.180 1.436 14.317

5.4 Validation of robustness and computational efficiency

5.4.1 Computational efficiency

The computation time of GEN and MSH modules from rotor 37 blade parameters are shown in Fig. 29a for nsec =
{2, 3, 5, 9, 17}. These parameters are obtained with the extraction procedure described in Sec. 2.3. The GEN module
is responsible for the major part of the computation time. This part increases with nsec because the CAD model
generation is longer when the number of interpolated sections increases. However, the total computation time
does not exceed 13.5 s for the 5-section parameterized model used in the iterative redesign process. This time is
acceptable with respect to the simulation time of the dynamic clearance of about 30 sec. As the dynamic clearance
is a relatively cheap performance criterion, the comparison will remain valid for future contact criteria.

The computation time of the PAR module applied to the input blade rotor 37 in shown in Fig. 29b with respect to
nsec. About 98% of the computation time are dedicated to the identification of profile parameters in Problem (13);
around 5 min are required for each profile. As the PAR module is only used once at the beginning of the redesign
process, its computation time is considered negligible with respect to the total time of the iterative process (about
3.5 hours).

5.4.2 Robustness

The robustness of the GEN module with respect to nsec is demonstrated in Sec. 3 by generating CAD models up to
nsec = 17. The robustness of this module is here assessed with respect to the variation of stacking parameters along
the blade height.

From the 5-section model of rotor 37, 4 blades are generated: the profile parameters of the mid-span section
of rotor 37 are used for all sections, and the section radii of rotor 37 are preserved. For each blade, one of the
remaining stacking parameters is varied linearly from the hub to the top of the blade. For illustration purposes,
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Table 7. Parameters for the contact simulations with rotor 37 models.

time step [s] 5× 10−8

blade revolutions 200time integration

angular speed range [rad·s−1] [1250, 1550]

number of lobes 2

factor defining angular width of lobes 0.15

lobe height [m] 6.25× 10−4

clearance [m] 5× 10−4

contact scenario

friction coefficient 0.15

number of fixed interface modes 10

reduced-order model number of boundary nodes 8

modal damping coeff. (first-three free-vibration modes) 0.001

modal damping coeff. (other free-vibration modes) 0.005

Table 8. Parameters for the contact simulations with rotor 67 models.

time step [s] 5× 10−8

blade revolutions 200time integration

angular speed range [rad·s−1] [900, 1780]

number of lobes 2

factor defining angular width of lobes 0.15

lobe height [m] 5.25× 10−4

clearance [m] 4× 10−4

contact scenario

friction coefficient 0.15

number of fixed interface modes 10

reduced-order model number of boundary nodes 8

modal damping coeff. (first-free free-vibration modes) 0.001

modal damping coeff. (other free-vibration modes) 0.005

unrealistic extreme variations are considered. For blade (a) in Fig.30, γi is varied from−π/2 to π/2; beyond these
values the CAD model is generated without errors but some surfaces are intersected. For blade (b), the quantity
∆θi is varied from 0 to 2

3π and for blade (c), ∆zi is varied from 0 to 5 times the blade height. The variation of
λi from 0 to π/2, a limit value for compressor blade, is illustrated with blade (d). All four blades were generated
without errors or additional computation time, which attests of the robustness of the GEN module.
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Figure 30. Blades computed with extreme linear variations of stacking parameters along the blade height.
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