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QUASI-INVARIANCE OF GAUSSIAN MEASURES FOR THE 3d ENERGY
CRITICAL NONLINEAR SCHRODINGER EQUATION

CHENMIN SUN AND NIKOLAY TZVETKOV

ABSTRACT. We consider the 3d energy critical nonlinear Schrodinger equation with data dis-
tributed according to the Gaussian measure with covariance operator (1 — A)~°, where A is
the Laplace operator and s is sufficiently large. We prove that the flow sends full measure sets
to full measure sets. We also discuss some simple applications. This extends a previous result
by Planchon-Visciglia and the second author from 1d to higher dimensions.

1. INTRODUCTION

1.1. Motivation. The seminal paper [17] initiated the study of Hamiltonian PDE’s with initial
data distributed according to the Gibbs measure which is constructed from the Hamiltonian
functional. The Gibbs measure construction is strongly inspired by earlier developments in
quantum field theory (see e.g. [20, 37]). These Gibbs measures are absolutely continuous
with respect to suitable Gaussian measures (or shifts of such Gaussian measures). They are at
least formally invariant under the corresponding Hamiltonian flow and therefore the underlying
Gaussian meaure (or its shift) are quasi-invariant under the flow.

In dimensions > 2 in order to consider initial data distributed according to the Gibbs measure
a renormalization of the equation under consideration is required, see e.g. [3, 6, 10, 12, 30, 33].
Such renormalizations have strong motivations from Physics but they also make the results
not so natural from a classical PDE perspective. A notable exception is the cubic nonlin-
ear Schrodinger equation for which a gauge transform links the (truncated) equation and its
renormalized version.

One may also observe that full Gibbs measure sets cover a very tiny part of the phase space
of a Hamiltonian PDE and also that the Gibbs measure plays no role in the dynamics of most of
the initial distributions of the initial data. Observe that this is in sharp contrast with Langevin
type dynamics where the (same) Gibbs measure plays a truly distinguished role because it
attracts all initial distributions.

Motivated by the above observations, in recent years there has been an activity aiming
to show that a more general set of gaussian measures are quasi-invariant under Hamiltonian
PDE’s, see [7, 11, 14, 15, 16, 18, 19, 21, 25, 26, 31, 32, 35, 34, 36, 38, 39]. Such results allow to
give a statistical description of the Hamiltonian flow for a larger class of initial distributions of

the initial data. In particular, one obtains results for data of arbitrary Sobolev regularity while
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the Gibbs measures live in low regularity Sobolev spaces. Moreover, no renormalization of the
equation is requited (even if renormalized energies may be used in the proof, see [36, 21, 39]). It
is also worth to observe that it looks that the question of quasi-invariance of gaussian measures
for Hamiltonian PDE’s does not seem to have an analogue in the context of dissipative PDE’s.

Most of the results quoted in the previous paragraph are dealing with 1d models. The only
results in dimensions > 2 are [36, 21, 39]. They are dealing with non linear wave equations. The
approach used in these works, based on renormalized energies, does not apply to the nonlinear
Schrodinger equation (NLS) because of the lack of explicit smoothing in the equation. Our goal
here is to resolve this issue and prove the quasi-invariance of Gaussian measures supported by
sufficiently regular functions under the NLS flow in higher dimensions. Our approach is based
on normal form reductions as in [31, 32, 35] combined with a soft analysis initiated in [25]. The
main idea in this paper is the identification of a remarkable cancellation of the worse pairing
when estimating the divergence of the Hamiltonian vector field with respect to a weighted
Gaussian measure (see Section 7 below). The weight is naturally produced by the normal form
reduction and therefore is related to the nature of the resonant set (while is the wave equation
case the weight is related to the potential energy). This remarkable cancellation is certainly
related to the Hamiltonian structure and hopefully may be used in other contexts. Our result
is only giving qualitative quasi-invariance for sufficiently regular initial distributions. Therefore
several challenging issues remain open (see the remarks after the statement of the main result).

1.2. Main result. In this work we will study the most challenging model to which we succeeded
to make work our approach. Therefore, we consider the defocusing energy-critical NLS

i0wu + Au = |ul*u, (t,z) € R x T, (1.1)

where T? := R?/(27Z)3. Equation (1.1) is a Hamiltonian system with the conserved mass and
energy:

M) = [ |ul*dz, Hu]:= 1 |Vu|2dx+1/ lu|®dz.

T3 2 Jrs 6 Jr3
These conservation laws allow to construct relatively easily global weak solutions of (1.1) in the
Sobolev spaces H'(T?) via basic compactness arguments. Unfortunately such techniques are
not suitable to prove uniqueness and propagation of higher Sobolev regularities. Thanks to the
remarkable work by Tonescu-Pausader [23] (based on the previous contributions [2, 4, 9, 22, 24])
we know that (1.1) is globally well posed in H*(T?), s > 1. Namely, for every uy € H*(T?),
s > 1 there exists a unique global solution of (1.1) in C(R; H*(T?)) such that u(0,z) = uo(z).
Let us denote by ®(t) the Ionescu-Pausader flow of (1.1).

When study the statistical properties of (1.1), we assume that the initial data are distributed
according to the Gaussian probability measure j,, formally defined as “%e_%““”iﬁ‘ du” , induced
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by the random Fourier series

D (1.2)
kez3 'V 1 + |k|28

Thanks to the Kakutani theorem we know that for at least s > 10 the measure pu; is absolutely
continuous with respect to the Gaussian measure with covariance operator (1 — A)™* (see e.g.
[36] for such an application of the Kakutani theorem). It is well-known that

supp(u,) = HE 9~ (T%) == (| H(T?)

3
0<s5—35

and p1,(H*~2(T%)) = 0. Therefore bigger s is more regular are typical functions with respects
to ps. Thanks to [23], when s > 3, the flow ®(t) of (1.1) exists globally on H(T?) for any
1< 0 <5 — § In particular, a unique global solution exists for any initial data on supp(us),
s > 2. Our main result reads as follows.

Theorem 1.1. Assume that s > 10. Then pg is quasi-invariant under ®(t). More precisely,
for every t € R, (P(t))spts <K ps K (P(t))spts, where (P(t))wps is the push forward of us by
O(t).

In the statement above, the notation p < v for two measures p, v temporarily means that
is absolutely continuous with respect to v.

In the proof of Theorem 1.1 below, we retain us of using arithmetic arguments such as
the divisor bound. Therefore the result of Theorem 1.1 remains valid for irrational tori with
essentially the same proof.

In view of [1], it seems hopeless to construct a Gibbs measure for (1.1) (and any other
energy critical problem). This gives a further motivation for studying quasi-invariant Gaussian
measures for (1.1) or any other model for which the Gibbs measure construction fails.

The result of Theorem 1.1 remains true (with a simpler proof) for the cubic 3d NLS
10w+ Au = |ul*u, (t,z) € R x T,
and also for the 2d NLS with an arbitrary polynomial defocusing nonlinearity.

As already mentioned, Theorem 1.1 only gives qualitative quasi-invariance. It would be
interesting to obtain quantitative bounds on the resulting Radon-Nikodym derivatives. Such
quantitative bounds were obtained in some previous works on the subject, the most notable
being the paper by Forlano-Tolomeo [16] where such quantitative informations on the Radon-
Nikodym derivative are used in order to perform the Bourgain globalization argument, i.e.
quasi-invariance is used in order to construct the flow. The Forlano-Tolomeo argument is
performed for a 1d model and it would be very interesting to extend it to higher dimensions.
In particular, it would be interesting to decide whether Theorem 1.1 holds in the supercritical
regime, i.e. for some s < g (in this regime the existence of the flow should rely on a probabilistic
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well-posedness in the spirit of [28]). But at this stage it is even not clear to us how to prove
Theorem 1.1 in the natural subcritical range s > g By using the dispersive effects we can relax
slightly the assumption s > 10 but it would still be away for the natural subcritical assumption
5 > % In summary, much more remains to be understood concerning the transport of u, under
the NLS flow and its connection with the probabilistic well-posedness theory.

1.3. Applications. In this section we present two simple corollaries of Theorem 1.1. Recall
that the random field (1.2) is a stationary Gaussian process on T2. More precisely, for each
fixed x € T? ¢“(z) is a complex Gaussian random variable with the law N¢(0,0?), where

2wo
particular, the law of ¢“(z) is absolutely continuous with respect to the Lebesgue measure. A

natural question is to study the regularity of the law for the random variable u(t, x), evolved by
(1.1) with the initial data ¢“. This type of problems has been intensively studied in the field of
Stochastic analysis. For many classes of stochastic (partial) differential equations, the regularity

2
0% = ez w Consequently, the probability density of ¢“(z) is Le*%dy on C =R2 In

of laws of solutions can be obtained via the Malliavin Calculus (see the book of Nualart [29]
and references therein). The Malliavin Calculus was originally developed by P. Malliavin [27]
to bring a new proof of Hormander’s theorem for hypoelliptic operators. We do not intend to
include any element of the Malliavin Calculus in this article, but to give a simple application of
the quasi-invariance property to obtain the absolutely continuity for the law of solutions of NLS
with random initial data, which can be viewed as a pointwise version of the quasi-invariance
property of the NLS equation displayed by Theorem 1.1.

Corollary 1.2. Assume that s > 10 and fiz (ty, o) € R x T3. Let u(t,z,w) be the solution
of (1.1) with data (1.2). Then the law of the complex random variable w — u(ty, xg,w) has a
density with respect to the Lebesgue measure on C.

In order to prove Corollary 1.2, we observe that we need to study the composition of ®(t)
and the evaluation map u — u(tg,zo). Then it suffices to apply Theorem 1.1 for ®(¢) and
the observation before the statement of Corollary 1.2 for the evaluation map. It is likely that
the Malliavin Calculus can be useful to get regularity properties of the densities appearing in
the statement of Corollary 1.2. In Corollary 1.2, one may replace the evaluation map by other
finite dimensional projections. For instance, one may show that for every k € Z3, the law of
the Fourier coefficient u(t, k,w) has a density with respect to the Lebesgue measure on C.

Let us also observe that the Malliavin Calculus methods can be applied to prove quasi-
invariance for maps from infinite dimensional gaussian spaces to finite dimensional spaces, while
in Theorem 1.1 we deal with the more complex situation of a map from an infinite dimensional
gaussian space to itself.

Another simple consequence of Theorem 1.1 is the following L!-stability result.

Corollary 1.3. Assume that s > 10. Let f1, fo € L'(dus) and ®(t) the flow of (1.1). Then
for any t € R, the transports of measures fi(u)dus(u), fo(u)dus(u) by ®(t) are given by
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Fi(t,u)dus(u) and Fy(t,u)dps(u) respectively, for suitable Fi(t,-), Fy(t,-) € L'(dus). More-

over,

() = Bt ) naans) = 1A= Fall o) -

One may prove Corollary 1.3 by performing the computations from [40]. A more direct proof
can be given by observing that ®(t) is a measurable map and therefore the total variation
distance between F)(t,u)dpus(u) and Fy(t,u)dps(u) is smaller than the total variation distance
between fi(u)dus(u) and fo(u)dps(w). This implies that

[F1(t, ) = Fo(ts )l nrape) < I1fr = Fallrdp.)-

Using the reversibility of the NLS flow we get the inverse inequality.

The remaining part of this paper is devoted to the proof of Theorem 1.1. In Section 2 we
perform the normal form reduction, we define accordingly suitable weighted Gaussian measures
and we state the key energy estimates. In Section 3 we perform the soft analysis leading from
the energy estimates to the quasi-invariance result stated in Theorem 1.1. In Section 4 we
introduce our basic counting tool and the Wiener chaos estimate useful for our purposes. In
Section 5 we decompose the divergence of the Hamiltonian vector field with respect to the
weighted Gaussian measures in several pieces according to the possible pairings. In Section 6
we estimates the contributions of the first generation. Section 7 deals with the most singular
contribution resulting from pairings between different generations. This is the most delicate
part of our analysis containing the remarkable algebraic cancellations mentioned above. In
Section 8 we treat the remainder terms in which the singular pairings are not presented. Finally
in an Appendix we prove some approximation results for (1.1), crucially exploited in Section 3.
Let us emphasize that because of the critical nature of the Cauchy problem for (1.1), the
approximation argument is much more delicate compared to the previous literature on quasi-
invariant Gaussian measures for Hamiltonian PDE’s.

Acknowledgments. This work is partially supported by the ANR project Smooth ANR-22-
CE40-0017.

2. MODIFIED ENERGY AND THE WEIGHTED (GAUSSIAN MEASURE

2.1. An approximated system. Fix a radial cutoff function x € C°(R?) such that x =1 on
[—3, 3] and supp(x) C {|z| < 1}. For N € N, set xn(-) := x(N ") and Sy = xn(V—A) the
smooth frequency truncation and Iy = 1 —x. the sharp frequency truncation. By definition,

Snlly = xSy = Sy, Sk = S.

The advantage of using the operator Sy is that Sy is uniformly bounded on LP(T3) for 1 <
p < 00, which is crucial when taking the limit of the approximated system in the energy critical
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case. Similar to the situation in [8], we consider the following smoothly approximated NLS
equation

i@tuN + AUN = SN(|SNUN|4SNUN), (2 1)
uN’t:O = Ug € HU(T?’). ‘
As in [8], the solution of (2.1) can be decomposed as two components on Ey := Iy L?*(T?)

and £y = (Id — IIy)L*(T?). This naturally leads to a splitting of i, as du, = dpsn @ dpy
for every N € N, where p n is a measure on &y while /VLSL’ ~ is a measure on £x%. The finite-
dimensional part of (2.1) on Ey is a Hamiltonian system (see [8, Lemma 8.1]), while the infinite-

dimensional part is the linear evolution e”?. Thanks to Cauchy-Lipchitz and the defocusing

nature, the solution of (2.1) is global and we denote by ®x(t) its flow, which can be factorized
as (Dn(t), ) on Ey x E&, where By (t) is the restriction of ®y(¢) on the finite-dimensional
space Ey, which is a Hamiltonian flow on Ey. By convention, we denote ®(¢) by ®. ().

2.2. Poincaré-Dulac normal form and the modified Energy. To construct suitable weighted
measures for our study, we must identify a modified energy functional. Consider a smooth so-
lution un (t) of (2.1). We introduce a new unknown, factored by the linear flow:

v(t) = e Puy(t).
Expanding v(¢) in the Fourier series, we have:
’U(t,l’) = Z ’Uk(t)eik.m,
kez?

from which it follows that vy (¢) satisfies the equation:

Dt =) Y e (HXN )%()%(w---vkm (2:2)

k1—ko+ks—ks+ks=k

where
5
= (=17 — [k
=1

is the resonant function.

To construct the modified energy, it is more convenient to use an equivalent of the Sobolev
norm for s > 0:

2 s\| 7
I sy := Y (L4 [RP)LF(R) .
kez3
A simple computation using symmetry of indices yields

1d 1 o _
sgllv Ol =—gIm Y7 (ke (HXN Vowbe, T (23)

k1—ko+--—ke=0
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where in the above expression, we abuse the notation slightly and denote
6

Voa(k) =D (=17 ks, Q) = (=177 k[

j=1 j=1
The basic estimate for o, (k) is
[as(R)] S Tkey P> (k) P + 12(R))),

where |ky| > |k@)| > -+ > |k(g)| is rearrangement of ki,--- kg and ky — ka4 -+ — kg = 0 (see
Lemma 4.1 below). Note that each vy, will be accompanied with xn(k;), and the capital N
plays no role in our analysis, we will simply write wy, := xn(k;)vg, in the sequel. Note that

i@twk == XN(]{?)Z Z e_itQ(k) . wklka s Wi - (24)
k1—ko+ks—ks+ks=k

In order to truncate the level set of the resonant function, we further introduce the symmetric

factor
6

AB) = (I

j=1

As the resonant function Q(IZ) takes integer values', we will decompose the set of indices

ki,--- , ke according to the level set of (k). In order to perform the differentiations by parts
in time, we further write

1d

Sl

2 __1 Q(E) Ne—itQE), —
Hs — glm Z X<)\(E)50>¢28<k)e Wiy Wy * * - Wk
Q

(20)) ¢28( ) eiitQ(E)at(whwkz o 'wk6)7 (25)

QO
* élm 2 (1 - X<A(l(2§) —iQ(k)

k1—ko+--—ke=0

where 0 < dg < % is close to % Motivated by the above formula, we define the modified energy

(with w = xn(vV—A)v) 1
£.4(0) = 2ol

12qs(1r2) + Roi(w), (2.6)

where

Rst(w) == %Im Z <1 — X( Ql%)%)) w?S( Ig) e_itQ(E)wklka o W

k1—ko+--—ke=0

IThis fact is not essential for our result and the proof. Though we keep to work on the rational torus for
convenience.
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Changing back to the variable u, the modified energy is

Es1(v) = Esn(u) = IHUH

s (r2) T R v (W), (2.7)

)) ¢28< ]g) ' (ﬁXN(kj)> gy Upy - Uk - (2.8)

k1—ko+-—ke=0
We define R,(u) as R y(u) without H ' xn(k;). Sometimes R,(u) will be denoted by R ().
We similarly define FEg(u) which may also be denoted by Fs o (u).

The modified energy (2.7) will play a crucial role in our analysis. We refer to [42] for a survey
on the use of modified energies in the analysis of dispersive PDE’s.

Then from (2.5) and the equation (2.2) of uy(t), and symmetry of indices, we have (with
wy = xn(k)vr)

d d 1 Q(k o el —
L pnun) = S0y =—tm 3 (W e D -,
k1—ka+-—ks=0

1 Q(k)
+5m Y (1 —x(—ms
k1—ko+---—ke=0

X Z e (Q(E)+Q(m)XN(kl>2wp1wp2 " Wps Wy~ + Wi

k1=p1—p2+-+p5

—it(Q(k)—Q(q 2 _ _
X E € ( ® (—))XN(I{;Q) Wiy Wqy * * " Wos Weg * * * Wi s
k2=q1—q2++gs5

(2.9)

where

Qp) = Z D7 Hpsl = [kal?, - Q(q) = Z 7 Hagyl* = ke,

2.3. The weighted measure. Using the modified energy, we define the weighted Gaussian
measure for given R > 1

dps,pn (1) = Xa([|ulle) - e BN dpg y (u), dps p.nv(u) == dps rN @ d:uj_,Nv (2.10)

where the functional R y(u) is defined by (2.8), xr(-) = x(R™!-) is the cutoff.
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Proposition 2.1 (Local existence of the weighted measure). Let s > 20, R > 1,0 < s—%,

tos—32 and N € N. Then for any p € [1,00), there exists a uniform constant C(p, s, R) > 0,
such that

close

Ixrdllllue) - e, ) < Clo,s, R).
Moreover, for fixed R > 0,

R n(u)

Peliullze)e™ > = xa(lulao)e ], ., = 0.

lim

N—o0

Recall that ®n(t) is the flow of (2.1) while ®,(t) = ®(¢) is the flow of (1.1). Another key
proposition is the following weighted energy estimate:

3

Proposition 2.2 (Weighted energy estimate). Let s > 10,R > 1, 0 < s — %, close to s — 3

and N € NU {oo}. Set

Qsn(u) = % s N (P (t)u) =0

and denote by BH® the centered ball in H°(T?) or radius R. Then there exist a uniform
constants C(s, R) > 0 and B € (0,1), such that for all p € [2,00) and N € NU {00},

1o (u) - Qo (W)l 2o(dy < C(s, R)p°.
Thanks to Proposition 2.1, we have also for all N € NU{oo},p € [1,00),

1 pne (u) - Qv (W)llLrgr, 4 vy < Cls, R)P”.

The proof of above two propositions will occupy the main part of the article. To prove the
quasi-invariance of the full system, we need to pass to the limit N — oo in the approximated
equation (2.1). This will be done in the next section.

3. PROOF OF THE QUASI-INVARIANCE ASSUMING ENERGY ESTIMATES
In this section we prove Theorem 1.1, assuming Proposition 2.1 and Proposition 2.2.

3.1. Approximation theory for the energy-critical NLS.

Proposition 3.1. Assume that o > 1. There ezists a constant A(R,T) > 0, depending only
onT >0, R>0 and o > 1, such that for any u € BE’,
sup | @()ull e + sup [Sx(t)ullse < A(RT), VN €N,
<T

[t|<T ¢l

Proposition 3.2. Assume that o > 1. Let K be a compact subset of H°(T?) and T > 0. Then
uniformly in |t| <T and u € K,

@ (£)u — ®()ul e = 0.

lim

N—o0

Observe that since @y (t) and ®(t) are continuous we have that for any |t < T and N € N,

Pn(t)(K),®(t)(K) are also compacts in H?(T?). The proof of Proposition 3.1, Proposition 3.2
will be given in the Appendix.
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3.2. Proof of quasi-invariance. First, we prove:

Lemma 3.3. Let T > 1. Let A C Bga be a Borel measurable set. Then there exist ¢¢ > 0 and
1—¢g

Csrr >0, such that for all N € N and [t| < T, pus(Pn(t)(A)) < Cspr - ps(A) 7 .

Proof. Let A(R,T) > 0 be the constant in Proposition 3.1, such that for all R > 0, N € NU{o0o},
Oyn(t)(By ) C Birr), [tI<T.
Denote Ry := A(A(R,T),T), and we consider the weighted measure

dﬁS,RLN(U/) :ps,Rl,N(U) ® d/JLSL’N

1w R
= (o) =5 (T i) © diy,
k|<N

where Zy > 0 is the normalizing constant appearing in the finite-dimensional truncation of the
Gaussian measure

1 o
dpsn(u) = g—e’%z'w(”‘k‘Q MIQ( 11 dm).

N k<N

For A C BE"| from Proposition 3.1, for any |¢,], [tz] < T and N € N,
CI)N(tQ) 9] (I)N(tl)(A> C Bgf.

In particular, for any u € A, [t| < 2T, || Py (t)u||ge < Ry. Now for |tg| < T, |t| < 1, using that
for xg, (||Pn(t)ul|gs) = 1 for u € A, as in [35, 36, 38], we can obtain the following change of
variable formula

1 ~
p&Rl’N(q)N(toth)(A)):/Z o Bs N (N @ (to+t)u) || dukdﬂiN(U)-
A LN

|k|<N

Observe that
d d

Qsn(u) = aEs,N(q)N(t)U)\tzo = EES,N(HN@N(t)U)h:o-

Taking the time derivative of the above equality and evaluate it at ¢ = 0, we obtain the identity

d 1 _ u ~
Eﬁs,Rl,N(CbN(to + t) (A))|t:0 = — / Z_QS,N((I)N(tO)u) e Es N(IIN® N (to)u) H duk d”sl,]\f(u)
AN IKI<N
1 ~
= — / Z_Q37N<u) o~ Esn(yu) H duy, d’uj-’N(u)’
Py (to)(A) <N lk|<N
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where we again used the change of variable formula. As for u € ®y(t9)(A), 1 < xg, ([|u||g),
we obtain the inequality

Do (@ () (A) et

1 _ u -
<[ i) gl Qu(wle B T diduty(w
@ (to)(A) N

[k|<N

- / Qe ()|, g, (1)
D (to)(A)

<NQs. (W)l (ap, gy n) * P (P (t0) (A)) 5.

Thanks to the last assertion of Proposition 2.2, the function

F(t) := Do py v (PN (E)(A)),
satisfies the inequality
F'(t) < Con-pPF(t) %, W <T, p<oc
Integrating the differential inequality above, we obtain that

1
P

F(t) < (F(0)7 + Cop - p~"71)" < F(0)eCne"F(O)
Without loss of generality, we assume that F(0) = us(A) > 0. By optimizing the choice

sz—Hog(ﬁ),

we conclude that there exists ¢y € (0,1), such that
F(t) < CrsrF(0)'7°, V|t| <T,

namely

Doy N (PN (8)(A)) < Cry 100 n(A) 70, VIt < T
Finally, as ®n(t)(A) C Bglg/z,

ps(Pn(t)(A)) = / Xa, ([lull =) - ¥ dp, ().
PN (8)(A)

By Cauchy-Schwarz and the L2-integrability of xz, (||u|| ) -e®~®) with respect to du, (Propo-

sition 2.1),

u — 1

15 (P ()(A)) <llxry ([l o)™ ¥ 120, )55 pn (P (E)(A))2
” 1 - 1—¢g
<Ilxr (full e )e XN Zy )/ Crys Py v (A) 2

l—¢g

S OEﬁ,s,Tﬁs,RLN(A) 2, (31)
Again, since A C Bj" C Bf;/,

_ u 1 1
Do iy v (A) < Xy (o)™ O L2 1s(A) 2 < Cryspis(A)2.
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Plugging into (3.1), we complete the proof of Lemma 3.3. O

Proof of Theorem 1.1. Let T > 0, we first show that for any compact set K C BH"

—€o

pa (D) (K)) < Cryor - pra(B) 52,

where €9 > 0, Ry := A(A(R,T),T) are as in the proof of Lemma 3.3. Indeed, by the approxi-
mation theory (Proposition 3.2), for any € > 0, there exists Ny € N, such that for all N > Ny,
D(t)(K) C ®n(t)(K) + BH | thus

ps(®(1)(K) < ps(@(t)(K) + BL). (3.2)

We are going to take the limit € — 0 in the inequality above, using the fact that u, is regular.
Before doing that, we have to show that for any open set G O ®x(t)(K), there exists € > 0,
such that

G D on(t)(K) + BT

Since @y (t)(K) is compact, for any open set G D @y (t)(K), there exist finitely many balls
By,--- B, of H? such that

on(t)(K)c | B cl 2B @,
j=1 j=1

where 2B, is the ball with the same center as B; and with radius twice of B;. In particular,
there exists e; > 0, such that for all 0 < € < ¢,

dn(t)(K) + B cG.
To see this, we take €; < ¥ min{radius(B;) : j =1,--- ,m}. Then for any u € ®y(t)(K) + B’

€1

there exists ug € K, such that ||u — uo||ge < €1. As ®n(t)(K) is covered by Bj;, there is a ball,
say By with center uy, such that ||ug — u1||gs < radius(B;). Hence u € 2By C G.

Recall that Gaussian measures are regular, namely, for any Borel set A
ps(A) =inf{us(G): G D A, G open in H}
=sup{us(F): F C A, F compact and Borel in H?}

we can take € — 0 on the right hand side of (3.2) to obtain the estimate

l—eg

Ms(Cb(w(K)) < MS(CI)N(t)(K)) < CRl,S,T : PJS(K) 1 (33)

as desired.

Finally we assume that A C BE" is an arbitrary Borel set. Since ®(t) is a continuous
bijection on H7(T?), ®(t)(A) is also a Borel set (view ®(t)(A) = (®(—t))"1(A)). Thus there
exists a sequence of compact sets K, C ®(t)(A), such that

p(@(0(A) = lim (K.
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For fixed [t| < T, set F,, = ®(—t)(K,), by the bijectivity of ®(t), K,, = ®(¢)(F,). Since F, are
also compact (Proposition 3.2), we deduce that

l1—eg

ps(Fn) = s (D) (Fn)) < Crysr - prs(Fr) 5
Observe that K,, = ®(t)(F,) C ®(t)(A), again from the bijectivity, F,, C A, thus

l—¢g

NS(Kn) S C’Rl,s,T . MS(A) 4.

Letting n — oo, we deduce that

€0

MS((I)(t)(A)) < CRLS,T ’ MS(A) E :
In particular, if pus(A) = 0, we must have us(®(¢)(A)) = 0. This proves the quasi-invariance

property of ps along the flow ®(t). O

4. PRELIMINARIES FOR THE ENERGY ESTIMATES

In this section, we summarize several frequently used preliminary results as well as some
notations.

4.1. Deterministic tools. For a given set of frequencies k1, ko, - - - , ky,, we denote k1), k), -+, ki)
a non-increasing rearrangement such that

kwl = [kl = - = |kl
Similarly, for a given set of dyadic integers Ny, Ny, --- , Np,, we denote Ny, Niay, -+, Ny a
non-increasing rearrangement such that

Ny = Ny 2 -+ = N,
Wu have the following estimate on the the function s which measures the lack of conservation

of H® based quantities.

Lemma 4.1. Set
6 6

Yas(k) = D (=17 k1, (k) =D (=17 IRyl

j=1 j=1
Thenfork:l—k2+k3—k4+k5—k6:0,

[Yas(B)] S Tk |2 [19200)] + [y |-
Proof. We can suppose that |ks)| < [k(2)|, otherwise the estimate reduces to the straightforward
bound ‘¢25<E)| < |k@y|*. Essentially, there are two different cases : kuy = ki, k@) = ko and

k@y = ki1, k@) = ks. In the second case we can again use the bound |has (K)| < |ky|?5. Let is
now suppose that k) = ky, k@) = ko. By the mean-value theorem,

|1 = ko S Tty POV 1R * = [Ral?| S Loy [ [12(R)] + [
This completes the proof of Lemma 4.1. O
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For linear constraints, we denote

hkil kg2 kym = 1L1/€1+L2k2+---+bmkm=07

where ¢; € {+1,—1}, identified also as {4+, —}, the signature of frequencies k,- - , k. For
example,

bkfk;k;k;k;’kg = Lhy—kohs—kat-ks—ke=0-

We will frequently use the following elementary counting bound:

Lemma 4.2. Assume that n > 2 and given dyadic numbers Ny, No, - -+ N,. Then uniformly in
K e€Z? k €R and ij € {+1,—1}, we have

n n
2 3
E Lok ikt tinkn=K - 1L[1|k11|2+---+un|k[n 2=k < H 1\k[j|~Nj) S N(Q) H N(j)v
k1,kg, e kn j=1 =3
Liki+1;k;7#0,Vi#y

where we adopt the convention that when n = 2, the bound on the right hand side s N(22).

Remark 4.3. The counting bound stated here is very rough but it already fits our need. By
using some arithmetic, one can improve it when n > 3 or n = 2 and ¢; = 1. We refer to
Lemma 4.5 of [13] for such an improvement . The estimate of Lemma 4.2 has the advantage to
hold with the same (trivial) proof on a general torus.

Next we recall the following conditional Wiener chaos estimate for multi-linear expression of
complex Gaussian random variables. In the sequel we adopt the notation 2™ = z and 2~ =%
for a complex number z € C.

Lemma 4.4 (Wiener chaos estimate). Consider the multi-linear expression of Gaussian:

n

F(wlvw) = Z Cky, kn (wl) ’ Hgch]] (w>7
ki, kn

Jj=1

where the random variables cg, ... k, (W') are independent of complex standard i.i.d. Gaussians
gr;(w). Then for any p > 2, we have

1F (W' )z < CpE||F (w022

We state the Wiener chaos estimate in above form since later on we will use Lemma 4.4 for
L? estimates for high-frequency Gaussians conditioning to some o-algebra generated by low-
frequency Gaussians (see also [41] for a statement involving conditional expectation). Starting
from [5], in recent years such conditioned Wiener chaos estimates were extensively use in the
field of random dispersive PDE’s.
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5. DECOMPOSION OF THE DIFFERENTIAL OF THE MODIFIED ENERGY

Recall from (2.9) that

Qu(w) = Tm (= ZRo(w) + JRa(w) — 3 Ra(w),
where
Ro(w) := Z X( ngg >¢25(E)wk1wk2 W, (5.1)
ki kg=o A(R)®
Q(k o(k
R = X (1o ) T T, (52
k1=p1—p2+p3—pa+ps
and
Q(k S(k
RQ(w) = kle;%zo <1 B X(A(]%)ég)) wé(%)) XN(k2)2wk1wq1  Wes Wiy * + * W - (5'3)

ko=q1—q2+q3—qa+q5

Comparing to the estimate for Ro(w), the major difficulty in estimating R;(w), Ra(w) is the
existence of pairing contributions between different generations (wx, and w,, (or wy, and wy, )).
Roughly speaking, the pairing contributions in R;(v) are (up to symmetry)

o |kyi| ~ |ko| > |ks| + |ka| + |ks| + |Ke|, [F1| ~ [ka| > [pao] + |ps| + |pa| + |ps| and py = ko;
o |ki| ~ |ks| > |ka| + |ka| + |ks| + |kel, |k1| ~ |k3| > |p1| + [ps| + |pal + |ps| and pe = ks.

Now we identify these pairing contributions precisely:

5 6
Al,l = {(pla *t, Ps, k?) o akﬁ) Z(_l)J_lp] + Z(_l)l_lk’l = 07
j =2

<
—_

k=p, Y eIkl + Rl Y bl < Rl + kel

i€{3,4,5,6} j€{2,3,4,5}
(5.4)
and
5 6
A1,2 = {(pla T, Ps, k?) e akﬁ) :Z(_l)]_lpj + Z(_l)z_lk’i = 07
j=1 i=2
ks=pe, 3 (RISl Ikl DD Iyl < Dl + ksl

i€{2,4,5,6} je{1,3,4,5}

(5.5)
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s : :
where 0 <0 < 3 < % is close to % We define correspondingly

Z (R
Sl 1 XN kl |wk2| (1 B ( (;(;’)5) >> wQ(( )) Wy Wy Wiz W * Wpy Wps Wp, Wiy (5‘6>
and
Q(_’ ¢2S(E)— — — _
S EX (k1) wis (1 — x [ —= =Wy Wy Whes W * Wy Wiy Wy, Wi - 5.7
12 £ N\l ‘ k | ( <)\(k}>60>> Q(k) ko Wky Wk k p1 Wps Wp,ys Wp ( )

Similarly, the pairing contributions in R, are (up to symmetry)

Youlk)
Sza(w ZXN (k) < ( (()zo>> 2(( )>wk3wk4wk’5wkzs " Wg3Way Was Wy, (5.8)
and
Q(K) \\ V2o (k) I
Soa(w ZXN (ko)?|wp, |? (1— ( = )) = Wi, Wy Wk W * Wa, Wy Was W, - (5.9)
A22 4 (k>6 Q(k) 1 3 5 6 1 3 5 4
where
5
A2,1 = {(kaIa"' 7Q5>k3>"' 7k6> Z(_l)JQJ+ Z (_1)171]% :O,
j=1 i€{1,3,4,5,6}
D DI TR AR A S A R IS
i€{3,4,5,6} j€{2,3,4,5)
(5.10)
and
5
A2,2 = {(kaIa"' 7Q5>k3>"' 7k6> Z(_l)JQJ+ Z (_1)171]% :O,
j=1 i€{1,3,4,5,6}
k=g Y RSl Rl Y el < el 4 Rl
i€{1,3,5,6} je{1,3,4,5)
(5.11)
ke
k ko
p1

8110 p1 is paired with ko 812t po is paired with k3
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ke ke
k1 k4
1 q2
Sa1: @1 1s paired with ky S22t @2 1s paired with ky

By symmetry, we have

Rl(U)) = 981,1 (w) + 481,2(?1)) -+ ,R/Lg(U)), (512)

and
RQ(U)) = 98271(21}) + 48272(21]) + R273(w), (513)

where in the expression of remainders Ry 3(w) we have either |ke)| 2 [kq)|? or |kg)| S k)|’
and the dominating frequencies are either non-paired or paired within the same generation.
Here kq) - -+ , ko) is a rearrangement of leaves py, p2, p3, pa, ps, ka2, k3, ka, ks, ks such that [k@y| >
k)| > - > |kao)|. We define similarly the remainder Ry 3(w). More precisely, we distinguish
three different types in R4 3(w) (and in Ry 3(w)) with the corresponding constraints in the sum

Z (4

k1—ko+ks—ka+ks—ke=0
k1=p1—p2+p3—pa+ps

o Type A: 320 kil > [kl + [k’

o Type B: 3.0, k(| < |k l”+ke|® and {kuy, k@) C {ka, ks, ka, ks, ke } or {k), k@)} C
{p1,p2,p37p4,p5}-

e Type C: 3732, k| < [kl + k@), ka) # k@ and

kqy € {ka, ks, ky, ks, ke }, ke € {p1,p2, 3,1, D5}
or
k) € {ko, k3, ka, ks, ke}, Ky € {p1, 2,03, P4, D5}
Recall that we have to estimate the LP(dj,) norm of

Qs n(w) = —é Im Ro(w) + % Im Ry (w) — %Ing(w).

In Section 6, we estimate the first generation contribution Ro(w), and in Section 7, we estimate
the pairing contributions

Im(SLj — 82’.]'), j = 1, 2.

Finally in Section 8, we finish the estimate for remainders in the second generation Ry 3(w), R 3(w).
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6. ENERGY ESTIMATE I: THE FIRST GENERATION

Denote

R = 3 () e 6

Ro(w) = 3. X( (k) )%S(E)wkl% T, (6.2)

Proposition 6.1. Assume that dy < % There exists 5 € (0,1), such that for any R > 0 and
p € [2,00) we have

g7 (W)RwW) || () + 1 pze (0)Ro(w)l|r(au,) < C(R)P.

Proof. Before proceeding to the estimates, we first observe that without loss of generality, we
may assume that there is no pairing between frequencies with different signatures in the sum
defining Ro(w) or R(w). Indeed, if this is the case, say k; = ko are paired, then the resonant
function will degenerate to |ks|2—|ks|2+|ks|2—|kg|? and the energy weight s, (k) will degenerate
to |k3|?® — |ka|*® + |ks5)*® — |ke|**. Therefore, this pairing contribution in Ro(w) or R(w) reduces
to some power of ||w||?, times a similar term with two less degrees of homogeneity”, and the
treatment of such a reduced term is similar (simpler) than Ro(w) or R(w). So in the sequel
of the proof, we implicitly assume that there is no pairing between frequencies with different
signatures in all the sums.

e Estimate of Ry(w):
Pick o € (0, 1), close enough to 1, we split Ro(w) as I + II, where

Q(k .
L= E X( (~ ) >¢2s(k?)wk1@k2 o W
o A(k)do
B3y 1>k
k1—ko+-—k=0

and

II:= Z X<)\£Z](;§ZO>¢2S(E)wklwk2 o W

[y [<|k(1y|™
k1—ko+-—ke=0

To estimate I, we only exploit deterministic analysis. The order of wy,, Wy, plays no significant
role in the analysis. Therefore, without loss of generality, we assume that in the sum, |k;| >

2For over pairing contributions, the over-paired part can be controlled by a power of w2
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|ka| > |ks| > |k4| > |ks| > |ke|. Taking the absolute value in the sum, we have

IS Z Loy i<ikaso Lik|2lkal>->Ike] - ot [ 72 (K] + [ 2R )|)\wk1 Crr Wi

|k3|>[k1|*
k1—ko+---—ke=0,

S Z Ing Ne»

N1>N2>--Ng
Ngsz‘

where the summations are performed on the dyadic values of Ny, --- Ng and

6
— 25—2 A2
Ing e = Z Z Ny® N3 H1|k‘j\NNj|wkj’7
k|SNPO ks >[ka|* j=1
~ k1—ko+--—ke=0
Q(k)=x
provided that o > % thanks to the restriction 0 < §g < % Using the Cauchy-Schwarz inequality
in the k1, ks summations, we can write

6
Iny e S NET2NE | Pyl 2| Prywllze [T (D7 iy e, lw, 1),
Jj=3 k;€Z

where Py is the frequency projector to |k| ~ N. Therefore, for N3 > N¢ and w € BE’, we
have a crude estimate

+2s 20

Lyyone S RO NET2NE NP2 NG 7 S NE P72 N o

which is conclusive as far as (2+ «)o > 2s + % The last restriction is easily satisfied by taking
a close to 1 as far as s > %

Next, we estimate II. We decompose II dyadically as > Ny Ng Ui, N, Where

Q(k) .

P SR (- [T AN | S
[k e3y|<Ik(1y|™ j=1
k1—ka+4--—ke=0

For this contribution, we mainly rely on the Wiener chaos estimates.
Without loss of generality, we assume that Ny ~ Ny ~ N3y, N(3y = N3 (since the analysis of
cases N1 ~ N3 ~ Npy, Ny ~ N3y or Ny ~ N3 ~ Ny, N5 ~ N3y are similar or simpler).

Denote B¢y, the o-algebra generated by Gaussians (gi(w))k<n, /100- Note that we have the
constraint N3 < Ny for some o < 1, close to 1, and we only need to consider the contribution
where N; is sufficiently large so that N < %—B. Consequently, 1y, w;,7 = 3,4,5,6 are all
By, measurable and the random function

'k T
=
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is independent of B« y,, we have

Iy 6+ s (W)l Lr(ans) <IMn - g - 1pa7 (P < 100w) Lr(aps)

< H HIINL'” ,Ng ||Lp(dus|3<<N1) ) 135" <PSN1/1OOw) HL“’(d,us)’

where Py, /100 is the frequency projection to |k| < N;/100 and LP(dus|B<n, /100) means the
L? norm conditioned to the o-algebra B<y, 100- By the conditional Wiener-chaos estimate (see
Lemma 4.4 ), we have

1INy Nol 2o (@piBany) S PITING - N6 || L2 (dpas B,

2\ 1
- 2
s _ _
< p(NViN2) ( E ‘ E ¢23(k)wk3wk4wk5wk6n1\kj|~Nj ) :
|1 |~Nq k3,ka,ks ke J=3
|kez|~No k3 —katks —ke=ko—k1
2R) SN
(6.3)
By Cauchy-Schwarz,
6 2
E ‘ E Vs (k) Wiy Wiy Wity Wi H L~
k1 |~N1 ks.k4 ks ke j=3
|oa |~ N2 k3*k4+k§*k6§k2*k1
|2k [SN,°
6
e 2
(XY Pl T ey,
|k1|~N1 ks, ka,ks ke j=3
|ka|~ N2 k3_k4+k_§_k6§k2_k1
|2(k)|<N°
6
111
X sup |wk3wk4wk5| |Kjl~Nj -
e B2l N o oy ks — ks =k — 1 Jj=3

Since [thas (K2 < NiCTD(NS 4 |Q(K)[?), the first sum on the right hand-side can be bounded
by (below we implicitly insert the constraint |k;| ~ N;)

>l ) ST NN 4 52) By kb haako ()

kGNNG |E|§Nfo kl,kg,kg,k4,k5
SN2 [Jwl3o N{C ™V (NS N N2 (N5 NaNs)* + N N3 (N3 NaN5)*)
SlhwllZe Ng 2 N~ (N{NY* + N ) NI NG NGNS,

where we used Lemma 4.2 and the notation

hk1k2k3k4k5k6 (H) = 1k1*k2+k3*k4+k5*k6:0 : 1Q(E):H'
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Plugging into (6.3), we obtain that

6
% 3 3
1T, e oy S PNTH(NENG® o+ Ny * )N Ny [ ] s |z
J=3

g

b0 4 7 30 1 3_
§p(N12 N 4+ N2 Ny U)me{v-

Since 0y < % and o > %, the above quantity can be controlled by

_ 1_%)
pN; ) ).

Hence
-3y 4
HHNL”-,NﬁlBgU (w>|‘LP(dﬂs) S pN(l) R
Here since we gain a negative power in N(j), by interpolating with the crude deterministic
estimate

s—20 2(s—0o
T, v L ()] S N2 |w]Se < NOS™7 RS,

we conclude the estimate for Ro(w).

e Estimate of R(w): The estimate for R(w) is similar (simpler) to the estimate for Ro(w)
and we only sketch the proof. Indeed, comparing to the estimate of Ry(w), the only difference

is that the weight X( )\%@O

> is now replaced by

Q(k) 1
<1__X<A@h%>>gi2;

We similarly split R(w) similarly as I' + II', where

=% GRS e

&3y |>1k(1y|®
k1—ko+-—ke=0

Q() 77ZJ2S(E) — —
I-_ —_ .« ..

IT := ) E ) (1 X( E) )) ]2) Wiy, Wy * * * W
@<k

k1—ko+-—ke=0

and we invoke the inequalities

-

1 1/123(16) 25—2 2
7 S 1og(Ny)), ‘ = ‘51« 2|k >+ 1).
> g SloaWo). [R5 kel ke +

8
N SIsISNG)

The proof of Proposition 6.1 is now complete. O
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7. ENERGY ESTIMATE II: THE PAIRING CONTRIBUTIONS IN THE SECOND GENERATION

In this section, we estimate the singular contributions. Recall the definition of S, ; in (5.6)-
(5.9).

Proposition 7.1. There exist C > 0 and 8 = (0, s) € (0,1), such that for j € {1,2}, R>1
and p € [2,00), we have

[T (S5 (w) = S2,5(w)) 1 e ()| £rans) < CP7R™.

Remark 7.2. To explain the difficulty, we remark that the singular contributions S, ;(w)
(i,7 € {1,2}) prevents us to use Wiener-chaos estimate to gain the square root cancellation.
Nevertheless, it turns out that there is an extra cancellation when one takes the imaginary part
of §; j(w). To understand the hidden cancellation, for S; ;(v), one can think about the sum is
taken over |ks|, -, |ke|, |2, - . |ps| = O(1), then

os (K) R R
Q) k2= [k

and the second sum in the definition of S;; is completely decoupled and we have

k’ k 2s 2
Sia(w ZXN (k1) |wk2|2||;||2 :;:2 ‘ Z Wiy Wy Wy Whe
k1 ,ko ke |+ Fa |+ ks |+ ke | <| ko |
3—ka+ks—ke=ka—k1

+ error ,
where the main contribution is obviously real.

Remark 7.3. However, it turns out that the cancellation described in Remark 7.2 alone is
not enough to conclude, as the error term in the formula above is not negligible if we estimate
individually & j(w) and Sy ;(w), j = 1,2. What saves us is that these expressions there is
some symmetric structure so that we can exploit some extra probabilistic cancellation and a
deterministic smoothing. Let us explain theses points with more details. With the identification
of (g3, ¢2, G5, q4) = (P2, p3, pa, ps) (without changing k), we observe that As; = Ay, and

Y, () Q(k) o
So1(w AZXN k1’2 ;(E) (1 — X(W))wkg?Uk4Wk5'LUk6 Wy Wi Wiy, W - (7.1)

Therefore,

o 810 — om0 = o 3wt o = v 92 (1= (L0

X W Wy Wes Wheg * Wpy Wps Wy Wy - (72)
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For j = 2, due to the special position, there is no such cancellation in Im (S; 2(w) — Sy 2(w)).
Indeed,

< o valF) () 00F) .
22 ZXN 2 |wk4| Z = X XY Wiy Wy Wiy Wi~ Way Wz Wy Wey
ki s btk ks a=kathe S2(K) (k)%
q1+q3+q5—qa=ko+ky
k1 |+ ks |4k |+ ke | <|kz] O +|Fa |
lq1|+|gs|+lqa|+1gs | <|k2|® 4| ka|®

By SWitChng the indices (kla k?n k5) with (k27 k:47 kﬁ) and ldentlfylng (QIa q3,44, Q5) as (pla b3, p47p5>
in Ay, we deduce that

SQ,Q(UJ) = 31,2(w);

L22) g invariant by the switching of indices (ky, ks, ks) and

was ()
(k)

where we used the fact that
(ka, k4, kg). Therefore,
Im Sl,g(w) — ImSQ’g(w) =—2Im SQ,Q(w). (73)

The good news is that in the expression Im & »(v), we only need to exploit the first cancellation
explained in Remark 7.2, since the resonant function Q(k) ~ |ky|? + |ks|? ~ |k1))* has a
significantly larger size which provides a smoothing effect.

Proof of Proposition 7.1. We separate the analysis for j = 1 and j = 2.

e Estimate for j = 1:

Set
s (K) Q(k) ey 25 — |2 ey |2 — [ko?
Q(k) <1_X</\(E)5°>> R = [RP? <1_X((|k1!2+|k2|2)50/2>>‘

We need an elementary lemma:

(k) =

Lemma 7.4. On Ay defined in (5.4), for sufficiently large |kq)|, we have

S |k P2 ke 2
(k)| < 0] Lo 2k 50

where we recall that in the definition of Ay, 0 < %0

Proof. Note that on Ay 1, {ki,k2} = {kq), k@ } and |k |* S ko)) < A(k)%. Thanks to the
support property of y, if \Q(E)\ < k| ~ )\(/;)‘50, we must have

- Ky |5 — ko) |k1]? — |k2?
107 e i M i1y
®) == X g )

and ||k1|2 — k22| = (|k1]? + [k2|?)%/2 ~ A(K)%, otherwise W (k) = 0. Thus
[k|® S ([Fa]” = [kal*| = [2(E)] — O(lkes) ),
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which contradicts to the fact that |k()|? < |kq)|%. Therefore, we assume that (k)| > |1y |%0
and consequently |k1| # |kz| in the sequel.

Set
= |ks|* — |kal® + |ks|® — |ke|?,  F = |ks|* — |ka|? + |ks|** — |ke|*®
and write
LT e L e
Vos(k) = W(Q(k’) - G)+ F.
Hence

o) BEZE (- 0 (11 (20) - (1 ()

()

Since |F| < k)%, |G| < |ke)|* and

|k1|25 _ ’k2’2s
K1 [? = [Ra]?

< k72,

we deduce that
- R PR k) Q(k) ) k1 — [o|?
U(k)| < = 1— - + ko[ = — )
RICURS 1Q(K)| < X()\(k)ao» kol ‘X<)\(;€)JO) X<(1k1]2+\k52\2)50/2>‘
(7.4)

The first term on the right hand side of (7.4) satisfies the claimed bound. It remains to evaluate
the second one. By the mean value theorem, there exists a € [0, 1] such that

X( Q@)_X(( [a[? = [kaf? )ZX,(@)(Q(E) R = R )

A(k)? [+ [Raf2)%0/2 AR (ka2 + [ao[?)20/2
where ) )
£, = Q(k) _ ( Q(k) B k1|2 — |kol? )
o )\(E)ao )\(E)ao (|k1)2 + ’k2’2)50/2

Thanks to the support properties of x’, when the second term on the right hand side of (7.4)
is non zero, we must have |£,| ~ 1. In this case, a direct computation yields

Q(k) [a|* — [Ko|® QE) (k[ + ko) = A(E)™ G

Y R R V(e (N e D el
Note that |(|k-1|2 T |k2|2)50/2 _ )\(E>60| S |]{;(3)|507 we deduce that

(k) (k) LET
AR A% AR (k)

|z |20

A(k)%

_£a+

~Y
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As |G| S k@ |* S A (K)20 < A(k)® for large enough k1|, we deduce that
Q(k)

T < ke PA(R) ™0 < A(k) ™0 <« 1.
0

Since |Q(k)| > |k(1)]%, the second term on the right hand side of (7.4) is bounded by

1. k@l k) R Nk@l* ke )|2
|Q(k)|~| k(1 10 )\(E)go |(K)|~| k1 %0 |Q( )|
This completes the proof of Lemma 7.4. U

The key observation is that

S o ks P, 2 = o (ke ) [ijs(g) (1 (2ELY) i

X W Wy Wes W+ Wiy Wy W, Wy

ka2 — Jkof* [ — [Ka|®
_ fer )2 2 )2 2\ [K1 1—
3 ok o ) e (0= Xy yers)

2

X ’ E wkgw;%w]%wkﬁ
ks—k4+ks—ke=ko—k1
||+ kal+ ks |+ ke | <| k1 |7+ k2|

is real-valued and it disappears when taking the imaginary part.
Therefore it suffices to show that there exists 5 = (s, 0, d0) € (0,1), such that
1 ()L <l Lriane) S PP RY (7.5)

where

Z\D XN kl ’wk2|2 - XN(k2> |w/€1| )wkswk4wk5wk6 Wy W Wy W .- (76)
A1

Since in the above expression, the contribution of k; = ko is zero, below we always implicitly
assume that ki # ko.

For dyadic numbers Ny, No, N3, Ny, N5, Ng, My, M3, My, M5, we decompose accordingly w =
W, Ljp;|~n; and w;}\f" = Up, Ljp,|~n,- It suffices to show that

1IN e Nsa, e 05 (W) L o <Rl 0y S PPN RY (7.7)

for some 5 € (0,1) and v > 0, where Jn, .. Ng:M,, M5 1S the same expression as J(w) by
replacing the inputs wy,, wy, to ng , wé‘fl’. By definition of A, we have Ny ~ Ny and

Ny + -+ N+ My+ -+ My < NY.
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By Lemma 7.4 and the fact that |Q(k)| > NES0 N(Zf) 2 N(Q) a crude deterministic estimate
leads to

2(s—1)
1
[Tty (0] S 3 = 1 (w2 + ol Pl -] - ol - )l
o100
2(s—1
SO N T L (o2 P+ [t ) - wple] - Juopl? - wp],

A1

and the right hand side ca be bounded by

2(s—1

NP (ol |12 + w22 i | - - [lwpe | a2 o - - s |

2 1 _ 3
SNTCTINT2 (w2, + [[wp2 | 20) [wh? [lne - - w0 |[pe - (N3 -+ Mg) ™02
SNTCT (N - - M) =2 o1,

Therefore, we obtain the first bound
| T s (0 Lo < S NPT (N3 - - - M)~ 2) RO, (7.8)

Aso <s— g, we need to improve the above bound using Wiener chaos estimates. We further
split

JNl,--~,M5 (w) = :]VNU..’M5 (w) + RNl’...,MS(w),

where
T an ) = 32 08 @) (32 = ) = vl = )]
b  w 79)
and
P 1= 3 (B O Yo muglmiol

o V14 kel? 14 [k ]?

For |ky| ~ |ka| ~ Ny ~ Ny, by the mean-value theorem and the fact that xn (k1) — xn(k2) takes
the form X(|k1]?/N?) — X(|k2|*/N?), we have

_ 12| + [k

~ |k(1)|2(s+1)

’ v (k)2 xn (k2)?
V14 [kof? \/1 + k]
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Thus the remainder term Ry, ... a7, can be estimated by the previous deterministic manipulation
(recall that |Q(k)| = N(‘Sf) > N in the sum)

2(s—1)+20—2(s+1 |Q(E)|+N129 N M,
M e P
SN2 NP - [l
SNT 2wl - [l (N3 ... My) ™%
SNTH(Ny -+ Ms) ™D w50 S NG PR, (7.10)

which is conclusive as far as 0 < % and o > %
We next estimate J; Ny, M5 We will not make use of the cancellation in the difference
XN(/ﬁ)2 _ XN(kQ)Z
VIt [k 1+ [k [

so we treat separately and in the same manner the contribution of each term. .

Let Ben, be the o-algebra generated by Gaussians gy, |k;| < N1 and Py, the frequency
projector to |k| < Nj. In particular, gg,, gk, for |ki| ~ Ny, |ks| ~ Ny are independent of the
o-algebra B<y,. We have

1IN M (W) L] o <RI T () < B B [[ TNy oo 015 (W) 1P oy, ol g <R[ | By )

As Py, w, w,i\f’, e ,wﬁ? are B¢ y,-measurable, by the Wiener chaos estimate conditional to

B<<N17

S =

<Eus[
§0p< Z %‘ Z \I/(/;:’)w,i\f e

< 2>4s
|k2|~N2 k3—ka+ks—ke=p2—p3+ps—ps

T ()L wl o <l 1B ]

2\ 3
1
) IP <y w|lpre <R-

By Lemma 7.4 and Cauchy-Schwarz, we bound the above expression by

B 1 3
Cph, 2+26< > 7 2> w2 -~ llwpe® e - e, wlie <
Ar ks [UF)]
_ _ 3
SCOpNG 2 - Nyllwine -+ lwi llne (N -+ - M5) ™72 - Lyp g wlwo <

SOPNI_H_QHRS,
provided that o > % Therefore,

1N e s (0) L) o <l 0y S PN7 2R,
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Combining with (7.10) and interpolating with (7.8), we deduce that there exist constants C' > 0,
B =4(s,0) € (0,1), such that for any p > 2 and R > 1,

T3 15 (0) Lo o <Rl o) < CPPN TR, (7.11)

which is conclusive since 6 < 3.

e Estimate for j = 2: It suffices to estimate Im S o(w). Recall that

812 ZXN kl ‘wk?” ( ( (]%)2 )) w%&(k):) W Wiy Wies Wi 'wplwpswmwps?

and on Ao, [QK)| ~ k| > A(k)%, thus

Vs (K) Q(k) s (F)
gxg)<1__X(A@3%)> '

Set

-

Uas (k) [Ka|* + [ks]*
Q) k] [ks]?

KN

(F) =

By mean-value theorem, we easily deduce that:

Lemma 7.5. On Ay defined in (5.5), for sufficiently large |kq)|, we have
|k [~ ke |”

U(k)| < = Lo e
’Q(/ﬂ)’ [Q(K) |~k 1y 12
Since
k 2| | +|k3|28 — — _
E:XN(l |TEF—TET; 2: Wy Wy Whs Wi * Wp, Wpy Wp, Wy
ot ks 3 Ko+ ks — ks +hg=k1 +ks
p1+p3—pa+ps=k1+k3
k2| +|kal+|ks|+| k6| <|k1 % +|k3]|?
[p1]+|p3|+Ipal+Ips | <|k1|%+|ks|®
equals to
(k1) oK™ + ks 12+ [ks|* _ _ ]2
ZXN 1 |wk3| |k3 |2—|—|k’ |2 Z Wy Wy Whs Wk |

k1,k3 ko+ks—ks+ke=k1+k3

|ka|+|ka|+|Fks |+ ke | < k1|0 +|k3|®

which is real-valued, we deduce that

m(81,2<w)) = I(w) = Z XN(k1)2|wk3 |2@<E)wk2wk4wk5mk6 " Wpy Wy W, W - (712>
A2
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As for the case j = 1, we will split the sum into dyadic pieces. For dyadic numbers N;, M;, we
decompose accordingly w,i\;j = Wy, L, |~n,; and wé‘f" = Wy, Ljp,|~ng,- It suffices to show that for
some 5 € (0, 1).

1
~ 100 10
13 N o M5 (0) L g <l 20 (a00) S PP N R, (7.13)
where Iy, . Ng:My, M5 i the same expression as I(w) by replacing the inputs wy,,w,, to
ng,w%i.

It turns out that only deterministic estimates suffice. Indeed, from the fact that |Q(k)| ~ N (21),

by Lemma 7.5, we have
N2s 2
(1) 3) Z N3 2 Z Z N5  Ng M3 M4 wMs
|]N17'“»M5 (w)l S | |wk2 wk4 wks wkﬁ 'UJ w w P5 |’
ko,ka,ks,ke P1,P3,P4,P5

which is bounded by

2 2
NZSTD N ol 2ol - [l o [[aod s - - [l

SN 72 (N Ny N No My My My M) =2 [l 15,

s—2—0)+20
<NG lwll e
provided that o > %, which is conclusive when 6 < % and o close enough to s — % This
completes the proof of Proposition 7.1. U

8. ENERGY ESTIMATE III: REMAINDERS IN THE SECOND GENERATION

In this section, we will estimate R4 3(w), Ros(w). More precisely, we have the following
statement:

Proposition 8.1. Let 0 < % close enough to % and 0y € (29,%), close enough to % There
exist C >0 and B = B(0,s) € (0,1), such that for j € {1,2}, R>1 and p € [2,00), we have

[R13(w)1gre ()l Lo(de) + [[R23(W)1pne )l Le(du.) < Cp’RY.

Since the estimate for R 3(w) is similar, we only do it for R 3(w). Recall in the expression
of Ry 3(w), we distinguish three types of contributions in the decomposition of the sum

Z ().

k1—ko+ks—ks+ks—ke=0
k1=p1—p2+p3—pa+ps

Recall that k) -+, ko) is a rearrangement of leaves pi, p2, p3, pa, ps, ko, k3, ks, ks, ke such that
kol = [kl = - = |kao)l.

e Type A: 2;13 k| > |/<:(1)|9 + |k3(2)|9.
i
o Type B: 35525 [k(y)| < [k |” + [keo)|” and {ky, ko)) © {ka, ks, a, ks, Ko} or {kay, ko C
{p17p27p37p47p5}-
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o Type C: 30325 (k)| < [k ” + k)|, kay # ko) and

kay € {ka, ks, ka, ks, ke }, k) € {p1,p2,p3,p4,p5}
or
ko) € {ka, ks, ka, ks, ke }, kay € {p1,p2,p3, P4, 05},
and k1), k2) have different signatures.
Let us denote by A, Ap, Ac the sets of indices ky,..., kg, p1,...,ps that satisfy the linear
constraints
kv — ket ks —ki+hks —ke=0, ki=p1—p2+ps—ps+ps

and the conditions for Type A, B, C respectively. Furthermore, we denote Rgg), Rﬁ), ng’ the

corresponding contributions to Ry 3(w). We will need the following elementary lemma.

Lemma 8.2. Assume that f9) satisfies f;g)lmj\NMj = f,gj) for j =1,2,3,4,5,6 with M; € 2N.
Then

I )

b1 ko ks —ka=0 [$2(F))]

6
s 3 .
S M My (Mg Moy Mis) M) [T 1179

where My > Mgy > -+ > M) is non-increasing rearrangement of dyadic integers My, My, - -+, Ms.

Proof. Since signature of k; plays no significant role in the proof, without loss of generality,
we assume that M; > M, > --- > Mg. Since |[¢og(k)] < MZ*(M2 + |Q(k)|), using the
Cauchy-Schwarz inequality in the k; and ko summation, we obtain the bound

My ™ M IIHf”HwIIHf it

It remains to use the Cauchy-Schwarz inequality to pass from {! to {2. This completes the proof
of Lemma 8.2. ([l

Remark 8.3. Since the crude bound is enough for our need, we do not make use of the

denominator in the estimate above.

1—‘
|€2(k)]

Proof of Proposition 8.1. Since the proof follows from tedious estimates, we split it into three
different parts, according to Type A,B,C. We will split the function w into dyadic pieces, and
we denote w® = Pxw in the sequel which means that w,ﬁ( = 1jjj~K Wk

e Estimate of Type A contribution:
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We decompose the expression

R =3 1/%@ (1 B X( Q(E)O)>XN(k1)2wp1 ey Ty T,

dyadically by

where Rgg)(Ml, <o Ps) s

S(k QK -
Z—i;g <1—X<A<g;;o>)mkl>2wg. e 1
Aa

We denote by Ny > Ny > -+ - N(jg) the non-increasing rearrangement of dyadic integers

P17P27P37P47P57M2a M37 M47M57M6-

Note that the constraint Z}; k)| > 1k@)l? + |k)|® implies that N > N(el) for non-zero

terms R%)(Ml, -+, Ps). Write

RO, -, Py)| < 3 %5(;)@— ( /ZE ))E{fk I

k1—ko+ks—ks+ks—ke=0 ’Q( ) ’

where f,gj) = w,i\j_[j for j =2,3,4,5,6 and
1 P P
f( )= Z Loy jorgy Wy, - Wy
P1—Pp2+p3—pa+ps=ki

Applying Lemma 8.2, we have

[RY (M, -+, Pa)| SME™ My (M) Msy M5y Mg)) H||f I

6

s 3 5 .
SMES M) (MayMeay Msy Me))* 1/l [ T (M5 0™ [11).
j=2
where My > M) > -+ > M) is a non-increasing rearrangement of My, My, -, M.

Cauchy-Schwarz, we have

ot

3 —0
1F VNl S (Pioy Py Py Psy) 2 [ [(P 7 llw" 1),

j=1

31
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where Py > Py > Py > P4y > P5) is a non-increasing rearrangement of Pi, P, Py, Py, Ps.
Thus we obtain that

A
|Rg,3)(M17 e 7P5)|

< M2 M) (M3 May M5y Mg)) 2 (My - - Mg) ™ P

g §7U
0 W (P - Py) 7wl

Since we are in the regime s > 10 and o is close to s — § we control the right hand side by

2(s—1-0) 2(s—1—0 —0(c—1)
NS NG 9 € N2 NG

For s 2 10, o close to s — % and 6 is close to % the last expression can be estimated by

N(_ljo D |lw||X9, for some €(6, o) > 0 which is conclusive.

e Estimate of Type B contribution:

Denote Apy the set of (ki,--- ,ps5) € AB such that k1), k) € {ka, ks, ka, ks, k’g} and Apy the

set of <k1’ o ’p5) € AB such that k(l 6 {p17p27p37p47p5} and denote by Rl 3 ,R(BQ) the
corresponding multilinear expressions.

e Subcase: Contribution Rgﬁl): We first estimate Rg{?). By symmetry of indices, we may
assume that k() = k3, k) = k2. Then other frequencies satisfy the constraint

5 6
Do Ipil+ D Ikl < [kal” 4 [Rs)?
j=1 j=4

on Apg;. We decompose Rggl) by the dyadic sum

> REYQML, P

My, Mg, P1, ,Ps

as in the estimate for Type (A) terms. Under the constraint of Ag and our convention that
{k? } = {k?3, k?g} we must have M2 ~ M3 ~ N and maX{Ml, M4, .Z\457 MG} S N(g)

Note that for the pairing part ko = k3 in Rl 3 (Ml, .-+, P5), we have ]wQS(E)\ < ||, thus
we can control it simply by

[ T |k(3>|25H |w,? IH jwy|
k1—k4+ks—ke=0
k1=p1—p2+p3—pa+ps

SNGTNE lwllze < NGy lwllze, (8.1)

thanks to o > % As 0 < %,

bounded by a negative power of N times ||w]|}, which is concluswe.

s > 10 and o is close enough to s — 5, the right hand side is
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It remains to consider the non-pairing contribution in Rggl)(Ml, .-+, P5). Recall that
RiG (Mi,-- , P5)
- 3 3 (e ()t

ko#ks3 ka,ks,ke6,p1, 05
[ka|~Ma,|ks|~Ms p1—-+p5s—ka+--—ke=0

Denote By, the o-algebra generated by (gk)kj<an/100- Without loss of generality, we assume
that M, ~ Ny is large enough such that Ny S N( h < %ﬁ Consequently, with respect to us,
M _qpMs oyMs P My )M

w -, wP are independent of w

By conditional Wiener chaos estimate, we have

B1)
HR( (Mla"' 7P5)1Bga( )HLP(due <HR (Mb 7P5)1B§IU <P<<M2w)HLp(st)

Bl
—” HR( Ml; to 7P5>1ng (P<<M2w>HLP(dMs\B<<MQ) HL?’(dus)
(B1
<pH||73 (M, - s o) L2 dps Bnsy) * 1BgU(P<<M2w>HLp(duS)'
It suffices to show that
1
IR (M, -+, P52ty ey SNy lwllFe (8.2)

Indeed, the above estimate yields
1
IRV (M, Py)Lggee ()| o(ay S PNy R,
Since we have left a negative power of N(;), by interpolating with the crude deterministic bound

which is of the form N (01)(1), we obtain the desired estimate.

Now we prove (8.2). Thanks to the fact that ky # k3, we deduce that®

B1
HRE,S )(Mh T 7P5)||L2(dus\3<<1v12)

- w2s<l;) Q(E) — Ms. Ms—Mes P P 2 %

S/(MZM?)) s( Z ( Z = <1—X< = ))wk 4wk 5wk owpll"'wp5> )

ko#ks  ka,ks.ke,p1,.ps Q(k) )\(k)60 4 5 6 5
p1—--+ps—kao+-—ke=0

k)|? N, N N 3
S,N 123( ‘¢25( )_! | w,, (3)| > ( sup |wk “ . w,, (10) 2)
(1) Z Z 1+ Q) @ kot Z (@) (10)
ko#ks ka,ks,k6,p1, ,p5 27 ka,ks,k6,p1, ,p5
p1—-+ps—ka+--—ke=0 p1—-+ps—ka+--—ke=0

MV (MY + 1(R) ) Lo )

10
N—QS ( wNu) 2> . < (1)
) EH s > EE e

ka#k3,ka,ks,ke,p1-+ .05
p1—- A p5—ko+— k=0

3In the summation below, we implicitly assume that |ky| ~ Mo, |ks| ~ M:
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By Lemma 4.2, the last sum on the right hand side can be estimated as

NN + (k) [2)

Ny |2 (1)
2, lui| 2 1+ (R

ka,ks,ke,p1, .05 ka#ks
ko—k3=p1—-+ps—ka+ks—ke
N, 1
(3) (s—1) 4 2 3
S E |w L ? N (NayNay + Niy)
ka,ks,ke,p1, ,p5
10

4(s—1
Sllw™e |2 NSV (N N + N TT VG
j=4
thus
(Bl 3 10 10 3
IRED (M Py 2ais ) SNGENE + NN (TT 0012 (H NGy)

0'+ . 0—+
Nuy <3>HN : ||w||Ha+N1N(3)”HN > lw%

(1) Hw”Hm

which is conclusive, thanks to the fact that s > 10 and that o is close to s — %

e Subcase: Contribution Rg?): Next we estimate Rﬁiﬁ) for which kq)y, ko) € {p1, D2, 3, P4, D5}
By symmetry of indices, we assume that k() = py, k) = po, then

5 6
D Ipil+ Y ksl < [l + [pel
j=3 j=2
on Ap,. Similarly, we decompose Rg?) by dyadic sum

Z Rggz)(Mh'" 7P5)>

My, ,Me,P1,,Ps

and this time, P, ~ P, ~ Ny and max{M;, Ms,--- , Mg} < Ns). In particular, the energy
weight 195 (k) satisfies |1os(k )| < N(23‘°’) which is much smaller than in the previous case.

The pairing contribution p; = py in Rl 3 (Ml, -, P5) can be controlled in the same way by
the same bound as (8.1). We omit the detall

For the non-pairing contribution in R1 3 , again we apply the Wiener chaos estimate. Denote
B«p, the o-algebra generated by (gk)|k|<p1 s100-  Without loss of generality, we assume that

Py ~ N is large enough such that Ny < N( y < Pr - Consequently, with respect to fis,

100"
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M. M, P.
2 6 w3, w

wM2 oo w wh* wh are independent of w’, w!. Recall that

R(B2)(M17 ) P5)

_ PP w25<k) 1 — Q(k>
e Z wpl wp2 Z Q(E) X )\(E)J
P17£P2 k2, ,k6,p3,p4,P5
|p1|~P1,|p2|~P2 p1—--+p5s—ka+--—ke=0

By conditional Wiener chaos estimate, we have

IR (M-, Po) Ly () IRV (M-, Po)Lgge (P )
BQ
_|| ||R( (My,--- ,P5)1B§1" (P<<P1w)HLp(d,U«s|B<<P1) HLP(duS)

BQ
SPIRE My Pl 2@niser,) - Lo (Par)|| g,

As in the estimate of Rl 3 ), here it suffices to show that

IR N 2ty S Nerj . (8.3)
Thanks to the non-pairing condition p; # p,, we deduce that®

||R (M, -- s P5)|| Lo (apaiBcry)

2
s (X (X Nyl wle]))

P17#P2 k2, ke ,p3,p4,p5
p1—++ps—ka+--—ke=0

[N

1

< 2s P4 P5 M2 . 2
SN N() g |w Sy, tw Swy wkﬁ 6|2
p1—p2+--+ps—kao+--—ke=0

1
2
X < sup E 1)
Pi7p2 ko, ke ,p3,p4,p5
p1—+ps—ko+--—kg=0

—25+342s0 -1
INGlwlte S Ny 2 lwlle S Ny lwlle,

SN —2543 0

1

thanks to the fact that s > 10 that 6 is close to % and the restriction V() < N(el).

e Estimate of Type C contribution:

“In the summation below, we implicitly assume that |p;| ~ Py, [ps| ~ P:
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Without loss of generality, we assume that k() = p1 and k() = ky, since the other cases can
be treated in the same way. In particular, P, ~ M2 ~ N(1). We write

R(C)(Ml,--- Py
15772 w S(E) Q(lg) 12 5 3 M6
= Z wfl w;; Z ;(lg) <1 _X<)\(E)6o))wg . wP w{g . w%.

p17£k2 P2+ ,p5,k3, ke
|p1|~P1,lka|~ Mz p1—+ps—kat-—ke=0

Denote B« p, the o-algebra generated by (gk)‘ k|<P1/100- Without loss of generality, we assume

that P, ~ N is large enough such that Ny S N( H < Consequently, with respect to ps,

wMs Mo P2 . M

100
-, wP are independent of w’, w

By conditional Wiener chaos estimate, we have
IRSG (My, -+, Po) 1o (w)l|zoqay <IRYG (M, -+, Ps)1gae (Pecpyw) | o (a)
—|| ||R(C) M1> T aPB)]-ng (P<<P1w)||Lp(dus\B<<p1) HLp(duS)
SPHHRL:& (M, - aPS)HLQ(duSIB«Pl) ’ 1B£§" <P<<P1w)HLp(d,us)'

As in the estimate for Type (B) terms, it suffices to show that

C _1
IRSG (M, Po)ll o @alberny) SNt w]ro

Since p; # ko(recall that the contribution where p; = ky is contained in &y ;), we estimate’

C
IRSS (M, -+, Po)ll 2@y By

J(k Qk) \\_ _
s (3 (% w&g%’))(1‘X<A</(2>20>)w55”'w55w%3"' ) )
p1#k2  p2,-,ps5,k3, ke
p1—+p5—ka+-—ksg=0

- |5 () Ny 2\ 2 N,
(Y Y ) (s Y H| ar)’
p17£k2 P2+ ,p5,k3, ke L+ |Q<k)| pr7#kz P2+ ,p5,k3,0 ke
p1—++ps—ka+-—ke=0 p1—++ps—ko+-—ke= 0

o (TT 1N (RPN
N (guw sz ) - ( S | ) (8.4)

p17k2,k3, - ke,p2--- ,ps5
p1—++ps—ko+-—ke=0

The estimate the last sum on the right hand side is very similar as for the estimate of R(Bl).

The only difference here is that we might have the pairing of ky = p1 — p2 + p3 — P4 + p5 and
ko, although p; # ko. Note that in the case of pairing

ki =p1 — (p2 —p3s+p1 —ps) = ko

5In the summation below, we implicitly assume that the sum is taken in the range |pi| ~ Py, |ka| ~ Ms.
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we have [t (k)| < NG 28 , thus we control the paired contribution crudely by

10

S N S
S NG P S NN e 2 TN

p1#£k2 p2-,ps,k3, - ke Jj=4
p1—+ps=k2
ks—ka+ks—ke=0

For the non-pairing contribution, we can argue exactly as the last part of the estimate of Rf;)
by using Lemma 4.2:

4(s—1 g
Z ’wN(3>|2 Z M(l() )(M(43) +1Q(k)[?) (8.5)
- rele®E |

ks ke,p2-- ,ps k17k2
k1=p1—p2+p3—pa+ps
k1—ko+ks—ks+ks—ke=0

For fixed po, -+ ,ps, k3, -+, ke,
Q(E)| = |pr — > — |kof* + ¢

with p = py — p3 +ps — ps and ¢ = |k3|*> — |k4|* + |ks]? — |ks|?>. When p # p; — ko, by Lemma
4.2, the choices of pq, ko such that p; — p — ko = k = k3 — k4 + k5 — k¢ are bounded by M(Ql),
hence (8.5) is bounded by

10

4(s—1
NG V(N NGy + NGy w7 TT N
j=4

Therefore, the right hand side of (8.4) can be bounded by

25+ 5

10 3
(NG N + NG (NG, + NayNw) Hnw Yol - (TING) S Nl
j=4

thanks to the fact that s > 10, that 6 < %, 6 close to % and that Ny < N9 This completes
the proof of Proposition 8.1. 0

APPENDIX A. LONG TIME APPROXIMATIONS

In this appendix, we prove the approximation results used in Section 3. The proof is a
consequence of the global regularity theory of [23].

A.1. Ingredients in the global regularity theory for the energy critical NLS on T3.
In the sequel, we follow the notations in [23] and [22] about basic definitions and properties for
function spaces UP, VP UK, VX related to critical problems. Let us briefly recall some related
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function spaces as well as multilinear estimates from [22] and [23] that we will use. For s € R,

Xs(R) - ( Z<k>28||eit|k|2(}"u)(t, k)Hsz)Ev (A.1)

kez3

|

Fomy = (W[ (Fuy (e, 1) 22) (A2)

keZ3

|

We have the continuous embedding property:
X*(R) = Y*(R) — L=(R; H*(T?)).
For intervals I C R, the space X*(I) is defined via the restriction norms:

u = su inf Ul %s-
fullxey = sup | nf ol

Similarly for the space Y*(I). Note that by definition, for linear solution u(t) = e2¢,
[u) [ xsry < l|llms(rs)- (A.3)
The critical Strichartz type norm is defined via the norm

1
lullz(r) == Z sup (Z N5_§||PNu(t)Hiix(JxT3)>pa

JCIJ<1
pelpopr} 7S Y yean

where Py = P<y —P<y/2, and P<y are square Littlewood-Paley projectors defined in Section
2 of [23].
By definition we remark that if 77> 1 and Ir = [T, T},

lallzmy ~2 Y llu(@)]

_5_1 3
LE([0,T1;BE, 2 (T3))
p€{po,p1} ¢ p-p

while if T < 1,

lallzam = Y @)l

5 1
LP([0,T];BL, % (T#))
pE{po.p1} ¢ bp

where E;’q are Besov spaces related to the Littlewood-Paley projectors P y.

The inhomogeneous term on an interval I = (a,b) will be controlled by the N*(/) norm:

t
NS(I) = H/ ei(t_t/)AF(t/)dt/

It turns out that ([22], Proposition 2.11)

N < sup ‘// F(t,a:)@(t,x)dxdt’.
a 'JrJrs

£

Xs(I)

£

Gey s
1G]y —s (1) <1

Recall the key Strichartz estimate:
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Lemma A.1 ([23], Corollary 2.2). Let p € (4,00) and P¢ the frequency projector to some cube
C of size N. For any interval I C R, |I| <1,

HPOU“LP (IxT3) S N§ EHUHUP (I,L2)>
where the implicit constant is independent of intervals 1.
As a consequence of Lemma A.1 and the embedding X°(I) < UX(I;L2) (basically since
U? — UP) for p > 2, we have
lull zy S llullxra (A.4)

for any interval I, where the implicit constant is uniform. The key multilinear estimate we will
use reads:

Lemma A.2 ([23], Lemma 3.2). Let 0 > 1. Foru; € X'(I), j = 1,2,3,4,5, |I| < 1. the
estimate

ZHUU lxe HHUU(J HZ “ua ”Xl (A.5)

Neo(I
( ) j>2

5
+
ne
=1

holds true, where G5 is the permutatz’on group of 5 elements and uj € {u;,u;}, and the implicit
constant in the inequality is independent of intervals I such that |I| < 1.

We remark that Lemma [23] treats the case 0 = 1. For o > 1, the proof follows in the similar
way by the more precise estimate

5
/Ix’]l‘ ’ Z HPNjuj[

? No,N1>N2>N3>N4>N5 j=0

Ny Ns 1 Ny
S (R ) G+ ) Psanllveco [Pl DHHPMJHZU 1P sl

for some 6 > 0. Hence we omit the details of the proof.

dxdt

Finally, we recall the global regularity theory of Ionescu-Pausader. Following Section 6 of
23], given R > 0 and 7 > 0, consider the non-negative function (possibly co)

S(R,7) = sup {||lullZ - H(u) < R, |1 <7},

where H(u) is the energy of u and the supremum is taken over all strong solutions of (1.1) of
energy less than or equal to R and all intervals I of length |I| < 7. As an increasing function
in 7, the limit (possibly oo in a priori)
Yu(R) = lim X(R,T)
70t

exists. Moreover, (R, 7) is quasi subadditive in 7:

E(R, T + TQ) S Z(R, 7'1) + E(R, Tg)
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for any 71, 75 > 0.
The global regularity result of lonescu-Pausader can be stated as:

Theorem A.1 ([23]). For any R > 0, ¥,.(R) < co. Consequently, for any 7 > 0, X(R,T) < oo
and moreover

S(R,7) < (R, 1)eP0+7),

where Cy > 0 is an absolute constant. In particular, for any ¢ € H(T?) of energy smaller than
or equal to R, the strong solution u(t) of (1.1) with initial data ¢ is global and

||u(t>||Z([0,T}) < Z(R7 l)eCO(l"rT)'

Finally,
|l x1(j0,77) < C(R, ||[ullzgo.))-

We denote ®(t) the global flow of (1.1) in H'(T?). The following Corollary shows that we
can extend ®(t) on Ho(T?) for o > 1:

Corollary A.2. Let 0 > 1 and T > 1. Assume that ¢ € H°(T?) such that H(¢) < R, then
the flow ®(t) of (1.1) can be extended on H(T?) globally.

Proof. Denote u(t) = ®(t)¢. From Theorem A.1, for any I C [-T,T],
lull z-rry < E(R,T), Nullxr-rmy < C(R,T),
where C'(R,T') depends only on R and T.
By the Duhamel formula and (A.5) of Lemma A.2, for any [ = (a,b) C [-T,T],
lull oy <[le’= 2 u(a)llxor + lulwllye
<llu(a)llzzg + Cllullxe o llull3sp el Za
<|lu(a)llug + C(R, T)l|ullzplullxer),
where C'(R,T) is a constant depending only on R and T' that can change from line to line.
Next, we partition [0,T] = Jj_,[a;-1, ;] such that ||lu[|z(a;_,.a,)) < \/ﬁ, hence for all
j: ]-727"' 7ka
el oy < 2laz)lag-
By the embedding property, for all j > 1,
HUHX"([%MH]) < CHUHX"([Gjﬁaj—I])'

This shows that for all ¢t € [T, 7],

[w(®)]| e < C™|| | 1
This completes the proof. 0]
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Remark A.3. When o > 1, the above argument does not give a uniform control of the H?
norm for the solution, since the index x depends on the profile of each individual global H*-
solution u(t). Later we shall strengthen the H?-estimate uniformly on any bounded ball of H?
by choosing a uniform partition of [0, 7.

A.2. Local convergence and stability. From now on, denote ®(t) the flow of the energy
critical NLS. Denote ® () the flow of the truncated NLS:

z'@tuN—l—AuN = SN(‘SN’U,N|4SNUN>, (A6>
where Sy is the smooth Fourier truncation at size N defined at the beginning of Section 2.

Proposition A.4 (Local convergence). Assume that o > 1. Let ¢, ¢ € H(T? and I C R
be an interval and to € I. Suppose ||p||as < A, ||¢||lns < A. Then for any € > 0, there exist
d = 0d(A, €) > 0 such that if

128|501y < 6, |16 = @llmg <5,
there exist unique solutions u = ®(t—to)¢ and uy = Py (t—to)d in C(I; HS)N X (I) satisfying
lunlxe ) + lullxoy < CoAs Nlunllzay +[lullzay <e
where Cy > 0 is an absolute constant. Moreover,
1P (£)6 — D(8)élleqrag) < Collé — dllaz + Codn(As e 9), (A7)

where dn(A,€,¢) — 0 as N — oo, uniformly in ¢ on a compact set K of H?(T?) such that
0l g < A.

Remark A.5. Consequently, taking QZ = ¢, under the hypothesis of Lemma A.4, we have

[Pn () = ()Pl xo(1) = O,

uniformly on any compact set of H'(T?). Taking the limit N — oo in (A.7), we obtain also
that under the hypothesis of Lemma A .4,

|19(£)¢ = @)l xotry < Colld — Sl

Proof. First we prove the case when o = 1. Note that the existence of solutions on I is a direct
consequence of Proposition 3.3 of [23]. So we will only concentrate on the bounds for solutions
upn(t) and u(t). We argue by several steps.

Step 1: Uniform bound:

Without loss of generality, we assume that tg = 0. By the Strichartz estimate (A.4) and Lemma
A2, we have

lullzcry <ll€™ 20|z + Cllul*ull nrr)
<|e"2¢ll 2y + CllullZn lullr oy (A.8)
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and

lullxi ) <€z + Clllul*w| v
<[l + CllullZpllulli . (A.9)

where C' > 0 is independent of I. Note that the same inequalities holds for uy, as the smooth
spectral projector Sy is bounded from L] to L! for any 1 < r < co. Then the desired control
for ||ul|zy and ||u| x1(pn), as well as ||un||z), [|un| x1(r) follow from the following elementary
lemma:

Lemma A.6. Let A > 0,Cy > 0 and f € C([0,70); [0,00)) be an increasing continuous function
such that f(0) =0 and h : [0,70] — [0,00) is increasing. Then for any small € > 0, there exists
d =0(A,€) >0, such that if

f(t) <o+ Cof(t)'n(t), h(t) < CoA+Cof(t)'h(t), Vte[0,m),
then f(t) < e and h(t) < 2CHA.

Proof. This follows from a standard continuity argument. Let 7 < 7y be the largest time such
that f(t) < e (7 exists since f(0) = 0). We claim that if ¢ < 1 is such that 16Coe* < 3
and 32C2Ae3 < %, then 7 = 79. By contradiction, if 7 < 79, by continuity of f, there exists
71 € (7,70) such that f(7;) < 2e. Then for all 0 < ¢ < 71, h(t) < CoA + 16Coe*h(t) < 2CHA,
thanks to the smallness of e. Plugging into the inequality of f(t), we deduce that for all

0<t<mn
f(t) < 643202 A€,

Choosing 0 < §, hence, § + 32CFAe* < €, we obtain a contradiction. O

Step 2: Quantitative convergence:

By the same application of the Strichartz inequality, we get
lun = ullx1ay < lon — @llus + 1SN (I1Svun | Svun) Ivr @y + ISvun|*Snvun — Jul*ul| xi(y.

By splitting Syuy = Syuy + Sy Snun, we observe that for M = I—J\é, Sx(|Syun|*Syuy) = 0.

Therefore, by the uniform boundedness of Sy, Sy on L’ (1 < r < oo) and on X',

ISn(ISvun|*Svun) Iviay <ClSyrunllza lun 13 lun 3y
+Clun % I Sarun llxin llun 13y
<C|ISyunlxi@llunllZmllun 3 (A.10)
<C(ISyullxi + llun = ullxr ) lun 5o lunle o

SCA2€2(HS]\J_4UHX1(]) + HUN — uHXl(I))
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For the other term, algebraic manipulation yields
NSnunl*Snun — Jul*ullxiiny ClSvun = ull s (1Svun 1 Zay + llullza) (ISvun 3 gy + el )
<CA*E(|[Syullxray + llun — ullxi(r)
SCA%E([[Sapullxray + lun — ullxien)-
In summary, we have
lun = ullxr ) <16 = Bllmy + CA*E (| Sy gullxr ) + llun — ullxin). (A.11)

Furthermore, from the Duhamel formula of v and the similar argument as (A.10), we have the
recursive inequality

ISxullxiy <[ISxellm + CA%E| Sy ueullxra- (A.12)
To conclude, we invoke the following elementary result:

Lemma A.7. Let {a;},{b;} be two positive sequences and Ay > 0 is an absolute constant.
Assume that 0 < 0 <1 and for 1 <j <m,
Q; S Aobj + HCLj_l.

Then we have
m—1

[07%%% S AO Z ijm_j + Qm_lal.

J=0

In particular, if b,, — 0, then a,, — 0.

The proof of this elementary lemma is straitforward, hence we omit the detail.

Consequently, we have

log1g N—1
IS¥sullxiy < Ao Y (CAY 1Sy g0l + (CA€) BN 6|,
j=1
where C; A > 0 are absolute constants and € < 1 such that C'Ae < 1. We denote
logg N—1
On(A,e,0) = Y (CAY|ISxje @l + (CA) BN |6 . (A.13)
j=1

Since ||Sy¢[/g: — 0, uniformly on any compact set of H', we deduce that dy (A, €, ¢) converges
to 0, uniformly on a compact set of H*(T?). Plugging into (A.11), we obtain that

lun = ullx1a) < Aollg — &y + Aodn (A, €, 9). (A.14)
By the embedding X'(I) — L>(I; H}) and the fact that uy(t),u(t) € C(I; H.), we obtain
that N
sup [lun (t) — u(t)|[my < Coll — dllmy + Codn (A, €, 9),

tel
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for some absolute constant Cy > 0. This completes the proof of Lemma A.4 when o = 1.

The general case o > 1 follows from similar analysis. Here we only indicate the necessary
modification in the proof. Indeed, in Step 1, we replace X', H' norms by X7, H° norms
in (A.9), thanks to (A.5). In Step 2, all inequalities remain unchanged when replacing all
X' H', N' norms by X H° N? norms (up to change the numerical constants C' in front of
each inequality), thanks to (A.5) and the trivial embedding X° < X!. This completes the
proof Lemma A 4. O

Definition A.8 ((A4,d)-partition). Let A > § > 0. Given an interval [T, T| and ¢ € H'(T?),
we define an (A, §)-partition with respect to ¢ a collection of finite intervals ([7j_1,7;])7L; such
that

T = To< T <+ <Tpy= T, |‘q)(7_]*1)¢HH% < A, “@(t)¢|’z([7j71’7_j]) < 6, VJ = 1’ See M.

We collect some basic properties. The following property is immediate:

Proposition A.9 (Refinement of (A, d)-partition). Any refinement of an (A, §)-partition with
respect to ¢ is an (A, d)-partition.

Proposition A.10. Assume that ([7j_1,7;])7L, is an (A,0d)-partition with respect to ¢. Then
for sufficiently small 6 = §(A) > 0,

||ei(t_7j_1)A(I’(Tj—1)¢||Z([Tj,1,Tj}) <20, Vj=1,---,m.

Proof. Denote u(t) = ®(t)¢, then

, I
TR u(ry ) = u(t) -~ / TR (u () u(t) )t
The desired consequence follows from the Strichartz inequality as in the proof of Lemma A .4.

Hence we omit the detail. [l

Proposition A.11 (H'-Stability of an (A,d)-partition). Assume that ([7;_1,7;])7-, is an
(A, 0)-partition with respect to ¢. There exists 6; > 0 such that for any 6 < 0y, there ex-
ists €9 = €o(m, A,0) > 0, such that for any ¢; in the ey-neighborhood of ¢ (with respect to the
H'-topology), ([m5—1, T3])jy is an (24, 26)-partition for ¢:.

Proof. Denote u = ®(t)¢ and u; = ®(t)¢y. Fix an interval I; = [r;_1,7;]. By the Strichartz
inequality,

[ "2 (6 — d)l| zary) < Culle ™2 (¢ — b1l x11y) < Cilld — ¢allmz < Creo
for some absolute constant C; > 1. Pick 6 < ¢; as in Lemma A.4, and for ¢ < 0 (so that
Ciep < 0) and for any ¢; in an ep-neighborhood of ¢ (with respect to the H!'-topology), the
solution u; (which exists thanks to Lemma A.4) with initial data ¢, satisfies

3 3
||U1||X1([1) < §A7 Hul”Z(h) < 55
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Applying Lemma A .2, we have
lu = willxii) <N (6 — d)llxrqm) + [[lul'v = ] 1

<116 = dllns + Cllu =l oy (Ul + el 2) sy + o)
<|l¢ — d1llm + CA*6||u — wr||x1(ny)-

Taking 6 > 0 small enough such that 1 — CA%6% > %, we deduce that
[u—wllz) < Cillu = willx1n) < 2C1[|¢ — d1|mr < 2Cae.

In particular, by the embedding property X*(I) <= L>*(I; H}) , for almost every 77 € (70, 71),

lur) — ()l < Collu — sy < 2Cll6 — Bllms < 2Chee,

where Cy > 0 is another absolute constant. By the continuity of the flows ¢t — w(t), u(t), we
have

u(m) — i (1) < 2C5¢0, ]l 2y < lullzeny + lv — will 2y < 6 + 2Cheo,

hence
=2 (u(r) — wa (1)) 22y < Callu(m) = un(m) |y < 2C1Caeo.

By choosing ¢y small enough such that ¢, Z;”:l(20102)j < 0, we can repeat the argument above

until I,,. In particular, |[u; ||z, < 20, [|ui][x1,) < 2A for all j =1,2,--- m This implies that
([7j—1, 7))L, is an (2A4,20)-partition with respect to ¢;. The proof of Proposition A.11 is
complete. 0

Now we are ready to prove:
Proposition A.12 (Long-time approximation). Given T > 1 and ¢ € H*(T?).
Tim [ (6)6 = B(0)0]l 1 o) = 0, € [T, T

uniformly for ¢ on a compact set K C H*(T3). Moreover, for any [t| < T and N € N, the sets
O(t)(K), PN (t)(K) are compact in H(T3).

Proof. Fix A > 0,7 > 0 and K C BIIZ/IQ(O) ={¢: ||9|lm < A/2} a compact set of H'(T?).
Note that for any ¢ € Bf/lQ, Hlp| < CyA?%. We divide the proof into several steps. Set
Al = 4\/ CoA

Step 1: Existence of a uniform (A;,d)-partition:

Thanks to Theorem A.1, for any ¢ € K in H'(T?), [|®(t)¢|lz(-r1) < A(CoA%T) < oo.
In particular, there exists an (4r, 2)-partition ([7j-1,7])7L, with respect to ¢. By stability
(Proposition A.11), there exists €y = eo(m, A1, 6) > 0, such that ([7;_1,7;])7L, is an (Aj,9)-
partition with respect to all ¢; € ng 1(¢). Since K is compact, there exist finitely many
G1, 0 € K, ¢, > 0,0 = 1,--- ,n and (A, J)-partitions ([T(i) T(i)])mi i =1,---,n, such

-1 Tj D=1
that
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(1) K C UL, B (60
(2) ([Tjgl_)l, T](Z)])T:il is an (A, d)-partition for all ¢ € Bgl(gbi), i=1--,n.

Consider a refinement ([7;_1, 7;])j2, of partitions ([Tj(i)l, T](l)]);”:l By Proposition A.9, ({71, 7j])7%,

is a uniform (A, d)-partition with respect to all ¢ € K.

Step 2: Long-time convergence:

Now we are able to iterate Lemma A.4 (with the small parameter 20 instead of § in the
statement) from Iy = [19,71] to I, = [T;m—1,Twm]. Thanks to Proposition A.10 and the energy
conservation law, we have

Hei(t_ijl)A(D<Tj_1)¢HZ(Ij) < 25? Hq)<7_]—1)¢HH% < Al'

In order to apply Lemma A .4 on each interval [; with initial data @y (7;_1)¢ and ®(7;_1)¢, we
have to ensure that

[P (7j-1)¢ — P(7j-1)0llmz < 26. (A.15)

First, since dn (A1, 20, ¢) — 0 uniformly on the compact set K, we can choose Ny large enough,
such that for all N > Ny, ¢ € K,

(Co+C5+ -+ CJ)on (A1, 25, 0) < 6.
Now we argue by induction that
1ex ()¢ — (1)l ozimy < (Co+ -+ CF)on(Ar, 26, ). (A.16)
. When j =1, &y (19)¢ = ®(79)¢, and from the last assertion of Lemma A.4, we have
2N ()¢ — P()Dll oy < Codn(Ar, 26, ¢).

Assume that (A.16) holds for some j > 1, in particular, (A.15) holds thanks to our choice.
Then we are able to apply Lemma A.4 on the time interval I, to obtain that

1PN (= 7j-1) PN (Tj-1)¢ — (¢ — 75-1)P(7j-1) 8| 077,11
<Col|®n(T5-1)¢ — ®(7j-1)@[l a2 + Codn (A1, 26, ¢)
<(Co+Ch+ -+ CI )N (AL, 26, ).

Hence (A.16) holds for all j =1,2,--- ,m. In particular, we have
|Pn(t)d — D)l crrymy < (Co+ -+ + C§)on (A1, 26, ¢)
which converges to 0, as N — oo, uniformly in ¢ € K.

This completes the proof of Proposition A.12. O

Now we are ready to accomplish the proof of Proposition 3.1 and Proposition 3.2:
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Proof of Proposition 3.1. If o = 1, the H'-uniform bound for ®y(t)¢ and ®(t)¢ follows from
the defocusing feature of (1.1) and the conservation of energy. Now we assume that o > 1.
By the compact embedding H?(T?) < H'(T?), the ball BE" is compact with respect to the
H'-topology. By the same argument as Step 1 in the proof of Proposition A.12, there exists a

uniform (A, §)-partition (with A = R here and § < % as in the proof of Corollary A.2)

([mj—1, 73])j2y of [=T,T], where m depends only on the R, T and o. Repeating the analysis in
the proof of Corollary A.2, we obtain that for all |[t| < T and N € N,

[@(#)llag + 19n ()0l g < C™ (|| 12

This completes the proof of Proposition 3.1. 0J

Proof of Proposition 3.2. We assume that o > 1, otherwise, the proof is completed as Propo-
sition A.12. Let K be a compact set of H°(T?). In particular, K is bounded of H’(T?) and
compact with respect to the H!(T?)-topology. To prove the uniform convergence on K, we
follow the same scheme of analysis as in the previous section. By Proposition 3.1, there exists
a constant D(K,T) depending only on 7" > 0 and the compact set K in H?, such that

sup ||®(t)¢[lne + sup |[[®n(t)¢|ne < D(K,T) (A.17)
te[-T,T) te[-T,T)

for all N € N. At this stage, we are able to repeat the argument as in the proof of Proposi-
tion A.12 line by line if we replace the norms H', X!, N everywhere by H?, X°, N° and the
constants A by D(K,T). We omit the details and conclude. O
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