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Abstract: We explore the effective gravitational action for two-dimensional massive Eu-
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initiated in a previous paper [1]. We perform a detailed analysis of local zeta functions,
heat kernels, and Green’s functions of the Dirac operator on arbitrary Riemann surfaces.
We obtain the full expansion of the effective gravitational action to all orders in m2. For
genus one and larger, this requires the understanding of the role of the zero-modes of the
(massless) Dirac operator which is worked out.

Besides the Liouville action, at order m0, which only involves the background metric
and the conformal factor σ, the various contributions to the effective gravitational action
at higher orders in m2 can be expressed in terms of integrals of the renormalized Green’s
function at coinciding points of the squared (massless) Dirac operator, as well as of higher
Green’s functions. In particular, at order m2, these contributions can be re-written as a
term

∫
e2σ σ characteristic of the Mabuchi action, much as for 2D massive scalars, as well

as several other terms that are multi-local in the conformal factor σ and involve the Green’s
functions of the massless Dirac operator and the renormalized Green’s function, but for
the background metric only, and certain area-like parameters related to the zero-modes.
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1 Introduction

1.1 Motivation and outline of the paper

Quantum field theory on a fixed curved Lorentzian (space-time) or Euclidean (space) man-
ifold has been extensively studied for more than half a century. Standard references in-
clude [2–4]. One of the most prominent early manifestations was the discovery of Hawking
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radiation near a black hole horizon [5]. In a full theory of quantum gravity one should,
of course, also do the functional integral over all geometries which means summing over
topologies and, for each topology, over the inequivalent metrics. This is a notoriously diffi-
cult problem. The usual way to decompose the problem is to first do the functional integral
over the “matter” fields giving the so-called matter partition function, or equivalently the
effective gravitational action, and deal with the functional integral over the geometries
only in a second step. This is, of course, similar to what one often does for non-abelian
gauge theories where one first integrates over the matter fields for a fixed gauge field con-
figuration yielding an effective action Seff [A] of the gauge fields only, and then deals with
the problems of gauge fixing only in a second step. In particular, this allows to discuss
important issues like anomalies already at the level of this effective action [6]. Here we will
be interested similarly in determining an effective action for two-dimensional gravity and
matter systems on spaces of Euclidean signature.

More precisely, the functional integral over the matter field(s) which we denote gener-
ically by Ψ, computed with a fixed metric g on a given manifold M, defines the matter
partition function as Zmat[g] =

∫
DΨexp (−Smat[g,Ψ]). In terms of this, the effective grav-

itational action is defined, as usual, as the ratio of Zmat[g] and Zmat[ĝ], where we consider
ĝ as a reference metric:

exp
(
− Sgrav[g, ĝ]

)
= Zmat[g]
Zmat[ĝ]

. (1.1)

In two dimensions, the metric depends on 3 functions, but using the diffeomorphism in-
variance one can essentially fix two of them, leaving only one geometrically relevant func-
tion which can be chosen as an overall conformal factor e2σ(x). Hence, for fixed topology
and finitely many fixed (“modular”) parameters τi we can always pick a reference metric
ĝ ≡ ĝ[τi] such that any other metric (corresponding to the same τi) can be written, up to
diffeomorphisms, as1

gµν(x) = e2σ(x) ĝµν(x). (1.2)

We may then equivalently consider that Sgrav depends on ĝ and σ: Sgrav[g, ĝ] ≡ Sgrav[σ, ĝ].
The definition (1.1) implies that Sgrav must satisfy a cocycle identity

Sgrav[g3, g2] + Sgrav[g2, g1] = Sgrav[g3, g1]. (1.3)

The best-known example is the effective gravitational action for conformal matter coupled
to 2D gravity which is the Liouville action [8]

SLiouville[g, ĝ] ≡ SLiouville[σ, ĝ] =
∫

d2x
√
ĝ
(
σ∆̂σ + R̂σ

)
, g = e2σ ĝ , (1.4)

where R̂ is the scalar curvature for the metric ĝ, and

Sgrav[g, ĝ] = − c

24πSLiouville[g, ĝ] , (1.5)

1This is a global statement. Locally one can go further and choose so-called isothermal coordinates [7]
which are such that gµν(x) = e2λ(x) δµν , but obviously this cannot be done globally unless

∫ √
gR = 8π(1−g)

vanishes.
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where c is the central charge of the conformal matter system, namely c = 1 for a massless
scalar and c = 1

2 for a massless Majorana spinor. An even simpler example satisfying this
cocycle identity is the “cosmological constant action”

Sc[g, ĝ] = µ0

∫
d2x(√g −

√
ĝ) = µ0(A−A0). (1.6)

This action typically is also present as a counterterm, in addition to SLiouville, to renormalize
certain divergences that might be present.

But these are not the only two-dimensional gravitational actions, satisfying the cocycle
condition, that can be constructed and have been studied in the mathematical literature.
Other appropriate functionals are the Mabuchi and Aubin-Yau actions [9–12], to be defined
in the next subsection. These latter functionals involve not only the conformal factor σ but
also the Kähler potential Φ, and can also be generalized to higher-dimensional Kähler man-
ifolds, where they appear in relation with the characterization of constant scalar curvature
metrics [12]. In the context of a two-dimensional effective action, they appeared first in
ref. [13] where the matter partition function of non-conformal matter like a massive scalar
field was studied. It was shown there that in this case the gravitational action as defined
by (1.1) contains these Mabuchi and Aubin-Yau actions as first-order in m2 corrections to
the Liouville action. Higher-order corrections in m2 to the effective gravitational action
for such massive scalar fields have been obtained2 in [14]. The interesting extension to
two-dimensional manifolds with boundaries was studied in [15].

The fixed-area partition function of quantum gravity, with a gravitational action being
a sum of the Liouville and Mabuchi actions, has been studied at one loop in [16] and at
two and three loops in [17]. In a different approach, a rigourous mathematical construction
of the functional integral based on the coupling of the Liouville and Mabuchi actions has
been obtained in ref [21] by means of probabilistic tools.

So far, references [13–15] considered the effective gravitational action of a two-dimen-
sional massive scalar field. It is natural to try to extend this to the case of two-dimensional
massive fermions. The most “elementary” 2D fermion is a Majorana fermion. As we will
discuss below, this corresponds to a real anti-commuting spinor field with a Majorana-
type mass term. Since the corresponding Dirac operator can be chosen purely imaginary,
classically, at the level of the Dirac equation, one can impose a Majorana (reality) condition,
on the spinor. In the quantum theory however, we need to expand the Majorana field on the
eigenfunctions of this purely imaginary Dirac operator, and then these eigenfunctions are
necessarily complex. One might ask whether it is then appropriate to talk about Majorana
fermions in the quantum theory. However, we can obtain the partition function in terms
of the eigenvalues of the (real) square of the Dirac operator whose eigenfunctions can all
be chosen to be real. Moreover, we will show that we can consistently do the functional
integral over a real anti-commuting spinor field. If one is interested instead in a (complex)
Dirac spinor, the corresponding gravitational action is easily seen to be simply twice the
one for a Majorana spinor.

2Note that at present we call Sgrav[g, ĝ] what was called Sgrav[ĝ, g] in refs [13–15, 17].
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In a previous paper [1] involving one of the present authors, the study of this effective
gravitational action for massive Majorana fermions was initiated.3 While at first this
appeared to be a simple generalisation of the case of the scalar field, it actually turned out
to be technically quite non-trivial. Much as for the scalar case, the renormalized Green’s
functions at coinciding points played an important role. In order to do a small mass
expansion one must be able to define these Green’s functions also for the massless theory
in which case the contributions of the zero-modes (of the massless Dirac operator) must be
subtracted. For spherical topology there are no zero-modes and then this subtlety does not
occur. For this reason, [1] established the form of the effective gravitational action only for
spherical topology and only up to order m2. Further technical subtleties implied that even
in this case the result was more complicated than the one obtained in [13] or [14] for the
massive scalar field. Nevertheless, a term characteristic of the Mabuchi action emerged.

In the present paper we will generalise this result and establish the effective grav-
itational action for arbitrary genus Riemann surfaces (without boundaries), and in an
expansion to all orders in m2A. We will show that this expansion has a finite radius of
convergence !

An important ingredient which enabled us to go beyond spherical topology was the
understanding of the structure of the projectors on the zero-modes of the massless Dirac
operator. Indeed, the massless Dirac operator transforms in a particularly simple way under
local conformal transformation (which is neither the case for the massive Dirac operator,
nor for the non-zero eigenvalue equation of the Dirac operator, even for zero mass). This
implies that the zero-modes of the massless Dirac operator for metric g are related by
a very simple conformal rescaling4 to the zero-modes of the massless Dirac operator for
metric ĝ, and then a similarly simple relation exists between the zero-mode projectors for
metrics g and ĝ. This allows us to characterise the zero-mode contributions in general,
valid on Riemann surfaces of arbitrary genus.

The study of the massive and massless Dirac operator D and of its square D2, of their
associated Greens’s functions and local zeta-functions and local heat kernels occupied a
major part in [1] and will again occupy an important part of the present paper. However,
here we will be able to do a much more systematic study of these quantities and prove
several important relations, some of which were only conjectured in [1]. As a result, we
are able to obtain the effective gravitational action as an all-orders expansion in powers
of m2 with each term in the expansion expressed as an integral over the manifold of
these Green’s functions, appropriately renormalized, as well as higher Green’s functions at
coinciding points. As already mentioned, a detailed knowledge of the contributions of the
zero-modes (for zero mass) is required to perform the small-mass expansion correctly.

We will see that besides the leading Liouville term, we get a new order m0 contribution
when zero-modes of the massless Dirac operator are present. It might seem surprising to

3After the present paper was posted on arXiv, the authors of [22] kindly brought their reference to our
attention, where they also study the effective gravitational action, up to terms quadratic in the curvature,
for two-dimensional massive scalar, Dirac and vector matter fields, along the heat kernel methods as worked
out in [23, 24]. Their emphasis is mostly on obtaining the beta-functions.

4This result is implicit in [25, 26] and was spelled out more explicitly in an early draft of [27].
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get a “new” order m0 contribution in the massive theory that seemed not to be there in
the massless theory. Actually, we will see that this same contribution does arise in the
massless theory. However, in the massless theory one could modify or even remove these
new terms by appropriately changing the definition of the matter partition function. On
the other hand, in the massive theory there is no reason to do such a redefinition and these
zero-mode related contributions are genuinely present.

At order m2 we get a cosmological constant action, and a local
∫ √

ĝ σe2σ term charac-
teristic of the Mabuchi action, as well as some further “non-local terms” involving integrals
of the Green’s functions computed with the metric g. We have been able to rewrite the
latter as some multi-local functionals in the conformal factor σ (i.e. multiple integrals
involving the conformal factor at the different integration points) and furthermore only
involving the Green’s functions computed in the background metric ĝ, as well as a finite
number of area-like parameters coded in the matrix P0,ij and its inverse (P0)−1

ij . It would,
of course, be desirable to rewrite all terms as purely local (single) integrals expressed in
terms of local quantities like the conformal factor, the Kähler potential or some generalisa-
tion thereof, and the metric and curvature. However, as usual with effective actions, there
is no reason that they should be local, and we think at present that our multi-local form
(or some equivalent formulation) is the best one can achieve.

The gravitational action for a massive Majorana fermion has also been studied long
ago by Seiberg in a different approach [18]. While the action we start with for the massive
Majorana fermion obviously is non-conformal, the full quantum theory of matter coupled to
gravity should eventually be conformally invariant. This is the point of view advocated in
the approach by David, and Distler and Kawai [19, 20], and in particular also in [18]. Then
the massive Majorana fermion has its mass term gravitationally dressed by the Liouville
field (i.e. the conformal factor of the metric) so that this appears as a conformal perturbation
of the massless (conformal) Majorana fermion. To try to make contact with this result, we
should not just integrate out the fermions and compute the matter partition function, but
we should really try to compute the quantum effective action for the Majorana fermions
coupled to the Liouville field. This should involve introducing fermionic sources η and then
Legendre transforming to some ψ0. It is the quantum effective action for ψ0 which one
could then try to compare with the conformal action for Majorana fermions as given in [18].
Keeping track of the dependence on the conformal factor σ throughout this computation
(in particular, we know how the inverse Dirac operator, i.e. the fermionic Green’s function
S depends on σ) should in principle allow us to obtain this effective action and see how
the fermionic mass term is gravitationally dressed. However, if we naively go through this
computation we do not reproduce the gravitational dressing as contained in ref [18]. We
suspect that there are a few more subtleties to be understood before one can correctly
compare both approaches. We hope to get back to this in the near future.

We have tried to write the present paper in a hopefully self-contained and pedagogical
way. It is organised as follows. In the second part of this introduction we recall a few
facts about the Liouville, Mabuchi and Aubin-Yau actions and their stationary points, and
then briefly recall, as a warm-up exercise, how one can show that the effective gravitational
action for a massless scalar field is the Liouville action. In the next section we introduce the
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relevant differential operators: massive Dirac operator D, its square D2, and the scalar and
spinoral Laplacians. We discuss their eigenvalue problems in some detail and exhibit the
eigenvalues and eigenfunctions for the simple example of the flat torus. We work out the
transformations of D and of D2 under conformal changes of the metric (both infinitesimal
and finite). We also work out exactly how the zero-modes of the (massless) Dirac operator
change under the local conformal rescalings, allowing us to precisely define the zero-mode
projectors that are crucial ingredients for the small mass expansion. Indeed, as already
mentioned, these projectors have to be subtracted later-on from the Green’s function in
order to define the Green’s functions of the massless theory around which the small-mass
expansion will be done. An important ingredient in these zero-mode projectors are certain
area-like parameters coded in a matrix P0,ij that involves integrals of eσ times the zero-
modes in the background metric.

In section 3 we discuss the fermionic functional integral defining the matter partition
function and obtain the gravitational action. We show precisely how it is related to the
product of the eigenvalues of the Dirac operator D and how this is related to the correspond-
ing zeta-function. We offer also a few remarks about the convergence of these zeta-functions
and their definition by analytic continuation. We show how these zeta-functions change
under infinitesimal conformal rescalings of the metric.

Then, section 4 contains most of the important technical results: we embark on a de-
tailed study of the different Green’s functions, local zeta-functions ζ±(s, x, y) and local heat
kernels K±(t, x, y). We express precisely how the change of the zeta function (expressing
the gravitational action) under infinitesimal conformal rescalings δσ is related to integrals
of the local zeta functions times δσ. We prove a precise correspondence between the lo-
cal zeta function ζ−(s, x, y) associated with D and the local zeta function ζ+(s + 1

2 , x, y)
associated with D2. This relation allows us to make precise statements5 about the singu-
larity structures of both local zeta functions ζ±, as well as about the small-t asymptotics
of the heat kernel K−(t, x, y), solely from the knowledge of the corresponding asymptotics
of K+(t, x, y) that is worked out in the appendix.

All this is put together in section 5 to obtain the variation of the effective gravitational
action. We will be able to isolate the zero-mode contributions for arbitrary topology and
thus obtain results valid on Riemann surfaces of arbitrary genus. The variation of the grav-
itational action is obtained as a total variation of a converging series expansion in powers of
m2. “Integrating” these variations at any order in m2 gives the corresponding gravitational
action at any order in terms of integrals over higher and higher Green’a function (computed
in the metric g) at coinciding points. We then work out how the order m2 contribution can
be re-expressed in terms of the Mabuchi type term

∫ √
ĝ σ e2σ and integrals and multiple

integrals involving the conformal factor σ at the different integration points, the Green’s
function of D for the background metric ĝ and the renormalized Green’s function of D2 at
coinciding points, also in the background metric ĝ, as well as a certain zero-mode projector

5In particular, this allows us to correct some inexact conjectures made in [1] about the small-t asymptotics
of K−(t, x, x), as well as about the poles of ζ−(s, x, x) at negative half-integers which turn out not to be
there.
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P 0 which involves the inverse of the matrix P0,ij of area-like parameters. We expect that
a similar rewriting can also be performed on the contributions of order m4 and higher.

In appendix A we give the small-t asymptotics of the heat kernel K+(t, x, y) by solving
recursively the associated (heat) differential equation. We do this first quite generally for
positive second-order differential operators and then specialise our results to the squared
Dirac operator. No such recursive solution is available for the corresponding K− since it
does not have a simple initial condition. In appendix B we discuss some properties of this
K−(t, x, y) for the flat torus in which case we have explicit eigenvalues and eigenfunctions
at our disposal, confirming the general properties obtained in section 4.

Results largely overlapping with ours, in particular concerning the zero-mode projec-
tors, have been obtained independently in [27]. Their treatment of the orthonormalisation
of the zero-modes allowed us to correct a slight error in the first version of the present
paper.

1.2 Some (more or less) well-known gravitational actions: Liouville, Mabuchi
and Aubin-Yau

Besides the Liouville action SLiouville which we already defined in (1.4), and the somewhat
trivial cosmological constant action Sc given in (1.6) there are two other, more or less
well-known gravitational actions, namely the Mabuchi and Aubin-Yau actions. Let us
briefly recall the definitions and basic properties of these gravitational actions. While the
Liouville action (1.4) can be written in terms of ĝ and the conformal factor σ, the Mabuchi
and Aubin-Yau actions are formulated using also the Kähler potential Φ. The conformal
factor σ and the Kähler potential Φ are related by (we may take this as the definition of
the Kähler potenial Φ)

g = e2σ ĝ, e2σ = A

Â

(
1− 1

2Â ∆̂Φ
)
, ∆ = 1

√
g
∂µ
(√
ggµν∂ν

)
= e−2σ∆̂ , (1.7)

where ∆̂ denotes the (scalar) Laplacian for the metric ĝ with area Â =
∫
d2x

√
ĝ. The

second relation in this equation (1.7) shows that the Kähler potential describes different
metrics of the same total area A, and the latter needs to be introduced as an additional
variable. This separation becomes particularly clear if we write out how the variations of
σ are related to the variations of Φ and A. It follows from (1.7) that

δσ = δA

2A − A

4 ∆δΦ ⇔ δ

(
e2σ

A

)
= −1

2 ∆̂ δΦ. (1.8)

In terms of the Kähler potential Φ, the area A and the conformal factor σ, the Mabuchi
action on a Riemann surface of genus g can then be written as [13]

SM[ĝ, g] =
∫

d2x
√
ĝ

[
2π(g − 1)Φ ∆̂Φ +

(8π(1− g)
Â

− R̂
)
Φ+ 4

A
σ e2σ

]
, (1.9)

and the Aubin-Yau action as

SAY[ĝ, g] = −
∫

d2x
√
ĝ

[1
4Φ ∆̂Φ− Φ

Â

]
. (1.10)
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As already mentioned, they both satisfy a cocycle identity analogous to (1.3) and were
shown [13] to appear in the effective gravitational action of a (two-dimensional) massive
scalar field in the term of first order in an expansion in m2A. Note that we can rewrite the
Mabuchi action as

SM = 8π(1− g)SAY +
∫

d2x
√
ĝ

( 4
A
σ e2σ − R̂Φ

)
. (1.11)

Let us now give the variations of the Liouville, Mabuchi and Aubin-Yau actions under
a conformal variation of the metric (equivalently encoded in δσ or in δΦ and δA, at fixed
ĝ and hence fixed Â). First, the Aubin-Yau action only depends on Φ, not on A, and

δSAY[ĝ, g] = −
∫

d2x
√
ĝ

[1
2δΦ∆̂Φ− δΦ

Â

]
= 1
A

∫
d2x

√
ĝ

[
−A2 ∆̂Φ + A

Â

]
δΦ

= 1
A

∫
d2x

√
ĝ e2σ δΦ

= 1
A

∫
d2x√g δΦ. (1.12)

Next, we have

δ

∫
d2x

√
ĝ

( 4
A
σe2σ − R̂Φ

)
=
∫

d2x
√
ĝ

(
δσ

4
A
e2σ + 4σ δ

(e2σ

A

)
− R̂ δΦ

)

= 2δA
A

−
∫

d2x
√
ĝ
(
2 ∆̂σ + R̂

)
δΦ , (1.13)

where we used the fact that the Laplace operator ∆̂ can be freely integrated by parts
since we consider only manifolds without boundaries. Finally, as is well-known, in two
dimensions the curvature scalars R and R̂ are related by

R = e−2σ
(
R̂+ 2∆̂σ

)
. (1.14)

This implies, in particular, that √
gR =

√
ĝ (R̂+ 2∆̂σ). We can then rewrite (1.13) as

δ

∫
d2x

√
ĝ

( 4
A
σe2σ − R̂Φ

)
= 2δA

A
−
∫

d2x√gR δΦ. (1.15)

Combining this with (1.11) and (1.12) gives the variation of the Mabuchi action as

δSM[ĝ, g] = 2δA
A

−
∫

d2x√g
(
R− 8π(1− g)

A

)
δΦ. (1.16)

We see that the stationary points of the Mabuchi action are given by metrics of constant
area A and constat curvature R = 8π(1−g)

A . Indeed, any Riemann surface of genus g
admits a constant curvature metric and then, since

∫ √
gR = 8π(1−g) one necessarily has

R = 8π(1−g)
A .

One has similarly for the variation of the Liouville action SLiouville given in (1.4).

δSLiouville[g, ĝ] = δ

∫
d2x

√
ĝ
(
σ∆̂σ + R̂σ

)
=
∫

d2x
√
ĝ
(
2δσ∆̂σ + R̂δσ

)
=
∫

d2x√gR δσ.

(1.17)
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This is the form of the variation which we will use later-on. But we can also re-express δσ
in terms of δA and δΦ so that

δSLiouville[g, ĝ] =
∫

d2x√g R
(δA
2A − A

4 ∆δΦ
)
= 4π(1−g) δA

A
− A

4

∫
d2x√g∆R δΦ , (1.18)

which shows that the stationary points of the Liouville action at constant area A are
given by metrics such that ∆R = 0, i.e. by constant curvature metrics. As before, then
necessarily R = 8π(1−g)

A .
We have seen that the Liouville and Mabuchi actions admit metrics of constant scalar

curvature as “solutions of their equations of motion” under the constraint of fixed area.
Although not obvious from the previous equation, the variation of the Aubin-Yau action
when restricted to the space of Bergmann metrics is similarly related to metrics of constant
scalar curvature [12].

1.3 Recap: the gravitational action for a massless scalar field

Before embarking on the technical complications for the Majorana fermions, it is maybe
good to quickly remind the reader of (parts of) the much simpler computation of the
gravitational action for a massless (i.e. conformal) scalar field, leading to the Liouville
action.

For a massless scalar field ϕ on a 2 dimensional (euclidean) manifold without boundary,
with metric gµν , the action is

S[g, ϕ] =
∫

d2x√g gµν∇µϕ∇νϕ = −
∫

d2x√g ϕ∆ϕ , (1.19)

where, as in (1.7), ∆ = 1√
g∂ν

(√
g gµν∂µ

)
≡ gµν∇ν∇µ is the scalar Laplace operator. It is

hermitian with respect to the usual scalar product (f, h) =
∫
d2x√g f∗(x)h(x). Consider

the eigenvalue problem of −∆:

−∆fn(x) = λnfn(x). (1.20)

Since ∆ is a real operator these eigenfunctions can be chosen to be real. As always they
can also be chosen to be orthonormal:∫

d2x√g fn(x)fm(x) = δnm. (1.21)

Of course, there are infinitely many eigenfunctions and eigenvalues, so that the index n

runs over an infinite set (e.g. over the non-negative integers). One can then see, since the
action S is non-negative, that all eigenvalues are λn ≥ 0. (This is why we consider −∆
which is a positive operator, rather than ∆.) Note that there is always a single zero-mode,
i.e. an eigenfunction f0 with eigenvalue λ0 = 0. Indeed, the constant function f0 = 1√

A
is such that ∂νf0 = 0 and, hence, −∆f0 = 0, and moreover f0 is correctly normalised.
Conversely, if ∆f0 = 0 one has

∫ √
g gµν∂µf0∂νf0 = 0 and then f0 must be constant.

One can then develop any ϕ(x) on the basis of these eigenfunctions:

ϕ(x) =
∑

n

cnfn(x). (1.22)
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Inserting this into the action and using the orthonormality of the fn one gets

S[g, ϕ] =
∫

d2x√gϕ(−∆ϕ) =
∑
n ̸=0

λnc
2
n. (1.23)

To compute the so-called matter partition function (the field ϕ is considered to be the
matter) for fixed metric gµν :

Zmatter[g] =
∫

Dϕ e−S[g,ϕ] , (1.24)

we also need to define the functional integral measure Dϕ in such a way that one integrates
over all possible field configurations ϕ(x). This is achieved via the expansion (1.22) by
integrating over all the expansion coefficients ck:

Dϕ =
√
A

∫ ∏
k ̸=0

dck , (1.25)

where we “arbitrarily” excluded the integration over the zero-mode coefficient c0 (since it
would lead to an infinite factor in (1.24)), and inserted instead a factor

√
A. Then∫

Dϕ e−S[g,ϕ] =
√
A

∫ ( ∏
k ̸=0

dck

)
e
−
∑

n ̸=0 λnc2
n =

√
A
∏
n ̸=0

√
π

λn
= N

√
A
(
Det ′(−∆)

)−1/2
,

(1.26)
where N is some (infinite) normalisation coefficient, and Det ′ denotes the determinant
computed as the product of all non-zero eigenvalues. One thus has

Zmatter[g] = N
√
A
(
Det ′(−∆g)

)−1/2
, (1.27)

where we added a subscript g on ∆ to remind us that this is the Laplacian for metric g.
The gravitational action is defined as

e−Sgrav[ĝ,g] = Zmatter[g]
Zmatter[ĝ]

=
√
A

Â

( Det ′(−∆g)
Det ′(−∆ĝ)

)−1/2
, (1.28)

where the factors N now have cancelled.
One can go on, and rewrite this again in terms of the eigenvalues as

Sgrav[ĝ, g] =
1
2
∑
n ̸=0

log λn(g)−
1
2
∑
n ̸=0

log λn(ĝ)−
1
2 log A

Â
. (1.29)

These sums over eigenvalues typically are divergent but are efficiently regularized (and
“renormalized”!) by the well-known technique of zeta-function regularisation [28, 29]: one
introduces the zeta-function6 ζg(s) of the operator −∆g as

ζg(s) =
∑
n ̸=0

1
(λn(g))s

⇒ ζ ′g(0) = −
∑
n ̸=0

log λn(g) , (1.30)

6Since n = 0 is excluded from the sum, this rather corresponds to what we would denote as ζ̃g in the
main part of this paper.
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so that
Sgrav[ĝ, g] = −1

2ζ
′
g(0) +

1
2ζ

′
ĝ
(0)− 1

2 log A
Â
. (1.31)

Although this is a nice expression, it is not very explicit unless we know all the eigenvalues
and are able to compute (1.30). Instead, one determines the variation of the zeta function
under an infinitesimal conformal variation of the metric and then tries to “integrate” these
infinitesimal changes to get the finite difference (1.31). Obviously, from (1.30)

δζg(s) = −s
∑
n ̸=0

δλn

λs+1
n

, (1.32)

where λn = λn(g) and δλn is its variation when the metric is changed as g → e2δσg.
Under such a variation of the metric, the Laplace operator ∆ = e−2σ∆̂ changes as ∆ →
e−2σ−2δσ∆̂ = e−2δσ∆ = ∆−2δσ∆, i.e. δ∆ = −2δσ∆. Then there is a corresponding change
δλn of the eigenvalues and change δfn of the eigenfunctions. Comparing the eigenvalue
equations for −∆ and −(∆ + δ∆) we have

−(∆+δ∆)(fn+δfn) = (λn+δλn)(fn+δfn) ⇒ −∆δfn−δ∆fn = λnδfn+δλnfn. (1.33)

We multiply this last equation with fn and integrate
∫
d2x√g . . .. Then the first term gives

−
∫
d2x

√
gfn∆δfn = −

∫
d2x

√
g(∆fn)δfn = λn

∫
d2x

√
gfnδfn which cancels a correspond-

ing term on the right-hand side. Thus we are left with

−
∫

d2x√gfn(x) δ∆fn = δλn

∫
d2x√g(fn(x))2 = δλn (1.34)

Now, recall that −(δ∆)fn = 2δσ∆fn = −2δσλnfn so that

δλn = −2λn

∫
d2x√g δσ(x) (fn(x))2. (1.35)

This is to be inserted into (1.32):

δζg(s) = 2s
∑
n ̸=0

∫
d2x√g δσ(x) (fn(x))2

λs
n

= 2s
∫

d2x√g δσ(x)
∑
n ̸=0

(fn(x))2

λs
n

(1.36)

If we also define the (bi-) local zeta-function as

ζg(s, x, y) =
∑
n ̸=0

fn(x)fn(y)
λs

n

, (1.37)

this can be rewritten as

δζg(s) = 2s
∫

d2x√g δσ(x) ζg(s, x, x). (1.38)

We now take the derivative with respect to s. This yields two terms, but at s = 0 only one
of them contributes:

δζ ′g(0) ≡
d
dsζg(s)

∣∣
s=0 = 2

∫
d2x√g δσ(x) ζg(0, x, x). (1.39)
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There is a standard relation between the heat kernel K(t, x, y) for an operator and the
corresponding local zeta function ζ(s, x, y):

K(t, x, y) =
∑
n ̸=0

e−λntfn(x)fn(y), ζ(s, x, y) = 1
Γ(s)

∫ ∞

0
dt ts−1K(t, x, y). (1.40)

Possible singularities of the integral arise from the integration region of small t and one can
show that the integral defines an analytic function for ℜs > 1 which can be analytically
continued to the whole complex s-plane except for poles at s = 1, 0,−1,−2, . . .. However,
Γ(s) also has poles at s = 0,−1,−2, . . . and dividing by Γ(s) cancels the poles of the
integral, except at s = 1. We see that ζ(s, x, y) has a pole at s = 1 and that its finite
values at s = 0,−1,−2, . . . are determined by the singularities of the integral due to the
small-t behaviour of the heat kernel. But the small-t behaviour of the heat kernel is well-
known, in particular

K(t, x, x) ∼t→0
1
4πt

(
1 + R(x)

6 t+O(t2)
)
− 1
A
, . (1.41)

where the − 1
A comes from subtracting the zero-mode f20 = 1

A which is not included in the
sum (1.40). From this one gets

ζ(0, x, x) = 1
24πR(x)− 1

A
, (1.42)

which when inserted in (1.39) gives

δSgrav[ĝ, g] = −1
2δζ

′
g(0)−

δA

2A = − 1
24π

∫
d2x√g δσ(x)R(x). (1.43)

We recognise δSLiouville and conclude

Sgrav[ĝ, g] = − 1
24πSLiouville[ĝ, g]. (1.44)

This is a famous result, first obtained (using a different method) by Polyakov in 1981 [8].

2 The Dirac operator for Majorana spinors on a curved manifold

In this section we define the relevant Dirac operator D in 2 Euclidean dimensions, with
a Majorana mass term, and relate its square D2 to the spinorial Laplace operator and
scalar curvature. We discuss the eigenvalue problem of this Dirac operator and how it
changes under (local) conformal transformations. Most importantly, we obtain a sufficient
characterisation of the zero-modes of the massless Dirac operator and of the corresponding
projectors on these zero-modes, which we will need in section 5. We first look at flat
space, not only because it is simpler but also because it provides the formula valid in any
given local orthonormal frame of the curved space. The material of the first part of this
section is standard or already contained in [1] but we re-derive the relevant formula for a
self-contained presentation.
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2.1 Majorana spinors in flat 2D space: γ-matrices and Dirac operator

In two flat Euclidean dimensions we use labels a = 1, 2. Recall that the 3 Pauli matrices
satisfy σjσk = δjk1 + iϵjklσl. We can then choose two real, hermitian γ-matrices as

γ1 = σx , γ2 = σz ⇒ {γa, γb} = 2δab 1, (γa)† = γa, (γa)T = γa, (γa)∗ = γa.

(2.1)
The chirality matrix (the analogue of γ5 in 4 dimensions) then is

γ∗ = iγ1γ2 = σy ⇒ γ†∗ = γ∗, γT
∗ = γ∗∗ = −γ∗ , (2.2)

and, of course, γ∗ anticommutes with γa. These are all 2× 2 matrices and, hence, a spinor
ψ has two components that are a priori complex.

In 2 Euclidean dimensions the “Lorentz” group is just the rotation group SO(2) which
has a single generator J12. In the spin-12 representation as carried by the Dirac spinor this
(hermitian) generator is J12 = − i

4 [γ
1, γ2] = − i

2γ
1γ2 = −1

2γ∗ and the representation of a
finite rotation by an angle α on a spinor ψ is given by the matrix D(α) = eiαJ12 = e−iαγ∗/2.
More precisely, this means that under such a rotation, acting also on the coordinates7

as x′a = Λa
bx

b, the spinor transforms as ψ(x) → ψ′(x′) = D(α)ψ(x). Now, with the
choice (2.1) of the γ-matrices, the matrix D(α) is real and ψ∗ transforms exactly as ψ.
Furthermore since γ∗ commutes with D(α), γ∗ψ also transforms as ψ. Finally, using the
relation D(α)−1γµD(α) = Λµ

ρ γ
ρ one also shows that (∂/ψ)′(x′) = D(α)∂/ψ(x). Hence, all

ψ∗, γ∗ψ and ∂/ψ all transform exactly as ψ. In particular, it makes sense to impose the
Majorana condition ψ∗ = ψ, imposing that the two components ψ1 and ψ2 of ψ are both
real, or write an equation combining i∂/ψ and mγ∗ψ.

Note that the spinors are anti-commuting objects obeying ψαψβ = −ψβψα, and one
has for a complex spinor ψ†ψ = (ψ∗)Tψ = ψ∗

1ψ1 + ψ∗
2ψ2. The complex conjugation of such

an expression is defined as the hermitian conjugate and involves reversing the order of the
terms, i.e.

(χaψβ)∗ = ψ∗
βχ

∗
α. (2.3)

We then see that (ψ∗
1ψ1)∗ = ψ∗

1(ψ∗
1)∗ = ψ∗

1ψ1 and ψ†ψ is indeed real, and
∫
mψ†ψ is the

standard (real) mass term in the action for a Dirac spinor
For anti-commuting Majorana, i.e. real spinors, however, a mass term like

∫
mψ†ψ =∫

mψTψ = m
∫
(ψ1ψ1 + ψ2ψ2) vanishes. We can, nevertheless, introduce a non-vanishing,

real mass-term as
∫
ψ†mγ∗ψ = m

∫
(ψ1(−i)ψ2+ψ2iψ1) = −2im

∫
ψ1ψ2. This is indeed real

since (ψ1ψ2)∗ = ψ2ψ1 = −ψ1ψ2. The action for such a Majorano spinor then reads

S =
∫
ψ†(i∂/+mγ∗)ψ. (2.4)

The corresponding Dirac operator

D = i∂/+mγ∗ (2.5)
7Below, on a curved manifold, we will consider separately the notions of covariance under rotations of

the spinor and under transformations of the coordinates.
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is hermitian with respect to the standard inner product on the space of Dirac spinors,

(χ, ψ) =
∫
χ†(x)ψ(x) =

∫
(χ∗

1ψ1 + χ∗
2ψ2) = (ψ, χ)∗, (Oχ,ψ) = (χ,O†ψ). (2.6)

Indeed, taking the hermitian conjugate of D involves taking the hermitian conjugate of the
γ matrices, (which we have chosen to be hermitian), complex conjugation of the i and an
integration by parts of ∂µ. Hence

D† = D. (2.7)

In particular, we also see that S = (ψ,Dψ) = (Dψ,ψ) = (ψ,Dψ)∗ = S∗ which confirms
that the action is real. Next, one has

D2 = (i∂/+mγ∗)(i∂/+mγ∗) = −∂/2 + im(∂/γ∗ + γ∗∂/) +m2 = −∂/2 +m2 = −∂µ∂
µ +m2

which incorporates the correct Euclidean continuation of the mass-shell condition pµp
µ +

m2 = 0.
One might ask why we want to study Majorana spinors with the Dirac operator D and

not simply (complex) Dirac spinors with an ordinary mass term and corresponding action
S =

∫
ψ†(i∂/+m)ψ. However, the square of the corresponding Dirac operator D̃ = i∂/+m is

D̃2 = (i∂/+m)2 = −∂µ∂
µ +m2 +2im∂/ and this does not correspond to anything simple or

physical. (It is (i∂/−m)(i∂/+m) that instead gives the mass-shell condition.) This is one of
the reasons we will focus on the action (2.4) and corresponding Dirac operator (2.5). Note
that this Dirac operator D is a purely imaginary. Indeed, the γµ are real and γ∗ is purely
imaginary. Thus iD is a real operator and the Dirac equation Dψ = (i∂/ + mγ∗)ψ = 0
admits real solutions ψ. However, we will be interested in the corresponding eigenvalue
problem Dψn ≡ (i∂/ +mγ∗)ψn = λnψn. Since D is hermitian, the eigenvalues λn are real
and then the ψn cannot be real, but must be complex. We will discuss this eigenvalue
problem more generally below, on curved space.

2.2 Curved space: γ-matrices, covariant derivatives, Dirac operator and spino-
rial Laplacian

To define spinors on a curved space (-time) one needs to introduce locally orthonormal
frames which is done by introducing the so-called viel-bein ea

µ. To define the Dirac operator
one needs to define the covariant derivative ∇µ which involves the spin connection ωab

µ

which is related to the ea
µ by the zero-torsion condition. In this subsection we recall how

this is done and we also establish a few useful relations. Of course, the equations in this
subsection are well-known to supergravity practitioners, but some are still somewhat non-
trivial, and we find it useful to re-derive them here for further reference. Since most of the
discussion is not specific to two dimensions we first discuss arbitrary n-dimensional spaces
(with Euclidean signature8) and only set n = 2 in the end. Our detailed discussion also
allows us to make some statements about possible zero-modes of the Dirac operator that
will be useful in the sequel.

8The whole discussion can also be repeated for Lorentzian signature, but one would need to pay attention
to the upper or lower positions of the flat indices a, b, . . . also.
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2.2.1 Local orthonormal frames and spin connection (in n dimensions)

Starting from the metric tensor written using the coordinate one-forms dxµ, one introduces
the one-forms ea of the local orthonormal frame as

gµν(x) dxµ ⊗ dxν = δab e
a(x)⊗ eb(x). (2.8)

Both sets of indices µ, ν, . . . and a, b, . . . take values 1, 2, . . . n. We can always express the
ea in terms of the dxµ and vice versa:

ea(x) = ea
µ(x) dxµ, dxµ = Eµ

b (x) e
b(x), ea

µ(x)E
µ
b (x) = δa

b , Eµ
b (x)e

b
ν(x) = δµ

ν . (2.9)

As indicated here, the viel-bein ea
µ and inverse viel-bein Eµ

a depend on the point x on the
manifold. Combining (2.9) and (2.8) results in the relations

gµν E
µ
aE

ν
b = δab, δab e

a
µe

b
ν = gµν and δabEµ

aE
ν
b = gµν , gµνea

µe
b
ν = δab. (2.10)

The δab is to be interpreted as the metric in the local orthonormal frames. The ea
µ and Eµ

a

implement the change of basis between these orthonormal local frames and the coordinate
frames but, of course, in general they cannot be interpreted as Jacobian matrices for a
change of coordinates. Since the metric in the orthonormal frame is δab and the inverse
metric δab = δab, raising and lowering the corresponding indices a, b, . . . has no effect and we
write indifferently T ab ≡ T a

b etc. Of course this does not apply to the “coordinate indices”
µ, ν, . . ..

The relevant connection in the local orthonormal frame is the spin-connection ωab
µ . It is

defined in terms of the connection coefficients Γc
ab in the local orthonormal frame as ωa

bµ =
Γa

cbe
c
µ. The Γc

ab can be obtained from the Γρ
νµ in the coordinate frame through the (in-

homogeneous) transformation rules for the connection coefficients as Γc
ab = Eµ

aE
ν
b Γρ

µνe
c
ρ +

Eµ
a∂µE

ρ
b e

c
ρ. However, since we will only work on Riemannian manifolds, where the torsion

vanishes and the metric is covariantly constant, the spin-connection can be more easily ob-
tained through the zero-torsion condition which is most compactly written as an equation
for the spin-connection one-form ωab = ωab

µ dxµ using the exterior derivative d:

dea + ωab ∧ eb = 0 ⇔ ∂µe
a
ν − ∂νe

a
µ + ωab

µ e
b
ν − ωab

ν e
b
µ = 0. (2.11)

Requiring the metric to be covariantly constant implies that the spin-connection is anti-
symmetric in a and b:

∇µgνρ = 0 ⇔ ∇µδab = 0 ⇔ ωabµ = −ωbaµ. (2.12)

Then there are n× n(n−1)
2 independent components ωab

µ , while (2.11) provides exactly the
same number of equation, hence determining the spin-connection completely in terms of
the ea

µ. It is not too difficult to derive the following useful relations

∇µe
a
ν ≡ ∂µe

a
ν + ωab

µ e
b
ν − Γρ

µνe
a
ρ = 0 ,

∇µE
ν
a ≡ ∂µE

ν
a + Γν

µρE
ρ
a − Eν

b ω
ba
µ = 0. (2.13)
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Finally we note that we obtain the Riemann curvature tensor and curvature 2-form from
the spin connection as

Rab ≡ 1
2R

ab
µνdxµ ∧ dxν = dωab + ωac ∧ ωcb, Ra

bµν = ea
λE

ρ
bR

λ
ρµν . (2.14)

Let us now discuss the Dirac matrices. The Dirac-matrices γa of the previous sub-
section satisfied the Clifford algebra {γa, γb} = 2δab1 as appropriate in flat space. This
means that they are also the appropriate Dirac matrices in the local orthonormal frames.
To avoid confusion, we temporarily denote these Dirac-matrices as γ̃a so that

{γ̃a, γ̃b} = 2δab1 (2.15)

One then defines the curved-space Dirac matrices as

γµ = Eµ
a γ̃

a ⇒ {γµ, γν} = Eµ
aE

ν
b {γ̃a, γ̃b} = Eµ

aE
ν
b 2δab1 = 2gµν1. (2.16)

We assume again that all n matrices γ̃a are chosen to be hermitian so that also

(γµ)† = γµ. (2.17)

To simplify the notation, we will usually not put the tilde over the flat-space γ-matrices
with the convention that γµ, γν , γρ etc are always curved-space γ-matrices and γa, γb, γc

etc are always flat-space γ-matrices. The only potential source of confusion comes when
the indices take numerical values, but we will always use the convention that γ1, γ2, . . .
are flat-space γ-matrices.

2.2.2 Covariant derivatives (in n dimensions)

Let us now recall how to construct the appropriate covariant derivative acting a the spinor
ψ. A spinor transforms (locally) in the spin representation of the local Lorentz group
SO(n− 1, 1) or at present - since we are in Euclidean signature - the local rotation group
SO(n) as

ψ(x) → ψ′(x) = LDirac(x)ψ(x) ≡ exp
( i
2θ

cd(x)JDirac
cd

)
ψ(x) , (2.18)

where the θcd(x) = −θdc(x) are the (local) rotation angles in the cd plane, and the
JDirac

cd = −JDirac
dc are the corresponding hermitian SO(n) generators in the spin / Dirac

representation
JDirac

cd = − i

2γcd ≡ − i

4[γc, γd], (JDirac
cd )† = JDirac

cd (2.19)

It follows from the Clifford algebra satisfied by the γa that the JDirac
cd indeed satisfy the

SO(n) algebra
[Jcd, Jef ] = −i

(
δdeJcf − δdfJce − δceJdf + δcfJde

)
. (2.20)

Note that the local SO(n) transformations (2.18) do not act on the coordinates: we have the
same x before and after the transformation. The corresponding local SO(n) transformation
of the basis forms ea is

ea(x) → e′
a(x) =

(
Lvect(x)

)ab
eb(x) =

[
exp

( i
2θ

cd(x)Jvect
cd

)]ab
eb(x) , (2.21)
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where
(Jvect

cd )ab = −i
(
δa

c δ
b
d − δb

cδ
a
d

)
. (2.22)

are the purely imaginary and anti-symmetric, hence hermitian, generators of the vector
representation of SO(n). Of course, they also satisfy the SO(n)-algebra (2.20).

How does the spin-connection transform under such a local SO(n) transformation?
The torsion being a tensor, its vanishing cannot be affected by a (local) change of basis.
Hence, in the new frame we must still have de′a + ω′abe′b = 0. Using de′a = d

(
Labeb) =

dLabeb + Labdeb =
(
dLac − Labωbc

)
ec, we get

ω′ab = Lacωcd(L−1)db − (dLac)(L−1)cb = Lacωcd(L−1)db + Lac(dL−1)cb , (2.23)

showing that the ωab transform exactly as a gauge field in the adjoint representation of
the local rotation group. Indeed, the matrices L appearing in (2.23) are what we above
called Lvect and we have ωab = i

2ω
cd(Jvect

cd )ab. But the transformation of the ωcd
µ cannot

not depend on the representation we choose, so that we also have

i

2ω
′cd(x)JDirac

cd = i

2ω
cd(x)LDirac(x) JDirac

cd L−1
Dirac(x) + LDirac(x))dL−1

Dirac(x). (2.24)

The covariant derivative ∇µ of a spinor ψ(x) should be defined, as usual, such that
under a local SO(n) rotation ∇µψ(x) transforms exactly as ψ(x). If we define

∇µψ = ∂µψ + i

2ω
cd
µ J

Dirac
cd ψ ⇔ ∇µψα = ∂µψα + i

2ω
cd
µ (JDirac

cd )αβψβ (2.25)

it is straightforward to check, using (2.18) and (2.24) that we have indeed

∇′
µψ

′(x) ≡
(
∂µ + i

2ω
′cd
µ (x)JDirac

cd

)(
LDirac(x)ψ(x)

)
= LDirac(x)∇µψ(x) , (2.26)

where ∇′
µ involves ω′cd

µ . Note again that x is unchanged so that ∇′
µ involves ∂µ and not

some ∂′µ. Later-on we will also encounter covariant derivatives acting on other objects
transforming in different representations and, accordingly, these covariant derivatives will
include other connection terms. If we want to insist that we are dealing exactly with the
covariant derivative acting on the spinor as just defined we will write ∇sp

µ so that

∇sp
µ ≡ ∂µ + i

2ω
cd
µ J

Dirac
cd = ∂µ + 1

4ω
cd
µ γcd, ∇µψ = ∇sp

µ ψ. (2.27)

As a general rule, a covariant derivative ∇µ acting on some quantity F(i) transforming
in a representation Ri of the local rotation group is alway defined in such a way that ∇µF(i)
transforms in the same representation Ri. Just as we wrote ∇sp to emphasise this fact we
could write ∇(i)

µ , but one usually doesn’t. It follows from this remark, that the covariant
derivative obeys the Leibnitz rule,

∇µ(F(i)F(j)) = (∇µF(i))F(j) + F(i)∇µF(j). (2.28)
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It similarly follows that in an integral of a quantity that is a scalar under the local rotation
group, the covariant derivatives can be freely integrated by parts (possibly up to a boundary
term). One application of these rules is the following identity we will need later-on

−
∫ √

g (∇µf)ψ†γµχ =
∫ √

g f
(
(∇sp

µ ψ)†γµχ+ ψ†γµ∇sp
µ χ
)
, (2.29)

where f = f(x) is a scalar (so that ∇µf = ∂µf) and ψ = ψ(x) and χ = χ(x) are Dirac
(or Majorana) spinors. It is relatively straightforward to check this identity explicitly by
integrating by parts, using ∂µ

√
g√

g = Γσ
µσ, γµ = Eµ

a γ
a and the relations (2.13), as well as the

hermiticity of the JDirac
cd and the commutation relation of the latter with the γa.

Let us insist that we have discussed local, i.e. x-dependent frame transformations by
some L(x) in the appropriate representation of SO(n). We have not made any coordinate
transformation. In the present formalism, local SO(n) transformations and coordinate
transformations are totally decoupled. One may, of course, also do a coordinate transfor-
mation xµ → x′µ = fµ(xν). Under such a coordinate transformation the spinor ψ, as well
as all frame vectors like va are inert, i.e. behave as scalar quantities. For a vector e.g. one
goes from the va to the vµ by the appropriate change of basis, i.e. vµ = Eµ

a v
a and it is

the transformation of the Eµ
a under coordinate transformations, namely E′µ

a = ∂x′µ

∂xν Eν
a ,

that implies that the vµ will indeed transform as the components of a coordinate vector,
i.e. v′µ = ∂x′µ

∂xν vν .
Obviously, both ∂µ and ωab

µ transform under coordinate transformations as the covari-
ant components of a coordinate vector and, hence, so does ∇µψ. Let us temporarily denote
the quantities in the x′ coordinates by a tilde (rather than a prime which we used for the
local SO(n) transformations). Since ψ behaves as a scalar quantity under these coordinate
transformation we then have ψ̃(x′) = ψ(x) and thus indeed

∇̃µψ̃(x′) =
∂xν

∂x′µ
∇νψ(x). (2.30)

Next, the Dirac operator should be the obvious curved space generalisation of (2.5),
i.e. D = i∇/+mγ∗ where we define the operator ∇/ as

∇/ = γµ ∇µ = γaEµ
a ∇µ ⇒ ∇/ψ ≡ ∇/ spψ = γµ ∇sp

µ ψ = γaEµ
a ∇sp

µ ψ. (2.31)

We have just seen that under coordinate transformations ∇sp
µ ψ transforms as the covariant

components of a coordinate vector, while Eµ
a transforms as the contravariant components.

Of course, the γa are just numerical matrices that do not change. Hence, ∇/ψ is a scalar
under coordinate transformations, just as ψ. Next, under a local Lorentz transformation
L, we have seen that ∇sp

µ ψ transforms with LDirac while E′µ
a = (Lvect)abE

µ
b . Hence9

∇/ψ(x) = γaEµ
a (x)∇sp

µ ψ(x) → γaE′µ
a(x)∇

′sp
µ ψ′(x) = γa ((Lvect)abE

µ
b

) (
LDirac∇sp

µ ψ(x)
)

= (Lvect)ab LDirac
(
L−1
Diracγ

aLDirac
)
Eµ

b ∇sp
µ ψ(x) = (Lvect)ab LDirac (Lvect)acγ

cEµ
b ∇sp

µ ψ(x)
= LDirac γ

bEµ
b ∇sp

µ ψ(x) = LDirac ∇/ψ(x). (2.32)
9Note that LDirac, just as γa, are matrices while (Lvect)ab are the components of the matrix Lvect.

Hence, (Lvect)ab commutes with LDirac and with γa. Also, just as in flat space, we have L−1
Diracγ

aLDirac =
(Lvect)acγ

c.
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This means that under both, coordinate transformations and local Lorentz transformations,
∇/ spψ transforms exactly as ψ. In particular, this implies that the appropriate covariant
derivative ∇ν acting on ∇/ψ is again ∇sp

ν :

∇ν∇/ψ = ∇sp
ν ∇/ψ = ∇sp

ν ∇/ spψ ⇒ ∇/∇/ψ = ∇/ sp∇/ sp ψ = γµ∇sp
µ γ

ν∇sp
ν ψ. (2.33)

However, ∇/∇/ψ is not γµγν∇sp
µ ∇sp

ν ψ. Instead one has, of course ∇/∇/ψ = γµ∇µ
(
γν∇sp

ν ψ
)

and the question is how to “commute” the ∇µ with the γν . On the one hand, from the
usual rules about how the covariant derivative should act on coordinate and frame indices
we have

∇µγ
a = ∂µγ

a + ωab
µ γ

b = ωab
µ γ

b ⇔ ∇µγ
ν = ∂µγ

ν + Γν
µργ

ρ , (2.34)

where the equivalence of both relations is due to Eµ
a being covariantly constant, cf (2.13).

On the other hand, ∇µ also is a matrix, just like the γν , and one must also take into
account the non-vanishing commutator. This then leads to

∇µ(γν∇νψ) = γν∇µ∇νψ , (2.35)

where on the right-hand side the covariant derivatives are, of course, ∇µ∇νψ = ∇sp
µ ∇sp

ν ψ−
Γρ

µν∇sp
ρ ψ. Formally, the ∇µ just passes through the γν . One could say that the contribution

from the commutator cancels the contribution from (∇µγ
ν)! In any case, we have

∇/∇/ψ ≡ (γµ∇µ)(γν∇ν)ψ = γµγν∇µ∇νψ = γµγν
(
∇sp

µ ∇sp
ν − Γρ

µν∇sp
ρ

)
ψ. (2.36)

Next, using γµγν = gµν + γµν (where, of course, γµν = 1
2 [γ

µ, γν ]) we have

∇/∇/ψ = γµγν∇µ∇νψ = gµν∇µ∇νψ + γµν∇µ∇νψ = gµν∇µ∇νψ + 1
2γ

µν [∇µ,∇ν ]ψ. (2.37)

The commutator of two covariant derivatives is related to the curvature tensor as

[∇µ,∇ν ] =
i

2R
cd

µν Jcd , (2.38)

where Jcd are the SO(n) generators in the appropriate representation.10 When acting on
ψ the generators are those in the Dirac representation and

[∇µ,∇ν ]ψ = i

2R
cd

µν (JDirac
cd )ψ = 1

4R
cd

µν γcdψ. (2.39)

Inserting this into (2.37) we get

∇/∇/ψ = ∆sp ψ + 1
8γ

µνR cd
µν γcdψ. (2.40)

where we defined the spinoral Laplace operator as

∆sp = gµν
(
∇sp

µ ∇sp
ν − Γρ

µν∇sp
ρ

)
. (2.41)

10For a vector e.g. one has [∇µ,∇ν ]va = i
2R

cd
µν (Jvect

cd )abvb = 1
2R

cd
µν (δa

c δ
b
d − δa

dδ
b
c)vb = R ab

µν vb which is
indeed the familiar formula.
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Finally, in any even dimension n, there is an appropriate chirality matrix
γ∗ ∼ 1

n!ϵµ1...µnγ
µ1 . . . γµn = 1

n!ϵa1...anγ
a1 . . . γan . This shows that this chirality matrix is

the same as one defines in flat space. We have {γ∗, γa} = {γ∗, γµ} = 0. Including if neces-
sary11 a factor of i we have γ2∗ = 1 and γ†∗ = γ∗ (provided one has chosen hermitian γa as
we did). One can then define the hermitian, massive Dirac operator as the curved-space
generalisation of (2.5):

D = i∇/+mγ∗. (2.42)

Since JDirac
cd commutes with γ∗ we see that ∇sp

µ commutes with γ∗ and the operator ∇/ =
γµ∇sp

µ anticommutes with γ∗. We then have

D2 = −∇/∇/+m2 = −∆sp −
1
8γ

µνR cd
µν γcd +m2. (2.43)

2.2.3 Back to two dimensions

In two dimensions the general formula simplify drastically. The local rotation group SO(2)
is abelian and only has a single generator J12. In its Dirac representation there is only
JDirac
12 = − i

2γ12 = − i
2γ1γ2 = −1

2γ∗ as already discussed in subsection 2.1. Similarly, the
spin-connection ωab also is just a single one-form ω12 = −ω21. We then have

ωcd
µ γcd = 2ω12

µ γ12 = −2iω12
µ γ∗. (2.44)

We find it convenient to define ωµ = 2ω12
µ , so that

∇sp
µ = ∂µ − i

4ωµγ∗, ωµ = 2ω12
µ . (2.45)

Note that since γ∗ = σy is purely imaginary, ∇sp
µ is a real (anti-hermitian) differential

operator. Obviously, it is a 2× 2-matrix, and so is ∇/ = γµ ∇sp
µ = γaEµ

a ∇sp
µ .

Moreover, in two dimensions γµνR cd
µν γcd simplifies as

γµνR cd
µν γcd = γabR cd

ab γcd = 4γ12R 12
12 γ12 = 4(−iγ∗)2R 12

12 = −4R 12
12 = −2R. (2.46)

where R = R 12
12 +R 21

21 = 2R 12
12 is the scalar Ricci curvature. Thus

D2 = −∇/∇/+m2 = −∆sp +
1
4R+m2 , (2.47)

where the spinorial Laplacian ∆sp was defined in (2.41). Just as ∇sp
µ , the spinorial Laplacian

is a 2 × 2-matrix differential operator. More precisely, it has a piece proportional to the
identity matrix and involving the scalar Laplacian and a piece proportional to γ∗:

∆sp = 12×2
(
∆scalar −

1
16ω

µωµ

)
− i

4 γ∗
(
(∇µω

µ) + 2ωµ∂µ

)
, (2.48)

where the scalar Laplacian is defined by (1.7), or equivalently by

∆scalar = gµν(∂µ∂ν − Γρ
µν∂ρ). (2.49)

11In Euclidean signature one has γ∗ = iγ1 . . . γn for n = 4k + 2 and γ∗ = γ1 . . . γn for n = 4k.
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The hermitian, massive Dirac operator D = i∇/ +mγ∗ was already defined in (2.42).
With our 2-dimensional real γa it is moreover purely imaginary. For later reference, let us
note that with our conventions it is very explicitly given by

D = iσxD1 + iσzD2 +mσy, D1 = Eµ
1 ∂µ − 1

4E
µ
2ωµ, D2 = Eµ

2 ∂µ + 1
4E

µ
1ωµ. (2.50)

The eigenvalue problem of D is

Dψn ≡ (i∇/+mγ∗)ψn = λnψn. (2.51)

Since D is hermitian, its eigenvalues λn are real. On the other hand, D is purely imaginary
and then the eigenfunctions ψn cannot be real (unless λn = 0). Taking the complex
conjugate of (2.51) we see that ψ∗

n is also an eigenfunction but with eigenvalue −λn:

Dψ∗
n = −λnψ

∗
n. (2.52)

For all λn ̸= 0, within any couple (ψn, ψ
∗
n) we decide to call ψn the eigenfunction with the

positive eigenvalue. With this convention we always have

λn ≥ 0. (2.53)

We let
ψn = 1√

2
(χn + iϕn) , (2.54)

with real χn and ϕn and then taking the real and imaginary parts of (2.51) gives

Dχn = iλnϕn, Dϕn = −iλnχn. (2.55)

Of course, the χn, ϕn, ψn and ψ∗
n are all eigenfunctions of D2 with eigenvalue λ2n:

D2χn = λ2nχn, D2ϕn = λ2nϕn, D2ψn = λ2nψn, D2ψ∗
n = λ2nψ

∗
n. (2.56)

The Dirac operator D, as well as i∇/, are hermitian with respect to the inner product

(Ψ1,Ψ2) =
∫

d2x√gΨ†
1Ψ2. (2.57)

As usual, the eigenfunctions ψn corresponding to different λn are orthogonal. Similarly, for
the ψ∗

n. Also all ψ∗
n are orthogonal to all ψk (as long as λn ̸= 0). Equivalently, assuming

the eigenfunctions to be also normalised, we have for the real and imaginary parts

(χn, χk) = δnk, (ϕn, ϕk) = δnk, (χn, ϕk) = 0 (λn ̸= 0). (2.58)

Note that the eigenfunctions of D (the ψn and ψ∗
n) are automatically eigenfunctions of D2,

but the converse is not necessarily true as is examplified by the χn and ϕn. What is true is
that within any eigenspace of D2 with eigenvalue Λn = λ2n one can find linear combinations
(corresponding precisely to the ψn and ψ∗

n) that are eigenfunctions of D with eigenvalues
+λn and −λn.

– 21 –



J
H
E
P
1
1
(
2
0
2
3
)
1
9
4

2.3 The example of the flat torus with arbitrary periods

It will be helpful to be able to check our general statements in the sequel of this paper
against at least one example where we explicitly know the eigenvalues and eigenfunctions.
The simplest example is the flat torus. Then the metric is just gµν = δµν and ∇/ = ∂/. Of
course, being flat, we will not be able to appreciate any effects of curvature. The relevant
Dirac operator then is

D = i∂/+mγ∗ = iσx∂1 + iσz∂2 + σym = i

(
∂2 ∂1 −m

∂1 +m −∂2

)
, D2 = −(∂21 + ∂22) +m2.

(2.59)
There are still different tori corresponding to different periods.12

The flat “square” torus: We will shortly consider the flat torus with arbitrary periods,
but we begin by looking at the “square” torus corresponding to a square of length 2π with
opposite sides identified. The eigenvalue problem for D2, i.e. D2ψn = λ2nψn yields already

λ2n ≡ λ2n⃗ = n21 + n22 +m2, ψn ∼ ein1x1+in2x2
. (2.60)

We denote by λn⃗ the positive square root of λ2n⃗ . Inserting the ansatz ψn⃗(x1, x2) =(
a

b

)
ein1x1+in2x2 into Dψn⃗ = λn⃗ψn⃗ gives the two equivalent equations −(n1 + im)b =

(λn⃗ + n2)a and −(n1 − im)a = (λn⃗ − n2)b. This is easily solved, up to a common normali-
sation, which we choose such that

∫
d2xψ†

n⃗ψn⃗ = 1:

ψn⃗(x⃗) =
1

2π
√
2λn⃗(λn⃗ + n2)

(
n1 + im

−λn⃗ − n2

)
ein1x1+in2x2

. (2.61)

Since λn⃗ only depends on n21 + n22, each eigenvalue is (at least) fourfold degenerate.13 Also

ψ∗
n⃗ = −ψ−n⃗

∣∣
λn⃗→−λn⃗

, (2.62)

which shows that ψ∗
n⃗ is indeed an eigenfunction of D with eigenvalue −λn⃗. Thus the

complete set of eigenfunctions is the set of all ψn⃗ and all ψ∗
n⃗.

Flat torus with arbitrary periods: a general flat two-dimensional torus is obtained
as the quotient of R2 by a lattice Γ where Γ is generated by two linearly independent
vectors ω⃗1 and ω⃗2, i.e. we identify any two points of R2 that differ by pω⃗1 + qω⃗2 with
integer p, q. With respect to an orthonormal basis e⃗1, e⃗2 we can write x⃗ = x1e⃗1 + x2e⃗2,
ω⃗1 = ω11e⃗1 + ω12e⃗2 and ω⃗2 = ω21e⃗1 + ω22e⃗2, so that one identifies x1 ≃ x1 + pω11 + qω21
and x2 ≃ x2 + pω12 + qω22. The formula simplify, if one chooses the basis e⃗1, e⃗2 such that

12For fermions we could also consider different spin structures, i.e. periodic or anti-periodic boundary
conditions around one or the other circle of the torus, leading to four different spin structures. Here we will
only investigate the doubly periodic boundary conditions, which are the only ones for which zero-modes are
present.

13In the present example where both circles have the same radius, there is a further degeneracy under
the exchange of n1 and n2.
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e⃗1 is aligned with ω⃗1 which means ω12 = 0. Also, by scaling the coordinates appropriately
one may assume that ω11 = 2π. With this choice one writes

ω⃗1 = 2π e⃗1, ω⃗2 = 2π
(
τ1e⃗1 + τ2e⃗2

)
, x1 ≃ x1 + 2π(p+ τ1q), x2 ≃ x2 + 2πτ2q , (2.63)

with integer p and q. If we use a complex coordinate z = x1+ ix2 instead, the periodicity is

z ≃ z + 2π
(
p+ τq), τ = τ1 + iτ2, τ2 > 0 . (2.64)

The area of the torus now is given by the area of the fundamental cell which is a parallelo-
gram with sides ω⃗1 and ω⃗2. Hence the area is A = 2π×2πτ2. Note that the case τ1 = 0 cor-
responds to a “rectangular” torus. The “wave-vectors” k⃗ are such that k⃗ ·

(
pω⃗1+qω⃗2

)
∈ 2πZ

for all integer p, q. They form the “dual lattice” and are given by

k⃗ = n1e⃗1 +
n2 − τ1n1

τ2
e⃗2, n1, n2 ∈ Z , (2.65)

as one can easily check. This means that (x1 = z+z̄
2 , x2 = z−z̄

2i )

exp
(
ik⃗n⃗ · x⃗

)
= exp

(
in1x

1+ in2 − τ1n1
τ2

x2
)
= exp

(
− 1

2τ2
(
(nτ̄ −m)z− (nτ −m)z̄

))
. (2.66)

has the correct periodicity properties (2.63), resp. (2.64).
The Dirac operator D is still the same as in (2.59) since the present torus is still flat,

only the periodic boundary conditions are different. Then also D2 = −(∂21 + ∂22) +m2 as
before and, hence, D2eik⃗n⃗·x⃗ = λ2n⃗e

ik⃗n⃗·x⃗ with

λ2n⃗ = k⃗2n⃗ +m2 = n21 +
(n2 − τ1n1

τ2

)2 +m2. (2.67)

If we denote k1 = n1 and k2 = n2−τ1n1
τ2

then almost exactly as before14 we get for the
eigenfunction of D

ψn⃗(x⃗) =
1

2π
√
2τ2λn⃗(λn⃗ + k2)

(
k1 + im

−λn⃗ − k2

)
eik1x1+ik2x2

, (2.68)

together with the complex conjugate functions which still satisfy

ψ∗
n⃗ = −ψ−n⃗

∣∣
λn⃗→−λn⃗

. (2.69)

Zero-modes of D: as discussed in general above, for m ̸= 0 there are no zero-modes of
D, while for m = 0 the zero-modes correspond to k⃗n⃗ = 0, i.e. n1 = n2 = 0. However, in
this case (2.61) and (2.68) are indeterminate. We may instead first take to n1 = n2 = 0
and then consider the limit m→ 0 which gives the two zero-modes of definite chirality:

ψ0⃗ =
1

2π
√
2τ2

(
i

−1

)
, ψ∗

0⃗ = 1
2π

√
2τ2

(
−i
−1

)
, γ∗ψ0⃗ = ψ0⃗, γ∗ψ

∗
0⃗ = −ψ0⃗. (2.70)

14The only difference is the appearance of the additional normalisation factor 1√
τ2

since now the area of
the torus is 2π × 2πτ2 instead of (2π)2.
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Below, we will define the “projector” on the zero-modes in general as
P0(x, y) =

∑
i ψ0,i(x)ψ†

0,i(y). At present, for the general flat torus this simply gives

P0 = ψ0⃗ ψ
†
0⃗ + ψ∗

0⃗ ψ
∗
0⃗
† = 1

(2π)2
1
2τ2

(
1 −i
i 1

)
+ c.c = 1

(2π)2τ2
12×2 =

1
A

12×2 , (2.71)

where A = (2π)2τ2 is the area of the torus.

2.4 Conformal transformation of the Dirac operator

As discussed in the introduction, we will consider two metrics gµν and ĝµν that are con-
formally equivalent, i.e. that are simply related by a local (x-dependent) conformal factor
which we write as e2σ ≡ e2σ(x):

gµν = e2σ ĝµν . (2.72)

We will consider ĝµν as a reference metric (also referred to as the background metric) and
gµν as a “general” metric obtained by varying the conformal factor e2σ(x). This view is
particularly useful in two dimensions where, by a change of coordinates, any metric can
be brought into the form e2σ(x)ĝµν with a fixed reference metric ĝµν . In particular, in two
dimensions we have the relation (1.14) between the curvature scalar R for the metric g and
the one R̂ for the metric ĝ, namely R = e−2σ

(
R̂+ 2∆̂σ

)
, as well as

√
g =

√
ĝ e2σ. (2.73)

Since
√
ĝ ∆̂scalar = ∂µ

(
ĝµν

√
ĝ ∂ν

)
we see that √

gR =
√
ĝ R̂ + total derivative, which is

the reason why the integral
∫ √

gR is independent of the conformal deformation and it
is a topological invariant: its value only depends on the topology of the two-dimensional
manifold M. Indeed, it equals 4πχ(M) where χ(M) is the Euler characteristic of M. For a
manifold without boundaries the latter is given in terms of the genus g as χ(M) = 2(1−g),
so that

∫
M

√
gR = 8π(1 − g). We already noted that the Laplace operators ∆ and ∆̂ are

simply related by ∆ = e−2σ∆̂. We now want to establish how the operators ∇/ and ∇̂/ are
related.

2.4.1 Dirac operator in n dimension

It is not difficult to work this out in general dimension n. Below, we will then specialise
to n = 2. Writing the metric in terms of the local frame forms ea as in (2.8) we see that
there is also a corresponding conformal rescaling of the frame forms as ea = eσ êa and
correspondingly for the vielbeins ea

µ and their inverses Eµ
a as

ea
µ = eσ êa

µ, Eµ
a = e−σÊµ

a , (2.74)

How are the spin-connections ω̂ab and ωab related ? Writing out the zero-torsion condition
for ea = (eσ êa) and ωab, and using the one for êa and ω̂ab, gives

0 = dea + ωabeb = eσ
[
dσ êa − ω̂abêb + ωabêb

]
, (2.75)
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which is solved as
ωab

µ = ω̂ab
µ + (êa

µÊ
bλ − êb

µÊ
aλ)∂λσ. (2.76)

It follows that
∇sp

µ = ∂µ + 1
4ω

cd
µ γcd = ∇̂sp

µ + 1
2 ê

c
µÊ

dλ∂λσ γcd (2.77)

Using γµ = Eµ
a γ

a = e−σÊµ
a γ

a = e−σγ̂µ, we arrive at

∇/ = e−σ
(
∇̂/+ 1

2γ
cÊdλ∂λσ γcd

)
= e−σ

(
∇̂/+ n− 1

2 (∂̂/ σ)
)
, (2.78)

where we used γcγcd = (n− 1)γd. This can also be written as

∇/ = e−
n+1

2 σ∇̂/ e
n−1

2 σ. (2.79)

For an infinitesimal variation δσ of the conformal factor this yields

δ∇/ = −δσ∇/+ n− 1
2 γλ∂λδσ ≡ −δσ∇/+ n− 1

2
(
∂/ δσ

)
. (2.80)

Consider now the Dirac operator D = i∇/+mγ∗ as given in (2.42). Obviously, under a
conformal rescaling the term mγ∗ does not change, so that

D = i∇/+mγ∗ = e−
n+1

2 σ i∇̂/ e
n−1

2 σ +mγ∗ ⇒ δD = iδ∇/ = −δσ i∇/+ n− 1
2 i(∂/ δσ). (2.81)

One can also work out the variation of D2 which requires some care, with the result

δD2 = −2δσ (D2 −m2) + (∂/δσ)∇/− (n− 1)gµν(∂µδσ)∇sp
ν − n− 1

2 (∆scalarδσ). (2.82)

Actually, we will not need this formula. The relation (2.79) and its direct consequences (2.80)
and (2.81) is all we will need.

2.4.2 Dirac operator in two dimensions
Let us now specialise to 2 dimensions i.e. n = 2 in the previous formula. Then

∇/ = e−
3
2 σ∇̂/ e

1
2 σ , (2.83)

as well as

δD = −δσ(D −mγ∗) +
i

2 (∂/ δσ) (2.84)

δD2 = −2δσ (D2 −m2) + γµν(∂µδσ)∇sp
ν − 1

2(∆scalarδσ) , (2.85)

where γµν = ϵµνiγ∗. Let us check that the factors e−
3
2 σ and e

1
2 σ in (2.83) are exactly what

is needed for i∇/ to be hermitian: indeed, ∇̂/ is hermitian for the metric ĝ. Then

(ψ1, i∇/ψ2) ≡
∫

d2z√g ψ†
1i∇/ψ2 =

∫
d2z

√
ĝ e2σ ψ†

1 e
− 3

2 σi∇̂/
(
e

1
2 σψ2

)
=
∫

d2z
√
ĝ
(
i∇̂/ (e

1
2 σψ1)

)† (
e

1
2 σψ2

)
=
∫

d2z√g
(
i∇/ψ1

)†
ψ2 ≡ (i∇/ψ1, ψ2) ,

(2.86)

so that i∇/ is hermitian for the metric g. Actually, the same argument applies in n dimensions
with (2.79) and √

g = enσ
√
ĝ. We see that we coud have derived the formula (2.79)

and (2.83) solely from the requirement that i∇/ is hermitian for the metric g if i∇̂/ is hermitian
for the metric ĝ.
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2.5 Zero-modes

We will now collect a few results and remarks one can rather easily derive about the zero-
modes of the massless Dirac operator i∇/ on a two-dimensional manifold without boundaries.

We will easily re-derive that there are no zero-modes of i∇/ for spherical topology,
and we explicitly obtain the zero-modes for toroidal topology (with doubly periodic spin
structure). For genus g ≥ 2 we do not have explicit formulae for the zero-modes, but
we can nevertheless sufficiently characterise their dependences on the conformal factor, as
needed later-on. It is actually known [25, 26] that for genus g ≥ 3, even the number of
zero-modes depends on the conformal class of the metric and no simple formula for their
number can exist.

2.5.1 General remarks about zero-modes

First recall that i∇/ is purely imaginary so that if i∇/ψ0 = 0 then also i∇/ψ∗
0 = 0. Hence, if

ψ0 is a complex zero-mode, then ψ∗
0 is another zero-mode.

As already noticed, i∇/ anticommutes with γ∗. Then, for m ̸= 0, D = i∇/+mγ∗ neither
commutes nor anti-commutes with γ∗ and we cannot have eigenfunctions of D of definite
chirality (i.e. being also eigenfunctions of γ∗). However, for m = 0, D = i∇/ anti-commutes
with γ∗, so that γ∗ψn is eigenfunction of D with eigenvalue −λn. Thus for λn ̸= 0 (and
m = 0), ψn and γ∗ψn necessarily are orthogonal. For λn = 0 (and m = 0), however, this
is not the case. Instead one can always choose a basis of definite chirality eigenfunctions.
Indeed, if ψ0 is a zero-mode of i∇/ without being an eigenstate of γ∗ then γ∗ψ0 and ψ0
are two linearly independent zero-modes and one can form the two linear combinations
ψ0,± = 1

2(1±γ∗)ψ0. Obviously, the ψ0,± now are zero-modes of definite chirality. As is well
known, the difference of the number of positive and negative chirality zero-modes of i∇/ is

called its index. Since γ∗ = σy =
(
0 −i
i 0

)
, the positive chirality eigenfunctions must be

∼
(
1
i

)
and the negative chirality eigenfunctions must be ∼

(
1
−i

)
. We see that they are

intrinsically complex, and complex conjugation switches the chirality. Hence there are as
many positive chirality as negative chirality zero-modes, i.e. the index of i∇/ is zero. Indeed,
this index is related to the Pontryagin invariant (see e.g. [6]) which vanishes in n = 4k+ 2
dimensions, and in particular in 2 dimensions.

On the other hand, D2 commutes with γ∗, and one can then take all the eigenfunctions
(zero and non-zero modes) of D2 to have definite chirality. From the discussion of the
previous paragraph it is then clear that in general these definite chirality eigenfunctions of
D2 are not eigenfunctions of D.

There are some simple standard arguments about when zero-modes can exist. First of
all, assuming the eigenfunctions to be normalised,

λ2n −m2 = (ψn, (D2 −m2)ψn) = (ψn, (i∇/)2ψn) = (i∇/ψn, i∇/ψn) ≥ 0. (2.87)

We see that
λ2n > m2 , unless i∇/ψ0 = 0 in which case λ20 = m2. (2.88)
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In particular, if m ̸= 0 we always have λ2n ≥ m2 > 0 and there cannot be any zero-modes
of the massive Dirac operator. Furthermore, if i∇/ admits a zero-mode, then the smallest
eigenvalue is λ0 = m.

Next, we have

(ψn, (−∆sp)ψn) = −
∫

d2x√g ψ∗
n g

µν∇µ∇νψn =
∫

d2x√g(∇sp
µ ψn)∗gµν∇sp

ν ψn ≡ α2 ≥ 0.
(2.89)

Since the metric gµν is positive definite, α = 0 means that ∇sp
µ ψn = 0 for both µ = 1 and

µ = 2, i.e. ψn must be covariantly constant. However, since [∇1,∇2]ψ ∼ Rγ∗ψ, we see that
a covariantly constant spinor can only exist on a manifold with vanishing curvature, R = 0
everywhere, i.e. only on the flat torus. For all other two-dimensional manifolds without
boundary (and metrics) one has α2 > 0. Next, it follows from (2.47) that

λ2n −m2 = α2 + 1
4

∫ √
gRψ†

nψn = α2 + 1
4⟨R⟩n , (2.90)

where ⟨R⟩n denotes the “mean curvature in the state ψn” If we choose a constant curvature
metric, R = 8π

A (1− g) where g is the genus of the Riemann surface, this becomes

λ2n −m2 = α2 + 2π
A

(1− g). (2.91)

We will show soon that there is a simple relation between the zero-modes of the metric ĝ and
the zero-modes of the metric g = e2σ ĝ. In particular, we may choose ĝ to be the constant
curvature metric and then use (2.91) to argue about the existence of the corresponding
zero-modes or not. In particular, we see that for spherical topology (g = 0) the right-hand
side is α2 + 2π

A > 0 so that λ2n > m2 and the Dirac operator cannot have any zero-mode
even for m = 0. For the flat torus we have λ2n = m2 + α2 and for m = 0 one can have
zero-modes provided α = 0, meaning that the zero-modes must be covariantly constant
spinors that precisely exist (only) on the flat torus as we have just seen. Then there are
also corresponding zero-modes on an arbitrary torus.15 Finally, for genus two and larger,
the right-hand side of (2.91) can vanish and there are zero-modes of the massless Dirac
operator.

Remarks on comparing eigenvalues for vanishing and non-vanishing mass: let
us denote by ±λ(0)n the positive and negative eigenvalues of D for m = 0, i.e. of i∇/ :
i∇/ψ(0)

±n,i = ±λ(0)n ψ
(0)
±n,i, where the additional index i for the corresponding eigenfunctions

takes into account that the eigenvalues ±λ(0)n can be degenerate. Now, for ±λ(0)n ̸= 0
these eigenfunctions are in general not eigenstates of γ∗ and, hence, the ψ

(0)
±n,i are not

eigenfunctions ofD = i∇/+mγ∗. Obviously then, there cannot be any linear relation between
the λn and the λ(0)n . However, we have D2ψ

(0)
±n,i =

(
(i∇/)2+m2)ψ(0)

±n,i =
(
(±λ(0)n )2+m2)ψ(0)

±n,i,
so that the ψ(0)

±n,i are eigenfiunctions of D2 with eigenvalues

λ2n = (λ(0)n )2 +m2. (2.92)
15Since the latter cannot be covarianty constant and hence must have α2 > 0 they necessarily have a

negative mean curvature: ⟨R⟩0 = −4α2.
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This means that the eigenfunctions ψn corresponding to λn can be identified with some
linear combination of the ψ(0)

±n,i, and similarly for the ψ−n = ψ∗
n corresponding to −λn.

2.5.2 Zero-modes on a general torus

Before discussing the case of arbitrary genus, let us first consider the zero-modes on the
torus where we can give very explicit results. The general torus is defined by a) the
periodicity conditions of the flat torus and b) a metric given by gµν = e2σ(x)δµν (i.e. ĝµν =
δµν), where σ(x) ≡ σ(x1, x2) must also satisfy the appropriate periodicity conditions. Thus
from (2.83) we get

D = ie−3σ(x)/2∂/ eσ(x)/2 +mγ∗ = e−3σ(x)/2(iσx∂1 + iσz∂2
)
eσ(x)/2 +mσy. (2.93)

The derivative and the mass terms behave differently under the conformal transformations.
However, we see that for zero mass, the zero-modes ψ0,i are simply determined by

Dm=0ψ0,i(x) = i∇/ψ0,i(x) = 0 ⇒ i∂/
(
eσ(x)/2ψ0,i(x)

)
= 0 , (2.94)

and one identifies eσ(x)/2ψ0(x) with the zero-modes ψ̂0,i of i∂/, i.e. the zero-modes of the
flat torus as determined above in (2.70). Actually, this argument generalises to arbitrary
genus as we will discuss shortly. What is special for the torus is that we know explicitly
the ψ̂0,i. Hence the two zero-modes of i∇/ are

ψ0,1(x) = c e−σ(x)/2 ψ̂0,1(x) = c
e−σ(x)/2

2π
√
2τ2

(
i

−1

)
,

ψ0,2(x) = c e−σ(x)/2 ψ̂0,2(x) = c
e−σ(x)/2

2π
√
2τ2

(
−i
−1

)
,

(2.95)

where c is a normalisation constant to be determined. Indeed, the normalisation now is
defined with respect to the metric g = e2σ ĝ as (no sum over i)

1 =
∫

d2x
√
g(x)ψ†

0,i(x)ψ0,i(x) =
∫

d2x
√
ĝ e2σ(x) |c|2

(2π)2τ2
e−σ(x) = |c|2

(2π)2τ2

∫
d2x

√
ĝ eσ(x).

(2.96)
Of course, the integral in the last expression is not the area which would be
A =

∫
d2x

√
ĝ e2σ(x). Also note that (2π)2τ2 is the area of the torus with metric ĝ, i.e.

for σ = 0. We now define the “area-like” parameters

A(n) =
∫

d2x
√
ĝ enσ(x) ⇒ A(2) = A , A(0) = Â = (2π)2τ2. (2.97)

Hence, up to a choice of phase, c =
√

Â
A(1)

= 2π
√

τ2
A(1)

, and

ψ0,1(x) =
e−σ(x)/2√

2A(1)

(
i

−1

)
, ψ0,2(x) =

e−σ(x)/2√
2A(1)

(
−i
−1

)
. (2.98)
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It follows that the projector on the zero-modes is

P0(x, y) =
2∑

i=1
ψ0,i(x)ψ†

0,i(y) =
e−(σ(x)+σ(y))/2

A(1)
12×2 =

e−(σ(x)+σ(y))/2∫
d2z

√
ĝ eσ

12×2 , (2.99)

which now depends on x and y, but is still proportional to the unit matrix (as for the flat
torus).

The zero-modes ψ0,1 and ψ0,2 as defined in (2.98) have definite chirality and then
also are eigenfunctions of D with non-zero mass. Indeed, we have γ∗ψ0,1 = ψ0,1 and
γ∗ψ0,2 = −ψ0,2 and then

Dψ0,1 = mψ0,1, Dψ0,2 = −mψ0,2. (2.100)

Thus, the above projector P0 also is the projector on the eigen-modes of D, that become
zero-modes when the mass is taken to zero.

2.5.3 Zero-modes of i∇/ for arbitrary genus g ≥ 1

We have seen before that for genus zero (spherical topology) there are no zero-modes of i∇/ ,
and we have just discussed the two zero-modes for a general genus-one manifold. Now we
want to establish some further general results valid for arbitrary genus. For higher genus
surfaces there are more zero-modes, but in any case there are only finitely many of them.
As already mentioned, their number depends [25, 26] on the spin structure and, for genus
g ≥ 3 also on the conformal class of the metric, i.e. on the ĝ(τi). Of course, within any
conformal class this number is fixed, and we have explicitly related the ψ0,i to the ψ̂0,i. As
usual, we suppose that the zero-modes are all ortho-normalised:

i∇/ψ0,i = 0,
∫

d2x
√
g(x)ψ†

0,i(x)ψ0,j(x) = δij . (2.101)

As already discussed, these zero-modes can be chosen to have definite chirality, so that
even for non-vanishing mass they continue to be eigenstates of the Dirac operator: Dψ0,i =
mγ∗ψ0.i = ±mψ0,i. Recall that the zero-modes of definite chirality necessarily are complex
and ψ0,i and ψ∗

0,i have opposite chirality and, hence, that there must be an even number
2n0 of zero-modes, n0 with positive chirality and n0 with negative chirality, resulting in
a vanishing index of i∇/. Let us then choose the labelling of the zero-modes such that
ψ0,i, i = 1, . . . n0 have positive chirality and ψ0,i, i = n0+1, . . . 2n0 have negative chirality,
and moreover such that ψ∗

0,i = ψ0,i+n0 , i = 1, . . . n0.
The projector on these zero-modes then is

P0(x, y) =
2n0∑
i=1

ψ0,i(x)ψ†
0,i(y) =

n0∑
i=1

(
ψ0,i(x)ψ†

0,i(y) + ψ∗
0,i(x)ψ∗

0,i
†(y)

)
. (2.102)

This is indeed a projector in the sense that we have, by (2.101), the relation∫
d2z

√
g(z)P0(x, z)P0(z, y) = P0(x, y). (2.103)
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Since the zero-modes were chosen to have definite chirality ±1 it follows that

γ∗P0(x, y)γ∗ = P0(x, y) ⇔
[
γ∗, P0(x, y)

]
= 0. (2.104)

Now, the only matrices that commute with γ∗ are 12×2 and γ∗ itself. It follows that P0 has
the following matrix structure

P0(x, y) = p0,0(x, y)12×2 + p0,∗(x, y) γ∗. (2.105)

One can also argue, by choosing a basis of real zero-modes instead, that P0(x, x) is real
and hermitian, excluding the γ∗-piece for coinciding points. However, this argument does
not exclude a γ∗-piece for x ̸= y. For an arbitrary torus (with modular parameter τ

and conformal factor σ), we could explicitly show that the matrix-structure is indeed
P0(x, y) ∼ 12×2, and it would be nice to show this for arbitrary genus.

It will also be useful to define similarly

Q0(x, y) =
n0∑
i=1

(
ψ0,i(x)ψ†

0,i(y)− ψ∗
0,i(x)ψ∗

0,i
†(y)

)
. (2.106)

Obviously

Q0(x, y) = γ∗P0(x, y) = P0(x, y)γ∗ = p0,0(x, y) γ∗ + p0,∗(x, y)12×2 , (2.107)

so that∫
d2z

√
g(z)Q0(x, z)Q0(z, y) =

∫
d2z

√
g(z)P0(x, z)P0(z, y) = P0(x, y). (2.108)

2.5.4 Conformal variation of the zero-modes and of the zero-mode projector

We will need the variation of the zero-modes under conformal transformations. For-
tunately this can be easily obtained exactly, generalising the above discussion for the
torus. Recall that under g = e2σ ĝ we have ∇/ = e−3σ/2∇̂/ eσ/2. Then ∇/ψ0,i = 0 is
equivalent to ∇̂/ (eσ/2ψ0,i) = 0 so that eσ/2ψ0,i is a zero-mode of ∇̂/ and we can identify
eσ(x)/2ψ0,i(x) ∼ ψ̂0,i(x), i.e. the zero-modes of ∇/ are ψ0,i(x) ∼ e−σ(x)/2ψ̂0,i(x). However, a
priori, they are not ortho-normalised. Instead, we can consider the linear combinations of
the n0 positive chirality zero-modes

ψ0,k(x) =
n0∑

j=1
e−σ(x)/2 ψ̂0,i(x) cik , (2.109)

and the corresponding complex conjugate relation for the negative chirality zero-modes.
Imposing the ortho-normality of the ψ0,k leads to

δkl =
∑
i,j

c∗ikP0,ijcjl , (2.110)

where we have defined the (constant) matrix P0 as

P0,ij =
∫

d2x
√
ĝ(x) eσ(x) ψ̂ †

0,i(x)ψ̂0,j(x). (2.111)
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Although the P0,ij are constants, they are actually functionals of the conformal factor
σ. In matrix notation (2.110) reads 1 = c†P0 c so that P0 = (c−1)†c−1 and P−1

0 =
c c† which shows that P0 is hermitian.16 In components this reads ckic

∗
li = (P0)−1

kl , and
inserting (2.109) into the above definition of the zero-mode projector P0 we find

P0(x, y) =
n0∑
i=1

ψ0,i(x)ψ†
0,i(y) + c.c. = e−(σ(x)+σ(y))/2

n0∑
i,j=1

(
(P−1

0 )ijψ̂0,i(x)ψ̂ †
0,j(y) + c.c.

)
.

(2.112)
Since Q0 = γ∗P0 = P0γ∗, Q0 obeys a completely analogous relation except that the
negative chirality modes contribute with a minus sign to the sum. Hence, it will be enough
if we further discuss P0 only. For our later computations it will also be useful to introduce
the following notations

P0(x, y) = e−σ(x)/2P 0(x, y)e−σ(y)/2, P 0(x, y) =
n0∑

i,j=1

(
(P−1

0 )ijψ̂0,i(x)ψ̂ †
0,j(y) + c.c.

)
,

(2.113)

P̂0(x, y) =
∑

i

(
ψ̂0,i(x)ψ̂†

0,i(y) + c.c.
)
. (2.114)

One must keep in mind that the quantity P 0(x, y) still depends on σ due to the appearance
of eσ in the ortho-normalisation matrix P0 of the zero-modes. Moreover, it is the inverse
matrix P−1

0 which appears in P 0. Hence, the overall σ dependences of the projectors are
rather non-trivial. Under an infinitesimal conformal variation with δσ we have

δP0(x, y) = −1
2
(
δσ(x) + δσ(y)

)
P0(x, y)−

[ n0∑
i=1

(c†δP0c)ij ψ0,i(x)ψ †
0,j(y) + c.c.

]
. (2.115)

A somewhat simpler quantity is
∫

d2y√g δσ(y) trP0(y, y) =
n0∑

i,j=1
(P−1

0 )ijδP0,ji + c.c. = 2 δ Tr logP0 = 2 δ log detP0 ,

(2.116)
where here Tr and det denote the trace and determinant of the n0 × n0 matrices and the
factor 2 occurs since P0 is hermitian and hence the trace is real.

How shall we interpret the quantities P0,ij? We have seen that for the example of a
torus, n0 = 1 and ψ̂ †

0,i(z)ψ̂0,i(z) = 1
Â

, where Â =
∫
d2z

√
ĝ. Hence there is a single P0

which equals P0 = A(1)

Â
with A(1) =

∫
d2z

√
ĝ eσ an area-like constant. Similarly, on a

general genus Riemann surface we will interpret the P0,ij as a finite number of area-like
parameters. Of course, the appearance of a term (P−1

0 )ij is non-local in σ but it is no more
non-local than a factor 1

A .

16Of course these relations only determine the matrix c up to right multiplication with any unitary matrix,
consistent with the fact that this just leads to another orthonormal basis of the positive chirality zero-modes
ψ0,k.
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3 Fermionic matter partition function and gravitational action

3.1 Fermionic functional integral for Majorana spinors

We define the matter partition function for fermionic matter with action S=
∫
d2x√g ψ†Dψ,

where D = i∇/+mγ∗, on a two-dimensional manifold with metric g as the functional integral

Zmat[g] =
∫

DΨexp (−S[g,Ψ]) , S[g,Ψ] =
∫

d2x√gΨ†DgΨ , (3.1)

where we wrote Dg to insist that this is the Dirac operator D for the metric g (and
corresponding vielbein e and spin connection ω). We want to consider here only Majorana
spinors Ψ, which means that Ψ(x) is an arbitrary anti-commuting real spinor and Ψ† ≡ ΨT.
The Dirac operator is purely imaginary. Nevertheless, our action is real, as it should.
Indeed, recall that for anti-commuting objects a and b, complex conjugation is defined as
hermitian conjugation and reverses the order, so that (ab)∗ = b∗a∗. Now (DgΨ)∗ = −DgΨ.
Then (S[g,Ψ])∗ =

∫ (
ΨTDgΨ

)∗ =
∫
((DgΨ)∗)TΨ = −

∫
(DgΨ)TΨ = +

∫
ΨTDgΨ = S[g,Ψ],

where we used the anti-commutativity in the last step.
Before going on, let us show that if we considered instead a Dirac spinor, i.e. an anti-

commuting complex spinor ΨDirac = Ψ+ iΨ̃, where Ψ and Ψ̃ are two anti-commuting real
(Majorana) spinors, the action for the Dirac spinor (with the same Dirac operator D) would
simply be the sum of the actions for the real and imaginary parts, Ψ and Ψ̃, separately
without any cross-term, namely

S[g,ΨDirac] = S[g,Ψ] + S[g, Ψ̃]. (3.2)

Indeed,

S[g,ΨDirac] =
∫

Ψ†
DiracDΨDirac =

∫
(Ψ + iΨ̃)†D(Ψ + iΨ̃)

= S[g,Ψ] + S[g, Ψ̃]− i

∫ (
Ψ̃†DΨ−Ψ†DΨ̃

)
,

(3.3)

and, using the hermiticity of D and the fact that Ψ and Ψ̃ are real and anti-commuting
and that D is purely imaginary, one easily shows that

∫ (
Ψ̃†DΨ − Ψ†DΨ̃

)
= 0. It then

follows rather straightforwardly that one has for the corresponding partition functions

ZDirac
mat [g] =

∫
DΨDirac exp(−S[g,ΨDirac]) =

∫
DΨDΨ̃exp

(
−S[g,Ψ]−S[g,Ψ̃]

)
=
(
Zmat[g]

)2
.

(3.4)
Thus the matter partition function for a Dirac spinor is simply the square of the matter
partition function for a Majorana spinor, and we may thus consider the latter as the more
“fundamental” object to study. Hence, for the remainder of this paper we will consider
Majorana spinors only.

We can then expand the anti-commuting real (Majorana) spinor Ψ on a complete set
of real eigenfunctions of Dg:

Ψ(x) = 1
√
µ

(∑
n

(bnχn(x) + cnϕn(x)) +
∑

i

diψ0,i(x)
)
. (3.5)
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Here and in the following it is understood that the ϕn and χn are the real eigenfunc-
tions of D2

g , satisfying Dgϕn = −iλnχn and Dgχn = iλnϕn (cf (2.55)) for strictly positive
eigenvalues λn > 0. In particular, they are orthonormalised according to (2.58). The or-
thonormalized zero-modes, if present, are denoted ψ0,i. Recall that zero-modes are present
only for m = 0 and genus g ≥ 1 and then there are only finitely many of them. Of course,
they are also orthogonal to the ϕn and χn.

The eigenfunctions χn, ϕn and ψ0,i are real, commuting functions, providing an or-
thonormalized basis. Since ψ is anticommuting, the expansion coefficients bn, cn, di must
be real and anti-commuting. Then

Ψ†(x) = 1
√
µ

(∑
n

(bnχ
†
n(x) + cnϕ

†
n(x)) +

∑
i

diψ
†
0,i(x)

)
, (3.6)

were actually χ†
n = χT

n , ϕ†n = ϕTn , ψ†
0,i = ψT

0,i. We have also introduced an arbitrary mass
scale µ so that these coefficients bn, cn, di are dimensionless. Indeed, from the normalisation
condition of the eigenmodes one sees that the χn, ϕn and ψ0,i have engineering dimension
one, i.e. χn ∼ ϕn ∼ ψ0,i ∼ µ, and since Ψ must have dimension 1

2 so that the action∫
d2x√gΨ†DgΨ is dimensionless, we see from (3.5) that bn, cn, di are indeed dimensionless

thanks to this explicit factor 1√
µ .

Inserting the expansions (3.5) and (3.6) into the action S as given in (3.1) we get,
thanks to the orthonomality of the eigenfunctions and the anticommutativity of the ex-
pansion coefficients bn and cn

S[g,Ψ] =
∫

d2x√gΨ†DgΨ = 2i
∑

n

λn

µ
cnbn , (3.7)

where of course only the non-zero modes contribute. Note that, despite the explicit
appearance of the factor i, this expression is real as we have shown before. Indeed,
(icnbn)∗ = −ibncn = +icnbn.

The functional integral measure DΨ is defined in terms of grassmann integrals over
these coefficients bn and cn as DΨ =

∫ ∏
l dbldcl, but not including the di. For grassmannian

variables the integrals are non-vanishing only if each bn and cn appears exactly once in the
integrand. Expanding the exponential then gives

Zmat[g] =
∫ ∏

l

dbl dcl exp
(
−2i

∑
n

λn

µ
cnbn

)
= N

∏
n

λn

µ
, (3.8)

where N is some overall (infinite) “normalisation” constant that will drop out in the end.
The product is only over all strictly positive eigenvalues λn. In principle one could have also
done the integral over the zero-mode coefficients di but then one needs to insert an extra
factor

∏
i di inside the functional integral to get a non-vanishing result. This result would

have been the same as in (3.8), where we excluded the zero-mode integration from the
beginning. Since there is a certain arbitrariness in dealing with the zero-modes, if present,
one can also define Zmat with some zero-mode related factor included (like e.g.

√
A in the

case of a scalar matter field, see [14]). We will come back to this point later.
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The gravitational action was defined in (1.1) as Zmat[g] = e−Sgrav[g,̂g]Zmat[ĝ], or equiv-
alently Sgrav[g, ĝ] = − log Zmat[g]

Zmat[ĝ]
, so that

Sgrav[g, ĝ] = − log
∏
n

λn[g]
µ

+ log
∏
n

λn[ĝ]
µ

. (3.9)

Since the product over n only involves the non-zero eigenvalues this is sometimes denoted
as
∏′

n, but in our convention n runs only over the non-zero eigenvalues anyway, so the prime
is not necessary. We may also rewrite this in terms of the determinant of D2, which has
eigenvalues λ2n for the χn and λ2n for the ϕn, and possibly 0 for the ψ0,i. The determinant
of D2 computed on the space of non-zero-modes is conventionally denoted by Det ′ so that
here we are interested in Det ′D2:

Det ′D2 =
(∏

n

λ2n

)2

, (3.10)

and
Sgrav[g, ĝ] = −1

4 log Det ′D2[g] + 1
4 log Det ′D2[ĝ]. (3.11)

3.2 Zeta function regularization

All these determinants and products of eigenvalues are, of course, ill-defined since the
infinite products are divergent, and have to be regularized. We will use the standard tool
of regularization via the corresponding zeta-functions [28, 29].

3.2.1 Zeta-functions of positive operators

The zeta-function of an operator O with eigenvalues Λn > 0 is defined as

ζO(s) =
∑

n

Λ−s
n . (3.12)

Proceeding formally, i.e. disregarding whether or not the series converges, the determinant
of O is related to the derivative of this zeta function at s = 0 as follows

ζ ′O(s) ≡
d
dsζO(s) = −

∑
n

(log Λn)Λ−s
n ⇒ ζ ′O(0) = −

∑
n

(log Λn) = − log DetO.

(3.13)
For the operator D2 we are interested in, the corresponding zeta-function is

ζD2(s) = 2
∑

n

(λ2n)−s , (3.14)

since each eigenvalue λ2n > 0 occurs twice, once with eigenfunction χn and once with
ϕn. Again, also, the sum obviously does not include any zero eigenvalue in case there are
zero-modes.

The zeta-function regularization is a standard technique to regulate and possibly assign
finite values to otherwise diverging sums. The zeta-functions of operators are generalisa-
tions of Riemann’s zeta function ζR, defined as

ζR(s) =
∞∑

n=1
n−s. (3.15)
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3.2.2 A short discussion of Riemann’s zeta function

It will be useful to briefly discuss some of the well-known properties of Riemann’s zeta-
function, in view of the generalisation of these properties to the zeta-functions of operators.
Riemann’s zeta function as defined by the sum (3.15) should be considered as a function
of a complex argument s ∈ C. Then the sum is absolutely convergent for ℜs > 1 (ℜs
designates the real part of s). Indeed, for complex s write s = s1 + is2 so that n−s =
n−s1n−is2 = n−s1e−is2 logn and |n−s| = n−s1 , which shows that the sum indeed converges
absolutely for s1 > 1, i.e. ℜs > 1. This then defines an analytic function ζR(s) for all
ℜs > 1. This function can be analytically continued to ℜs ≤ 1. The function that results
from analytically continuing ζR will still be still called ζR. Riemann has shown that this
analytic continuation defines a meromorphic function on the whole complex plane with a
single simple pole at s = 1 with unit residue. This means that ζR(s) is an analytic function
on all of C\{1} and that lims→1(s− 1)ζR(s) = 1. In particular, ζR(0) = −1

2 is finite.
An important ingredient in this analytic continuation is Euler’s Gamma function,

defined as
Γ(s) =

∫ ∞

0
dt ts−1e−t, ℜs > 0. (3.16)

Integrating by parts, it is trivial to show that, for ℜs > 0, Γ(s) satisfies the functional
relation Γ(s+1) = sΓ(s). This relation can then be used to define Γ(s) for ℜs ≤ 0, except
at the isolated points s = 0,−1,−2, . . .. Indeed, the functional relation shows that Γ(s)
has simple poles at all negative integers and 0, and is otherwise analytic. Similarly, for
ℜs > 1, the sum (3.15) admits a simple integral representation

∞∑
n=1

n−s = 1
Γ(s)

∫ ∞

0
dt ts−1 1

et − 1 , ℜs > 1 , (3.17)

as one sees by expanding (et − 1)−1 =
∑∞

n=1 e
−nt, and interchanging the sum and the

integral, which is justified when both sums converge absolutely, i.e. for ℜs > 1. For later
reference let us denote

KR(t) =
∞∑

n=1
e−tn = 1

et − 1 , (3.18)

and refer to it as the “Riemann heat kernel”. Then the previous equation can be sum-
marised as

ζR(s) =
1

Γ(s)

∫ ∞

0
dt ts−1KR(t). (3.19)

We will heavily use a generalisation of this relation later-on.
The basic functional relation used to perform the analytic continuation of ζR is the

identity proven by Riemann: the function ξ(s) = π−s/2Γ(s/2)ζR(s) satisfies ξ(s) = ξ(1−s).
The proof of this identity uses various standard techniques including Poisson resummation
and Mellin transforms of theta functions (similar to the integral representation (3.17)). We
will not go into details here. Instead, we will give a heuristic argument why the integral
representation (3.17) or (3.19) of ζR can be analytically continued to yield a meromorphic
function on the whole complex plane with a single simple pole at s = 1 with residue 1.
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Again, this argument will be generalised below to study the zeta-function associated with
our operator D2.

First, observe that any singularity of the integral
∫∞
0 dt ts−1 1

et−1 can only come from
the region t → 0 where the integrand behaves as ts−2, while for t → ∞ the exponential
decrease of the integrand ensures convergence. So let us isolate this small-t region by
choosing some small (but finite) positive real ϵ > 0 and split the integral (3.17) into 2
parts:

1
Γ(s)

(∫ ϵ

0
dt ts−1 1

et − 1 +
∫ ∞

ϵ
dt ts−1 1

et − 1

)
. (3.20)

In the first integral we can replace 1
et−1 = 1

t+t2/2+...
by 1

t up to terms that contribute at
most an order ϵ correction. Then the first integral is elementary and yields∫ ϵ

0
dt ts−2 = ts−1

s− 1

∣∣∣ϵ
0
= ϵs−1 − 0

s− 1 since ℜs > 1. (3.21)

This term exhibits the pole at s = 1. Indeed, letting s → 1 (for fixed ϵ) one has ϵs−1 =
e(s−1) log ϵ = 1 + (s − 1) log ϵ + . . . and we get for the first integral 1

s−1 + log ϵ + O(s − 1).
On the other hand, the second integral in (3.20) is regular for all s ∈ C and defines some
analytic function for all s ∈ C. We see that this allows to define ζR as a meromorphic
function on C with a single simple pole at s = 1 with residue 1. One might still worry about
the order ϵ-corrections to the first integral as they seem to lead to

∫ ϵ
0 dt ts−1 = ts

s

∣∣∣ϵ
0
= ϵs−0

s ,
i.e. to a pole at s = 0. However, this pole is cancelled by the zero of 1

Γ(s) at s = 0. The
same cancellation occurs for all would-be poles at all negative integers. Hence there is only
a single pole at s = 1.

3.2.3 Expressing the gravitational action in terms of ζD2

Let us now come back to the zeta-function (3.14) of our operator D2. In the next section, we
will discuss the convergence properties of the sum, as well as the properties of its analytic
continuation, and see that just as ζR, our ζD2(s) is analytic, except for a single simple pole
at s = 1. Hence, formally taking the derivative of the sum with respect to s and setting
s = 0 gives as before

ζ ′D2(0) = −2
∑

n

(log λ2n) = −2 log
∏
n

λ2n. (3.22)

Of course, the expression on the left-hand side is computed from the analytic continuation
and thus provides a way to make sense of the otherwise diverging sum on the right-hand
side. Similarly, (log µ2) ζD2(0) = 2

∑
n logµ2 = −2 log

∏
n

1
µ2 . These ζD2 depend on the

metric g via the dependence of D2 on g. Thus, to indicate the dependence on g we should
denote them as ζD2

g
but for notational convenience we will simple denote them as ζg. Then

−2 log
∏
n

λ2n
µ2

= ζ ′D2
g
(0) + (log µ2) ζD2

g
(0) ≡ ζ ′g(0) + (log µ2) ζg(0). (3.23)

It follows that the (regularized) gravitational action is

Sgrav[g, ĝ] =
1
4
(
ζ ′g(0) + (log µ2) ζg(0)

)
− 1

4
(
ζ ′

ĝ
(0) + (log µ2) ζ ′

ĝ
(0)
)
. (3.24)
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We want to determine this gravitational action for gµν(x) = e2σ(x)ĝµν(x). Our strategy
will be to first determine δSgrav for infinitesimal δσ (around an arbitrary metric g) and then
“integrate” this variation to obtain Sgrav[g, ĝ]. Obviously, the variation of the gravitational
action is given in terms of the variation of the zeta-function ζg(s) (and of its derivative
ζ ′g(s)) around s = 0. To obtain this variation, we need to study the variations of the
eigenvalues λn under a corresponding variation of the Dirac operator D, which we will do
next. To fully exploit these results we will need to study in some detail Green’s functions,
local zeta functions and local heat kernels and their variations - which will be the subject
of section 4.

3.3 Variation of the eigenvalues: perturbation theory

We want to study how the eigenvalues λn (or λ2n) change under local conformal rescalings
of the metric with some δσ(x). The variation δD = iδ∇/ of the Dirac operator D has
been obtained in section 2.4, see eqs (2.80) and (2.84). Recall that Dχn = iλnϕn and
Dϕn = −iλnχn. Then under D → D+δD we have λn → λn+δλn, as well as χn → χn+δχn

and ϕn → ϕn + δϕn:

(D + δD)(χn + δχn) = i(λn + δλn)(ϕn + δϕn) ⇒ δDχn +Dδχn = iδλnϕn + iλnδϕn.

(3.25)
Taking the inner product with ϕn and using the hermiticity of D one gets

iδλn(ϕn, ϕn) = (ϕn, δDχn) + (ϕn, Dδχn)− iλn(ϕn, δϕn)
= (ϕn, δDχn) + iλn(χn, δχn)− iλn(ϕn, δϕn)

(3.26)

so that
δλn = −i(ϕn, δDχn) + λn

(
(χn, δχn)− (ϕn, δϕn)

)
. (3.27)

In “ordinary” first order perturbation theory in quantum mechanics one has a relation
analogous to (χn, δχn) = (ϕn, δϕn) = 0 that translates that both χn and χn + δχn are
normalised to one, and similarly for the ϕn. Here, however, one must take into account
that the χn and ϕn are normalised with the metric g, while χn + δχn and ϕn + δϕn are
normalised with the metric e2δσg. Let us write out what this implies (to first order in the
perturbation):

1 =
∫

d2x√g e2δσ (χn + δχn)†(χn + δχn) =
∫

d2x√g
(
χ†

nχn +2δσχ†
nχn + δχ†

nχn +χ†
nδχn

)
(3.28)

The first term
∫
d2x√g χ†

nχn is just (χn, χn) = 1, while δχ†
nχn = δχT

nχn = χT
n δχn = χ†

nδχn

and we get
(χn, δχn) = −

∫
d2x√g δσ(x)χ†

n(x)χn(x) ≡ −
∫
δσ χ†

nχn , (3.29)

where
∫
. . . is short-hand for

∫
d2x√g . . .. Similarly, (ϕn, δϕn) = −

∫
δσϕ†nϕn. Replacing

δD = iδ∇/, we can then rewrite (3.27) as

δλn = (ϕn, δ∇/χn) + λn

∫
δσ
(
ϕ†nϕn − χ†

nχn
)
. (3.30)
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Next, we insert δ∇/ = −δσ∇/+ 1
2∂/δσ, cf. (2.84), and integrate by parts (cf (2.29)), so that

(ϕn, δ∇/χn) = −
∫
δσϕ†n∇/χn+

1
2

∫
∂λδσϕ

†
nγ

λχn =−
∫
δσ

(
ϕ†n∇/χn+

1
2(∇/ϕn)†χn+

1
2ϕn∇/χn

)
= −

∫
δσ

(
−iϕ†n(D−mγ∗)χn+

i

2
(
(D−mγ∗)ϕn

)†
χn−

i

2ϕ
†
n(D−mγ∗)χn

)
= −

∫
δσ

(3
2λnϕ

†
nϕn−

1
2λnχ

†
nχn+imϕ†nγ∗χn

)
, (3.31)

and then
δλn = −

∫
δσ
(λn

2 (ϕ†nϕn + χ†
nχn) + imϕ†nγ∗χn

)
. (3.32)

Since ϕn, χn and iγ∗ are real, we have ϕ†niγ∗χn = (ϕ†niγ∗χn)† = χ†
n(−i)γ∗ϕn, and we can

also rewrite this as

δλn = −1
2

∫
δσ
(
λn(ϕ†nϕn + χ†

nχn) + im(ϕ†nγ∗χn − χ†
nγ∗ϕn)

)
. (3.33)

This allows us to express the variation of ζ(s) as

δζ(s) = 2
∑

n

δ
(
λ−2s

n

)
= −4s

∑
n

δλn

λ2s+1
n

= 2s
∫
δσ
∑

n

( 1
λ2s

n

(ϕ†nϕn + χ†
nχn) + im

1
λ2s+1

n
(ϕ†nγ∗χn − χ†

nγ∗ϕn)
)
.

(3.34)

Let us make a remark about zero-modes if they are present. By zero-modes we here
mean solutions ψ0,i of i∇/ψ0,i = 0, or in terms of the real and imaginary parts i∇/ ϕ0,i =
i∇/χ0,i = 0. Then iλ0ϕ0,i = Dχ0,i = mγ∗χ0,i so that necessarily λ0 = m and γ∗χ0,i =
iϕ0,i. Similarly γ∗ϕ0,i = −iχ0,i. We have seen that under a conformal transformation the
zero-modes change in a rather simple way so as to remain zero-modes of the conformally
transformed i∇/. In particular then the new eigenvalue is still λ0 = m, so that

δλ0 = 0. (3.35)

Let us check this from (3.32). One has ϕ†0,iϕ0,i = −iϕ†0,iγ∗χ0,i, and χ†
0,iχ0,i = iχ†

0,iγ∗ϕ0,i =(
iχ†

0,iγ∗ϕ0,i
)† = −iϕ†0,iγ∗χ0,i. It follows that the bracket on the right-hand side of (3.32)

vanishes for n = 0, confirming δλ0 = 0. It follows that in (3.34) we can just as well exclude
the contributions of the zero-modes and replace

∑
n →

∑
n ̸=0.

4 The tool box: heat kernels, zeta-function and Green’s functions

In this section we set up and discuss the technical tools we need to obtain the gravitational
action. This includes in particular local heat kernels, local zeta functions and Green’s
functions. As we will see, they are all related through various relations. An important
detailed computation about one of the two the heat kernels we introduce, namely K+, is
deferred to appendix A. Some partial results about the other heat kernel (K−) are presented
in appendix B. General references on the heat kernel are [23, 24, 30, 31].
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4.1 The basic tools: definitions, relations and properties

Throughout this section we assume the mass m is non-vanishing, so that D = i∇/+mγ∗ has
no zero-modes. As discussed above, i∇/ has zero-modes for manifolds of genus g ≥ 1, but
the non-vanishing mass implies that λn ≥ m > 0. The absence of zero-modes of D is an
important assumption. It means in particular that all zeta-functions ζ, Green’s functions
G, determinants Det , etc can be straightforwardly defined in terms of sums or products of
all eigenvalues / eigenfunctions. On the other hand, in the zero-mass limit the zero-modes
of i∇/ become zero-modes of D. One can then still define corresponding quantities ζ̃, G̃,
Det ′ etc by excluding the zero-modes from the sum / product. However, these modified
quantities satisfy different relations from those satisfied by ζ, G and Det . For example, the
Green’s function G(x, y) of D2 satisfies D2

xG(x, y) = δ(2)(x−y)12×2 while in the presence of
zero-modes, G̃(x, y) satisfies a similar relation, D2

xG̃(x, y) = δ(2)(x−y)12×2−P0(x, y) where
on the right-hand side one must subtract P0(x, y), the projector on the zero-modes, which
was discussed in subsection 2.5. Since we are interested in the effective gravitational action
for massive matter, one might think that this complication just does not occur. However,
for massive bosonic (scalar) matter a fruitful method was to do a small mass expansion
around zero-mass, and the same will be true here. One must then express everything in
terms of quantities that have a smooth limit as m → 0, and these are the G̃, ζ̃, etc. On
the torus we could compute the zero-mode projector exactly, and on higher genus Riemann
surfaces we could still sufficiently characterise its structure. This will allow us in the next
section to obtain the variation of the gravitational action in an expansion in m2 to all
orders, and on arbitrary genus Riemann surfaces. This is quite some progress with respect
to [1]!

Having said this, we emphasize again that throughout this section we assume that
D has no zero-modes (i.e. that either m ̸= 0 or that we deal with spherical topology).
Recall that we had defined the complex eigenfunctions ψn and ψ∗

n (and hence also the real
eigenfunctions χn and ϕn) such that λn > 0 and

Dψn = λnψn, Dψ∗
n = −λnψ

∗
n, Dχn = iλnϕn, Dϕn = −iλnχn. (4.1)

In terms of these eigenfunctions the completeness relation reads
∑

n

(
χn(x)χ†

n(y) + ϕn(x)ϕ†n(y)
)
=
∑

n

(
ψn(x)ψ†

n(y) + ψ∗
n(x)(ψ∗

n(y))†
)
= δ(2)(x− y)

√
g

12×2.

(4.2)

4.1.1 Local zeta-functions

We define two local zeta-functions ζ+(s, x, y) and ζ−(s, x, y) as

ζ+(s, x, y) =
∑

n

λ−2s
n

(
χn(x)χ†

n(y) + ϕn(x)ϕ†n(y)
)
,

ζ−(s, x, y) =
∑

n

λ−2s
n

(
χn(x)ϕ†n(y)− ϕn(x)χ†

n(y)
)
, (4.3)

where x = (x1, x2) and y = (y1, y2) denote points on the manifold. Note that these local
zeta-functions are real 2 × 2-matrices. They can also be rewritten in terms of the ψn
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and ψ∗
n as

ζ+(s, x, y) =
∑

n

λ−2s
n

(
ψn(x)ψ†

n(y) + ψ∗
n(x)(ψ∗

n)†(y)
)
,

ζ−(s, x, y) = i
∑

n

λ−2s
n

(
ψn(x)ψ†

n(y)− ψ∗
n(x)(ψ∗

n)†(y)
)
. (4.4)

As we will see below, ζ+(1, x, y) is the Green’s function of D2, while −iζ−(12 , x, y) is the
Green’s function of D. It is for this reason that we need to introduce the “strange-looking”
ζ−(s, x, y).

As mentioned above, we will also encounter the local zeta-functions ζ̃±(s, x, y) with
the zero-modes of i∇/ (if present) excluded from the sums. The contributions of these zero-
modes is precisely given in terms of the zero-mode projectors P0 defined in (2.102) and Q0
defined in (2.106). Hence we obviously have

ζ̃+(s, x, y) = ζ+(s, x, y)−
P0(x, y)
m2s

, ζ̃−(s, x, y) = ζ+(s, x, y)− i
Q0(x, y)
m2s

. (4.5)

There is an important relation between ζ+ and ζ− which generalises the relation be-
tween the corresponding Green’s functions. It follows immediately from (4.1) and the
definitions (4.3) that

Dx ζ+(s, x, y) = −i ζ−
(
s− 1

2 , x, y
)
, Dx ζ−(s, x, y) = i ζ+

(
s− 1

2 , x, y
)
,

D2
x ζ±(s, x, y) = ζ±(s− 1, x, y) , (4.6)

where the subscript x on D indicates that the derivatives are with respect to x. Since
DxP0(x, y) = mγ∗P0(x, y) = mQ0(x, y) and DxQ0(x, y) = mγ∗Q0(x, y) = mP0(x, y), these
relations (4.6) immediately also carry over to the ζ̃±(s, x, y).

Denoting the trace over the 2× 2 matrices by tr , and using the orthonormality of the
ϕn and χn we have∫

d2x√g tr ζ+(s, x, x) = 2
∑

n

λ−2s
n ≡ ζ(s),

∫
d2x√g tr ζ−(s, x, x) = 0 , (4.7)

where ζ(s) is the zeta function of D2.
The following (anti-) hermiticity relations follow directly from the definitions (4.3):(
ζ+(s, x, y)

)† = ζ+(s, y, x) ⇒ ζ+(s, x, x) is real and hermitian ,(
ζ−(s, x, y)

)† = −ζ−(s, y, x) ⇒ ζ−(s, x, x) is real and anti-hermitian. (4.8)

There are 3 possible hermitian and real matrices, namely σx, σz and 12×2, while there is
only a single real and anti-hermitian matrix, namely iγ∗. Hence, we can already assert that

ζ−(s, x, x) ∼ iγ∗ . (4.9)

On the other hand, for ζ+(s, x, x) the present argument would allow 3 possible matrix
structures, while later-on we will find that ζ+(s, x, x) ∼ 12×2 .
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The convergence properties of these local zeta-functions depend essentially on the
large-n behaviour of the eigenvalues λ2n. Indeed, equation (4.7) more or less suggests
that multiplying the λ−2s

n by χ†
n(x)χn(y) and ϕ†n(x)ϕn(y) does not change the convergence

properties.17 Of course, discussing the convergence of a sum of functions (or even functions
of 2 arguments) needs somewhat more care and requires specifying an appropriate norm in
which the convergence is to be appreciated, but without going into these details it is clear
that we get a good deal of information about the convergence of the local zeta-functions by
studying the behaviour of the large eigenvalues, which amounts to studying the convergence
of the (integrated) zeta-function ζ(s).

The behaviour of the large eigenvalues of D2 is dictated by the leading 2-derivative
term in D2 which, by (2.48), is the same as the one of the scalar Laplacian, and which is
the same as in flat space (with periodic boundary conditions). This amounts to saying that
the large eigenvalue behaviour (“UV-behaviour”) reflects the short-distance properties of
the manifold, and at short distances all manifolds are locally flat. Thus the leading large n
behaviour of the λn must be the same as in the case of the flat torus where the eigenvalues
depend on two integers n1 and n2. We have seen before that for general periods of the torus
the eigenvalues are λ2n⃗ = n21 +

(n2+τ1n1
τ2

)2 +m2. Thus, for large eigenvalues we will always
have λ2n ≡ λ2n⃗ ≃ a2

[
n21+

(n2+τ1n1
τ2

)2] for some a which sets the scale. This is essentially the
statement of Weyl’s law [32] about the large eigenvalues of the Laplace operator.18 Then
for large |n1| and large |n2| we approximately have

∑
(n1,n2) ̸=(0,0)

λ−2s
n ≃ a−2s

∑
(n1,n2) ̸=(0,0)

[
n21 +

(
n2 + τ1n1

τ2

)2
]−s

≃ a−2s
∫

k⃗ /∈D
d2k

[
k21 +

(
k2 + τ1k1

τ2

)2]−s

,

(4.10)

where D is some domain “of unit radius” around the origin. Assuming convergence, we
change variables to p1 = k1, p2 = k2+τ1k1

τ2
and go to polar coordinates so that

∑
n1,n2

λ−2s
n ≃ 2πa−2sτ2

∫ ∞

1
dp p (p2)−s = πa−2sτ2

∫ ∞

1
dξ ξ−s

≃ πa−2sτ2

∞∑
n=1

n−s = πa−2sτ2 ζR(s).
(4.11)

We see that the convergence properties of the zeta-functions of Laplace-like operators in
two dimensions are exactly the same as for Riemann’s zeta-function ! It follows that, just

17This argument is certainly true for the convergence properties of the sum. For large eigenvalues, we
expect the corresponding ψn(x)ψ†

n(y) to be rapidly oscillating functions of x and y, leading to cancellations
between adjacent terms in the sum, and thus to a possible improvement of the convergence of the sum. But
this rapidly oscillating behaviour and the corresponding cancellations also mean that one has to examine
more carefully the usual argument made for the heat kernel, see below, that for small t the sum is dominated
by the large eigenvalues.

18We see that the behaviour of the large eigenvalues does not depend much on the details of the geometry.
It depends to some extend on the global structure like boundary conditions. And it does, of course, crucially
depend on the dimensionality of the manifold.
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as for the sum defining Riemann’s zeta function ζR(s), the zeta function ζ(s) ≡ ζD2(s) is
defined by a convergent sum for ℜs > 1. As explained before, we then also expect that
the sums defining the local zeta-functions ζ±(s, x, y) are convergent expressions for ℜs > 1
and are otherwise defined by analytical continuation. Below, we will indeed confirm this
expectation and show that, for x ̸= y, ζ±(s, x, y) can be defined as analytic functions for
all s ∈ C, and that ζ+(s, x, x) has a single pole at s = 1 while ζ−(s, x, x) has a single pole
at s = 1

2 .

4.1.2 Local heat kernels

We similarly define local heat kernels that are again 2× 2-matrices:

K+(t, x, y) =
∑

n

e−λ2
nt(χn(x)χ†

n(y) + ϕn(x)ϕ†n(y)
)

=
∑

n

e−λ2
nt(ψn(x)ψ†

n(y) + ψ∗
n(x)(ψ∗

n)†(y)
)
,

K−(t, x, y) =
∑

n

e−λ2
nt(χn(x)ϕ†n(y)− ϕn(x)χ†

n(y)
)

= i
∑

n

e−λ2
nt(ψn(x)ψ†

n(y)− ψ∗
n(x)(ψ∗

n)†(y)
)
.

(4.12)

Again, if necessary, one can also define the corresponding local heat kernels with the zero-
modes of i∇/ excluded as

K̃+(t, x, y) = K+(t, x, y)− e−m2tP0(x, y), K̃−(t, x, y) = K−(t, x, y)− ie−m2tQ0(x, y).
(4.13)

One could also define

K(t, x, y) = 1
2K+(t, x, y)−

i

2K−(t, x, y) =
∑

n

e−λ2
ntψn(x)ψ†

n(y). (4.14)

Then the real functions K± constitute (2 times) the real and (−2 times) the imaginary
parts of 2K.

It follows from (4.12) that the large-t behaviour of the heat kernels is controlled by the
smallest eigenvalue. Since we assumed that there is no zero-mode, we have λ2n > 0 and for
t → ∞ all our heat kernels vanish (at least) as e−λ2

mint, where λmin denotes the smallest
eigenvalue:

K±(t, x, y) ∼t→∞ O(e−λ2
mint). (4.15)

From the definitions (4.12) one sees that K+ and K− (and hence also K) satisfy the
“generalised heat equation” ( d

dt +D2
x

)
K±(t, x, y) = 0 , (4.16)

where the subscript x on D2 indicates that the derivatives are with respect to x. In
appendix A we explain how one can obtain the asymptotic small-t expansion of K+(t, x, y)
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from this differential equation and an appropriate “initial” condition for K+. Indeed, one
sees from the definition (4.12) and the closure relation (4.2) that for t→ 0 we have

K+(t, x, y) ∼
δ(2)(x− y)

√
g

12×2 , (4.17)

which is the “usual” initial condition for a heat kernel, as also assumed in the appendix.
However, no such simple initial condition holds for K−. This is why the method of appendix
A yields K+ and not K−. In particular, in the appendix we work out the relevant first few
terms of the small-t expansion of K+ which we will need below.

Another way to see the differences between K+ and K− is to note that K+ contains the
full sum of all eigenfunctions of D, namely the ψn and the ψ∗

n. Thus if one uses a different
basis for these eigenfunctions one still gets the same K+. Moreover, the ψn and the ψ∗

n

appear symmetrically. We can write K+(t, x, y) = ⟨x|
∑

λ2
n
e−λ2

ntP (λ2n) |y⟩ where P (λ2n) is
the projector on the eigenspace of D2 with eigenvalue λ2n. This makes clear that one could
use any basis of eigenfunctions of D2. This also explains why one is able (in principle)
to obtain K+ uniquely by solving the heat equation (4.16) for the operator D2 with the
appropriately prescribed initial condition. However, this is not true for the imaginary
part K− of K. We see from (4.12) that the definition of K− is not simply a sum over all
eigenfunctions of D2, but that we made a certain distinction between the eigenfunctions
of D with eigenvalues λn > 0 and those with eigenvalues −λn < 0. (Recall that we always
take λn > 0.) Clearly, the operator D2 does not make this distinction, and hence, one
cannot simply get the K− by solving (4.16).

What can be said about the matrix structure of the heat kernel K+(t, x, y) ? As
just explained, K+ can be obtained by solving the heat equation (4.16) with initial con-
dition (4.17). Now it is clear from (2.43) and (2.48), that the matrix structure of D2 is
1(. . .) + γ∗(. . .). It then follows that K+(t, x, y) must have the same matrix structure:

K+(t, x, y) = K0
+(t, x, y)1 +K∗

+(t, x, y) γ∗. (4.18)

What can be said about K−? Define an auxiliary quantity L(t, x, y) as

L(t,x,y)=i
∑

n

e−λ2
nt

λn

(
χn(x)χ†

n(y)+ϕn(x)ϕ†n(y)
)
=i
∑

n

e−λ2
nt

λn

(
ψn(x)ψ†

n(y)+ψ∗
n(x)(ψ∗

n)†(y)
)
,

(4.19)
which is now constructed from the eigenfunctions and eigenvalues of D2 only, without any
distinction between positive and negative eigenvalues. We then have

K−(t, x, y) = DxL(t, x, y) , (4.20)

Obviously, L(t, x, y) also satisfies the heat equation (4.16). Its initial condition is

L(t, x, y) ∼t→0 i
∑

n

1
λn

(
χn(x)χ†

n(y) + ϕn(x)ϕ†n(y)
)
. (4.21)

However, contrary to the completeness relation, we do not recognise here any known func-
tion (or distribution). This prevents us from obtaining L in analogy to what is done for
K+ in appendix A.
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Let us nevertheless see what we can say about K− and K+ on general grounds. In
analogy with the discussion for the local heat kernels, it follows directly from the defini-
tions (4.12) of K+ and K− in terms of the eigenfunctions ψn and ψ∗

n that

(K+(t, x, y))† = K+(t, y, x), (K−(t, x, y))† = −K−(t, y, x) , (4.22)

so that for x = y we simply have

(K+(t, x, x))† = K+(t, x, x), (K−(t, x, x))† = −K−(t, x, x). (4.23)

This means that K+(t, x, x) is hermitian and K−(t, x, x) is anti-hermitian. Moreover, they
are both real. The only real and anti-hermitian matrix is iγ∗ and it follows that:

K+(t, x, x) ∼ 12×2, K−(t, x, x) ∼ γ∗. (4.24)

4.1.3 Relating zeta functions and heat kernels

There is a well-known relation between zeta-functions and heat kernels which generalises
the relation (3.19) for Riemann’s zeta function. This relation also generalises to the local
zeta-functions and local heat kernels we have defined:

ζ±(s, x, y) =
1

Γ(s)

∫ ∞

0
dt ts−1K±(t, x, y). (4.25)

Indeed, these relations (4.25) follow trivially (for ℜs > 1) from inserting the definitions of
K± as a sum over the eigenvalues and eigenfunction, interchanging sum and integration
and doing the integrations term per term as (Γ(s))−1 ∫∞

0 dt ts−1 e−tλ2
n = λ−2s

n (Γ(s))−1∫∞
0 dt′ t′s−1 e−t′ = λ−2s

n . Then, the relation (4.25) can be obtained on all of C as an
identity between meromorphic functions by analytic continuation.

The relation (4.25) is a special case of the Mellin transform. The Mellin transform
M(f) of a (continuous) function f is

φ(s) ≡ (M(f))(s) =
∫ ∞

0
dt f(t) ts−1. (4.26)

If this integral is absolutely convergent in a strip a < ℜs < b, then φ(s) is analytic in this
strip, and f can be recovered by the inverse Mellin transform defined as

f(t) = (M−1(φ))(t) = 1
2πi

∫ c+i∞

c−i∞
dsφ(s) t−s , a < c < b. (4.27)

We can then interpret equation (4.25) by saying that the Γ(s) ζ±(s, x, y) are the Mellin
transforms of the heat kernels K±(t, x, y). The inverse Mellin transform then allows us to
get the heat kernels back from the zeta functions as

K±(t, x, y) =
1
2πi

∫ c+i∞

c−i∞
ds t−s Γ(s) ζ±(s, x, y) , (4.28)

where the real c must be chosen such that Γ(c+ iσ) ζ±(c+ iσ, x, y) is analytic for all real
σ and tends uniformly to zero as σ → ±∞. One can show that any c > 1 is a convenient
choice. This is discussed in more detail below.
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The relation (4.25) translates (4.24) into the corresponding relations for the zeta-
functions at coinciding points, confirming the structure of ζ−(s, x, x) already obtained
earlier, and providing the corresponding result for ζ+(s, x, x):

ζ+(s, x, x) ∼ 12×2, ζ−(s, x, x) ∼ γ∗. (4.29)

As already discussed, one can get quite some information about K+ from the differential
equation it satisfies, which is not the case of K−. However, much of the information about
K+ translates via (4.25) into corresponding information about ζ+. We can then use the
relations (4.6) to obtain ζ− from ζ+ and obtain the corresponding information about ζ−.
Finally one can use the inverse Mellin transformation to deduce statements about K−.

To begin with note that, since ζ+ can be obtained from K+ by (4.25), its matrix
structure must be the same (cf (4.18)):

ζ+(s, x, y) = ζ0+(s, x, y)12×2 + ζ∗+(s, x, y)γ∗. (4.30)

Next, recall from (2.50) that i∇/ = iσxD1 + iσzD2, where D1 and D2 are some differential
operators not involving any matrix. It follows that i∇/ γ∗ = −iγ∗∇/ = −σzD1 + σxD2 and

tr i∇/ = tr γ∗i∇/ = tr i∇/ γ∗ = 0. (4.31)

Recall the first relation (4.6) which we rewrite as γ∗ζ−(s, x, y) = iγ∗(i∇/x + mγ∗)ζ+(s +
1
2 , x, y). Then taking the Dirac trace of this relation, only the part ∼ m survives:

tr γ∗ζ−(s, x, y) = im tr ζ+
(
s+ 1

2 , x, y
)
. (4.32)

As we will see in the next subsection, the variation of the gravitational action involves only
tr ζ+(s, x, x) and tr γ∗ζ−(s, x, x), and the previous relation shows that the knowledge of
tr ζ+(s, x, x) should be all we need to know. But we can also easily establish this same
relation without the traces: we have seen in (4.29) that ζ−(s, x, x) ∼ γ∗ and ζ+(s, x, x) ∼
12×2, so that indeed

ζ−(s, x, x) = imγ∗ ζ+

(
s+ 1

2 , x, x
)
. (4.33)

We will soon show that ζ+(s, x, x) is a meromorphic function with a single pole at s = 1.
The previous relation should be understood as an identity between meromorphic functions
and, in particular, ζ−(s, x, x) then has a single pole at s = 1

2 . Let us insist that one
should not conclude from this relation that ζ−(s, x, x) vanishes for m = 0, since our whole
discussion assumed that there are no zero-modes of the Dirac operator. It is only for
spherical topology where this conclusion would be correct, while for genus larger or equal
to one, we expect ζ+(s, x, x) to contain a contribution ∼ 1

ms , so there is a possible zero-mode
contribution to ζ−(s, x, x) even as m→ 0.

4.1.4 Small-t asymptotics and poles of zeta functions at coinciding points

Let us now study the possible singularities of the integrals (4.25) in order to establish the
analyticity properties of ζ±(s, x, y). Since K± vanish exponentially for large t, cf (4.15),
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the integral always converges at t→ ∞. Hence any divergences of the integral must come
from the region t→ 0 where the K± are singular. Thus any singularities (poles) of the zeta-
functions are related to the small-t behaviour of the heat kernel. Furthermore, since Γ(s)
has poles at s = 0,−1,−2, . . ., one sees that 1

Γ(s) vanishes at s = 0,−1,−2, . . ., resulting in
finite values of the zeta-functions at s = 0,−1,−2, . . .. In particular, these finite values are
also determined by the divergences of the integral due to the small-t behaviour of K. We
will explain this in further detail below. There is quite some abundant literature on the
small-t asymptotics of heat kernels associated to various differential operators, in particular
at coinciding points x = y.

The general expectation is that, due to the presence of e−λ2
nt, the small-t behaviour of

the heat kernel is related to the behaviour of the large eigenvalues of order λ2n ∼ 1
t , and as

discussed above, this is related to the leading-derivative terms of the differential operator
D2 and the small-scale structure of the manifold. However, while this expectation turns out
to be correct for our heat kernels K±(t, x, x) at coinciding points, as well as for K+(t, x, y)
at x ̸= y, it will not be true for K−(t, x, y) at x ̸= y. Indeed, for x ̸= y, the local heat
kernels not only involve the e−λ2

nt but also the ψn(x)ψ†
n(y) and the latter typically oscillate

rapidly for large n (large λ2n). This can potentially lead to important cancellations and
correspondingly the sum no longer is dominated by the eigenvalues of order λ2n ∼ 1

t but
by much smaller eigenvalues already. Obviously, this will change the small-t aymptotics of
K−(t, x, y). We will see this very explicitly in appendix B for the K−(t, x, y) on the flat
torus.

As explained above, our heat kernel K+ can, in principle, be entirely determined by
solving the heat equation. In particular, its small-t behaviour can be determined in an
asymptotic expansion from the differential equation (4.16), with the leading behaviour
being the same as in flat space, and the subleading terms being given in terms of the local
curvature and derivatives of the curvature. This is studied in some detail in appendix A.
Of particular interest will be the expansion at coinciding points x = y. It is shown in
appendix A eq (A.49) that,19

K+(t, x, x) ∼t→0
1
4πt

(
1−

(R(x)
12 +m2

)
t+O(t2)

)
12×2. (4.34)

A heuristic way to understand this result is to note that the heat kernel, at coinciding
points, for the two-dimensional scalar Laplacian ∆scalar is well-known (cf (1.41)) to be
K∆scalar(t, x, x) = 1

4πt

(
1 + R

6 t + . . .
)
. Now K+ is the heat kernel for D2, which involves

the spinorial Laplacian ∆sp which, of course, differs from ∆scalar but has the same leading
derivative terms. One might then expect that it also gives the same result to this order.20

19In the appendix, we have determined the first few coefficients of the heat kernel K(t, x, y) as follow
from the differential equation. As argued above, this actually only determines K+(t, x, y), so eq (A.49)
translates into an equation for K+(t, y, y). Note that, solely from the differential equation, we could also
have expected contributions ∼ γ∗. Indeed, such contributions do appear in the intermediate steps of the
computation, in particular for K+(t, x, y) with x ̸= y, but they drop out when setting x = y to obtain
K+(t, x, x), in agreement with the general result (4.24).

20This assumption is not entirely true as one sees from the detailed computations in the appendix. Indeed,
the subleading single derivative term gives important contributions to the first subleading term in the small-
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Moreover, one expects that the additional R
4 +m

2 inD2 simply gives an extra e−(R/4+m2)t ≃
1 − (R4 + m2)t, to this order, resulting in 1

4πt

(
1 + R

6 t + . . .
)
×
(
1 − R

4 t − m2t + . . .
)
=

1
4πt

(
1− R

12 t−m2t+ . . .
)
, in agreement with (4.34).

Inserting the result (4.34) for K+ into (4.25) allows us to get much information about
ζ+(s, x, x) as we will explain next. More generally, the small-t expansion is (cf. appendix A)

K+(t, x, x) ∼t→0
12×2
4πt

∞∑
r=0

Fr(x, x)tr , F0(x, x) = 1. (4.35)

This is an asymptotic expansion for small t which means it disregards any exponentially
small terms O(e−a/t) that can be present but are invisible in such an expansion in powers
of t. As discussed above, we also know that K+(t, x, x) vanishes exponentially as e−λ2

mint

as t → ∞. It follows that upon evaluating the integral (4.25) any possible divergences
can only come from the small-t region21 ∫ µ−2

0 . . . where the asymptotic expansion (4.35) is
valid. Inserting this expansion into this integral, and interchanging the integral and the
sum, the rth term in the sum is (this is to be understood as evaluated for ℜs > 1 and then
analytically continued)

Fr(x, x)
4π

1
Γ(s)

∫ µ−2

0
dt ts+r−2 = Fr(x, x)

4π
1

Γ(s)
(µ−2)s+r−1

s+ r − 1 , r = 0, 1, 2, . . . (4.36)

Let us insist that, since the integral is evaluated for ℜs > 1, the contribution from the
lower boundary is 0s+r−1 = 0. The expression on the right-hand side of (4.36) can then
be analytically continued: it is regular, except possibly as s → 1 − r. Indeed, Euler’s
Γ-function has no zeros so that 1

Γ(s) is regular. On the other hand, Γ(s) has poles whenever
s → 0,−1,−2, . . . which corresponds to r = 1, 2, . . ., but not r = 0. Hence, we must
distinguish the cases r = 0 and r = 1, 2, . . .. For r = 0, i.e. s → 1, we have Γ(s) ∼
1− γ(s− 1), where γ ≃ 0.57 is Euler’s constant, and then

F0(x, x)
4π

1
Γ(s)

∫ µ−2

0
dt ts−2 ∼s→1

F0(x, x)
4π

( 1
s− 1 + γ + log µ−2 +O(s− 1)

)
. (4.37)

For r = 1, 2, . . ., we have 1
Γ(s) ∼s→1−r (−)r−1(r−1)! (s−1+ r) so that the “would-be pole”

of the integral is cancelled by this zero and one gets
Fr(x, x)

4π
1

Γ(s)

∫ µ−2

0
dt ts+r−2 ∼s→1−r

Fr(x, x)
4π

(
(−)r−1(r−1)! +O(s+r−1)

)
, r = 1, 2, . . .

(4.38)
We conclude that

ζ+(s, x, x) ∼s→1
( 1
4π(s− 1) + regular

)
12×2 , ζ+(k, x, x) =

(−)k

4π k!F1−k(x, x) 12×2 ,

k = 0,−1, . . .
(4.39)

t expansion. Since this first-derivative terms differs between ∆scalar and ∆sp by − i
2γ∗ω

µ∂µ one might have
expected a different contribution to the first subleading terms in the small-t expansion of K+. However, at
this order, these additional contributions cancel.

21We have introduced an arbitrary large mass scale µ so that µ−2 is small enough for the asymptotic
expansion to be applicable. This is similar to the small but finite ϵ we had introduced when discussing
Riemann’s zeta function.
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In particular for k = 0, we read from (4.34) that F1(x, x) = −
(R(x)

12 +m2)12×2 which yields

ζ+(0, x, x) = − 1
4π

(R(x)
12 +m2

)
12×2. (4.40)

What about ζ−(s, x, x)? We know from (4.33) that ζ−(s, x, x) = imγ∗ ζ+(s+ 1
2 , x, x).

This means that ζ−(s, x, x) must be analytic in s except for a simple pole at s = 1
2 . More

precisely, (4.39) translates into

ζ−(s, x, x) ∼s→1/2

(
im

4π(s− 1
2)

+ regular
)
γ∗ ,

ζ−(k −
1
2 , x, x) = (−)k im

4π F1−k(x, x) γ∗ , k = 0,−1, . . .
(4.41)

We can now use this information, together with the inverse Mellin transform (4.28) to
obtain the small-t expansion of K−(t, x, x) as follows. Choosing e.g. c > 1 and assuming
that22

lim
σ→∞

|Γ(c′ ± iσ)ζ−(c′ ± iσ, x, x)| = 0 , ∀c′ ≤ c , (4.44)

we can close the integration contour by an infinite rectangle to the left, cf. the figure, so
that the integral is given by the sum of the residues of all the poles enclosed.

s-plane

0 1

The integration contour in the complex s-plane There is the pole at s = 1
2 from ζ−(s, x, x)

22This should follow from the fact that Γ(s) vanishes exponentially for s = c± iσ and σ → ∞, and, more
generally on the dotted part of the integration contour. To estimate the Γ-function for large arguments we
use Stirling’s formula

Γ(z + 1) ∼|z|→∞ zze−z = ez(log z−1) , (4.42)

which remains valid even if the argument is complex as long as arg z ̸= ±π, since one must avoid the poles
on the negative real axis. If we let z = a± iσ with σ → ∞ it is straightforward to see that

Γ(a+ 1± iσ) ∼σ→∞ e
±i

(
πa
2 +σ log σ−σ

)
e−

π
2 σ+a log σ+O( 1

σ
) ⇒

∣∣Γ(a+ 1± iσ)
∣∣ ∼σ→∞ σae−

π
2 σ. (4.43)

One can show a similar result if also a→ −∞, so that the Γ-function vanishes exponentially on the dotted
part of the contour in the above figure as this contour is taken to infinity. Note that the left vertical part
of the contour must, of course, avoid the poles at the negative integers, but it remains true, even on the
negative real axis between any two negative integers −k − 1 and −k, that |Γ| vanishes exponentially as
k → ∞.
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and there are the poles from Γ(s) at s = −n, n = 0, 1, 2, . . . with residues (−)n

n! . We get

K−(t, x, x) ∼t→0
1
2πi

∫
inf.rect.

ds t−s Γ(s)ζ−(s, x, x)

= t−1/2Γ
(1
2

)
im

4π γ∗ +
∞∑

n=0
tn
(−)n

n! ζ−(−n, x, x)

= imγ∗

(
1

4
√
π t

γ∗ +
∞∑

n=0
tn
(−)n

n! ζ+

(
−n+ 1

2 , x, x
))

.

(4.45)

Just as for ζ−(s, x, x), the explicit factor of m on the right-hand side does not mean that
K−(t, x, x) vanishes for m = 0 since, in general, the ζ+(−n + 1

2 , x, x) are expected to
contain contributions ∼ m2n−1. However, we see that for m = 0 the only term involving a
half-integer power of t, namely 1√

t
is absent (as are probably also the terms with n ≥ 1).

Below, we will estimate the small-t behaviour of K− on the flat torus where the eigen-
values and eigenfunctions are explicitly known, and we will find that

K−(t, x, x) ∼t→0

(
m

4
√
πt

+ 1
4π2

)
iγ∗ + . . . , (4.46)

in agreement with the general formula (4.45)!

4.1.5 Green’s functions

The Green’s function S(x, y) of the Dirac operator D is a 2× 2-matrix solution of

DxS(x, y) =
δ(2)(x− y)

√
g

12×2 , (4.47)

while we denote G the (also 2× 2-matrix) Green’s function of D2:

D2
xG(x, y) =

δ(2)(x− y)
√
g

12×2. (4.48)

In terms of the eigenfunctions and eigenvalues we have

S(x, y) = −i
∑

n

1
λn

(
χn(x)ϕ†n(y)− ϕn(x)χ†

n(y)
)
=
∑

n

1
λn

(
ψn(x)ψ†

n(x)− ψ∗
n(x)ψ∗

n
†(y)

)
,

G(x, y) =
∑

n

1
λ2n

(
χn(x)χ†

n(y) + ϕn(x)ϕ†n(y)
)
=
∑

n

1
λ2n

(
ψn(x)ψ†

n(x) + ψ∗
n(x)ψ∗

n
†(y)

)
.

(4.49)

They are indeed solutions of (4.47), resp. (4.48) as one sees by applying D, resp. D2, and
using the completeness relation (4.2). It trivially follows from either (4.47) and (4.48), or
from (4.49), that

S(x, y) = DxG(x, y). (4.50)

Comparing with (4.3), one sees that

S(x, y) = −i ζ−
(1
2 , x, y

)
, G(x, y) = ζ+(1, x, y). (4.51)
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Note that this is consistent with (4.6) and (4.50). Recall that ζ−(s, x, x) has a pole at s = 1
2

and ζ+(s, x, x) at s = 1, consistent with the fact that the Green’s functions are singular as
x→ y.

It is also obvious from the definitions that G(x, y) is real and S(x, y) purely imaginary.
Furthermore,

(G(x, y))† = G(y, x), (S(x, y))† = S(y, x). (4.52)

It follows from the orthonormality of the χn and ϕn that∫
d2z

√
g(z)S(x, z)S(z, y) = G(x, y). (4.53)

Note that this is also consistent with the differential equations obeyed by S and G. Indeed,
we have

D2
xG(x, y) = Dx

∫
d2z

√
g(z) (DxS(x, z))S(z, y) = Dx

∫
d2z

√
g(z) δ

(2)(x− z)√
g(z)

S(z, y)

= Dx S(x, y) =
δ(2)(x− y)

√
g

12×2. (4.54)

What can be said about the matrix structure of these Green’s functions ? As before,
the matrix structure of D2 is 1(. . .) + γ∗(. . .) (cf (2.43) and (2.48)), implying that G must
have the same structure:

G(x, y) = G0(x, y)1 +G∗(x, y) γ∗ , (4.55)

which also follows from (4.51) and (4.30). Combining this with the reality of G and
the property (4.52) we see that G0(x, y) is real and symmetric and G∗(x, y) is imaginary
and antisymmetric. The matrix structure of S is somewhat less trivial, but follows from
S(x, y) = (i∇/x+mγ∗)G(x, y) along the same lines as discussed above for the zeta-functions.
We find

trS(x, y) = m tr γ∗G(x, y), tr γ∗S(x, y) = m trG(x, y) , (4.56)

which translates the corresponding relation (4.32) between the traces of ζ+ and ζ−. For
vanishing mass, one must exclude the zero-mode contributions from S and from G (we
then call them S̃ and G̃), but one still has the corresponding relation S̃ = i∇/ G̃ and it then
follows that, for vanishing mass,

tr S̃(x, y) = tr γ∗S̃(x, y) = 0 for m = 0. (4.57)

4.2 Variation of ζ(s)

Now we have the tools and definitions to express the variation of the zeta-function ζ(s)
that appeared in the variation of the effective gravitational action. In the previous section
we did the perturbation theory of the eigenvalues and had obtained the formula (3.34). It
can now be nicely rewritten in terms of the local zeta functions ζ±(s, x, x) as (recall that∫
f(x) is meant to be

∫
d2x

√
g(x) f(x))

δζ(s) = 2s
∫
δσ

(
tr ζ+(s, x, x) + im tr γ∗ζ−

(
s+ 1

2 , x, x
))

. (4.58)
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We may use (4.6) to trade ζ−(s+ 1
2 , x, x) for imγ∗ζ+(s+ 1, x, x) so that

δζ(s) = 2s
∫
δσ
(
tr ζ+(s, x, x)−m2 tr ζ+(s+ 1, x, x)

)
. (4.59)

As we have discussed above, if zero-modes of i∇/ are present, we have λ0 = m and δλ0 = 0
so that there is no contribution from these zero-modes to the above formula. We can then
equivalently rewrite it in terms of the ζ̃+(s, x, x) which are the local zeta functions with
the zero-modes of i∇/ excluded from the sum:

δζ(s) = 2s
∫
δσ
(
tr ζ̃+(s, x, x)−m2 tr ζ̃+(s+ 1, x, x)

)
. (4.60)

Note that the zero-modes alone cannot contribute to the singularities and thus ζ̃+(s, x, x)
has the same pole and residue at s = 1 as ζ+(s, x, x), only the regular parts differ by the
zero-mode contribution. For the derivative of (4.59) we obviously get

δζ ′(s) = 2
∫
δσ
(
tr ζ+(s, x, x)−m2 tr ζ+(s+ 1, x, x)

)
+2s

∫
δσ
(
tr ζ ′+(s, x, x)−m2 tr ζ ′+(s+ 1, x, x)

)
. (4.61)

We want to evaluate both δζ and δζ ′ at s = 0. Now ζ+(0, x, x) is regular (cf. e.g. (4.40),
and23 so is ζ ′+(0, x, x). It follows that

δζ(0) = −2m2
∫
δσ lim

s→0
s tr ζ+(s+ 1, x, x) ,

δζ ′(0) = 2
∫
δσ tr ζ+(0, x, x)− 2m2

∫
δσ lim

s→0
tr
(
ζ+(s+ 1, x, x) + s ζ ′+(s+ 1, x, x)

)
.

(4.62)

Now ζ+(s̃, x, x) has a pole at s̃ = 1: ζ+(s̃, x, x) ∼
( 1
4π

1
s̃−1 + C+

)
12×2 + ζreg+ (s̃, x, x), where

the (finite) value of the constant C+ depends on the exact definition of ζreg+ , cf. eqs (4.92)
and (4.93) below. It follows that ζ+(s+ 1, x, x) has a pole at s = 0 and then

lim
s→0

s ζ+(s+ 1, x, x) = lim
s→0

s ζ̃+(s+ 1, x, x) = 1
4π 12×2. (4.63)

Note that we get the same expression whether we use ζ+ or ζ̃+. In any case

δζ(0) = −2m2
∫
δσ tr 1

4π 12×2 = −m
2

π

∫
δσ = −m

2

2π δA , (4.64)

where we used that∫
δσ ≡

∫
d2x√g δσ =

∫
d2x

√
ĝ e2σ δσ = 1

2 δ
∫

d2x
√
ĝ e2σ = 1

2 δA. (4.65)

23If a meromorphic function is regular at a given point, then its derivative necessarily is also regular at
this point.
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Similarly, for the terms appearing in δζ ′(0) we have as s→ 0

lim
s→0

(
ζ+(s+ 1, x, x) + s ζ ′+(s+ 1, x, x)

)
= lim

s→0

[( 1
4π s + C+

)
12×2 + ζreg+ (s+ 1, x, x) + s

(−1)
4π s212×2 + s(ζreg+ )′(s+ 1, x, x)

]
= ζreg+ (1, x, x) + C+ 12×2. (4.66)

(We could have argued similarly about ζ−(s+ 1
2 , x, x) + s ζ ′−(s+ 1

2 , x, x) as s→ 0.) Thus

δζ ′(0) = 2
∫
δσ tr ζ+(0, x, x)− 2m2

∫
δσ tr ζreg+ (1, x, x)− 2m2C+δA ,

= 2
∫
δσ tr ζ̃+(0, x, x)− 2m2

∫
δσ tr ζ̃reg+ (1, x, x)− 2m2C̃+δA , (4.67)

In the second line we have written C̃+, but our definitions of ζreg+ and ζ̃reg+ below will be
such that C+ = C̃+ = γ−logµ2

4π . Thus we can express δζ ′(0) either in terms of ζ+(0, x, x)
and ζreg+ (1, x, x) or in terms of ζ̃+(0, x, x) and ζ̃reg+ (1, x, x).

4.3 Small-t asymptotics of the heat kernels and singularity structure of the
local zeta-functions for the flat torus

We have seen that the singularities (poles) of the local zeta-functions are determined by
the small-t asymptotics of the heat kernels. We have also seen that we could relate ζ+ and
ζ− and, in particular, at coinciding points we could deduce from this relation the small-t
expansion of K−(t, x, x), see (4.45), from the one of K+(t, x, x), which is established in
appendix A. However, we find it useful (and pedagogical) to try to explicitly compute
these quantities for the example of the flat torus and see that we have indeed a perfect
agreement with the results from the general statements. In this subsection we will thus
establish the results for the flat “square” torus with further detailed computations for K−
presented in appendix B.

From the explicit form of the normalised eigenfunctions ψn⃗ of D on the flat square
torus (with periods 2π in both directions) given in (2.61) we find

K(t, x, y) =
∑

n1,n2

e−λ2
n⃗

tψn⃗(x)ψ†
n⃗(y)

= 1
8π2

∑
n1,n2

e−(n2
1+n2

2+m2)tein1z1+in2z2 1
λn⃗

(
λn⃗ − n2 −n1 − im

−n1 + im λn⃗ + n2

)
, (4.68)

where here, and throughout this subsection z1 = x1 − y1, z2 = x2 − y2. Note that the
terms odd under n1 → −n1 or n2 → −n2 drop out of the sum, so that (2 times) the real
part is

K+(t, x, y) = K(t, x, y) +K∗(t, x, y) = 1
4π2

∑
n1,n2

e−(n2
1+n2

2+m2)tein1z1+in2z2 12×2 , (4.69)
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while (-2 times) the imaginary part of K is

K−(t, x, y) = i (K(t, x, y)−K∗(t, x, y))

= − 1
4π2

∑
n1,n2

e−(n2
1+n2

2+m2)t
(
cos

(
n1z

1 + n2z
2
) 1
λn⃗

(
0 −m
m 0

)

+ sin
(
n1z

1 + n2z
2
) 1
λn⃗

(
−n2 −n1
−n1 n2

))

= i

4π2
∑

n1,n2

e−(n2
1+n2

2+m2)tein1z1+in2z2 1
λn⃗

(−n1σx − n2σz +mγ∗). (4.70)

Note that for t = 0 one correctly finds that K+(0, x, y) = δ(2)(x − y)12×2, while nothing
like this is true for K−. Also note that the a priori possible γ∗-terms are absent in (4.69)
and, correspondingly, there are no terms ∼ 12×2 in (4.70).

Obviously, at coinciding points x = y, i.e. z = 0, these heat kernels simplify:

K+(t, x, x) = 1
4π2

∑
n1,n2

e−(n2
1+n2

2+m2)t 12×2 ,

K−(t, x, x) = im

4π2
∑

n1,n2

1
λn⃗

e−(n2
1+n2

2+m2)t γ∗ . (4.71)

We see that K+(t, x, x) ∼ 12×2 and K−(t, x, x) ∼ γ∗, in agreement with the general
statements above, cf. (4.24). Note that for K+(t, x, y) the double sum factorises into a
sum over n1 and another one over n2, while for K−(t, x, y) or K−(t, x, x) there is no such
factorisation since λn⃗ =

√
n21 + n22 +m2. In fact, K+(t, x, y) can be expressed in terms of

the theta function θ3, (cf [33]) as

K+(t, x, y) =
1

4π2 e
−m2t θ3(

z1

2π |i
t

π
) θ3(

z2

2π |i
t

π
) 12×2,

θ3(ν|τ) =
∞∑

n=−∞
eiπτn2+2πiνn, Im τ > 0.

(4.72)

On the other hand, K−(t, x, y) can be expressed in terms of the auxiliary sum L already
defined in (4.19), or equivalently another related sum L, as follows:

K−(t, x, y) = DxL(t, x, y) ≡ (iσx∂1 + iσz∂2 +mγ∗)L(t, x, y) , (4.73)

where

L(t, x, y) = i

4π2 L(t, z)12×2, L(t, z) =
∑

n1,n2

e−λ2
n⃗

t

λn⃗
ein⃗·z⃗ ≡

∑
n1,n2

e−(n2
1+n2

2+m2)tein1z1+in2z2√
n21 + n22 +m2

.

(4.74)
Note that K− at coinciding points is directly given in terms of this L as (cf (4.71))

K−(t, x, x) =
i

4π2 mγ∗ L(t, 0). (4.75)
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For the present case of the torus, we find even for x ̸= y that L(t, x, y) ∼ 12×2, a fact that
is not necessarily true in general.

The explicit expression of K+ in terms of the theta function θ3 makes it easy to study
its properties. The periodicity property θ3(ν + 1|τ) = θ3(ν|τ) reflects the periodicity of
the eigenfunctions on the torus. θ3 has a well-known modular transformation property [33]
which can be written as

θ3(
z

2π |i
t

π
) =

√
π

t
e−z2/(4t) θ3

(
−i z2t , i

π

t

)
, (4.76)

giving immediately the small-t asymptotics as follows:

θ3(
z

2π |i
t

π
) =

√
π

t
e−z2/(4t) ∑

n

e−π2n2/t+πzn/t =
√
π

t

∑
n

e−
1
4t
(z−2πn)2

. (4.77)

This clearly exhibits again the 2π-periodicity in z. Let us then assume that z ∈ (−π, π]
and consider t → 0. For z = π, both n = 0 and n = 1 contribute equally to the sum so
that one gets

√
π
t 2 e

−π2/(4t)(1 +O(e−2π2/t)). For all other values of z ∈ (−π, π) there is a

single dominant term that contributes
√

π
t e

−z2/(4t) and all other terms are exponentially
smaller by some factor e−a/t for some a > 0. Hence the small-t asymptotics is

θ3(
z

2π |i
t

π
) ∼t→0

√
π

t
e−z2/(4t)

(
1 +O

(
e−a/t)), a > 0 , for|z| < π. (4.78)

One immediately deduces the small-t behaviour of K+(t, x, y) (for zi ̸= ±π) as

K+(t, x, y) =
1
4πt exp

(
− (z1)2 + (z2)2

4t
)
e−m2t 12×2

(
1 +O

(
e−a/t)). (4.79)

The leading piece coincides, of course, with the well-known answer on R2. For x = y one
simply has

K+(t, x, x) =
1
4πt e

−m2t 12×2
(
1 +O

(
e−a/t)). (4.80)

On the other hand, the small t asymptotics of K−(t, x, y), or equivalently the small-t
asymptotics of L(t, x, y) or L(t, z) is much more difficult to obtain directly. We have devoted
some effort to try to estimate their asymptotic behaviour. These results are presented in
appendix B. At coinciding points we have been able to estimate rather easily (cf (B.4))
that

L(t, 0) ≃

√
π3

t
+ 1
m

+O(t0,m0). (4.81)

This implies in turn that K−(t, x, x) is given by (cf (4.75))

K−(t, x, x) ∼t→0
( m

4
√
πt

+ 1
4π2

)
iγ∗ + . . . . (4.82)

where the unwritten terms + . . . vanish as t→ 0, a result already cited above. To estimate
L(t, z) for z ̸= 0 turned out to be much more difficult. The reader can find more details in
the appendix B. But we will not need them here to proceed further.
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As discussed above, the small-t behaviours of K±(t, x, x) translate into possible poles
of the corresponding local zeta-functions ζ±(s, x, x). Using the above torus results for
coinciding points one immeadiately finds that

ζ+(s, x, x) ∼s→1
1

4π(s− 1) + finite, ζ+(0, x, x) = finite× 1 ,

ζ−(s, x, x) ∼s→1/2
miγ∗

4π(s− 1
2)

+ finite, ζ−(0, x, x) = finite× iγ∗ , (4.83)

again in agreement with our general results.

4.4 General statements about the singularity structure for x ̸= y

In subsection 4.1 we already discussed many general properties of the local heat kernels
and local zeta functions, in particular at coinciding point. Now, we will make some further
general statements for x ̸= y. These statements will be based on the small-t behaviour
of K+(t, x, y) as follows from the differential (heat) equation, and worked out in appendix
A. For K−(t, x, y) we can deduce the corresponding statements by using the fundamental
relation (4.6) between the corresponding ζ+(s, x, y) and ζ−(s, x, y).

As already discussed above, since D2 only contains the matrix structures 12×2 and γ∗,
the same is true for G(x, y) and K+(t, x, y). However, the leading small-t singularity of
K+(t, x, y) is only ∼ 12×2 and is universal, cf (A.21) of the appendix:24

K+(t, x, y) ∼t→0
1
4πt e

−ℓ2(x,y)/(4t) 12×2 , (4.84)

where, ℓ(x, y) is the geodesic distance between x and y. This generalizes the corresponding
formula (4.79) for the torus. We can then deduce the singularity structure of ζ+(s, x, y)
solely form this universal leading behaviour of K+. This universality is due to the (leading)
2-derivative part of D2 being always −12×2 g

µν∂µ∂ν which is the same as for the scalar
Laplacian −12×2∆scalar. Indeed, as discussed above, we may obtain K+(t, x, y) solely from
the differential equation (4.16).

For K−(t, x, y) = DxL(t, x, y) we expect that the leading small-t singularity of L is
again generic and hence given by the obvious generalization of the torus result, cf (B.14).
However, instead of relying on this “expected” formula, we will instead use the proven
relation (4.6) between ζ+ and ζ−, together with (4.84), to deduce the singularity structure
of ζ−(s, x, y).

Let us then establish the singularity structures of both, ζ±(s, x, y). To begin with, (4.84)
defines what we call the singular part of the heat-kernel:

Ksing
+ (t, x, y) = 1

4πt e
−ℓ2(x,y)/(4t) 12×2. (4.85)

24Actually, in n = 2 dimensions, equation (A.21) gives K(t, x, y) = 1
4πt

exp
(
− ℓ2(x,y)

4t

)(
F0(x, y) +O(t)

)
.

Now, F0(x, y) = 1+O(ℓ2) and the exponential forces ℓ2 to be of order t so that O(ℓ2) ≃ O(t) and we indeed
have K(t, x, y) = 1

4πt
exp
(
− ℓ2(x,y)

4t

)(
1 +O(t)

)
.
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From this we define the singular part of the zeta-function as

ζsing+ (s, x, y) = 1
Γ(s)

∫ 1/µ2

0
dt ts−1Ksing

± (t, x, y). (4.86)

Indeed, any singularity of the zeta-function must come from the small-t part of the integral,
and as we have seen before, only the 1

t -part of the heat kernel K+ can lead to a pole of
the ζ+(s, ·, ·), while the “would-be” poles due to the sub-leading terms in t are cancelled
by the zeros of 1

Γ(s) . For general x, y we explicitly have (setting 1
t = µ2u)

ζsing+ (s, x, y) = 1
Γ(s)

∫ 1/µ2

0
dt ts−1 e

−ℓ2(x,y)/(4t)

4πt 12×2 =
(µ2)1−s

4πΓ(s) Es

(
µ2ℓ2(x, y)

4

)
12×2 ,

(4.87)
where Es is the exponential integral function defined as

Es(z) =
∫ ∞

1
duu−se−zu. (4.88)

Its asymptotic expansions are well known and, in particular, if we first set s = 1 and then
let x→ y, i.e. ℓ(x, y) → 0, we have

E1

(
µ2ℓ2

4

)
∼ℓ2→0 −γ − log µ

2ℓ2

4 +O
(
µ2ℓ2

)
, (4.89)

(where γ ≃ 0.57 is Euler’s constant, not to be confused with the matrix γ∗) so that

ζsing+ (1, x, y) ∼ℓ→0
1
4π

(
− log µ

2ℓ2(x, y)
4 − γ +O

(
µ2ℓ2

))
12×2 , (4.90)

Of course, ζ+(1, x, y) is the Green’s function G(x, y) and the term − 1
4π log µ2ℓ2

4 12×2 is
just the (leading) short-distance singularity of G(x, y) which is identical to the well-known
short-distance singulartity of the Green’s function of the scalar Laplace operator in two
dimensions. On the other hand, if we first set x = y so that ℓ(x, y) = 0 we have, assuming
ℜs > 1, Es(0) =

∫ 1
0 dv vs−2 = 1

s−1 :

Es(0) =
1

s− 1 . (4.91)

Expanding Γ(s) and (µ2)1−s we have

ζsing+ (s, x, x) = 1
4π

( 1
s− 1 − logµ2 + γ +O(s− 1)

)
12×2. (4.92)

It follows that if we define

ζreg+ (s, x, y) = ζ+(s, x, y)− ζsing+ (s, x, y) (4.93)

we have subtracted all the potential singularities of this zeta-function, namely the pole at
s = 1 that is present for x = y and the short-distance singularity of the Green’s function
which is present for s = 1. In particular, we see that the following limit exists:

lim
s→0

(
ζ+(s+ 1, x, x) + s ζ ′+(s+ 1, x, x)

)
= ζreg+ (1, x, x) + 1

4π
(
γ − logµ2

)
12×2

≡ ζreg+ (1, x, x) + C+ 12×2. (4.94)
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The existence of this limit was already anticipated above in (4.66), but now we have also
determined the value of finite constant C+.

It is straightforward to repeat this reasoning for the ζ̃±(s, x, y) where the zero-modes
are excluded. Since the finitely many zero-modes cannot contribute to the singular parts the
latter are unchanged, ζ̃sing± (s, x, y) = ζsing± (s, x, y. Then whole discussion can be repeated
with the result

lim
s→0

(
ζ̃+(s+ 1, x, x) + s ζ̃ ′+(s+ 1, x, x)

)
= ζ̃reg+ (1, x, x) + 1

4π
(
γ − logµ2

)
12×2

≡ ζ̃reg+ (1, x, x) + C+ 12×2 , (4.95)

where, in particular, the constant C+ is the same as before.
We can also translate all these statements to ζ−(s, x, y) by using (4.6):

ζsing− (s, x, y) = iDxζ
sing
+

(
s+ 1

2 , x, y
)
= i

(µ2)
1
2−s

4πΓ(s+ 1
2)

(i∇/x +mγ∗)Es+ 1
2

(
µ2ℓ2(x, y)

4

)
.

(4.96)
In particular, for s = 1

2 we have again E1
(µ2ℓ2(x,y)

4
)

with its small-ℓ behaviour given in (4.89)
and, for x = y, obviously (4.91) translates into Es+ 1

2
(0) = 1

s− 1
2
. However, to evaluate

ζsing− (s, x, y) at x = y we must first act with ∇/x and then set x = y: ∇/xEs+ 1
2

(µ2ℓ2(x,y)
4

)∣∣
x=y

=
µ2

4
(
∇/x ℓ

2(x, y)
)∣∣

x=y
E′

s+ 1
2
(0). What does it mean to have a spinorial covariant derivative

∇/ = γµ∇sp
µ = γµ(∂µ − i

4ωµγ∗) acting on ℓ2(x, y)? One has ∇sp
µ ℓ

2(x, y) = ∂µℓ
2(x, y) −

i
4ωµγ∗ℓ

2(x, y). This can be evaluated more explicitly, for example, in Riemann normal
coordinates around y, see the appendix A.1. One then sees that ∂µℓ

2(x, y) = 2(x−y)µ and
ωµ = −R

2 ϵµν(x − y)ν (ϵ12 = −ϵ21 = 1). In particular, we see that for x → y this quantity
vanishes. The “invariant” statement we can make is that

∇/xℓ
2(x, y)

∣∣
x=y

= 0. (4.97)

It follows that

ζsing− (s, x, x) = imγ∗
(µ2)

1
2−s

4πΓ(s+ 1
2)
Es+ 1

2
(0). (4.98)

Again, just as for ζ−(s, x, x), only the γ∗-matrix part remains at coinciding points. In
particular, for s→ 1

2 one finds, much as above,

ζsing− (s, x, x) = im

4π γ∗

(
1

s− 1
2
− logµ2 + γ +O

(
s− 1

2

))
. (4.99)

On the other hand, if we first set s = 1
2 and then let x→ y, using (4.89), we have

ζsing−

(1
2 , x, y

)
= i

4π (i∇/x +mγ∗)E1

(
µ2ℓ2(x, y)

4

)

∼x→y
i

4π (i∇/x +mγ∗)
(
−γ − log µ

2ℓ2

4 +O(µ2ℓ2)
)

∼x→y − i

4π

(
i∇/ ℓ2

ℓ2
+mγ∗

(
log µ

2ℓ2

4 + γ

))
. (4.100)
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Of course, this is the short-distance behaviour of the fermionic Green’s function iS(x, y)
and we recognise the usual leading singularity ≃ i∇/ ℓ2/ℓ2 of the Dirac Green’s function, as
well as a sub-leading logarithmic singularity. Just as for ζ+, It follows that if we define

ζreg− (s, x, y) = ζ−(s, x, y)− ζsing− (s, x, y) (4.101)

we have subtracted all the potential singularities of this zeta-function, namely the pole at
s = 1

2 that is present for x = y and the short-distance singularity of the Green’s function
which is present for s = 1

2 . In particular, we see that the following limit exists:

lim
s→0

(
ζ−

(
s+ 1

2 , x, x
)
+ s ζ ′−

(
s+ 1

2 , x, x
))

= ζreg−

(1
2 , x, x

)
+ m

4π (γ−logµ2) iγ∗. (4.102)

Using ζ−(s, x, x) = imγ∗ζ+(s+ 1
2 , x, x), cf (4.33), we conclude that also

ζreg− (12 , x, x) = imγ∗ ζ
reg
+ (1, x, x). (4.103)

Note that, contrary to the singular parts, to evaluate the regular parts ζreg± the knowl-
edge of the small-t asymptotics of the heat kernels is not enough, but requires some knowl-
edge about all eigenvalues and eigenfunctions. One way this information is coded is in the
regularized and so-called renormalized Green’s functions which we will discuss next.

4.5 Renormalized Green’s functions

4.5.1 GR, Gζ, SR and Sζ

For the Green’s function G(x, y) = ζ+(1, x, y) of D2, we may define a regularized Green’s
function Greg(x, y) by subtracting the short-distance singularity, cf (4.90)

Greg(x, y) = G(x, y)−Gsing(x, y) = G(x, y) + 1
4π log µ

2ℓ2(x, y)
4 12×2. (4.104)

Note that this is similar to, but different from ζreg+ (1, x, y) = G(x, y)− 1
4πE1

(µ2ℓ2(x,y)
4

)
12×2.

But just as ζreg+ (1, x, y), the regulartized Green’s function Greg(x, y) has a well-defined limit
as x → y. The so-called renormalized Green’s function at coinciding points GR then is
simply defined as

GR(y) = lim
x→y

Greg(x, y). (4.105)

In complete analogy, we define Sreg(x, y) and SR(y):

Sreg(x, y) = S(x, y)− Ssing(x, y) = S(x, y) + 1
4π
(
i∇/x +mγ∗

)
log µ

2ℓ2(x, y)
4 12×2. (4.106)

Again, this is similar to, but different from −iζreg− (12 , x, y) = S(x, y) − 1
4π (i∇/x + mγ∗)

E1
(µ2ℓ2(x,y)

4
)
. The renormalized Green’s function at coinciding points SR then is defined as

SR(y) = lim
x→y

Sreg(x, y). (4.107)
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Recall from (4.56) that tr γ∗S(x, y) = m trG(x, y). The same relation obviously also holds
between Ssing and Gsing. Hence

tr γ∗Sreg(x, y) = m trGreg(x, y). (4.108)

If we take the limit x→ y of the last relation we get tr γ∗SR(y) = m trGR(y), but we will
prove the more general relation without the traces below in (4.114).

It is also easy to express GR and SR in terms of ζreg+ (1, x, x) and ζreg− (12 , x, x). Indeed,

Greg(x, y) = ζreg+ (1, x, y) + 1
4π

(
E1

(
µ2ℓ2(x, y)

4

)
+ log µ

2ℓ2(x, y)
4

)
12×2

Sreg(x, y) = −iζreg−

(1
2 , x, y

)
+ 1

4π (i∇/x +mγ∗)
(
E1

(
µ2ℓ2(x, y)

4

)
+ log µ

2ℓ2(x, y)
4

)
.

(4.109)

Taking the limit x→ y and using the asymptotics (4.89) of E1 we get

GR(x) = ζreg+ (1, x, x)− γ

4π12×2

SR(x) = −iζreg−

(1
2 , x, x

)
− mγ

4π γ∗. (4.110)

For completeness, let us mention that one sometimes defines different “renormalized”
Green’s functions Gζ(x) and Sζ(x) from the ζ±(s, x, x) by subtracting simply the poles
and then letting s→ 1 or s→ 1

2 :

Gζ(x) = lim
s→1

(
(µ2)s−1ζ+(s, x, x)−

12×2
(4π) (s− 1)

)
,

Sζ(x) = lim
s→ 1

2

(
−i (µ2)s−1/2ζ−(s, x, x)−

mγ∗

4π(s− 1
2)

)
. (4.111)

It follows, using (4.92) and (4.93) that

Gζ(x) = ζreg+ (1, x, x) + γ

4π 12×2 ⇒ Gζ(x) = GR(x) +
γ

2π 12×2 ,

Sζ(x) = −iζreg− (12 , x, x) +
γ

4π mγ∗ ⇒ Sζ(x) = SR(x) +
γ

2π mγ∗. (4.112)

We can now re-express the relation (4.94) in terms of GR or Gζ and equivalently the
relation (4.102) in terms of SR or Sζ as follows

lim
s→0

(
ζ+(s+ 1, x, x) + s ζ ′+(s+ 1, x, x)

)
= ζreg+ (1, x, x) + 1

4π (γ − logµ2)12×2

= GR(x) +
1
4π (2γ − logµ2) 12×2 = Gζ(x)−

1
4π logµ2 12×2 ,

lim
s→0

(
ζ−

(
s+ 1

2 , x, x
)
+ s ζ ′−

(
s+ 1

2 , x, x
))

= ζreg−

(1
2 , x, x

)
+ m

4π (γ − logµ2) iγ∗

= iSR(x) +
im

4π (2γ − logµ2) γ∗ = iSζ(x)−
im

4π logµ2 γ∗. (4.113)
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Moreover, it follows from (4.33) and (4.111) that Sζ(x) = mγ∗Gζ(x) and then by (4.112)
also that SR(x) = mγ∗GR(x) (which also follows from (4.110) and (4.103)):

Sζ(x) = mγ∗Gζ(x), SR(x) = mγ∗GR(x). (4.114)

Finally note that if the metric has sufficiently many isometries these renormalized
Green’s function must be constants. This is the case for the round sphere and for the flat
torus. Of course, they still depend on the geometric data of these surfaces, like the radius
of the round sphere, or the periods of the flat torus, but not on the point x. Their explicit
form can be quite non-trivial even for such simple geometries. Let us show this for our
preferred example of the flat torus, now with periods 2a and 2b.

4.5.2 Green’s function G̃(x, y) and G̃R(x) on the flat torus for m = 0

Let us first show how one can obtain the Green’s function of the squared Dirac operator
in the massless case on a “rectangular” flat torus with periods 2a and 2b, i.e. with τ = i b

a .
Since we look at the massless case, we will determine the Green’s function with the zero-
mode part excluded, i.e. G̃(x, y). Being flat, there is no spin-connection and no curvature
and we have, as above, that D2 = 12×2(−∂ν∂

ν) = −12×2∆scalar. Hence, the problem is
identical to finding the Green’s function of the scalar Laplace operator on the flat torus. The
non-trivial part is to reconcile the appropriate short-distance singularity and the periodicity
of the torus. But this problem has a well-known solution in terms of theta functions
and the corresponding computation can e.g. be found in [15]. Using complex coordinates
z = z1 + iz2, where zi = xi − yi one finds G̃(x, y) = g(z, z̄)12×2 with

g(z, z̄) = (Im z)2

8ab − 1
4π log

∣∣∣θ1( z2a ∣∣i ba)
∣∣∣2 ≡ (Im z)2

8ab − 1
4π log

[
θ1
( z
2a
∣∣i b
a

)
θ1
( z̄
2a
∣∣i b
a

)]
,

(4.115)
where the theta function θ1 is defined by [33]

θ1(ν|τ) = 2q1/4
∞∑

n=0
(−)nqn(n+1) sin(2n+ 1)πν , q = eiπτ . (4.116)

Indeed, the scalar Laplace operator on flat space in the complex coordinates is simply
∆scalar = 4∂z∂z and then, for z, z̄ ̸= 0, we have −4∂z∂z g(z, z̄) = −4∂z∂z

(Im z)2

8ab = 1
4ab =

1
A . On the other hand, g(z, z̄) ∼|z|→0 − 1

4π log |z|2 which is the required short-distance
singularity. Hence, one has correctly−4∂z∂z g(z, z̄) = δ(2)(z)− 1

A .
As familiar by now, to get the renormalized Green’s function one must subtract the

short-distance singularity − 1
4π log µ2|z|2

4 12×2 and take the limit z → 0 with the result

G̃m=0
R (x) = − 1

2π log
(2π
aµ

q
1
4

∞∑
n=0

(−)n(2n+ 1)qn(n+1)
)

12×2, q = e−πb/a, (flat torus).

(4.117)
Obviously, this does not depend on the point x on the torus, but it depends quite non-
trivially on the shape of the torus (i.e. on b/a), as well as on its volume ((2π)2ab).

What about S̃m=0
R (x)? Equation (4.114) states that in the massive theory SR =

mγ∗GR. Now from our explicit study of the flat torus we know that the zero-mode parts
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of G and S are related as S(0) = 1
m

(
ψ0⃗ψ

†
0⃗ − ψ∗

0⃗(ψ
∗
0⃗)

†) = 1
mγ∗

(
ψ0⃗ψ

†
0⃗ + ψ∗

0⃗(ψ
∗
0⃗)

†) = mγ∗G(0),
a relation we will also prove in more generality below. Subtracting this relation from
SR = mγ∗GR we get S̃R = mγ∗G̃R. Now both, S̃R and G̃R have a smooth limit as m→ 0,
and we can conclude that S̃m=0

R (x) = 0. Below, in subsection 5.3, we will study the zero-
mode parts of the Green’s functions more generally and show that S̃m=0

R (x) = 0 always
holds.

5 Determining the gravitational action

We now want to determine the variation of the effective gravitational action under infinites-
imal conformal variations and write this variation in such a form that it can be integrated
to obtain the effective action Sgrav[g, ĝ]. We will do this in an expansion in powers of
m2. For this expansion to make sense, all quantities entering this expansion must have a
well-defined limit as m→ 0, i.e. the expansion is done in terms of quantities defined in the
massless theory. Thus, for genus one and larger, one must carefully subtract the zero-mode
parts from all Green’s functions and zeta-functions.

We will first rewrite the variation of the gravitational action in terms of the renor-
malized Green’s function GR and its variation δGR. The latter can be re-expressed in an
expansion to all orders in m2 involving higher Green’s functions and zeta functions, still
of the massive theory. Proceeding this way first, provides a more streamlined presentation
while being already a useful result for spherical topology where the m → 0 limit exists
for all Green’s functions and zeta-functions without the need to subtract any zero-mode
parts. Then, however, we repeat the analogous computation on arbitrary Riemann sur-
faces, taking into account the presence of zero-modes that must first be subtracted from
these quantities. This uses the properties of the zero-mode projectors worked out in sub-
section 2.5. The corresponding computations is a bit more cumbersome, but the final result
will be only slightly more complicated. Finally, we obtain the gravitational action as an
infinite expansion in powers of m2, with a finite radius of convergence, valid on a manifold
of arbitrary genus. In particular, at order m2, we obtain a Mabuchi-like term, as well as
terms that are multi-local in σ and involve the Green’s functions for the reference metric
ĝ, as well as a finite number of area-like parameters.

5.1 Expressing the variation of Sgrav in terms of GR

Recall our formula (3.24) for the gravitational action in terms of ζ(0) and ζ ′(0) which gives

δSgrav = 1
4δζ

′(0) + 1
4 logµ2 δζ(0). (5.1)

The variations of the zeta functions under infinitesimal conformal rescalings with δσ(x)
have been worked out above and are given in (4.64) and (4.67) or (4.62). δζ(0) was shown
to be simply −m2

π

∫ √
g δσ = −m2

2π δA. Combining (4.62) with (4.40) and (4.113) we get

δζ ′(0) = −
∫ √

gδσ
( R
12π + m2

π

)
− 2m2

∫ √
g δσ

(
trGR + 1

2π (2γ − logµ2)
)
. (5.2)
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Thus
δSgrav = −2γ + 1

8π m2δA− 1
48π

∫ √
g δσR− m2

2

∫ √
g δσ trGR. (5.3)

The term ∼ δA is usually referred to as the variation of a cosmological constant term, while
the term ∼

∫ √
g δσR is the variation of the Liouville action (1.4), see (1.17):∫ √

g δσR = δSLiouville. (5.4)

Note that the coefficient of δSLiouville in δSgrav is exactly 1
2 the one that occurs in the

gravitational action of a bosonic scalar matter field. It is interesting to trace back how this
coefficient occurs. The term ∼ R originates from ζ+(0, x, x) which was given in terms of
the heat kernel coefficient a1 ≡ F1(x, x). For the bosonic scalar field and scalar Laplacian
a1 = R

6 . At present, a1 is R
6 − R

4 = −R
12 . But because we are dealing with fermions,

the gravitational action has an overall minus sign, so that in the end one gets a +R
12 , i.e.

exactly one half the bosonic result.25 Of course, this is consistent with the well-known
central charges 1 and 1

2 of the conformal algebra for a single massless scalar and massless
Majorana fermion. We conclude that

δ
[
Sgrav +

1
48πSLiouville +

m2

8π
(
2γ + 1

)
A
]
= −m

2

2

∫ √
g δσ trGR. (5.5)

It remains to characterise the right-hand side of this equations and express it as a total
variation of some appropriate quantity. Obviously, we have (using δ√g = 2√g δσ)∫ √

g δσ trGR = 1
2 δ

∫ √
g trGR − 1

2

∫ √
g δ trGR , (5.6)

so that we can rewrite (5.5) as

δ
[
Sgrav +

1
48πSLiouville +

m2

8π
(
2γ + 1

)
A+ m2

4

∫ √
g trGR

]
= m2

4

∫ √
g δ trGR. (5.7)

5.2 Conformal variations of the Green’s functions

We will need to study the variations of the Green’s functions S(x, y) and G(x, y) under
conformal transformations. Since G(x, y) =

∫
d2z

√
g(z)S(x, z)S(z, y) it will be enough in

the first place to obtain the variation of S(x, y), from which the variation of G(x, y) can
then be deduced. In this subsection we assume again that m ̸= 0 so that there are no
zero-modes of the Dirac operator D = i∇/ + mγ∗. Generically there are, of course, zero-
modes of i∇/ as discussed in subsection 2.5. In the next subsection, when we want to do a
small mass expansion, we will explicitly separate the contributions of these zero-modes of
i∇/, that contribute terms of order 1

m to the Green’s function S(x, y) and terms of order 1
m2

to the Green’s function G(x, y). But at present, we will not need to do this separation, as
long as m ̸= 0.

25Of course, we also had the 1
4 multiplying the δζ′(0) and δζ(0) instead of a 1

2 in the bosonic case. But
this extra 1

2 is offset by a factor 2 coming from the Dirac traces.
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5.2.1 Conformal variations of S(x, y), G(x, y) and GR(y)

Recall that S(x, y) is the solution of DxS(x, y) ≡ (i∇/x +mγ∗)S(x, y) = δ(2)(x− y)/√g, see
eq. (4.47). We want to determine the variation of S under a conformal rescaling. Consider
two metrics g and g′ related by an infinitesimal conformal rescaling g′ = e2δσg. Then,
of course

√
g′ = e2δσ√g and from (2.79), ∇/ ′ = e−3δσ/2∇/ eδσ/2. Thus the corresponding

Green’s functions S and S′ satisfy

(i∇/x +mγ∗)S(x, y) = δ(2)(x− y)
√
g

,

(
ie−3δσ(x)/2∇/ eδσ(x)/2 +mγ∗

)
S′(x, y) = δ(2)(x− y)

√
g

e−3δσ(x)/2e−δσ(y)/2. (5.8)

It looks as if for m = 0 one would simply have S′(x, y) = e−δσ(x)/2S(x, y)e−δσ(y)/2. But
for m = 0 we must precisely subtract the zero-mode contribution and deal with S̃ and S̃′

instead and then the relation becomes again more complicated due to the conformal trans-
formation of the zero-mode projector. This will be dealt with in the next two subsections.
But this remark motivates the following definition of δ̂S:

S′(x, y) ≡ S(x, y) + δS(x, y) = e−δσ(x)/2S(x, y)e−δσ(y)/2 + δ̂S(x, y)

⇔ δS(x, y) = −1
2
(
δσ(x) + δσ(y)

)
S(x, y) + δ̂S(x, y). (5.9)

We then insert this S′(x, y) into the second equation (5.8) and develop to first order in the
variation. This yields

Dx δ̂S(x, y) ≡ (i∇/x +mγ∗)δ̂S(x, y) = −mδσ(x) γ∗S(x, y) , (5.10)

which is solved by multiplying with the Green’s function of D and integrating:∫
d2z

√
g(z)S(x, z)Dz δ̂S(z, y) = −m

∫
d2z

√
g(z) δσ(z)S(x, z) γ∗ S(z, y). (5.11)

Using the hermiticity of Dz the terms on the left-hand side is
∫
d2z

√
g(z) (DzS(z, x))†

δ̂S(z, y) = δ̂S(x, y), so that

δ̂S(x, y) = −m
∫

d2z√g δσ(z)S(x, z)γ∗S(z, y) , (5.12)

and

δS(x, y) = −1
2
(
δσ(x) + δσ(y)

)
S(x, y)−m

∫
d2z√g δσ(z)S(x, z)γ∗S(z, y). (5.13)

One can now continue from this to obtain the variation of SR(x) by subtracting the
variation of the singular part of S(x, y), and then deduce the variation of tr γ∗SR = trGR.
We have tried this avenue, but it turns out not to be the most straightforward one. Instead,
we will determine the variation of G(x, y) from the variation of S(x, y) and then deduce the
variation of GR(x) by subtracting the variation of the singular part of G(x, y). Recall that
G(x, y) =

∫
dz S(x, z)S(z, y), where here and in the following, to simplify the notations, we
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abbreviate the integration measure d2z
√
g(z) by writing simply dz. Of course, one should

not forget then that dz changes under a conformal rescaling:∫
dz ≃

∫
d2z

√
g(z), δ dz = dz 2δσ(z). (5.14)

The variation of G(x, y) is then given by

δG(x,y)=δ
∫
dzS(x,z)S(z,y)=

∫
dz
[
2δσ(z)S(x,z)S(z,y)+δS(x,z)S(z,y)+S(x,z)δS(z,y)

]
=
∫

dz
[(
δσ(z)− δσ(x)

2 − δσ(y)
2

)
S(x,z)S(z,y)+δ̂S(x,z)S(z,y)+S(x,z)δ̂S(z,y)

]
.

(5.15)

Now the short-distance singularity of G(x, y) is Gsing(x, y) = − 1
4π log µ2ℓ2(x,y)

4 12×2 and we
need to compute its variation

δGsing(x, y) = − 1
4π

δℓ2(x, y)
ℓ2(x, y) 12×2. (5.16)

Actually, we only need this in the limit x → y, i.e. when x and y are only separated
by an infinitesimal dx. But then the (geodesic) distance between the two points is just
given by ℓ2(x, x + dx) = gµνdxµdxν = e2σ(x)ĝµνdxµdxν . Obviously then δℓ2(x, x + dx) =
2δσ(x)ℓ2(x, x+dx). Somewhat more generally, for x close to y, one can show that (see e.g.
the appendix A1 of [34]):

δℓ2(x, y)
ℓ2(x, y) = δσ(x)+δσ(y)+O(ℓ2). ⇒ δGsing(x, y) = − 1

4π
(
δσ(x)+δσ(y)+O(ℓ2)

)
12×2.

(5.17)
We see that the variation of the singular part is non-singular. Hence it must be that
δG(x, y) as given in (5.15) also is non-singular. Indeed, the terms involving δ̂S are easily
seen to be non-singular, so only the first term in (5.15) could potentially be singular as
x → y. Indeed S(y, z)S(z, y) is divergent as ∼ 1

ℓ2(z,y) when the integration variable z

gets close to y. But then the factor δσ(z) − δσ(y) vanishes as z − y ∼ ℓ(z, y) so that the
integrand behaves as 1

ℓ(z,y) which is an integrable singularity in 2 dimensions, leading to a
finite integral over d2z. We may thus take the limit x→ y:

lim
x→y

δG(x, y) =
∫

dz
[(
δσ(z)− δσ(y)

)
S(y, z)S(z, y) + δ̂S(y, z)S(z, y) + S(y, z)δ̂S(z, y)

]
,

(5.18)
and subtracting (5.17) with x = y we get

δGR(y) =
∫
dz
[(
δσ(z)−δσ(y)

)
S(y, z)S(z, y)+δ̂S(y, z)S(z, y)+S(y, z)δ̂S(z, y)

]
+δσ(y)2π 12×2.

(5.19)
If we now take the trace and integrate over y, the first term in the integrand is odd under
the exchange of y and z and thus does not contribute. Using the cyclicity of the trace and
exchanging again y and z, the second and third terms are easily seen to be identical. We
arrive at ∫

dy δ trGR(y) = 2
∫

dy dz trS(y, z) δ̂S(z, y) + δA

2π . (5.20)
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We now insert the explicit expression (5.12) for δ̂S to get∫
dy δ trGR(y) = δA

2π − 2m
∫

dy
∫

dz
∫

du δσ(u) trS(y, z)S(z, u)γ∗S(u, y)

= δA

2π − 2m
∫

dy du δσ(u) trG(y, u)γ∗S(u, y). (5.21)

In the previous section, we have shown in (4.56) that tr γ∗S(x, y) = m trG(x, y). The
argument was based on the relation S(x, y) = (i∇/x +mγ∗)G(x, y) and the fact that G only
contains the matrices 12×2 and γ∗ and that in the end only 12×2 has a non-vanishing trace.
One can show in completely the same way that

tr γ∗S(x, y)G(u1, v1) . . . G(un, vn) = m trG(x, y)G(u1, v1) . . . G(un, vn). (5.22)

This allows us to rewrite (5.21) as∫
dy δ trGR(y) =

δA

2π − 2m2
∫

dy du δσ(u) trG(u, y)G(y, u)

= δA

2π − 2m2
∫

du δσ(u) trG2(u, u) ,
(5.23)

where we used the orthonormality of the eigenfunctions to rewrite the right-hand side in
terms of a higher Green’s function G2:∫

dy G(u, y)G(y, v) =
∑

n

1
λ4n

(
χn(u)χ†

n(v) + ϕn(u)ϕ†n(v)
)
≡ G2(u, v) ≡ ζ+(2, u, v). (5.24)

Let us note for later reference that one can equally easily show that∫
du dv S(x, u)G(u, v)S(v, y) = G2(x, y) ≡ ζ+(2, x, y). (5.25)

Finally, inserting (5.23) into (5.7), we get

δ

[
Sgrav +

1
48πSLiouville +

γ

4πm
2A+ m2

4

∫
dy trGR(y)

]
= −m

4

2

∫
du δσ(u) trG2(u, u) ,

(5.26)
If there are no zero-modes of i∇/ , which is the case for spherical topology, then S and G have
finite limits as m→ 0 and one can assert that the term on the right-hand side of (5.26) is
of order m4. In this case, if we satisfy ourselves with an order m2 calculation, we may just
drop the right-hand side, and moreover replace GR by the corresponding quantity in the
massless theory. However, for genus one or larger, we have zero-modes of i∇/ and one must
separate the zero-mode and the non zero-mode parts to isolate the contributions that are
truly of order m2. This separation will be the subject of subsection 5.3.

5.2.2 Conformal variation of the higher Green’s function Gn, n ≥ 2

But let us go on and determine
∫
du δ trGn(u, u) for n ≥ 2. We have

Gn(u1, u1) =
∫

du2 . . . dunG(u1, u2)G(u2, u3) . . . G(un, u1) , (5.27)
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so that∫
du1 δ trGn(u1, u1)) =

∫
du1 . . . dun

[
2

n∑
i=2

δσ(ui) trG(u1, u2) . . . G(un, u1)

+
n∑

i=1
trG(u1, u2) . . . δG(ui, ui+1) . . . G(un, u1)

]

=
∫

du1
[
2(n− 1)δσ(u1) trGn(u1, u1) + n

∫
du1 du2 tr δG(u1, u2)Gn−1(u2, u1)

]
, (5.28)

where in the last step we used the cyclicity of the trace. The variation δG(z, y) was
determined in (5.15) and it follows that∫

du1 du2 tr
(
δG(u1, u2)

)
Gn−1(u2, u1)

=
∫

dv du1 du2
(
δσ(v)− δσ(u1) + δσ(u2)

2
)
trS(u1, v)S(v, u2)Gn−1(u2, u1)

+
∫

dv du1 du2 tr
(
δ̂S(u1, v)S(v, u2) + S(u1, v)δ̂S(v, u2)

)
Gn−1(u2, u1). (5.29)

The different pieces of the first term on the right-hand side can be rewritten, using the
cyclicity of the trace and an identity analogous to (5.25), as∫
dvdu1du2 δσ(v) trS(u1, v)S(v, u2)Gn−1(u2, u1) =

∫
dv δσ(v) trGn(v, v), and similarly for∫

dvdu1du2 δσ(u1) trS(u1, v)S(v, u2)Gn−1(u2, u1) =
∫
du1δσ(u1) trGn(u1, u1), etc, and we

see that the terms on the right-hand side of (5.29) involving the explicit δσ cancel. Hence
only the terms involving δ̂S remain. Thus∫

du1 du2 tr
(
δG(u1, u2)

)
Gn−1(u2, , u1)

= −m
∫
dv dw du1du2δσ(w) tr

(
S(u1, w)γ∗S(w, v)S(v, u2) + S(u1, v)S(v, w)γ∗S(w, u2)

)
Gn−1(u2, u1)

= −m
∫

dw du1δσ(w) tr
(
γ∗Gn(w, u1)S(u1, w) + γ∗S(w, u1)Gn(u1, w))

)
= −2m2

∫
dw δσ(w) trGn+1(w,w). (5.30)

We see that we can rewrite (5.28) as∫
du δ trGn(u, u)− 2(n− 1)

∫
du δσ(u) trGn(u, u) = −2nm2

∫
du δσ(u) trGn+1(u, u).

(5.31)
Now, on the left-hand side we combine

∫
du δ trGn + 2

∫
du δσ(u) trGn = δ

∫
du trGn so

that, after dividing by 2n:∫
du δσ(u) trGn = δ

∫
du 1

2n trGn +m2
∫

du δσ(u) trGn+1 , (5.32)

where we dropped the arguments, all Green’s functions being obviously evaluated at co-
inciding points u. If we multiply this equation by m2n and iterate it N − n + 1 times we
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get

m2n
∫

du δσ(u) trGn = δ

∫
du

N∑
k=n

m2k

2k trGk +m2(N+1)
∫

du δσ(u) trGN+1. (5.33)

We now use this relation for n = 2 to rewrite the right-hand side of (5.26) to get

δ

[
Sgrav +

1
48πSLiouville +

γ

4πm
2A+ 1

4

∫
d2y√g

(
m2 trGR(y) +

N∑
k=2

m2k

k
trGk(y, y)

)]

= −m
2(N+1)

2

∫
d2y√g δσ(y) trGN+1(y, y) , (5.34)

where on the left-hand side one can replace
∫
d2y√g trGk(y, y) = ζ(k).

5.2.3 Variation of the gravitational action to all orders in m2 for spherical
topology

Contrary to what this expansion (5.34) might suggest, it is important to realise that the
quantities GR and ζ(k) are the quantities computed in the massive theory. However, in the
absence of zero-modes of i∇/ (i.e. for spherical topology), they all have a finite limit as m
goes to zero. Below, in subsubsection 5.3.5, we will give a precise bound on the remainder
term on the right-hand side of (5.34). In particular, for m2A

a2
∗
< 1, where a∗ is the smallest

eigenvalue of D for zero mass and unit area A = 1, this term goes to zero as N → ∞.
Hence

δ

[
Ssphere
grav + 1

48πSLiouville +
γ

4πm
2A+ m2

4

∫ √
g trGR(y) +

∞∑
k=2

m2k

4k ζ(k)
]
= 0 (5.35)

It is relatively straightforward to re-express GR and ζ(k) in terms of the same set of
quantities in the massless theory. We will do this below for the case of arbitrary genus.

5.3 Variation of the gravitational action for arbitrary genus

5.3.1 Zero-mode and non-zero-mode parts of the Green’s functions

As discussed in subsection 2.5, for genus one or larger, there are zero-modes ψ0,i of i∇/ .
They may be chosen as having definite chirality, i.e. be eigenstates of γ∗. There are as many
positive as negative chirality zero-modes. For the arbitrary torus there is exactly one zero-
mode of each chirality and we have obtained them explicitly. In general, since i∇/ψ0,i = 0
we have Dψ0,i = mγ∗ψ0,i = ±mψ0,i, i.e λ0 = m. Recall the spectral decomposition (4.49)
of the Green’s functions in terms of the eigenfunctions and eigenvalues. It follows that the
zero-mode parts of the Green’s functions S and G behave as 1

m and 1
m2 and do not have a

limit as m→ 0. Since we want to do a small-m expansion, we have to separate the Green’s
functions into their zero-mode and their non-zero-mode parts. In terms of the projectors
P0 and Q0 on the zero-modes defined in (2.102) and (2.106), the zero-mode contribution
to the Green’s functions G and S simply are P0

λ2
0
= P0

m2 and Q0
λ0

= Q0
m . Obviously then, one
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has the decomposition

G(x, y) = G(0)(x, y) + G̃(x, y), G(0)(x, y) =
P0(x, y)
m2 ,

S(x, y) = S(0)(x, y) + S̃(x, y), S(0)(x, y) =
Q0(x, y)

m
, (5.36)

where G̃(x, y) and S̃(x, y) are the contributions of the non-zero-modes for which the λn

have finite limits as m→ 0. Hence, G̃(x, y) and S̃(x, y) have finite limits as m→ 0, which
obviously is not the case for G(0) and S(0).

As already noted, the zero-modes are orthogonal to the non-zero modes so that∫
dz S(0)(x, z)S̃(z, y) = 0,

∫
dz G(0)(x, z)G̃(z, y) = 0 ,∫

dz S(0)(x, z)G̃(z, y) = 0,
∫

dz G(0)(x, z)S̃(z, y) = 0. (5.37)

Furthermore (cf (2.107))∫
dz S(0)(x, z)S(0)(z, y) =

1
m2

∫
dz Q0(x, z)Q0(z, y) =

1
m2P0(x, y) = G(0)(z, y). (5.38)

We also have G(x, y) =
∫
dz S(x, z)S(z, y). If we substitute S = S̃ + S(0) and use the

orthogonality between the zero and non-zero-modes, eq. (5.37), we get

G̃(x, y) =
∫

dz S̃(x, z)S̃(z, y). (5.39)

We can similarly separate all higher Green’s functions as Gn(x, y) = G
(0)
n (x, y) + G̃n(x, y)

and we have separate relations for the zero-mode and the non-zero-mode parts:

G̃n+1(x, y) =
∫

dz G̃(x, z)G̃n(z, y) =
∫

dz du S̃(x, z)G̃n(z, u)S̃(u, y) ,

G
(0)
n+1(x, y) =

∫
dz G(0)(x, z)G̃(0)

n (z, y) =
∫

dz duS(0)(x, z)G(0)
n (z, u)S(0)(u, y). (5.40)

Finally note that the zero-mode parts satisfy i∇/ S(0) = i∇/G(0) = 0 and recall from (2.107)
that Q0 = γ∗P0 so that S(0) = mγ∗G(0) = (i∇/ +mγ∗)G(0). Subtracting this identity from
S = (i∇/+mγ∗)G results in

S̃(x, y) = (i∇/x +mγ∗)G̃(x, y) ≡ DxG̃(x, y) , (5.41)

so that the zero-mode parts and the non-zero-mode parts satisfy this same relation sepa-
rately. Of course, all these relations also follow directly from the spectral representations
of the Green’s functions.

We now want to rewrite the various relations of the previous subsection in terms of
these S̃(x, y) and G̃(x, y) for which the m→ 0 limits exist. In the end we will find that we
obtain almost the same result as in (5.34) or (5.35) except that all quantities are replaced
by the corresponding quantities with tildes referring to the non-zero-modes. This result
can be understood as being due to the fact that when varying the gravitational action the
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eigenvalue λ0 corresponding to the zero-modes does not change and that the zero-mode
and non-zero-mode contributions are orthogonal.

But let us proceed. First note that the zero-mode pieces do not contribute to the
short-distance singularities. Hence G(x, y) and G̃(x, y) have the same short-distance sin-
gularity − 1

4π log µ2ℓ2(x,y)
4 12×2. Similarly S(x, y) and S̃(x, y) have the same short-distance

singularity − 1
4π (i∇/x +mγ∗) log µ2ℓ2(x,y)

4 . Thus

Sreg(x, y) = S(0)(x, y) + S̃(x, y) + 1
4π (i∇/x +mγ∗) log

µ2ℓ2(x, y)
4 = Q0(x, y)

m
+ S̃reg(x, y) ,

Greg(x, y) = G(0)(x, y) + G̃(x, y) + 1
4π log µ

2ℓ2(x, y)
4 12×2 =

P0(x, y)
m2 + G̃reg(x, y). (5.42)

By taking the coincidence limit x→ y we then get

SR(y) =
Q0(y, y)

m
+ S̃R(y), GR(y) =

P0(y, y)
m2 + G̃R(y). (5.43)

Also, since Q0 = γ∗P0, the relation (4.114) translates into

S̃R = mγ∗G̃R. (5.44)

But both, S̃R and G̃R have a smooth limit as m→ 0, and we find that S̃R vanishes in the
massless theory:

S̃m=0
R (x) = 0. (5.45)

We will need the variations of the zero-mode parts of the Green’s functions G(0)(x, y)
and S(0)(x, y) under conformal transformations. As we have just seen, the latter are given
in terms of the zero-mode projectors P0(x, y) and Q0(x, y) = γ∗P0(x, y). But the con-
formal variations of P0(x, y) have been studied in some detail in subsection 2.5.4, see in
particular (2.115) and (2.116).

5.3.2 Expressing the variation of the gravitational action in terms of G̃R

The variation of the gravitational action, eq. (5.5) contains the term −m2

2
∫ √

g δσ trGR on
its right-hand side. We now use (5.43) and (2.116) to rewrite this as

−m
2

2

∫
dy δσ(y) trGR(y) = −m

2

2

∫
dy δσ(y) tr

(
P0(y, y)
m2 + G̃R(y)

)
= −δ

(
log detP0 +

m2

4

∫
dy tr G̃R(y)

)
+ m2

4

∫
dy δ tr G̃R(y). (5.46)

We can then rewrite our initial equation (5.7) as

δ

(
Sgrav+

1
48πSLiouville+logdetP0+

m2

8π (2γ+1)A+m2

4

∫ √
g trG̃R

)
= m2

4

∫ √
g δ trG̃R.

(5.47)
This is as (5.7) but with GR replaced by G̃R and the extra term δ log detP0 on the left-
hand-side.
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At present, this term δ log detP0 has emerged from separating the zero-mode piece
from GR. But we have seen in section 3 that, since δλ0 = 0, we may write δSgrav from the
beginning in terms of quantities that do not involve the zero-modes. Then in eq. (5.5) it
is directly G̃R that appears. So where does this term δ log detP0 then come from? Recall
that the variation of the gravitational action was δSgrav = 1

4δζ
′(0)+ 1

4 logµ
2 δζ(0), cf (5.1).

First, δζ(0) only involved the residue of the pole of ζ+(s, x, x) which is the same as the
residue of the pole of ζ̃+(s, x, x). Second, when expressing δζ ′(0) directly in terms of the
quantities without zero-modes as given in the second line of (4.67), namely

1
4δζ

′(0) = 1
2

∫
δσ tr ζ̃+(0, x, x)−

m2

2

∫
δσ tr ζ̃reg+ (1, x, x)− 2m2C+δA , (5.48)

the last two terms on the right-hand side will be expressed in terms of
∫
δσG̃R with no

zero-mode contribution subtracted. On the other hand, ζ+(0, x, x) was given in terms of the
heat kernel coefficient 1

4πF1(x, x), cf (4.40), as ζ+(0, x, x) = − 1
4π

(R(x)
12 +m2)12×2. Now the

corresponding ζ̃+(0, x, x) is obtained from the heat kernel K̃+(t, x, x) with its zero-mode
part subtracted. But the latter is just e−m2tP0(x, x) = P0(x, x)

(
1 +O(t)

)
. It follows that

1
4π F̃1(x, x) = 1

4πF1(x, x)− P0(x, x) and, hence,

ζ̃+(0, x, x) = − 1
4π

(R(x)
12 +m2

)
12×2 − P0(x, x) , (5.49)

so that
1
2

∫
dx δσ(x) tr ζ̃+(0, x, x) = − 1

48πδSLiouville −
m2

8π δA− δ log detP0 , (5.50)

where we used (2.116). Thus one gets again all the terms of (5.47). This latter computation
also shows that this zero-mode related term log detP0 is actually already present in the
massless theory and should have appeared together with the Liouville action. But, as
mentioned earlier, in the massless theory one may redefine the matter partition function
by an appropriate factor to precisely cancel this term.

Starting from (5.47), we can now proceed as in the previous subsection and express∫ √
g δ tr G̃R in terms of a total variation and

∫ √
g δ tr G̃2(y, y), which then is again ex-

pressed as a total variation and a term
∫ √

g δ tr G̃3(y, y), etc. We have to be careful to sub-
tract any zero-mode contributions where they might appear, but the orthogonality (5.37)
of the zero and non-zero mode parts of the Green’s functions essentially ensures that the
variations of the non-zero-mode quantities only involve other non-zero-mode quantities.

To begin with, we have

δG̃R(y) = lim
x→y

δ

(
G̃(x, y) + 1

4π log µ
2ℓ2(x, y)

4 12×2

)
. (5.51)

We already observed above that δ
( 1
4π log µ2ℓ2(x,y)

4
)
∼x→y

δσ(y)
2π is non-singular and, hence,

the same must be true for δG̃(x, y). From (5.39) we know that G̃(x, y) =
∫
dz S̃(x, z)S̃(z, y),

and we can set x = y after taking the variation, so that

δG̃R(y) =
∫

dz
(
2δσ(z)S̃(y, z)S̃(z, y) + δS̃(y, z)S̃(z, y) + S̃(y, z)δS̃(z, y)

)
+ δσ(y)

2π 12×2.

(5.52)
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5.3.3 Determining δS̃

We then need to determine δS̃(x, y). To do this, we just repeat the steps leading to (5.12)
and (5.13), but now subtracting the zero-mode parts. We start with (i∇/x +mγ∗)S(x, y) =
δ(2)(x−y)/√g and separate the non-zero and zero-mode parts: S = S̃+S(0). The zero-mode
piece S(0) = Q0

m satisfies i∇/x S(0)(x, y) = 0 so that (recall γ∗Q0 = P0)

(i∇/x +mγ∗)S̃(x, y) =
δ(2)(x− y)

√
g

−mγ∗S(0)(x, y) =
δ(2)(x− y)

√
g

− P0(x, y). (5.53)

Of course, this just expresses that DxS̃(x, y) gives the completeness relation without the
zero-modes. Consider now a metric g′ related to g by an infinitesimal conformal rescaling
g′ = e2δσg. Then, as before,

√
g′ = e2δσ√g and ∇/ ′ = e−3δσ/2∇/ eδσ/2. We have, of course,

S̃′(x, y) = S′(x, y)− S′
(0)(x, y) where i∇/ ′S′

(0)(x, y) = 0. Then (5.53) becomes

(
ie−3δσ(x)/2∇/ eδσ(x)/2 +mγ∗

)
S̃′(x, y) = δ(2)(x− y)

√
g

e−3δσ(x)/2e−δσ(y)/2 − P ′
0(x, y). (5.54)

Much as in (5.9), we set

S̃′(x, y) = S̃(x, y) + δS̃(x, y) = e−δσ(x)/2
(
S̃(x, y) + δ̂S̃(x, y)

)
e−δσ(y)/2

⇔ δS̃(x, y) = −1
2
(
δσ(x) + δσ(y)

)
S̃(x, y) + δ̂S̃(x, y) , (5.55)

where the equivalence between the two equations holds up to terms of second order in the
variations. Developing (5.54) to first order in the variations and comparing with (5.53)
we get

Dx δ̂S̃(x, y) ≡ (i∇/x +mγ∗)δ̂S̃(x, y)

= −mδσ(x) γ∗S̃(x, y)−
(3
2δσ(x) +

1
2δσ(y)

)
P0(x, y)− δP0(x, y) ,

(5.56)

where δP0 = P ′
0 − P0, so that∫

dz S̃(x, z)Dz δ̂S̃(z, y) = −m

∫
dz S̃(x, z)δσ(z) γ∗S̃(z, y)

−
∫

dz S̃(x, z)
[(3

2δσ(z) +
1
2δσ(y)

)
P0(z, y) + δP0(z, y)

]
.

(5.57)

On the left-hand side, as before, we use the hermiticity of Dz and let it act on S̃(x, z),
according to (5.53):∫

dz S̃(x, z)Dz δ̂S̃(z, y) = δ̂S̃(x, y)−
∫

dz P0(x, z)δ̂S̃(z, y). (5.58)

Hence,

δ̂S̃(x, y) = −m

∫
dz S̃(x, z)δσ(z) γ∗S̃(z, y)

−
∫

dz S̃(x, z)
[(3

2δσ(z) +
1
2δσ(y)

)
P0(z, y) + δP0(z, y)

]
+
∫

dz P0(x, z) δ̂S̃(z, y). (5.59)
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Recall the orthogonality relation between S̃ and G(0) ∼ P0 which we write for metric g and
for the metric g′ = e2δσg (with dz still standing for d2z

√
g(z)):∫

dz P0(x, z)S̃(z, y) = 0,
∫

dz e3δσ(z)/2e−δσ(y)/2P ′
0(x, z)

(
S̃(z, y) + δ̂S̃(z, y)

)
= 0. (5.60)

First, this shows that the term ∼ δσ(y) in (5.59) does not contribute. Next, developing
the second equation to first order and using the first one we get∫

dz P0(x, z) δ̂S̃(z, y) = −
∫

dz
(3
2δσ(z)P0(x, z)S̃(z, y) + δP0(x, z)S̃(z, y)

)
. (5.61)

Hence,

δ̂S̃(x, y) = −m
∫

dz δσ(z) S̃(x, z)γ∗S̃(z, y)

−
∫
dz
[3
2δσ(z)

(
S̃(x, z)P0(z, y) + P0(x, z)S̃(z, y)

)
+ S̃(x, z)δP0(z, y) + δP0(x, z)S̃(z, y)

]
.

(5.62)

Now, δP0(x, z) has been worked out in (2.115). It contains a piece −1
2
(
δσ(x)+δσ(z)

)
P0(x, z)

as well as a piece
∑

i,j aij ψ0,i(x)ψ †
0,j(z) where the aij are some constants. Thus, when mul-

tiplied by S̃(z, y) and integrated over dz the second piece does not contribute. Similarly
for

∫
dz S̃(x, z)δP0(z, y). Thus we can rewrite (5.62) as

δ̂S̃(x, y) = −
∫

dz δσ(z)
[
mS̃(x, z)γ∗S̃(z, y) + S̃(x, z)P0(z, y) + P0(x, z)S̃(z, y)

]
. (5.63)

This, together with the second equation (5.55) determines δS̃ entirely in terms of S̃, δσ
and P0. Note that we cannot (yet) use the “orthogonality” of S̃ and P0 since the integral
over dz also involves δσ(z). However, we will see in the sequel that the P0 terms drop out
from the relevant quantities we will compute here.

5.3.4 Determining δG̃R

We have already given δG̃R in terms of δS̃ and δσ in (5.52). Using now the second
equation (5.55) to express δS̃ in terms of δσ S̃ and δ̂S̃, this becomes

δG̃R(y) =
∫

dz
((
δσ(z)− δσ(y)

)
S̃(y, z)S̃(z, y) + δ̂S̃(x, z)S̃(z, y) + S̃(x, y)δ̂S̃(z, y)

)
+ δσ(y)

2π 12×2. (5.64)

Let us remark for further reference that if we do not take the x→ y limit and discard the
last term we also get

δG̃(x,y)=
∫
dz
((
δσ(z)− δσ(x)

2 − δσ(y)
2

)
S̃(x,z)S̃(z,y)+δ̂S̃(x,z)S̃(z,y)+S̃(x,z)δ̂S̃(z,y)

)
.

(5.65)
If we take the trace of δG̃R and integrate, as before, the term δσ(z) − δσ(y) vanishes by
antisymmetry, and we are left with∫

dy δ tr G̃R(y) = 2
∫

dy dz tr δ̂S̃(y, z)S̃(z, y) + δA

2π . (5.66)
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Next, we insert δ̂S̃ from (5.63):∫
dy δ tr G̃R(y) = −2

∫
dy dz du δσ(u) tr

(
mS̃(y, u)γ∗S̃(u, z)

+S̃(y, u)P0(u, z) + P0(y, u)S̃(u, z)
)
S̃(z, y) + δA

2π . (5.67)

We see that the terms involving P0 now vanish:
∫
dzP0(u, z)S̃(z, y) = 0 and (using the

cyclicity of the trace)
∫
dyS̃(z, y)P0(y, u) = 0. Furthermore, we can replace

∫
dyS̃(z, y)S̃(y, u)

by G̃(z, u). We are left with∫
dy δ tr G̃R(y) = −2m

∫
dz du δσ(u) tr γ∗S̃(u, z)G̃(z, u) +

δA

2π

= −2m2
∫

dz du δσ(u) tr G̃(u, z)G̃(z, u) + δA

2π = −2m2
∫

du δσ(u) tr G̃2(u, u) +
δA

2π ,

(5.68)

where we used, much as for S and G, that S̃(u, z) = (i∇/u +mγ∗)G̃(u, z) and the fact that
only the mγ∗G̃ survives in the trace. Inserting this into (5.47) we get

δ

(
Sgrav +

1
48πSLiouville + log detP0 +

γ

4π m
2A+ m2

4

∫
du tr G̃R(u)

)

= −m
4

2

∫
du δσ(u) tr G̃2(u, u). (5.69)

Of course, this is very similar to (5.26), except that now all Green’s functions have their
zero-modes excluded and, instead, we have the zero-mode related piece log detP0.

Since G̃2 has a finite limit as m → 0, the right-hand side is a genuine order m4-term
and one can read the complete variation of Sgrav up to and including the order m2-terms
from the left-hand side. But we also want to obtain the higher-order contributions which
requires to study similarly the variation of the higher G̃n.

5.3.5 Conformal variation of the higher G̃n(x, y), n ≥ 2

As before, we now want to obtain the conformal variations of the non-zero-mode parts
of the higher Green’s functions. It follows immediately from the orthonormality of the
zero-mode and non-zero-mode parts of G that

G̃n(x, y) = Gn(x, y)−G(0)
n (x, y) ≡ Gn(x, y)−

P0(x, y)
m2n

=
∫

du2 . . . dun G̃(x, u2)G̃(u2, u3) . . . G̃(un, y).
(5.70)

Then, as before for Gn in (5.28), we now have for G̃n∫
du1 δ tr G̃n(u1, u1) = (2(n− 1)

∫
du δσ(u) tr G̃(n)(u, u)

+n
∫

du1du2 tr δG̃(u1, u2)G̃(n−1)(u2, u1). (5.71)
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Let us evaluate the second term on the right-hand side of this equation. δG̃ was given
in (5.65) so that∫

dx dy tr δG̃(x, y)G̃(n−1)(y, x)

=
∫

dx dy dz
[(
δσ(z)− δσ(x)

2 − δσ(y)
2

)
tr S̃(x, z)S̃(z, y)G̃(n−1)(y, x)

+ tr
(
δ̂S̃(x, z)S̃(z, y) + S̃(x, z)δ̂S̃(z, y)

)
G̃(n−1)(y, x)

]
. (5.72)

Using the cyclicity of the trace we can show again that the term involving explicitly the
δσ vanishes and only the terms involving δ̂S̃ remain. Using (5.63) these terms are∫

dx dy dz tr
(
δ̂S̃(x, z)S̃(z, y) + S̃(x, z)δ̂S̃(z, y)

)
G̃(n−1)(y, x)

= −
∫

dx dy du dz δσ(z) tr
[
mS̃(x, z)γ∗S̃(z, u) + S̃(x, z)P0(z, u) + P0(x, z)S̃(z, u)

]
×

×
[
S̃(u, y)G̃(n−1)(y, x) + G̃(n−1)(u, y)S̃(y, x)

]
. (5.73)

Again, by the cyclicity of the trace, we see that the terms involving P0 always appear as∫
duP0(z, u)S̃(u, y) = 0 or

∫
dx G̃(n−1)(y, x)P0(x, z) = 0, etc. Hence they give vanishing

contributions and (5.73) reduces to

(5.73) = −m
∫

dx dz δσ(z) tr
(
S̃(x, z)γ∗G̃n(z, x) + γ∗S̃(z, x)G̃n(x, z)

)
= −m2

∫
dx dz δσ(z) tr

(
G̃(x, z)G̃n(z, x) + G̃(z, x)G̃n(x, z)

)
= −2m2

∫
dy δσ(y) tr G̃n+1(y, y) , (5.74)

where in the next to last step we used the by now familiar argument to replace S̃γ∗ and
γ∗S̃ by mG̃ inside the trace. Putting the pieces together, using (5.71), (5.72) and (5.74),
we get∫

dy δ tr G̃n(y, y) = 2(n− 1)
∫

dy δσ(y) tr G̃n(y, y)− 2nm2
∫

dy δσ(y) tr G̃n+1(y, y) ,
(5.75)

exactly as in (5.31) but now for the G̃n instead of the Gn. One can then do the same ma-
nipulations, obtaining the analogue relations of (5.32) (again we do drop the arguments y)∫

dy δσ(y) tr G̃n = 1
2n δ

∫
dy tr G̃n +m2

∫
dy δσ(y) tr G̃n+1. (5.76)

This can be iterated to obtain a relation analogous to (5.33):

m2n
∫

dy δσ(y) tr G̃n = δ

∫
dy

N∑
k=n

m2k

2k tr G̃k +m2(N+1)
∫

dy δσ(y) tr G̃N+1. (5.77)

This looks like an expansion in powers of m2, but one should be aware that the Green’s
functions G̃k are the Green’s function of the massive theory. However, and this was the
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whole point of having subtracted the zero-modes, each G̃k now has a finite limit as m→ 0
and can be expanded itself in powers of m2, as we will do shortly.

Let us give an upper bound on the term on the right-hand side. We have
∫
dy tr G̃N+1 =∑

n ̸=0
2

λ
2(N+1)
n

= ζ̃(N+1). Furthermore, λ2n = λ2n|m=0+m2 and the eigenvalues of the mass-
less theory have a simple scaling with the area, namely26

λ2n|Am=0 =
1
A
λ2n|A=1

m=0. (5.78)

If we denote Mδσ = max |δσ| ≥ 0 we have the following bound∣∣∣ ∫ dy δσ(y) tr G̃N+1
∣∣∣ ≤Mδσ

∣∣∣ ∫ dy tr G̃N+1
∣∣∣ = Mδσ ζ̃(N + 1) ≤Mδσ ζ̃m=0(N + 1)

= AN+1Mδσ ζ̃
A=1
m=0(N + 1). (5.79)

Now, just as Riemann’s zeta-function ζR(s) has a finite limit as s → ∞, our ζ̃A=1
m=0(N + 1)

has a well-defined “limit behaviour” as N → ∞ and this is given in terms of the smallest
eigenvalue that contributes. If we denote a0 ≡ λ1|A=1

m=0 is the smallest (positive) non-zero
eigenvalue for zero mass and unit area A = 1, and da0 its degeneracy, then ζA=1

m=0(N +
1) ∼N→∞ 2 da0

a
2(N+1)
0

. Hence

∣∣∣m2(N+1)
∫
dyδσ(y) trG̃N+1

∣∣∣≤m2(N+1)AN+1Mδσ ζ̃
A=1
m=0(N+1)∼N→∞ 2da0Mδσ

(m2A

a20

)N+1
.

(5.80)
Thus for small enough mass, m2A < a20 the right-hand side goes to zero as N → ∞ and
we may drop the corresponding term in (5.77). We may similarly estimate the radius of
convergence of the series∫

dy
∞∑

k=n

m2k

2k tr G̃k =
∞∑

k=n

m2k

2k ζ̃(k) =
∞∑

k=n

(m2A)k

2k ζ̃A=1(k). (5.81)

If we now denote by a the smallest positive eigenvalue (of the massive theory) appearing in
ζ̃A=1 (such that its zero-mass limit is a0 > 0), then the series converges for

∣∣m2A
a2

∣∣ < 1. We
conclude that for small enough mass we can take the N → ∞ limit in (5.77) and obtain

m2n
∫

d2y√g δσ(y) tr G̃n = δ

∫
d2y√g

∞∑
k=n

m2k

2k tr G̃k. (5.82)

5.3.6 Variation of the gravitational action to all orders in m2 for arbitrary
genus

We insert this result (5.82) for n = 2 into eq. (5.69) and get

δ

[
Sgrav +

1
48πSLiouville + log detP0 +

γ

4π m
2A

+1
4

∫
d2u√g

(
m2 tr G̃R(u) +

∞∑
k=2

m2k

k
tr G̃k(u, u)

)]
= 0. (5.83)

26This follows rather trivially from the fact that a conformal rescaling with constant σ changes A→ e2σA

and ∇/→ e−σ∇/ so that ∇/ 2 → e−2σ∇/ 2 and, hence, λ2
n → e−2σλ2

n.
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As before, the integrals of the traces of the higher Green’s functions G̃k at coinciding points
are just the ζ̃(k) so that equivalently

δ

[
Sgrav+

1
48πSLiouville+log detP0+

γ

4π m
2A+m2

4

∫
d2u√g tr G̃R(u)+

∞∑
k=2

m2k

4k ζ̃(k)
]
= 0.

(5.84)
This looks very similar to the result (5.35) where we did not separate the zero-mode
contributions. The only difference (apart from replacing the G’s by the G̃’s, or replacing
the ζ(k) by the ζ̃(k)) is the presence of the zero-mode term log detP0 which only contributes
at order m0. Indeed, we have seen in section 4.2 that δλ0 = 0 so that δζ(s) = δζ̃(s).

As already remarked above, G̃R and the ζ̃(k) are the quantities defined with non-
vanishing mass. Since we subtracted the zero-mode parts, these quantities have a well-
defined series expansion in m2 involving quantities defined in the massless theory. We will
now work out these expansions. First, we have λ2n = λ2n,(m=0) +m2, cf (2.92), so that

1
λ2k

n

= 1
(λ2n,(m=0) +m2)k

= 1
λ2k

n,(m=0)

(
1 + m2

λ2n,(m=0)

)−k

= 1
λ2k

n,(m=0)

∞∑
r=0

(−)r (k + r − 1)!
(k − 1)! r!

(
m2

λ2n,(m=0)

)r

.

(5.85)

Then

∞∑
k=2

m2k

k

1
λ2k

n

=
∞∑

k=2

∞∑
r=0

(−)r (k + r)!
k! r!

1
k + r

(
m2

λ2n,(m=0)

)r+k

=
∞∑

l=2

(
l−2∑
r=0

(−)r l!
(l − r)!r!

)
1
l

(
m2

λ2n,(m=0)

)l

=
∞∑

l=2

[
l∑

r=0
(−)r l!

(l − r)!r! − (−)l−1l − (−)l

]
1
l

(
m2

λ2n,(m=0)

)l

=
∞∑

l=2

[
0− (−)l−1l − (−)l

] 1
l

(
m2

λ2n,(m=0)

)l

=
∞∑

l=2
(−)l l − 1

l

(
m2

λ2n,(m=0)

)l

. (5.86)

If we now sum over n ̸= 0 we get the corresponding relation for the sum of zeta-functions
∞∑

k=2

m2k

k
ζ̃(k) =

∞∑
k=2

(−)k k − 1
k

m2kζ̃m=0(k). (5.87)

Note that to lowest order in m this is just m4

2 ζ̃(2) = 2−1
2 m4ζ̃m=0(2) + O(m6), which is

indeed obviously correct, and it is similarly easy to directly check also the next order.
We may similarly proceed with G̃R. First note that the short distance singularity

of G̃(x, y) is the same for vanishing and for non-vanishing mass. Indeed, this singularity
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depends on the 2-derivative part of D2 and is not changed by adding the mass or not. On
the other hand, as already used repeatedly, the G̃r(x, y) have no short-distance singularities
for r ≥ 2 and the G̃r(y, y) are finite. Recall the obvious fact that if ψn is an eigenfunction
of D2 for m ̸= 0, i.e. D2ψn = λ2nψn where D2 = −∇/ 2 +m2, then this same ψn is also an
eigenfunction of D2 for m = 0, i.e. of −∇/ 2 with eigenvalue λ2n − m2 = λ2n,(m=0). (Note
that this argument is correct for the eigenfunctions of D2, but not for the eigenfunctions
of D and the following reasoning for G̃ can not be transposed to S̃.) Hence, using (5.85)
for k = 1

G̃(x, y) =
∑
n ̸=0

1
λ2n

(
ψn(x)ψ†

n(y) + ψ∗
n(x)(ψ∗

n)†(y)
)

=
∞∑

r=0
(−)rm2r

∑
n ̸=0

1
λ2r+2

n,(m=0)

(
ψn(x)ψ†

n(y) + ψ∗
n(x)(ψ∗

n)†(y)
)

=
∞∑

r=0
(−)rm2rG̃m=0

r+1 (x, y) = G̃m=0(x, y) +
∞∑

r=1
(−)rm2rG̃m=0

r+1 (x, y). (5.88)

Subtracting the short-distance singularity and letting then x→ y gives

G̃R(y) = G̃m=0
R (y) +

∞∑
r=1

(−)rm2rG̃m=0
r+1 (y, y) , (5.89)

so that

m2
∫

d2y√g G̃R(y) = m2
∫

d2y√g G̃m=0
R (y)−

∞∑
k=2

(−)km2kζ̃m=0(k). (5.90)

We can then rewrite (5.84) as

δ

[
Sgrav +

1
48πSLiouville + log detP0 +

γ

4π m
2A

+m
2

4

∫
d2u√g tr G̃m=0

R (u) +
∞∑

k=2

(−)k+1

4k m2k ζ̃m=0(k)
]
= 0. (5.91)

This looks exactly like (5.84) - which was written in terms of the massive Green’s function
and massive zeta-function - except that now the terms in the sum over k have an alternating
sign!

The last sum in this equation (5.91) ressembles, of course, the Taylor expansion of
log(1 + x) and, indeed, formally we have

log
( Det ′D2

Det ′D2
m=0

)
= 2 log

∏
n ̸=0

λ2n
λ2n,m=0

= 2
∑
n ̸=0

log
(
1 + m2

λ2n,m=0

)
= 2

∑
n ̸=0

∞∑
k=1

(−)k+1

k

m2k

λ2k
n,m=0

=
∞∑

k=1

(−)k+1

k
m2k ζ̃m=0(k). (5.92)

It looks a bit as if we have been going in circles and we could have written this expansion
right away at the beginning. However, this formal manipulation results in a sum over k
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including also the singular k = 1 term ζ̃m=0(1). Our more careful treatment has produced
instead, the integral of the Green’s function G̃m=0

R , which can be rewritten in terms of
G̃m=0

ζ which in turn is related to the regular part of ζ̃m=0, i.e. ζ̃regm=0(1), as well as the piece
log detP0 that originated from the zero-modes.

5.4 Integrating the variation of the gravitational action

We have obtained the variation of the gravitational action - to all orders in an expansion
in powers of m2 - under an infinitesimal variation of the conformal factor, corresponding to
an infinitesimal variation of the metric. This variation was expressed in terms of variations
of integrals of the renormalized Green’s function G̃m=0

R of the massless theory and of the
higher Green’s functions G̃m=0

n (x, x) (n ≥ 2), or equivalently of the finite values of zeta
function ζ̃m=0(n), also of the massless theory. We can then immediately “integrate” these
infinitesimal variations to obtain Sgrav[g, ĝ]. Note that P0 as defined in (2.111) depends on
ĝ (through the zero-modes ψ̂0,i) and σ. We write P0[g] ≡ P0[ĝ, σ] ≡ P0[g, ĝ]. Since the zero-
modes ψ̂0,i are orthonormalized for the metric ĝ we obviously have P0[ĝ] ≡ P0[ĝ, ĝ] = 1. It
follows that δ log detP0 integrates to log detP0[g,̂g]

detP0[ĝ,̂g] = log detP0[g, ĝ]. We get

Sgrav[g, ĝ] = − 1
48πSLiouville[g, ĝ]− log detP0[g, ĝ]−

γ

4π m
2(A− Â)

−m
2

4
(
G[g]− G[ĝ]

)
+

∞∑
k=2

(−)k

4k m2k (ζ̃ g
m=0(k)− ζ̃ ĝ

m=0(k)
)
, (5.93)

where we defined
G[g] =

∫
d2u

√
g(u) tr G̃m=0

R [g](u) , (5.94)

with the obvious notation that G̃m=0
R [g] is the renormalized Green’s function of the massless

theory, with the zero-mode subtracted, for the metric g. Let us insist that the right-hand
side of (5.93) is entirely expressed in terms of quantities defined in the massless theory.
We now want to determine, in particular, the dependence of the functional G[g] on the
conformal factor σ.

Just as the Liouville action only involves the local quantities σ, ĝ and R̂, ideally one
would like to express the higher-order terms similarly in terms of such local quantities. For
the simpler case of the effective gravitational action obtained by integrating out a massive
scalar field [13] it turned out that the order m2-term could be expressed in terms of the
Mabuchi action which is local in σ and the Kähler potential Φ, and some relatively simple
term that involved G̃m=0

R [ĝ]. (In this case G̃m=0
R is the renormalized Green’s function of

the scalar Laplacian). For such a massive scalar field the higher-order (in m2) terms were
computed in [14] and were expressed in terms of higher Green’a functions which encode
much non-local information about the manifold.

At present, G̃m=0 is the Green’s function of D2 = −∆sp + R
4 which, in particular,

involves the spinoral Laplacian which is different from the scalar Laplacian. In order to
express G[g] in terms of local quantities and possibly G̃m=0

R [ĝ] we have tried to determine the
variation of G̃m=0

R and tried to write it in such a form that one can integrate the infinitesimal
variations to obtain its variation for finite σ. We tried to mimic the computation for the
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scalar field where it was useful to express the variation of the conformal factor as the scalar
Laplacian of the variation of the Kähler potential and then integrate by parts this scalar
Laplacian. However, at present, this turns out to be more complicated since G̃ is not the
Greens’s function of the scalar Laplacian, and we did not manage to obtain a useful form
of the variation of G̃m=0

R along this line.
Here, we will instead proceed along a different avenue which, nevertheless, will allow us

to express G[g]−G[ĝ] in terms of the (local) conformal factor σ, as well as several quantities
pertaining to the metric ĝ only, such as the Green’s function S̃ĝ, as well as the zero-mode
projector P 0 which involves the finitely many area-like (non-local) parameters P0,ij and its
inverse matrix.

To simplify the notations in this subsection we will introduce further abbreviations for
the different integration measures including various powers of eσ:

dẑ = d2z
√
ĝ(z), dẑσ = d2z

√
ĝ(z) eσ(z), dz = d2z

√
g(z) ≡ d2z

√
ĝ(z) e2σ(z). (5.95)

5.4.1 The variations of S̃ under finite conformal rescalings for m = 0

We now want to relate S̃ ≡ S̃g, which is the Green’s function for the metric g, to ˜̂S ≡ S̃ĝ,
which is the Green’s function for the metric ĝ, where as usual g = e2σ ĝ.

We will again exploit ∇/x = e−3σ(x)/2∇̂/xe
σ(x)/2 but now for finite σ(x). This relation

will be particularly fruitful when relating the Green’s function of the massless theory.
Throughout the remainder of this subsection all Green’s functions S̃, ˜̂S and G̃ refer to the
massless Green’s functions, although we will not indicate it explicitly any more. For σ = 0,
i.e. for the metric ĝ, we have

i∇̂/x
˜̂
S(x, y) = δ(2)(x− y)√

ĝ
− P̂0(x, y) , (5.96)

where P̂0 is the projector on the zero-modes of i∇̂/, as given in (2.114). Recall also
from (2.112) that the projector on the zero-modes of i∇/ is P0(x, y) = e−σ(x)/2P 0(x, y)e−σ(y)/2,
where P 0 was defined in (2.113). In particular it involves the “area-like” ortho-normalisation
factors P0,ij =

∫
dẑeσ(z)ψ̂†

0,i(z)ψ̂0,j(z), cf (2.111). The differential equation for S̃ then is

i∇/xS̃(x, y) = δ(2)(x− y)
√
g

− P0(x, y)

⇔ i∇̂/x

(
eσ(x)/2S̃(x, y)eσ(y)/2) = δ(2)(x− y)√

ĝ
− eσ(x)P 0(x, y). (5.97)

We now set

S(x, y) = eσ(x)/2S̃(x, y)eσ(y)/2 ⇔ S̃(x, y) = e−σ(x)/2S(x, y)e−σ(y)/2 , (5.98)

so that (5.97) becomes

i∇̂/xS(x, y) =
δ(2)(x− y)√

ĝ
− eσ(x)P 0(x, y). (5.99)
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This is very similar to (5.96) except for the term involving the zero-mode “projector” P 0.
We then set

S(x, y) = ˜̂
S(x, y) + T (x, y) , (5.100)

and obtain the following equation for T :

i∇̂/xT (x, y) = P̂0(x, y)− eσ(x)P 0(x, y). (5.101)

Changing x→ z and multiplying with ˜̂
S(x, z) and integrating we get∫

dẑ ˜̂S(x, z)i∇̂/zT (z, y) = −
∫

dẑ ˜̂S(x, z)eσ(z)P 0(z, y) ≡ −
∫

dẑσ
˜̂
S(x, z)P 0(z, y) , (5.102)

where the piece ∼ P̂0 dropped out since
∫
dẑ ˜̂S(x, z)P̂0(z, y) = 0. On the left-hand side we

integrate by parts the i∇̂/z and use (5.96) to get

T (x, y)−
∫

dẑ P̂0(x, z)T (z, y) = −
∫

dẑ ˜̂S(x, z)eσ(z)P 0(z, y). (5.103)

This determines T up to a certain zero-mode part which is subtracted on the left-hand
side. Just like S and ˜̂

S, T must also satisfy
(
T (x, y)

)† = T (y, x), and we can also expand
T (x, y) on products of eigenfunctions of i∇̂/. We separate the zero-mode and non-zero-mode
parts, and we have schematically

T (x, y) “=”
∑
i,j

Ψ̂0,i(x)tijΨ̂†
0,j(y) +

∑
i,n

Ψ̂0,i(x)cinΨ̂†
n(y) +

∑
i,n

Ψ̂n(x)c∗inΨ̂
†
0,i(y)

+
∑
n,k

Ψ̂n(x)dnmΨ̂†
m(y) ,

(5.104)

where Ψ̂0,i stands generically for the zero-modes ψ̂0,i and ψ̂∗
0,i, and Ψ̂n stands generically

for the non zero-modes ψ̂n and ψ̂∗
n. Then, the left-hand side of equation (5.103) only

contains the terms with the c∗in and dnm while the right-hand side contains terms of the
form Ψ̂n(x)Ψ̂†

0,i(y) only. This shows that dnm = 0, and that all c∗in are determined, and
hence also all cin. Thus, (5.103) determines T uniquely, up to the pure zero-mode piece
involving the tij . The latter corresponds to the arbitrary solution to the homogeneous
equation T (x, y)−

∫
dẑ P̂0(x, z)T (z, y) = 0 one may always add. Now, obviously, as for ˜̂S,

we do not want to include such a pure zero-mode piece in T and we make the choice to set
it to zero. Then T only contains the pieces with cin and c∗in and, hence

T (x, y) = −
∫

dẑσ
(˜̂
S(x, z)P 0(z, y) + P 0(x, z)

˜̂
S(z, y)

)
. (5.105)

Obviously, this satisfies T (x, y)† = T (y, x) and one may, of course, check directly that it is
a solution27 of (5.101). Inserting the solution (5.105) into (5.100), and using (5.98), we get

S̃(x, y) = e−
σ(x)

2
(˜̂
S(x, y)−

∫
dẑσ

(˜̂
S(x, z)P 0(z, y) + P 0(x, z)

˜̂
S(z, y)

))
e−

σ(y)
2 . (5.106)

27Indeed, since î∇/xP 0(x, y) = 0 one has î∇/xT (x, y) = −eσ(x)P (x, y)+
∫
dẑ eσ(z)P̂0(x, z))P 0(z, y), and it is

not difficult to show that
∫
dẑ eσ(z)P̂0(x, z))P 0(z, y) = P̂0(x, y).
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This can be equivalently rewritten in terms of

S(x, y) ≡ e−
σ(x)

2
˜̂
S(x, y)e−

σ(y)
2 (5.107)

as
S̃(x, y) = S(x, y)−

∫
dz
(
S(x, z)P0(z, y) + P0(x, z)S(z, y)

)
, (5.108)

which shows that in the absence of zero-modes (spherical topology) one simply has S̃ = S.
Both (5.106) and (5.108) express S̃ solely in terms of the conformal factor σ and

quantities computed with the reference metric ĝ, i.e. ˜̂S and the zero-modes ψ̂0,i. To make
the dependencies slightly more explicit we introduce the notations S̃ ≡ S̃g, ˜̂S ≡ S̃ĝ and
P 0 ≡ P 0,̂g,σ, so that (5.106) is rewritten once more as

S̃g(x, y) = e−
σ(x)

2
(
S̃ĝ(x, y)−

∫
dẑσ

(
S̃ĝ(x, z)P 0,̂g,σ(z, y) + P 0,̂g,σ(x, z)S̃ĝ(z, y)

))
e−

σ(y)
2 .

(5.109)
Let us insist, that without the presence of the factor eσ(z) (hidden in the integration measure
dẑσ) the integral of S̃ĝP and of P 0S̃ĝ would of course vanish due to the orthogonality of
the zero and non zero-modes.

5.4.2 The variations of G̃ and G̃R under finite conformal rescalings for m = 0

The dependence of the Green’s function G̃g(x, y) on the conformal factor can then be ob-
tained straightforwardly by inserting the previous result for S̃g into G̃g(x, y) =∫
d2z

√
ĝ e2σ(z) S̃g(x, z)S̃g(z, y):

G̃g(x,y)=e−
σ(x)

2

∫
dẑσ

(
S̃ĝ(x,z)−

∫
dûσ

(
S̃ĝ(x,u)P 0,̂g,σ(u,z)+P 0,̂g,σ(x,u)S̃ĝ(u,z)

))
×
(
S̃ĝ(z,y)−

∫
dv̂σ

(
S̃ĝ(z,v)P 0,̂g,σ(v,y)+P 0,̂g,σ(z,v)S̃ĝ(v,y)

))
e−

σ(y)
2 . (5.110)

Developing the product of the two brackets we get 9 terms. To further simplify the notation,
we will suppress the arguments in the multiple integrals. Then we find

G̃g(x, y) = e
−σ(x)

2

[ ∫
dẑσ S̃ĝS̃ĝ −

∫
dẑσ dûσ

(
S̃ĝS̃ĝP 0 + S̃ĝP 0S̃ĝ + S̃ĝP 0S̃ĝ + P 0S̃ĝS̃ĝ

)

+
∫

dẑσ dûσ dv̂σ

(
S̃ĝP 0S̃ĝP 0 + S̃ĝP 0P 0S̃ĝ + P 0S̃ĝS̃ĝP 0 + P 0S̃ĝP 0S̃ĝ

)]
e−

σ(y)
2 .

(5.111)

Again, due to the presence of the eσ factors (hidden in duσ etc) for each integration, no
simplification occurs28 in the integrals of products of S̃ĝ and P 0.

The short-distance singularity of (5.111) comes from the first term in the bracket and
we know that it is − 1

4π log µ2ℓ2
g(x,y)
4 12×2. As already discussed, we have for finite conformal

28The only slight simplification comes from
∫
dûσ P 0(z, u)P 0(u, v) = P 0(z, v) which one can show by

rewriting P 0 in terms of P0 and using that
∫
d2u

√
g P0(z, u)P0(u, v) = P0(z, v).
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transformations

ℓ2g(x, y) ∼x→y e
σ(x)+σ(y)ℓ2

ĝ
(x, y) ⇒ − 1

4π log
µ2ℓ2g(x, y)

4

∼x→y − 1
4π log

µ2ℓ2
ĝ
(x, y)
4 − σ(x) + σ(y)

4π .

(5.112)

We see again that the singular parts of G̃g and G̃ĝ are the same and it follows that G̃g(x, y)−
G̃ĝ(x, y) has no short-distance singularity. We also see that

G̃R[g](y)− G̃R[ĝ](y) = lim
x→y

(
G̃g(x, y)− G̃ĝ(x, y) +

σ(y)
2π 12×2

)
. (5.113)

Combining this with (5.111) we get

G̃R[g](y)=G̃R[ĝ](y)+
σ(y)
2π 12×2 +

∫
dẑ
(
eσ(z)−σ(y)−1

)
S̃ĝ(y,z)S̃ĝ(z,y)

−e−σ(y)
∫
dẑσ dûσ

(
S̃ĝS̃ĝP 0+S̃ĝP 0S̃ĝ+S̃ĝP 0S̃ĝ+P 0S̃ĝS̃ĝ

)∣∣∣
x=y

+e−σ(y)
∫
dẑσ dûσ dv̂σ

(
S̃ĝP 0S̃ĝP 0+S̃ĝP 0P 0S̃ĝ+P 0S̃ĝS̃ĝP 0+P 0S̃ĝP 0S̃ĝ

)∣∣∣
x=y

.

(5.114)

The functional G[g] =
∫
d2y√g tr G̃R[g](y) =

∫
dŷ e2σ(y) tr G̃R[g](y) ≡

∫
dŷσ e

σ(y) tr G̃R[g](y)
then is easily obtained from the previous relation. In particular, one can now use the cyclic-
ity of the trace to simplify the many terms involving P 0. Writing out explicitly all factors
of eσ we get

G[g] = G[ĝ] +
∫

dŷ
(
e2σ − 1

)
tr G̃R[ĝ](y) +

1
π

∫
dŷ e2σσ

+
∫

dŷ dẑ
(
eσ(z)+σ(y) − e2σ(y)

)
tr S̃ĝ(y, z)S̃ĝ(z, y)

−4
∫

dŷ dẑ dû eσ(y)+σ(z)+σ(u) tr S̃ĝ(y, z)S̃ĝ(z, u)P 0(u, y)

+2
∫

dŷ dẑ dû dv̂ eσ(y)+σ(z)+σ(u)+σ(v) tr
(
S̃ĝP 0S̃ĝP 0 + S̃ĝS̃ĝP 0P 0

)
. (5.115)

Again, in the absence of zero-modes, i.e. for spherical topology, the last two integrals are
absent. Let us recall, once more, that all quantities in this equation are those of the
massless theory.
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5.4.3 The gravitational action at order m2

We can then insert this result into (5.93) to get the contributions to the effective gravita-
tional action at order m2:

Sgrav[g, ĝ] = − 1
48πSLiouville[g, ĝ]− log detP0[g, ĝ]−

γ

4π m
2(A− Â)

−m
2

4

[ ∫
d2y

√
ĝ
(
e2σ − 1

)
tr G̃R[ĝ](y) +

1
π

∫
d2z

√
ĝe2σσ

+
∫

d2y
√
ĝ d2z

√
ĝ
(
eσ(z)+σ(y) − e2σ(y)

)
tr S̃ĝ(y, z)S̃ĝ(z, y)

−4
∫

d2y
√
ĝ d2z

√
ĝ d2u

√
ĝ eσ(y)+σ(z)+σ(u) tr S̃ĝ(y, z)S̃ĝ(z, u)P 0(u, y)

+2
∫

d2y
√
ĝ d2z

√
ĝ d2u

√
ĝ d2v

√
ĝ eσ(y)+σ(z)+σ(u)+σ(v) tr

(
S̃ĝP 0S̃ĝP 0 + S̃ĝS̃ĝP 0P 0

)]
+O(m4). (5.116)

We see that at order m0 we get the Liouville action and a specific zero-mode contribution
involving the area-like constants P0,ij . Of course, if present, the zero-modes are zero-modes
of the massless Dirac operator i∇/ , while the massive Dirac operator never has zero-modes.
In the massless theory, one does not do the functional integral over these zero-modes and
then there is a certain freedom how exactly we define the matter partition function. In
particular, one can then redefine the matter partition by dividing Zmat[g] by detP0[g]
and then the corresponding term would have been absent in the effective gravitational
action. However, we are really computing in the massive theory and then the massive
Dirac operator has no zero-modes. Hence, there is no reason to change the definition of
the matter partition function and the term log detP0[g, ĝ] should be genuinely present.

At order m2 we find the cosmological constant term ∼ m2(A − Â), but also a term∫ √
ĝe2σσ characteristic of the Mabuchi action

SM[g, ĝ] = 4
A

∫ √
ĝ e2σ σ + . . . , (5.117)

Obviously, this term is local in σ. If we trace things back, this term originated from the
conformal transformation of the singular part of the Green’s function G̃ one had to subtract
to get the renormalized Green’s function G̃R (see e.g. (5.113)). It is interesting to note,
that the Mabuchi action appears at present with a coefficient −m2A

16π while in the case of
the massive scalar field one exactly obtained the opposite coefficient +m2A

16π .
The other terms present in (5.116) are multi-local in σ and also involve the various

Green’s function for the reference metric ĝ, as well as the area-like parameters P0,ij . Such
“non-local” terms involving the Green’s functions on the manifold also are present in the
effective gravitational action for massive scalars [14] at higher orders in m2, starting at m4.

One might wonder why our gravitational action (5.116) at order m2 involves the zero-
mode projectors when we have shown that corresponding variation (5.91) could be written
solely in terms of G[g] =

∫ √
g G̃R[g] ? The reason is that upon integrating the variation

from σ = 0 to σ (from ĝ to g) the zero-mode projector changes in a non-trivial way, and
subtracting the zero-modes from G[g] is not the same as subtracting them from G[ĝ].
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6 Discussion and outlook

In these notes, we have studied the effective gravitational action for massive fermions in
two dimensions, continuing and completing what had been initiated in [1]. The appropriate
mass term is a Majorana type mass term

∫
ψ†mγ∗ψ, and the spectral analysis we performed

was based on the Dirac operator D = i∇/ + mγ∗ whose eigenfunctions necessarily are
complex. What might have looked as a simple generalisation of the massive scalar case,
actually turned out to be technically quite involved. We performed a detailed study of the
corresponding Green’s functions, local zeta-functions and local heat kernels of this Dirac
operator D and of its square D2. One of the crucial insights of the present paper was to
obtain a simple relation, not only between the Greens’s functions S of D and G of D2,
but also between the corresponding local zeta-functions ζ−(s, x, y) and ζ+(s+ 1

2 , x, y). By
the (inverse) Mellin transform this allowed us to obtain much information about the local
heat kernel K−(t, x, y) from the small-t expansion of the heat kernel K+(t, x, y) which we
worked out in the appendix. (This confirms some of the conjectures made in [1] but also
infirms some others.) In particular, we could obtain all the necessary information about the
short-distance singularities and the poles of the local zeta-functions ζ±(s, x, x) at coinciding
points. Most importantly we studied the variations of these quantities under infinitesimal
conformal rescalings of the metric, and then “integrated” these infinitesimal variations to
get the finite effective gravitational action S[g, ĝ].

The gravitational action was obtained by performing an expansion in powers of the
(small) mass and, accordingly, we need to define all our Green’s and local zeta functions
also for vanishing mass. In this case there are generically (for genus larger or equal to
one) zero-modes of the massless Dirac operator that must be excluded from the spectral
decomposition of these Green’s or local zeta functions and, hence, a detailed understanding
of the contributions of these fermionic zero-modes was necessary. Of course the number
and properties of the zero-modes crucially depend on the topology of the manifold. Nev-
ertheless, we were able to sufficiently characterise these zero-mode parts of the Green’s
functions, allowing us to make general statements for arbitrary genus. In particular, the
dependence of the zero-modes (and only of the zero-modes) on the conformal factor turned
out to be rather simple, which allowed us to completely characterise the different projectors
on these zero-modes we needed to introduce. This was one of the important new insights
in these notes as compared to what was done in [1].

We could thus obtain an expansion of the gravitational action, for arbitrary genus, to
all powers in m2, involving higher and higher Green’s functions at coinciding points. At
order m0 the effective gravitational action contains the well-known Liouville action with
the appropriate coefficient for a Majorana fermion, namely 1

2 times the one for a single
scalar field. There is also a certain contribution involving the normalisation factors of the
zero-modes which depend on a set of “area-like” parameters. While in the massless theory
this contribution could be removed by a correspondingly different definition of the matter
partition function from the outset, there is no reason to do this in the massive theory and
then these terms constitute a genuinely new contribution at order m0.

At order m2 we found a local contribution
∫ √

ĝ σ e2σ, characteristic of the Mabuchi
action. This term appeared with the same coefficient as for a massive scalar field, but with
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the opposite sign, as one might perhaps have expected. But we also found, at this order m2,
contributions that can be expressed in terms of integrals and multiple integrals involving
the conformal factor σ at the different integration points, and the Green’s function of D
for the background metric ĝ and the renormalized Green’s function of D2 at coinciding
points, also in the background metric ĝ, as well as on the area-like parameters P0,ij . To
appreciate the degree of non-locality of these additional terms, one must remember that the
knowledge of a Green’s function encodes much non-local information about the manifold.
But the Green’s function which appear are only those for metric ĝ, so in this sense these
contributions are “non-local in ĝ ” only, and local or multi-local in the conformal factor σ.
Such multi-local or non-local terms are to be expected and were also present in the scalar
case starting at order m4 [14]. Finally we argued that the area-like constants P0,ij that
appear in the zero-mode projectors are not more or less non-local than a term 1

A .
The effective gravitational action is to be used in the next step, if one wants to compute

the functional integral over the geometries. This will involve in particular a functional
integration over the conformal factor with an appropriate measure Dσ. The form of the
effective gravitational action we have obtained (at order m2) displays this σ-dependence
either explicitly, or through the zero-mode projector P 0 that depends on the P0,ij , having
it separated from the quantities that only depend on the fixed “background” metric ĝ. We
hope to return to this issue elsewhere.

Acknowledgments
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A Small-t expansion for heat kernels of type K+(t, x, y)

In this appendix we will show how the small-t expansion of heat kernels for general (posi-
tive) second-order differential operators with a standard initial condition can be obtained
by a recursive scheme. We then specialise these results to the squared Dirac operator in
two dimensions. This will yield the expansion of K+(t, x, y). There is an abundant liter-
ature about small-t expansions of heat kernels, see [23, 24, 30, 31], which focus much on
the “diagonal” elements, i.e. x = y. Here we will follow the more pedestrian approach of
references [34, 35] from which many of the formulae are borrowed. Our computation will
be facilitated by using Riemann normal coordinates which we discuss first.

A.1 Riemann normal coordinates

It is often useful to go to a special coordinate system for which the metric in the vicinity
of a given point is as close to the Euclidean metric as possible. In general relativity, these
are the coordinates of a freely falling observer. More generally, they are called Riemann
normal coordinates. We will discuss here their definition and properties in an arbitrary
dimension n.
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Definition and basic relations. We fix any point as the origin (which would have
coordinates y in a general coordinate system). Riemann normal coordinates x around
this point are defined by taking n independent geodesics through this point and defining
the geodesic distance from the origin along the kth geodesic as the new coordinate xk.
Taking independent geodesics means that their tangent vectors at the origin are n linearly
independent vectors. We may furthermore chose these tangent vectors as orthogonal. Then
by rescaling the xk appropriately one can achieve that in these new coordinates the geodesic
distance of the point x from the origin is29

ℓ2(x, 0) = xixi ≡ x2. (A.1)

This looks like the standard Euclidean distance, but it does not mean that the space is
flat. It only means that the metric at the origin is δij and that its first derivatives, and
hence the Christoffel symbols, vanish at the origin. However, this change of coordinates
cannot remove the curvature and, indeed, one can show that the Taylor expansion of the
metric around x = 0 is given by (see e.g. [36])

gij(x) = δij −
1
3Rikjlx

kxl − 1
6Rikjl;mx

kxlxm

+
[ 2
45RikrlR

r
mjn − 1

20Rikjl;mn

]
xkxlxmxn +O(x5) , (A.2)

where Ri
jkl is the Riemann curvature tensor, defined as

Ri
jkl = ∂kΓi

lj − ∂lΓi
kj + Γi

krΓr
lj − Γi

lrΓr
kj , (A.3)

satisfying Rijkl = −Rjikl = −Rijlk = Rklij . Here (. . .);mn = ∇n∇m(. . .) denotes covariant
derivatives, and

Rkl = Rj
kjl ≡ R j

kjl , R = Rk
k , (A.4)

denote the Ricci tensor and Ricci curvature scalar. All curvature tensors in (A.2) are
evaluated at x = 0. In particular, since gij(0) = δij we do not have to distinguish upper
and lower indices on these tensors in this formula. The inverse metric is

gij(x) = δij +
1
3Rikjlx

kxl + 1
6Rikjl;mx

kxlxm

+
[ 1
15RikrlR

r
mjn + 1

20Rikjl;mn

]
xkxlxmxn +O(x5). (A.5)

Note that in these coordinates one has gij(x)xj = xi and gij(x)xj = xi since all other terms
involve symmetric products of the coordinates x contracted with antisymmetric curvature
tensors. The square root of the determinant of the metric is√

g(x) = 1− 1
6Rklx

kxl − 1
12Rkl;mx

kxlxm

+
[ 1
72RklRmn − 1

40Rkl;mn − 1
180R

r
klsR

s
mnr

]
xkxlxmxn +O(x5) , (A.6)

29In this appendix we use latin indices i, j, k, l, . . . with the present normal coordinates. Of course, they
are “coordinate indices”, not to be confused with the “flat” indices a, b, c of the local orthonormal frames
used in section 2.
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Note that the terms O(x5) are terms O(R3,∇R2), i.e. involving at least 3 curvature tensors
or 2 curvature tensor and a covariant derivative.

Scalar Laplace operator. The scalar Laplace operator is given in general by

∆ = 1
√
g
∂i

(√
ggij∂j

)
= gij(x)∂i∂j +f j(x)∂j , f j = −gklΓj

kl = ∂ig
ij +gij∂i log

√
g. (A.7)

Note that the scalar Laplacian is a negative operator, i.e. its eigenvalues are ≤ 0 with a
single zero-mode given by the constant function. In order to have a positive (or rather
non-negative) operator the Laplacian is sometimes defined with the opposite sign. We
will keep our definition (A.7) so that the non-negative operator is (−∆). It is indeed −∆
that appears in our squared Dirac operator. Using (A.5) and (A.6), a straightforward
computation yields for the function f j(x) in the present normal coordinates

f j(x) = −2
3Rjkx

k +
[ 1
12Rkl;j −

1
2Rkj;l

]
xkxl −

[1
5Rjl;mn + 1

40Rmn;lj −
3
40Rmn;jl

− 23
180RlsR

s
mnj +

4
45RrjlsRsmnr

]
xlxmxn +O(x4). (A.8)

This, together with (A.5), yields the expansion of the scalar Laplace operator in the vicin-
ity of x = 0, up to terms O(x4) or O(R3,∇R2). In particular, we have ∆ ℓ2(x, 0) =[
gij(x)∂i∂j + f j(x)∂j

]
(xkxk) = 2

[
gjj(x) + f j(x)xj

]
, so that (in n dimensions)

∆ ℓ2(x, 0)− 2n = − 2
3Rklx

kxl − 1
2Rkl;mx

kxlxm −
[1
5Rkl;mn + 2

45R
r
klsR

s
mnr

]
xkxlxmxn

+O(x5).
(A.9)

Spinorial Laplace operator in 2 dimensions. We also need to work out similarly the
spinorial Laplace operator (2.48) in normal coordinates. We will do this only for the case
of interest in this paper, namely in 2 dimensions and only up to the order we need. Recall
that we had

∆sp = 12×2
(
∆scalar −

1
16ω

µωµ

)
− i

4 γ∗
(
(∇µω

µ) + 2ωµ∂µ

)
. (A.10)

So the first thing we need to figure out is the expansion of the ωµ = 2ω12
µ around the

origin in Riemann normal coordinates. Rather then using some general formula, we will
determine the zwei-beins ea and then solve the zero-torsion condition to the order we are
interested in. It will turn out that we only need to determine ωµ up to first order in x.
This means that we will need the expansions of the ea up to and including terms of order

– 87 –



J
H
E
P
1
1
(
2
0
2
3
)
1
9
4

(x)2. From (A.2) we get

ea ⊗ ea = gij dxi ⊗ dxj = dxi ⊗ dxi − 1
3Rikjlx

kxl dxi ⊗ dxj +O(x3)

= dxi ⊗ dxi − 1
3

(
R1212x

2x2dx1 ⊗ dx1 +R1221x
2x1dx1 ⊗ dx2

+R2112x
1x2dx2 ⊗ dx1 +R2121x

1x1dx2 ⊗ dx2
)
+O(x3)

= dxi ⊗ dxi − R
6

(
x2x2dx1 ⊗ dx1 − x1x2(dx1 ⊗ dx2 + dx2 ⊗ dx1)

+x1x1dx2 ⊗ dx2
)
+O(x3) (A.11)

where we used R1212 = −R2112 = −R1221 = R2121 = 1
2R. From this we read

e1 = dx1 − R
12
(
x2x2dx1 − x1x2dx2

)
+ O(x3) ,

e2 = dx2 − R
12
(
x1x1dx2 − x1x2dx1

)
+ O(x3). (A.12)

Next,

de1 = R
4 x2 dx1 ∧ dx2 + O(x2), de2 = −R

4 x1 dx1 ∧ dx2 + O(x2). (A.13)

The zero-torsion conditions de1 + ω12 ∧ e2 = 0 = de2 − ω12 ∧ e1 yield

ω12 = −R
4 x

2dx1 + R
4 x

1dx2 +O((x)2) ⇔ ω12
1 = −R

4 x
2 +O((x)2),

ω12
2 = R

4 x
1 +O((x)2).

(A.14)

Recall that we defined ωµ = 2ω12
µ and, hence, to this order

ω1 = ω1 = −R
2 x2 + O((x)2), ω2 = ω2 = R

2 x
1 +O((x)2). (A.15)

Since the Christoffel symbols are O(x) it follows that

ωµωµ = O((x)2), ∇µω
µ = ∂µω

µ+O((x)2) = O(x), ωµ∂µ = R
2 (x1∂2−x2∂1)+O((x)2∂).

(A.16)

A.2 Small-t expansion of the heat kernel

We now turn to the small-t expansion of the heat kernels K(t, x, y) for a general class of
second-order differential operators D on an n-dimensional manifold, satisfying the standard
initial condition. This yields heat kernels generalising our K+(t, x, y). We then specialise
these results to the squared Dirac operator D = D2 in 2 dimensions.

We will suppose that the second-order differential operator is (the negative) of a gen-
eralised Laplace type, i.e. of the form

−D = 1 gij(x)∂i∂j +Ai(x)∂i +B(x), i, j = 1, . . . n , (A.17)
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with 1, Ai(x) and B(x) being p× p-matrices and gij a positive (inverse) metric. Note the
minus-sign on the left-hand side needed so that D can be a positive differential operator
for appropriate Ai and B.

We want to find the solution K(t, x, y) of the corresponding heat equation

d
dtK(t, x, y) = −DK(t, x, y) , (A.18)

with initial condition

K(t, x, y) ∼ δ(d)(x− y) [g(x)g(y)]−1/4 1 as t→ 0. (A.19)

If D is hermitian and we denote by Λn and φn its eigenvalues and (p-component) eigen-
functions, then

K(t, x, y) =
∑

n

e−Λntφn(x)φ†
n(y) (A.20)

is the solution to the heat equation with the correct initial condition. Indeed, d
dtK(t, x, y)

= −
∑

n Λne
−Λntφn(x)φ†

n(y) = −D
∑

n e
−Λntφn(x)φ†

n(y) = −DK(t, x, y) and for t→ 0 one
gets K(t, x, y) →

∑
n φn(x)φ†

n(y) which by the completeness relation equals the right-hand
side of (A.19). As is clear from (A.19) and (A.20) this heat kernel generalises indeed what
we called K+ in the main text. The other heat kernel K− will be studied to a certain
extent in appendix B.

For Ai = B = 0, gij = δij the differential operator is just p copies of the flat space
Laplace operator and the well-known solution is K(t, x, y) = (4πt)−n/2 exp

(
− (x−y)2

4t

)
1.

This must also be the leading small t, small distance behaviour on a curved manifold,
if (x − y)2 is replaced by the square of the geodesic distance ℓ2(x, y) between x and y.
Corrections to this leading behaviour can then be obtained as a perturbative expansion in
t and ℓ(x, y).

Asymptotic expansion and recursion relations. We will now show that the heat
kernel K(t, x, y) admits an asymptotic small t expansion around the “flat-space” solution.
We work out the recursion relations between the expansion coefficients in general. Then
we use normal coordinates to explicitly solve these recursion relations and obtain the first
few coefficients explicitly. This discussion is essentially taken from [34, 35], but generalises
it slightly.

We search for a solution of (A.18), (A.19) of the form

K(t, x, y) = (4πt)−n/2 exp
(
−ℓ

2(x, y)
4t

)
F (t, x, y). (A.21)

where ℓ(x, y) is the geodesic distance between x and y and F is expanded in integer non-
negative powers of t,

F (t, x, y) =
∞∑

r=0
Fr(x, y)tr. (A.22)

K being a p× p-matrix, the same is true for the coefficient functions Fr(x, y)
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Let us begin by computing gij∂i∂jK:

gij(x)∂i∂j

(
e−ℓ2/(4t)F

tn/2

)
(A.23)

= e−ℓ2/(4t)

tn/2

[
gij(x)∂iℓ

2∂jℓ
2

16t2 F − gij(x)∂i∂jℓ
2

4t F − gij(x)∂iℓ
2

2t ∂jF + gij(x)∂i∂jF

]
,

where ∂i ≡ ∂
∂xi . It is not too difficult to show that

gij(x)∂iℓ(x, y)∂jℓ(x, y) = 1 ⇒ gij(x)∂iℓ
2∂jℓ

2 = 4ℓ2. (A.24)

(On the other hand, there is no such simple result for gij(x)∂i∂jℓ
2.) The remaining pieces

in D give

(
Ai(x)∂i +B(x)

)(e−ℓ2/(4t)F

tn/2

)
= e−ℓ2/(4t)

tn/2

[
− Ai(x)∂iℓ

2

4t F +Ai∂iF +B(x)F
]
, (A.25)

Adding the two parts we get

−Dx

(
e−ℓ2/(4t)F

tn/2

)
= e−ℓ2/(4t)

tn/2

[
ℓ2

4t2F − gij(x)∂i∂jℓ
2

4t F − gij(x)∂iℓ
2

2t ∂jF − Ai(x)∂iℓ
2

4t F

+ gij(x)∂i∂jF +Ai∂iF +B(x)F︸ ︷︷ ︸
DxF

]
, (A.26)

On the other hand,

d
dt

(
e−ℓ2/(4t)F

tn/2

)
= e−ℓ2/(4t)

tn/2

[
ℓ2

4t2F − n

2tF + dF
dt

]
, (A.27)

Upon inserting (A.26) and (A.27) into the heat equation (A.18) we see that the leading
singular terms ∼ 1

t2 in the square bracket cancel, and the heat equation amounts to

gij(x)∂i∂jℓ
2 − 2n

4t F + gij(x)∂iℓ
2

2t ∂jF + Ai(x)∂iℓ
2

4t F + dF
dt = DxF. (A.28)

The terms on the left-hand side either have an explicit 1
t or a derivative d

dt which also
decreases the power of t by one unit. Inserting the expansion (A.22) of F yields the desired
recursion relations:

1
4
(
gij(x)∂i∂jℓ

2 − 2n+Ai(x)∂iℓ
2
)
F0 +

1
2g

ij(x)∂iℓ
2∂jF0 = 0 , (A.29)

1
4
(
gij(x)∂i∂jℓ

2 − 2n+Ai(x)∂iℓ
2
)
Fr +

1
2g

ij(x)∂iℓ
2∂jFr + rFr = DxFr−1 , (r ≥ 1) ,

(A.30)

(where again ∂i ≡ ∂
∂xi .) The recursion relation (A.30) can be somewhat simplified by

writing Fr = F0F̃r. One then gets equivalently
1
2g

ij(x)∂iℓ
2∂jF̃r + rF̃r = F−1

0 Dx(F0F̃r−1). (A.31)
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Before we turn to solving these recursion relations, let us note the obvious fact that
K will be exponentially small unless ℓ2/t is not too large. This means that as an order
of magnitude estimate we must have ℓ ≤

√
t, and the small t expansion must also be a

small ℓ expansion. Thus if one is interested in expanding F up to order t2 it is consistent
to expand F0(x, y) in powers of (x − y) ∼ ℓ up to fourth order, expand F1 in powers of
(x− y) ∼ ℓ up to second order, and for F2 only keep F2(y, y). For the purpose of the main
text it will be sufficient to expand to order t only, which means obtaining F0 up to order ℓ2

and F1 only to order 0, i.e. F1(y, y). Since this small t / small ℓ expansion only explores the
vicinity of the point y, it is much useful to introduce Riemann normal coordinates around
y which will simplify the calculations quite a bit.

Solution to the recursion relations of the heat equation in normal coordinates.
Let us then introduce normal coordinates centered in y, i.e Fr(x, y) → Fr(x, 0). Recall
that ℓ2 = xixi so that ∂iℓ

2 = 2xi, and gij∂jℓ
2 = 2xi with all other terms cancelling due

to the antisymmetry properties of the Riemann tensor, cf (A.5). From this same equation
one also gets

gij∂i∂jℓ
2 = gij2δij = 2gii = 2δii + 2

3Rikilx
kxl +O(x3) = 2n+ 2

3Rklx
kxl +O(x3). (A.32)

Then relation (A.29) for F0 gives

xj∂jF0 = −
(1
6Rklx

kxl + 1
2A

lxl +O(x3)
)
F0. (A.33)

Let us assume that
Ai(x) = aijx

j +O(x2) , (A.34)

with matrix-valued coefficients aij . Then Alxl = aklx
kxl +O(x3) and the F0-equation is

xj∂jF0 = −
(1
6Rklx

kxl + 1
2aklx

kxl +O(x3)
)
F0 , (A.35)

with solution
F0 = 1− 1

12Rklx
kxl − 1

4aklx
kxl +O(x3). (A.36)

Next, the recursion relation for F1 reads(1
6Rklx

kxl + 1
2aklx

kxl +O(x3)
)
F1 + xj∂jF1 + F1 = DxF0. (A.37)

If we only want to get F1 to order (x− y)0 this becomes

F1 +O(x) = DxF0. (A.38)

We have

DxF0 = gij
(
−1
6Rij −

1
2aij

)
+B +O(x2) = −1

6R− 1
2g

ijaij +B +O(x2) , (A.39)
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so that finally
F1 = −1

6R− 1
2g

ijaij +B +O(x). (A.40)

As a simple check of these formula, let us choose −D = ∆scalar, i.e. p = 1 (no matrices)
and Ai = f i = −2

3Rijx
j + O((x)2) and B = 0, according to (A.7) and (A.8). Then

aij = −2
3Rij and

F∆
0 = 1 + 1

12Rklx
kxl +O(x3), F∆

1 = +1
6R+O(x) , (A.41)

which are indeed the correct well-known values for the scalar Laplace operator.
Note that in the formula for the Fr, the Rkl, R and akl are to be taken at y = 0 which

was the origin of our normal coordinates. More generally, if we use normal coordinates
around an arbitrary point y (without shifting the coordinates) the Rkl, R and akl are to
be evaluated at y and the xk appearing should be (x− y)k. Thus

F0(x, y) = 1−
( 1
12Rkl(y) +

1
4akl(y)

)
(x− y)k(x− y)l +O((x− y)3)

F1(x, y) = −1
6R(y)− 1

2g
ijaij(y) +B(y) +O(x− y). (A.42)

In particular, at coinciding points we have

F0(y, y) = 1, F1(y, y) = −1
6R(y)− 1

2g
ijaij(y) +B(y). (A.43)

This is independent of the normal coordinates used and true in an arbitrary coordinate
system.

The heat kernel expansion for the 2-dimensional Dirac operator D2. Let us
finally specify our formula to 2 dimensions and D = D2, the squared Dirac operator, given
in (2.47) and (2.48) (we now use again µ, ν, . . . for the coordinate indices):

D2 = −∆sp +
1
4R+m2 = −∆scalar +

1
16ω

µωµ + i

4 γ∗
(
(∇µω

µ) + 2ωµ∂µ

)
+ 1

4R+m2

= −gµν∂µ∂ν −
(
fµ − i

2ω
µγ∗

)
∂µ + 1

16ω
µωµ + i

4 γ∗ (∇µω
µ) + 1

4R+m2 , (A.44)

where fµ = ∂νg
µν + gµν∂ν log

√
g was given in (A.7). From this we identify

Aµ = fµ − i

2ω
µγ∗, B = − 1

16ω
µωµ − i

4 γ∗ (∇µω
µ)− 1

4R−m2. (A.45)

We know from (A.8) that in normal coordinates around y = 0 we have fµ = −2
3Rµνx

ν +
O((x)2) and from (A.15) that ω1 = −R

2 x
2+O((x)2) and ω2 = R

2 x
1+O((x)2). Recall that

aµν was defined as Aµ(x) = aµνx
ν +O((x)2), so that

a11 = −2
3R11, a12 = −2

3R12 +
i

4Rγ∗, a21 = −2
3R12 −

i

4Rγ∗, a22 = −2
3R22. (A.46)

It follows that (still in normal coordinates)

gµνaµν = −2
3R+O((x)2). (A.47)
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Also (see (A.16))

B = −1
4R−m2 +O(x). (A.48)

It is maybe a bit disappointing, but we see that, at this order, no effect of the spin-
connection ωµ and of the γ∗-matrix structure survives. We finally find for the first two
heat kernel coefficients at coinciding points (cf (A.43)):

F0(y, y) = 1, F1(y, y) = − 1
12R(y)−m2. (A.49)

Let us emphasise again that these results concern the heat kernel K+.

B The small-t asymptotics of K−(t, x, y) for the flat torus

In this appendix, we will similarly try to obtain the small-t asymptotics of K−. Although
K−(t, x, y) satisfies the same differential equation as K+(t, x, y), it does not have any
“useful” initial condition and the method of the previous appendix then does not apply.
Instead, we will focus on the case of the flat (square) torus where we explicitly know the
eigenvalues and eigenfunctions.

As discussed in section 4, it will be enough to determine the small-t asymptotics of
L. However, as we will see, this turns out to be still rather non-trivial. Before discussing
the more complicated case of x ̸= y, let us first study the case of coinciding points x = y.
Then K−(t, x, x) is given by (4.75) in terms of L(t, 0) which is

L(t, 0) =
∑

n1,n2

e−λ2
n⃗

t

λn⃗
≡
∑

n1,n2

e−(n2
1+n2

2+m2) t√
n21 + n22 +m2

. (B.1)

The exponential provides an effective cut-off to the sum, restricting it to values of n1, n2
that are less than a few 1√

t
. For small t these are still very many contributions. One may

then try to estimate this sum by replacing it by the corresponding integral. For m not too
small this turns out to be quite a good approximation. However, as m → 0, the sum is
dominated by the single point n1 = n2 = 0 contributing 1

m . Separating this term we write

L(t, 0) = e−m2t

m
+

∑
(n1,n2) ̸=(0,0)

e−(n2
1+n2

2+m2)t√
n21 + n22 +m2

≃ e−m2t

m
+
∫
(p1,p2)/∈D1

d2p e
−(p2

1+p2
2+m2)t√

p21 + p22 +m2
,

(B.2)
where D1 denotes a disc of unit area (radius r0 = π−1/2) around the origin, corresponding
to the “area” of the missing value n1 = n2 = 0. Upon going to polar coordinates (p1 =
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p cosϕ, p2 = p sinϕ), this becomes

L(t, 0) ≃ e−m2t

m
+ 2π

∫ ∞

r0
dp p e

−t(p2+m2)√
p2 +m2 = e−m2t

m
+ π

∫ ∞

r2
0

dξ e
−t(ξ+m2)√
ξ +m2

= e−m2t

m
+ π

∫ ∞

r2
0+m2

dξ e
−tξ

√
ξ

= e−m2t

m
+ 2π

∫ ∞
√

r2
0+m2

dp e−tp2 = e−m2t

m
+ 2π

(1
2

√
π

t
−
∫ √

r2
0+m2

0
dp e−tp2

)

= e−m2t

m
+ π3/2

√
t

− 2π
√
r20 +m2

∞∑
n=0

(−)n(r20 +m2)n

n!(2n+ 1) tn. (B.3)

We see that L(t, 0) contains integer powers of t, as well as a term ∼ t−1/2. The integer
powers and in particular the order t0 term (except the 1

m) are affected by the ambiguity
in choosing r0 and this reflects the error made in replacing the sum by an integral. So the
only thing we can safely conclude is

L(t, 0) ≃ 1
m

+

√
π3

t
+O(t0,m0). (B.4)

By eq. (4.75) this directly gives the corresponding asymptotics of K−(t, x, x) as given
in (4.82).

Instead of approximating the sum by an integral, we could try to use the Poisson sum-
mation formula. This formula gives the sum as another infinite sum of Fourrier coefficients
f̂k. These Fourrier coefficients are given by integrals and the Fourrier coefficient f̂0 actually
is just the integral approximation to the original sum. Thus, adding the (infinite number)
of higher Fourrier coefficients could be viewed as providing the correction terms for having
replaced the sum by the integral f̂0. Unfortunately we will not be able to compute exactly
the f̂k for k ̸= 0. Let us nevertheless outline this computation. The computation will be
the same for L(t, 0) and L(t, z), so we will do the general case allowing non-vanishing z.
We will use the notation z⃗ = (z1, z2), n⃗ = (n1, n2), p⃗ = (p1, p2) as well as k⃗ = (k1, k2).
Thus we write

L(t, z) =
∑

n1,n2

f(n⃗; t, z⃗), f(p⃗; t, z⃗) = e−t(p⃗2+m2)eip⃗·z⃗√
p⃗2 +m2 . (B.5)

By the Poisson summation formula one then has

L(t, z) =
∑

k1,k2

f̂(k⃗; t, z⃗) , (B.6)

where

f̂(k⃗; t, z⃗) =
∫

d2p e2πik⃗·p⃗f(p⃗; t, z⃗) =
∫

d2p e
−t(p⃗2+m2)eip⃗·(z⃗+2πk⃗)√

p⃗2 +m2 = f̂(0; t, z⃗ + 2πk⃗). (B.7)

We see that the f̂ only depend on z⃗ and k⃗ through the combination u⃗ ≡ z⃗ + 2πk⃗. This
is why evaluating them at z⃗ = 0 or z⃗ ̸= 0 essentially presents the same difficulty since
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we need to evaluate the f̂(0, t, u⃗) at non-vanishing u⃗. Using again polar coordinates p1 =
p cosϕ, p2 = p sinϕ, and denoting p = |p⃗| and similarly u = |u⃗|, one has

f̂(0; t, u⃗) =
∫ ∞

0
dp
∫ 2π

0
dϕ p e

−t(p2+m2)√
p2 +m2 eipu cosϕ (B.8)

For u⃗ = 0 this is indeed the integral we computed above. For z⃗ ̸= 0 or k⃗ ̸= 0, however, we
have u⃗ ̸= 0 and the angular dependence makes the integral much more difficult to compute.
The angular ϕ-integral can be done exactly as

∫ 2π
0 dϕ eipu cosϕ = 2π J0(pu), where J0 is a

Bessel function of first kind, so that

f̂(0; t, u⃗) = 2π
∫ ∞

0
dp p e

−t(p2+m2)√
p2 +m2 J0(pu). (B.9)

The Bessel function J0(ξ) is real, with J0(0) = 1, and as ξ increases it decreases and has its
first zero around ξ ≃ 2.5, and it then oscillates with an amplitude that decreases ∼ ξ−1/2.
These oscillations will strongly diminish the contribution to the integral of those values of
p that are larger than a few 1

u . On the other hand, the exponential e−tp2 also restricts the
p-values to less than a few 1√

t
. Roughly speaking, there is an upper cutoff of the order

of min( 1u ,
1√
t
). There does not seem to be any known expression for the integral (B.9) for

u⃗ ̸= 0. For u⃗ = 0 the exact result for this integral can be read from our above computations
in (B.2) and (B.3) (with r0 = 0 and without the 1

m -term):

f̂ (⃗0, t, 0⃗) = π3/2
√
t

− 2π
∫ m

0
dp e−tp2 = π3/2

√
t

− 2πm
∞∑

n=0

(−)nm2n

n!(2n+ 1) t
n. (B.10)

Let us now assume that u⃗ ̸= 0. We want to study again the small-t asymptotics, at
fixed u⃗ ̸= 0. This means in particular that we can assume 1√

t
≫ 1

u and thus the effective
cut-off scale for the integral (B.9) is set by 1

u . The difficulty in evaluating the integral
comes (among others) from the factor p√

p2+m2
, which equals 0 at p = 0 and is close to

1 for p ≫ m. Thus, for small mass m one could expect that replacing this factor by
1 will induce an error of order m only. But this means that the leading term actually
computes the result for m = 0 and we know that the original sum has a term 1

m which
becomes singular in this limit. One could then compute the integral 2π

∫∞
0 dp e−tp2

J0(pu)
exactly (ref. [33], section 7.7.3, eq 23) and obtain π3/2

√
t
e−z2/(8t)I0

(
z2

8t

)
+O(m), where I0 is

the modified Bessel function of the first kind, and then f̂(0; t, u⃗) ∼t→0
2π
u +O(m). By the

Poisson formula (B.6) and (B.7), we need so sum all f̂(0; t, z⃗ + 2πk⃗) to obtain L(t, z) and
the resulting sum obviously diverges.

Let us then proceed differently: if we are only interested in the leading small-t result,
in the integral (B.9) we may simply replace e−tp2 by 1. Indeed, recall that this integral is
effectively cut off at 1

u ≪ 1√
t
. Then we may express the result in terms of a known integral:

f̂(0; t, u⃗) = 2π
∫ ∞

0
dp p√

p2 +m2 J0(pu)
(
1 +O(t)

)
= 2π

u
e−mu (1 +O(t)

)
. (B.11)
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In the full Poisson sum for L(t, z) the exponential factor e−mu ensures the convergence:

L(t, z) ∼t→0 2π
∑

(k1,k2)

e−m|z⃗+2πk⃗|

|z⃗ + 2πk⃗|
, (z ̸= 0). (B.12)

Now, on the torus, zi = xi − yi ∈ [0, 2π) and |z⃗ + 2πk⃗| =√
(x1 − y1 + 2πk1)2 + (x2 − y2 + 2πk2)2. The sum then is dominated by the value of k⃗ such

that this expression takes the smallest possible value, which corresponds to the geodesic
distance ℓ(x, y) on the torus. Hence

L(t, z) ∼t→0 2π
e−mℓ(x,y)

ℓ(x, y)
(
1 +O(e−ma)

)
, a > 0, x ̸= y. (B.13)

Again, for m → 0, the sub-leading terms no longer are sub-leading and we get back the
divergence of L.

We will be mainly interested in the regime where both t and ℓ(x, y) are small. Then
we have seen that L(t, 0) ∼t→0

1
m + π3/2

√
t

and, for ℓ(x, y) ̸= 0 but small, L(0, z) ∼t→0
2π

ℓ(x,y) .
A somewhat ad hoc formula for L(t, z) that incorporates both behaviours is

L(t, z) ∼small t, small ℓ(x,y)

(√
π

t
+ 1
πm

)∫ π/2

−π/2
dϕ e−

ℓ2(x,y)
4t

sin2 ϕ. (B.14)

Indeed, for x = y, i.e. ℓ2(x, y) = 0, the ϕ-integral trivially gives π and one gets correctly
π3/2
√

t
+ 1

m . On the other hand for small but fixed ℓ(x, y) ̸= 0 and t → 0, the integral can

be evaluated by a saddle-point approximation and yields
∫∞
−∞ dϕ e−

ℓ2(x,y)
4t

ϕ2 =
√

4πt
ℓ2(x,y) , so

that L(t, z) ∼
(√

π
t + 1

πm

)√ 4πt
ℓ2(x,y) =

2π
ℓ(x,y) +O(

√
t), as it should.

Recall that K−(t, x, y) was given by DxL(t, x, y) =
(
iσx

∂
∂x1 + iσz

∂
∂x2 +mγ∗

)
L(t, x, y)

where

L(t, x, y) = i

4π2L(t, x, y)12×2 ∼t→0
i

2π
e−mℓ(x,y)

ℓ(x, y) 12×2
(
1 +O(e−ma)

)
, x ̸= y , (B.15)

It is straightforward to work out the corresponding asymptotics of K−(t, x, y) for x ̸= y,
but we will not do it here. Instead, in the main text we obtain the relevant information
directly from the relation ζ−(s, x, y) = −Dxζ+(s+ 1

2 , x, y).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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