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The first epidemiological accounts of monkeypox date since the early 80's, yet monkeypox emerged as an epidemic threat more than 40 years later. This scenario appears very different from the epidemiologies of other emerging diseases such as HIV and SARS, which immediately spread globally, in a fully susceptible population, starting from respective patients zero. In this letter, we use mathematical modeling to explain the peculiar emergence of monkeypox. We employ stochastic models to describe the dynamics of monkeypox herd immunity. We argue that monkeypox first emerged in small rural communities in touch with the monkeypox' sylvatic reservoir and then spread globally. The relative isolation of these communities and their herd-immunity dynamics against monkeypox worked to delay the introduction of monkeypox in larger urban communities. Our modeling considerations lead to new strategies for monkeypox vaccination in the endemic areas, and new clues for the search of the monkeypox reservoir.

Introduction

Recently, monkeypox/mpox has received much attention. From January 1st 2022 through June 26 2023, 112 countries around the world, in all 6 regions defined by the World Health Organization (WHO), reported mpox cases to the WHO. The total was 88,060 laboratoryconfirmed cases, 1097 probable cases and 147 deaths.

Starting with May 13 2022, a large fraction of these case reports have been from countries encountering mpox transmission for the first time. The WHO notes: This is the first time that cases and sustained chains of transmission have been reported in countries without direct or immediate epidemiological links to endemic areas of West or Central Africa [START_REF] Who | Monkeypox Outbreak: Global Trends[END_REF]. Nevertheless, the origins of this multi-country outbreak are found in African regions where mpox disease remains endemic. It appears that, through exportation of cases from endemic regions, mpox emerged as the most important Orthopoxvirus infection in humans, following the eradication of smallpox [START_REF] Sklenovská | Emergence of monkeypox as the most important orthopoxvirus infection in humans[END_REF].

Over the past 50 years, the threat of emerging and re-emerging infectious diseases has steadily increased [START_REF] Jones | Global trends in emerging infectious diseases[END_REF] [START_REF] Morens | Emerging Infectious Diseases in 2012: 20 Years after the Institute of Medicine Report[END_REF]. New emerging human pathogens have been identified [START_REF] Woolhouse | Ecological origins of novel human pathogens[END_REF] [START_REF] Woolhouse | Temporal trends in the discovery of human viruses[END_REF], while outbreaks of emerging diseases became more frequent with time [START_REF] Smith | Global rise in human infectious disease outbreaks[END_REF]. Some of the emerging infectious diseases have been Zika, SARS, covid, HIV disease and 2009 H1N1 pandemic influenza. Their path to emergence is described using the concept of patient zero, the first disease case in a disease-naive community [START_REF] Kennedy | From Patient Zero to Public Health Emergency[END_REF][9][10] [START_REF] Upadhyay | Ebola US Patient Zero: lessons on misdiagnosis and effective use of electronic health records[END_REF], that is expected to infect other individuals, either directly or through an intermediate vector. Then, each newly infected individual is expected to cause the infection of other individuals, and so on. The subsequent epidemic dynamics are exponential and termed disease invasion. These dynamics, however, do not fit the emergence of mpox, which are peculiar due to its relationship to smallpox [START_REF] Grant | Modelling human-to-human transmission of monkeypox[END_REF]. The first individual in a community, to acquire mpox from the zoonotic reservoir, would likely not find himself/herself in a fully susceptible community. Since mpox and smallpox share cross immunity [START_REF] Gilchuk | Cross-Neutralizing and Protective Human Antibody Specificities to Poxvirus Infections[END_REF], smallpox herd immunity is protective against mpox infection. Historically, smallpox was spread worldwide and its eradication was achieved only in 1980, through universal vaccination. Today, the vast majority of communities are not in touch with the monkeypox reservoir and still maintain herd immunity against monkeypox in the range of 7-60%, due to their smallpox epidemiology [START_REF] Taube | The global landscape of smallpox vaccination history and implications for current and future orthopoxvirus susceptibility: a modelling study[END_REF] [START_REF] Gani | Transmission potential of smallpox in contemporary populations[END_REF]. Therefore, a case of mpox, resulting from contact with a zoonotic reservoir, does not fit the theory of patient zero. This is contrary to other emerging diseases, such as Zika [START_REF] Plourde | A Literature Review of Zika Virus[END_REF][17], covid [START_REF] Li | Early Transmission Dynamics in Wuhan, China, of Novel Coronavirus-Infected Pneumonia[END_REF] and 2009 H1N1 pandemic influenza [START_REF] Fraser | Pandemic potential of a strain of influenza A (H1N1): early findings[END_REF], where the contact with the animal reservoir played only a very limited role at the very beginning of the epidemic.

The emerging dynamics of mpox depend on the dynamics of mpox herd immunity in the very same community. The herd immunity declines as immune individuals succumb of disease-unrelated causes. However, if the community is in contact with a monkeypox reservoir, then mpox outbreaks are expected to occur and, consequently, the mpox herd immunity is also expected to increase. Therefore, the ensuing dynamics of herd immunity may be complex. In this work, we discuss the dynamics of mpox herd immunity using empirical data and mathematical modeling based on -type stochastic models [START_REF] Fraser | Pandemic potential of a strain of influenza A (H1N1): early findings[END_REF] [20][21, p. 19]. We are particularly interested to describe typical rural communities in contact with monkeypox reservoirs. Hence, the epidemic threshold theory no longer holds and the epidemic dynamics are generic; i.e., they remain approximately the same as the model is subject to arbitrary small perturbations. These features are not present in the traditional model. The overall goal of our modeling work is to provide a qualitative understanding of the epidemic dynamics and assist with open questions in the mpox epidemiology. In particular, we discuss the quest for identifying the monkeypox animal reservoir and strategies for vaccination against mpox.

Mpox herd immunity in data

It was early recognized that mpox is a zoonose, where human cases can be explained by contact with animals, so-called mpox introductions, or other human cases [START_REF] Prabakaran | A novel hybrid SEIQR model incorporating the effect of quarantine and lockdown regulations for COVID-19[END_REF]. However, to this day, the monkeypox reservoir remains largely unknown, although the main animal hosts are believed to be found among the wild African rodents [START_REF] Fine | The transmission potential of monkeypox virus in human populations[END_REF] [START_REF] Khodakevich | Isolation of monkeypox virus from wild squirrel infected in nature[END_REF].

During 1980-1984, soon after the eradication of smallpox, mpox outbreaks were observed in communities of the Democratic Republic of Congo (DRC), in what might have been the first epidemiological account on mpox [START_REF] Prabakaran | A novel hybrid SEIQR model incorporating the effect of quarantine and lockdown regulations for COVID-19[END_REF]. It was found that mpox outbreaks were self-limiting, in the context where herd immunity was close to 85% in 1980. Mpox has thus begun to emerge immediately following smallpox eradication, encountering high herd immunity against Orthopoxviruses. Outbreaks were small and extinguished rapidly, yet new introductions constantly occurred, eventually leading, in the long term, to endemic states in certain communities [START_REF] Diaz | The Disease Ecology, Epidemiology, Clinical Manifestations, Management, Prevention, and Control of Increasing Human Infections with Animal Orthopoxviruses[END_REF].

Orthopoxvirus seroprevalence in humans is typically measured as an indicator of past contact with Orthopoxviruses and herd immunity to Orthopoxvirus infection. Measurements have been made in the general population of high-income countries [START_REF] Rimoin | Major increase in human monkeypox incidence 30 years after smallpox vaccination campaigns cease in the Democratic Republic of Congo[END_REF][27], as well as remote rural communities [START_REF] Costantino | Serological Immunity to Smallpox in New South Wales, Australia[END_REF][29] [START_REF] Styczynski | Seroprevalence and Risk Factors Possibly Associated with Emerging Zoonotic Vaccinia Virus in a Farming Community, Colombia[END_REF][31] [START_REF] Ye | Molecular Evidence of Human Monkeypox Virus Infection, Sierra Leone[END_REF][33] [START_REF] Mota | Seroprevalence of orthopoxvirus in an Amazonian rural village, Acre, Brazil[END_REF]. In 2011-2012, Orthopoxviruses seroprevalence in DRC communities was 60% (95% confidence interval (CI) 53-65%); that is, as high as 96% (95% CI 91-99%) among individuals vaccinated against smallpox and as low as 26% (95% CI 18-35%) among unvaccinated individuals, suggesting regular contact of DRC communities with Orthopoxviruses [START_REF] Besombes | The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021[END_REF]. During 2001-2021, Orthopoxviruses seroprevalence in populations experiencing mpox outbreaks in Central African Republic (CAR) was, on average, 55% (95%CI 49-61%), suggesting regular contact of CAR communities with Orthopoxviruses [START_REF] Mota | Seroprevalence of orthopoxvirus in an Amazonian rural village, Acre, Brazil[END_REF], as well.

Mathematical modeling of mpox transmission and herd immunity

To model a typical rural community in touch with a monkeypox reservoir, we propose a continuous-time Markov chain of type Susceptible-Exposed-Infectious-Recovered (

). We thus introduce the integer variables , , , to represent the numbers of susceptibles, exposed (i.e., infected, not yet infectious), infectious and recovered individuals; the total population is given by . An auxiliary, herd immunity variable is defined as . The processes of the Markov chain are listed in table 1 and its parameters in table 2.

We parameterized our

Markov chain using calibrated values and values within the ranges listed in table 2. The life expectancy at birth was calibrated such that, in absence of mpox introductions, herd immunity is expected to decline from 85% in 1980 to 10% in 2025, simply due to disease-unrelated death of immune individuals. We used the expected community size in absence of disease, , and to obtain , the inflow of susceptible newborns. We used estimates to obtain and the case-fatality ratio to obtain . The overall goal of our parameterization is to illustrate typical transmission dynamics of mpox. Our stochastic model was integrated numerically using the Gillespie direct method [START_REF] Leendertz | A Cross-Sectional Serosurvey of Anti-Orthopoxvirus Antibodies in Central and Western Africa[END_REF].

Analytical results

A number of important results can be obtained analytically for the case where ; i.e., if humans were dead-end hosts for mpox and human-to-human transmission did not occur. In this case, all the rates of the Markov chain are linear in the population variables and moment closure techniques [START_REF] Gillespie | Exact stochastic simulation of coupled chemical reactions[END_REF][38] yield the following system of ordinary differential equations (ODEs) Eq. ( 1) where denotes the average over all stochastic orbits as a function of time. The above ODE system has a unique equilibrium, representing a stable endemic state with components Eq. ( 2) Human-to-human transmission (i.e.,

) makes the endemic state more severe, where the average numbers of exposed, infectious and recovered individuals increase and the average number of susceptible individuals decreases. The uniqueness of the endemic state implies that there exists no epidemic threshold when the community is in touch with a disease reservoir; i.e., .

If the community is large so that each population variable is large (i.e., order 1000 and larger), then the dynamics of the Markov chain can be approximated by another ODE system called the mean-field approximation [38][37] Eq. [START_REF] Jones | Global trends in emerging infectious diseases[END_REF] In this case, the fluctuations in the population variables are of the order square root of the corresponding expectations (i.e., order 3% and smaller) and the stochastic dynamics are well approximated by the ODE system in Eq. 3. The basic reproduction ratio of the model is defined for the case where there is no contact with disease reservoirs (i.e.,

) and given by [START_REF] Bartlett | The Relevance of Stochastic Models for Large-Scale Epidemiological Phenomena[END_REF] Eq. ( 4)

Numerical results

To illustrate the epidemiological dynamics of monkeypox, we simulated mpox outbreaks taking place in rural communities in touch with the zoonotic reservoir of monkeypox. The initial condition was chosen to model the epidemiological setup in 1980, just after the eradication of smallpox: , , , and . The mpox herd immunity at time zero was considered to be . The contact rate with the monkeypox reservoir, , was varied to distinguish various epidemiological scenarios.

If

, then the community is not in touch with the disease reservoir. The individuals with acquired immunity against mpox are steadily replaced by susceptible individuals who are no longer exposed to disease. Hence, the herd immunity wanes steadily down to zero, while no epidemic outbreak takes place. This fits the smallpox/mpox epidemiology in communities of countries where mpox is not endemic. The communities in such countries are not in touch with the monkeypox reservoir and still maintain low levels of herd immunity against monkeypox, due to their smallpox epidemiology.

In Fig. 1, we illustrate the case where is only slightly larger than zero (i.e.,

). In Fig. 1A, the simulated herd immunity, , decreases steadily with time, until, due to a mpox introduction, an outbreak takes place and causes to increase. Furthermore, during the outbreak, undergoes typical peaked dynamics; see Fig. 1B. However, mpox introductions from the zoonotic reservoir into the rural community occur very rarely, as the number of susceptible individuals increases and the population-level rate of mpox introductions, , becomes substantially larger than zero. The maximum rate can be estimated as . Thus, one mpox introduction is expected in the simulated rural community no sooner than once every 10 years. At the time of the introduction, a significant fraction of individuals in the community may be susceptible, resulting in a large outbreak.

If no mpox zoonotic introductions occur during an outbreak, then the outbreak is due to human-to-human disease transmission and goes extinct due to depletion of susceptibles. The mpox introduction causing this outbreak is similar to a patient zero causing an epidemic in a community with herd immunity. The expected number of secondary cases caused by the mpox introduction is the reproduction number .

In Fig. 1C, we illustrate the dynamics of herd immunity, , versus that of the number of infectious cases, . At the beginning, and the dynamics follow the vertical downward arrow. Then, a large outbreak takes place and the dynamics follow the curved arrow back to large values of . The dynamics is thus recurrent, where each outbreak pushes herd immunity back toward larger values.

Increasing the contact rate of the individuals in the rural community with the zoonotic reservoir by a factor of 30 (i.e.,

) yields a very different epidemiological picture. Smaller and more frequent outbreaks can be discerned; see Fig. 2. It is also apparent that several introductions may occur during a major outbreak. Hence, in this case, the dynamics of patient zero do not apply, since they assume that the whole outbreak is due to a single introduction. Furthermore, Fig. 2C shows that herd immunity varies only within a narrow interval (i.e., 40-65%), compared with the dynamics in Fig. 1C (i.e., 15-75%), where mpox introductions are very rare, essentially one per outbreak.

Further increasing the contact rate in our simulations, to the point where each susceptible individual in the rural community is expected to become a mpox introduction within 10 years (i.e.,

), we obtain the results illustrated in Fig. 3. Figure 3A, C show that the herd immunity remains in vicinity of 80%. Figure 3B shows that the outbreaks are even smaller and more numerous, and the number of infectious cases amounts to an approximate average of 2.4 infected individuals out of 1000 community members, at any time.

Discussion

Mathematical modeling can provide an illustration of the peculiar emergence of mpox and assistance in answering questions about mpox epidemiology. Here we focused on the mpox epidemiology at the community level, in endemic settings. A major question is to confirm the zoonotic origins of mpox and identify the reservoir. Currently, mpox endemic areas have been notified in Cameroon, CAR, DRC and Nigeria [START_REF] Van Den Driessche | Reproduction numbers and sub-threshold endemic equilibria for compartmental models of disease transmission[END_REF]. However, the same mpox strain, whether clade 1 or 2, has never been identified in an animal-human pair in endemic settings [START_REF] Who | Multi-country monkeypox outbreak in non-endemic countries[END_REF], to confirm the zoonotic transmission of mpox. Furthermore, live monkeypox virus has only rarely been isolated in wild animals: a squirrel (Funisciurus anerythrus) in the DRC, in 1985, a sooty mangabey (Cercocebus atys) in Ivory Coast in 1992 [START_REF] Fine | The transmission potential of monkeypox virus in human populations[END_REF][42] and, more recently, another squirrel (Funisciurus bayonii) and two rats (Stochomys longicaudatus, Cricetomys sp.) [START_REF] Radonić | Fatal monkeypox in wild-living sooty mangabey, Côte d'Ivoire, 2012[END_REF]. Although contacts with terrestrial rodents (Cricetomys and Graphiurus) and arboreal rope squirrels (Funisciurus) are believed to explain most mpox introductions in human populations [START_REF] Fine | The transmission potential of monkeypox virus in human populations[END_REF], the monkeypox reservoir remains unidentified.

Clues to identifying the monkeypox reservoir may be found among the human activities in rural communities where mpox remains endemic, that presumably are in touch with the monkeypox reservoir. In August 2022, the WHO updated their guidelines for establishing mpox surveillance systems [START_REF] Mariën | Monkeypox viruses circulate in distantly-related small mammal species in the Democratic Republic of the Congo[END_REF]. Although, according to the guidelines, one single mpox case already constitutes an outbreak, outbreak investigation favors large outbreaks. Even so, large outbreaks may not be fully identified by the surveillance protocols and small outbreaks may even go unnoticed. This is quite significant because, according to our simulation results, a community experiencing large mpox outbreaks is not in tight contact with the monkeypox reservoir (Fig. 1). Thus, identifying the reservoir may be particularly challenging if investigations are devoted only to those communities. In contrast, we propose that investigations should be devoted to communities with elevated herd immunity and small, frequent outbreaks (Fig. 3), which may even go unreported, as mpox cases may be considered common occurrence in those communities. Still, identifying the natural reservoir for mpox remains subject for complex investigations [START_REF] Who | Surveillance, case investigation and contact tracing for monkeypox[END_REF] with major benefits for mpox prevention.

Another major problem in the mpox epidemiology is that of vaccination strategies. We submit that effective strategies for vaccination against mpox exist, even though the monkeypox reservoir remains unknown: for example, the strategy of universal vaccination against smallpox. Another strategy would be to vaccinate individuals community by community, depending on the mpox epidemiology in each community. The mpox epidemiology may be heterogeneous across communities. The vast majority of communities are not in touch with the monkeypox reservoir and still maintain low levels of herd immunity against monkeypox, due to their smallpox epidemiology. Only recently, some of these communities have imported mpox cases whose transmission chains go back to the mpox endemic areas.

It is assumed that the communities in touch with the monkeypox reservoir are relatively few rural communities located within the mpox endemic areas. Furthermore, these communities may have much larger herd immunity than others [START_REF] Besombes | The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021 The national surveillance of the monkeypox disease in the Central African Republic, 2001-2021[END_REF] [START_REF] Mota | Seroprevalence of orthopoxvirus in an Amazonian rural village, Acre, Brazil[END_REF], that actually stalls the emergence of monkeypox. The exportation of cases may be considered low, due to limited traffic between communities. The phenomenon whereby population clustering within communities stalls epidemic spread is known as population viscosity [START_REF] Han | Rodent reservoirs of future zoonotic diseases[END_REF] and has been noted for other zoonotic pathogens such as SARS [START_REF] Reluga | Population viscosity suppresses disease emergence by preserving local herd immunity[END_REF], rabies [START_REF] Who | Consensus document on the epidemiology of severe acute respiratory syndrome (SARS)[END_REF], H5N1 avian influenza [START_REF] Gilbert | Evidence of rabies virus exposure among humans in the Peruvian Amazon[END_REF] and simian immunodeficiency virus [START_REF] Wang | Seroevidence for H5N1 influenza infections in humans: meta-analysis[END_REF].

The epidemiology of the community structure prevented, from 1980 until very recently, extended, worldwide mpox outbreaks. To reinforce this community structure and increase the population viscosity, we propose a survivor bias vaccination strategy. That is, the communities with the largest mpox herd immunity get vaccinated in priority, thus increasing their protection to other communities from mpox outbreaks.

Conclusion

Already in the early 80s, epidemiological accounts showed that mpox can emerge to fill the niche left open by the eradication of smallpox. Mathematical modeling can provide qualitatively robust insight into key questions of the mpox epidemiology. First, modeling suggests that the monkeypox reservoir is most easily identified in communities with the largest herd immunity and small, frequent mpox outbreaks. Second, in the question of how to prioritize vaccination against mpox, modeling suggests to vaccinate in priority the communities with the largest herd immunity. 
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Tables

 Table 1. 2. Parameters of the mpox disease within the framework. The life expectancy at birth is calibrated such that, in absence of mpox introductions, the expected herd immunity declined from 85% in 1980 to 10% in 2025. The parameter is estimated from the size of the disease-free community and the life expectancy at birth. The parameter is obtained from the case-fatality ratio. The transmissibility parameter is obtained using Eq.~\eqref{eq:1}, estimates, and estimates for the rates which occur in the right hand side of Eq.~\eqref{eq:1}.} ) with the monkeypox reservoir.
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