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Scientific problem :

Simulation & data assimilation under severe dimensional reduction

typically, 107 — 0(10) degrees of freedom
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From 107 to 4 degrees of freedom
@ Single measurement point (blurred & noisy velocity)

Test with
* OpenFOAM (finite volumes) train set
* Incompact3d (finite differences) test set

/ \ / Our method : \

Reference :

PCA-projection of the Data assimilation

“true” simulation with .
(DNS) POD-Galerkin of
) domized
(Optimal from 4- ran- omize
degrees of freedom Navier-Stokes
: (LUM)

linear decomposition)

\ / \(4 degrees of freedom)/_
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From 107 to 4 degrees of freedom
@ Single measurement point (blurred & noisy velocity)

Test with
* OpenFOAM (finite volumes) train set
* Incompact3d (finite differences) test set

-

.

Reference :
eret Data assimilation

PCA-projection of the with

“true” simulation POD-Galerkin of
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(Optimal from 4- g Navier-Stokes
degrees of freedom e (LUM)
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9 SCALIAN

CONCLUSION

» Reduced order model (ROM) : for very fast and robust CFD (10”7 — 0(10) degrees of freedom.)
= Combine data & physics (built off-line) = Now implemented in OpenFOAM / ITHACA-FV
= Closure problem handled by LUM
» Data assimilation : to correct the fast simulation on-line by incomplete/noisy measurements
= Model error quantification handled by LUM
» Results
= Optimal unsteady 3D flow estimation/prediction in the whole spatial domain (large-scale structures)

= Robust far outside the training set (time extrapolation / out of sample)

ITHACA - FV
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9 SCALIAN

CONCLUSION

» Reduced order model (ROM) : for very fast and robust CFD (10”7 — 0(10) degrees of freedom.)

= Combine data & physics (built off-line) = Now implemented in OpenFOAM / ITHACA-FV
= Closure problem handled by LUM

» Data assimilation : to correct the fast simulation on-line by incomplete/noisy measurements
= Model error quantification handled by LUM
» Results
= Optimal unsteady 3D flow estimation/prediction in the whole spatial domain (large-scale structures)

= Robust far outside the training set (time extrapolation / out of sample)

WORK IN PROGRESS:

» Increasing Reynolds (ROM of LES, DDES)

ITHACA - FV

= Hyperreduction (=interpolation with a POD basis) of turbulence model terms
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= SCALIAN

LOCATION UNCERTAINTY MODELS (LUM),
Randomized incompressible Navier-Stokes

v=w+v
Resolved fluid velocity: Momentum conservation
w
Dw
v' = 0B (Gaussian, white wrt t) T — F (FO rCES)

(assumingV-w =0 and V-v' = 0) D t

Unresolved fluid velocity:

Resseguier V. & al. (2017). Part |. Geophys. Astro. Fluid. hal-01391420 67



LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity: atW +w*-VYw+oB-Vw—-V- E aVw

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = o

=F

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations

Resseguier V. & al. (2017). Part |. Geophys. Astro. Fluid. hal-01391420

68



= SCALIAN

LOCATION UNCERTAINTY MODELS (LUM),

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)

with Ito notations

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity: atW +w*-Vw +0oB - Vw V.-l=—alw|=F

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = o
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LOCATION UNCERTAINTY MODELS (LUM),

Randomized Navier-Stokes From Ito-Wentzell
formula (Kunita 1990)
; with Ito notations
v=w+4v

Resolved fluid velocity:
w

Advection “Turbulent” diffusion

Unresolved fluid velocity: atW +w*-Vw +0oB - Vw V-

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = o
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

“Turbulent” diffusion

Resolved fluid velocity:
w

Unresolved fluid velocity: atW +w*-Vw +0oB - Vw V-

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
E{(cdB;)(cdB)T}

a(x,x) = o

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
with Ito notations
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Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
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terms
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with Ito notations
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:

E{(cdB;)(cdBy)T
a(x,x) = % Usual

terms

Skew-symmetric
multiplicative
random
forcing
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From Ito-Wentzell

formula (Kunita 1990)
with Ito notations
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:

E{(cdB;)(cdBy)T
a(x,x) = % Usual

terms
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random
forcing
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

(assumingV -w =0 and V-v' = 0)

Variance tensor:

E{(cdB;)(cdBy)T
a(x,x) = % Usual

terms
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forcing
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LOCATION UNCERTAINTY MODELS (LUM),
Randomized Navier-Stokes

v=w+7v’

Resolved fluid velocity:
w

Unresolved fluid velocity:

v' = oB (Gaussian, white wrt t)

Usual
terms Skew-symmetric
multiplicative
random
forcing
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negative

Balanced
energy
fluxes

= SCALIAN

From Ito-Wentzell

formula (Kunita 1990)
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

Unresolved fluid velocity:

v' = 0B (Gaussian, white wrt t)

Variance tensor:
[E{(O'dBt)(O'dBt)T}

a(x,x) = ”

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

Unresolved fluid velocity:
v = O'B (Gaussian, white wrt t) \

Variance tensor:
[E{(O'dBt)(O'dBt)T}

a(x,x)=T
%it) =c(b(t),b(t)) + K(aB) b(t) + f b(t) = -

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Unresolved fluid velocity: “
v' = oB (Gaussian, white wrt t) / \ \

c(b(®),b(t))H+ K(aB) b(t) + f b(t) = -

[E{(O'dBt)(O'dBt)T}

o) =T db(t)

dt

Advection : 2" order polynomial _

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

Unresolved fluid velocity:
v = O'B (Gaussian, white wrt t) / \ \
Variance tensor:
c(b(t),b(t))HK(aB) b(O)|+ f b(t) = -+

__ E{(6dBp)(cdBy)T}
=" db(t)

Multiplicative
skew-symmetric noise

dt

Advection : 2" order polynomial _
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= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

Unresolved fluid velocity:
v = O'B (Gaussian, white wrt t) / \ \
Variance tensor:
c(b(t),b(t))HK(aB) b(O)|+ f b(t) = -+

__ E{(6dBp)(cdBy)T}
=" db(t)

Multiplicative
skew-symmetric noise

dt

Advection : 2" order polynomial _
K]q[ﬂ = _fﬂ ¢j ' C(f, (bq)
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= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity:

w(x, ) = iz bi(t) i (x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

Unresolved fluid velocity:
v = O'B (Gaussian, white wrt t) / \ \
Variance tensor:
c(b(t),b(t))HK(aB) b(O)|+ f b(t) = -+

__ E{(6dBp)(cdBy)T}
=" db(t)

Multiplicative
skew-symmetric noise

dt

. , — Covariance to estimate
Advection : 2" order polynomial
Kjql$] = — fﬂ b; - C(E' (bq)
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= SCALIAN

REDUCED LUM (RED LUM)

Full order : M ~ 107

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

v=w+7v’

Resolved fluid velocity: . New estimator
W) = Limo bi(£): (%) j ¢l(x) ) (atw +C(w,w) + C(O-B' W) +F(w)=F ) dx - Consistency proven (At — 0)
Q

Unresolved fluid velocity: «  Numerically efficient
v' = 0B (Gaussian, white wrt t) . Data-based & Physics-based
— Robustness in extrapolation
Variance tensor:
c(b(t),b(t))HK(aB) b(O)|+ f b(t) = -+

__ E{(6dBp)(cdBy)T}
=" db(t)

Multiplicative
skew-symmetric noise

dt

. , — Covariance to estimate
Advection : 2" order polynomial
Kjql§] = = Jo ¢ - C (&, )
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REDUCED LUM (RED LUM)

v=w+7v’

Resolved fluid velocity:

w(x, t) = Xizo bi(£)pi(x) j di(x) - (0w + C(w,w) + C(cB,w) + Fw) = F ) dx
Q

v' = 0B (Gaussian, white wrt t)

Unresolved fluid velocity: /

Variance tensor:
[E{(O'dBt)(O'dBt)T}

o) =T db(t)
— &

Advection : 2" order polynomial

POD-Galerkin gives SDEs for resolved modes Reduced order : 7 ~ 10

c(b(®),b(®))HK(oB) b(t) + = ...

skew-symmetric noise

— Covariance to estimate  with a(x) = At v’ (v')T

K]q[ﬂ = _fﬂ ¢j ’ C(f, (bq)

= SCALIAN

Full order : M ~ 107

New estimator

Consistency proven (At — 0)

*  Numerically efficient
+ Data-based & Physics-based
— Robustness in extrapolation

Multiplicative  “Tyrbulent” diffusion
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= SCALIAN

REDUCED LUM (RED LUM) | 7
POD-Galerkin gives SDEs for resolved modes Reduond ardor - 10

v=w+7v’

New estimator

Resolved fluid velocity:

w(x, ) = N bi () j B:(0) - (dw + Cow,w) + C(oB,w) + Fw) = F ) dx [
Q
Unresolved fluid velocity: N «  Numerically efficient
v' = oB (Gaussian, white wrt t) ~ gIOba"y balanCEd « Data-based & Physics-based
energy fluxes — Robustness in extrapolation

Variance tensor:
[E{(O'dBt)(O'dBt)T}

o) =T db(t)
dt

s

c(b(t), b(t))H
Multiplicative  «“1yrbulent” diffusion

skew-symmetric noise

, , — Covariance to estimate  with a(x) = At v’ (v")T
Advection : 2" order polynomial
Kiql§]l = = Jo 8 - C(§ dq)
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v=w+7v’

Resolved fluid velocity:
w = Yisobi

Unresolved fluid velocity:

!

1%

One realization

Mean

Confidence
interval

Reference

No closure

UNCERTAINTY QUANTIFICATION (PRIOR)

Temporal mode 1

= SCALIAN

n = 4 resolved degrees of freedom
No data assimilation

Known initial conditions b(t = 0)
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Time

Temporal mode 3

Temporal mode 2
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Time
Temporal mode 4
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n = 4 resolved degrees of freedom
No data assimilation

UNCERTAINTY QUANTIFICATION (PRIOR) Known initial conditions b(t = 0)

_ Linearly unstable modes
\YET\Aigelnn Temporal mode 1

the mean v = ¢,

Temporal mode 2

One realization
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Mainly from
the mean v = ¢,

UNCERTAINTY QUANTIFICATION (PRIOR)

= SCALIAN

n = 4 resolved degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

C(b (t)' b(t)) Linearly unstable modes

Temporal mode 2

Temporal mode 1

v=w+7v’

Resolved fluid velocity:
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4

1%

One realization

Mean

Confidence
interval

Reference

No closure

* omtume o
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UNCERTAINTY QUANTIFICATION (PRIOR)

_ C(b (t), b(t)) Linearly unstable modes
\YET\Aigelnn Temporal mode 1
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One realization
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= SCALIAN
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Temporal mode 2
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UNCERTAINTY QUANTIFICATION (PRIOR)
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= SCALIAN
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UNCERTAINTY QUANTIFICATION (PRIOR)

_ C(b (t), b(t)) Linearly unstable modes
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One realization
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= SCALIAN

n = 4 resolved degrees of freedom
No data assimilation
Known initial conditions b(t = 0)

Temporal mode 2

Mean —
Resolved fluid velocity:
— \n e Confidence
W = 2i=o bid: interval
Unresolved fluid velocity: Reference o omtme o

vl

No closure

Mainly to Energy

Temporal mode 4

the mean v = ¢,

c(b(t),b(t))

Présentation ...

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957

[Ne]
&




= SCALIAN

n = 4 resolved degrees of freedom
No data assimilation

UNCERTAINTY QUANTIFICATION (PRIOR) Known initial conditions b(t = 0)
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Mainly from Temporal mode | Temporal mode 2 by
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turbulent
diffusion

One realization f b (t)

v=w+7v’

Mean —
Resolved fluid velocity:
— \n e Confidence
W = 2i=o bid: interval
Unresolved fluid velocity: Reference o omtme o

Temporal mode 4

vl

No closure

Mainly to Energy 5

the mean v = ¢, £
c(b(t),b(t)) —

92

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



= SCALIAN

n = 4 resolved degrees of f.refed(')m
UNCERTAINTY QUANTIFICATION (PRIOR) nowt el conditions Bt = 0

_ C(b (t), b(t)) Linearly unstable modes Stabilized
\YET\Aigelnn Temporal mode 1

the mean 7 = ¢, ERETEY

Temporal mode 2 by

turbulent
diffusion

One realization f b (t)

v=w+7v’

Mean —
Resolved fluid velocity:
n Confidence
w =YY" _b:o:
Li=o bi®: interval
Unresolved fluid velocity: Reference o cumtume o Variability
o' maintained
No closure by random

energy
transfert

I\/Iainly to Energy , ) . : K(O-B) b(t)
the mean v = ¢, . .
c(b(t), b(t)) -

23

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957 |



= SCALIAN

n = 8 resolved degrees of freedom
No data assimilation

UNCERTAINTY QUANTIFICATION (PRIOR) Known initial conditions b(t = 0)

Temporal mode 1 Temporal mode 2
4
14
v=w+v = z
-2 -2
Resolved fluid velocity: P P P PR
— n ) . Time Time
w = Zi=0 bl¢l
Temporal mode 3 Temporal mode 4
Unresolved fluid velocity: 0 05
v’ 3 o T 0
-0.5 -0.5
5 10 15 5 10 15
Time Time
Temporal mode 5 Temporal mode 6
One realization
Mean
5 10 15 5 10 15
Confidence Time Time
interval Temporal mode 7 Temporal mode 8
Reference o omame o
No closure _ —
5 10 15 5 10 15
Time Time
28

Resseguier et al. (2021). SIAM-ASA J Uncertain . hal- 03169957



v=w+7v’

Resolved fluid velocity:
w = Z?:o bi¢;

Unresolved fluid velocity:
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DATA ASSIMILATION (POSTERIOR)
Error on the solution estimation

State of the art

State of the art
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Resolved fluid velocity:
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