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Abstract

Next generation CAD/CAE systems shall integrate design and analysis procedures as a means to simplify workflows,
boost performance, and speed up time to market. In the present paper we demonstrate a proof of concept of such a
unification using subdivision surfaces and the enabling technology of isogeometric analysis. In particular, we present
a complete pipeline to convert CAD models into smooth G1 spline representations, which are suitable for isogeometric
analysis. Starting from a CAD boundary representation of a mechanical object, we perform an automatic control
cage extraction by means of quadrangular faces, such that its limit Catmull-Clark subdivision surface approximates
accurately the input model. We then compute a basis of the G1 spline space over the quad mesh in order to carry out
least squares fitting over a point cloud, acquired by sampling the original CAD geometry. The resulting surface is a
collection of Bézier patches with G1 regularity. Finally, we use the basis functions to perform isogeometric analysis
simulations of realistic PDEs on the reconstructed G1 model. The quality of the construction is demonstrated via
several numerical examples performed on a collection of CAD objects presenting various challenging realistic shapes.

Keywords: CAD models, point cloud fitting, geometrically smooth surfaces, spline basis, isogeometric analysis

1. Introduction

Shape modeling and analysis are crucial operations which directly impact engineering and industrial processes
in many sectors of our society. The last several decades have witnessed the development of many powerful tools
for computer-aided design (CAD), computer-aided engineering (CAE), and computer-aided manufacturing (CAM).
These tools assist in handling the complex computations required to convert from the digital model of a shape to its
actual production. Such computations can include digital shape description, model reparation, meshing, numerical
simulations, and optimization. Currently, they require specific engineering efforts, are time consuming, and prone to
errors and approximations [1], [2, Chapter 1]. This explains why alternative approaches are under investigation.

The boundary representation (B-rep) is used widely in solid modeling applications due to its flexibility and pre-
cision when representing manufacturable geometry in mechanical CAD (MCAD) processes. B-rep models consist of
a set of topological entities with the following hierarchical relationship: vertices; edges bound by vertices; and faces
bound by edges. The valence (i.e., number of incident edges) of the vertices can vary, and may not be considered to
be regular (i.e., valence of 4). The topological entities are associated with corresponding geometric information. For
instance, each topological edge has a spline curve associated with it. Similarly, each topological face has a parametric
surface associated with it (herein referred to as the embedding surface). We will assume these to be NURBS surfaces,
though analytic representations are also common. Figure 1 shows in (a) an example of a typical MCAD B-rep model
and in (b) its separate NURBS surfaces as the embedding geometry for each face.

Whilst a B-rep representation prescribes definitive topological relationships between geometric entities, there is
no guarantee of geometric fidelity. The embedding NURBS surfaces of topologically neighboring faces may be
discontinuous to an arbitrary extent at their interface. Similarly, the spline curves associated with the edges might
not necessarily conform to the NURBS patches incident on the edge. The combination of these factors is referred to
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as geometric sloppiness (see schematic in Figure 2), the severity of which depends on the design process employed
within the CAD system. Furthermore, the topology of the B-rep can be arbitrarily complex, often for reasons no other
than being an artefact of the design process. The side effect of such complexity is often the emergence of poor quality
geometry, in the form of sliver faces.

(a) (b)

(c)

Figure 1: (a): shaded MCAD B-rep faces of the KCS ship hull model, with edges shown in black wireframe. (b): embedding NURBS patches for
each face. (c): subdivision surface approximation of the KCS ship hull.

Figure 2: Demonstration of geometric sloppiness inherently present in MCAD representations. The MCAD vertices are represented in red, the
edges in blue, and the embedding NURBS surfaces in green and orange. In this example, the edges do not conform to the surfaces.

The combination of geometric sloppiness and complex (or excessive) topology can present serious challenges for
CAE applications and are often a major bottleneck to an effective design pipeline [3].

Therefore, there is significant appeal in simplifying both the topology and geometry of the model (or even select
parts of the model) into an alternative representation which is more suitable for the specific application. This is a
concept known as hybrid modeling, and allows the benefits of multiple different representations to be exploited. In
an effective hybrid modeling engine, a direct link between the alternate representation and the original MCAD B-rep
should always be maintained. This is especially important during the design of manufacturable parts, where MCAD
B-rep is considered the standard format.

Subdivision surfaces [4, 5] are one example of an alternative geometry type which has benefits over traditional
NURBS patches due to their arbitrary topology via the introduction of extraordinary vertices (EVs). This means that
a single subdivision surface can be used to represent an entire B-rep body comprised of many contiguous faces, with
arbitrary topological complexity. This contrasts with the strictly rectangular nature of NURBS which dictates the need
for multiple adjacent patches. Such alternative representation may be of particular interest for design optimization
processes [6], wherein subdivisions surfaces may act as a proxy to the MCAD geometry for convenient manipulation.
Within a hybrid modeling framework, subdivision surfaces may be treated just as any other embedding geometry for
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a B-rep face. This is crucial for the hybrid concept as it allows full compatibility with pre-existing operations offered
by geometry engine software.

The goal of hybrid modeling is not to replace B-rep, but to complement it. Subdivision surfaces offer an inter-
mediate representation which allows for convenient local modification to the geometry via adjustment of relatively
few control points. Other representations may be more suitable when, for example, topological adjustments are de-
sired, such as implicit representations, but an effective hybrid modeling engine should use a combination of different
representations, exploiting the strengths of each.

One of the limitations of the widely used Catmull-Clark scheme [7] is in how the limit surface behaves at bound-
aries. Many implementations, such as the OpenSubdiv library from Pixar, allow the application of sharp or semi-
sharp creases to the boundary (or the interior) of the subdivision surface. These tools allow the creation of features
such as fillets and chamfers without the need for introducing additional control cage vertices. However, these schemes
do not allow for any limit surface curvature in the direction orthogonal to the boundary (referred to as cross-curvature)
[8]. In the fields of computer graphics and animation, this is rarely an obstacle to achieving results. For engineering
purposes however, this does not permit accurate modeling of real geometries which exhibit genuine cross-curvature
at the boundary. Furthermore, we generally require precise control over the external boundaries of the limit sur-
face so that they behave more similarly to MCAD edges and can be manipulated as such. These requirements for
engineering-grade subdivision surfaces can be achieved by the addition of Bézier edge conditions [9].

To analyze the mechanical behavior of an MCAD model, a classical approach consists of meshing the shape from
its B-rep description. Then, standard finite element methods (FEM) can be employed to run numerical simulations.
Computing meshes from MCAD B-rep, which are suitable for numerical simulation, is not trivial due to the sloppiness
of the geometric description, and the trimmed NURBS patchwork nature of the shape. Moreover, the meshing process
produces piecewise linear approximations of the shape, which may require expensive mesh refinement to achieve
sufficient accuracy in regions of high curvature. This is an obstacle for the development of high order numerical
methods [10]. In recent years the alternative approach of isogeometric analysis (IGA) has been proposed to circumvent
these difficulties [2]. Rather than involving an expensive meshing approximation step, it directly exploits the piecewise
B-spline parametrization of the shape and associated B-spline basis functions in order to apply B-spline based FEM.
This approach allows for high order numerical methods, requiring smaller finite element spaces, at the cost of a more
expensive step in assembling the mass or stiffness matrices. However, this requires the computation of spline basis
functions associated with the given geometry parametrization.

1.1. Contributions
We present a new scheme for handling MCAD B-rep models, and for analyzing their mechanical and physical

behavior. It can be decomposed into the following steps:

• Computation of a single control cage, guided by a subdivision surface.

• Sampling of points on the MCAD B-rep model, adapted to the control cage partitioning of the domain of
arbitrary topology.

• Reconstruction of a geometrically smooth surface from the data points, using the G1 basis functions associated
with the control cage mesh.

• Isogeometric analysis of the mechanical behavior, using the G1 basis associated with the control cage mesh.

Figure 3 provides a diagram illustrating such a pipeline. We emphasize that our process generates a G1 smooth
Bézier surface that represents a target MCAD B-rep model, while respecting the curvature of the faces, whose control
cage generation is completely automatic, including satisfying the topological requirements for the edge conditions (cf.
Section 2). Moreover, the subsequent steps of sampling and G1 basis generation on the mesh do not require manual
work, since they are based on the topology of the control cage. Therefore, our procedure demonstrates that high order
isogeometric analysis is an enabling technology for next generation CAD/CAE systems.

Our approach to generating control cages guided by subdivision surfaces from an initial MCAD B-rep model
employs a combination of partitioning and meshing technology [11] to produce a quad mesh control cage of the
domain. The full construction process is explained in detail in Section 2.

Moreover, we also compute a basis of the G1 functions associated with the control cage, and use it for fitting
accurately the MCAD model and running high order numerical simulation via the IGA methodology.

We demonstrate the viability of our approach on real models from the automotive, shipbuilding, and aerospace
industries, running the full process from the B-rep shape representation to numerical simulation.
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Figure 3: Schematic representation of the different steps composing the proposed pipeline.

1.2. Positioning
The need to run numerical simulation on CAD models is ubiquitous in engineering and industry. A classical

approach, which has prevailed in the last few decades, is to mesh the CAD model and run standard FEM on the
generated mesh. An entire suite of meshing technologies has been developed over the years, which today is commonly
integrated into commercial products, or accessible in open source software, e.g., [12].

Converting a quadrilateral mesh into a spline model is a task that has been studied from multiple points of view over
the last decade, especially due to the advent of isogeometric analysis. T-splines were used for this task in [13], due to
their support of unstructured meshes, notably implemented in a commercial package [14]. In [15], the authors enhance
T-spline construction to be C1 at EVs and apply them to the analysis of Kirchhoff-Love shell problems. In [16], a
semi-automatic frame-field guided parametrization approach is developed, which converts trimmed B-rep geometry
to conforming, watertight NURBS. In [17, 18], the authors present a method to rebuild (trimmed) CAD models based
on surface Ricci flow with metric optimization. In [19], the authors use the history of employing Boolean operations
in the construction of CAD models to ensure that trimmed CAD model are watertight. In [20], patch surface meshes
serve as a guide to generating volume meshes suitable for use in fluid-structure interaction simulations. Overall,
research centered around meshing geometric models is still very active [21, 22, 23, 24]. However, the generated
mesh remains an approximation of the geometric model and may require tuned refinement operations in regions with
high error. This leads to complex and costly optimization computations to obtain accurate solutions in numerical
simulations.

Another trend has been to approximate CAD models with higher order and more accurate representations of
geometry which are simple to manipulate. Subdivision surfaces [4] and even volumes [25, 26] appeared as possible
candidates due to their capacities to reproduce B-spline functions in regular regions, and to represent shapes with
complex topologies. Some works have been developed to convert B-spline representations into subdivision schemes
[27, 28, 29], or trimmed B-spline representation [30] to subdivision surfaces [9]. In general, the limit surface has
good global approximation properties but poor geometric quality around the extraordinary vertices. Moreover, FEM
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based on subdivision schemes are not straightforward to control and require advanced techniques (such as dedicated
quadrature rules) to obtain the expected precision [31].

An alternative approach to achieve faithful geometric representation, and perform accurate numerical simulation,
is to use high order elements both for the geometry and the FEM. An approximate conversion of a Catmull-Clark
subdivision surface into a collection of bicubic B-spline patches is described in [32]. The resulting surface is not
necessarily smooth. Several works have addressed the construction of smooth surfaces from (quad) meshes. See e.g.,
[33, 34, 35, 36, 37, 38, 39].

To complete our pipeline, we also need to compute bases of spline functional spaces over the computed geometry.
The analysis of spline spaces over planar domains is well-developed, though many open problems still remain (see
e.g., [40, 41, 42, 43, 44] and references therein). The analysis of G1 spline spaces is much less investigated [45, 46, 47,
48, 49, 50, 51]. We use these recent basis constructions both to construct an accurate representation of the geometry
and to obtain functional elements of high order in IGA simulations.

2. Control cage generation from MCAD geometry

In this section, we detail the construction of the control cage from the boundary representation of a model. The
foundation to our approach is to represent each MCAD edge with a cubic B-spline with a multiplicity-4 knot at each
end. This allows the end curvature to be controlled by so-called slope control points which are not themselves part
of the control cage topology (Figure 4). These can equally be thought of as tangent vectors stored at the ends of the
spline.

Figure 4: Schematic of a cubic B-spline with knot vector [0,0,0,0,1,2,3,4,. . . ]. The slope control point is shown in red, and all other control points
in blue. The location of the red point influences the shape of the spline only within the first two knot spans.

The limit surface is then defined to be the tensor product surface of the boundary B-splines. Since the slope control
points affect only the first two knot spans, it follows that the first two layers of patches depart from the usual behavior
of the regular regions of a Catmull-Clark subdivision surface (i.e., away from the EVs). This modification constitutes
the addition of Bézier edge conditions to the standard Catmull-Clark scheme [9], and is illustrated by Figure 5. The 3D
location of the limit surface corresponding to the boundary of the B-rep faces is influenced only by the control points
associated with the MCAD edges. Therefore, neighboring control cages sharing the same boundary control points will
maintain at least C0-continuity between their limit surfaces, regardless of the positions of the interior control points,
or the slope control points.

The use of Bézier edge conditions imposes strict topological requirements upon the control cage. Namely, no new
EV may be placed on a B-rep face boundary (where one was not already present in the B-rep topology, such as in
Figure 11), nor within the first two layers of control cage faces, due to the tensor product nature of the limit surface
within these regions.

These topological constraints, to which engineering-grade subdivision surfaces must adhere, pose challenges when
generating a suitable control cage. Each MCAD vertex must be treated as a corner, i.e., it must be associated with a
2-valent control cage vertex (such as in Figure 5). The introduction of any new EV, where one was not already present
in the B-rep topology, is restricted solely to the interior of the control cage. Meeting these requirements through
traditional quad-dominant meshing techniques is challenging, and therefore we present a novel automatic approach
referred to as SubD layering, which is tailored to satisfying the prescribed topological constraints.

The process involves partitioning an MCAD face into regions of structured and unstructured mesh. The structured
regions form a boundary layer from which new EVs are fully excluded. These are formed by constructing 4-sided
blocks around each MCAD vertex (referred to as corner blocks), and then connecting these to form 4-sided edge
blocks associated with each MCAD edge. The remaining interior region constitutes a block with topology identical
to the original MCAD face, and this is filled with unstructured mesh. This process is illustrated in Figure 6.

The size and positions of the corner blocks are determined using the two-dimensional medial axis [11] as a guide
to ensure that the blocks do not intersect. The construction of the medial axis follows the work in [52]: the algorithm
starts with a Delaunay mesh of the domain and discovers triangles that are representative of medial vertices and edges,
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Figure 5: (a): schematic showing the application of Bézier edge conditions to a subdivision surface. The red lines represent the rows of control
points which approximate the MCAD edges as cubic B-splines. The blue dashed lines represent the rows of slope control points. Shaded patches
are defined using the tensor product of the boundary B-splines, and the unshaded patches are the usual regular bicubic B-spline patches. (b): 3D
control cage with vectors pointing to the implied positions of the slope control points. Each boundary control point stores one vector, whereas the
corners store three.

(a) (b)

(c) (d)

Figure 6: Schematic outlining the SubD layering process. (a): MCAD B-rep face with 5 vertices. (b): corner blocks are constructed around the
MCAD vertices. (c): corners blocks are connected to form edge blocks. (d): Domain is partitioned into corner (red) and edge (green) blocks which
can receive structured mesh, and one interior (gray) region which receives unstructured mesh.

while it refines triangles which are not isomorphic to the medial circle. The resulting representation is reduced to a
topology of minimum size. A snapshot of a computed SubD layering and the medial axis for a face from the Car
model is given in Figure 7.

Once the domain partitioning has been completed, we generate a coarse mesh of the layer faces. The boundary
layer (consisting of the corner and edge blocks) is meshed using a transfinite interpolation technique [53] and is
specified to be one element thick between the boundary and the interior (see Figure 6). This does not preclude
increasing the mesh density along the length of the edge blocks, thus limiting the aspect ratio of the resulting elements.
The interior region is meshed using quad-dominant meshing technology [11]. Owing to the strict placement rules of
the edge and corner blocks, the resulting control cage faces can exhibit notable skewness. Furthermore, it should be
noted from Figure 7 that some of the corner blocks have colinear quad edges (i.e., associated with MCAD vertices on
flat edges), which may lead to degenerate Jacobians. We acknowledge that this is a current limitation of our approach,
and propose the need of future research to address the problem. The entire coarse mesh (including both the boundary
and interior regions) is then refined twice using the Catmull-Clark subdivision scheme. This ensures that there are no
EVs within the first two layers of control cage faces from the boundary, thus satisfying the topological requirements
for the Bézier edge conditions. A simple example of the refinement of a coarse mesh, serving to demonstrate the EV
placement criteria, is illustrated in Figure 8. The refinement for a face from the Car model is shown in Figure 9.
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(a)

(b)

Figure 7: (a): SubD layering for the wheel arch of the Car model showing corner (red), edge (green), and unstructured (gray) regions. The 2D
medial axis (blue) determines the shape of the blocks so that they do not intersect. (b): Schematic of the SubD layering within the parametric
domain, which may be compared with Figure 6. Each region is subsequently meshed to generate the control cage.

Figure 8: (a): initial coarse mesh for a 5-sided face. (b): one level of refinement. (c): two levels of refinement (with Laplacian mesh smoothing
applied). The EVs are highlighted in red. After two levels of refinement the location of the EVs meet the topological requirements for the Bézier
edge conditions.

Figure 9: Mesh refinement for the wheel arch of the Car model. From left to right: initial coarse mesh; one level of refinement; two levels of
refinement. The control cage faces corresponding to the corner and edge blocks are shown in red and green, respectively. The faces corresponding
to the interior region is shown in gray. This may be compared with the parametric domain partitioning presented in Figure 7.

The SubD layering process is applied to each MCAD face in the model in turn, such that the resulting control
cage meets the topological requirements dictated by all MCAD edges, both external and internal (i.e., connectivity 1
and 2, respectively). By stipulating that the common vertices along the edges between contiguous faces are shared, a
single limit surface is able to represent the entire model while remaining fully watertight (i.e., C0 continuous). This
guarantee is not maintained for MCAD B-rep geometry as a network of (trimmed) NURBS patches. An example of a
watertight limit surface is given in Figure 10. An example of the control cage computation is presented in Figure 1-(c).
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Figure 10: A single subdivision surface representing the wing tip of the SNC Dream Chaser model, which is comprised of multiple MCAD B-rep
faces. The control cage is shown in green, and the limit surface is shaded in orange. Bézier edge conditions (with slope control vectors shown in
gray) are applied such that contiguous regions of the limit surface meet with the same C1 discontinuity as the original B-rep. However, the limit
surface is guaranteed to be exactly C0 continuous along the join reflecting the MCAD edges (blue).

Despite the restricted placement of EVs with respect to the B-rep face boundaries, the SubD layering construction
is fully compatible with B-rep face networks of any topology. This includes the presence of MCAD vertices with a
face valence not equal to four. This is because the limit surface corresponding to each separate face is governed solely
by the edges which bound that face, and only that face. This is demonstrated in Figure 11.

Figure 11: A schematic of the SubD layering construction centered around an MCAD vertex (yellow) with a face valence equal to five. The MCAD
edges are shown in blue. The control cage vertices (black) introduced by the layering process are shared between the topologically connected faces
(i.e., those coincident with the blue lines). Each red region corresponds to a section of limit surface which is governed solely by the control points
belonging to that face (see Figure 5), whilst maintaining C0-continuity with the neighboring red regions. This is a departure from the standard
Catmull-Clark scheme, wherein each of the control points surrounding the EV has an influence over the limit surface.

3. Control cage adjustment and point cloud sampling

The SubD layering process outlined in Section 2 is primarily focused on achieving the correct topology for the
control cage. The second step of the process is to adjust the control cage so that its limit surface coincides with
the target MCAD geometry. To achieve this, we use the ability of our engineering-grade subdivision surfaces to
accurately represent geometry; the behavior of the edges is governed by the B-spline edge conditions, which can be
made to respect the MCAD edges via a least squares fitting process.

Once the positions of the edge control points have been determined, they are fixed. Then, to adjust the interior
control points, we minimize the error between a grid of sample points on the limit surface and the corresponding point
grid on the MCAD geometry. This is done by computing gradients of the error and by iteratively adjusting the control
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cage until a sufficiently good approximation is attained. Given a set of all control points X, consider the set of sample
points P̂ over the limit surface, where each sample point pi ∈ P̂ can be expressed as the limit stencil

pi =
∑
xj∈C

wi
jxj, (1)

where C ⊂ X, is the set of control points supporting pi. The weights wi
j are functions of the local patch parameter

[s, t] corresponding to the limit surface evaluation point pi, such that

wi
j(s, t) = [Mtt]row(j)[Mss]col(j), (2)

where s is the column vector [1, s, s2, s3], t is the column vector [1, t, t2, t3], and Ms and Mt are matrices representing
the cubic spline evaluation. The functions row(j) and col(j) map the control point index j ∈ C to the corresponding row
and column of the tensor product grid, respectively. The matrices are determined solely by the control cage topology.
For example, for regular patches under the Catmull-Clark scheme the matrices Ms and Mt take the form,

Ms = Mt =


1 –3 3 –1
4 0 –6 3
1 3 3 –3
0 0 0 1

 . (3)

For patches influenced by the Bézier edge conditions (see Section 2), where Ms , Mt, the matrices are determined
using the De Boor algorithm [54]. For patches containing EVs, we employ the evaluation method of [55]. Once the
appropriate matrices have been determined, the weights may subsequently be evaluated conveniently for any given
parameter value [s, t] according to (2).

The set P̂ is constructed by iterating over each control cage face and appending a uniform grid of local patch
parameters. Each sample point pi on the limit surface is assigned a corresponding target location qi on the MCAD
geometry. This is achieved via bilinear interpolation over the parametric sub-domain of the MCAD face which is
bounded by the control cage face. The MCAD face is evaluated at the interpolated coordinate to find qi.

A gradient vector δi for each control point in X is defined to be

δi =
1
|Ai|

∑
pj∈Ai

(qj – pj)w
j
i, (4)

where Ai denotes the set of sample points which are influenced by control point xi. One round of control point
adjustment equates to applying the operation xi = xi + δi,∀xi ∈ X. This procedure avoids the need to solve a
large linear system and instead relies on local updates of the control points at hand. We stress that this fitting is
an intermediate result obtained prior to the subsequent least-squares fitting of the G1 spline surfaces. As such, we
only require an adequate approximation of the MCAD geometry. We found that applying 1000 rounds of control
cage adjustment was sufficient in the majority of cases; nonetheless, we acknowledge that this is an area for future
improvement by means of introducing robust convergence criteria. The fitting results are demonstrated in Figure 12,
which shows the front section of the NASA CRM.

The procedure concerning the fitting for our multipatch G1 spline representation combines the generation of points
on the geometry with a standard regression between the sample points and the parametric points on the subdivision
surface. We require a set of samples points which lie exactly on the geometry, including the edges. Each point must
be mapped to a corresponding patch of the subdivision surface, together with a local patch parameter coordinate. This
is achieved by sampling each patch of the limit surface at a predetermined set of parameter values, using explicit
evaluation [55]. The corresponding 3D positions on the limit surface (which approximates the geometry) are then
projected back onto the MCAD geometry. Given that the limit surface samples already lie very close to the target
geometry, they may be projected easily onto the embedding NURBS surfaces of the MCAD B-rep faces. We also apply
additional heuristics such as mean value interpolation when the displacements are large, which aims at preventing
creases and folds appearing in highly curved regions. These measures also serve to reduce the impact of geometric
sloppiness and poor quality B-rep, ensuring that the sample grids for neighboring faces meet without gaps or folds.
The result is a uniform non-folding structured grid of sample points lying on the target geometry, for each patch of
the limit surface. Figure 13 shows an example of the typical distribution of the point cloud sampling.
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Figure 12: Heat map of the distance from the limit surface to the target MCAD geometry, for the forward section of the NASA CRM. A maximum
fitting error of approximately 0.005% of the aircraft length is achieved after 1000 rounds of iterative control cage adjustment.

Figure 13: An example of the distribution of points in the sampling of the MCAD geometry, for the tail of the NASA CRM. Each patch of the
subdivision surface receives a uniform grid of samples, which are projected onto the embedding surfaces of the MCAD B-rep faces.

4. G1 functions on quad meshes

To apply least squares fitting and IGA methods, we need to define a function space of regular functions such as
a spline space. In this section, we briefly introduce some basic definitions and the tools required to build spaces of
geometrically smooth functions over a quad meshM.

4.1. Definition of G1 functions
Let f = (fσ)σ∈M be a collection of functions defined over the faces σ of a quad meshM. All faces σ ∈ M have

parametric domain [0, 1]2. We name e the common edge shared by two adjacent patches fL = f
∣∣∣
σL

and fR = f
∣∣∣
σR

of a

Figure 14: Local coordinate systems between two adjacent patches.

collection f. With reference to the local systems’ orientation in Figure 14, two functions are said to be G1 (or tangent
plane continuous) if they join G0 (or C0), i.e.,

fL(u1, 0) = fR(0, u1), u1 ∈ [0, 1], (5)
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and there exists three function a, b, c : e –→ R called gluing functions such that

fL
v1

(u1, 0)c(u1) + fR
u1

(0, u1)b(u1) + fL
v0

(0, u1)a(u1) = 0, (6)

c(u1)b(u1) < 0, (7)

⟨fL
v1

(u1, 0), fR
v0

(0, u1)⟩ , 0, (8)

where u1 ∈ [0, 1], fu =
∂f
∂u and ⟨·|·⟩ refers to the standard Euclidean scalar product. In detail, (6) means that the tangent

plane across the common edge e of fL and fR is the same, (8) signifies that the tangent plane has no vanishing normal,
and (7) controls the orientation of the patches in order to avoid cusps. We refer the reader to [56] for further details.

A particular spline space defined over quad meshes and verifying eqs. (5) to (8) is the G1ACC derived in [39];
it is obtained from a collection of biquintic Bézier functions by imposing G1 continuity across extraordinary regions
making use of the quadratic gluing functions

a(u) = a0B0
2(u) – a2B2

2(u),

b(u) = –1,

c(u) = 1,

with Bk
d(u) =

(
d
k

)
uk(1 – u)d–k the univariate Bernstein polynomials and ai = 2 cos(2π/Ni), i = 0, 2 where Ni represent

the valence of the two vertices belonging to the common edge (i.e., the number of edges attached to them).
More generally, C1 continuity of surfaces can be obtained from G1 (geometric) continuity after some regular

reparametrization of adjacent pieces (i.e., patches sharing the edge e), so that fL = fR ◦ ϕσR,σL . In our case, the
reparametrization is defined as

ϕσR,σL : R2 –→ R2, (u1, v1) 7→ (u0, v0) =
 v1b(u1)

u1 + v1a(u1)

 , where b(u) =
b(u)
c(u)

, a(u) =
a(u)
c(u)

.

The relations for the tangent plane continuity constraints between the control points bi,j, i, j = 0, . . . , 5 of two
neighboring Bézier patches fL, fR defining the G1ACC space are the following:

bL
0,1 + bR

1,0 = ā0bL
0,0 + a0bL

1,0,

5(bL
1,1 + bR

1,1) = a0bL
0,0 + 5ā0bL

1,0 + 4a0bL
2,0,

10(bL
2,1 + bR

1,2) = –a0bL
0,0 + 5a0bL

1,0 + 10ā0bL
2,0 + 6a0bL

3,0,

10(bL
3,1 + bR

1,3) = a0bL
0,0 – 5a0bL

1,0 + 10a0bL
2,0 + 10ā0bL

3,0 + 4a0bL
4,0,

bL
4,1 + bR

1,4 = 2bL
4,0,

bL
5,1 + bR

1,5 = 2bL
5,0,

10(bL
3,0 – bL

2,0) = bL
0,0 – 5bL

1,0 + 5bL
4,0 – bL

5,0,

with ā0 = 2 – a0. The above system of G1 relations can be solved by following the approach in [39].

4.2. Construction
The aim of this step of the pipeline is to obtain a representation of an MCAD model in terms of smooth G1

functions. In Section 3 it has been shown how to discretize an MCAD model as a dense point cloud preserving
its features, while Section 2 presents a method for the automatic generation of a control cage (i.e., a quad mesh)
approximating the MCAD. Therefore, the idea is to use the construction in [51] to obtain a multipatch G1 spline
representation via point cloud fitting using basis functions defined over the control cage supporting the data points.
These bases are obtained by performing an extraction procedure which returns the control points defining the basis
function in the Bézier form. More precisely, to get the Bézier coefficient of the bases, we fix the value of a control
point appearing in the equations defining the G1ACC in Section 4.1 to be, for example, 1, and all the remaining
free coefficients in the system to be 0. Hence, with these initial values we solve all the equations defining the G1
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constraints and as a result of this operation, we obtain the control points for our basis functions. Repeating for all
the Bézier points involved in the system results in the entire set of bases generating the G1ACC spline space. The
resulting bases set can be decomposed as a direct sum of three subsets formed by particular functions attached to the
different features of a quad mesh; these sets are the so-called vertex bases set, edge bases set and face bases set. As
suggested by the names, the vertex bases set contains basis functions whose support lies on the patches attached to
a vertex. In presence of an EV, i.e., a vertex with valence N , 4, the resulting set of bases is composed of N + 3
elements, while for a regular vertex the corresponding space consists of 4 functions. Belonging to the edge bases set
are all those functions whose support is contained in the two patches attached to a specific edge of the mesh. We
will have 2 basis functions for each extraordinary edge (that is, an edge sharing an EV) and 4 for each regular and
boundary edge. Lastly, we find in the face vertex set the basis functions whose support is entirely contained within a
single patch. Part of this set are the face and corner basis functions, which appear in groups of 4 each. We refer the
reader to [51] for a detailed analysis of the basis functions and their construction.

4.3. G1 spline fitting

Consider a point cloud P, which is a collection of nP points Pi ∈ R3, i = 1, . . . , nP with associated parameters
ξi = (ξi1, ξi2) ∈ R2 on the face σℓ, and the set of G1 basis functions Bj ∈ B containing nb elements (presented in
Section 4.2) defined over the control cageM formed by nF faces generated with the strategy described in Section 2.
The idea of the least squares fitting technique is to find the coefficients c = {cj}

nb
j=1, cj ∈ R3, defining a spline surface

S(ξ;σ) =
nb∑
j=1

cjBj(ξ;σ), σ ∈ M,

such that the squared distance from the set of points is minimal, that is, obtained by computing

min
c

nP∑
i=1

∥∥∥∥∥∥∥∥
nb∑
j=1

cjBj(ξi;σℓ) – Pi

∥∥∥∥∥∥∥∥
2

2

+ λEthin(c), λ ≥ 0. (9)

We also take into account in our minimization problem (9) an energy term given by the standard thin-plate energy

Ethin(c) =
nF∑
ℓ=1

∫∫
[0,1]2

∥∥∥Sξ1ξ1 (ξ;σℓ)
∥∥∥22 + 2

∥∥∥Sξ1ξ2 (ξ;σℓ)
∥∥∥22 + ∥∥∥Sξ2ξ2 (ξ;σℓ)

∥∥∥22 dξ,

where Sξrξs =
∂2

∂ξr∂ξs
S(ξ;σ). Having such a term is useful to control and avoid possible unpleasant oscillations that

might arise from the fitting. Note that the mesh is not modified during the fitting procedure, and the point cloud P is
the MCAD sampling given in Section 3.

We can now compute the fitted surface S by solving the minimization problem given in (9). This is a least squares
problem, whose solution is obtained by solving a linear system. In order to investigate the quality of the fitting we
compute the following error indicators:

L∞ := max
i=1,...,nP

∥∥∥S(ξi) – Pi
∥∥∥2 , RMSE :=

√√
1
nP

nP∑
i=1

∥∥∥S(ξi) – Pi
∥∥∥22, (10)

which represent, respectively, the maximum ℓ2 distance and the so-called root mean squared error (RMSE). Section 6
presents several numerical experiments showing the quality of the surfaces obtained with the use of our multipatch
G1 basis functions.

5. Isogeometric Analysis

Isogeometric analysis (IGA) is a highly efficient technique for solving PDEs numerically. Its basic idea, presented
in [2] (which unifies the FEM approach and Computer Aided Geometric Design) is to use the same basis functions
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for both reproducing exactly the computational domain, and for the numerical approximation of the PDE. Here we
focus on solving the heat equation and the biharmonic flow equation on a 2-manifold Ω ⊂ R3, which is defined by
our MCAD model. Hence, we need to extend the standard Laplace operator to the Laplace-Beltrami operator, which
is necessary when dealing with manifolds. To do that, we define the geometry map

x : Ω̂ –→ R3 , ξ = (ξ1, ξ2) 7–→ x(ξ) ,

with Ω̂ = [0, 1]2, which defines our manifold by means of a mapping from the parametric domain Ω̂ into the physical
space R3. The Jacobian of the mapping J, i.e.,

Ĵ : Ω̂ –→ R3×2 , ξ 7–→ Ĵ(ξ) , Ĵi,j(ξ) :=
∂xi
∂ξj

(ξ) ,

is used to define the first fundamental form of the mapping Ĝ defined as

Ĝ : Ω̂ –→ R2×2 , ξ 7–→ Ĝ(ξ) , Ĝ(ξ) := Ĵ(ξ)TĴ(ξ) ,

together with its determinant ĝ, which is

ĝ : Ω̂ –→ R , ξ 7–→ ĝ(ξ) , ĝ(ξ) :=
√

det
(
Ĝ(ξ)
)

.

Finally, we have all the tools to define the gradient operator on the manifold Ω in parametric coordinates,

∇Ωφ(x) =
[

Ĵ(ξ)Ĝ
–1

(ξ)∇̂φ̂(ξ)
]
◦ x–1(ξ) , (11)

as well as the Laplace-Beltrami operator of a sufficiently smooth function φ associated to the manifold Ω,

∆Ωφ(x) =
[

1
ĝ(ξ)
∇̂ ·

(
ĝ(ξ)Ĝ

–1
(ξ)∇̂φ̂(ξ)

) ]
◦ x–1(ξ) ,

where φ̂(ξ) = φ(x(ξ)) and ∇̂, ∇̂· identify, respectively, the gradient and the divergence operators in the parametric
space. For a more precise explanation of operators for isogeometric solutions to PDEs on manifolds, we refer the
reader to [57].

We can therefore formulate the (strong) Cauchy problem for the heat equation. Let Ω be a manifold; find u ∈
C2(Ω) × C1(R+) such that 

∂u
∂t

(x, t) = c2∆Ωu(x, t) , (x, t) ∈ Ω × (0, T] ,

u(x, 0) = u0(x) , x ∈ Ω ,
u(x, t) = uD(x, t) , (x, t) ∈ ∂Ω × (0, T] ,

(12)

with ∆Ω the Laplace-Beltrami operator, c, T > 0 and u0(x), uD(x, t) given initial data. The weak formulation of the
problem (12) with reference to the parametric space, which will be the target of our IGA simulation, can be obtained
with the use of the following form and operator:

â1(v̂, ŵ) = c2
∫
Ω̂
∇̂v̂ · Ĝ

–1
· ∇̂ŵ ĝ dξ , b̂1(v̂, ŵ) =

∫
Ω̂

v̂ ŵ ĝ dξ .

Thus, the weak form of the heat equations can be formulated as: find u ∈ H1(Ω), where u = (û ◦ x–1)(ξ), such that
for almost all t ∈ (0, T), 

a1(û(ξ, t), ŵ) = b1(∂tû(ξ, t), ŵ) , (ξ, t) ∈ Ω̂ × (0, T] ,
u(ξ, 0) = u0(x) , ξ ∈ Ω̂ , x̂(ξ) ∈ Ω,
û(ξ, t) = uD(x, t) , (ξ, t) ∈ ∂Ω̂ × (0, T] ,

(13)

for every ŵ ∈ H1(Ω̂).
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Similarly to what we did for the heat equation (12), we can formulate the Cauchy problem, and consequently its
weak formulation, for the so-called biharmonic flow equation defined as

∂u
∂t

(x, t) = ∆2
Ω

u(x, t) , (x, t) ∈ Ω × (0, T] ,

u(x, 0) = u0(x) , x ∈ Ω ,
u(x, t) = uD(x, t) , (x, t) ∈ ∂Ω × (0, T] ,

∇u(x, t) · n = uN(x, t) , (x, t) ∈ ∂Ω × (0, T] .

(14)

Thus, the weak form is: find u ∈ H2(Ω), u =
(
û ◦ x–1)(ξ

)
such that for almost all t ∈ (0, T),

â2(û(ξ, t), ŵ) = b̂2(∂tû((ξ, t), ŵ) , (ξ, t) ∈ Ω̂ × (0, T] ,
û(ξ, 0) = u0(x) , ξ ∈ Ω̂ , x̂(ξ) ∈ Ω,
û(ξ, t) = uD(x, t) , (x, t) ∈ ∂Ω × (0, T] ,
∇Ωu(ξ, t) · n = uN(x, t) , (x, t) ∈ ∂Ω̂ × (0, T] ,

(15)

where n is the normal vector at x((ξ) and

a2(v̂, ŵ) =
∫
Ω̂

1
ĝ
∇̂ ·

(
ĝĜ

–1
(ξ)∇̂v̂

)
∇̂ ·

(
ĝĜ

–1
∇̂ŵ
)

dξ , b2(v̂, ŵ) =
∫
Ω̂

v̂ ŵ ĝ dξ

and for every ŵ ∈ H2(Ω̂).
In the experiments that follow, Dirichlet boundary conditions are enforced strongly on the G1–spline discretization

space, whereas Neumann conditions are applied in the system matrix. Note that our variational forms are semi-
discrete, and solutions in time are obtained by means of the Crank-Nicolson method.

In the weak formulation of the biharmonic operator, second derivatives appear (see [58, 59] for a detailed deriva-
tion of the weak form and its solution space). Therefore, having C1 continuity of the basis functions involved in the
numerical solution of (14) is fundamental for obtaining coherent results.

6. Experimentation

Here we report the numerical experiments to demonstrate the quality of our construction. First we present the least
squares fitting procedure to reconstruct a G1 surface from an MCAD point cloud, then we will use the previous result
as the geometric domain over which to solve the heat and biharmonic equations using geometrically smooth basis
functions in the IGA environment. The proposed functions will lead to optimal convergence rates in isogeometric
analysis (equal to 5 for an elliptic problem in the energy norm) when inserting knots uniformly inside each patch. We
emphasize that the basis functions are biquintic polynomials on every patch of the geometry, but they have a bicubic
parametrization on regular patches. However, if each finer model is re-generated from the MCAD (see Section 2), the
rates of convergence will be bounded by the geometry approximation error made in the process. We refer the reader
to [60, Chapter 4] for detailed study and numerical experiments demonstrating this behavior.

The CAD models used for the numerical investigation are standard target examples for this type of problem. These
are: Car model1, Dream Chaser shuttle model2, KCS hull model3 and the NASA CRM4. These are standard open
domain models that originate from industrial cases.

All of them present special features and sharp edges which are a notable characteristic to be recovered in the fitted
surface. The samplings of the original models are obtained following the procedure explained in Section 3. In order
to obtain a precise result, the target point clouds contain large amounts of data. For the same reason, the control cage
obtained from the MCAD (Section 2) presents a significant quantity of faces. The models are represented in their
original scale, i.e., 1 unit = 1m. All of the numerical experiments have been performed on three different machines:

1https://drexel.edu/
2https://www.sierraspace.com/dream-chaser-spaceplane/
3http://www.simman2008.dk/kcs/container.html
4https://commonresearchmodel.larc.nasa.gov/
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the first has been devoted to the control cage generation and the MCAD sampling using the software CADfix [61]
(C); the second ran the bases computation using Julia language (J) and consequent spline fitting using the G+Smo
library [62] (G); the third has been used to compute the numerical solution of the heat and biharmonic equations on
G+Smo. Respectively, their specifications are: Intel Xeon E3-1240 @ 3.70GHz, 16.0 GB RAM, 4 cores; Intel Core
7-9850 @ 2.60GHz, 16.0 GB RAM, 6 cores; and Intel Xeon Gold 6230R CPU @ 2.10GHz, 504.0 GB RAM, 104
cores.

(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 15: Car model. (a): original MCAD model. (b): quad mesh extrapolated from the MCAD geometry. (c): point cloud sampling of the
original MCAD model. (d): surface in solid color. (e): surface in multipatch color. (f): error color plot representing the ℓ2 distance between the
point cloud and the resulting surface. (g)-(h): reflection lines around two EVs of different valences pointed out in (e).

Figures 15 to 18 show for each of the four models, in order: the point cloud acquired from the initial geometries;
a comparison between the input data and the fitted surface; the fitted surface in solid coloring; the fitted surface in
multipatch coloring; and a color plot representing the approximation error in Euclidean norm. Moreover, Table 1
summarizes the dimensions of the starting point cloud, control cage and spline space together with the approximation
errors evaluated with the formulae in (10). Such errors, for the Car, KCS and NASA CRM models, have been obtained
without forcing any smoothing (i.e., λ = 0). For the Dream Chaser model a parameter λ = 0.1 has been used. From
the L∞ errors represented in Table 1, as well as in the color map of the models’ color plot, it can be noticed that
the highest errors are located, as expected, around the EVs and near the sharp regions of the MCAD models. This
is because we are fitting sharp edges with high smoothness bases which cannot properly recreate the actual shape
of the model in these regions. In order to increase the quality of the fitting (i.e., decrease the error) and faithfully
reproduce the characteristics of the input model, our construction allows us to identify the sharp edges of the MCAD
model which are to be preserved. This is automated, owing to the fact that the point cloud sample grid (see Section 3)
derives directly from the subdivision surface. Since the control cage maintains an exact topological relationship with
the target B-rep, the location of the MCAD edges is known explicitly. Defining on those edges (via, for example, an
input list) C0 basis functions only, our output surface will manifest these sharp features. It is important to note that
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despite the difference in the sizes of the four models, the relative error is always of the same order of magnitude.
Regarding IGA simulations, some experiments with the heat and biharmonic equations have been performed. With

reference to (13) and (15), we run the simulations for each of the four MCAD models, considering as the final time
the instances T = 0.1, T = 0.2, T = 0.3 and T = 0.4 minutes. These time dependent integrations have been carried
out using 20 time steps tstep under the Crank-Nicolson method.

Car Dream Chaser KCS NASA CRM
nb 166198 168187 166881 116607
nF 10432 10576 10456 7336
nP 1262272 1279696 1265179 887656

L∞ error 7.965e-03 4.610e-02 4.644e-01 2.946e-03
Relative error 2.7e-03 5.1e-03 2.0e-03 1.7e-03
RMSE error 1.292e-04 1.660e-03 5.890e-03 8.264e-05

Maximal length 3 9 230 1.70

Table 1: Fitting errors, spline space and MCAD model features for the experiments in Figures 15-16-17-18.

Car Dream Chaser KCS NASA CRM
Cage generation (C) 1 min 45 sec 1 min 4 sec 55.25 sec 57.88 sec
MCAD sampling (C) 22 min 28 sec 26 min 24 sec 22 min 23 sec 22 min 53 sec

Bases computation (J) 11.39 sec 10.98 sec 10.04 sec 6.03 sec
Fitting (G) 2 min 43 sec 3 min 11 sec 2 min 51 sec 1 min 42 sec

Heat simulation (G) - 1.43 sec/tstep - 0.9 sec/tstep
Biharmonic simulation (G) 1.34 sec/tstep - 1.47 sec/tstep -

Table 2: Comprehensive elapsed time for each step of the procedure.

Figure 19 to Figure 22 present the results of the IGA simulations for both the heat (12) and biharmonic (14)
equations. These are obtained by setting, as initial conditions, a heat source at the likely location of the engines
within the various vehicles represented. This demonstrates a realistic analysis of the thermal behavior of such models.
Moreover, Table 2 presents the running times required to compute each fragment of the pipeline.

7. Conclusion

This work serves as a proof of concept for unifying isogeometric analysis and subdivision surfaces as enabling
technologies for simulation. We presented a complete and efficient pipeline to convert MCAD models into G1 smooth
objects which are suitable for isogeometric analysis simulations. Starting from an MCAD object, we first produce
a quad mesh whose Catmull-Clark limit surface adequately approximates the input geometry. Guided by this limit
surface we compute a point cloud sampling of the MCAD model, which is fitted with the use of basis functions defined
over the previously extracted quad mesh, in a least squares approach. The obtained spline surface and the G1 basis are
used to run IGA simulations. To demonstrate the quality of the fitting, various numerical experiments derived from
real MCAD models are provided with their error measurements. We illustrate the IGA simulations for the heat and
biharmonic equations in real-life situations, highlighting the suitability of our approach for analysis.

Our process features the translation of traditional MCAD B-rep to a format more suitable for CAE applications.
The technique aims to reproduce the originating B-rep, maintaining all prior topological relationships. This exposes
the sensitivity of our method to both the complexity and the quality of the input geometry (in particular, the presence
of sliver faces). As an area of future study, we highlight the potential of employing virtual topology [63] for mitigating
the impacts of these artefacts by suppressing unnecessary topological features.

The exploitation of alternative geometric representations underpins the notion of a hybrid modeling approach.
We anticipate that these alternative representations will become increasingly integrated into the design, analysis, and
optimization stages of product development. Consequently, this will simplify the workflow, boost performance and
productivity, and reduce time to market. However, a realistic expectation within industry would be to produce an
MCAD B-rep representation as the end result, as typically mandated by many manufacturing processes. Therefore,
the original MCAD model must be updated to reflect the results of the design optimization process. Our G1 quad mesh
spline representation maintains an exact topological associativity with the original B-rep, therefore lending itself to
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 16: Dream Chaser shuttle model. (a): input MCAD model. (b): quad mesh extrapolated from the MCAD geometry. (c): point cloud
sampling of the original MCAD model. (d): surface in solid color. (e): surface in multipatch color. (f): error color plot representing the ℓ2 distance
between the point cloud and the resulting surface. (g)-(h): reflection lines around two EVs of different valences pointed out in (e).

(a) (b)

(c) (d)

(e)

Figure 17: KCS hull model. (a): quad mesh extrapolated from the MCAD geometry. (b): point cloud sampling of the original MCAD model. (c):
surface in solid color. (d): surface in multipatch color. (e): error color plot representing the ℓ2 distance between the point cloud and the resulting
surface.

a convenient route back to a traditional MCAD B-rep representation without altering the topology. We propose this
as an important topic for further study, as it would complete the tool set for employing a hybrid modeling approach
within an industrial setting.
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(a) (b)

(c) (d)

(e)

Figure 18: NASA CRM. (a): quad mesh extrapolated from the MCAD geometry. (b): point cloud sampling of the original MCAD model. (c):
surface in solid color. (d): surface in multipatch color. (e): error color plot representing the ℓ2 distance between the point cloud and the resulting
surface.

Figure 19: Solution for the biharmonic equation on the Car model at the instants from T = 0, 0.1, 0.2, 0.3 and T = 0.4 minutes.
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