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Introduction 1.Motivation

As electronics become a larger part of our everyday lives, the importance of reliability, cost and life-time of electronic components increases. A major cause for failure in electronic components is the mechanical stresses induced by the mismatch in thermal coefficient of expansion (TCE) across materials in an electronic component and an increase in temperature. In cases where the electronic component has a transient cyclic heat production, these mechanical stresses can further lead to fatigue failures [START_REF] Ja | Solder joint failures under thermomechanical loading conditions -A review[END_REF] if not managed correctly through adequate cooling. In practice the temperature of electronic components with high heat production are kept cool with heat sinks which are placed on top of the component and dissipate the heat produced by the component to the surrounding air, an "example" can be seen in Figure 1. This paper focuses on heat sinks with embedded phase-change material (PCM) (henceforth referred to as "PCM heat sink") for controlling the amplitude of the temperature oscillations caused by a transient thermal load. The idea is to use the thermal storage available through the latent heat of fusion in the PCM as a thermal buffer to smoothen the temperature oscillations caused by a cyclic thermal loading.

A major issue with PCM from a thermal design aspect is that most common PCMs have a low thermal conductivity making it hard to get the heat from the electronic component into the PCM. Therefore, PCM is usually paired with a highly thermally conductive material (HCM) in the form of fins or foams which ensure the distribution of heat to the PCM [START_REF] Sahoo | Application of TCE-PCM based heat sinks for cooling of electronic components: A review[END_REF]. In the literature numerous simple fin designs in just as many operational modes have been investigated through extensive parametric investigations in order to determine best performing design [START_REF] Sahoo | Application of TCE-PCM based heat sinks for cooling of electronic components: A review[END_REF][START_REF] Kalbasi | Studies on optimum fins number in PCMbased heat sinks[END_REF]. Most of these studies are based on a steady thermal loading, which makes the physical problem easier to compute. Resulting in a poor understating of the best use of PCM in an PCM heat sink under a transient thermal loading is therefore. This paper aims to deepen the understanding of the optimal design of PCM heat sinks with respect to reducing the amplitudes in thermal oscillation induced by a cyclic thermal loading. However, instead of continuing the tradition of parametric investigations which are costly to perform, limited by the parametrisation of the HCM design and specific in their applications, this paper seeks to deepen the understanding with the help of gradient-based topology optimisation (TO).

Currently, there is no commercially available software capable of performing TO with respect to reducing the amplitudes in thermal oscillation induced by a cyclic thermal loading. Therefore, a Python code capable of this had to be created for this paper. The Python code uses the FEniCS package in conjunction with the dolphinadjoint module to perform the TO.

Literature

Several numerical and experimental studies have been conducted to improve the performance of two-dimensional plate fin-based PCM heat sinks investigating the effects of the number of fins, heat sink height, and fin thickness [START_REF] Sahoo | Application of TCE-PCM based heat sinks for cooling of electronic components: A review[END_REF][START_REF] Hosseinizadeh | Experimental and numerical studies on performance of PCM-based heat sink with different configurations of internal fins[END_REF][START_REF] Kalbasi | Studies on optimum fins number in PCMbased heat sinks[END_REF]. However, the studies have focused on optimising the performance with regard to the temperature or time until critical temperature is reached. The studies also suffer from a restriction to simple designs as this makes the construction of parametric studies possible. As an alternative to this restrictive approach this paper seeks to employ topology optimisation to optimise the two-dimensional plate fin-based PCM heat sinks.

For a general overview of TO for heat transfer applications, the reader is suggested to look at the available review papers [START_REF] Dbouk | A review about the engineering design of optimal heat transfer systems using topology optimization[END_REF][START_REF] Alexandersen | A Review of Topology Optimisation for Fluid-Based Problems[END_REF][START_REF] Fawaz | Topology optimization of heat exchangers: A review[END_REF] on the subject. The usage of TO for optimising the layout PCM and HCM for heat sinks is sparsely represented in literature, whereas the use of PCM and HCM for thermal energy storage is more common. [START_REF] Varanasi | Analysis and Topology Optimization of Heat Sinks with a Phase-Change Material on COMSOL Multiphysics™ Platform[END_REF] presented the first use of TO for PCM materials using a density-based TO to minimise the difference between the initial and final temperature over a selected part of the heat sink boundary. They modelled the PCM heat sink as a transient thermal diffusion problem involving phase change using COMSOL Multiphysics and MATLAB. They used an enthalpy method for modeling the phase change, a solid isotropic material with penalisation (SIMP) method for interpolating the conductivity, and an optimality criterion method to update the design. The results showed a 35% reduction in the objective functional when the optimised design was compared to a conventional design. However, the designs suffer from poor resolution due to the limited computational power available at the time. [START_REF] Ho | An experimental investigation of a PCM-based heat sink enhanced with a topology-optimized tree-like structure[END_REF] optimised PCM heat sinks for maximum cooling in lieu of convective cooling, thus, storing the energy from the heat source in the PCM. They applied a transient thermal diffusion problem with the modified heat capacity method, comparing performance between designs optimised using steady and unsteady models both numerically and experimentally. Subsequently, they added the effect of natural convection in the melted PCM [START_REF] See | Experimental investigation of a topologyoptimized phase change heat sink optimized for natural convection[END_REF] and [START_REF] Iradukunda | Transient thermal performance using phase change material integrated topology optimized heat sinks[END_REF] does indeed treat the subject of PCM-integrated heat sinks using topology optimisation, but use a very simple steady-state heat transfer model for the actual optimisation. Thus, it cannot be classified as true TO of PCM heat sinks. However, they did show improved thermal buffering from topology-optimised designs, which is the objective pursued in the present work. Similarly, [START_REF] Bianco | Design of PCM-based heat sinks through topology optimization[END_REF] optimised using a steady-state model with heat generation in place of an actual phase change model, but investigated the application of density-based TO to minimise the thermal resistance under constant wall temperature. Despite using a simplified model, the optimised design showed an up to 2 times improvement of the heat flux compared to a conventional design.

As mentioned, the use of TO for thermal energy storage systems is more common and still relevant to summarise, since all of the work actually makes use of transient heat transfer analysis using models that includes the latent heat of fusion. Pizzolato et al (2017b) was the first to use TO to improve heat transfer performance in a latent heat thermal energy storage system (LHTES). In the initial study, only thermal diffusion was considered, but this was later extended to include the effects of natural convection (Pizzolato et al, 2017a[START_REF] Pizzolato | Maximization of performance in multitube latent heat storage -Optimization of fins topology, effect of materials selection and flow arrangements[END_REF]. They found that optimised designs based on pure thermal diffusion had higher heat transfer rates during the initial melting phase compared to optimised designs based on models including convective heat transfer in the liquid PCM. While designs based on models including convection had a higher charge rate, if the storage unit had stored more than 80.2% of its energy storage capacity. There exists several further examples on TO for PCM and HCM of LHTES [START_REF] Zhao | Topology optimization of fins for energy storage tank with phase change material[END_REF][START_REF] Yao | Topology optimization for heat transfer enhancement in latent heat storage[END_REF][START_REF] Tian | Bionic topology optimization of fins for rapid latent heat thermal energy storage[END_REF][START_REF] Laasri | Investigation of different topology-optimized fin structures in a cylindrical latent heat thermal energy storage unit[END_REF][START_REF] Peremans | Topology optimization of a rectangular phase change material module[END_REF][START_REF] Zhang | Phase change heat transfer enhancement based on topology optimization of fin structure[END_REF], the details of which will not be discussed herein.

FEniCS [START_REF] Alnaes | The FEniCS Project Version 1.5[END_REF]Logg et al, 2012) is a widely-used collection of opensource components for automating the solution of differential equations using the finite element method. In the context of topology optimisation, it has been used by a number of authors and the following only presents a brief selection. [START_REF] Laurain | A level set-based structural optimization code using FEniCS[END_REF] presented a compact educational structural TO code written using FEniCS, to perform compliance minimisation using a level set method. [START_REF] Qian | Undercut and overhang angle control in topology optimization: A density gradient based integral approach[END_REF] used FEniCS to perform TO to improve the printability of the optimised design on a three-dimensional printer by adding undercut and overhang angle control. [START_REF] Mezzadri | Topology optimization of selfsupporting support structures for additive manufacturing[END_REF] used FEniCS to perform TO of self-supporting support structures for additive manufacturing. [START_REF] Yan | Topology optimization with automated derivative computation for multidisciplinary design problems[END_REF] presented a general-purpose TO platform for multidisciplinary problems with FEniCS as the multiphysics solver. [START_REF] Jauregui | Avoiding reinventing the wheel: reusable open-source topology optimization software[END_REF] recently presented a reusable modular TO software, capable of using FEniCS as the simulation tool.

Contributions

This paper aims to build upon the current understanding of PCM heat sink with help of gradient-based topology optimisation with a specific focus on reducing the temperature oscillation in the electronic components resulting from a transient cyclic thermal load from the electronic components. Based on a simplified model of a PCM heat sink, a topology optimisation code using FEniCS is applied to optimise the layout of PCM and HCM in order to reduce the amplitude of temperature oscillations. The novelty in this research lies in the relatively complex objective functional for the optimisation, which gives insight in the complex problem that is reducing the amplitude of the temperature oscillation, the addition of cooling when modeling the thermal problem, and use of the open-source program FEniCS to do this. This paper presents the major methods and assumptions used for the simulation and optimisation of the heat sink, and the resulting designs from the optimisation under different conditions. The optimised designs are investigated and based on these investigations it is expected that some patterns will emerge, that can help further the understanding of PCM heat sinks.

Paper layout

The rest of the paper is organised as follows: Section 2 presents the methods and assumptions used to set up a physical model of the PCM heat sink; Section 3 presents the optimisation problem and methods used to performing TO; Section 4 describes how the methods are implemented to produce the results and presents the verification of the implementation of the methods; Section 5 presents the optimised designs of PCM heat sinks for different use cases; Section 6 discusses the result and assumptions behind the physical model and TO and their implication; Section 7 presents the main conclusions of the paper.

Physical model

As this paper aims to optimise PCM heat sinks with respect to the temperature of electronic components, the thermal problem is the most important to solve. The presence of PCM material adds a lot of complexity to the thermal problem, the melting and solidification requires a transient model, the latent heat of fusion introduces nonlinearities and the liquid PCM causes natural convection heat transfer due to buoyancy effects which requires a fluid simulation to model fully.

The TO requires a lot of evaluations of the physics, Therefore, it is desired to keep the physical model as simple as possible to keep the computational time to a manageable level. Therefore, the effects of natural convection will be neglected in this study. This choice is expected to result in some errors in the physical model as a review of modeling PCM in LHTES [START_REF] Jegadheeswaran | Performance enhancement in latent heat thermal storage system: A review[END_REF] found that natural convection had a major effect on the melting of PCM. The effect of these errors will have to be investigated in future works. With this delimitation, it is assumed that the PCM heat sinks can be modelled as a transient thermal diffusion problem with two materials and phase change.

For this paper, the PCM heat sink is modelled as a simplified two-dimensional model consisting of a unit square with a heat flux applied at the boundary ∂Ω HS simulating the heat produced in the electronic component and a cooling flux applied at the boundary ∂Ω C . The remaining boundaries are considered adiabatic. A sketch of the simplified two-dimensional model of the PCM heat sink can be seen in Figure 2.

The transient thermal diffusion problem

The PCM heat sink is modelled using the following thermal diffusion problem: where:

ρ m c p ∂T ∂t -k T ∂ 2 T ∂x i x i = 0 (1)
ρ m c p ∂T ∂t is the thermal storage term; -k T ∂ 2 T ∂x 2 i
is the diffusion term; T is the continuous temperature field; x i is a vector containing all the spatial dimension; k T is the thermal conductivity; ρ m is the mass density; c p is the specific heat; t is time.

To get FEniCS to solve the thermal diffusion problem, the weak form has to be derived. Using a backward difference scheme to handle the time derivative, the weak form is derived to the following after integration-by-parts:

R = Ω ρ m c p v T (n) -T (n-1) ∆t dA + Ω k T ∂v ∂x i ∂T (n) ∂x i dA + ∂Ω v -k T ∂T (n) ∂n ds = 0
(2) where: ∆t is the size of the time step used for the backward difference scheme; T (n) is the continuous temperature field at the current time step n; T (n-1) is the continuous temperature field at the previous time step; v is test function; ∂Ω is the boundary of the design domain; -k T ∂T ∂n is the normal flux over the boundary. Note that the weak form is provided in the semi-discrete form, being continuous in the spatial dimension and discrete over time, in order to be consistent with the notation used in the code.

Material interpolation

As the PCM heat sink consists of both PCM and HCM, the physical model has to be able to handle two materials. To make the subsequent implementation of TO easier the two materials were implemented with an interpolation scheme depending on the material density variable field, ρ, representing the percentage of HCM, such that ρ = 0 is PCM, ρ = 1 is HCM, and ρ ∈]0; 1[ is a mixture. The material properties important for the physical model are ρ m c p and k T .

As seen in Section 1.2, the SIMP method is a common method for material interpolation when performing TO. It introduces a power-law interpolation that artificially decreases the material properties per volume for intermediate densities which usually incentives TO to create optimised designs without intermediate material (henceforth referred to as "discrete designs") to make the best use of the material. However, during the initial testing it was found that the optimised designs based on the SIMP method had a tendency to contain significant amounts of intermediate material making them unphysical. Forcing the design to become more discrete by further penalising intermediate materials or using a projection scheme led to a drastic decrease in performance. Therefore, it was necessary to implement an interpolation scheme that has a physical meaning for intermediate density variables. To do this, a simple analytical homogenisation was chosen.

Homogenisation is a method that computes effective macroscopic material properties of a microstructure consisting of a locally periodically repeating pattern of a base cell, see Figure 3. A microstructural design variable is then connected to the macroscopic effective properties to allow for optimisation. The chosen microstructure is a square base cell with a square of PCM in the centre with a frame of HCM around it. The macroscopic design variable is defined as the relative material density of HCM, ρ = |Ω HCM | |Ω HCM ∪Ω P CM | , which in turn is coupled to the microscopic design variable, defined as the width of the HCM frame dictated by the volume of HCM. This definition is further described in A, where the simple analytical homogenisation applied herein is also described.

The thermal conductivity k T is computed as the total thermal conductivity based on an one-dimensional steady-state heat conduction analysis of the base cell:

k T (ρ) = 1 1- √ 1-ρ k T HCM + √ 1-ρ (1- √ 1-ρ)k T HCM +( √ 1-ρ)k T P CM (3) 
The volumetric heat capacity, defined as the mass density multiplied by the specific heat capacity, ρ m c p , is computed as a volumetric average:

ρ m c p (ρ) = (ρ)ρ mHCM c pHCM + (1 -ρ)ρ mP CM c pP CM (4)

Latent heat of fusion

To model the latent heat of fusion, the apparent heat capacity method is used. The method introduces a temperature-dependent apparent heat capacity, c pP CM ⇒ c pP CM T (n) , where the value of the heat capacity is increased in the phase change temperature range to incorporate the latent heat of fusion into the thermal storage term. Assuming the change in heat capacity between the liquid and solid state of PCM is negligible, c pP CM T (n) can be modelled as the following piece-wise function:

c pP CM (T (n) ) =      c pP CM if T (n) < T melt -∆T melt 2 c pP CM + L heat ∆T melt if T melt -∆T melt 2 ≤ T (n) ≤ T melt + ∆T melt 2 c pP CM if T (n) < T melt + ∆T melt 2 (5)
where: T melt is the melting temperature; ∆T melt is the phase change temperature range; L heat is the latent heat of fusion. Deriving the sensitivities in later steps requires a continuous function, therefore, the piece-wise function is approximated with smooth Heaviside step functions:

c pP CM (T (n) ) = c pP CM + L heat ∆T melt 1 1 + e -2k H T (n) - ∆T melt 2 - 1 1 + e -2k H T (n) +
∆T melt 2 (6) where: k H is a factor that corresponds to the sharpness of the transition. For clarity of what the Heaviside function does, the temperature dependent apparent heat capacity, c pP CM (T (n) ) is plotted using the the piece-wise function and the smooth Heaviside step function, see Figure 4.

Boundary conditions

The fluxes used to model the heat source and cooling are modelled as Neumann boundary conditions. For the heat source, a uniformly distributed time-dependent heat rate is used to simulate the transient thermal loading from the electrical component:

-k T ∂T ∂n ∂Ω HS = -q HS (t) = - P elec A (1 + sin(2πωt)) (7) 
where: -k T ∂T ∂n ∂Ω HS is the heat flux normal to the boundary ∂Ω HS ; P elec is the average heat transfer rate produced by the electronic component; A is the area of the electronic component; ω is the oscillation frequency of the heat rate produced by the electronic component. The cooling is modelled as a convection cooling rate using Newton's law of cooling:

-k T ∂T ∂n ∂Ω C = q C (T s ) = h conv (T s -T ∞ ) (8) 
where:

-k T ∂T ∂n ∂Ω C
is the heat flux normal to the boundary ∂Ω c ; h conv is the convection heat transfer coefficient; T s is the surface temperature; T ∞ is the temperature of the surroundings. Note that the term for the heat source is negative while the term for the cooling is positive. This is due to the fact that FEniCS considers the normal to be positive in the direction away from from the body.

Weak form and approximations

Inserting Equation (3), (4), ( 6), (7), and (8) into (2) results in the following weak form, which can be used to model the physics behind the PCM heat sink:

R = Ω ρ m c p (ρ, T (n) )v T (n) -T (n-1) ∆t dA + Ω k T (ρ) ∂v ∂x i ∂T (n) ∂x i dA - ∂Ω HS vq HS (t)ds + ∂Ω C vh conv (T (n) -T ∞ )ds = 0 (9)
This weak form is a non-linear function due to the implementation of the latent heat of fusion, where the heat capacity is dependent on the current temperature T (n) , which means it requires a non-linear solver to solve the model. A non-linear solver takes extra iterative solver steps to deal with the non-linearity, which increases the computational cost and time of the solving the model.

To keep the computational time as short as possible, the non-linear model is approximated by a time-lagging model by making the ρ m c p dependent on the temperature from the previous time step T (n-1) rather than the current time step T (n) . This removes the need for the extra iterative solver steps from the non-linear solver at the cost of introducing an error into the model. The final weak form used to modeling the PCM heat sink in this paper thereby becomes:

R = Ω ρ m c p (ρ, T (n-1) )v T (n) -T (n-1) ∆t dA + Ω k T (ρ) ∂v ∂x i ∂T (n) ∂x i dA - ∂Ω HS vq HS (t)ds + ∂Ω C vh conv (T (n) -T ∞ )ds = 0 (10)
3 Optimisation problem

Topology optimisation

TO aims to find the most optimal distribution of two materials to minimise a chosen objective functional. In density-based topology optimisation, the material distribution is described with a spatially-varying material density variable field, ρ. To avoid simple solutions and keep different cases comparable, a volume constraint is added to the optimisation problem, restricting the use of HCM. The optimisation problem used in this paper can be seen in the following equation:

min ρ f 0 (T (ρ), ρ) s.t. h 0 (ρ) = Ω ρ(xi)dA Ω ΦdA -1 0 ≤ ρ(x i ) ≤ 1 (11)
where: f 0 is the objective functional; ρ is the continuous material density variable field; T (ρ) is the temperature field that satisfies the physical model; h 0 (ρ) is the volume constraint; Ω is the continuous design domain; Φ is the maximum allowable volume fraction of HCM.

Objective functional

The objective of the optimisation is to minimise the amplitude of the temperature oscillation at the electronic component, that is introduced by the cyclic transient heat rate from the electronic component. This is quantified with the ϕ, which is the temporal average variance of the spatial average temperature at ∂Ω HS , as this is where the PCM heat sink is connected to the electronic component (henceforth refereed to as "the variance"). In order to get the TO to reduce the amplitude of the temperature oscillation, the variance, ϕ, is chosen as the objective functional f 0 for the TO. Thereby the objective function is defined as:

f 0 = ϕ = 1 N t Nt n=1 T (n) elec -T elec 2 (12)
where: N t is the final number of time steps; n is the time step;

T (n)
elec is the spatial average temperature over the heat source boundary, ∂Ω HS , at each time step (henceforth refereed to as "the temperature at the heat source"); T elec is the temporal mean of T (n) elec . The temperature at the heat source T (n) elec is defined as:

T (n) elec = ∂Ω HS T (n) ds ∂Ω HS L z ds (13) 
where: L z is the out-of-plane length of the heat sink; T (n) in the temperature field at time step n. The temporal mean of T

(n)

elec is computed with:

T elec = 1 N t Nt n=1 T (n) elec (14)

Filtering

A direct implementation of the density-based TO method to a heat transfer problem can result in designs that are mesh-dependent and contains unphysical checkerboard patterns [START_REF] Sigmund | Numerical instabilities in topology optimization: A survey on procedures dealing with checkerboards, mesh-dependencies and local minima[END_REF]. To alleviate these problems different filtering strategies have been proposed [START_REF] Lazarov | Length scale and manufacturability in density-based topology optimization[END_REF]. For this paper, a filtering method based on a partial differential equation (PDE) [START_REF] Lazarov | Filters in topology optimization based on Helmholtz-type differential equations[END_REF] is used, as it takes advantage of the ease of implementing and solving PDEs in FEniCS. The filtered density field ρ is found by solving the following PDE [START_REF] Lazarov | Filters in topology optimization based on Helmholtz-type differential equations[END_REF]:

-r 2 ∂ 2 ρ ∂x i x i + ρ = ρ (15)
where: r is a filter parameter linked to the amount of smoothing applied by the filter.

The PDE is combined with a homogeneous Neumann boundary condition, to ensure that volume is conserved throughout the filtering process. For the optimisation, the filtered density variable ρ is used as the design input for the physical model of the PCM heat sink.

The adjoint method

In order to perform gradient-based topology optimisation, the sensitivities of the constraint and objective functionals with respect to the material density variable field, ρ, have to be computed. As the topology optimisation is characterised by having a large number of design variables and a small number of constraints, the adjoint method is particularly efficient for computing the sensitivities as it only requires one additional problem per functional to compute it.

In short the adjoint method computes the sensitivities using the following equation:

df j dρ = ∂f j ∂ρ -λ T ∂R ∂ρ (16) 
where: f j are functionals of interest; ρ is a vector containing the density variables; R is a vector containing the residuals; λ is a vector containing the adjoint variables. The adjoint variables are computed by solving the adjoint system of equations:

∂R ∂u T λ = ∂f j ∂u T ( 17 
)
where: u is a vector containing the state variables.

For time-dependent systems, the adjoint system also becomes time-dependent and, thus, another full time series solution must be solved. Furthermore, the full time history of the state variables and the system Jacobian must be saved (or recomputed) for the adjoint system. Although this is "just" a doubling of the computational cost, this is much more significant for time-dependent problems, since their computational cost is so high already from the time stepping procedure. For further details on adjoint sensitivity analysis of time-dependent systems, please see the literature on the subject [START_REF] Michaleris | Tangent operators and design sensitivity formulations for transient non-linear coupled problems with applications to elastoplasticity[END_REF][START_REF] Choi | Structural Sensitivity Analysis and Optimization 1[END_REF]. To circumvent the cumbersome work of deriving and implementing the full time-dependent adjoint system, the automatic adjoint capabilities of the dolfin-adjoint module [START_REF] Mitusch | dolfin-adjoint 2018.1: automated adjoints for FEniCS and Firedrake[END_REF] is used in combination with FEniCS.

Implementation

Packages

In order to implement the methods described in the previous section a Python code was created. Python was chosen due to its open source nature and vast number of modules that can automate many of the computational steps required for TO. For this paper, the FEniCS (legacy FEniCS version 2019.1.0) module is used for solving the physical model, the dolfin-adjoint (dolfin-adjoint version 2019.1) module is used to compute the adjoint sensitivities. The optimisation problem is solved using the Globally Convergent Method of Moving Asymptotes (GCMMA) [START_REF] Svanberg | A Class of Globally Convergent Optimization Methods Based on Conservative Convex Separable Approximations[END_REF] and was implemented into the Python code through the code provided by [START_REF] Deetman | GCMMA-MMA-Python[END_REF].

The code

In order to perform TO, the process is broken down into the following computational steps:

1. Defining the initial design as a uniform distribution of material. 2. Solve the physical problem with FEniCS. 3. Compute the objective and constraint sensitivities with the adjoint method. 4. Update the design using GCMMA. 5. Check for convergence. If the convergence criteria are not satisfied, update the geometry and go back to step 2, otherwise stop the optimisation loop. 6. Save the final optimised design.

First the physical model is defined. The material properties, model parameters, geometry, dicretisation schemes and boundary conditions are defined using FEniCS. The geometry is meshed with a mapped mesh using triangular elements in a cross pattern, see Figure 5. The mesh uses triangular elements as these are the only ones compatible with the FEniCS version used for this paper. The temperature fields, T (n) and T (n-1) are approximated with continuous first-order elements while the material density variable field, ρ, is approximated using piece-wise constant discontinuous elements.

Fig. 5 Plot of the mapped mesh using triangular element used for this paper.

The solver for the physical problem is set up as a custom function, forward(), that takes in the filtered material design variable field, ρ, as an input. In order to solve the physical model, a iterative time loop is set up, solving the physical model for each time step until the final time step is reached, n = N t . The temperature at the heat source T (n) elec is stored for each time step and used to compute the variance ϕ. The computation of the sensitivities is automated with dolfin-adjoint. For that the objective and constrain functionals have to be defined in a ReducedFunctional class, which stores all the operations performed with FEniCS and defines the control parameter. With this the dependencies are stored and both the functionals and the sensitivities of the functionals can be computed based on the current material design variable field, ρ.

In order to update the design, GCMMA requires the current material design variable field, ρ, the resulting objective and constraint functionals together with the sensitivities of the functionals, which pair up nicely with the capabilities of the ReducedFunctional class from dolfin-adjoint. The GCMMA is set to run a maximum of two inner iterations to keep the computational time to a reasonable level since transient simulations are very costly. To check whether the optimisation has converged the code uses the change in the objective functional, f 0 , and the measure of non-discreetness, M nd (described in detail in Section 5.4.1), over the optimisation iteration. The optimisation is considered converged if the absolute changes in both f 0 and M nd is below 10 -3 for three consecutive optimisation iterations. If the convergence criteria is not met, the optimisation is allowed to run a maximum of 300 optimisation iterations.

The TO is set up as a custom function, optimisation(), which takes in the initial material density variable field, ρ, the initial filtered material density variable field ρ, Reduced functionals of the objective and constraint functionals, lists of historical values for convergence plots, and the α value. The operations of optimisation() are enveloped in with a"with pyadjoint.stop annotating() as :" command which stops the dolfin-adjoint from storing the operations, which can otherwise lead to a large memory consumption. A minimal working example of the code is available on Github -see the "Replication of results" section at the end of this paper.

Verification

Comparison with COMSOL

To verify the implementation of the physical model in FEniCS, a 20 second simulation of a benchmark design was conducted and compared to results from the same model simulated with the commercial finite element program COMSOL Multiphysics (COM-SOL, 2023) using a non-linear solver. Figure 6 shows the design and results from the comparison. It was found that there is a good agreement between the results with a maximum relative error of 1.451%, whereby the implementation of physical model in FEniCS is considered verified. The accuracy of the physical model largely depends on the choice of time step size, due to the highly non-linear smooth Heaviside step function used for the apparent heat capacity method and by the approximation of the non-linear physical model with a time-lagging one. However, the time step size also has a great impact on the computational time. Therefore, the effects of time step size on the error and computational time is investigated by comparing the results from FEniCS with varying time step sizes with the results from COMSOL using a much smaller time step size and a nonlinear solver. For the FEniCS simulation both the time-lagging and non-linear solver are used to also show the effects of using time-lagging physical model. The results of this comparison is the maximum relative error in T elec plotted against the time step size and computational time, see Figure 7. From Figure 7 it can be seen that the maximum relative error convergences with a decrease in time step size, as there is an linear relationship between the time step size and maximum relative error in the log-log plot. It can be seen that the maximum relative error is similar when using a time-lagging and non-linear physical model when using the same time step size, with the non-linear physical model a slightly higher error. This is unexpected as the non-linear solver is expected to more precise due to the additional iterative solver steps. However looking at the convergence rate it can be seen that the non-liner solver has a higher convergence rate, so the error is expected to be lower as the time step size is increased. Looking at the computational time for solving the physical model, the non-linear model is much more computational expensive compared to the time-lagging model. In order to limit the computational time, an maximum relative error of 5% is deemed acceptable whereby the time-lagging physical model with a time step size of 0.04 s is chosen for the simulation of the physical model when evaluating the designs for the TO.

Finite difference check

To verify the accuracy of the adjoint sensitivities, a finite difference check is performed using a central difference scheme. Figure 8 shows the relative error between the finite difference approximation and the adjoint sensitivity of the objective functional at element number 2400, ∂f0 ∂ρ2400 , at different perturbation sizes. From Figure 8, it can be seen that the convergence rate for ε ≥ 10 -3 agrees with the expected convergence rate of a central difference scheme of ≈ O(ε 2 ) [START_REF] Haftka | Elements of structural optimization[END_REF]. For perturbation size ε < 10 -3 , the rounding errors become significant which increases the relative error. This relation between perturbation size and error is well known in finite difference approximations and is called "step-size dilemma" [START_REF] Haftka | Elements of structural optimization[END_REF]. Conducting finite difference checks for additional element numbers showed that the tendencies seen in ∂f0 ∂ρ2400 are representative for all elements. As the convergence rate for ε ≥ 10 -3 matches the expected convergence rate for the central difference scheme and the relative error is small, the implementation of the adjoint method is considered verified. 

Data

This section presents the data used for the production of the results, unless stated otherwise. The dimensions used for the model are presented in Table 1, the material properties are presented in Table 2, and the model parameters are presented in Table 3. Heat capacity HCM c pHCM 1

J kg•K Thermal conductivity PCM k T P CM 0.01 W m•K Density PCM ρ mP CM 1 kg m 3 Heat capacity PCM c pP CM 1 J kg•K Melting temperature T melt 0.5 [K] Melting temperature range ∆T melt 0.5 [K]
Latent heat of fusion L heat 10 5 Results

J kg
This section presents and discusses the results obtained from running the TO under different conditions. All designs are visualised with grey-scale plots of the filtered material density variable field, ρ, where white indicates PCM, black indicates HCM, and grey indicates a mix of the two materials. The colourbar for all the designs can be seen in Figure 9. 

Considering the full time history

The results presented in this section are based on a 20 second simulation of the PCM heat sink and ϕ is computed using all time steps. The TO takes 39 hours for Case 1, 37 hours for Case 2, and 37 hours for Case 3 to produce the optimised results on a single core of an Intel Xeon Gold 6130 @ 2.776GHz. For the TO of all cases, it is found that ϕ decreases as the number of optimisation iteration increases and all cases reach the defined convergence criteria. The resulting optimised designs and their performances compared to the initial design are presented in Figure 11. The initial design consists of a uniform distribution of material, equivalent to a foam consisting of 30% HCM and 70% PCM.

It can be seen that the optimised design for Case 1 consists of two major narrowing fins of HCM reaching from the heat source to the cooling side with smaller branches reaching into the PCM. The major fins are not connected directly to the cooling side, but is separated by smaller sections of intermediate material located at the ends of the major fins. The optimised designs for Case 2 and Case 3 consists of shorter fins close to the heat source reaching towards the cooling side, followed by a section of intermediate material, and then an expanding structure connecting the section of intermediate material to the cooling side. The designs generally have less fins reaching into the PCM than when compared to the design based on Case 1. The optimised design for Case 3 has more PCM layered in-between the HCM when compared to the optimised design for Case 2.

From the plots of T elec over time in Figure 11, it can be seen that all optimised design result in a reduced amplitude in the temperature oscillation. For Case 2 and Case 3, the optimised designs also reduces the time until a quasi-steady-state is reached. This makes sense as both the amplitude and the initial transient have an effect on the variance ϕ as the TO considers the entire 20 seconds simulated as input.

It can also be seen that all three optimised designs improved the performance of the heat sink by reducing the variance, ϕ. Comparing the ϕ values to those of the initial design, the optimised design based on Case 1 shows a 50% reduction, the optimised design based on Case 2 shows a 52% reduction, and the optimised design based on Case 3 shows a 41% reduction. Overall, Case 3 has the best performance of the three cases which is a bit surprising as Case 2 has more thermal storage to smoothen the temperature oscillations. The plots of the accumulated ϕ over time in Figure 11, shows that the improvements in ϕ occurs at different points of the time history. It can be seen that the optimised design based on Case 1 reduces ϕ gradually over time, while the designs based on Case 2 and Case 3 reduce the variance ϕ drastically in the first 5 seconds of the simulated time, after which it is reduced further gradually over time. This further supports that reducing the time until quasi-steady-state has an effect on the performance for Case 2 and Case 3.

To verify the optimised designs from the TO, a cross-check is performed, where the variance ϕ of the designs based on the three cases are tested. If the TO is set up correctly the designs should perform best in the cases they were optimised for and worse in other cases, compared to the design that were optimised for that case. The result from the cross-check are shown in Table 4. It can be seen that the majority of the optimised designs perform best in the cases they were optimised for, indicating that the TO generally is effective at optimising the design in most cases. However, when testing at Case 3, the optimised design for Case 2 performs ever so slightly better than the optimised design for Case 3. This is likely a result of the complicated objective functional or the severe non-linearity introduced with the apparent heat Fig. 12 The thermal energy field and heat flux in the y direction at t = 19.24s, t = 19.48s, and t = 19.76s. Based on the initial design under the conditions of Case 1 capacity method, which makes it difficult for the TO to optimise the designs without getting stuck in a local minimum.

Thermal energy and heat flux fields

To further understand the optimised designs, the time history of the thermal energy field and heat flux in the y-direction are investigated. The thermal energy field is defined as:

E (n) term = ρ m c p (ρ)T (n) + (1 -ρ)L heat f (n) melt (18) 
where f

(n) melt is the melt fraction. The melt fraction is a piece-wise function that varies linearly from zero, when no material has change phase to one when all material has changed phase, over the phase change temperature range ∆T melt . For this paper it is approximated with smooth Heaviside step functions:

f (n) melt = T (n) -T melt -∆T melt 2 ∆T melt 1 1 + e -2k H T (n) - ∆T melt 2 - T (n) -T melt + ∆T melt 2 ∆T melt 1 1 + e -2k H T (n) + ∆T melt 2 (19)
The results of all the simulations are presented as animated GIFs in the supplementary material. In order to illustrate the transient process in this paper, plots of the thermal energy field and heat flux are presented at t = 19.24s, t = 19.48s, and t = 19.76s. The chosen times correspond to the time steps closest to the highest, medium, and lowest values of the oscillating heat input rate q HS (t) for the last oscillation period simulated.

First, the fields for the initial design is investigated. The overall characteristics of the physics are very similar for all three cases, so only Case 1 is shown in Figure 12. It can be seen that both the thermal energy and the heat flux in the y-direction are smooth. The stored thermal energy is highest when q HS (t) is at its medium level and Fig. 13 The thermal energy field and heat flux in the y direction at high q HS (t), medium q HS (t), and low q HS (t), for the optimised design based on Case 1 most of the stored energy is located close to the heat source. The thermal energy is relatively low when q HS (t) is at its lowest level. From the flux in the y-direction, it can be seen that the heat is transferred from the heat source to the cooling side when q HS (t) is at its high and medium level. When q HS (t) is at its lowest level only very limited heat transfer occurs. This indicates that the initial design of the heat sink transports most of the thermal energy from heat source to the cooling side, which leads to the large variance seen in Figure 11.

For the optimised design based on Case 1, the thermal energy and the heat flux in the y-direction can be seen in Figure 13. It can be seen that most of the thermal energy is stored in the PCM in the bottom half of the PCM heat sink when q HS (t) is at its high and medium level. When q HS (t) is at its low level, there is a lot less thermal energy in the heat sink. It can be seen that the thermal energy is lead out into all the corners of the heat sink resulting in a fairly even energy distribution, which probably is a result of the PCM and HCM having the same heat capacity. By looking at the heat flux in the y-direction, the heat transfer into the PCM in the corners of the heat sink can be observed in the high positive heat flux in the smaller fins reaching into the PCM when q HS (t) is at its high and medium level. When q HS (t) is at its low level, a negative heat flux can be seen in the smaller fins, indicating that the thermal energy is drawn out of the PCM.

For the optimised design based on Case 2, the thermal energy and the heat flux in the y-direction can be seen in Figure 14. The design looks very different from the design based on Case 1. From the thermal energy, it can be seen that energy is stored very locally in the PCM closest to the heat source when q HS (t) is at its high and medium level and is expended when q HS (t) is at its low level. This design seams to keep a lot of the PCM isolated behind PCM resulting in it staying resulting in it a relatively low amount of energy being stored in it throughout the presented time frames. The section with intermediate material also seems to limit heat transfer away from the lower half of the PCM heat sink, as the thermal energy in the upper half of the heat sink is a lot lower than close to the heat sink. Looking at the heat flux in the y-direction, it can be seen that the highest heat flux, when q HS (t) is high, is located Fig. 14 The thermal energy field and heat flux in the y direction at high q HS (t), medium q HS (t), and low q HS (t), for the optimised design based on Case 2 Fig. 15 The thermal energy field and heat flux in the y direction at high q HS (t), medium q HS (t), and low q HS (t), for the optimised design based on Case 3 close to the heat source. When q HS (t) is medium and low, it is located just above the section with intermediate material. Furthermore, when q HS (t) is low, a negative heat flux can be seen close to the heat source indicating heat transfer back to the heat source. It is the interpretation of the authors that the optimised design is aimed at reducing the transient time as much as possible. As the shorter fins close to the heat source are surrounded by the low thermally-conductive PCM, the optimised design keeps the heat from being stored in the PCM further away which reduces the thermal storage capacity available to the heat sink leading to a shorter transient period.

For the optimised design based on Case 3, the thermal energy and the heat flux in the y-direction can be seen in Figure 15. In general the thermal energy looks very similar to the case 2. Thermal energy is stored very locally in the PCM closest to the heat source when q HS (t) is at its high and medium level and is expended when q HS (t) is low. This design also keeps a lot of the PCM isolated behind PCM resulting in it a relatively low amount of energy being stored in it throughout the presented time frames. The section with intermediate material also seems to limit heat transfer away from the lower half of the PCM heat sink, as the thermal energy in upper half of the heat sink is a lot lower than close to the heat sink. When looking at the heat flux in the y-direction, it can be seen that the flux is lot lower when q HS (t) is low, when compared to the Case 2 design and that there is no negative heat flux close to the heat source.

In general it can be seen that the TO is able to produce optimised designs that reduce the variance in T elec compared to the initial designs. It was found that apart from the amplitude of the temperature oscillation, the transient time until the quasisteady-state is reached also has an effect on the variance and that the optimised designs exploit this. Especially for the designs based on Case 2 and Case 3 see a reduction in contributions to ϕ in the first 5 seconds of the simulated time.

The investigation of thermal energy and heat flux in the y-direction shows that the optimised designs based on Case 1 tries to spread out the thermal energy into the PCM when the q HS (t) is at its high and medium level, while the designs based on Case 2 and Case 3 keep the thermal energy very close to the heat source. For Case 2 and Case 3, the heat transfer to the cooling side is further restricted with a section consisting of intermediate material, which limits the heat flux in the y-direction.

Considering only the quasi-steady-state

There are three ways the TO can reduce the variance ϕ: by reducing the amplitude in the temperature oscillation; by reducing the transient period to move the mean closer to the center of the oscillation; or by reducing the mean which also reduces the effect of the initial transient period. In terms of preventing thermal fatigue, the amplitude of the temperature oscillation is the most important factor. Therefore, the transient part is removed by only considering the physics once the quasi-steady-state is reached -a point which will depend on the current design. It would be a cumbersome exercise to derive and implement the adjoint problem by hand, since this introduces design-dependent simulation times and initial conditions for the integration. However, this process is fully automated with dolfin-adjoint and, thus, relatively easy to implement. This is expected to result in optimised designs that are better at reducing the amplitude of the temperature oscillation compared to the optimised designs based on the entire 20 seconds temperature history.

For this TO, the simulation is run until the maximum relative change in the temperature oscillation period is below 1%. The T elec signal from the last period is then used to calculate the mean and variance. In order to make comparisons, the TO was performed on all the three cases. The TO takes 10 hours for Case 1, 40 hours for Case 2, and 34 hours for Case 3 to produce the optimised results on 1 core of Intel Xeon Gold 6130 @ 2.776GHz. This is a big reduction for Case 1, as the simulation reaches the the quasi-steady state a lot earlier than 20 seconds, due tho it low thermal storage. Where as the computational time for Case 2 and Case 3 are comparable to the 20 second simulations, as their simulations reach steady state around the 20 second mark.

Optimised designs and performance

The resulting optimised designs and their performances compared to the initial design and 20 second designs are presented in Figure 16. The temperature at the heat source, Fig. 16 Optimised designs based on the quasi-steady-state compared to the 20 second designs and the initial design for the three cases. The ϕ values are computed using T elec from the last period only.

The plots shows T elec over time at the last two periods of the simulated time for the three cases.

T elec , is plotted for the last two periods after the quasi-steady state is reached. The variance, ϕ is computed based on the last period for all cases, in order to make the results comparable. It can be seen that the optimised design based on Case 1 and its T elec over time look very similar to those based on the 20 seconds simulation, which makes sense as Case 1 only has a short transient period. The optimised designs based on Case 2 and Case 3, however, differ a lot form the 20 second designs. The design based on Case 2 consists of one major fin and two less prominent fins of intermediate material connecting the heat source to the cooling side, shorter fins that is reaching from the heat source to the PCM in the lower half of the heat sink, and intermediate material which is located close to the heat source. The optimised design based on Case 3 consist of three major fin structures reaching from the heat source towards the side with cooling, smaller fins reaching from the heat source into the PCM in the lower half of the heat sink and intermediate material at the ends of the fins leaving more PCM close to the heat source when compared to the Case 2 design.

The optimised designs based on Case 2 and 3 show a reduction in the amplitude of the oscillation of T elec and an increase in the average T elec when compared to the 20 second designs. Comparing the variance, ϕ, to the 20 second designs, the optimised design based on Case 2 shows a 78% reduction and the optimised design based on Case 3 shows a 32% reduction. This is expected, as the TO can only reduce the phi by reducing the amplitude of the oscillation of T elec when the considering the quasi-steady-state.

It can be seen that when considering only the quasi-steady-state, the temperature variance, ϕ, is lower in Case 2 than for Case 3. This is contrary to what was found when looking at the 20 second designs, but makes sense from a physics perspective. When reducing the transient part has a big impact on the variance, then Case 3 must be better as it has a lower thermal storage capacity and therefore can reach the quasisteady-state earlier. While in this case where the transient part is neglected, the higher thermal storage capacity of Case 2 allows it to store more heat to smoothen out the temperature oscillations.

To verify the optimised designs from the TO, a cross-check is performed, where the variance ϕ of the designs based on the three cases are tested. If the TO is set up correctly the designs should perform best in the cases they were optimised for and worse in other cases, compared to the design that were optimised for that case. The result from the cross-check are shown in Table 5. It can be seen that all the optimised designs are performing best in the cases they were optimised for, indicating that the TO is effective at optimising the design for this problem. However, it can be seen that Case 2 has a very similar performance to Case 3 when tested at Case 2. As it, in this case, is Case 2 that is close to performing worse that the other designs, it is postulated that the complicated objective function has a larger effect on the TO reaching a local minimum than the the non-linearity on the apparent heat capacity method.

Thermal energy and heat flux fields

The optimised design are further investigated by looking at the thermal energy and flux in the y-direction. The results of this investigation are shown in Figures 17, 18, and19.

Fig. 17 The thermal energy field and heat flux in the y direction at high q H S(t), medium q H S(t), and low q H S(t) for the optimised design based on the quasi-steady-state under Case 1 Fig. 18 The thermal energy field and heat flux in the y direction at high q H S(t), average q H S(t), and low q H S(t) for the optimised design based on the quasi-steady-state under Case 2

For the optimised design based on Case 1, the thermal energy and the heat flux in the y-direction can be seen in Figure 17. It can be seen that the thermal energy and the heat flux in the y-direction are very similar to what was seen in Figure 13 for the 20 seconds design. This makes sense as the designs are very similar.

For the optimised design based on Case 2, the thermal energy and the heat flux in the y-direction can be seen in Figure 18. Looking at the thermal energy, it can be seen that the thermal energy is stored in much more evenly in the PCM, when compared to the 20 second design. Most of the thermal energy is stored in the PCM in the sides. The differences in the thermal energy over the presented time steps are fairly small compared to the general level of thermal energy in the heat sink, making the hard to detect in the presented times frames. However, a higher thermal energy can be seen in PCM just outside the intermediate material close to the heat sink when q H S(t) is at its medium level and low level than when q H S(t) is at its high level. The small change in thermal energy indicates a smaller temperature oscillation, and the reason for seeing the high thermal energy when q H S(t) is at its medium and low level can be explained with the slow thermal response due to the high thermal storage and low Fig. 19 The thermal energy field and heat flux in the y direction at high q H S(t), average q H S(t), and low q H S(t) for the optimised design based on the quasi-steady-state under Case 3 heat conductivity in the intermediate material around the heat source. From the flux in the y-direction, it can be seen that the flux in the upper half of the heat sink stays approximately the same over time, indicating that the heat transferred when q HS (t) is low must come from stored energy in the bottom half of the PCM heat sink.

For the optimised design based on Case 3, the thermal energy and the heat flux in the y-direction can be seen in Figure 19. Looking at the thermal energy, it can be seen that the thermal energy is stored in much more evenly in the PCM, when compared to the 20 second design. The majority of the stored thermal energy is located in the PCM at the sides and between the major fins close to the heat source. The fact that the PCM is placed closer to the heat source, than in the Case 2 design, makes sense as the PCM needs to enter the phase change temperature range before it obtains its increased thermal storage -whereas for Case 2, the full thermal storage potential is achieved at any temperature. From the flux in the y-direction, it can be seen that the flux in the upper half of the heat sink stays approximately the same over time, again indicating that the heat transferred when q HS (t) is low must come from stored energy in the bottom half of the PCM heat sink.

From the investigation of the optimised designs based on the quasi-steady-state, it is found that the amplitude of the temperature oscillation can be better reduced by only considering the quasi-steady-state as input for the TO. This has the greatest impact on designs based on Case 2 and Case 3, which utilise a lot more of the PCM for storing thermal energy compared to the 20 seconds designs resulting in a more even distribution of thermal energy and a final lower variance, ϕ. It is found that reaching the quasi-steady-state is computationally faster for Case 1 and Case 3, but took longer time for Case 2, when comparing the computation times from the TO of the 20 seconds designs.

Varying time step sizes

Reaching the quasi-steady-state can take a very long simulation time, especially if the thermal storage is high, which increases the computational time. Therefore, the possibility of using varying time step sizes is investigated.

For this investigation, the simulation initially uses large time steps, scaled by the thermal diffusivity of the PCM, until the heat transfer rate over the cooling side has surpassed 95% of the average heat transfer from the heat source. At that point, the time step is reduced to the time steps size used in the other simulations and the simulation is run until the maximum relative change in the temperature oscillation period is below 1%. The initial large time step size is computed by the following expression:

∆t large = L 2 y ρ P CM cp P CM k P CM (20) 
which characterises the diffusion time scale. As for the previous quasi-steady-state designs, T elec from the last period is then used to calculate the variance, ϕ. In order to make comparisons, the TO is performed on the same three cases from earlier sections. The TO using the varying time step size takes 6 hours for Case 1, 10 hours for Case 2, and 13 hours for Case 3 to produce the optimised results on a single core of an Intel Xeon Gold 6130 @ 2.776GHz. This is equivalent to a 40% to 75% reduction in computational time compared to using a constant time step size.

Figure 20 shows the resulting optimised designs and their performances, compared to the optimised designs based on quasi-stead-state from Section 5.2, which use a constant time step size. It can be seen that the optimised designs generally look similar, but differ in the amount of fins, placement of major fins, and the amount of intermediate material. From the temperature signal over time, it can be seen that for Case 1 and Case 2 there is a good agreement in T elec between the two methods for time stepping. However, for Case 3 there is a rather large difference, where the design based on varying time step size results in a higher average and a larger amplitude of the oscillation. This error is probably caused by the initial large time step size introducing a substantial error due to ignoring the full non-linearity introduced to the model with the apparent heat capacity method, as described in Section 2.5. This size of the error could be reduced by decreasing the large time step size, but this increases the computational time again and makes the varying time step size approach less effective.

Effect of forcing discrete designs

Thus far, a composite material has been considered, where intermediate material density variables represent a porous HCM skeleton embedded with PCM. This causes the manufacture to be more expensive, as this requires a precise control of the density of a HCM foam essentially. Therefore, the effects of forcing discrete designs was investigated to see whether discrete designs are possible without losing too much performance.

Explicit penalisation

As briefly discussed in Section 2.2, classical material penalisation approaches, such as SIMP, cannot be applied succesfully to the presented design problem. Thus, to push the optimised designs towards being discrete, the objective functional was modified using the following explicit penalty on the design variables:

f 0 = ϕ + α Ω ρ(1 -ρ)dA ( 21 
)
where α is the explicit penalisation factor, used to control the level of explicit penalisation. The integral Ω ρ(1 -ρ)dA has a minimum when ρ is equal to zero or one, whereby the non-discrete designs are penalised. It should be noted that the explicit penalty is applied on the mathematical design field, ρ, not the physical density field, ρ. This approach is prone to converge to poor local minima if the α value is set to high. Therefore, a continuation approach is used, where the optimisation is allowed to converge before the explicit penalisation factor, α, is gradually increased. The non-discreteness of a design is quantified with the measure of non-discreteness, M nd , defined by [START_REF] Sigmund | Morphology-based black and white filters for topology optimization[END_REF] as the following functional:

M nd = 100 4 Ω ρ(1 -ρ)dA Ω 1dA (22) 
This normalises the integral from (21) to be zero for an entirely discrete design and 100 for a entirely non-discrete design with ρ = 0.5.

Optimised designs and performance

In order to investigate the effect of removing the intermediate material, explicit penalisation is added optimised designs based on the quasi-steady-state for all three cases, presented in Section 5.2. All optimisations reached the defined convergence criteria. The resulting optimised designs can be seen in Figure 21. In general, it can be seen that the optimised designs becomes more discrete and simple as the explicit penalisation factor α is increased. From the optimised designs, it can be seen that the smaller fins reaching into the PCM disappear and the HCM is moved to the major fin structures as explicit penalisation is increased. This makes sense as the filter in combination with a high penalisation of intermediate material effectively penalises the boundary between PCM and HCM. It is found that for higher explicit penalisation factors, α > 10 0 , further penalisation does not cause any major design changes. To investigate the relation between the performance and discreetness, the variance, ϕ, was plotted against the measure of non-discreetness, M nd , for the three cases with different levels of explicit penalisation. The result can be seen in Figure 22 and shows that phi generally increases as M nd decreases. However, it can be seen that the optimised designs generally can become more discrete without worsening the performance too much. By allowing a 10% increase in the variance, ϕ, from the optimised design without penalisation, the measure of non-discreetness, M nd , can be reduced to M nd = 22 with α = 10 -1 for Case 1, M nd = 20 with α = 10 -2 for Case 2, and M nd = 22 with α = 10 -2 for Case 3.

To verify the optimised designs, a cross-check is performed, where the performance of the designs with varying explicit penalisation factors are tested. To attribute significance to design characteristics, the designs should perform best in the cases they were optimised for and worse in other cases, compared to the design that were optimised for that case. For the cross-check α = [0, 10 -1 , 10 1 ] were considered. Table 6 shows that the majority of the optimised designs are performing best in the cases they were optimised for, indicating that the TO is effectively optimising the design in most cases. However, the optimised designs for Case 2 when α = 10 -1 and α = 10 1 are not the best performing designs when tested at Case 2. When α = 10 -1 , the design optimised for Case 3 performs slightly better than Case 2 and when α = 10 1 both the designs optimised for Case 1 and Case 3 perform significantly better than Case 2. This indicates that the explicit penalisation gets the optimised design based on Case 2 stuck at a local minimum. A cause for this could be the initial design based on Case 2 only contains one major fin instead of two major fins found in the optimised designs based on Case 1 and Case 3. As the explicit penalisation removes the smaller fins close to the heat source the contact boundary between the HCM and PCM is reduced, resulting in a reduction in the thermal storage capacity. As the two major fin designs have a larger contact boundary between the HCM and PCM than a single major fin, it makes sense that the optimised designs based on Case 1 and Case 3 perform better than optimised design based on Case 1, a the penalisation is increased.

Discussion

From the presented results, it can clearly be seen that it is possible to generate designs that reduce the temperature oscillation by applying topology optimisation to the layout of PCM and HCM. The results show that a PCM heat sink has the best performance in Case 2, indicating that actual PCM with phase change is not as effective at storing heat as a material with a constant higher heat capacity. However, in practice not a lot of materials have a heat capacity to match the thermal storage capacity equivalent to a material in phase change. So the quest for the most optimal layout of PCM is still relevant. Furthermore, the effects of natural convection in the melted PCM is neglected in this paper, which results in a lower effective heat transfer through the PCM compare to the real world. This could further affect the ranking of PCM versus solid material with high heat capacity.

The physical model, material properties, and so on, used to model the heat sink in this paper, are purely academic and the designs produced are therefore not directly applicable to any real life problems. The reason for this was to investigate the effect of certain parameters in a systematic way. For real life application, the PCM will most likely have a smaller phase change temperature range compared to the general temperature ranges and have a significantly higher latent heat of fusion, making the problem even more non-linear. For a real life problem, the transient model is therefore expected to require significantly smaller time steps or solving the full non-linear system every time step. Both will increase the computational time significantly.

The computational times reported in this paper are relatively high (up to 40 hours) for the relatively small models with only 40000 degrees of freedom. Moving forwards, this can be sped up by running the TO code in parallel, but the limited size of the spatial discretisation limits the scalability. Furthermore, since the physical model requires a transient solver to model the phase change, the time stepping part of the code will inherently be serial and, thus, the speed up from parallel computing will be limited to the scalability of the solver for each time step. The approach of using varying time step size shows some promise in reducing the computational time, but also shows an increase in error for the case the phase change. This error could probably be reduced with a more sophisticated method of adapting the time step size.

Conclusion

This paper aimed to improve the understanding of the optimal of PCM and HCM layout in heat sinks embedded with PCM, through the use of TO to reduce the temperature oscillation in an electronic component resulting from a transient cyclic thermal load. To do this, a Python code capable of TO was made using FEniCS for solving the physical problem, dolfin-adjoint for performing the adjoint sensitivity analysis, and an open-source implementation of GCMMA for solving the optimisation problem. For the physical model, the PCM heat sink was modelled as a transient thermal diffusion problem neglecting the natural convection occurring in the liquid melted PCM. The phase change was modelled with the apparent heat capacity method and material interpolation was handled with an analytical homogenisation approach. To quantify the temperature oscillation, the temporal variance of the spatially-averaged temperature at the electrical component, was used as the objective functional for the optimisation.

The TO was performed for three different cases: Case 1 -No phase change with low c pP CM ; Case 2 -No phase change with high c pP CM ; Case 3 -With phase change. When using the entire time history from a 20 seconds simulation for computing ϕ, it was found that for all three cases the optimised designs performed better that the initial design. Looking at the temperature at the electrical component over time, it could be seen that optimised designs based on Case 2 and Case 3 reduced the variance by reducing the amplitude of the temperature oscillations as well as reducing the transient time until the quasi-steady-state is reached. This made it hard to attribute design features to a reduction in temperature oscillations alone.

Therefore, a second batch was performed using only the temperatures of one period after the quasi-steady-state was reached. For Case 1, it had a limited effect as the 20 second design had reached the quasi-steady-state early in the simulated time. However, for Case 2 and Case 3, the optimised designs showed a substantial decrease in the temperature oscillations when compared to the 20 second design. Comparing the variance to the 20 second designs, the optimised design based on Case 2 showed a 78% reduction and the optimised design based on Case 3 showed a 32% reduction. Overall, it was found that Case 2 had the lowest variance indicating that the available thermal storage is important for the reduction of the amplitude of the temperature oscillations.

In an attempt to reduce the computational time, a simple varying time step size approach was investigated. It was found to reduce the computational times significantly for Case 2 and Case 3, with a reduction of 40 and 75% in overall computational time, respectively. Comparing the temperatures over time with the results from using a constant time step size, showed that the varying time step size introduced a small error for Case 1 and Case 2, while introducing a large error in Case 3. It would be interesting to investigate more sophisticated adaptive time stepping methods to see if the errors can be reduced without reintroducing too much computational time.

Lastly, the possibility of removing intermediate material in order to improve manufacturability and production costs was investigated. This was done by implementing an explicit penalisation on the intermediate material. It was found that the explicit penalisation reduced the amount of intermediate material and removed smaller fin structures, which in turn lead to a increase in the variance. By allowing a 10% increase in the variance, from the optimised design without penalisation, the measure of nondiscreetness, M nd , can be reduced to M nd = 22 with α = 10 -1 for Case 1, M nd = 20 with α = 10 -2 for Case 2, and M nd = 22 with α = 10 -2 for Case 3.

Hereby, it can be concluded that gradient-based TO can be used to optimise the PCM and HCM layout in a heat sink embedded with PCM in order to reduce the temperature oscillation induced by a cyclic thermal load. The biggest reduction in the temperature oscillation was found using the temperatures from the last period once the quasi-steady-state has been reached as input for calculating the variance. The results indicate that the thermal storage capacity has an important influence on reducing the variance.

For future work, the performance of the optimised designs consisting of varying composite microstructure would need to be verified using dehomogenised designs and validated experimentally to verify the physical model. Furthermore, the influence of geometry, material, and boundary conditions should be investigated in the context of a real life problem with real physical material properties.

Statements and Declarations

where: k T otal its the total thermal conductivity through the composite wall; R total is the total thermal resistance; L total is the total length of the composite wall in the direction of the heat transfer; A total is the total cross-sectional area of the wall ; ths thickness of the wall, In order to compute the total thermal resistance the base cell is broken down into three distinct section and their thermal resistance are computed, see Figure A1. The 

Fig. 1

 1 Fig. 1 Three-dimensional sketch of generic electronics cooling problem.

Fig. 2

 2 Fig. 2 two-dimensional sketch of the simplified PCM heat sink used to define the design domain for the topology optimisation.

Fig. 3

 3 Fig. 3 Homogenisation is based on the assumption that intermediate material can be seen as a locally regular periodically repetition of a base cell.

Fig. 4

 4 Fig.4The temperature dependent apparent heat capacity, c pP CM (T (n) ) plotted at different temperatures with the piece-wise function and the smooth Heaviside step function.

Fig. 6

 6 Fig. 6 Verification of the implementation of the physical problem with FEniCS by comparison with COMSOL Multiphysics. The results are based on a 4 × 100 × 100 mesh using a time step size of 0.02 s. Left: Design used as benchmark for the comparison. Middle: The temperature at the heat source, T elec , over time. Right: The relative error of the temperature at the heat source, T elec , over time.

Fig. 7

 7 Fig.7Investigation of maximum relative error in the temperature at the heat source T Elec for different time step sizes when comparing FEniCS simulations with a COMSOL simulation using a non-linear solver. The results are based on a COMSOL simulation using a time step size of 2 • 10 -3 . Left: The error plotted against time step size. Right: The error plotted against computational time. The computational time is based on the average simulation time when the physical model is run on i7-1165G7 @ 2.80GHz with 4 GB.

Fig. 8

 8 Fig. 8 Finite difference check, showing the relative error between the adjoint sensitivity computed with dolfin-adjoint and central difference scheme at different perturbation sizes at different stages of the optimisation. The expected convergence rate of a central difference scheme O(ε 2 ) is plotted for reference. The optimisation is based on a 4 × 40 × 40 mesh.

Fig. 9

 9 Fig.9Colourbar for all the designs presented in this paper.

Fig. 10

 10 Fig. 10 Effect heat capacity for the three cases investigated: Case 1 -No phase change with low c pP CM ; Case 2 -No phase change with high c pP CM ; Case 3 -With phase change.

Fig. 11

 11 Fig. 11 Optimised designs, T elec over time, and accumulated ϕ over time for the three cases. The T elec over time, and accumulated ϕ over time are plotted against the values from the initial design. Top: Optimised design based on Case 1, Middle: Optimised design based on Case 2, Bottom: Optimised design based on Case 3.

Fig. 20

 20 Fig. 20 Optimised designs based on the quasi-steady-state with adaptive time step sizes compared to optimised designs based on the quasi-steady-state with a constant time step size for the three cases. The plots shows T elec over time at the last two periods of the simulated time for the three cases.

Fig. 21

 21 Fig. 21 Overview of optimised designs for t f in = 20s of three different cases with varying amount of explicit penalisation.

Fig. 22

 22 Fig.22Variance in T elec , ϕ, plotted against the measure of non discreteness M nd for the three cases.

Fig. A1

 A1 Fig. A1 By assuming one-dimensional heat transfer the base cell can be broken down into sections with their own thermal resistance

  

  

Table 1

 1 Geometry and discretisation

	Description	Symbol	Value	Units
	Domain size	Lx × Ly × Lz	1 × 1 × 1	[m]
	Mesh size	nepsq × nx × ny	4 × 100 × 100 [-]
	Final time	t f in	20	[s]
	Number of time steps Nt	500	[-]
	Time step size	∆t	0.04	[s]
	Table 2 Material properties		
	Description	Symbol	Value Units
	Thermal conductivity HCM k T HCM	10	W m•K
	Density HCM	ρ mHCM	1	kg m 3

Table 3

 3 Model parameters

	Description	Symbol Value Units
	Heat transfer coefficient	hconv	5	W m 2 •K
	Initial temperature	T ini	0	[K]
	Surrounding temperature	T∞	0	[K]
	Average heat rate from electronic component	P elec	1	[W ]
	Heat rate oscillation frequency	ω	1	[Hz]
	Maximum volume fraction of HCM	Φ	0.3	[-]
	Steepness factor for smooth Heaviside step function k H	25	[-]
	Filter parameter	r	0.01	[-]

Table 4

 4 Results from cross-check designs based on full time history, showing normalised ϕ for each design tried in three different cases: Case 1 -No phase change and low c pP CM ; Case 2 -No phase change and high c pP CM ; Case 3 -With phase change.

	Tested at		Optimised for	
		Case 1 Case 2 Case 3
	Case 1	1	2.96	2.63
	Case 2	2.06	1	1.29
	Case 3	1.59	0.99	1

Table 5

 5 Results from cross-check designs based on the quasi-steady-state, showing normalised ϕ for each design tried in three different cases: Case 1 -No phase change and low c pP CM ; Case 2 -No phase change and high c pP CM ; Case 3 -With phase change.

	Tested at		Optimised for	
		Case 1 Case 2 Case 3
	Case 1	1	1.39	1.26
	Case 2	1.44	1	1.01
	Case 3	1.32	1.36	1
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Appendix A Derivation of k T (ρ) with homogenisation

The base cell can be viewed as a composite wall. Assuming one-direction heat transfer, the thermal conductivity k T of the base cell can be derived as the total thermal resistance of the composite wall:

thermal resistance depends on the material properties and dimensions the section:

where: L is the length in the direction of the heat transfer; k is the thermal conductivity; A is the cross sectional area through which the heat transfer occurs. With this the which the thermal resistances of the three sections are derived:

where: ths is the thickness of the base cell (out of plane dimension); a is a parameter describing the amount of HCM.

The middle section of the composite wall consists of three sections in parallel, the equivalent resistance is expressed as:

leading to:

Now the total thermal resistance can considered as sections in series:

The total thermal conductivity becomes:

which can be reduced to the following term where k T otal is dependent of a:

The relation between a and the ρ can be expressed by the following function:

from which follows a = 1 -1 -ρ (A12)

Combining (A12) into (A10), k T can be expressed in terms of ρ: