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Introduction

Needle-based procedures are beneficial for patients but are technically challenging to perform. Consequently, solutions for training are needed. Unlike traditional training methods, medical simulators allow training in many cases, from the most common to the rarest [TPRT00]. Moreover, trainees do not require the direct supervision of trained clinicians [SHZS * 13], allowing saving time for the medical staff without compromising patients' safety. For this, simulators must be highly realistic and efficient regarding general modeling, interactions, and real-time performances.

Simulations of needle/tissue interactions have received extensive consideration (a recent survey can be found in [RM17]). Recent works [CNR * 19] exposed the emerging use of haptics, along with virtual environments, in needle insertion simulation for training. The entire interaction process is highly nonlinear and usually includes several factors, such as the puncture force, the Stribeck effect (force drop after puncture), and the total force during both insertion and withdrawal as a non-linear function of insertion depth and velocity. An example can be found in [START_REF] Asadian | A compact dynamic force model for needle-tissue interaction[END_REF] which proposed a modified LuGre model. Okamura et al. [OSO04] consider the total force as the sum of stiffness (occurring before puncture), cutting (considered constant), and friction forces. The friction is described by a modified Karnopp model that covers both static and dynamic friction. The constraint solving for different contacts (unilateral, bilateral, frictional, etc.) is a general issue in Computer Graphics. The penalty methods [KKB18] are simple and fast but only result in approximate solutions at the end of time steps. It is also difficult to handle stable contacts with such methods. Incremental potential contact has proved to compute contact and friction very efficiently [LFS * 20]. The constraint-based technique using Lagrange multipliers [DGM * 09] gives accurate and stable solutions. After transferring the problems to the constraint space, they can be formulated as linear/non-linear complementarity problems according to the constraint type, which can be solved with different numerical methods [START_REF] Andrews | Contact and friction simulation for computer graphics[END_REF]. Iterative methods such as projected Gauss-Seidel (PGS) [DDKA06, ZCC22] and Non-smooth Newton methods [MEM * 19] are preferred in real-time simulations owing to the computing efficiency and the flexibility to control the time cost. This work relies on the needle-tissue interaction model introduced in [DGM * 09]. The location of constraints is improved by prescribing the relative displacements of all the DOFs involved during the insertion. It results from the intersections between the needle and volume meshes. Compared to previous solutions, our approach improves the accuracy and generates a realistic haptic rendering, but a significantly larger number of constraints are generated. To limit the computational cost, the method is combined with the IsoDOFs approach [ZCC22]. In addition, the large number of constraints raises convergence issues in solving constraint problems mixing bilateral and friction constraints. For this purpose, we introduce a hybrid solver, combining a direct resolution of bilateral constraints and the Gauss-Seidel method for friction.

Background

Timoshenko beams and a linear tetrahedral mesh are considered to model the needle and the volume, respectively. The co-rotational formulation of linear elasticity, described in [START_REF] Felippa | A systematic approach to the element-independent corotational dynamics of finite elements[END_REF], treats large displacements of elements as small linear deformations coupled with rotations. It is used to model non-linearity while keeping realtime computational performances.

For both the needle and the tissue, the dynamic equation in the continuum mechanics can be formulated as a linear system, with the backward Euler method and a first-order approximation:

Ax = b + c
(1)

where the system matrix A gathers mass, damping, and stiffness, the vector b accumulates internal and external forces at the beginning of the time step, x is the unknown variation of velocities for the implicit integration, and c is the constraint forces (contact, friction...) contribution.

This work focuses on needle-tissue interactions, after puncture. In [DGM * 09], as the needle progresses in the tissues, constraints are progressively generated at a distance d from the previous one along the needle shaft, as soon as this distance to the last constraint is reached by the needle tip. Each generated constraint group involves two bilateral constraints (λ b ) orthogonal to the needle shaft to laterally prescribe the needle-tissue relative motions, and one friction constraint (λ f ) along the needle shaft, gathered in a vector λ. The resulting system can be written as a Karush-Kuhn-Tucker:

     A 1 x 1 -H 1 T λ = b 1 A 2 x 2 + H 2 T λ = b 2 H 1 x 1 -H 2 x 2 = ∆δ (2) 
where indices (1) and (2) denote respectively the volume and needle's models, ∆δ = δ t+hδ explicit is the gap between constraint violations after an explicit integration and at the end of the time step, and the constraint Jacobian H maps forces from the world to constraint space (c 1 = H 1 T λ and c 2 = -H 2 T λ). One looks for λ |bilateral such that δ t+h |bilateral = 0 for bilateral constraints, and λ |friction follows a friction model derived from [DGM * 09]. By eliminating the unknowns in Equation (2) we have:

δ t+h = δ free + ∑ HA -1 H T W λ (3)
where W is the compliance matrix, δ free is the constraint violation after "free motion" that describes physics dynamics without considering the constraints. When friction is added, the above equation describes a Non-Linear Complementary Problem (NLCP) where the state can change between stick and slip behaviors during the resolution depending on the force applied to the other constraints. Such NLCP can be solved by a PGS method [DDKA06], where the constraint function is verified in successive iterations. Finally, by including λ into Equation (2), the constrained system is resolved.

An important limitation of this approach concerns the fact that the model relies on a distance parameter between constraints in order to save computation time and maintain stability. However, as indicated in [DGM * 09], the accuracy of the interaction model decreases when the constraints are widely distributed. Conversely, too tight constraints lead to over-constrained problems and raise stability and computation time issues. Indeed, building the compliance matrix W requires an extremely costly process that mainly depends on the dimensions of the constraints c and the mechanical DOFs n.

Methods

Constraint definition: To fully prescribe the needle-tissue relative displacements, all surrounding DOFs must be constrained (orange nodes in Fig. 1). To do so, we generate a new constraint at each intersection point between the edges of the needle and the triangles of the tetrahedral volume mesh. Constraints are then transferred to the mechanical DOFs of both models using barycentric coordinates. Consequently, no distance parameter between constraints is required, and the location of constraints is automatically adapted to the mesh resolution. However, fine meshes are expected to generate a large number of constraints, as the needle will intersect many elements. Regarding the considered interaction model, this will increase the size of the problem in constraint resolution. As exposed in Equation 3, building W is extremely costly.

Compliance matrix assembling:

The constraint Jacobian H is sparse as each constraint impacts a limited number of DOFs. From this sparsity, Zeng et al. reformulated W in [ZCC22] to efficiently reduce its computational cost, also benefiting from a parallelized resolution on the GPU. Moreover, during needle insertion, the DOFs impacted by the constraints (also called isolated DOFs, or IsoDOFs) in the previously inserted part remain in the current time step. Therefore, the improved IsoDOFs method, which reuses common results in consecutive time steps, is exploited to further accelerate the resolution (see [ZCC22] for more details).

Constraint solving: Intersections occurring near a triangle vertex (for any mesh resolution) can result in close constraints. This will increase the condition number of the compliance matrix W, or even worse, lead to an over-constrained problem. Consequently, the PGS algorithm used to solve Equation (3) will hardly converge. On the other hand, the non-linear friction forces prevent the use of a direct solver since the friction status of constraints may change during iterations depending on the forces applied on other constraints.

To improve the constraint resolution step, a hybrid solver is used (see Fig. 2). The directions of all the bilateral forces are firstly included into H. The friction forces of the same constraint points are then considered. The resulting W is thus composed of two main blocks, W bilateral and W f riction An iteration k of the Gauss-Seidel algorithm starts with a direct resolution of all the bilateral forces. Yet, since a DoF may share several constraints, W bilateral is ill-conditioned. The problem is solved by computing a pseudo-inverse W + bilateral (Equation ( 4)), which can be costly for large matrices. However, the constraints remain in much smaller amounts than the DoFs in the models: compared to the rest of the simulation, this cost remains negligible. Friction forces must then be computed individually due to their non-linearity, as usual Gauss-Seidel steps. Note that although the bilateral constraints are solved at once using the direct solver, their value may change depending on the frictional constraints at each Gauss-Seidel iteration due to the coupling between the constraints.

λ k+1 |bilateral = -W + bilateral δ k |bilateral (4)
where λ k+1 |bilateral and δ k |bilateral are respectively the force and violation vectors restricted to the bilateral constraints in iteration k.

Results and discussions

Location of constraints: To assess the improvement of constraint placement by the intersection process, a rigid needle was numerically inserted into a very soft beam-like gel (500 Pa) (see Fig. 3). A mesh of 50 nodes over 15 cm in the direction of the needle, against 6 nodes over 2 cm in the two other directions was used.

Insertions were performed with the intersection method, as well Figure 3: Bilateral constraints (green and red arrows) were generated between the rigid needle (purple) and the volume. Gravity was applied to generate a motion of the unconstrained volume nodes, producing unrealistic needle-tissue relative motions as circled.

as the initial method with constraint spacing between 1 cm and 0.04 cm. After constraints were generated between the needle and the beam, gravity was applied, generating a motion of the soft beam while the rigid needle remained fixed. The displacements of nodes belonging to the beam and located around the needle shaft were measured. Table 1 shows that the distance model converges towards a maximal displacement of the volume nodes of 0.01815 cm with 302 constraints: all the nodes surrounding the needle are impacted by at least one constraint. Interestingly, our new constraint placement required 96 fewer constraints to impact the nodes around the needle, with a maximum node displacement of 0.0175 cm.

Computational performances: A needle was numerically inserted into a gel, following a defined curved trajectory. During the insertion, bilateral and friction constraints were generated from the intersection process. The time required to build W and the number of impacted DOFs were evaluated (see Fig. 4). Comparisons were made between the IsoDOFs and reuse IsoDOFs methods, exposed in [ZCC22]. Results show that only a minor portion of DOFs was newly constrained between consecutive time steps, thus decreasing the computation time required to build W: although our approach gives rise to a large number of constraints, the reuse of IsoDOFs allows the computation of W to be minimally impacted. Performances of the hybrid solver and the initial resolution process were then compared. The node spacing of the volumetric mesh is of the order of a centimeter. Constraints were regularly generated from the initial method. Simulations were run for constraint spacing decreasing from 0.012 m to 0.004 m, and the amount of Gauss-Seidel iterations was evaluated at the end of the insertion. The tolerance was set to 10 -8 ; a maximum of 1000 iterations was allowed. With spaced constraints, the two solvers showed similar convergences, while the initial method hardly converged when constraints were closer than the order of the elements size (see table 2). The hybrid solver remained efficient, allowing the use of close constraints potentially generated by the intersection method.

Friction force: 44 mm deep needle insertions were performed at constant velocities. The force resulting from the friction constraints Applications: We have applied our method to some examples in medical simulations, and computed average measurements over 50 time steps. In 6a, the needle tip reaches a liver tumor, while 205 constraints (including collisions between the organs) impact 1238.7 isolated DOFs in average. With our approach, the simulator takes 5.65 ms to build W with the IsoDOFs method and 24.74 ms to solve the constraint with the hybrid solver. In a similar simulation with a kidney 6b, 136.80 constraints are generated, while 1169.70 isolated DOFs are impacted at the end of the insertion. The simulator takes 4.12 ms to build the compliance matrix and 6.56 ms to solve the constraints.

Conclusion and future work

In this work, a needle/tissue interaction method was developed to efficiently compute constraints between a needle and a tissue in the context of needle insertion simulation. This method was coupled with IsoDOFs and a hybrid solver, respectively accelerating the compliance matrix and the forces computations, in order to decrease the computation time required for the resolution step. In future work, we plan to integrate our model into an immersive virtual reality simulator for percutaneous procedure training.

  Considering interactive modeling, Roesthuis et al. [RVJM11] use springs to model needle-tissue interactions. Chentanez et al. [CAR * 09] rely on Timoshenko beams' theory to predict the needle deflection inside soft tissues. Duriez et al. [DGM * 09] proposed a constraint-based formalism to prescribe the relative displacements of the heterogeneous models of the needle (composed of beam ele-ments with 6 DOFs) and a volume model (composed of tetrahedra or hexahedra), avoiding this way expensive remeshing operations.

Figure 1 :

 1 Figure 1: Constraints are located at intersection points between the edges of the needle and the triangles of the tetrahedral mesh. The resulting constraints are irregularly spaced along the needle shaft.

  . The coupling blocks (yellow blocks in Fig 2) describe the influence of forces on each other.

Figure 2 :

 2 Figure 2: The bilateral constraints of the n constraint points are gathered in one single block of the compliance matrix W. The n friction constraints are then individually added to W. At each iteration of the Gauss-Seidel algorithm, the solver first inverts the bilateral block and then computes the friction forces depending on the result of the bilateral constraints resolution.

Figure 4 :

 4 Figure 4: Average computation time to build W (in ms) over 50 time steps from the reuse and standard IsoDOFs methods, during a needle insertion. Amounts of reused and total IsoDOFs are compared. Most IsoDOFs are reused between consecutive time steps.

  is shown to be related to insertion velocity in Fig.5. Although constraints are irregularly spaced along the needle shaft due to intersections with the tetrahedral mesh, the force profile remains smooth for constant velocities, creating a realistic haptic response for the user.

Figure 5 :

 5 Figure5: Force profiles resulting from the friction model and constraint resolution methods for different insertion velocities. Intersection constraints were generated at the dotted lines.

Table 1 :

 1 Maximum node displacement and amount of generated constraints depending on the considered insertion.

	Distance between	Max node dis-	Generated
	constraints (cm)	placement (cm)	constraints
	1	0.04167	32
	0.5	0.02557	62
	0.2	0.01991	152
	0.1	0.01815	302
	0.07	0.01815	430
	0.04	0.01814	752
	Intersection method	0.0175	206

Table 2 :

 2 Average number of Gauss-Seidel iterations over 100 time steps, based on the constraint spacing and the considered solver

	Constraint spacing (mm)	12	10	8	6	4
	Initial solver	Iterations Time (ms)	130 2.65 2.77 8.18 27.93 43.06 129 327 910 1001
	Hybrid solver	Iterations Time (ms)	134 2.48 2.51 2.96 130 134	142 3.80	133 4.97
		p-inv (ms)	0.02 0.02 0.03	0.04	0.10
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