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FUNCTORIAL CONSTRUCTIONS RELATED TO
DOUBLE POISSON VERTEX ALGEBRAS

TRISTAN BOZEC, MAXIME FAIRON, AND ANNE MOREAU

ABSTRACT. For any double Poisson algebra, we produce a double Poisson vertex algebra
using the jet algebra construction. We show that this construction is compatible with the rep-
resentation functor which associates to any double Poisson (vertex) algebra and any positive
integer a Poisson (vertex) algebra. We also consider related constructions, such as Poisson
reductions and Hamiltonian reductions, with the aim of comparing the different corresponding
categories. This allows us to provide various interesting examples of double Poisson vertex
algebras, in particular from double quivers.
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1. INTRODUCTION

This article is based on the jet construction for double Poisson algebras, with the aim of
comparing different categories: the category of Poisson algebras, of double Poisson algebras,
of Poisson vertex algebras and of double Poisson vertex algebras. This allows us to provide
various interesting examples of double Poisson vertex algebras.

1.1. Let A denote an associative unital algebra of finite type over a field k of characteristic
0. It was realised by Van den Bergh [VdB] that if we endow A with a double Poisson bracket,
that is a k-linear map

{—-}:A0A—ARA, a®b+— {a,b},

satisfying some rules of skewsymmetry, derivation and Jacobi identity (see (2.17a), (2.17b),

(2.17¢) and (2.19)), then the pair (A, {—, —}) induces a structure of Poisson algebra on the
1
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N-th representation algebra Ay := k[Rep(A, N)|, where N € Z~ (cf. §2.1.5 for the def-
inition). Slightly rephrasing Van den Bergh’s result, we see that each representation functor
(=)n: A Ay :=k[Rep(A, N)| from associative algebras to commutative algebras restricts
to a functor between the category of double Poisson algebras DPA and that of Poisson alge-
bras PA. We should emphasize that double brackets are compatible with Hamiltonian reduction
(see §1.5), which makes them particularly convenient to study the Poisson structure of families
of moduli spaces of representations. This is the case of quiver varieties, and it played a crucial
role in the study of new integrable systems of Calogero-Moser type (see [F, FG]), or in Van
den Bergh’s construction of a Poisson structure on multiplicative quiver varieties' [CBS].

Let us now assume that (V, 0) is a differential associative unital algebra over k. Note that the
derivation 9 € Der (V) naturally induces a derivation J on V. Thus (Vy, d) is a commutative
(associative unital) differential algebra, that is to say, a commutative vertex algebra ([B]).
Building on the previous situation, De Sole, Kac and Valeri [DSKV] introduced the notion of
double Poisson vertex algebras which are based on a double \-bracket, that is a k-linear map

-3 VoVv— (VeV}, axb— farb},

compatible with 0 and satisfying properties similar to the double Poisson case (see Defini-
tion 6). Again, the definition is chosen so that each representation functor (—)y restricts to
a functor between the category of double Poisson vertex algebras DPVA and that of Poisson
vertex algebras PVA.

In a nutshell, the present paper aims at comparing the two functors DPA — PA and DPVA —
PVA. We shall subsequently describe several constructions which are standard in DPA, DPVA,
PA or PVA (or some of these categories) but are yet lacking analogues in the other categories.
Thus, our goal is to extend the theory of (double) Poisson vertex algebras from that of (double)
Poisson algebras, and vice-versa, by adopting several a priori separate point of views which
are well-known to experts from some communities, but are unheard of in the other fields.

1.2.  There are two standard approaches to Poisson vertex algebras. With the first approach,
given a commutative differential algebra (V,0), we encode the extra structure in terms of a
A-bracket
{=2=}: VeV =V, a®b— {a\b},
where )\ is a formal variable and V[\] := V ® k[A]. The A-bracket is a derivation in its
second argument, which is required to satisfy rules analogous to that of a Lie algebra; the main
difference is that the variable A serves to have an operation compatible with the differential 0,
cf. Definition 1. That point of view is, for example, particularly suited to the study of integrable
PDEs [BDSK, Ka]. The introduction of double Poisson vertex algebras by De Sole, Kac
and Valeri [DSKV] follows this idea. As we mentioned earlier, their definition is based on
endowing an associative differential algebra with a double \-bracket, and this theory allows
to study non-abelian integrable PDEs efficiently. More recently, this was also used to upgrade
the one-to-one correspondence between some (graded) Poisson vertex algebras and Courant-
Dorfman algebras to the associative setting [AFH].
With the second approach, we are given a family of ‘products’, which are k-bilinear maps

(L.1) —(n) " VxV -V, n € Z>o,

TAn experienced reader should remark that one needs to use double quasi-Poisson brackets in the multiplicative
case, which are not considered in the present work, cf. §10.4.
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satisfying compatibility conditions between themselves and with the differential, see Defi-
nition 2. The advantage of these products is their appearance within the theory of vertex
algebras.

It is a standard result that we can go back and forth between these two definitions of Poisson
vertex algebra, as we recall in Proposition 2.1. One can therefore wonder if such a correspon-
dence exists at the associative level. This requires the introduction of an alternative definition
of double Poisson vertex algebras based on ‘double products’

(1.2) —((n))—:\/x\/—>\/®\/, HEZgo.

A first result of the present paper is to provide the alternative Definition 7, and prove its equiv-
alence with the definition of [DSKV], cf. Proposition 3.4. As opposed to the commutative
setting, this is not entirely straightforward. We shall also explain that both definitions of a
double Poisson vertex algebras induce the analogous (commutative) structures of Poisson ver-
tex algebras after passing to representation algebras under each functor (—)y, N > 1. In
particular, we recover the usual equivalence between the two definitions in the commutative
setting from that in the associative setting as depicted in Figure 4.

Another original motivation for the present work was to bridge the gap between double
Poisson vertex algebras and Van den Bergh’s original notion of double Poisson algebras [VdB].
If we glance at the commutative theory, we can observe that

e a Poisson vertex algebra leads to a Poisson algebra by quotienting with respect to the
ideal generated by the image of the differential;
e aPoisson vertex algebra can be defined from the jet algebra of a Poisson algebra [A1].

These observations are at the basis of functors Q: PVA — PA and J: PA — PVA, respectively.
We shall construct the analogues of these functors between the categories DP(V)A of double
Poisson (vertex) algebras in Section 4. Namely, we associate to each associative algebra A
its jet algebra JooA (cf. §4.3.1) and show that, if A is a double Poisson algebra, then [Jo,A
has a unique double Poisson vertex structure extending the double Poisson structure on A
(Lemma 4.5). It will be shown that these functors are compatible with their commutative
versions when one goes to representation algebras.

Theorem 1.1 (see Theorem 4.7). The following diagrams commute:

Q J
DPVA —> DPA DPVA < DPA
(=)~ (=)~ and (=N (=N
PVA ——> PA PVA < PA

1.3, We assume that k = k in addition to char(k) = 0. Let A be a commutative algebra of
finite type over k and G be an algebraic group acting on A. Assume that A is equipped with
a Poisson bracket and that each element g € G acts on A through a Poisson automorphism.
This guarantees that the subalgebra AS C A of G-invariant elements inherits the Poisson
bracket from A; we call A the Poisson reduction of A by G.

Fix N > 1. The N-th representation algebra Ay of a double Poisson algebra A admits an
action of the algebraic group GL by Poisson automorphism (for the induced Poisson struc-
ture given by Theorem 2.5). Thus, we can form the Poisson reduction A%LN . Interestingly,
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Van den Bergh has also explained that the Poisson bracket on A%LN is completely determined
by the data of a Lie bracket on the vector space Hy(A) := A/[A, A] with lifts to derivations on
A; these data form a Hy-Poisson structure according to Crawley-Boevey’s terminology [CB],
which is induced by the double Poisson bracket on A. One can observe that everything can be
assembled functorially in order to form a commutative square

DPA — ppGLN

HoP —— > PA

between the categories of double Poisson algebras DPA, Hy-Poisson structures HoP and Poisson
algebras PA (with a GL action by Poisson automorphisms PAGLN), see §6.1.2.

In view of our previous motivation, we can ask whether this square can be extended to a
cube by adding a ‘vertex direction’, i.e. by adding analogues of the jet functors J: PA — PVA
and J: DPA — DPVA. Applying this idea, we obtain the jet algebras Jo.(Ay) and jOO(A%LN )
as the new vertices at the top and bottom of the right side of the (not-yet-defined) cube. This
is where technicalities appear: to relate these two algebras we should consider the Joo(GLy)-
action on J(Ay) induced by the GL y-action on Ay, but if we consider invariants we only
have a natural differential algebra morphism Joo (A%LN ) = Too(An)7>(GLN) | which is not
an isomorphism in general. Moreover, J(GL ) does not act on J,(Ax) by Poisson vertex
automorphisms.

However, we have the following general statement, of independent interest.

Theorem 1.2 (Theorem 5.1). Let G be an affine algebraic group acting on a Poisson algebra
A by Poisson automorphism. The invariant algebra (Jso A)Y>=S is a Poisson vertex subalge-
bra of Jso A, and the natural morphism

jaz Jso(A%) — (T A)7=C
induced from the inclusion AS — A is a Poisson vertex algebra morphism.

We are led to introduce the new notion of Hj-Poisson vertex structures in §6.3, which are
analogues of Crawley-Boevey’s Hy-Poisson structures [CB] in the presence of a differential.
We obtain the following result.

Theorem 1.3 (Theorem 6.15). Fix N > 1. The cube in Figure 1 is commutative. The precise
categories in which each object at a node belongs, and the precise functors between them, are
specified in Section 6.

1.4. Example. Let ) be a (finite) quiver with vertex set S. The double quiver () is obtained
by adjoining a new opposite arrow a* for each arrow a originally in ). Let us consider the
path algebra kQ of @ (cf. Remark 7.2 for our convention). The subalgebra B = @®4cskes of
k(@ formed by trivial paths may be identified with kS. We get an involution (—)*: Q@ — @
by setting (a*)* = a if a € Q. There is also a map ¢: Q — {%1} given by €(a) = +1 if
a € Qand e(a) = —1ifa € Q\ Q. There is a unique B-linear double Poisson bracket on kQ
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JooDPA JooPACLN
Too (B) Joo (AN
|
|
|
DPA | pACGLN
A : AN
|
1 (Too (B) ) Toe (G1N)
| PVA
| .
I VSN
\‘/ GL
Ho(Vectoo(A) === == === === ~-- - -~ > Teo(By ™M)
/// Voo HoP /\’I\PA(”\‘
Ho () N
HoP PAGL 5 s(

FIGURE 1. We indicate next to a node (on a light gray background) to which
category an object belongs.

satisfying ([VdB]):

_ [ e ey ifb=a"
(1.3) a0} = { 0 otherwise,

for each arrows a,b € Q. Here, t,h: Q — S denote the tail and head maps which satisfy
t(a*) = h(a) with respect to the involution (—)*.

Given a quiver (), we construct () as the quiver whose vertex set is the same as (), while
its arrow set is Qoo = {a¥) | a € Q, £ € Z>¢} with t(a) = t(a) and h(a®)) = h(a) for
each a and ¢. Then 7, (k@) is isomorphic to k@ as a differential algebra equipped with
9: al¥ — a1 ¢, — 0. This construction is compatible with going to the doubles Q, Qo

We refer to §7.2 for a slight generalisation of this example, and explicit computations of
the (Lie, Poisson, double Poisson, double Poisson vertex, Lie Poisson) brackets for each cor-
responding objects attached to the double Poisson algebra k@, , (which is ]k@p,o if p=q).

Path algebras of double quivers are a particular examples of noncommutative cotangent al-
gebras introduced by Crawley-Boevey, Etingof and Ginzburg: for any smooth B-algebra A, it
is defined to be T*A := Tp(Derpg A), the tensor algebra of the A-bimodule of B-linear double
derivations Derg A. Its N-th representation algebra is the coordinate ring of the cotangent
bundle of Rep(A, N). Path algebras associated to quivers are typical examples of smooth
algebras, and we have k() = T*A where A is the path algebra kQ of the original quiver. Ap-
plying Hamiltonian reduction to noncommutative cotangent algebras gives an interesting class
of associative algebras that includes preprojective algebras associated with quivers. We refer
to [CBEG] for more details about this topic.

Motivated by this family of examples, we consider semisimple versions of our results. A
double Poisson algebra relative to a k-algebra B is an algebra A which contains B as subalge-
bra equipped with a double Poisson bracket such that {a, B} = 0 identically for any a € A.
Then all the previous statements can be adapted to this setting (cf. Theorem 7.1), where the
integer N has to be replaced by n = (n,) € Z5; and GLy by GL,, = [[,cq GLn,; see
Section 7.
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1.5. We are also willing to adapt the discussion in the case of Hamiltonian reduction. In
that situation, we assume that G is an algebraic group, and we consider the subcategory of
PAG whose objects admit a moment map (which is respected by morphisms). Such a map
i: k[g*] — A encodes the infinitesimal action on A of the Lie algebra g of G (with dual g*).
After fixing an element £ € g* invariant under the coadjoint action by G, we can define the
Hamiltonian reduction A,q.¢ of A at £ by considering G-invariant elements of A/I¢, where
I C Ais the ideal generated by requiring that 1z equals the map eve : k[g*] — k evaluating
at £, see Section 8 for a precise definition. Again, Van den Bergh remarked that we can
understand moment maps on double Poisson algebras, which leads to a commutative square

GLy

DPA, —— PA,

HoP ——> PA

involving this time the categories of double Poisson algebras with a (noncommutative) moment
map DPA,, and Poisson algebras with a GL,, action by Poisson automorphisms and a moment
map PASLH, cf. §9.1. For example, p = > o €(a)aa” is a noncommutative moment map
for the path algebra kQ as in §1.4, and the above commutative square yields an affine quiver
variety associated with @) as the object in PA. Let us point out that we can not simply rely on
the cube obtained in the Poisson reduction picture (cf. Figure 1) because we have to set up the
general theory of noncommutative moment maps in the vertex case.
In this setting, we obtain the following result.

Theorem 1.4 (Theorem 9.9). The cube in Figure 2 is commutative. The precise categories in
which each object at a node belongs, and the precise functors between them, are specified in
Sections 8 and 9.

— GLp

JooDPA,, JooPA,
(Too (A)s 1) (Too (B)n, X (W)
|
|
|
‘ GLn
DPA ! PA,
(A ) } (An, X (1)) oo (Pp) 70 (GEn) pys
|
|
|
|
|
~ GL
Ho(Vectoo (P)) === === === =d==—— -~ > Too (PS™™)
3
/// VooHoP JooPAGL,, ;0
Ho(P) Py ™
HoP PA(JI,,, 0

FIGURE 2. We indicate next to a node (on a light gray background) to which
category an object belongs. Here, P = A/p—¢ and thus Py, = Ay, /g5 —Cs,ij-
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1.6. The motivation to construct double Poisson vertex algebras also comes from the theory
of vertex algebras. Any vertex algebra } produces in a canonical way two interesting Poisson
vertex algebras as follows [Lil, Al]. First, the graded algebra gr ) with respect to the Li
filtration is a commutative vertex algebra, equipped with a Poisson vertex structure. One the
other hand, the Zhu Cs-algebra Ry is a certain quotient of ) that inherits a Poisson structure.
So its jet algebra has a Poisson vertex algebra structure. In fact, there is always a surjective
Poisson vertex algebra morphism J.. Ry — gr V. In the case where the isomorphism

(1.4) TRy = grV

holds, and where the Poisson structure on Ry comes from a double Poisson structure, our
jet algebra construction gives to V a richer structure, gr V being the representation algebra of
some double Poisson vertex algebra.

Let us consider an illustrating example for which the isomorphism (1.4) holds. If A is a
smooth associative algebra, then Rep(A, N) is an affine smooth scheme and one can consider
the vertex algebra of chiral differential operators @l‘ifép( AN) ON it introduced independently
by Malikov, Schechtman and Vaintrob [MSV] and Beilinson and Drinfeld [BD2]. This is a
natural chiralization of the algebra Drep(a, ) of differential operators on Rep(A, N) in the
sense that its Zhu's algebra is Dgep(a, n). Recall that Drepa vy is naturally filtered by the
degree of operators. We have the following isomorphisms:

gr DRep(A,N) = k[T* Rep(A, N)] = (T*A)N’
er ‘@Pc{Zp(A,N) = Jook[T* Rep(A,N)| = joo(T*A)N, R'@ﬁ}ép(A o = ]k[T* Rep(A, N)],

with the Poisson structure on R@ch( : coming from the symplectic structure on
Rep(A,N

T* Rep(A, N). In particular, the isomorphism (1.4) holds.
For example, if B is the free algebra k(a,b) equipped with the unique double Poisson
bracket such that {a,a}} = 0 = {b,b}, {b,a}} = 1®1 (see Example 2), then B is isomorphic

to the path algebra k(@ of the double of the quiver ) having only one vertex and only one

arrow, with the double Poisson structure as in §1.4. In this case By = k[T™gly]| = (T7kQ) N,
with gl = Maty the Lie algebra of GLy. Then Drep kg, n) 1s the Weyl algebra of rank N 2,
and ‘@gép(le,N) the Bv-system generated by the fields 3;(z),v;(z), for i,j € {1,...,N?},
with OPEs:
0i,j 0i,j
Bi(z)yj(w) ~ ——,  7;(2)Bi(w) ~ ————,  Bi(2)B;j(w) ~0, 7i(2)v;(w) ~ 0.
z—w z—w

The diagram depicted in Figure 3, where the front and the right cube commute, summa-
rizes the discussion. A natural, but hard, problem would be to construct double versions of
DRep(a,n) and @f{ép( AN’ corresponding to 7*A and T (T*A), respectively. More generally,
a similar problem can be raised for vertex algebras for which the Poisson structure on the Zhu
C5-algebras comes from a double Poisson structure and where the isomorphism (1.4) holds,

see Problem 1. More examples of such vertex algebras are discussed in Section 10.

1.7. Organization of the article. Section 2 is about the standard notions of Poisson, double
Poisson, Poisson vertex and double Poisson vertex algebras, and the representation functor. In
Section 3, we give an alternative definition of double Poisson vertex algebras. We prove in
Section 4 the commutativity of the top face of the cube depicted in Figure 1. In particular, the
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h
L > PRep(a,n)
-7 |
// !
- | gr
|
DPVA .~ PVA
- . (v S
T T*A ! Too (T*A) N Zhu(—)
|
|
|
|
|
J v J
D e Al > DRep(a,N)
L 2 AA
- /
e’ (-)n
T*A (T*A) N
DPA PA

FIGURE 3. Noncommutative cotangent algebra and relative objects: here VA
is the category of vertex algebras, and AA that of unital associative filtered
algebras.

jet algebra functor for double Poisson algebras is introduced in this section. Section 5 is of in-
dependent interest, and deal with the structure of invariants of jet algebras in the commutative
setting. The main result of this section is Theorem 5.1. We prove the commutativity (cf. The-
orem 6.15) of the cube depicted in Figure 1 in Section 6. The categories involved in the figure
are introduced in this section. Section 7 is about the semisimple version of Poisson reduction.
An illustrating example from quivers is presented in §7.2. We consider the Hamiltonian reduc-
tion in the commutative setting (in particular, for Poisson vertex algebras) in Section 8. The
Hamiltonian reduction in the noncommutative setting is discussed in Section 9. The commu-
tativity of the cube depicted in Figure 2 is proved in this section (cf. Theorem 9.9). Finally,
problems related with vertex algebras and other topics are discussed in Section 10.

Appendix A gathers calculations about the left/right (noncommutative) moment maps on
the cotangent bundle 7* GLy =~ Rep(k(a, b*'), N) considered in §10.2.
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Sktodowska-Curie grant agreement No. 101034255. A.M. is partially supported by the Euro-
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2. PRELIMINARY NOTIONS

We fix a field k of characteristic 0. All unadorned tensor products are taken over k. Unless
otherwise stated, an algebra is a unital associative algebra over k. Below, we recall a collection
of conventions that come mainly from [DSKV, VdB].
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2.1. Basic operations.

2.1.1. Homomorphisms on tensor products. Assume that A is a vector space over k. Given
n = 2, we form the tensor product A®" When n = 2, we use the following Sweedler’s nota-
tiond =), d;®@d/ =:d ®@d" € A® Ato denote elements. The permutation endomorphism
(—)? on A ® A is given by (a ® b)° = b ® a. More generally for n > 2, we introduce the
cyclic permutation

2.1 AP S AP ®. . Qan— (01 ®...Qay) =, R ® ... D ap_ -

If O € End(A), we extend O to an element of End(A®"), which by abuse of notation we
also denote by 9, as follows:

n
(2.2) 8(a1®...®an):Za1®...®a,~_1®[‘)(ai)®ai+1®...®an.
=1

We also consider the induced linear maps acting as 0 on the leftmost and rightmost factors
which are respectively denoted by 0, and Jg:
o1 ®...Qay) =0(a1) ®a2 ® ... R ay,

2.3
3 Or(A1®...Qay) =a1 ® ... R ap_1 ® JIay) .

2.1.2. Operations on an algebra. Let A be a (unital associative) algebra over k. Givenn > 2,
we form the tensor product A®™, which we see as an associative algebra for

(2.4) (1 ®...0a,) (01 ®...Qby) =a1b1 ® ... R apby, .
We define left and right A-module structures on A" as follows. For 0 < i < n — 1,

bk (a1 ®...Qap) =01 ®...0; Dbai11 R aj12 Q... R ay,

(2.5)
(a1 ®®an) #b=01®...QAp—i—1 R Un—ibRAp_jt1 Q... R ap .

For i = 0, we have the outer A-bimodule structure on A®™ given by multiplication on the left
of the left-most component, and on the right of the right-most component. In that case, we
omit to write *g, so that bd = b *g d and db = d *q b for any d € A®™. We set *; 1, = *; to
define the operation on A®" for any i € Z.

We introduce tensor product rules in a similar way as maps A @ A®" — A®(+1) and
AE" @ A — APFD For0<i<n—1,

b®i(a1®...Q0a,) =01 ®...4; DR aj11 @ ... R ay,

(2.6)
(1 ®...0a,) ®ib=01R...00,_;i QDR ap_it1 Q... a,

hence b ®; (—) = (=) @p_; b: A" — AP+ We omit the subscript for i = 0.
Let us spell out the case n = 2. We have the outer (¢ = 0) and inner (¢ = 1 with x := %)
bimodule structures on A ® A defined for any a,b € Aand d € A ® A by

2.7 adb=ad ®@d"b, axd+xb=db®ad".

Furthermore, a @1 d=d ® a® d" = d ®; a.
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2.1.3. Derivations on tensor products. The previous constructions can be used for a differen-
tial algebra (V, ), that is V is an associative algebra equipped with a derivation

0 € Der(V) = {§ € Hom(V,V) | 6(ab) = ad(b) + d(a)b} .

In particular, we note that the extension (2.2) of 0 to V®2 is the sum of the extensions
Or.r: V¥% — V&2 (2.3) which satisfy (a1, az,b1,bs € V)

Or(a1by ® agbe) = 0(a1)by ® agby + a10(b1) ® agba ,
Or(a1b; ® agbe) = a1by ® d(az)be + a1b; @ agd(bs) .

2.1.4. Symbols of operators. If (V,0) is a differential algebra, we call V[0] the algebra of
scalar differential operators. Anelement P(0) = > - p,0" € V[J] acts on b € V by the ob-
vious formula P(0)b = > - pn0" (D). Its symbol is the polynomial P(\) = > - pn\" €
V[A]. We set? resy A\™""'P()\) = p, for all n € Z(. Given such a symbol of a scalar
differential operator, we recall the standard notation (see e.g. [DSKV])

|,_o PO+ 2) =P(A+0) = ZZ() Ok (pp) A"k € V[N,
n=>0 k=0

PO+2) (|, _0) = PO+0) b= "p. > <Z>ak(b))\nk .

n>0 k=0

(l,_s®) PN+ @) =b_P(A+9) = ZZ() (D)pa A" F € V)],
n=>0 k=0

with b € V. Similarly, we consider V®2[9] as the algebra of scalar differential operators on
V ® V and use an analogous notation for the symbols P()\) € V®2[)\] acting on V ® V.

2.1.5. Representation algebra. Let N € Z~. For an algebra A, define A as the commutative
algebra with generators {a;; | a € A, 1 < i,j < N}, subject to the relations

(2.8) Ly =0ij, (ably= Y awbej, (ya+7'b)i; =ai;+7'by,

1<k<SN
forany a,b € A, v,v € k,1 <i,5 < N. We call Ay the N-th representation algebra of A.
Clearly, Ay is finitely generated if A has this property. Note that (—)x is a functor, hence
a morphism 6: A; — Ay gives rise to a morphism of commutative algebras Oy : (A1)y —
(A2) N, which we may simply denote 6 := 6x. For example, if 9 € Der(A), it induces a
unique derivation 0 € Der(Ay) given on generators by

(2.9) daij) := (0(a))ij, a€h, 1<i,j<N.

The algebra A is the coordinate ring of the representation scheme Rep(A, N') parametrised
by representations of A on k¥. There is a natural left action of GLy := GLy(k) on
Rep(A, N) by conjugation of matrices. In turn, this induces a left action on Ay by auto-
morphisms through

(2.10) g-ay:= Y (97 ikang;, g€CLy, a€h 1<i,j<N.
1<k I<N

ZWe should see resy A~" " as a linear map V[A] — V. Itis obtained from the usual residue resy : V]AT1] — V,
2nezPrA" = Pt
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The Lie algebra gl := gl (k) inherits an infinitesimal action by derivations on A through

(2.11) E-aiji= Y (anej — Grors),  E€gly, a€h 1<i,j <N,
1<k<N
In terms of the matrix-valued element X (a) := (a;j)1<i j<n, these actions read g - X (a) =

g ' X(a)gand ¢ - X(a) = —[¢, X(a)].
When performing reduction on representation algebras in Sections 6, 7 and 9, we shall
assume that k is algebraically closed in addition to the running assumption char (k) = 0.

2.2. Commutative reminder: Poisson (vertex) algebras.

2.2.1. Definitions. Let A be a commutative algebra. A Poisson bracket on A is a linear map
{—,-}: A®A— A, a®bw— {a,b}

such that for all a,b,c € A

(2.12a) {a,b} = —{b,a}, (skewsymmetry)
(2.12b) {a,bc} ={a,b}c+ b{a,c}, (Leibniz rule)
(2.12¢) {a,{b,c}} — {b,{a,c}} — {{a,b},c} =0. (Jacobi identity)

We say that (A, {—,—}) is a Poisson algebra. The category of Poisson algebras over k is
denoted by PA. Its morphisms (A1, {—, —}1) — (A2, {—, —}2) are the morphisms of algebras
¢: Ay — Ay satisfying {¢(a), d(b)}2 = ¢({a,b}1) for any a,b € A;.

Definition 1 (PVA from a bracket). Let V' be a commutative differential algebra for the deriva-
tion 0 € Der(V'). A A-bracket on V' is a linear map

{=2—}: VeV =V, a®b— {a\b}

such that for all a,b,c € V

(2.13a) {0(a)xb} = =Maxb}, {a d(b)} = (A + 0){arb}, (sesquilinearity)
(2.13b) {axbe} = {arb}e + b{axc}, (left Leibniz rule)
(2.13¢) {abyc} = {arioct b+ {brroct—a. (right Leibniz rule)

The couple (V,{——1}) is a Poisson vertex algebra if in addition

(2.14a) {axb} = —{b_ _ga}, (skewsymmetry)
(2.14b) {ax{buct} — {bu{arc}} — {{axb}rypuct = 0. (Jacobi identity)

Definition 2 (PVA from endomorphisms). A vector space V is a Lie vertex algebra if it is
equipped with a linear operator 9 € End(V') and k-bilinear products

VxV =V, (ab)—amb, ne€Zx,
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such that for fixed a,b € V, a¢,)b = 0 for n sufficiently large, and for all a,b,c € V,
m,n € Z>o:

(2.15a) (0a)myb = —na@p-_1b, a@)(9b) = d(am)b) + nap,—1)b, (sesquilinearity)

(_1)n+i+1 ;
(2.15b) amyb = -E>0 Ta (bn+iya) (skewsymmetry)
(2.15¢) A (m) b(n)C — b(n) A(m)C = E ( ; )(CL(Z) b) (m+n—i)C- (Jacobi identity)

1=0

If in addition to the Lie vertex algebra structure, (V, J) is a commutative differential algebra,
we say that it is a Poisson vertex algebra when

(2.16a) amybe = (agm)b) ¢ + b (ap)c), (left Leibniz rule)

1., 1
2.16b)  (ab)ye =) | =0 (a) (bnsy®) + Y

i>0 i>0

(a(n+iyc) O'(b) . (right Leibniz rule)

Proposition 2.1 ([Ka, AM]). The two definitions are equivalent.

Proof. It suffices to translate the axioms from each definition into one another using the corre-
spondence {a)b} := 3 - %a(n)b and a(,)b := n! resy A" {ayb} forany a,b e V. O

Remark 2.2. By repeating the same argument, one sees that a Lie vertex algebra is a vector
space V' equipped with a linear operator 0 € End(V') and a linear map {—y—}: V@V —
V[A] satisfying (2.13a), (2.14a) and (2.14b). We say that {—\—} is a Lie vertex bracket.

The category of Poisson vertex algebras over k is denoted by PVA. Its morphisms are
the morphisms of differential algebras ¢: (Vi,01) — (Va,02) (hence ¢(01(a)) = O2(¢(a)))
satisfying {¢(a)r¢(b)}2 = &#({arb}1) for any a,b € V;. Equivalently, the later condition
is ¢(a)(n), #(b) = @(ag,),b) for any n > 0 if one defines (V;,0;, —n),—), @ = 1,2, using
Definition 2.

2.2.2. Functorial constructions. Write a — @ for the linear map V' — V/9V from V to the
vector space obtained as the quotient of V' by im(0). We denote in the same way the algebra
homomorphism V' — V/(0V') where (OV) is the ideal generated by im(9) in V.

Lemma 2.3. Assume that (V,0,{—x—}) is a Poisson vertex algebra. Then V/(OV') equipped
with the bilinear map

{= =} VI@V) x V/(V) = V/(@V), {a,B} = {axblrzo = o,
is a Poisson algebra. Moreover, this construction extends to a functor Q: PVA — PA,

Proof. The proof is similar to showing that the vector space V/OV equipped with [—, —] is a
Lie algebra, see [Ka, §5.3] or [FBZ, §4.1]. The details are left to the reader. |

2.3. Non-commutative reminder: double Poisson (vertex) algebras.
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2.3.1. Double Poisson algebras. Let A be a (unital associative) algebra of finite type over k.

Definition 3 ([VdB]). A double bracket (or 2-fold bracket) on A is a linear map
{—-}:A0h—ARA, a®br— {a,b},

such that for all a, b, c € A

(2.17a) {a,b} = —{b,a}}? , (cyclic skewsymmetry)
(2.17b) {a,bc} = {a, b} c+b{a,c} . (left Leibniz rule)
(2.17¢) {ab,c} = {a,c} 1 b+ ax {b,c} . (right Leibniz rule)

Given a double bracket, we introduce the maps
fat ey, = fat}er, {aver),=tefa},
{0 @d" b)), = fo b} era”, [ ©b), = @1 a0}

Definition 4 ([VdB]). A double Poisson algebra is an algebra A endowed with a double
bracket such that for all a,b,c € A

(2.19) {a, {b, e}, — b, {a,c} B r — {{a, b}, ¢}, =0. (Jacobi identity)

In that case, we say that { —, —J} is a double Poisson bracket.

(2.18)

Remark 2.4. In Definition 4, we chose the condition (2.19) which is given in [DSKV] and is
equivalent to the original condition of Van den Bergh:

{{a, {b, C}}}L + ({{b, {{C,(Z}}}L)U + ({{C, {a, b}}}L)JQ _o.

Double Poisson brackets can be seen as a noncommutative version of Poisson brackets due
to the next result, where we use the notations from §2.1.5.

Theorem 2.5 ([VdB]). Assume that {—, —} is a double bracket on A. Then there is a unique
skewsymmetric biderivation on AN which satisfies for any a,b € A, 1 < i,57 < N,

(2.20) {aij, b} = {a, 0}, £a, b} -

Furthermore, if { —, —} is a double Poisson bracket, then (An,{—,—}) is a Poisson algebra.
Note that the Poisson bracket obtained through (2.20) is invariant under the GL action

givenin §2.1.5. That s, for any g € GLy, the map g-(—) € Aut(Ay) is a Poisson morphism.

We shall denote by gl the Lie algebra of GL which is, as a vector space, the set Mat :=
Mat v (k) of k-valued N x N matrices.

Example 1 ([Po, VdB]). Let A = k[a]. Then a double bracket {—, —J}} on A is a double
Poisson bracket if and only if there exists o, 3,7 € k satisfying 3% = oy so that

fa,a} =a(a®@1-1®a)+B(@*®1-10d*) +7v(a*®a—a®ad?).
Forany N > 1, we have Ax = k[a;; | 1 < 4,5 < NJ. Assuming that § = v = 0, the Poisson
bracket on Ay induced by Theorem 2.5 is uniquely determined by
(2.21) {aij, ar} = ar;oq — drjaq .
Under the identification Ay ~ k[Maty] ~ k[gl}/] through the trace pairing, we can see a;; as

a linear map § — §;; returning the (4, j)-entry of the NV x NN matrix &. Therefore the Poisson
bracket on Ay satisfying (2.21) is the Kirillov-Kostant-Souriau Poisson bracket on k[gl}].
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Example 2. Let A = k(a,b). Then {a,a} =0 = {b,b}, {b,a} = 1 ® 1 defines a unique
double Poisson bracket on A, and the induced Poisson structure on
An = k[Maty x Maty] = k(gly] ® k[gly] = k[T gly],
is that coming from the symplectic structure on 7™ gl ;.
Example 3. Let A = k(a, b*!) with the unique double Poisson bracket such that
{b,0} =0, {a,0} =01, {a,a}=a®l1-1®a.

The induced Poisson structure on Ay = k[GLy| ® k[gly] is that coming from the symplectic
structure on of the cotangent bundle 7* GL .

2.3.2. Double Poisson vertex algebras. Let (V, 0) be a differential (unital associative) algebra.
Definition 5 ([DSKV]). A double \-bracket (or 2-fold \-bracket) on 'V is a linear map
f-3:veV— VeV, a2b— {ab}
such that for all a,b,c € V
(2.22a)  {0(a)rb} = —A{axb} , {aro(d)} = (0 + ) {ardb} , (sesquilinearity)
(2.22b)  {axbe} = Laxb} e+ b{axc}, (left Leibniz rule)
2220 fabach = farsach =1 (| 5) + (| _a) #1 {orech . Gight Leibniz rule)
Given a double \-bracket, we introduce the maps
flat' @t} = fab' o’ {abebt"), =0 {ad"}
) fdodw}, = fabh e (| ).

fa@aol,=(| )@ b} -
Definition 6 ([DSKV]). A double Poisson vertex algebra is a differential algebra V endowed
with a double \-bracket such that

(2.24a) {arb} = —!m:a (b_r_zal}’ , (skewsymmetry)

2.24b)  far {buch}, — {bu farch Y — {{{{a,\b}} i c}}L = 0. (Jacobi identity)

Remark 2.6. The original definition in [DSKV] (considered in [AFH]) uses the equivalent
form of the right Leibniz rule (2.22c) given by (a, b, c € V)

(2.25) flabac} = farroch_ #1 b+ (Pixa) % fbrch ,
for (e%dx a) 1 (' @ b )N = 320 _, L1 @ 9k (a)b" Nk,
The next result is the analogue of Theorem 2.5.
Theorem 2.7. ([DSKV]) Assume that {—x—} is a double \-bracket on V. Then there is a

unique \-bracket on 'V which satisfies for any a,b €V, 1 < 1,57 < N,
(2.26)

{aijabu}y =D fambly, LapdPy A" for farbl = ({awd}}' ® fawmb}") A"

n=0 n=0

Furthermore, if (V,{—x—1}) is a double Poisson vertex algebra, then (Vn,{—x—}) is a Pois-
son vertex algebra on which GLy acts by Poisson vertex automorphisms.
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Proof. The main statement is proved in [DSKYV, §3.7]. The fact that GL acts through (2.10)
by Poisson vertex automorphisms amounts to requiring

0(g-F1)=g-0(F1), {(g-Fi)r(g-I2)} =g -{Fi\F2}, g€ GLy, F1,F, € Vy.

These equalities follow by checking them when F and F; are generators of V ; this is readily
obtained from (2.9) and (2.26) after plugging (2.10). ]

Example 4. Let V = k(u(©® oM 4® ) with 0ul® = o), Set u = w0, I
2.27) furu} =1@u—-u®1+e(l®1)Ae V),

for some fixed € € k, we can uniquely define a double Poisson vertex algebra structure on V
satisfying (2.27). On Vy, the induced A-bracket is given by

(2.28) {uijAukl} = 5kjuil - 5Z-lukj + 65kj5il)\ .

3. ALTERNATIVE DEFINITION OF DOUBLE POISSON VERTEX ALGEBRAS

Definition 7. A vector space V is a double Lie vertex algebra if it is equipped with a linear
operator 0 € End(V) and k-bilinear double products

VXV -—VaV, (ab)r— a@m)b, n€”Zx,

such that for fixed a,b € V, q(,)b = 0 for n sufficiently large, and for all a,b,c €V,
m,n € Zxo:

(3 la) 8( ) (n))b = —na((n 1))b a((n))a(b) = 6(@((n))b) + na((n_l))b, (sesquilinearity)
(_1)n+z+1 )

3.1b) a((n))b = Z il 8Z(b((n+i))a)a , (skewsymmetry)
i20 '
3.1¢) a((m,L))b((n))C - b(n R)A((m Z < > ) m+n7i;L))C, (Jacobi identity)

=0
where we use the extended maps
Ay =i V= VI agu (@) = a@b' @V,
ammy = V= VEL gy (Vf @V7) =V @ agub”,
1 .
(@ @a)uy=: V=V (@ @) b= ) 5 (@fyb) @10 ().
j=0

If in addition to the double Lie vertex algebra structure, (V, 0) is a differential algebra, we say
that it is a double Poisson vertex algebra when

(3.2a)
a(nybe = (a@myb) ¢ + b (a@m)c) (left Leibniz rule)
(3.2b)

1 A
Z 8Z (n-H)) ) Z g(a((nﬂ)) C) *1 3Z(b) . (right Leibniz rule)

i>0 ! i>0
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Remark 3.1. Due to skewsymmetry (3.1b), the two sesquilinearity rules in (3.1a) are equiv-
alent, and the left/right Leibniz rules (3.2a)—(3.2b) are equivalent. Hence, as part of the def-
inition, we can simply pick the two easier identities d(a)(,)b = —na(,—1)b and (3.2a). A
similar remark holds for the original Definition 6; this can also be observed for Poisson vertex
algebras (cf. Definitions 1 and 2) and double Poisson algebras (cf. Definition 3).

Lemma 3.2. In a double Lie vertex algebra, the Jacobi identity (3.1c) for arbitrary a,b,c € V
and m,n € Z> can be replaced by

n
n
3.3) @))€ ~ mR)&m)© = = D ( j> () @ mtn—ssLy -
j=0
Proof. We first note using (3.1a) that we have the following sesquilinearity rule for the left
extended map 0(a’ ® a”) (m;z)c = —m (0’ ® ") (n—1,1)c. Combining this observation with
skewsymmetry (3.1b), the right-hand side of (3.1c) reads

% m % m (_1)i+s+1 s o
> (Z )(a(i))b)((m—l—n—i;L))C = (Z ) > a0 00+ ) @min-ir)C
i=0 i=0 $>0
m m+n m+n i
z 1 - o
Z ” ( > Z ( : > b(s)@)”) (mtn—s:L)C-
The binomial expansion in k[z, y] of (z + y)"y™ = 31", () (=1)'" (z + y)™ ™" yields
" /n “ m\ "< (m +n—1
. .%"7 m+n—j = -1 Z( > < . . >1'j m-i—n—j’
5 () Sen () E (77 )y

™ (b(j)@){pnn_j1y€ and conclude. O

thus we can write the above expression as — > . ( i

3.1. Equivalence of definitions.

Lemma 3.3. Assume that V is a vector space endowed with a linear operator 0 € End(V). A
structure of double Lie vertex algebra on 'V is equivalent to having a linear map

{{_A_} VRY — (V@V)P\] ,a®b — {a)\b}
such that (2.22a), (2.24a) and (2.24b) hold.

Proof. We claim that the equivalence is realised by defining

(3.4) {=—3}: VoV — (VOV)A,a®b— {arb} := Z

n>0
from a structure of double Lie vertex algebra on V. To go backwards it suffices to define the
k-bilinear products

(3.5) VXV -—VeV, (ab)— ag)b:=n!res, A anb} . neZs.

Itis clear that { —, —} is valued in (V @ V)[A] if and only if for any a,b € V, a ;)b = 0 for n
large enough. We are left to check that rules bearing the same names are equivalent.

* Sesquilinearity. From the first identity in (3.1a) for the double product — ) —, we have
by the defining equation (3.4) that

{0(a)rb} = Z Al EEDD ﬁa(a)«n )b =-Afard},

7L>0 n>0
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which is the first identity in (2.22a). Let us explicitly check the converse for this case: from
(3.5) and (2.22a), we have
|
8(@)((n))b = n! resy AL {{8(0,))\5}} = —nlresy A" {{a)\b}} = —ﬁ@(a)«n,l»b,

and this is the first identity in (3.1a). We can show the equivalence of the second identities in
(2.22a) and (3.1a) in the same way, or use that it follows from the equivalence of the skewsym-
metry rules.

* Skewsymmetry. Using (3.1b) for the double product —,,y —, (3.4) yields

n+z+1 )
faxbl} = Z Z ' (bnripa)” = —|  {o-r—zal}?,
n=0 n! 120 v=0

which is just (2.24a). In a similar way, one gets the converse from (3.5).

* Jacobi identity. Using (3.1c) for the double product — ) —, we have by (3.4)

)\m n
far f0ueh s — hukarchbe = D~ (@me b = o) am)©)

m!
m,n=>0

= (m 1 ,
- Z W% < >Z (( (i))b)((m+n—i+j)) )@18 (( () ) )
320

i
m,n>0 ST =0 J:

-5 i (o © (ah) sench, = {tahipel} .

=0

which gives precisely (2.24b). We get the converse from a similar computation. U

Proposition 3.4. If (V,0) is a differential algebra, the definitions of double Poisson vertex
algebras according to Definition 6 and Definition 7 are equivalent.

Proof. Tt suffices to extend the correspondence of Lemma 3.3 given by (3.4) and (3.5) so that
it is compatible with the Leibniz rules. By skewsymmetry, we only need to check that the
left Leibniz rules (2.22b) and (3.2a) correspond to one another under (3.4) and (3.5); this is
straightforward. U

3.2. Relation to representation spaces.

Theorem 3.5. Assume that (V, ) is a double Poisson vertex algebra according to Definition 7.
Then there is a unique structure of Poisson vertex algebra in the sense of Definition 2 on
(Vn, @) which satisfies for any a,b € V, 1 <i,j < N,

(3.6) i () okt = () b)i; (@) b)it
Moreover, the action of GLy on V  is by Poisson vertex automorphisms.

Proof. The second part of the statement is proved as in Theorem 2.7. For the first part, we
adapt the strategy of [DSKV, §3.7].

Since the elements {a;j|a € V, 1 < 4,5 < N} generate Vy, a structure of Poisson vertex
algebra on V  is uniquely determined by its value on such generators due to the Leibniz rules.
Furthermore, observe that it suffices to check that sesquilinearity, skewsymmetry and Jacobi
identity hold on generators for them to hold identically on V.

Let us start by checking that for each n € Z> the operation —(,)—: Vy X Vy — Vy
that satisfies (3.6) is well-defined, i.e. it is compatible with the defining relations (2.8) of V.
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It is clear that (3.6) is compatible with the first and third relations from (2.8) due to the k-
bilinearity of the morphisms V2 — V&2, (a,b) — a,)b for each n € Z-,. Compatibility
with the second relation from (2.8) means that

(3.7 (ab)ijmycrr = Z (@inbnj)mycrt s @ijmy (e = Z i (n)DkRChI -
1<h<N 1<h<N

Let us check the first identity, leaving the second easier one to the reader (alternatively, it
follows from the skewsymmetry checked below). Using (3.6) and the right Leibniz rule (3.2b)
on V, we compute that

"

(ab)ijmycrt = (abgny€)ij(abgny )i

1 S S
= > Z; [0°(@in) (D) i (On+5) Oht + (@(nt5) et (A((nt5) ©)i10° (Bnj)]

1<h<SN 820

which is indeed ) -, <, < n(@inbnj) (n)cri thanks to the right Leibniz rule on V.
To check the different axioms on generators of V, we introduce the following notation:
for any a,b,c € Vand 1 < 4,7, k,l,u,v < N, we set

(3.8) (a®0b)ijikt = aijbr € VN,  (a ®b® ¢)ijikiue = AijbriCuw € Vi .

By definition of the derivation induced on V by 0 € Der(V), 0 commutes with that notation,
e.g. (0(a®b))ijr = 0(aijbrr) = 0(a ® b)ij;k1). Then, for the skewsymmetry axiom on Vy;,
we use (3.6) and the skewsymmetry axiom (3.1b) on V to obtain

(_1)n+s+1

aij(n)bkl = (a(n))b);j(a(n))b)g’l = Z 0° (bkl(nJri)aij) s

|
S
s=>0

in agreement with (2.15b). For the sesquilinearity axiom on V , it suffices to check the first
identity in (2.15a) on generators, because the second one follows from skewsymmetry which
has just been checked. We use (3.6) and the first sesquilinearity axiom in (3.1a) on V to obtain

A(aij) mybrt = 0(@)ij () bk = (9(@) (n)) 0)1; (0(@) () b)is = —NGij (n—1) ki -

Finally, verifying the Jacobi identity on generators amounts to derive

m

m
(3.9) i (m) it () Curw — Dt () Qi o) Cuw — D (r ) (@i (r) k1) (mn—r)Cuv = 0.
r=0

Using (3.6) and the left Leibniz rule on Vj, we can write the first term in (3.9) as

@i (m) bit (n) Cuv = @i (m) (D) ) (b)) i) + (O €t (@i () (O ) ko)
/!

= (a(m) (b(n) ) ugsit On) o + ) (@(@m) (bn) )" rjiiv -
(Recall the notation (3.8).) We directly get that the second term in (3.9) is

"

—(b(m) (a((m)) C),)ul;kj (a((m)) )iy — (a(m)) C)Zj (b(n) (a((m)) e)")itsko -
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For the third term in (3.9), we use (3.6) together with the right Leibniz rule on V  as follows:

i m
- Z < ) Qij(r bkl)(ernfr)cuv = - Z (’I“ ) ((a((r))b) ( (r))b) )(ern r) Cuv

r=0

" /m 1
=-2 <T> > (@ (@) h) g (@@d)” (mtrrs—©) i

L (m 1 o
-> <T> Z (@@t nts—r) &) o (0 (@) )it -

Meanwhile, using the notation introduced in (3.8), we can write

Ui m
(a«m;L»b«n»C — bRy amy = Y (T ) (@(r)0) @mtn—r:L) C)

i uj;il;kv
=0
G109 = (a(om) (b)) Dugsit () Vo = (@(am) ) (b (@om©) " Ditse
(7 ! s "
;} <7,,> Z |: CL(( ) b)((m—l—n—r))c ®1 0 ((a((r))b) )} —

together with

m m "
- <b<<n;L>>a<<m>>C — a@um)b@yc+ Y <T > (@) b)(mtn—r) C) wlikjiio
r=0 Y

(3.11) = —(b(( ) (@) )tk (@) i + )t (@(@m) (b)) kjsin

- Z ( > Z [ () 0) (mn—r)€ @1 38((a((r))b)')}

Combining these computations, we can write the left-hand side of (3.9) as (3.10)+(3.11). By
the Jacobi identity (3.1c) and its alternative form (3.3), both (3.10) and (3.11) vanish, as de-
sired. O

ul;kj;iv '

Corollary 3.6. The equivalence of definitions of double Poisson vertex algebras given in
Proposition 3.4 induces on representation spaces the equivalence of the corresponding Pois-
son vertex algebras as in Proposition 2.1. In other words, the diagram depicted in Figure 4 is
commutative.

Proof. We start as in Definition 7 with homomorphisms a,)—: V — V®2 for each a € V.
We can get a unique structure of Poisson vertex algebra on Vy satisfying (3.6) which, through
Proposition 2.1, yields a unique structure of Poisson vertex algebra on V; the corresponding
A-bracket is completely determined by

)\n
(3.12) {aijab} = Z az;(n by = ZH(a((n))bﬁj(a((n))b)g/z-

n=0 n! n=0
Alternatively, we get a unique structure of double Poisson vertex algebra on V in terms of a
double A-bracket through (3.4) which is then induced on V through (2.26) and this yields
)\n
(3.13) {aijabr} = faably; €anbdi =D (@) (@) )i

n>=0
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(Definition 7) Prop. 3.4 (Definition 6 [DSKV])
—(n) " VxV— vy®2 {——}: \/@2_>\/®2[)\]
(2.26) (3.6) from [DSKV]
Prop. 2.1
_(n)_:vN xVy — Vy P {—)\—}:W%QHVN[)\}
(Definition 2) (Definition 1)

FIGURE 4. Top: Correspondence between the definitions of double Poisson
vertex algebra on a differential algebra V. Bottom: Classical correspondence
between the definitions of Poisson vertex algebra on representation algebras
Yy for N > 1.

which coincides with the expression found previously. A similar computation holds if we start
with the a double Poisson vertex algebra as in Definition 6 with a double A-bracket. O

4. RELATING DOUBLE POISSON ALGEBRAS AND DOUBLE POISSON VERTEX ALGEBRAS

4.1. Morphisms. If §: A; — A, is a morphism of algebras, let §?: A?Q — AS@Q be the
unique map obtained from the universal property of A?z that makes the following diagram
commutes

Definition 8. For i = 1,2, let (A;, {—, —},) be a double Poisson algebra. A morphism of
algebras 6: A1 — Ao is said to be a morphism of double Poisson algebras if for any a,b € Ay,

(4.1) {6(a),0(b)}, = 0°%({a,b},).
We denote by DPA the category of double Poisson algebras (over k).

We can introduce the above notation for a morphism 6: Vi — V, of differential algebras.
We denote in the same way its extension as a k[A]-linear map 0: Vi [A] — Va[A].

Definition 9. For i = 1,2, let (V;,0;, { —x—1},) be a double Poisson vertex algebra. A mor-
phism of differential algebras 6: Vi — Vs is said to be a morphism of double Poisson vertex
algebras if for any a,b € V1,

4.2) £0(a)0(b) 5 = 0%%({arb},) -

Equivalently, if we see (V;, 0;, — (), —) as a double Poisson vertex algebra according to Def-
inition 7, we require that for any a,b € V; and n € Z>,

We denote by DPVA the category of double Poisson vertex algebras (over k).
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4.2. From Poisson vertex to Poisson. Denote by (Comm)Alg, respectively (Comm)DiffAlg,
the category of unital associative (commutative), respectively differential, algebras over k.
Given a differential algebra V, denote by (0V) the two-sided ideal generated by im(0) in V.
We have the following universal property, where we omit the reference to k.

Lemma 4.1. The algebra V /(0V) is unique up to isomorphism such that
HOmAlg(\//<a\/>7 A) ~ HomDiﬁAlg (\/7 A)

for any algebra A, endowed with the trivial differential on the right hand side.

We denote by a +— @ the algebra homomorphisms ¥V — V /{OV) and V&% — (V/{9V))®?
where we quotient out by the ideal generated by im(9r) + im(9g) in V€2, If (V, {—r—}) is
a double Poisson vertex algebra, then V /{(OV) equipped with the linear map

f— =} v/v) xv/ov) = V/@av)@v/@v), {ab} = {ab}io,
is a double Poisson algebra. This construction extends to a functor Q: DPVA — DPA,

The second part of the lemma is an analogue to Lemma 2.3. The proof does not pose any
major difficulty, so we omit it.

Remark 4.2. The result generalises the observation from [DSKV] that for an associative alge-
bra A equipped with the zero differential 9 := 0y, a structure of double Poisson vertex algebra
with A-bracket {—\—J} turns (A, {—x—} |x=0) into a double Poisson algebra.

4.3. From Poisson to Poisson vertex.

4.3.1. Jet algebras (commutative setting). Let A be a unital commutative algebra. There ex-
ists a unique (up to isomorphism) differential algebra J., A, called the jet algebra of A such
that:

HomCommDiffAlg (jooA, B) = HomCommAlg(A, B)

for any differential algebra (B,d). We refer to [AM, Lemma 1.1] for a proof. An explicit
construction of JA is presented in §4.3.2 (where we do not require the algebra to be com-
mutative).

Lemma 4.3 ([A1, §2.3],[AM, §4.2]). Assume that (A,{—,—}) is a Poisson algebra. Then
there exists a unique \-bracket {—x—}: JooA @ JA — JTxA[N on the jet algebra Joo A
which satisfies for any a,b € A,

(4.4) {axb} :={a,b} ie. apyb:=dno{a,b}, Vn=0.

Moreover, this construction extends to a functor J: PA — PVA,

4.3.2. Jet algebras (associative setting). Fix an associative unital algebra A. We form J,A
as the algebra generated by symbols

), ach keZs,

subject to the following relations for any a,b € A, o, 5 € kand k € Z>,

ko A
4.5 9 (aa+ Bb) = ad*(a) + BO*(b), OF(ab) = ( > & (a) 8" (b).
o \J

j=
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When k = 0, the relation 9°(ab) = 0°(a)d°(b) for any a,b € A yields an embedding of A
into JeoA through a — a := 9°(a) for each a € A. By construction, if },.; a; = 0 in A for
some elements a; of A, we remark that Y, ; 0%(a;) = 0 in JoA for each k € Z5(. We also
see that 9%(a)) = 0 for any o € k C A whenever k > 1. There naturally exists a derivation
0 € Der(JxA) which is uniquely determined by

(4.6) (8% (a) == 0" (a), forallaech, keZs.

Its expression on an arbitrary element of 7, A is obtained recursively using the derivation rule
d(fg) = fo(g) + O(f)g for any f, g € JsoA. The differential algebra (A, 0) is called the
Jjet algebra of A.

Example 5. Consider the free algebra Fy = k(zy,...,2¢) on £ > 1 generators. Then the
jet algebra of Fy is JooFy = (0%(21),...,0%(2y) | k € Z=0) equipped with the derivation
satisfying 0: 0% (x;) +— OFF'(x;) for any 1 < i < £. Thus JF} is the differential algebra
freely generated (as a differential algebra) by ¢ generators.

Example 6. Consider A = k(x1,...,zs)/{f1,..., fr), where we take the quotient of Fy by
the (2-sided) ideal generated by fi, ..., f, € Fy. By construction, the jet algebra of A is

Tooh = (0% (1), .., 0 (w) | k € Z20) /(0" (f1)s - O (fy) | k € Z20)
which is obtained by quotienting out 7, F; by the ideal generated by the elements 0% (f) €
JooFy withk € Zopand 1 < s < r. Fork > 1, Bk(fs) is understood as being obtained

by applying k times the derivation 0 € Der(JuxFy) to the image 0°(fs) of f, under the
embedding Fy — JoFy.

We now establish the universal character of J,,A. Recall that a morphism of differential
algebras 0: (Vq,01) — (Va,0s) is such that (0 (v)) = 92(0(v)) for any v € V;.

Lemma 4.4 (Analogue of Lemma 1.1 in [AM]). For any unital associative algebra A, there
exists a unique (up to isomorphism) differential algebra J..A such that

4.7) HomDiffAlg(jooA7 \/) = HomAlg(Aa V) )
for any (associative) differential algebra V.

Proof. The uniqueness of J.,A follows by applying Yoneda’s lemma. It remains to check that
the definition of J,,A given above satisfies the desired universal property.

For a fixed differential algebra (V, dy), a morphism of algebras 6y: A — V uniquely ex-
tends to a morphism of differential algebras 6: (JsoA,0) — (V,0y). Indeed, as A embeds
into JA, compatibility with the derivations completely determines 6 from its value on A by
requiring 6(9"%(a)) = 9 (0(a)) for any a € A. Given 0: (Jah,d) — (V,dy), we get a mor-
phism of algebras 6y: A — V by considering the restriction of # to the subalgebra A C JoA.
It is direct that # and 6y correspond to one another. O

4.3.3. Double Poisson vertex algebra structure on jet algebras. Recall that we embed A in the
jet algebra JooA through a — a := 0°(a).

Lemma 4.5. Assume that (A, {—,—}) is a double Poisson algebra. The jet algebra JooA
admits a unique structure of double Poisson vertex algebra satisfying for any a,b € A

(4.8) {{a)\b} = {{a, b}} ie. a((n))b = 5n,0 {{a, b} 5 Vn = 0.
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Proof. By Proposition 3.4, it suffices to establish the result for the double A-bracket before
writing the double products using (3.5). By sesquilinearity (2.22a), if the double \-bracket is
well-defined, it is given on generators of 7., A by

4.9) {{8’“(@),\8l(b)}} = (=@ + N'({a,b}), abeh, ke Zs,

and then it is extended to J,A through the left and right Leibniz rules (2.22b)—(2.22¢). In
order to have a well-defined A-bracket, we have to check compatibility of the expression (4.9)
with the defining relations (4.5) of JoA. It is clearly compatible with the first relation of
linearity since the double bracket {—, —} on A is linear. For the second relation, we compute
forany v € Joo(A), a,b € Aandl >0

(4.10)
j) Lo @ (v)))

foran}) -3
_)al—ﬂ( YA+ ) ({uab}) +§l:< > (A + 0 (fora )0 (b)
7=0

> (1) (1) (@) + - (tumapt o) ¥,

i=0 j=i

after successively using the second relation in (4.5), the left Leibniz rule (2.22b), then
sesquilinearity (2.22a). Meanwhile, we compute
4.11)

{{v)\al(ab) }} - El: (i) 8 (a urb} + fural )X
=0
=SS ()5 (¢ @ty + 8 s 0) ¥,

after successively using sesquilinearity (2.22a), the left Leibniz rule (2.22b), then the fact that
0 € Der(A®?). After setting j = [ — j' in the last expression of (4.11), we recover the one of
(4.10). An easier computation yields that {{ d'(ab) ,\v}} is independent of the way we compute
it; this also follows from our previous computation and the skewsymmetry property.

We prove that skewsymmetry (2.24a) and the Jacobi identity (2.24b) hold. Thanks to the
Leibniz rules, it suffices to check skewsymmetry on generators of J,,A. This is direct by
looking at (4.9) as this identity implies

oo OO A @ = =N+ O ({1, ah) = (N O+ ) ({a,b])

by the skewsymmetry (2.17a) of the double Poisson bracket. For the Jacobi identity (2.24b),
we remark by [DSKV, Lemma 3.4] that we only need to check this identity on the elements
of A C JsoA. Due to (4.8), it is easy to see that

far fouchl, — 0w fareh by — {Harthapuef}
- {{a7 {{bv c}}}L - {{67 {{a7 c}}}}R - {{{{av b}} 70}}L )

and this is zero due to the Jacobi identity (2.19) of the double Poisson bracket. O
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Proposition 4.6. There exists a functor J: DPA — DPVA which associates to a double Poisson
algebra A its jet algebra JooA equipped with the structure from Lemma 4.5.

Proof. Clearly there is a unique way to extend a double Poisson morphism 6: A; — As as a
morphism of differential algebras J, A1 — Joofo, that we still abusively denote by 6. We
need to prove that it is actually a morphism of double Poisson vertex algebras with respect to
the structures { —\—}, on A; defined in Lemma 4.5. Consider a,b € A and k, [ > 0. Since 6
commutes with 0 and A, and extends a morphism of double Poisson algebras, we have

fo2 {{6%,\6%}}1 = 0%2(= )k + \)! fa, b}, = {{ea’fawalb}}Q
as wished. |

4.4. Going to representation spaces. Denote by PA and DPA the categories of Poisson and
Poisson vertex algebras over k. For every N > 0 we have representation functors

(4.12) (—)~: DPA — PA and (—)n:DPVA — PVA.
The functors J: DPA — DPVA and Q: DPVA — DPA have commutative analogues, see §2.2.2.

Theorem 4.7. The following diagrams commute:

Q J
DPVA —— DPA DPVA «<—— DPA
(=)~ (=)~ and (=)~ (=)~
PVA — PA PVA <— PA

The theorem will be proved in §4.4.2.

4.4.1. Functoriality of (4.12). We follow the conventions from §2.1.5. Fix N > 1. We check

that (—) 5 : DPVA — PVA is a functor; one gets the functoriality of (—) : DPA — PA similarly.
The functor is defined on objects through Theorem 2.7. (Below we use the language of

A-brackets, but the reader could start with Theorem 3.5 instead.) Given a morphism in DPVA

0: (V1,01 {—a—}1) — (V2,00 {—2—}2)

we directly get a unique morphism of algebras On: (Vi)y — (Va2)n satisfying Oy (a;;) =
6(a)i; forany a € Vy and 1 < 4,7 < N. This is a morphism of differential algebras since
On(91(aiz) = On(O1(a))iy) = (0 0 Di(a))ij = (82 0 0(a))i; = D2(0(a)i;) = D2(On(ass)-
Finally, using the notation (3.8), we have for generators a;j,by; € (V1)n that (2.26) reads
{aijabrit1r = (faxbly)xjpu- Thus
On ({aijabu}1) = On(farb})rja) = (092 (Larb} i

= ({0(@)A0(0) }2)kjia = {0(a)ija0(D)rit2 = {On (aij)AON (bri) }2

where in the second and fifth equalities we used the definition of  while in the third we used

that 0 is a morphism in DPVA. By the Leibniz rules, we get On ({uxv}i) = {On(u)xOn(v)}o
for any two elements u, v € (V1)n.
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4.4.2. Proof of Theorem 4.7. Consider a commutative differential algebra V. Recall
from [BKR, (2.15)] and references therein that (—)x: kAlg — kCommAlg is left adjoint
to — ®k My (k), where My denotes the algebra of square matrices of size N. We omit the
reference to k in the sequel. We have by universality

HomCommDiffAlg(joo (AN)a V) = HomCommAlg (ANa V)
= HomAlg(A, Vv ® MN)
= HomDiffAlg(jooA7 V® M),

thus we have an isomorphism ®,: Joo(An) ~ (Joo(A))n of differential algebras. After
picking a presentation of 7o, (A ) with generators 8"“(@@-]») where k > 0,a € A,1<i,7 <N,
and similarly a presentation of (7. (A)) N with generators (0%(a));;, the identification then
becomes (0% (a;;)) = (0%(a))ij. Next, we have to check that @, is compatible with the
induced A-brackets. This directly follows by applying ®, to

{0%(ai)20" (b))} =(=N)* (A + 9)"{aij, bus} (by Lemma 4.3),
=(=N*\+9) {a, b} i (by Theorem 2.5),

and comparing with
{(0* ()i (0 (D)1} =< {{8’“(@),\84(6) }} >kj;il (by Theorem 2.7),

- <(—)\)k()\ +0)" {a,b} )k y (by Lemma 4.5).
73
In particular, it means that ®»: Joo(An) =~ (Joo(A)) N is an isomorphism of Poisson vertex
algebras. To conclude that the right hand square commutes, it remains to check that a mor-
phism 6: Ay — Ao in DPA induces isomorphic morphisms, under J o (—)x and (—)y o J.
Denoting both morphisms 6 by an abuse of notations, this follows from the fact that

Dp, 00N = 0N 0 Pp: Too(B1)N) — (Too(B2)) N
is a morphism in PVA which can be obtained from our previous computations.

Commutativity of the left-hand square is obtained in the exact same way. Using universality
from Lemma 4.1, we get for any differential algebra V an isomorphism V /(9) ~ (V/(9))n
in CommAlg. To get the compatibility with the Poisson algebra structures, we need to apply
Theorem 2.7 then Lemma 2.3 to define the Poisson bracket on V /(0), while we need Lemma
4.1 and then Theorem 2.5 to define the Poisson bracket on (V/(0))n.

Example 7. Consider the double Poisson algebra A = k|a] as in Example 1 with & = 1 and
B =~ = 0. After taking jets, JooAN =~ (Jool)n is k[al(-f) | £ >0,1<1,j < N]equipped
with the derivation 0: ag) Z(fﬂ). Using (2.21), the Poisson vertex algebra structure on
JooA N is obtained from the A-bracket uniquely determined by

= a

(4.13) {aijran} = ag;dq — Onjaq .

This A-bracket is induced by Theorem 2.7 from the double Poisson vertex algebra structure on
Joo given in Example 4 with € = 0. (Note that applying the functor Q to Example 4 for any
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€ € k yields Example 1 with @« = 1 and § = v = 0.) As described in §2.1.5, both Ay and
TP are equipped with a GL y-action given on the latter by
N
g-al) =3 (g Vaay)ey.  9€CLy, 1<ij <N, £20.
k=1

As it will be observed in §6.2.1, it is more appropriate for our purpose to consider the action of
Joo GL instead of that of GL . In the next section, we first study in a more general context
the action of the jet scheme 7., G on the jet algebra 7, A induced by an action of an algebraic
group G on a commutative algebra A = SpecY’.

5. INVARIANTS AND POISSON VERTEX ALGEBRAS
In this section, we assume that k is algebraically closed and of characteristic 0.

5.1. Jets of an action and their invariants. We start by reviewing some constructions related
to jet algebras/schemes that can be found e.g. in [AM, Chapter 1].

Let A be a unital commutative algebra of finite type over k, and write Y = Spec(A). Let
G be an affine algebraic group with a left action G x Y — Y. Dually, we have a morphism
of algebras

3.1 p: A—K[GI® A,

which uniquely gives rise to a morphism of differential algebras

(5.2) Poo: To(A) — Too(k[G]) @ Too(A) -

Le., the (ind-)group scheme J(G) := Spec J (k[G]) acts on J(Y'). We get a left action
of Gon Aby (g- F)(y) == F(go! -y)forg € G, F € A, y € Y, and similarly we
have a left action of J,,(G) on Juo(A). Hence, we can define the subalgebras A® C A
and Joo (A)7>(G) ¢ T, (A) of G- and J(G)-invariant elements, respectively. Denoting
1 A" k® A — k[G] ® A, we can see that AS = ker(p — 1) while J(A)7~(G) =
ker(poo — too). Since jets of morphisms respect the differential algebra structure on the jet
spaces,

(5.3) (oo — Loo)(OFF) = 0%(p—¢)(F)) =0, VFe A% k>0.

Hence the morphism 7, (A%) — J.(A) induced by the inclusion AS — A factors through
the following natural morphism of differential algebras

(5.4) jat Teo(AG) — (Too(A) TS

Note that j 4 is functorial in A, seen as an element of the category of differential algebras with

a G-action. In general, the morphism j 4 is neither injective, nor surjective. For example, if G

is finite nontrivial and A is a G-module, then j4 is not surjective ([LSS, Theorem 3.13.]); if

G = SLz and Y = (k3)®0 is the direct sum of six copies of the standard representation, then

Jk[y] 1s not injective ([LSS, Example 6.6])°. See [Ish] for other interesting counter-examples.
There are, however, interesting examples where j 4 is an isomorphism.

Example 8. If G = GLy and Y = (k™)® & ((k™¥)*)®? is a sum of p copies of the standard
module and g copies of its dual, then ji [y is an isomorphism due to the main result of [LSS].
We will see in §7.2.5 an interpretation in term of quivers of this example.

3In this example, the kernel of ji [y consists of nilpotent elements, and Jo (Y /G) is not reduced.
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We refer to [LSS, LS] for other examples where the morphism (5.4) is an isomorphism in
the case where G = SLy, GLn, SOy or Spyyy, and Y is a finite-dimensional G-module such
that Y/ G is smooth or a complete intersection.

Example 9. Let G be a connected reductive group with Lie algebra g. The group G acts on
g and its dual by the adjoint and the coadjoint action, respectively. It is well known since the
works of Kostant [Ko] that g* /G is an affine space of dimension the rank of g, that is, k[g*]*
is a polynomial algebra in the rank of g variables. By a deep result of Rais and Tauvel [RT],
obtained independently by Beilinson and Drinfeld [BD1] (see also [Mu, Appendix]), we have

(Tocklg™])) 7~ = T k[g*]C.

5.2. Structure of invariants for Poisson vertex algebras. Assume from now on that A is
equipped with a Poisson bracket and that G acts by Poisson automorphisms. Note that the
jet algebra J.,,(A%) is a Poisson vertex subalgebra of J.,(A). Indeed, we compute that
{07 (F)\0°(Q)} € Tao(AG)[N] for any F,G € AS and r,s > 0 due to the Leibniz rules
and the fact that {F\G} = {F,G} is G-invariant. The following theorem guarantees that
(JsoA)7>G is also a Poisson vertex subalgebra of J.,(A), and therefore the morphism j4
(5.4) intertwines the A-brackets.

Theorem 5.1. Let A be a unital commutative Poisson algebra of finite type over k, and G
an affine algebraic group which acts by Poisson automorphisms on A. Then the invari-
ant algebra (JooA)7>G is a Poisson vertex subalgebra of JooA. Moreover, the morphism
Ja: Tso(AF) — (T A)T=C is a Poisson vertex algebra morphism.

The rest of the section is devoted to the proof of this theorem.

5.2.1.  Assume first that G is connected, and let g be the Lie algebra of G. Then Jg = g[¢]
is the Lie algebra of 7., G (see e.g. [AM]), and connectedness implies that

(jooA)jOOG - (jooA)Joog7
where
(TocA)7>9 = (Too A = {0 € TooA | zya = 0forall z € g, k € Zs0},

with zya = (zt¥).a given by the infinitesimal action of xt* € g[[t] on J.A. Since G
acts as Poisson automorphisms on A, the Lie algebra g acts on A by derivations for both the
commutative and the Poisson algebra structures on A. Let Y := Spec A. The left action
G x Y — Y induces a left action, 7o G X JY — J Y, and so an algebra morphism

Therefore, the Lie algebra g[t] acts on J, A by derivations for the commutative algebra struc-
ture. The action of g[t] on J A is entirely determined by the action of g on A as follows:
l!

(5.5) 2y (0'a) = (1= k)!

0 otherwise,

0= F(x.a) ifk<I,

for k,l > 0 and a € A. In particular, x(gya = z.a. We start by establishing a number of
identities.

Lemma 5.2. Leta,b € J oA x € gandn,k,i € Z>o.
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A !
(1) (@a)nh = dien (1)1 ran-ab

n—1)

() z()(0a) = O(x(xya) + k1),
) . ) k! )
(3) 2@ (0'a) = O (z(ya) + > <€> maz_eﬁﬂ(k—e)a,

/=1
‘ ‘ - nl
4) x(k)((aza)(n)b) = (820,)(”) (m(k)b) + 5,<n(—1)2f(x(o)a)(n_Hk)b, (a S A),
(n—1)!

where di<; = 1 if i < j and is zero otherwise. As a rule, our convention is that x(,)b = 0, or
a(n)b = 0, whenever n < 0. So for instance, one has omitted dy<y, in the identity (3).

Proof. In order to prove the above identities, one can assume that
(5.6) a=090"a;...0"a, and b=0"by...0%"b,
with iy, j,, > 0 and a;,b; € A.

(1) This is a direct induction from the identity (2.15a).

(2) Since z () acts as a derivation, we have by (5.5):

) l . .
T(pya = Z@ fay ...z (0 “ag L Oa, = Z@“al #81‘3_16(36.@@) ...07a,
leferentlatmg the above identity, we get

% i ZZ' ip— ir
d(z(ra) Z > 9"ar...0 +1am...5k<umae Fz.ap)...0"ay

=1 1<m#AL<Lr

L n 4 4
+ Z 6“@1 5k<12m6”+17k(:6.a4) e aZT(IT.

On the other hand, we have:

. 1! .
x(k 8@ Z Z an ) alerlam e 5k<izmau k(x ag) 3%@,"

=1 1<m#AL<Lr

L +1 . .
+ Z 0"ay ... Ok<ip+1 e (ie ) diett k(m.ag) .. .0"a,

+1—k)!
We can now prove the identity (2). For k = 0,

(o) ( (0a) Z Z May .. 8im+1am...3i‘(aﬁ.az)...8“ar

(=1 1<m#AlLr
T
+ Z ailal C 6”*1(3:.@@) S 8irar = 6(:{3(0)&)
whence (2) for k = 0. Fork > 1

r .
|
. . iy .
Z Z 8“(11 e 8lm+1am e (5k<iemaw k(CC (Zg) 6“ar
l=1 1<m#ALLr ¢
]

r . - i
+ Z(Zﬁ +1)0"ay .. 6k;<25+1( &

78”“_1“(:6.&4) . 0a,
— +1—k)!



FUNCTORIAL CONSTRUCTIONS RELATED TO DOUBLE POISSON VERTEX ALGEBRAS 29

Hence,

) 20! .
() (30, Z Z 8“@1 8zm+1am e 5k<izﬁalf k(x a,g) 3zrar

(=1 1<m#ALLr
T .
. . il . .
+ Z(W +1—-k)0"ay ... 0p<ipt1 ﬁazﬁl M(a.ag)... 0" a,
=1
)l

T ) i
+ k?za”al 5k<w+1%

io+1—k Ty
+1_k)8 (x.ap)...0"a,

Note that the last term of the sum is nothing but z(,_yya. If & ¢ {i1 +1,... 7, + 1}, we get

) im+1 ) i' io—k ip
() (0a) = Z > oha...0 am...(skgui(”_k)lae (z.a0)...0"ay

=1 1<m#AL<Lr

L i, . ;
+ Z May ... 5k<ilm8”“ F(z.ag)...0"a, + k(zx-1)a)

= a(CC(k)CL) + k(x(k_l)a).

If k =i;+1forsome j € {1,...,r}, then

. ! .
T(y)(0a) = Z Z May...0m a,,... 5;6@@#3” k(x ag)...0"a,
(=1 1<mAl<r ¢
i i ik i
+ Z 31a1 5k<lzmaz (xag)a Ay +k(1’(k,1)a)

1<ULr

igFij
J ig! io+1—Fk i
+ iv+1—Fk)0"a; .. 5k<w+178” (x.ap)...0"ay,
ZW TR
1[ l
1! — A
=0(z (k)a) + k( x(k na Z (9“@1 5k<wma”+l k(:ﬂ.ag) ... 0"ay,
1.<Z<"r ¢
=i

= 8(x(k)a) + k:(x(k,l)a).

Indeed, d;<;, = 0 for ¢y = i; since k = i; + 1, whence the identity (2) for k > 1
(3) We argue by induction on ¢, the case ¢ = 1 being proved by (2). We have:

x(k) (62+1a) = Z <2> (k; — ) o Z(@x(k,g)a + (k‘ - f)x(k,g,l)a)
£=0

i+1 .
k! ,
i—0+1 i+1-¢
—z() g e+ 3, L) gl e
i+1 .
i+ 1 k! 5
_Z< > i ot ZCE(k,g)a

by Pascal’s triangle formula, whence the statement by induction.
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(4) We start with the case @ = a; € A, b = 991by, thatis, r = s = 1 and i; = 0 in (5.6).
We have

| il o
T (k) (@(n) 0" b1) = Sp<jy—nOn<jy mah Pz {a, b1}

. 1! -
() (2 ()01 b1) = 5n<jrk5k<jlm5ﬁ*”7k{a7 x.b1}

A o .
(T(1) @) (n)(7101) = 5k=0(5n<ﬁﬁaﬂ {z.a,b1}.

Since z.{a,b1} = {z.a,b1 } + {a, z.b1 }, we get

(k) (@)1 01) = () (2(1)07101) + (2(0)@) (1) (B 01).
Assume now that b = @71b; ... 87b,. Since x(4), a(,) and (2(g)@)(n+r) act as derivations on

the product, we get by the first case:

s

x(k)(a(n)b) :Z Z 8j1b1...a(n)ajfbg...x(k)ajmbm...(?ijs

(=1 1<m#AL<Ls

+ Z@jlbl R x(k)(a(n)(?”bg) R 8jsbs,
/=1

»

= Z (8j1b1)...a(n)aj‘bg...x(k)ajmbm...ajsbs

+ > 071 (A (077b0) + (2(0)@) iy (077D0)) - b

= a(n) (T(k)b) + (T(0)@) (n+1) -
We can now prove the identity (4) for any a € A and ¢ > 0. By the above case and Lemma 5.2,
(1), we get:

i il
() ((0"a) (n)b) = di<n(—1) e i)!x(k)(a(n—i)b)

(=712 (z(yb) + dicn(—1) m(ﬂ?m)a)(n—wmb

i il
= (9"a)(n) (T (k)b) + di<n(—1) (=) (2(0)@) (n—i+k)b,

whence the identity (4). U
We are now in a position to prove Theorem 5.1 in the case where G is connected.

Lemma 5.3. If G is connected, then (JsA)7=C is a Poisson vertex subalgebra of JoA
under the hypothesis of Theorem 5.1.

Proof. Assume that a € (jOOA)g[[t]]. One can assume that a is of the form (5.6). Then z(;ya =
0 for all £ > 0, and so, by Lemma 5.2, (2), we see that x(k)(aa) = 0 for any k£ > 0 as well,
that is da is in (JooA)?l). Next, we have to show that a(,)b is in (T A)%l for any n > 0 if
it is the case for both a and b. Once again, one can assume that a, b are of the form (5.6). Set

Pt =amlamb), St =agy(md), Ry = (@ a)mb
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Our aim is to prove the following formula for any a,b € J.A as in (5.6) (not necessarily
g[t]-invariant):

k

n,a n,a k n a

(5.7) Prt=8rt4> <£> Ry
=0

(The dependence in b will not play any role in the induction so we omit it in the notation.)
If moreover a, b are g[t]-invariant, then so is a(n)b according to (5.7). We show the formula
(5.7) by induction on 7. Remember here that a is of the form (5.6) with r > 1.

e = 1. By Lemma 5.2, (4), we have

i i i n!
(5.8) 2y ((0" a1)(m)b) = (8" a1)(n) (1) b) + iy <n(—1)" m($(o>ﬁ1)(nm+k)b-
We can also compute
k k i
Z / (T(k—0)0"" a1) (n40)b
{=0
k .
. k 5k76<i1 71! il_kMéil,k@ (n+€)'
9 =D (e) -kt Y =i+ ) TOW il

i Gnekanit! = (B (n4 0! (—1)k
SCURS R, (1) 5 S ot

We claim that (5.8) and (5.9) also hold if we replace x € g by some ¢ € A. Indeed, to
establish these identities, the only way g was involved is through (5.5) and the fact that g acts
by derivations on the Poisson algebra A. We can derive (5.5) for x = ¢ (we write {c, a} instead
of x(gya = z.a) by induction, and replace the action of g by derivations of the Poisson bracket
of A with the Jacobi identity in A; this proves our claim.

By the Jacobi identity (2.15¢), we have for a;,c € A, b € Jo(A) and iy > 0

(5.10) c(iy (0™ a1) (myb) = (8" @) (n) (c(i)b) +Z< > —-0)0"a1) (n10)D
which yields after plugging (5.9) and comparing with (5.8):

(5.11)

. k
5i1<n n! 5i1<k+n 77! k (n —|—€)' (_1)k72 B
(n—i1)! (n—i+k) 2. s (i1 — k +0)! (o) tmb =0.

t=k—iy
Note that this identity holds for any such aq, b, ¢ and starting with any Poisson algebra A.
Hence we can assume that (C(O)al)(n_iﬁk)b # 0, and the leading factor in (5.11) vanishes.
Going back to (5.9) in our case of interest, we deduce
k

k A ; n!
7 — 5. 1)
z§=0 <€> (29" 01)n )b = (=1 5 (0 0 n-in iy

‘We conclude that

k
(1) (0™ a1) (nyb) = (8" a1) () (w(1)b) +Z< > 2 (o—0)0" a1) (10,
/=0
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thatis, P,""" = S + Z ( ) "H “1 as expected.

r > 2. Set 02a, := 822(12 ...0"a,. Using (2.16b), we get
Prt=> % (21 (0(0" 1)) ((8%2a9) (n+4yb) + (0"(8™ a1)) (1) (82 a5) (1) D))
+ (201 (0"(0%2a2)) (0™ a1) (nyb) + (8"(92a2)) (1) (0™ a1) (n4)D))) -
Thus, P, = Py kT P » Where
P = 3 2 (0 (00" an) (020) sapt) + (90 an))PL2)

120
Py = 3 5 (G (0 (20) (0 ) aogh) + (01(02a) P )
120
Similarly, ;" = Sflf + 82 +', where
n,a i/ a0 n+i,a n,a 1 i/ A n—+i,a
S ::ZZ (@ anst=), gm0 < ((0Ra) S
i>0 i>0
and R} R’f,‘j + Ry s> Where
n,a i i i i i n+i,a
R = 3 = (0 (0 a0)(02a5) ) + (0D an)) Ry )
i>0
Ry = 3 2 (0 (020)) (0 1) ) + (90 JRET)
i>0
Clearly, it is enough to show:
"k g
n,a n,a n+l,a n,a n,a n+l,a
(5.12) Pi =Sk T Z <£> Rik’es Po) =So) + Z <£> Rok s
(=0
e k= 0. Using Lemma 5.2, (2), and the induction hypothesis, we get:
n,a 1 i ) z
Pl =D = (0 @0) (0" @) (92a5) 1)
120
+ 00" ay) <(822Q2)(n+i) (z@)b) + Rgﬂ’%) ) =81 +Rip-
Similarly, Pyy = Sy + Ry

e k> 1. Using Lemma 5.2, (3), (4), and the induction hypothesis, we get:

k .
n,a 1 7 7 k 1! i i i
,Pl,}c = Z 5 [(8 x(k)(a lal) + Z <€> 7(2 — 6)'8 é(.%'(k,g)(a 10,1))) (6_2Q2)(n+i)b
120 (=1
i (g1 nti,a, e n+i+0,a,
+0'(0"an) (S Y, ) Rl
(=0

k

1 n+i1+£,a n+1i,a

7 [Z( ) (0261 (0" 01) (92) g1 00b + 0 (0" a) R4 ) 4 0 (97 0n) S *]
" Le=0

120
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Similarly,
k
pa _ l Z k (8zx (812a )(aila ) i b+6i(812a )Rn—l—i-i-ﬁ,al)
2,k il / (k—¢) 3 1) (n+i+0) Qo ) gy
120 £=0
1 . . .
+D 0 (0Ray) S
120

Hence, we obtain:

k
n,a k 1 i i i i/ai n+i+l,a
Pt =2 @ > (00 (0" 0) (020) s + (0 an) R

=0 120

6 T(k—0) (6—20,2) (8 al)(nJerré)b + a (alga )Rn-l-z—l—f al)

k
+D (az (0" a)S % + 91 (92ay) Sy ) = Z ( >Rfo’“ +8P
=0

z>0

This shows the formula (5.7) by induction. U

Remark 5.4. Recall from Example 9 that for the algebra A = k[g*] equipped with the induced
coadjoint action of G, the morphism (5.4) is an isomorphism. The Poisson vertex algebra
structure on Jok[g*] can be understood in two ways: from the Kirillov-Kostant-Souriau Pois-
son structure on A = k[g*], or from the 7, G-action on its Lie algebra 7. g, see [AM].

5.3.  We can now achieve the proof of Theorem 5.1.

Proof of Theorem 5.1. First of all, it suffices to show that (J,,A)7>% is a Poisson vertex
subalgebra of 7, A to ensure that j4 is a Poisson vertex algebra morphism. The case where
G is connected has been solved in Lemma 5.3. If G = I is finite, then J,.I' = I" and, hence,
JsoI" acts by Poisson vertex algebra automorphisms on 7, A

For the general case, since G is an affine algebraic group, the component groups I' :=
G/G" is finite. Let {g1,...,g¢} be a finite set of representatives of I' in G so that any
element g of G is uniquely written as g = ¢°¢;, with ¢° € G and i € {1,...,/}. Because
TG = G x g[t] as topological space, any element g of J,,G is also uniquely written as
g =g, with ¢° € 7,0G%and i € {1,...,¢}. Letnow a,b € (JsA)7=C, n € Z-(. Write
g = ¢"¢; as above. Then

9(amb) = ¢°((9:a) (n) (9:)) = ¢°(an)b) = am)d-

The first equality holds because g; acts as a Poisson vertex algebra automorphism; the last
because (Joo A)Y" =G i5 a Poisson vertex subalgebra by Lemma 5.3. Similarly, we get

9(9a) = ¢°g;(0a) = g"(0a) = da.

This concludes the proof of the theorem. U

6. POISSON (VERTEX) REDUCTION

We continue to assume that k is algebraically closed and of characteristic 0. Our goal is
to show the commutativity of the diagram presented in Figure 1. The different categories
appearing in Figure 1 (from top to bottom and left to right) are defined as follows:
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o 7..DPA is the image of the the category of double Poisson algebras DPA inside the cat-
egory of double Poisson vertex algebras DPVA under the jet functor of Proposition 4.6.

e HyP is the category of Hy-Poisson structures (see §6.1.1), while V, HgP is a suit-
able subcategory of that of relative Hy-Poisson vertex structures I%ﬁl (see §6.3.2 and
§6.3.5).

e PAG is the category of Poisson algebras equipped with a compatible action by a group
G, which is a subcategory of PA (see §6.1); JooPAC is the image of PAG inside PVA
under the jet functor of Lemma 4.3.

® PAgry.0 and JsPAqr .0 are the analogues of PAG and J,,PAC after taking G-
invariants (see §6.2.2 for a precise definition).

We have constructed the functors appearing at the top of the diagram in Section 4, and the
other functors are introduced below.

6.1. Poisson reduction and its noncommutative version. Let G be a group. We form the
subcategory PAS of PA as follows. Its objects are Poisson algebras equipped with a group
action of G by Poisson automorphisms. Given two objects A1, Ao, a morphism ¢: A1 — Ao
is a G-equivariant Poisson homomorphism.

Fix a Poisson algebra A in PAG. Write AG for the subalgebra of G-invariant elements in
A. Since G acts by Poisson automorphisms, then it is plain that A is itself a Poisson algebra,
the Poisson reduction of A by G. The choice of morphisms in PAG guarantees that we have
a functor R: PA® — PA when performing Poisson reduction. To fix ideas, if (A, {—, —})
is a double Poisson algebra and N > 1, we are in the above situation for G = GLy and
A = AN equipped with the Poisson bracket induced by Theorem 2.5. In particular, the func-
tor (—)x: DPA — PA restricts to (—)x: DPA — PAGEN, We review the noncommutative
analogue of the Poisson reduction A%LN hereafter.

6.1.1. Hy-Poisson structures. Let A be a (unital associative) algebra of finite type over k. We
consider the vector space Hy(A) := A/[A, A] for [A, A] the k-linear subspace of A generated
by commutators ab — ba (a,b € A), which is the 0-th Hochschild homology group of A. We
denote by ay € Hy(A) the image of a € A under the natural projection A — Hy(A).

Definition 10 ((CB]). An Hy-Poisson structure on A (or on Hy(A)) is a Lie bracket
[=,=ls: Ho(A) x Ho(A) — Ho(A),  (ag,by) — [ag, byl ,

such that for any a € A, the k-linear map [ay, —]4: Ho(A) — Ho(A) is induced by a map
0, € Der(A).

Definition 11 ([F]). For i = 1,2, let A; be endowed with an Hy-Poisson structure [—, —] ;.
A morphism of algebras ¢: Ay — Ay is a Hy-Poisson morphism if the induced map
®: Ho(A1) — Ho(Az) is amorphism of Lie algebras with respect to the Lie brackets [—, —]; ;.

We denote by HyP the category of Hy-Poisson structures, whose objects are given by algebras
equipped with an Hy-Poisson structure, and whose morphisms are Hy-Poisson morphisms.

Forany N > 1 and a € A, define the element tr(a) := Zj\;l a;;j € An which is invariant
under the action of GLy by (2.10); hence we get a morphism of algebras try: A — A%LN ,
the trace map. We write tr := try if it is clear from the context that we work with the N-th
representation algebra. We see that [A, A] C ker(tr), hence we get a linear map Hp(A) —
A%LN which we also denote by tr. The subalgebra of A%LN generated by the image of the
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trace map coincides with A%LN as A is of finite type, see [CB, Remark 2.3]. We can then
summarize the role of Crawley-Boevey’s Hy-Poisson structures as follows.

Proposition 6.1 ((CB]). Assume that A is equipped with a Hy-Poisson structure [—, —]ﬁ. Then
there exists a unique Poisson bracket on A%LN which satisfies for any a,b € A,

(6.1) {tr(a), tr(b)} = tr([ay, bs]s) -
Furthermore, this construction defines a functor tr: HoP — PA.

Proof. The first part is [CB, Theorem 1.6]. The second part follows from [F, Proposition 5.9].
Explicitly, a Hy-Poisson morphism ¢: A; — As induces a unique morphism of algebras

(6.2) () (AR — (M) 3
defined on generators by try (¢)(try(a)) := try (p(a)), a € A1, and it respects the induced
Poisson brackets. U

Following Van den Bergh, let (A, { —, —}) be a double Poisson algebra. Composition with
the multiplication on A yields a linear map mo {—, —} : A® A — A. Furthermore, by [VdB,
§2.4] this map descends to Hy(A) through

(6.3) [—, —]ﬁ: HQ(A) X HQ(A) — Ho(A), [aﬁ, bﬁ]ﬁ = (m o {{a, b})ﬁ y

where on the right-hand side a,b € A are arbitrary lifts of ay,b; € Ho(A). The following
result follows from [VdB, Lemma 2.6.2] and [F, Proposition 5.3].

Proposition 6.2. The map [—,—]; on Ho(A) defined through (6.3) is a Lie bracket, hence
it endows A with an Hgy-Poisson structure. Furthermore, if A1, Ay are equipped with double
Poisson brackets and 0: Ay — A5 is a morphism of double Poisson algebras, then 0 is a
Hy-Poisson morphism for the corresponding Hy-Poisson structures obtained through (6.3).

As a consequence of this proposition, we get a functor §: DPA — HyP.
6.1.2. General commutativity of the front face.

Proposition 6.3. Fix N > 1. The following diagram is commutative:

DPA Ch pAGLN A——— Ay
f R l
HoP N PA Ho(A) —— pSn
Proof. Given (A, {—,—}), we end up with the commutative algebra A%LN if we use both

sides of the square. In fact, the two Poisson brackets obtained on A%LN coincide by [VdB,
§7]. Indeed, computing the Poisson bracket of elements tr(a), tr(b) € A%LN ,a,b € A, with
respect to these two approaches gives, respectively,

N N
{tr(a), tr(®)} = Y {ajj,bi} = Y fa. by fa. b}, = te(fa, 0} fa,b}"),

Jik=1 g,k=1
{tr(a), tr(b)} = tr([ay, bs]s) = tr(m o {a,b}),

(6.4)
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after using (2.20) in the first line, or (6.1) and (6.3) in the second line.

It remains to check that the two compositions of functors act in the same way on morphisms.
Fix a morphism of double Poisson algebras : A; — As. By spelling out the functors, we
obtain the morphisms R(0y), try (£(0)): (Al)%LN — (AQ)%LN given on tr(a), a € Ay, by

R(ON)(tr(a) = Y On(aj) = Y (8(a));; = tra(6(a),

(6.5) 1<GEN 1<GEN
b ((0)) (tr(a)) = try ((0)(a) = trn(6(a).

Since a morphism (Al)%LN — (Ag)ﬁLN is uniquely determined by its value on generators,
the two images of 6 coincide as expected. O

6.2. Reduction in the Poisson vertex setting. We define the two nodes that appear at the
bottom, on the back of Figure 1.

6.2.1. Invariants of jet algebra. In analogy with the construction of PAG, we could be con-
sidering a Poisson vertex algebra (V,0,{—x—}) endowed with a left action of the group
G by Poisson vertex automorphisms. This means that for any g € G, the automorphism
g-—:V — V satisfies

6.6) g-OF)=08(g-F), g-{PG={(g-F)g-G)}, FGeV.

By restriction, the subalgebra of G-invariant elements V' is equipped with the differential
and the A-bracket from V, hence it is a Poisson vertex algebra.

Assume that A is an object in PAS. Consider V' := 7, (A) with the Poisson vertex algebra
structure described in Lemma 4.3. We can extend the G-action of A to V' by requiring that
the first equality in (6.6) is satisfied; the second equality in (6.6) will then also hold as it is
satisfied for F , Ge ACV.Asinthe previous paragraph, we can consider the Poisson vertex
subalgebra VG C V. Nevertheless, VG = J,,(A) will be far too big compared to Jo, (A)
in most situations, as can be seen e.g. in Example 10 below.

Example 10. Let A = klu;; | 1 < 4,j < N]J be the algebra of functions on gl en-
dowed with the adjoint action of GLy by conjugation. (The choice of Poisson bracket
on A is irrelevant.) It is well-known that AGL'N is generated by tr(u),...,tr(u"), where
tr(uf) = D iyoip Wiris *** Wiiy - Meanwhile, we can realise V' = Jo(4) as ]k[ug) | 1<
i,7 < N, r > 0] endowed with the differential J: uz(;) — u( ). Then V inherits a GL -

action compatible with d by conjugation of each ‘matrix” u(") := (UZ(;))lgi, j<nN. Any function

tr(u)?) = i ug)u%), r > 1, belongs to VEEN but not to Joo (ASHN).

For this reason, we consider a different construction of the algebra of invariants, which is
more natural from the point of view of jet algebras and arc spaces. Assume from now on
that A is equipped with a Poisson bracket and G acts by Poisson automorphisms as in §6.1
(i.e. A is an element of PAS). Equip J4,(A) with the Poisson vertex algebra structure induced
from A under the functor J: PA — PVA of Lemma 4.3. We remark that 7,,PAG := J(PAG)
is a subcategory of PVA. Its objects inherit an action of 7, (G) such that its morphisms are
Joo(G)-equivariant. Indeed, if ¢: Ay — Ay in PAG, then its G-equivariance amounts to
p2o ¢ = (¢ ® Idyg)) o p1 where p; is the coaction of A; from (5.1), hence we have an
analogous equality for ¢oo: Joo (A1) — Too(A2).

As a consequence of Theorem 5.1, we get a functor R : JooPAS — PVA.
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6.2.2. Commutativity of the right face. Fix an affine algebraic group G. We form the category
PAg.o as follows. An object in PAg.q is a pair (A, AG) where A is a commutative algebra
equipped with a left action of G and the subalgebra A of G-invariant elements is endowed
with a Poisson bracket. A morphism ¢ : (A1, A%) — (As, AS) is given by a G-equivariant
morphism ¢ : A; — As of commutative algebras that restricts to a morphism ¢ : AF — A
of Poisson algebras. We can obviously rewrite the Poisson reduction functor R : PAG — PA
from §6.1 as a functor R : PAG — PAg.o. We can also rewrite the functor try : HoP — PA
from Proposition 6.1 as a functor try : HoP — PAqy, ;0 defined on objects by try : A
(AN, A%LN ) because we only need to see Ay as a commutative algebra. In particular, we can
rephrase the commutativity of the front face from §6.1.2 as the equality of the functors
DPA ¥ pASLY BLppgr o0 DPA - HgP YN PAgr, ..

Next, we define the category J..PAg.o having objects (T (A), Joo(AS)) for any
(A, AG) € PAg.o and whose morphisms are jets of morphisms in PAg.g. Note that we see
Jso(A) as a differential algebra while J,,(A®) is seen as a Poisson vertex algebra. We can
then rewrite the jet functor J : PA — PVA as a functor J : PAg.0 — JxPAg.o0-

We shall abuse notation from now on and we simply write an object (A, A%) in PAg,o as
AG, and do the same in JsoPAG:0.

The introduction of the categories PAg.o and J.PAg;o has the following advantage : the
morphism j4 (5.4) can be lifted to a functor J) JxcPAg,0 — PVA. Indeed, if ¢ :
Too (Af') — joo(Ag') is a morphism in J.PAg;o, it must be the restriction of the jet ¢ :
Joo(A1) — JTx(A2) of a morphism ¢ : Ay — Ay in PAG. Since the G-invariance of ¢
implies that ¢ is Joo (G)-equivariant, we obtain trivially a commutative diagram

JAs
Joo(AF) = Joo(41)7>(S)

JA;
joo(Ag) ’ JOO(AQ)JOO(G)
from which we see that j_) sends the restriction Joo (AT) — Joo(AS) of ¢ : Too(A1) —
Joo(As) onto the restriction Joo (A1)7>(G) — T (Ag)T>=(G),
We are now in position to prove the commutativity of the right face of Figure 1. In full
generalities, the next result holds.

Lemma 6.4. The following diagram is commutative

J

PAG JoPACG A T (4)
PAG: — JacPAci) —— PVA AG — Too(AG) —— T (A4)7=(G)

Proof. Starting with A € PA®, we end up with the differential algebra 7. (A)7>(G) under
both functors. At the level of the Poisson (vertex) bracket, note that under R (or Ry, and J(-))
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we restrict the bracket to an invariant subalgebra of A (or J,.(A)). Thus comparing the A-
brackets obtained under the composite of functors given above is direct since they are obtained
from A or the subalgebra A by the jet construction of Lemma 4.3.

Let us now check that both sides of the diagram send a morphism to the same morphism in
PVA. The functor R (or Ry,) sends a morphism to its restriction to invariant elements. Thus,
given a morphism ¢: A; — As in PAG, we end up with the map ¢ : joo(Al)joo(G) —
Tso (AQ)J (G) in both cases. In particular the two composites of functors R, 0J and j(_) oJoR
commute. O

Specializing Lemma 6.4 to the case G = GL y provides the commutativity of the right face
in Figure 1.

6.3. Hy-Poisson vertex structures. We introduce a suitable ‘vertex’ analogue of Crawley-
Boevey’s Hp-Poisson structures [CB] that were considered in §6.1.1. The rough idea consists
in replacing algebras with differential algebras, and Lie brackets with Lie vertex brackets.

6.3.1. First definition and examples. We denote by V a (unital associative) differential algebra
over k. Its differential 0 € Der(V) is a derivation, hence it descends to a linear map Hy(V) —
Hy(V) also denoted by 0.

Definition 12. An Hy-Poisson vertex structure on V (or on Hy(V)) is a Lie vertex bracket
[=a=lg: Ho(V) x Ho(V) — Ho(V)[Al,  (ag, by) — [agabely

(in the sense of Remark 2.2) such that the k-linear map [agy—|s: Ho(V) — Ho(V)[A] is in-
duced for any a € V by amap 9, € Der(V, V[\]) satisfying

(6.7) Da(0(b) = (0 + N)Da(b),  VbeV.

Definition 13. For i = 1,2, let V; be endowed with an Hy-Poisson vertex structure [—x—]y ;.
A morphism of differential algebras ¢: Vi — Vs is a Hg-Poisson vertex morphism if the
induced map @: Hy(V1) — Hy(V2) is a morphism of Lie vertex algebras with respect to the
Lie vertex brackets [—x—]y ;.

We denote by HyPV the category of Hy-Poisson vertex structures, whose objects are given by
differential algebras equipped with an Hy-Poisson vertex structure, and whose morphisms are
Hy-Poisson vertex morphisms.

Following [DSKV, §3.2], let (V, 9, { —»—}}) be a double Poisson vertex algebra. Using the
multiplication on V, we get a linear map mo {—y—} : V® V — V[A]. It descends to Hy(V)
through

(6.8)  [—a=]g: Ho(Y) x Ho(Y) — Ho(V)[A],  [agabels := (mo faxb})y,
where on the right-hand side a, b € V are arbitrary lifts of ay, by € Ho(V).

Proposition 6.5. The map [—x—|y on Ho(V) defined through (6.8) is a Lie vertex bracket,
hence it endows VY with an Hy-Poisson vertex structure. Furthermore, if V1,Vo are double
Poisson vertex algebras and 0: V1 — Vo is a morphism of double Poisson vertex algebras,
then 0 is a Hy-Poisson vertex morphism for the corresponding Hq-Poisson vertex structures
obtained through (6.8).
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Proof. The map (6.3) is a Lie vertex bracket by Theorem 3.6 (a)-(d) in [DSKV]. Therefore it
is a Hy-Poisson vertex structure since for any a € V, [azy—]y is induced by 0, := mo {a)—}
which is a derivation by (2.22b) compatible with 0 by (2.22a).

For the second part, we only need to check that 8: Ho(V;) — Hq(V2) is a morphism of Lie
vertex algebras. If ay, by € Ho(V1) admit lifts a,b € Vq, then mo {axb}, is a lift of [ay\byls 1
while m o {6(a)»0(b) }, is a lift of [(6(a))z(0(D))4]s,2. This yields

©9) 0([agabsls,1) = (B(m o faxb},))y = (mo 6% {arb},)s = (mo {0(a)r0(b)},)s,
7 [0(ag) 02 = [(0(a)sr(0(B))gls2 = (m o £0(a)0(b)},)s

where we used that 6 is a morphism of double Poisson vertex algebras in the first line. Hence
@ intertwines the two Lie vertex brackets, as desired. O

As a consequence of this proposition, we get a functor fiy : DPVA — HyPV.

Example 11. Any (commutative) Poisson vertex algebra (V,0,{—,—}) has a Hy-Poisson
vertex structure defined by [a)bly := {a\b}; forany a,b € Ho(V) = V.

Example 12. Consider the commutative algebra V' = k[z, y| with differential 0 = 0y. By
reproducing the end of Example 2.4 in [CB], we can show that if (V, 9, {—x—}) is a double
Poisson vertex algebra, the Hy-Poisson vertex structure induced by (6.8) is identically zero.
In particular, applying Example 11 to V' equipped with the Poisson vertex bracket satisfying

{zaz} =0, {py}=0, {z\y}=1,
yields an object in HyPV which is not in fy(DPVA).

Remark 6.6. Fix £ > 2. It is proved by Powell [Po] that if the polynomial algebra k[x1, . .., z]
has a double Poisson bracket, then it is identically zero. It is an open problem to know whether
a similar vanishing holds for a double A-bracket on k[:vgr), . ,xy) | > 0] with differential
8($§T)) = xy“), 1<j<t

6.3.2. Relative version and constructions using jets. We let V be a differential algebra. Con-
sider a vector space V C V stable under the differential, i.e., (V) C V. We denote by Hy(V)

A~

the image of the composite map Ve Vo Hy(V) which is the subspace spanned by V in

Hy(V). By assumption, 0 descends to a linear map on Hy(V).

Definition 14. An H-Poisson vertex structure on the pair V C V (or on H, 0(\7)) is a Lie vertex
bracket
[=x=lg: Ho(V) x Ho(V) — Ho(V)[A, (g, by) — lagabely

A~ A~

(in the sense of Remark 2.2) such that the k-linear map [agzy—|s: Ho(V) — Ho(V)[A] is in-
duced for any a € V by a map 9, € Der(V, V[\]) satisfying (6.7).

Let us emphasize that V may not inherit the multiplication from V, hence each linear map 9,
is a derivation on V that sends V into V[\]. We obviously recover Definition 12 when V = V.

Definition 15. For ¢ = 1,2, let Vi C V, be endowed with an Hj-Poisson vertex structure
[—x—]4,i- A morphism of differential algebras : Vi — Vy is a Hy-Poisson vertex morphism
(relative to Vy and V) if o(V1) C Vo and the induced map B: Ho(V,) — Ho(Vy) is a
morphism of Lie vertex algebras with respect to the Lie vertex brackets [—\—]; ;.
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We denote by @l the category of Hy-Poisson vertex structures, whose objects are given by
Hy-Poisson vertex structures on pairs V C V (as in Definition 14), and whose morphisms are
(relative) Hp-Poisson vertex morphisms.

We see HyPV as a subcategory of H/Oﬁl consisting of the pairs V C V where V = V. We now
explain the importance of the category HyPV when considering jets, i.e. when V = J(A).

Proposition 6.7. Let A be endowed with a Hy-Poisson structure denoted [—, —ly. Consider
the following vector space inside Joo(A):

(6.10) Vect oo (A) := span {0"(a) | a € A, 7 = 0}.

There exists a unique Ho-Poisson vertex structure on Vectoo(A) C Joo(A), denoted [—x—;,
that satisfies

6.11) [agabyly = [ag, byly A°

with a := 9%(a) and b := 3°(b) taken in Vectoo(A) for any a,b € A. Furthermore, this
construction extends to a functor Vect,: HgP — HyPV.

Proof. By Definition 10, for any a € A there exists 0, € Der(A) that induces [ay, —|; €
End(Hy(A)). We can extend 0, uniquely as a derivation J(A) — Joo(A)[A] by requiring
that

(6.12) 04(0"(¢)) := (A +0)" Du(c), Vee A, r=0.

The element 0, € Der(Jx(A), Joo(A)[A]) hence obtained is well-defined, and it satisfies

(6.7) for any b € Joo(A). Indeed, (6.7) is checked on b = 0" (cy) - - - 0"(cy), where r; > 0

and ¢; € Afor 1 < j < /4, by induction on £ > 1, noting that the case £ = 1 holds by (6.12).
For any a; € Ho(A) C Ho(Vectos(A)), we set

(6.13) lagabyls == (0a(b))y, forany b € Vectoo(A).

Clearly, (6.11) is satisfied. We also note that (6.13) is independent of the chosen 9, € Der(A):
if 9, € Der(A) is another lift of [ay, —]; € End(Hp(A)), then 8, — d, € Der(A) takes
value in [A, A] and therefore its extension d, — J, € Der(Jao(A), Tao(A)[A]) constructed as
above takes value in [Joo(A), Joo (A)] @ k[A], so it restricts to the zero map Hy(Vectoo(A)) —
Hoy(Vectoo (A)[A].

Next, we fix 0" (a) € Vecto(A) for a € Aand r > 0. We let

(6.14) (07 (a))sabsls == (=N)¥(9a(b))y, forany b € Vectoo(A),

which is induced by (—\*) 3, € Der(Ju(A), Joo(A)[A]) that satisfies (6.7). We recover
(6.13) for » = 0. By extending (6.14) linearly in the first argument, we have defined a bilinear
map

[—x—]s: Ho(Vectoo(A)) x Ho(Vectoo(A)) — Ho(Vectoo (A))[A].

The sesquilinearity rules (2.13a) hold by construction. For skewsymmetry (2.14a), we com-
pute for any r, s > 0 and a, ¢ € Vectoo(A)

[(07(a)sa(0%c)gly = (=A)" (A + 0)*[agacsly = (= A)" (A + 0)ag, ¢4y -
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Using that we have a Hy-Poisson structure, [ag, cs]y = —[cs, az]y. in terms of the operator
= —A— 0, we can write
(0" (a)sx(@chly = = (=) (u+0)[egagly == [(0°)3u(0"(a)sly,
pu=—A—0 p=—A—0
as desired.

Finally, we have to check Jacobi identity (2.14b). For any r,s,t > 0 and a,b,c € A, a
standard computation using sesquilinearity (2.13a) yields
(6.15)
[0 (a)eal(0° (D) (0 )glely — [(0° (D)8 ()ea (8 c)elels — [[(O" (a)pa(D” (D)l atn (0" )il

= (="' A+ n+0) <[ati>\[bﬁucti]ﬁ]ti = [Bgulagaeylsly — [[aﬁ/\bti]HuCti]ﬁ]ti) :

Hence we are left to check Jacobi identity in Hy(A) where, by (6.11), it becomes the Jacobi
identity of the Lie bracket [—, —J;.

For the functoriality, consider a Hyp-Poisson morphism ¢: A; — Ag. Passing to the jets, we
get a morphism of differential algebras ¢oo: Joo(A1) — Joo(A2), so that v (Vect oo (A1) C
Vectoo(A2). This last morphism induces the map P, : Ho(Vectoo (A1) — Ho(Vectoo(A2)),
whose restriction to Hy(A1) equals P because the restriction of ¢, to Aq is ¢. We can then
compute for any r,s > 0 and a,b € Ay

Poo([(07(@)pA(970)4]5.1) = (=A)" (A + 9)* D([ay, byls1)
(=A)"(A +9)" [2(ay), D(by) )2
= [Poc (0" (a))) 2 Poc (87 (D)1)]5.2
after using sesquilinearity, (6.11) and that i is a morphism of Lie algebras. In particular, @

is @ morphism of Lie vertex algebras and in turn @oo: Joo(A1) — JToo(A2) is a Hy-Poisson
vertex morphism. U

(6.16)

Recall from Proposition 4.6 the functor J: DPA — DPVA. The image of this functor, de-
noted J,,DPA, defines a subcategory of DPVA, hence we can consider J: DPA — 7,.DPA as
a fully faithful functor. Let (Js(A), 0, {—, —}) be an object in J,,DPA defined from a dou-
ble Poisson algebra (A, {—, —}). Consider the vector space Vecto(A) C Joo(A) defined by
(6.10). Combining (4.8) and sesquilinearity (2.22a), the double \-bracket on J,(A) restricts
to a bilinear map

mo f{—x—} : Vectoo(A) X Vectoo(A) — Vectoo(A)[A],  (a,b) — mo {arb}} .

This operation descends to Hy(Vect o (A)) where it is the restriction of (6.8), which we also de-
note by [—x—];. The following result is a direct consequence of Proposition 6.5 by restriction
from Hy(Jso(A)) to Ho(Vectoo (A)).

Corollary 6.8. The map [—x—]y on Hy(Vectoo(A)) endows Vectoo(A) C Too(A) with an
Hy-Poisson vertex structure. Furthermore, if 0: A — Ao is a morphism in [J,.DPA, then 0
is a Ho-Poisson vertex morphism relative to Vecto (A1) and Vectoo(A2) endowed with the
Hy-Poisson vertex structures obtained through (6.8).

Thus, the functor fy : DPVA — HyPV restricts to a functor fly: JooDPA — H/Oﬁl.
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6.3.3. General commutativity of the left face.

Proposition 6.9. The following diagram is commutative:
J

DPA J-oDPA A Too
il it
Vectso Iy
HoP HoPV Ho(A) ——— Hop(Vect(A))

Proof. Given a double Poisson algebra (A, {—, —}}), we end up with the pair Vecto,(A) C
Joo(A) in both cases, which is equipped with two Hy-Poisson vertex structures. Let us prove
that these structures are the same; this amounts to show that the Lie vertex bracket takes the
same value on arbitrary elements (0" (a))y, (0°(b))y € Vectoo(A), where 7,5 > 0 and a,b € A.
On the one hand, we compute using (6.8) and Lemma 4.5 (for #y and J, respectively)

©.17)  [(0"(a))sa(0°(D))g)y = (m o {07 (a)rd*(B) })s = (=A)"(A + 0)*mo {a,b}); .

On the other hand, we can apply Proposition 6.7 and (6.3) (for Vects, and f, respectively);
we should note that [ay, —]y is lifted by the derivation 0, := m o {a, —}} € Der(A) which is
extended to an element of Der( 7 (A), Joo(A)[\]) satisfying (6.7). This leads to

[(0"(a)ex(8° (D)l = (=A)" (8a(0°(b)))s
= (A (A +9)7 0u(0))y = (=A)" (A + 8)*m o fa,b});.

The functors f, iy send a morphism to itself while J, Vecto, send a morphism to its jet, if
we only consider the algebra structure. Thus, for a morphism of double Poisson algebras
0: Ay — Mg, both approaches yield the morphism 6 : Joo (A1) — Joo(A2) and its restric-
tions to Vectoo (A1) and Ho(Vectoo(Ar)). O

(6.18)

6.3.4. Link to representation algebras. We let V be a differential algebra. We denote by
e \/GLN the differential subalgebra of the representation algebra generated by the ele-
ments {tr( ) | @ € V} asin §6.1.1. (By assumption on the field, if V is of finite type then
Vi = \/GLN ). Consider a vector space V C V stable under the differential. We can similarly
define \/tr C \/%LN as the subalgebra generated by the elements {tr(a) | a € V}, which
is itself a differential algebra with differential satisfying O(tr(a)) = tr(d(a)). It is clear that
the trace map tr: - \75{, factors through HO(\\A/). We have the following generalisation of
Crawley-Boevey’s theory [CB].

Theorem 6.10. Assume that the pair V C V has a Hy-Poisson vertex structure [—x—]s Then
\75{, is a Poisson vertex algebra if it is endowed with the unique \-bracket satisfying

(6.19) {tr(a)atr(D)} = tr(lagabsls),  a,beV.
Furthermore, this construction defines a functor try : @l — PVA.

Proof. The first part of the statement is essentially a A-bracket version of [CB, Theorem 4.5],
whose proof we are adapting.

Since a A-bracket satisfies Leibniz rules, it is completely determined by its value on gener-
ators. Hence we get uniqueness since \A/R} is generated by the elements, tr(a), a € V.
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Let us prove that a A-bracket satisfying (6.19) exists. Fix a € V, and let , € Der(V, V[\])
be a derivation inducing the linear map [as\—];. We denote by* DM € Der(Vy, Vn[A]) the
induced derivation satisfying D (bij) = (04(b))s; for any b € V. We note that for any b € v,

DV (tr(b)) = tr(0a(b) = tr([azabsly) € VR[N

Since DC([\) is a derivation on the whole of V, this gives for any by, ..., by € V

14
(6.20) DIV trbeo) = Y tr(laga(bey)sly) [ tr(be) € VR[N
lo=1 1<bp<t 01#£Lg
Hence by linearity DM € Der(V%, V& [A]), and it is readily seen from (6.20) that DM is
independent of the lift 9, that we picked (when seen as a map on \75\1}). Since 9, satisfies (6.7),
we also get

(6.21) DN od=(0+ ) oDV

a

when evaluated on generators of \/5{,, hence this holds on \/tr
Let us express two elements F 1, F, e \/ in terms of generators as

J4
Ao Y 0 o). = Y A 1w,
lo=1

a=(a1,...,ar) ko=1 b=(b1,...,b¢)

where we sum over a finite number of tuples of elements in V with Wsi) € k. With this notation,
we define a bilinear map {——}: V&% x Vi — VY [\] by

(FiaFa} =340 ST | T te(be)
a,b

a,b 1<ko<k \l1#£4o
(6.22) 1<bost

tr([(ako )ﬁ)\—l—x(bfo)ﬁ]ﬁ)

- H tr(ag, )

k1#ko

This map is well-defined in the second argument because we can write from (6.20)

(6.23) {FI\Fy)} :;ng) Y. DOFI(E . IT trlan) |

1<ko<k k1#ko

which is independent of the expression for F,. If we can show that this map satisfies the
skewsymmetry (2.14a), then it will be independent of the expression for F} as well, and there-
fore it will be well-defined.

In order to show skewsymmetry, we compute for any G , H e \A/S{, and a,b € \%

- tr([bﬁ/\xyaﬁ]ﬁ)>

(f:’ tr([bs—r—y+-a4l4) ‘Z:aé> ,

H

G tr([agxsabs]y) ‘Faﬁ =G (‘ 2=0

o

4Instead of abusively using J,, for the induced derivation, the notation D((f) will be important for 2 reasons: 1)
we shall change the indeterminate \; 2) it emphasizes the independence that we are going to prove of D((f‘) with
respect to the lift 9, after restriction to V4.
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where we used skewsymmetry of the Lie vertex bracket [—y—]; in the first equality, then
the identity o 0%(8) = (0 — 2)¥(B |Z:aa) which holds for any £ > 0 on elements «, 3
in a differential algebra. Applying this computation to (6.22) yields the expression for
— |x: 8{ﬁ2 _ A_wﬁl}, hence skewsymmetry (2.14a) holds.

It is plain from (6.23) that { —\—}} satisfies the left Leibniz rule (2.13b); by skewsymme-
try it must satisfy the right Leibniz rule (2.13c). Combining (6.21) and (6.23), we also get
sesquilinearity (2.13a) for {——J}}. Thus, it remains to check Jacobi identity (2.14b).

In a differential algebra (V,9) with a A-bracket {—,—}, a standard computation using the
sesquilinearity (2.13a) and the right Leibniz rule (2.13c) yields:

Jacy u(a,b,c) = 78‘]36#7—)\—#—96(1)’ c,a),
Jacy u(a,b,cd) = cJacy ,(a,b,d) 4 dJacy ,(a, b, c),

with a,b,c,d € V and where Jac) ,(a, b, c) denotes the left-hand side of (2.14b). These two
equalities guarantee that Jacobi identity is equivalent to the vanishing of Jac ,: (\A/S{,) X3
V& [\, 2] on generators of V. We can conclude as for any a, b, ¢ € V, we have in V%

Jacyu(tr(a), tr(b), tr(e) = tr ([aslbyucrlls — Irulasnerlls — lapbilonaesls)

~

and this is zero since [—)—]; is a Lie vertex bracket on Hy (V).

Consider two pairs \A/Z C V;, 1 = 1,2, with Hy-Poisson vertex structures, and assume that
p: V1 — Vyisa Hy-Poisson vertex morphism relative to those. The unique induced morphism
@: (V1)n — (V) that satisfies ¢(ai;) = (¢(a))i; fora € Vi and 1 < 4,5 < N restricts to
the morphism try () (V1) — (Vo) try () (try(a)) == try(p(a)), because p(Vq) C Vy

by definition. Moreover, we can compute that for any a,b € Vi, (omitting the dimension
index V)

tr(p)({tr(a)x tr(0)}1) = tr(p(lagabyls1)) = {tr(p) (tr(a)a tr(p)(tr(b) }2

where we used (6.19) and the fact that ¢ intertwines the Lie vertex brackets. Hence try (i) is
a morphism of Poisson vertex algebras. U

Corollary 6.11. Assume that V has a Hy-Poisson vertex structure [—\—lz. Then V% is a
Poisson vertex algebra if it is endowed with the unique \-bracket satisfying

(6.24) {tr(a)rtr(b)} = tr([agrbsl) , a,beV.

Furthermore, this construction defines a functor tr : HyPV — PVA which is the restriction of
try: HPV — PVA.

Proof. We see HyPV as a subcategory of H/Oﬁl made of pairs V C V with V = V and then apply
Theorem 6.10. U

Remark 6.12. Consider the Definition 12 of a Hy-Poisson vertex structure, and assume that
0 = 0on V. Letting A\ = 0 in the Lie vertex bracket and in (6.7), we recover Definition 10 of a
Hy-Poisson structure. Repeating the above proofs in that case, Corollary 6.11 yields that V%
(with the zero differential and A-bracket evaluated at A = 0) is in fact a Poisson bracket. In
other words, this turns VY, into a Poisson algebra. We recover from this case Crawley-Boevey’s
result [CB, Theorem 4.5] (over a base field k).

Similarly, consider the case of a Hp-Poisson vertex structure on the pair VCVwithd =0
in which we set A = 0. Then the same reasoning based on Theorem 6.10 yields that \A/R} is
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equipped with a Poisson bracket. This turns \75\5 into a Poisson algebra, which is a relative ver-
sion of [CB, Theorem 4.5] (over a base field k). This relative version of Hy-Poisson structures
was not explicitly spelled out as part of §6.1.1 because we will not be using this observation
in the remainder of the paper.

6.3.5. Interpretation of the functors in the presence of jets. Given a Hy-Poisson structure on
some A, recall from Proposition 6.7 that we get a pair Vectoo(A) C Joo(A) in HoPV. Since A
is assumed to be of finite type, we have (Vectoo (A)R ~ joo(A%LN ) as differential algebras
under the identification tr(9" (a)) — 9" (tr(a)) forany r > 0 and a € A. We then get the map
Jan @ (Vect oo (AN — (Too (A)7=(GLn) which allows to complete the back face of the cube
from Figure 1. Note that, to define this map, we need to ensure that we end up in JooPAGI, 0
after applying the functor try : I%ﬁl — PVA from Theorem 6.10. Hence we need to define a
suitable category of jets inside m.

Consider the image of HyP under the functor Vects, : HoP — Im from Proposition 6.7.
It is not hard to see that we can compose morphisms in the image since they are just jets of
morphisms from HyP. Therefore the image of Vect,, defines a subcategory of H/Oﬁl, which
we label Vo HoP. By construction, we can restrict the functor from Proposition 6.7 to Vect :
HoP — Voo HoP. We shall now see that the other two functors involving m that we have
constructed can be reformulated using V.o HgP.

Lemma 6.13. The functor ty : JocDPA — H/Oﬁl from Corollary 6.8 restricts to a functor
#v : JooDPA — Vo HoP.

Proof. Observe from Corollary 6.8 that the functor fly : J-,DPA — @l takes value in Vo HyP
on objects. Consider a morphism 0o, : Joo (A1) — Joo(A2) in JoDPA. By definition, it is the
jet of a morphism 6 : A; — Ao in DPA. Meanwhile, the morphism that 6., induces in I%ﬁl
is given by 6, (seen as a morphism of differential algebras) which restricts to a morphism of
Lie vertex algebras 0., : Ho(Vectoo(A1)) — Ho(Vectoo(A2)). Our aim is to show that the
later morphism is of the form Vect (") for some morphism 6’ : A; — Ag in HyP. This is true
by taking 6’ = #() thanks to Proposition 6.9. O

Lemma 6.14. The functor try: m — PVA from Theorem 6.10 restricts to a functor
trN : VooHoP — JooPAGLy 0 by sending Vectoo(A) C Too(A) to (Too(A) N, (Vectoo (A))5).

Proof. The functor is simply defined on objects by adding the datum of the differential
algebra 7, (A) to the Poisson vertex algebra [AS{, Fix a Hp-Poisson vertex morphism
w: Ap — A9 relative to pairs Vectoo(A;) C A;, ¢ = 1,2. On representation algebras,
we get the GL y-equivariant morphism ¢x: (A;)y — (A2)n which defines the morphism
of Poisson algebras try(p): (Al)%LN — (Ag)%LN. Taking jets, we have the morphism
(PN )oo: Too(B1)N — Too(A2)n which restricts t0 JToo((A))SY) — Too((A2)SHY). To
conclude, it suffices to remark that this is the morphism of Poisson vertex algebras try (o) :
(Vectoo (A1))% — (Vectoo(A2))R from the proof of Theorem 6.10 after using the identifica-
tions Joo ((A:)5Y) = (Vectoo (A0)%, 0 = 1,2. O

6.4. Commutativity of the cube. Fix N > 1. In this subsection, we prove the following
result.

Theorem 6.15. The diagram depicted in Figure 1 is commutative.
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The proof consists in checking that all 6 faces of the cube are commuting. Commutativity
of the top and right faces was respectively obtained in Theorem 4.7 and in Lemma 6.4 with
G = GLy.

6.4.1. Front face. In §6.1.2, we proved that the front face commute if we end up in PA. We
noticed in §6.2.2 that PA can be replaced with PAgy, 0.

6.4.2. Left face. In §6.3.3, we proved that the front face commutes if we end up in H/Oﬁl. It
follows from Lemmas 6.13 and 6.14 that we can take V. HyP as the target category.

6.4.3. Bottom face. We need to compare the functors

Vect o J
HoP s VooHoP —> jooPAGLN 0, HoP tr—N> PAGLN;O — jooPAGLN;O .

We noticed that they are the restrictions of the following functors

HoP % 7,pv "N pva,  HoP N pa L pya,
so we shall check that these two compositions are equal.
Fix A with a Hy-Poisson structure, so that Hy(A) is a Lie vertex algebra. Under these two
functors, we end up with (Vecto (A)% and Joo (A%LN ), which are both isomorphic. We can
identify these two algebras explicitly through

(6.25)  (Vectoo(A)E — Too(AG*N),  tr(0"(a) — 0" (tr(a), a€h, r>0.

Let us check that this is an isomorphism of Poisson vertex algebras. For a,b € Aand r, s > 0,
we have on the one hand

626)  {tx(0" (@) tr(9 (b))} = ([ ()52 (B)sly) = tr (=) (A + )" [ag, by)

after using (6.19) and Proposition 6.7 (for tr and Vect,, respectively). On the other hand,
we compute

6.27) {9 tr(@)xd" tr(b)} = (—N)" (A +0)° {tr(a), tr(b)} = (=N (A + )" tr([ay, byly)

by applying Lemma 4.3 and (6.1) (for J and try, respectively). It is clear that the two A-
brackets coincide on generators under the identification (6.25), hence they are the same.

Fix a morphism ¢: A; — Ay in HoP. We see from the proof of Theorem 6.10 that ¢
is sent under the first functor on the restriction of (poo)n: (Joo(A1)N — (Jso(A2))n to
(Vectoo (A1))%. in particular, the morphism hence obtained satisfies tr(9" (a)) — tr(9" ¢(a))
for any a € A; and r > 0. Under the second functor, ¢ is mapped on the jet of the restriction
of the induced map ¢n: (A1)y — (A2)n, which satisfies 9" (tr(a)) — 9" (tr(p(a)). The 2
morphisms obviously coincide under the identification (6.25).

6.4.4. Back face. We need to compare the functors

J(—
J..DPA 2 7 paCGLN P, pyp JouDPA 0V HoP % 7. PAcr .0~ PVA.
) N>

Fix Juo(A) in JsoDPA. Under these two functors, we end up with (T (A))7>(GEN) | We need
to consider the natural morphism ja, : jOO(A%LN ) = (Joo (1)) 7= (GLN) given in (5.4) which
is defined on generators by 9" (tr(a)) — tr(9"(a)) for any a € Aand r > 0.
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To compare the induced A-brackets, it suffices to do so on generators of joo(AGLN ) sent
into (Juo (A)7>(GEN) by ja . For a,b € Aand r,s > 0, we have from the first functor

{tr(9"(a)r tr(9°(b))} = Z{ )iix(9°(b))j5}; = tr(m o {0"(a)x0°(0)}),

1,7=1

where we used (2.26). The second functor yields

{tr(9" (@) tr(9°(b)} = tr([(9" (a)ga(9°(b))g]y) = tr(m o {(I"(a)A(0°(D)})

thanks to (6.19) and Corollary 6.8 (for try and fy, respectively, after restriction to V. HgP
according to §6.3.5).

Finally, we fix a morphism 0: J (A1) — Jso(A2) in J5DPA. By spelling out the func-
tors, we obtain the morphisms Roo (6 ), trav ($(8)) : (Too (A1) 7=(CEN) — (T (Ag)) T (GLN)
which coincide on any element tr(9"(a)), a € Ay, r > 0. Indeed, this follows from a simple
computation analogous to (6.5). Since both morphisms are equal when restricted to generators,
they are identically equal.

7. SEMISIMPLE VERSION OF POISSON REDUCTION

We can derive an analogue of Theorem 6.15 in the presence of idempotents. The construc-
tions needed for its proof are extremely close to the considerations of Section 6. Since we will
be working with an idempotent decomposition when dealing with Hamiltonian reduction in
Section 9, we shall leave all details to the reader and instead we will focus on describing the
different nodes of this new commutative cube in an example as part of §7.2.

1. General statement. Fix a k-algebra B. We denote by gDPA the subcategory of DPA
made of double Poisson algebras relative to B. An object A in gDPA contains B as a subalgebra
and has a B-linear double bracket, which means that {a, B} = 0 identically for any a € A.
A morphism 6 : A; — Ao in gDPA must restrict to the identity on B, i.e. H‘B =idp.

By adapting the definition of pDPA from DPA that we have just given, we can introduce the
categories pHoP and pDPVA, pHyPV, BH/OP\V relative to B; in the last 3 cases, we require the
differentials to be B-linear as well, i.e. (B) = 0. We define J., gpDPVA and V., gHoP as
images of the functors J : pDPA — pDPVA and V., : gHoP — BH/OﬁI introduced as B-linear
versions of Propositions 4.6 and 6.7.

Let us now assume that B = @, gke; is a finite-dimensional semisimple algebra where the
(es)ses are orthogonal idempotents. Fix n = (ns) € 75 and set GLy, := [[,.g GLn,. To
motivate the following relative version of Theorem 6.15, note that we have the representation
functor (—),, : pDP(V)A — (oo )PASI2, see §9.2.

Theorem 7.1. Consider the diagram depicted in Figure 1 where the categories appearing on
the left are taken to be relative to B = ©gscskes, and the categories appearing on the right
are obtained by replacing GL,, with GL,,. Then this B-relative diagram is commutative.

We leave the proof of this result to the reader; e.g. the commutativity of the right face is
simply Lemma 6.4 with G = GL,,. Let us note that we will make some of the B-relative
functors from the B-relative diagram explicit as part of the Hamiltonian reduction treated in
Section 9. When it is clear from the context that we work over B, we shall simply write pDPA
as DPA and do the same for all the other relative categories.
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7.2. Example.

Remark 7.2 (Convention for path algebras). In this paper, we write paths from left to right as
in [VdB]. Hence the path algebra k() of a quiver () is the k-algebra generated by the elements
in Q U {es | s € S} subject to the relations

(7.1 eres = Opglp, 1= Z €s, Q= €yq)aChq), forr,s€ s, a€qQ.
s€S

Asin §1.4, kQ is regarded as an algebra over B = @ cgkes.

Fix integers® ¢ > 1 and p, ¢ > c. Assume that k = k is of characteristic 0. When we refer
to an earlier result from the text, it will be assumed that we consider its B-relative version (for
B = ke @ key as defined below).

7.2.1.  Consider the quiver @, , made of the vertex set {1,2} and arrows vy,...,vp: 1 — 2,
Wi, ..., Wq:2— 1.

The path algebra k@, , is generated over k by the orthogonal idempotents eq, ez and the
arrows {v,, wy | 1 < p' <p, 1< ¢ < g} subject to the relations

e1tes=1, vy =evyesr, wy = ewge;.

It is clear that k@), , contains B = ke; © key as a subalgebra. We note that k@, , has a
B-linear double Poisson bracket given by

(7.2) fvprswe = Op1,g10(py<c) €2 @ €1, {opsvp = 0= fwq,we, }

forany 1 < p1,p2 < pand 1 < ¢1,92 < g. We see from §1.4 that the case p = g = cis a
double Poisson algebra obtained from the double of a quiver by Van den Bergh [VdB, §6.3];
taking p > c and/or ¢ > c just amounts to add arrows having zero double bracket with all the
other elements.

7.2.2.  The double Poisson vertex algebra Ju. (k@) ) is isomorphic as a differential algebra
to kQp,» where Q77 has arrows

v;(f):l—>2, wéf), 1<p' <p, 1<d <q, £20.

The B-linear differential 9 acts as vz(f) — vl(fﬂ), wéf) — w(€+1)

embedding k@, , — Jxo(kQp,q) satisfies v,y — Uz()(’))’ Wy wé?). The double A-bracket
induced by Lemma 4.5 is then determined by

(7.3) ol rwl = (GO N8y pbren e @en,

. The natural B-linear

3 Although it can be considered, we omit the case ¢ = 0 because it yields trivial brackets in the construction
presented below.
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and it is zero on any other pair of generators. Indeed, this follows by applying (4.8) to the dou-
ble Poisson bracket in (7.2) before using sesquilinearity (2.22a). Note that (7.3) is particularly
simple because the double brackets in (7.2) are valued in B ® B so applying O gives zero.

7.2.3. The Hy-Poisson structure on Hy(k@),,) is obtained using (6.3). Remark that
(e1), (e2)4 and the elements

(7.4) (Up1wq1vp2wq2 ’ "Uptwqt)ﬁ , t=21, 1<pj<p, 1<g <gq,

span Hy(kQ, ). The Lie bracket on Hy (k@) 4) can be explicitly computed in a way similar to
the necklace Lie bracket of [BLB, Gi], see [VdB, §6.4] (we fall within that case if p = ¢ = ¢).

As an example of computation, note that (6.3) and (7.2) yield
(7.5) [(Vpy Way )y (VpyWey )ty = (m 0 (vpy *1 {wey, vpy } gy + Vpy {vpy, we, } *1 wa))ﬁ
= 6p1ﬂ2 5(1)1 <c)(vp2wm)ti - 6p2,q1 6(p2<c)(vp1 qu)ti s

forany 1 < p;,ps < pand1 < q1,92 < ¢

7.2.4. The relative Hp-Poisson vertex structure on Vectoo(k@p ) C Joo(kQpq) can be
easily derived from the previous paragraph. The vector space Hy(Vectoso (k@) 4)) is spanned
by (e1)s, (e2); and the elements 0v, £ > 0, where v is as in (7.4). The Lie vertex bracket can
be computed from the Lie bracket on Hy (k@) ,) using Corollary 6.8 and the formula (6.8).
We get for example (4; > 0,1 < p; <p,1 < g <qgfori=1,2)

(7.6) [agl (vqul)ﬁ)\ab (vpzqu)ﬁ]ti = (_)‘)Zl (A+ 6)62 [(vplw(h)ﬁ? (Upzqu)ﬁ]ti )

where the Lie bracket on the right-hand side is given in (7.5). Note from Proposition 6.9 that
we could also have read the Lie vertex bracket by applying the functor fiy to kQp5, with the
double A-bracket given in (7.3).

7.2.5. Hereafter we work with the dimension vector n = (n1,n2) fixed to (n, 1) for some
n > 1. A representation p € Reppg(k@p 4, ) is such that

Onxn Vi Onxn | Onx1
7.7 /) = P ) =
. ) (om 0 ) ) (qu 0 )

with V,; € k™ and W, € (k™)* forany 1 < p’ < p, 1 < ¢ < ¢. Denoting by (V,,); and
(Wy)j, 1 < j < n, the elements of (k@) 4)» returning the entries of the nonzero blocks of
p(vy) and p(w, ), we obtain an obvious isomorphism

(7.8) (KQp,g)n ~ K[(K")*F & ((k")")®9].

The Poisson bracket is then uniquely determined by

(7.9) {(Vp1)j7 (Wq1)k} = 5p1,q15(p1<c) 5k‘j ) {(Vp1)j7 (‘/;72)16} =0= {(Wth )jv (Wq2)k‘}7

(for all possible indices) after combining (7.2) and Theorem 2.5.

As we are in PAGL2 the Poisson bracket (7.9) is GLy,-invariant for the action by simulta-
neous conjugation of all the matrices in (7.7). Since (cId,,c) € GL,, acts trivially for any
¢ € k*, we are only interested in the action of GL,, given by

(7.10) g- Vi, Vi, Wiyt W) = (VA -, gV, Wig™ o Wg ™).

Therefore (7.9) defines a GL,,-invariant Poisson bracket on Y := (k")®? & ((k")*)¥, i.e.
k[Y] is an object in PASLn . Let us emphasize that for the coordinate ring A = k[Y], (5.4) is
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an isomorphism (cf. Example 8). In particular, the last node of the cube that we are describing
will be Too (K[Y]C17) o~ Joo (K[Y]) T (Gln),

7.2.6. Continuing the previous paragraph, we take jets and obtain

(7.11) Too(kQpg)n) = T (k[Y]), Y := (K")®P @ ((K")*)®1
in J-oPAGL  In terms of the functions

Vi W) 1< <p 1<d'<q €20, 1<j<n,

defined in the obvious way with differential acting as the shift £ — ¢+ 1, the A-bracket satisfies

(7.12) (VI AWENY = (1) N 6 80y O

and it is zero on the other pairs of generators. This follows directly from (7.9) and Lemma 4.3.
Alternatively, one can consider the double A-bracket from (7.3) and go to the representation
algebra (Jo(k@p ¢))n using Theorem 2.7.

7.2.7. A non-constant invariant function on Y under the action (7.10) of GL,, is a linear
combination of functions of the form

tr (Vo Wey -+ Vo, W) = t(V,,, Wy,) H tr(V; peWay_ 1)

2<' <t

where ¢ > 1and 1 < py < p, 1 < gv < ¢. Hence the Poisson bracket on k[Y]%» obtained
by Poisson reduction is determined by its value on the generators tr(V,, Wy ). It can be easily
written from the Lie bracket on Hy(kQ), 4): taking together (6.1) and (7.5), one finds

{tr(Vp, Wy ), tr(Vi, Wos ) } = 6y s 5( ) tr(Vp, We,)

(7.13)
— Opon 5(p2<6) tr(‘/;’l qu) )

where 1 < p1,p2 <p, 1 < q1,q2 < ¢q.

7.2.8. Thanks to the isomorphism (7.8), recall that the last node of the cube in PVA is
Too(K[Y]GEn) ~ T (k[Y])7>~(Gln) | cf. Example 8. By taking jets in the previous para-
graph, we see that we only need to know the A-bracket on the generators 9° tr(Vy Wy ), where
we identify tr(V, W) and 8° tr(V,y W, ). Its value follows directly from Lemma 4.3 and
(7.13), which give

{861 tr(Vp, Wq1)>\8£2 tr(Vp,Weo,)} = (= )‘)Zl (A+ 8)£2 Op1,g2 O(pr <) T (Vo Wy

(7.14) A .
- (_)‘) ()‘ + a) 61727611 6(p2<c) tr(‘/plWQQ) )

where 1 < p1,p2 < p, 1 < q1,92 < g and £1,¢5 > 0. We can also obtain (7.14) easily from
(7.6) by applying the functor tr;, : VoocHoP — JxPAGL, ;0 and considering the image in PVA.

8. HAMILTONIAN REDUCTION IN THE COMMUTATIVE SETTING

8.1. Hamiltonian reduction.
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8.1.1. Classical case of Poisson algebras. We follow [LGPV, §5.2,5.4] for the algebraic treat-
ment of Hamiltonian reduction. Fix (A, {—,—}) a Poisson algebra. Let I C A be an ideal
of A. Consider the projection 7: A — A/I which is an algebra homomorphism.

Definition 16. A subalgebra A,.q C A/I is a Poisson reduction of A if it is endowed with a
Poisson bracket {—, —} 4,_, satisfying

8.1) {F,G}a,, = 7({F,G}),
for any F,G € Apeq and F,G € A such that 7(F) = F, 7(G) = G.

Set Y = Spec(A) and let G be an affine algebraic group with a left action G X Y — Y.
Assume that the corresponding left action of G on A is by Poisson automorphisms. We obtain
an action by derivations on A of the Lie algebra g of G, which is denoted® (x, ﬁ) = X A(ﬁ)
for z € gand F' € A. Note that z:y/(A%) = 0.

A comoment map is a morphism of Lie algebras 1 peg— A which is equwarlant (for the
adjoint action on g) and such that z4(F) = {fi(z), F} forany = € gand F € A. It will be
convenient to see the comoment map as a morphism of Poisson algebras fi: k[g*] — A under
the identification k[g*] ~ Sym(g), where g* is the dual of g.

Denote by (—, —) : g* x g — k the natural pairing (£, z) = £(x). If we view A as the
finitely generated algebra of functions on the affine scheme Y = Spec(A), then i corresponds
to an equivariant map pu: Y — g* through pi(z)(y) = (u(y),z) referred to as the moment
map. If ¢ € g* is invariant under the coadjoint action of G, we get that ;=1 (¢) is G-invariant.
Imposing the relation p = £ is equivalent to requiring (u,z) = (£, x) for any x € g; hence
the closed invariant subspace ;=1 (£) corresponds to the G-invariant ideal

(8.2) Ie = (p(z) = (§2) [z cg).

The definition of a comoment map entails {7, AG} C 1T, ¢, hence the next result.
Proposition 8.1. The subalgebra m(A%) C A/l is a Poisson reduction of A.

A refinement of this proposition is obtained by considering the G action induced on A/I¢
and noting that {I¢, a} € I¢ for any a € 7 1((4/I¢)).

Proposition 8.2. The subalgebra of invariant functions (A/I¢)¢ C A/I¢ is a Poisson reduc-
tion of A, which is called the Hamiltonian reduction of A at . Equivalently, Spec((A/ Ig)G)
is an affine Poisson scheme called the Hamiltonian reduction of Y at &.

We can remark that the two propositions are equivalent if G is linearly reductive as the map
AS — (A/I¢)C is surjective.

8.1.2. Case of Poisson vertex algebras. Fix a Poisson vertex algebra V' with differential 9 and
A-bracket {—,—}. Let I be a differential ideal of V, i.e. an ideal such that 9(I) C I. Consider
the projection 7: V' — V/I which is a morphism of differential algebras.

Definition 17. A differential subalgebra Vieq C V/I is a Poisson vertex reduction of V' if it is
a Poisson vertex algebra with A-bracket {—x—}v._,: Vied X Vied — Viea|A] satisfying

(8.3) {F\G}v,.. = T({F\G}),

Owe simply wrote this action as z.F in the proof of Theorem 5.1. Hereafter, we keep track of the algebra on
which g is acting to avoid confusion when takings jets in §8.1.3.
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for any F,G € Vieq and F, G € V such that 7(F) = F, 7(G) = G.
First, we seek a Poisson vertex analogue of Proposition 8.1; this requires some preparation.

Lemma 8.3. Let V., I, w be as above. A differential subalgebra Vieq C V/I is a Poisson vertex
reduction of V' if and only if the following two conditions hold:

() 7 (Vied) gy C I foralln > 0;

(2) 71 (Vieq) is a Lie conformal subalgebra of V.

In particular, the \-bracket on V,.oq can be computed using (8.3).

Proof. 1t suffices to adapt Proposition 5.5 in [LGPV] to the vertex setting using that 7 is a
morphism of differential algebras. We leave the details to the reader. (]

Lemma 8.4. Let I be a differential ideal in V with projection w: V. — V/I. Let V* C V be
a Poisson vertex subalgebra. Then the differential algebra Vieq = m(V™*) is a Poisson vertex
reduction of V' if for any n > 0, we have V*(,) [ C I and I(,,)I C I.

Proof. We can build on the equivalent characterisation of Poisson vertex reduction from
Lemma 8.3. Since wfl(‘/}ed) = V* + I, the two conditions from the statement are easily
seen to imply (1) from Lemma 8.3. Moreover, (2) from that lemma is equivalent to requiring
that the differential and the A-bracket restrict to W*I(V}ed); this is also a direct consequence
of the stated conditions since V'* is a Poisson vertex subalgebra of V. (]

Let H be an affine (pro)algebraic group with a left action on Y = Spec(V'), such that yH
is a Poisson vertex subalgebra of V. For example, this is the case when H acts by Poisson
vertex automorphisms as in §6.2.1, or when H = J(G) and V = J,(A) with G acting
by Poisson automorphisms on A due to Theorem 5.1. We obtain an action by derivations of
the Lie algebra b of H, which we denote (z, F) — zy (F) forany z € hand F € V. In
particular, zy (VH) = 0. Note that by Lemma 8.4 with V* = VH, we can construct a Poisson
vertex reduction Vieq = 7(VH) for any projection 7 onto a quotient of V' by a differential
ideal satisfying the assumptions of the lemma.

We assume from now on that H = 7., (G) where G is an affine algebraic group. We
view J(k[g*]) as a Poisson vertex algebra with A-bracket obtained through Lemma 4.3. The
coadjoint action of G on g* naturally extends to an action of J(G) on Joo(g*).

Definition 18. A comoment map is a J (G)-equivariant morphism of Poisson vertex alge-
bras fi: Joo(k[g*]) — V such that

(8.42) i) F =zv(F), Vrxeg FeV,

(8.4b) fi(z)(myF =0, Veeg FeVvi=@ n>1.
Note that by (8.4a), we can allow n = 0 in (8.4b). Furthermore, the definition entails

(8.5) [z, 2']) = {f(2)\i(2")} = 2y (i(2'),  Va,2’ €.

Fix some £ € g* invariant under the coadjoint action (hence under the induced action of
J(G)). In analogy with the Poisson case, we consider the differential ideal

(8.6) 12 = (f(z) — (&,2) |z €g).
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Compatibility with the differential yields for any k& > 1 and « € g that 1(9*z) = 9% (Ji(x)) is
an element in [ ?. Furthermore, since £ is G-invariant we see that [ ? is stable under the action
of Joo(G), hence it is stable under the action of 7, (g) by derivations. Welet 7: V' — V/I, ?
be the corresponding quotient map of differential algebras. Although [ ? is not a Poisson vertex
ideal (we do not have V(n)l ? clI ? for all n > 0) in general, the following statement holds.

Proposition 8.5. Consider a Poisson vertex subalgebra V* C VI=(G) Then its projection
m(V*)cV/I g is a Poisson vertex reduction of V.

Proof. We get by (8.4a)—(8.4b) that {F [i(z) — (€,2)} = Oforany z € g, F € VI=(G),
This yields the following inclusions for any n > 0

V*(n)Ig C V‘%O(G)(n)lg C Ig.
Since 1, ? is stable under the action of J(g), we get from (8.5)

{(@)i(2")} = av((a') — (& 2)) € IZ, Va2 eg.

This yields the inclusion I,y I¢ C I for all n > 0. We conclude by Lemma 8.4. O

Taking V* = V7>=() yields the following result.

Corollary 8.6. The subalgebra of invariant functions 7(V 7 °°(G)) cV/I g is a Poisson vertex
reduction of V, called the weak Hamiltonian reduction of V at €.

8.1.3. Case of jets. Fix a Poisson algebra A acted upon by an affine algebraic group G. To
derive a Poisson vertex analogue of Proposition 8.2, consider V' = 7, (A) equipped with the
A-bracket induced from A by Lemma 4.3 and the induced action of J(G).

Lemma 8.7. Assume that 1 : k[g*| — A is a comoment map. Then its jet morphism [is :
Took|g*] — To(A) is a comoment map according to Definition 18.

Proof. Under the functor J : PAG — 7, PA®, i induces a J, (G )-equivariant morphism of
Poisson vertex algebras [ : Jook[g*] — Joo(A). Hence, we need to check (8.4a)—(8.4b).
Forany x € g, a € A and ¢ > 0, we compute

87 {Hso(2)nd'a} = (9 + M) {ii(2), a} = (0 + N zala) = 2 7,(4)(( + N)a),

where we used (5.5) with £ = 0 in the last equality. We easily deduce (8.4a). Let F =
0" (ay) .. .?gr (ay) with a; € A, £; > 0. We note by (5.5) that the action of zt* € g[t] =
Jso(g) on F'is given by

~ r A
(8.8) .%'(k)F = Z ot (al) e 5(kgzs)mwjooﬁ4) (azsfk(as)) Lot (ar) .
s=1

Together with (8.7), this implies

N ~ < PLE
89) A{lic(@)F} =D 0"(a1)... 27, 4)((0+ N a,)...0"(a,) = RO
s=1

k>0

By linearity, (8.9) holds for any F' € Jso(A). Now, if F'is Jao (G )-invariant, x(k)ﬁ = 0 for
any k£ > 0 and we deduce that (8.4b) is satisfied. Thus ji.. is a comoment map. O
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Let us now assume that J.(A) is equipped with the comoment map Ji, obtained from’ a
comoment map on A by Lemma 8.7. Define the ideal I? as in (8.6).
We are in position to state the following Poisson vertex analogue of Proposition 8.2.

Proposition 8.8. The subalgebra of invariant functions

Viedse = (Too(A)/I)7=) € Too(A) /12

is a Poisson vertex reduction of Jx(A), called the Hamiltonian reduction of Jx(A) at &.

Proof. The aim is to verify the two criteria from Lemma 8.3 for the projection 7 : Joo(A) —
Joo(A) /Ié9 . As in Theorem 5.1, we start by assuming that G is connected. An element

of jOO(A)/I? is Joo(G)-invariant if and only if for any of its lifts ' € Js(A) one has
T (G) - F C F + I2, or equivalently

(8.10) eF ell, foranyk >0, z€g.

For the first criterion of Lemma 8.3, we need to check ﬁ(n) Ig cl ? for any n > 0, which
holds provided that 0% (fise () — (€, 2))(n F € I? for any ¢ > 0, x € g. We compute
(n) 3
_ ~ (—1)fn! _ ~ (—1)¢n! ~
O (fio () — (&, 2)) () F = 5(z<n)m Foo(T) (n—e) I = 5(€<n)W Ty F,
where the second equality follows from (8.9) at order A" ~*. This belongs to I ? by (8.10).
To check the second criterion of Lemma 8.3, we take lifts F', G € J,(A) of two elements in

(Joo(A)/12)7=(S). By Lemma 5.2, (2) and (8.10), 20F C o1 c I, hence 7 (Viease)
is a differential subalgebra of J,,(A). Meanwhile, we have by (5.7)

o) (Fn)G) = Fip xk)G +Z< ) 2ty F) (n+0)G -
H,_/

ela ela

Since ﬁ(m)l 9 and I? £ (m )C~¥ belong to I 9 for any m > 0 by the first part of the proof (and
skewsymmetry (2.15b)), we find that x(k)( (n)G) € Ig. Thus 7 ( (n)G) € Viedye and
71 (Viedie) is a Lie conformal subalgebra of Jx(A).

If G is not connected, we can derive the first criterion without any change. For the second
criterion, we have to consider an extra finite > group I' := G/GO. As T is linearly reductive and
I¢ 9 is a T-module, we can take the two lifts F Ge Joo(A) considered above to be I'-invariant.
Then, as noticed at the end of the proof of Theorem 5.1, OF and F, (n)é, for any n > 0, are
I"-invariant. We can conclude. (]

Corollary 8.9. The embedding 71(Joo(A)7>(%)) — Vieq.e (Where w1 Joo(A) — joo(A)/I?)
is a morphism of Poisson vertex algebras for the structures obtained in Corollary 8.6 and
Proposition 8.8, respectively.

Proof. This is clearly an embedding of differential algebras. Both \-brackets can be computed
through (8.3) by projecting the A-bracket on 7, (A), so the embedding clearly intertwines the
A-brackets. O

"While this condition seems restrictive, in Lemma 8.12, we prove that any comoment map on Joo (A4) (seen as
an element of J.PA®) is of that form.
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Remark 8.10. The morphism from Corollary 8.9 is an isomorphism when G is linearly reduc-
tive and the following two morphisms are isomorphisms:

ja: Too(A%) = Too(A)T=G 1 a1 Tao(A/Te)F) = Too(A/Te) 7=

Remark 8.11. Our approach is an analogue for group actions of the reduction techniques for
Lie vertex algebra actions on Poisson vertex algebras that appeared in the study of classical
Wh-algebras, see [DS] for a review.

8.2. Functorial interpretation. Fix an affine algebraic group G with Lie algebra g. We give
a categorical flavour to the constructions presented in §8.1; this is standard in the Poisson case.

8.2.1. Poisson algebras. Recall the category PAG of Poisson G-algebras from §6.1. We form
the category PAff of Hamiltonian Poisson G-algebras as follows. Its objects are triplets
(A,{—, =}, 1) where (A,{—,—}) is an object in PA® and fi: k[g*] — V is a comoment
map as in §8.1.1. Its morphisms are G-equivariant Poisson homomorphisms (i.e. morphisms
in PA®) that respect the comoment maps. The additional condition on such a map

(8.11) ¢: (Ah{_?_}lv/jl) - (AQv {_7 _}27/72)

means that ¢ o 1y = .
Given a G-invariant element { € g*, define I;,c C A; as in (8.2). As ¢ intertwines the
comoment maps, we get ¢([1.¢) C Io.¢. Therefore there is a morphism of algebras

(8]2) (bg: Al/[l;§ — A2/12;£,

which satisfies 75 o ¢ = ¢¢ o 1 for the projections 7;: A; — A;/I;.c. This morphism is G-
equivariant since this property holds for ¢ and the ideals [;.¢ are G-invariant. Furthermore, by
(8.1), ¢¢ restricts to a Poisson homomorphism ¢¢: Aj.req — A2ired, Where we set Ajeq 1=
(A;/1;.¢)@ for the Hamiltonian reduction of A; at ¢ (see Proposition 8.2). Hence, we have a
functor of Hamiltonian reduction Re : PAG — PA.

We can refine the functor R to take value in the category PAg;o introduced in §6.2.2. Using
notation as above, the functor is defined on objects by sending A to the pair (A/I¢, Areq),
where A,cq := (A/I¢) is seen as a Poisson algebra. The morphism ¢ from (8.11) is simply
sent to ¢¢ (8.12), which restricts to a Poisson homomorphism Aj.eq — Agyeq as already
noticed. This yields the desired functor Re : PAff — PAG.0.

8.2.2. Poisson vertex algebras. Based on Corollary 8.6, a Hamiltonian reduction functor can
be constructed similarly to the Poisson case if we consider Poisson vertex algebras equipped
with a comoment map according to Definition 18 for some Jo(G)-action, provided that the
subalgebras of J,(G)-invariant elements are Poisson vertex subalgebras. For our study, we
shall be interested in the more specific case of jets of Hamiltonian Poisson algebras where
Proposition 8.8 holds.

Recall from §5.1 that J,.PA® := J(PA®) is a subcategory of PVA under the jet functor
J : PA — PVA of Lemma 4.3. On the one hand, we can define (J.,PA%),, from the category
JsoPAG by endowing objects with a comoment map while a morphism

(8.13) ¢ (Too(A1), {—2—1}1, 1) = (Too(A2), {—2—}2, fi2)



56 TRISTAN BOZEC, MAXIME FAIRON, AND ANNE MOREAU

must also satisfy ¢oji; = jio. On the other hand, we define J (PAE‘) from 7, PAC by endowing
each object 7, (A) with the jet jio, of a comoment map & for A; morphisms in J (PAE’) are
jets of morphisms in PAG.

Lemma 8.12. The following statements hold:

(1) J(PAE’) is a subcategory of (JsoPAS),.
(2) The functor Q : PVA — PA restricts to Q : (jooPAG)“ — PAS‘.
(3) There is an equivalence of categories J o Q : (JocPA%),, — J(PAE).

Proof. (1) Let (A,{—,—}, [x) be an object in PAff. We get the pair (J(A),{—x—1}) and the
Joo(G)-equivariant morphism of Poisson vertex algebras fico @ Jook[g*] — Joo(A) under
the functor J: PAG — 7,.PAS; this is a comoment map by Lemma 8.7. Thus a morphism in
J(PAS) respects the induced comoment maps, hence it defines a morphism in (JooPA),,.

(2) Take Joo(A) € (JooPA®),, with comoment map 7. Applying the functor Q, we obtain
Joo(A) /(0T (A)) ~ A and by Definition 18 the comoment map is sent to a morphism
Ii : k[g*] — A which is G-equivariant and such that for any z € gand F € A — Jxo(A),

{Hi(2), F} + (0T (A)) = U(2)(0)F + (0Tsc(A)) = 24F + (0Tss(A)).

Under the above identification, this means that  defines a moment map on A; by universality,
fico = U on jets. A morphism doo : Joo(A1) — Joo(A2) in (JPAF), sends a (T (G)-
invariant) comoment map to another, so after applying Q we get that ¢ : A; — As sends the
corresponding (G-invariant) comoment map to the other one.

(3) This functor is essentially surjective since we have shown that comoment maps in
JsoPAG are jets of comoment maps in PAG. It is also fully faithful as morphisms in both
categories are jets of morphisms in PAE’. U

We shall denote (JoPA%), ~ J(PAT) simply as JooPAS, which we call the category of
Hamiltonian jets of Poisson G-algebras.

Fix a G-invariant element { € g*. Given J(4;) € jOOPAE', j = 1,2, consider the
differential ideals I ﬁg C Jso(A;) defined through (8.2) and the corresponding projections 7; :
Too(Aj) = Too(Aj)/I2¢. A morphism ¢ : Joo(A1) = Joo(A2) in JooPAS intertwines
the comoment maps and is 7 (G)-equivariant, therefore we get a morphism of differential
algebras

(8.14) (0o0)e: Vired = Voyred s  fOr Vjipeq := (Wj(joo(Aj)))joo(G) 7

which is a morphism of Poisson vertex algebras for the A-brackets defined through Proposi-
tion 8.8. Assigning Joo(A;j) — Vj.red and ¢pog — (oo )¢ defines the functor of Hamiltonian
reduction R, jooPAE' — PVA.

8.3. Hamiltonian reduction commutes with taking jets. Les G be an affine algebraic group
with Lie algebra g. Fix a G-invariant element £ € g*.

Proposition 8.13. The following diagram is commutative
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J
PAG JocPAG A Joo(A)
Rgl quoo
J-)
PAG;(] —> jooPAG;O —> PVA Ared — joo(Ared) —_— V}ed

where Ayeq and Vieq denote the Hamiltonian reductions of A and J(A) at & with respect to
G and Jx(G), respectively.

Proof. We start with some observations. Fix A € PAE’. The projection Joo(A) — Joo(A)/I, ?
used to define Vieq is the jet of 7 : A — A/I¢. Indeed, I ? is the differential ideal generated
by the image of /¢ under the inclusion A — 7 (A). In particular, we can write Jo(7(A)) =
Too(Tso(A)) hence Vieq = Joo(m(A))7>=(G) Recalling that A,.q = 7(A)F, the second map
appearing at the bottom part of the diagram is

Jr(ay + Too(m(A)F) — Too(m(A)) TG,

see (5.4). Thus we end up with the differential algebra V,eq from both parts of the diagram.
Fix F,G € A and k, ¢ > 0. The A-bracket obtained by applying R¢.oo © J to A is such that

(oo (0" F)ATo0(0° )iy = T ({0F FAO'GY) = (=N (A +0)' 7 ({F, G})
using (8.3) then Lemma 4.3. Similarly by applying J o R¢, we find in J (m(A)E)
{7 (0 F)amoo(0°G)} = (=N (A + )4 (F), 7(G)} s = (=N (A +0) 7({F, G})

after using Lemma 4.3 then (8.1). This is sent to the previous expression under the morphism
Jr(a) Of Poisson vertex algebras.

Given a morphism ¢ : A; — Ay, the composite R¢.oo 0 J yields (¢o )¢ from (8.14), which
is defined from the jet ¢oo : Too(A41) — Joo(A2) modulo Ig;g. The composite J o R¢ yields
the jet

(P€)oo + Too(A1/I1e) = Too(A2/Inie)
of ¢¢ from (8.12). Since Ija;g is generated as a differential ideal by I;.¢, j = 1,2, this map is
also computed by taking a lift to J (A1) before applying ¢~ modulo Ig;g. U

9. MOMENT MAPS AND NONCOMMUTATIVE HAMILTONIAN REDUCTION

In this section we work over a semisimple algebra B = ®scskeg, with S finite, and drop
the index B in the notations introduced in §7.1.

9.1. Hamiltonian reduction for DPAs. We review the notion of moment map in the non-
commutative relative setting.

Definition 19. ([VdB]) A moment map for a double Poisson algebra A over B is an element
M= (Us)s € Pscseshes such that for all a € A,

9.1) {ws,a} = aes @ es — es ®ega.

Example 13. Over B = k, the double Poisson algebra A = k[a] from Example 1 with o = 1,
B =~ = 0, admits y = a as a moment map. Similarly, we have the moment maps u = ba —ab
for Example 2 and p = a — bab~! for Example 3.
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As mentioned in [VdB, Proposition 2.6.5], a moment map induces an Hy-Poisson struc-
ture on A/(p — () for any ¢ € B. Working functorially, we get the following, where DPA,,
denotes the category of double Poisson algebras with a (noncommutative) moment map, with
morphisms required to preserve moment maps. The result is proved in [F, Proposition 5.3].

Proposition 9.1. The above induces a functor £ : DPA,, — HoP.

9.2. Representation theory. Consider a dimension vector n = (n,) € 75, and set N =
> seg ns. Fix an ordering S ~ {1,...,|5|}. It yields a decomposition RY = ®,cgR" for
any commutative k-algebra R, and then an embedding B — Maty(R), mapping e, on the
projection matrix P with respect to the direct summand R™s. The functor

R +— Homp(A, Maty(R))
is represented by an affine scheme that we denote by Rep(A, n). Its coordinate ring A,, is the
quotient algebra of Ay by the relations (e5);; = (Ps)ij-
In full generalities, Theorem 2.5 holds on Rep(A,n) when A € pDPA [VdB]. Since the

group GL,, := [[, GL,, acts by Poisson automorphisms on the corresponding Poisson alge-
bra A,,, we get the following.

Proposition 9.2. We have a functor (—),, : DPA — PAGLn,

As in §2.1.5, denote by X(a) the Maty (k)-valued function on Rep(A,n) given by
X(a)ij = a;j, for a € A. The derivative action of @&, Mat, (k) = Lie(GL,) =: g, on
Rep(A, n) is given by £.X (a) = [X (a),] forall € € g,, and a € A, cf. (2.11). Assume that
A comes with a moment map . Then [VdB, Proposition 7.11.1] states that

X(p) = X(ps) : Rep(A,n) — gn

is a moment map for the Poisson structure induced by Theorem 2.5, meaning that for all
a € A, and £ € g,, we have {tr((X(p)),a} = &.a. Denoting by PASLﬂ the category of
Poisson algebras with a GL,,-Poisson action and a moment map, we get the following.

Proposition 9.3. We have a functor (—), : DPA, — PASLﬂ given on objects by (A,u) —
(A, X ().

Fix ( = ) cg(ses € B and consider the functor of commutative Hamiltonian reduction
RS := Ry (¢) from §8.2 given by

GL, GLn
PA, — — PAcr,0, (A, X () = (Pp, Py ™),

where P, := (A/(u — Q))n = An/(Msij — Cs€sij | s € S, 1 < 4,5 < N). Along with
Propositions 9.3 and 9.1 it yields the following.

Corollary 9.4. The diagram
(—)n

DPA, —— paG'®

i lRC

HoP —— PAqL,;0
tr, -

commutes, where tr,, is the B-linear analog of tr .
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9.3. Quiver representations. Consider a finite quiver () with vertex set S as in §1.4. We see
kQ as a B-algebra for B = @ cske,. The B-linear double Poisson bracket on k() satisfying
(1.3) admits p = zae@ e¢(a)aa* as a moment map [VdB].

The Poisson bracket on (kQ) n induced by Theorem 2.5 is uniquely determined by

(92) {Gij, bkl} — { g(a) (eh(a))kﬁ] (et(a))’il 1;;:)62 a f()r a’ b c @7

it is obviously vanishing on the constant generators (e, );;. The corresponding moment map
induced by p can be decomposed in terms of the | S| functions

9.3) X(ps) = Z e(a)aa* : Rep(kQ,n) — gn., SES.
ae@
t(a)=s

Performing Hamiltonian reduction at ( € B yields the Poisson algebra [Pg Lﬂ, where

(94) [PQ = (k6)2/< Z 6(0’) (aa*)ij - Cs €s,ij | s € S, 1< i,j < N)
alt(a)=s

is the representation algebra of the deformed preprojective algebra P := II¢ = kQ/(p — ().
Thus [Pg L2 is the coordinate ring of an affine quiver variety equipped with its standard Poisson
structure [VdB].

Example 14. Consider the double quiver @) := Qp,p of §7.2 with p = g = c. The moment
map reads p = Zg i_1[vp,wy]. Forn > 1, we have the following decomposition of the
moment map X (u) on the representation space of dimension (n, 1):

p p
Z V;)’Wp’ . Rep(ﬂ(@’ (n’ 1)) — g[n7 — Z Wp/v;,)/ : Rep(ﬂ(@, (n, 1)) — k= 7
p'=1 p'=1

where we use the notation introduced in (7.7). For ( = (je1+(2e2 € B, we obtain [P, (9.4) by
fixing the value of X () to (¢ Id,, ¢2); the algebra Py, is nontrivial provided that n{; + (2 = 0
and n < p.

9.4. Moment maps for DPVAs.

9.4.1. General results. Consider a a double Poisson vertex B-algebra V. We set K = ker(m o
(=)?: V®V — V); this is a o-twisted version of the noncommutative 1-forms Q*(V) =
ker(m: V® V — V) of Cuntz-Quillen [CQ].

Definition 20. A moment map for V is an element p = (s)s € $sesVes such that
{usral} = aes ® es — e5 @ esa mod AK[A]
for all a € V. This defines a category DPVA,,, requiring morphisms to preserve moment maps.

Remark 9.5. Consider V € DPVA, and ¢ € B. Set P = V/(u — (). Note that Definition 20
implies that for every a € V we have {ayp — (} € kerm. Therefore, we have a functor
DPVA,, — HoPV.
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Now, we study what happens to a moment map on representation algebras. Consider any
V € DPVA,, of finite type as a differential algebra, and a dimension vector n. First, note that
X (p) is GL,-equivariant by definition of X (—): we have X (a)(g.z) = (g.7)(a) = g 'z(a)g
by factoring the action of ¢ € GL, C GLy through (2.10). Next, choose ¢, 7 such that

(es)ii = (es)jj = 1,and a € V. Then for all 1 < u,v < N we have

!/

i} = 3 fuswal}, foemalh, A7 = auido = dusen + w0
n>0

“ n>1

for some K € K, thanks to Definition 20. Looking at order \°, condition (8.4a) of Defini-
tion 18 is obtained as in [VdB, Proposition 7.11.1]. We also note that {f;;, tr(a)} = 0 since
(K"K')ij = 0. Thus pj(,Vy = 0 for any m > 0. We claim that (8.4b) holds for any
Fe \/SLE. This follows from our previous computation if we can show that VI = \/SLE.
Consider a set of generators ay,...,a, of the differential algebra V' = \72, and then a
GL,,-invariant element F € V. Then F belongs to the finitely generated (genuine) algebra
Vigy = (64%- |0 <¢<k,1<j<r)forsome k and, using [CB, Remark 2.3], we have that

F belongs to Vigy NV,

Remark 9.6. Consider any V € DPVA,, of finite type as a differential algebra, and a dimension
vector n. The previous observations yield the following vertex analog of [VdB, Proposition
7.11.1]: the dual of X (p) : Rep(V,n) — g, is a comoment map in the sense of Definition 18
when we consider H = GL,,.

9.4.2. Case of jets. Assume that A is a double Poisson algebra with moment map p as in
Definition 19. Consider V = J,,A with its double Poisson vertex algebra structure given by
Lemma 4.5. Then (V,p) € DPVA,,. Indeed, forany a € A, s € S and £ > 0 we have

{{M)ﬁéa}} = (04 N)(aes ® es — es @ esa) = I (a)es @ es — €5 @ e,0°(a) mod AK[N].
Working functorially, we get a commutative diagram

DPA — 2 DPVA

9.5) T T

J
DPA, —>— DPVA,

of categories, where vertical functors simply forget the moment maps.

Denote by [J..DPA,, the image of the bottom line functor. Consider Vecto(A) C Joo(A)
as in (6.10) for (A, ) € DPA,, and W its image by the projection JooA — Joo(A)/(p — ()
for parameter ( € B. Thanks to Example 6, the codomain of this projection is isomorphic
to Joo(A/(p — (€)), so that W =~ Vectoo(A/(p — ¢)). Using Remark 9.5, we can apply
Proposition 6.7 and Corollary 6.8 to get a functor

(9.6) #$ ¢ JTooDPA, —> Vo HoP

of noncommutative Hamiltonian vertex reduction. Using Proposition 9.1, we get the next
result.

Corollary 9.7. The following diagram commutes:
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DPA J . 7.DPA
p > JooFAy

i i

HpP ———— VHoP
Vect

Also note that, thanks to Proposition 9.3 and Lemma 8.7, we get the following.

Theorem 9.8. The following diagram commutes:

DPA, — % J,.DPA,

(=)n l(_)a

PA, "~ JucPAu "

L : L
Proof. The statement is direct if we prove that the functor (—), : JoDPA, — jOOPAS’ "

exists. This follows if we can show that the function X () obtained from a moment map p
satisfies Definition 18. From the discussion presented after Remark 9.5 with V = J,(A) we
are left to show that X (p) is not only GL,,-equivariant, but that it is J5,(GLy,)-equivariant.
This is the case because X () is the jet of a GL,,-equivariant morphism by Lemma 8.12. [

Theorem 9.9. The cube depicted in Figure 2 is commutative.

Proof. The bottom, right, front, left and top faces are being treated by 6.4.3, 8.13, 9.4, 9.7
and 9.8 respectively. Since functors to the back are essentially surjective and full, the back
face is also commutative and we are done. O

9.5. Poisson reduction from Hamiltonian reduction. Let (A, {—, —} ,p) be any double
Poisson algebra with moment map over B = @, ske,. If we forget about i, we can perform
the Poisson reduction presented in Theorem 7.1 and get commutativity of the cube depicted
in Figure 1 in its B-relative form. In particular, the lower face of the cube corresponds to the
following commutative diagram:

H() (A) — HO (Vectoo(A))

| J

Bt Too () T

This diagram can be obtained by applying Hamiltonian reduction as follows. We form the
algebra A by adding to A the generators (zs)seg satisfying z; = egzses. (If A is represented as
a quiver with relations, this amounts to add a loop z; at each vertex s € .S.) We can naturally
embed A into A and obtain a unique double bracket {—, —}~ on A satisfying

9.7 {{a, b}N = {a, b} ’ {{CL, Zs}N =0, {{Zm Zs}N = 61“3(23 Res—es® Zs) s
for any a,b € A, r,s € S. This double bracket is Poisson and it admits i := p+ > g

its moment map. For any ¢ € B, we have an isomorphism A /(I — ¢) ~ A since the ideal is
generated by the | S| relations z; = (s — ps. Therefore, it is clear that applying Hamiltonian

Zs as
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reduction to A (for any (!) according to Theorem 9.9 gives the above diagram as the lower
face of the cube in Figure 2.

Remark 9.10. Itis not possible to deduce Theorem 6.15 from Theorem 9.9 because an arbitrary
double Poisson algebra may not admit a moment map. Indeed, any associative B-algebra A
can be endowed with the zero double Poisson bracket; however the existence of a moment
map [ entails by (9.1) that {p,a}} # 0 forany a € A\ B.

10. CONNECTIONS WITH VERTEX ALGEBRAS AND OPEN PROBLEMS

We address in this section the problem of double versions for vertex algebras, and we dis-
cuss connections with the Poisson and Hamiltonian reductions.

10.1. Double versions of vertex algebras. Just like Poisson structures coming from double
ones are easier to compute, we expect that a double version for vertex algebras can be used to
compute the OPEs that govern the algebraic law in vertex algebras.

Problem 1. Let V be a vertex algebra such that the Poisson structure of the Zhu’s Cs-algebra
Ry comes from a double Poisson structure, that is, Ry = Ay for some double Poisson algebra
A and some N > (0. Assume furthermore that the isomorphism (1.4) holds, that is, gr)) =
JooRy. Are there double analogues for vertex algebras satisfying these conditions?

The Zhu's algebra of a vertex algebra V is a certain quotient Zhu()’) which has a natural
structure of a filtered associative algebra whose graded algebra gr(Zhu)) is commutative.
In addition to the above conditions, it is also reasonable to assume that gr(Zhu)) = Ry;
in general, we only have a surjective Poisson algebra morphism Ry — gr(ZhuV), [DSK,
Proposition 2.17(c)] and [ALY, Proposition 3.3].

We have already encountered examples of such vertex algebras in the introduction, cf. §1.6.
Let us give some other examples.

10.1.1. Universal affine vertex algebra. Consider the universal affine vertex algebra

(10.1) Vi(g) = U(9) @grqem k

associated with a reductive Lie algebra g and an invariant symmetric bilinear form x, where
g := g[tT1] @ k1 is the affine Kac-Moody algebra with Lie bracket

[xt", yt™] = [x,y]t"“‘" + M n0k(x, )1, x,y €g, mn € L=,

the element 1 being central. In (10.1), k stands for the one-dimensional representation of
g[t] @ k1 on which g[t] acts trivially and 1 acts as the identity. It is well-known that the Zhu’s
algebra of V"(g) is the enveloping algebra U(g) filtered by the PBW filtration and that, as
Poisson algebras, we have:

gr(Zhuv™(g)) = grU(g) = klg"] = Ryn(g),

~Y

with the Kirillov-Kostant-Souriau Poisson structure. On the other hand, gr)V"(g) =
S(t~'g[t~!]), the symmetric algebra of ¢t~'g[t~!] := g ® t~'k[t~!], which is canonically
isomorphic to J.k[g*] through the mapping xt~"~! — 9"z, forn > 0 and x € g C k[g*].
Assume now that g = gl Recall that k[gl}] = Ay, where A = k[a] is the double Poisson
algebra from Example 1 with § = « = 0. To sum up, the conditions of Problem 1 hold for the
vertex algebra V" (gl,y) with any . One can draw a picture similar to Figure 3. Like the vertex
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¢ VA
P 5V (gly)
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// ! gr
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kla] k[gly]
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FIGURE 5. Universal affine vertex algebra and relative objects.

algebra of chiral differential operators, one can wonder whether there are double versions of
U(gly) and V*(gly ), respectively; cf. Figure 5.

10.1.2. Feigin-Frenkel center. One can build another interesting example from the previous

one. Let us consider the Feigin-Frenkel center ([FF2]) of V"< (g) for the critical level
1
Ke i= — < Kg,

2
where £y is the Killing form of g. This is the vertex center of V"<(g):

3@) = Vre(9)™ .= fu e Vie(g) | (xt™)u=0forall z € g, n € Zs0}.

Note that the vertex center of V*(g) is trivial outside the critical level. The Zhu’s C5-algebra
of 3(g) is k[g*]¢ = k[g//G], the Poisson center of k[g*] where G is the adjoint group of g.
The Zhu’s algebra of 3(g) is the center Z(g) of the enveloping algebra of g, and we have:

gr3(8) = Tocklo//G] = Tocklg] (@),
the second isomorphism resulting from [RT, BD1]; see Example 9. In particular, the isomor-
phism (1.4) holds for this example, too.
For g = gl, this is compatible with the Hy-reduction on the double Poisson side. Indeed

Hy(A) = kla], with A = k[a] the double Poisson algebra as in the previous example, equipped
with the trivial Lie structure (A is commutative). All this is depicted in Figure 6.

10.2. Hamiltonian reduction in a more general setting. To motivate our second problem,
let us consider an illustrating example. On the cotangent bundle 7™ G there are two commuting
Hamiltonian G-actions:

(102)  g-r (h,x) = (hg ', (Ad*g).x), g-gr(h,z)=(gh,x), g,h€G, zcg
where Ad”* is the coadjoint action, with corresponding moment maps
pr: T°G — g*, (h,z) — z, pr: TG — g*, (h,z) — —(Ad*h).z.

For G = GLy, the Poisson structure on k[7™* GL x| comes from the double Poisson algebra
A = k{a,b*') as in Example 3. This algebra is equipped with the noncommutative moment
map u = a— bab~! which yields the moment map X () = p7, + pug. It could be interesting to
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FIGURE 6. Feigin-Frenkel center and relative objects.

consider as well noncommutative moment maps for py, and pp, respectively. In this example,
natural candidates are easy: pr = a and pr = —bab~!, see Appendix A. We notice that
the embedding k[a] < A corresponds to the reduction by the left action ( -z) since the gl
component is unchanged, and the embedding k[bab~!] < A corresponds to the reduction by
the right action ( -7,) since hah~" generates k[T GL (Gl L),

This leads us to the second problem.

Problem 2. Are there analogues of Hy-Poisson structures and noncommutative moment maps
that yield more general Hamiltonian actions on representation spaces (not necessarily coming
from the action by conjugation of GL)?

Consider the vertex algebra of chiral differential operators .@g’ .. associated with the smooth
scheme G and the invariant symmetric bilinear form « ([IMSV, BD2]):

-@éh,m = V"(9) Oqyjer1 k[TGl,

where gt| acts as left-invariant vector fields on k[7.G]| and 1 as the identity. This is a
particular case of the examples in §1.6. There are vertex algebra embeddings:

T V¥ (g) — D& TR V() — P&
where K* = —k — kg such that
(10.3) (26l 2= Y gy (ggh, )Rl =y (g),

The vertex algebra morphisms 77, and 7y are chiral quantized comoment maps of p7 and pup,,
respectively, in the sense that

grmr R = Joo(ptr,r)": k[JToeg™] — gr @éﬁn-

The Zhu’s algebra of @éhﬁ is the algebra Dg = k|G| ® U(g) of global differential operators
on G ([ACM]), and the subalgebra of left (or right) G-invariants differential operators on G
identifies with U(g); if we consider the invariants by two actions, we get the center Z(g) of
U(g). For k = k* = K, then there is a vertex algebra morphism

TL® R V(g) ® VEe(g) — D,
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FIGURE 7. Poisson reduction for the vertex algebra of chiral differential op-
erators on GLy with respect to the left action and relative objects.

such that (cf. [A2, AM]):
(2. ) 1o = 7 (V7e(g) N wr(V™(g)) = 5(8)-
For G = GLy, the Poisson structure on the Zhu C5-algebra R@éhL = k[T GLy| comes
Nk

from the double Poisson algebra A = k(a, b*!) as in Example 3. This is a particular case of
the examples in §1.6. We illustrate the reduction for .@é’imn and related objects with respect
to the left action in Figure 7.

This example, together with the example of §10.1.2 (see Figure 6) obtained by reduction
from V" (gl ), suggests that an answer to Problem 1 must be compatible with the reduction,
possibly in a wider sense (see Problem 2).

10.3. Double Poisson version of Slodowy slices and BRST reduction. The previous notion
of a chiral quantized comoment map is particularly useful when we wish to perform the BRST
reduction (that is, a certain chiral quantized Hamiltonian reduction) used to define affine W -
algebras which are obtained by the Drinfeld-Sokolov reduction from affine vertex algebras,
see [KRW, FF1]. The Zhu’s Cs-algebras of the universal affine W -algebras are the coordinate
rings of Slodowy slices associated with nilpotent elements, obtained by Hamiltonian reduction
from a reductive Lie algebra g = g*. For g = gl, it was proved by Maffei [Ma] that Slodowy
slices in a nilpotent orbit closure can be described in term of quiver varieties. So the following
problem is natural.

Problem 3. Can we describe the Poisson structure of Slodowy slices in gl from double
Poisson algebras?

Combing the three problems, our hope would be to describe the OPEs for the affine W-
algebras associated with gl in terms of double Poisson vertex brackets.

10.4. Double vertex analogues of quasi Poisson structures. Recall from §9.3 that Van den
Bergh defined the double Poisson bracket (1.3) on the path algebra of an arbitrary double
quiver () so that it induces the canonical Poisson structure of the corresponding quiver varieties
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Rep(kQ/(u — ¢),n)/ GL,. In fact, Van den Bergh’s original construction was motivated
by unveiling a Poisson structure on multiplicative quiver varieties [CBS]. This required the
introduction of double quasi-Poisson algebras [VdB], which are non-commutative versions
of the algebra of functions on a quasi-Poisson manifold [AKSM]. Roughly speaking, the
definition of a (resp. double) Poisson bracket is modified so that the right-hand side of the
Jacobi identity (2.12c) (resp. (2.19)) takes a specific nontrivial form; in the geometric picture
this is given by the infinitesimal action of the Cartan trivector ¢ € A3Lie(G) of the algebraic
group G acting on the algebra of functions. These notions are compatible and lead to the
following analogue of Proposition 6.3.

Proposition 10.1. Fix N > 1. The following diagram is commutative:

—)N
qDPA —— 5 gPAGLN A—— Ay
# R l

tr
HoP o PA Ho(A) ———— aSty

where qDPA (resp. qPAS™N) in the category of double quasi-Poisson algebras (resp. quasi-
Poisson algebras with a GL-action by quasi-Poisson automorphisms).

The proof is a straightforward adaptation of the Poisson case, which is again based on
[CB, F, VdB]. (This holds in the B-relative case, too.) In fact, we can derive an analogue of
Corollary 9.4 for quasi-Hamiltonian reduction since there is a notion of multiplicative moment
maps in the quasi-Poisson case, cf. [AKSM, VdB].

Problem 4. What is the vertex analogue of the categories gDPA and qPAGTN? Are there
properties that completely characterize the vertex analogues of multiplicative moment maps?

The crux of this problem is to understand what type of structure is obtained under ap-
plication of the jet functor J: (Comm)Alg — (Comm)DiffAlg to a (double) quasi-Poisson
algebra. This issue is far from being trivial since it requires to understand how to modify the
Jacobi identities (2.14b) and (2.24b) in the vertex case. Assuming that this problem can be
solved, it raises the question of obtaining the commutative cubes from Figures 1 and 2 in the
quasi-Poisson setting. The latter case shall lead to Poisson vertex algebras associated with
multiplicative quiver varieties that may be of independent interest.

APPENDIX A. THE MOMENT MAPS ON THE COTANGENT BUNDLE

We view gl as Mat and consider ‘entry functions’ a;; € k(gly], & — &, 1 < i,5 < N.
An element x € gly is seen as a linear function on gl by z(§) := (£, ). We identify
gly ~ gly = Maty so that (—, —) is the trace pairing. Denote by £;; € gly the elementary
matrix having +1 as (4, j) entry and O for all other entries. The identification yields E;; =
tr(E;;€) = ;i so that E;;(—) = aj;. The Poisson bracket on k[gl}] then satisfies

(A.1) {aij,ap} = {Eji, B} = [Eji, Eig] = agjoa — Oxjaq -
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For f € k[GLy], the left- and right-invariant vector field associated with x € gl are given
by (in their analytic form)

o (f)(h) = % S ) aR(f)(h) = % _ J(eh).

On the coordinate functions b;; € k[GLy]|, h +— h;;, we find that 27 (by) = (bx) and
xR (brr) = (ab)y after forming the matrix-valued function b = (by;) 1<k <. Thus the Poisson
bracket on T GLy is such that (cf. §10.2)

(A.2) {aij, b} = (Eji)£(br) = (bEji) k1 = brji -
The Poisson bracket is zero for 2 functions depending only on the base, hence {b;;, by} = 0.
Writing these identities according to (2.20) after realising k[T* GLy] =~ k(a,b*!)y in the

obvious way, we precisely get the double bracket from Example 3.
The actions (10.2) of GLy give at the level of functions

g-1 (bij,aij) = ((b9)ij, (97 a9)ij) 9 -r (bijsai5) = ((97')ij,ai5), g € GLn,
from which we get the following infinitesimal action

z -1, (bij, aij) = ((bx)ij, (ax — za)iy), x-g (bij,ai;) = (—(xb)i;,0), =z €gly.
The corresponding moment maps p7, g : 7% GLy — gl must satisfy

X LR f = {<1UJL,R(_)5'I>’f}a for x € g[N, f € k[T* GLN] .

It suffices to look at these identities for the functions ay;, by;. We have on the one hand,
(A3) {(1r)ij, bk} = Eji-r by = bijou,  {(1r)ij, an} = Eji -1 art = ag;oi — Okjai -

Using (2.20), this means {pr,b}} = b® 1 and {pr,a} = a® 1 —1® a for some py, such
that 7, = X (pz). Looking at the double bracket from Example 3, we should take p;, = a
and the moment map is iz : (h, &) — &£. On the other hand

(A.4) {(eRr)ij, bri} = Eji -r by = —0kibi s {(#Rr)ijram} = Eji -rar =0,

or, using (2.20), {pgr, b} = —b® 1 and {pg,a}} = 0 with pg satisfying up = X(pg). It
is a simple computation that the double bracket from Example 3 yields these equalities for
Mr = —bab~!, i.e. the moment map pur: (h,&) — —héh™ L Eog.

f{~bab~ ' o}} = —bx fa, b xb = -bb ' @bl =-1®b.
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