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Mathematical derivation of a Reynolds equation for
magneto-micropolar fluid flows through a thin domain

Maŕıa ANGUIANO∗ and Francisco Javier SUÁREZ-GRAU†

Abstract

In this paper we study the asymptotic behavior of the stationary 3D magneto-micropolar fluid flow through
a thin domain, whose thickness is given by a parameter 0 < ε � 1. Assuming that the magnetic Reynolds
number is written in terms of the thickness ε, we prove that there exists a critical magnetic Reynolds number,
namely Recm = ε−2, such that for every magnetic Reynolds number Rem with order smaller or equal than
Recm, the magneto-micropolar fluid flow in the thin domain can be modeled asymptotically when ε tends to
zero by a 2D Reynolds-like model, whose expression is also given.

AMS classification numbers: 35Q35, 76W05, 76A20.

Keywords: Magneto-micropolar fluid; thin-fluid film; homogenization; magnetic Reynolds number.

1 Introduction

The magneto-micropolar fluid is the electric conductive micropolar fluid under the presence of a magnetic field.
The equations that describe the motion of a viscous incompressible magneto-micropolar fluid in a domain Ω ⊂ R3

in a time interval [0, T ], 0 < T < +∞, are given by (see [1] and [39] for instance):

∂tu+ (u · ∇)u− (µ+ χ)∆u+∇
(
p+ 1

2 |b|
2
)

= (b · ∇)b+ 2χrot(w) + f,

∂tw + (u · ∇)w − κ∆w − λ∇div(w) + 4χw = 2χrot(u) + g,

∂tb− ν∆b+ (u · ∇)b+∇q = (b · ∇)u,

div(u) = 0, div(b) = 0,

(1.1)

supplemented with the following boundary conditions

u = 0, w = 0, b = 0 on [0, T ]× ∂Ω, (1.2)

and initial conditions

u(0, x) = u0(x), w(0, x) = w0(x), b(0, x) = b0(x), x ∈ Ω. (1.3)

Here, u(t, x), w(t, x), b(t, x) ∈ R3 denote respectively the velocity field, the microrotational velocity and the
magnetic field, and p(t, x), q(t, x) ∈ R denote respectively the hydrostatic pressure and the magnetic pressure at
a point x ∈ Ω and in a time t ∈ [0, T ]. The parameter µ denotes the kinematic viscosity, χ the microrotational
viscosity, 1/ν the magnetic Reynolds number, and κ and λ the angular viscosities. From physical reasons, we
assume that these constants should satisfy the condition min{µ, χ, ν, κ+ λ} > 0, see e.g. [1], [39]. The functions
f(t, x), g(t, x) ∈ R3 are given external fields.
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We remark that if the microstructure of the fluid and the magnetic field are not taken into account, i.e. w ≡ 0
and b ≡ 0, the system (1.1) is the the classical Navier-Stokes equation. If the magnetic field is zero, i.e. b ≡ 0,
then (1.1) coincides with the micropolar fluid system proposed by Eringen [20], which describes the motion of
numerous real fluids better than the classical Navier-Stokes equations, see for example the book of Lukaszewicz
[24]. Also, if w ≡ 0 and χ = 0, then (1.1) reduces to the magneto-hydrodymanics (MHD) system, which describes
the motion of electrically conducting fluids such as plasmas, liquid metals, and electrolytes, see for example [19].

The magneto-micropolar model (1.1) was first introduced by Ahmadi and Shahinpoor [1]. Rojas-Medar and
Boldrini [39] proved the existence of weak solutions in a bounded domain and also, the uniqueness for a two-
dimensional domain. We refer to Ortega-Torres and Rojas-Medar [31], Perusato et al. [36], Cruz et al. [17] and
Niche and Perusato [30] for different studies concerning the analysis of the solutions of system (1.1)-(1.3). With
respect to the stationary magneto-micropolar fluids, we refer to Durán et al. in [18] and Kim and Ko [21].

On the other hand, engineering practice also stresses the interest of studying the effects of a domain with small
thickness, i.e. a thin domain, on the behavior of the fluid flow. For that reason, it is important to deduce
asymptotic models in thin domains. Throughout the mathematical literature, one can find many papers on the
rigorous derivation of the asymptotic models describing the flow of Newtonian, non-Newtonian, micropolar and
MHD fluid flows through thin domains, see e.g. [3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 25, 26, 27, 28, 34, 35, 40, 41,
42, 43] and references therein. However, it seems that there are no rigorous studies of the asymptotic behavior of
magneto-micropolar fluid flows through thin domains, which represents the main objective of the present work.

In this sense, we consider in this paper a magneto-micropolar fluid flow through a thin domain Ωε ⊂ R3, with
thickness 0 < ε� 1. The thin domain Ωε is the set of R3 with horizontal variables x′ = (x1, x2) belonging to a
subset ω ⊂ R2, and vertical variable x3 such that 0 < x3 < εh(x′), where h is a positive and smooth function
(see Section 2). Thus, the bottom of the domain Ωε is described by the points x′ ∈ ω, x3 = 0 and the upper wall
of Ωε is described by the points satisfying

x′ ∈ ω, x3 = εh(x′).

This type of thin domain has been extensively studied for the isothermal flows, see e.g. [10, 16] for the classical
Newtonian fluid flow, see e.g. [15, 29] for the flow of the generalized Newtonian fluid, and see e.g. [11, 33] for the
micropolar fluid flow. In these papers, by using homogenization techniques, they derive different types of lower
dimensional Reynolds equations. As far as the authors know, the flow of a magneto-micropolar fluids has not been
yet considered in the above described setting. Thus, in this paper we consider a stationary magneto-micropolar
fluid flow through the thin domain Ωε described above.

The behavior of the magneto-micropolar fluid flow can also be influenced by the order of the magnetic Reynolds
number, as can be observed in several studies, see e.g. [2, 22, 23, 37, 44]. Then, to study its effects we assume that
the magnetic Reynolds number 1/ν is proportional to the thickness of the domain and denoted by Reεm = ε−γ ,
with γ ∈ R. As a result, we consider the following system

(uε · ∇)uε − (µ+ χ)∆uε +∇
(
pε + 1

2 |bε|
2
)

= (bε · ∇)bε + 2χrot(wε) + fε in Ωε,

(uε · ∇)wε − κcε2∆wε − λcε2∇ div(wε) + 4χwε = 2χrot(uε) + gε in Ωε,

−νcεγ∆bε + (uε · ∇)bε +∇qε = (bε · ∇)uε in Ωε,

div(uε) = 0, div(bε) = 0 in Ωε,

uε = 0, wε = 0, bε = 0 on ∂Ωε,

(1.4)

where νc, κc, λc = O(1) and the external forces are of the form fε = (f1(x′), f2(x′), 0) and gε = ε(g1(x′), g2(x′), 0)
(see Section 2 for more details). The goal of this paper is to study the asymptotic behavior of the weak solutions
of the magneto-micropolar fluid in such domain when the thickness ε tends to zero. To do that, we first obtain
the corresponding reduced linear limit system for a restricted range of values of γ, and finally, we derive a
generalized 2D magneto-micropolar Reynolds equation for the hydrostatic and magnetic pressures.

More precisely, we first prove that there exists a critical value γc = 2, i.e. a critical magnetic Reynolds number
Recm = ε−γc , such that for every γ ≤ γc (i.e. for every magnetic Reynolds number Reεm of order smaller or equal
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than Recm = ε−2) the nonlinear terms of system (1.4) vanish when ε tends to zero (they don’t appear in the
limit system) and so, the fluid will be able to be modeled by a linear 2D Reynolds-type equation, and above this
quantity the nonlinear terms should be taken into account in the limit model. To prove this result, we apply
a dilatation in the vertical variable x3, i.e. we introduce the change of variables z′ = x′ and z3 = x3/ε, which

let us to introduce the unknowns ũε, w̃ε, b̃ε, p̃ε and q̃ε defined in a fixed domain, independent of ε, and denoted
by Ω = ω × (0, h(z′)) ⊂ R3. By duality arguments and interpolation techniques, we are able to estimate both
pressures and to derive the restriction γ ≤ 2. Next, assuming this restriction on γ, we prove the homogenization
process when ε tends to zero and identify the reduced linear limit system with unique solution denoted by
(ũ, w̃, b̃, p̃, q̃) (see Theorem 3.1).

We complete the paper by obtaining a generalized 2D magneto-micropolar Reynolds law for the hydrodynamic

and magnetic pressures. Thus, we obtain that the averaged velocity Ũε =
∫ h(z′)

0
ũε dz3, the averaged microro-

tation W̃ ε =
∫ h(z′)

0
w̃ε dz3, the averaged magnetic field B̃ε =

∫ h(z′)

0
b̃ε dz3 and the hydrodynamic and magnetic

pressures p̃ε and q̃ε satisfy the following approximations

Ũε ≈ ε2Ũ , W̃ε ≈ εW̃ , B̃ε ≈ ε2− γ2 B̃, p̃ε ≈ p, q̃ε ≈ ε
γ
2 q,

where Ũ =
∫ h(z′)

0
ũ dz3, W̃ =

∫ h(z′)

0
w̃ dz3, B̃ =

∫ h(z′)

0
b̃ dz3 are given by

Ũ1(z′) = h3(z′)
µ Φ(h(z′), κc, χ, µ)(f1(z′)− ∂z1 p̃(z′)),

Ũ2(z′) = h3(z′)
µ Φ(h(z′), κc, χ, µ)(f2(z′)− ∂z2 p̃(z′)),

Ũ3(z′) = 0,

W̃1(z′) = h(z′)
4χ Ψ(h(z′), κc, χ, µ)g1(z′),

W̃2(z′) = h(z′)
4χ Ψ(h(z′), κc, χ, µ)g2(z′),

W̃3(z′) = 0,

B̃1(z′) = −h
3(z′)
12νc

∂z1 q̃(z
′), B̃2(z′) = −h

3(z′)
12νc

∂z2 q̃(z
′), B̃3(z′) = 0,

defined for a.e. z′ ∈ ω, where the functions Φ and Ψ are defined in (3.32) (see Theorem 3.4). Moreover, the
limit hydrodynamic and magnetic pressures p̃ and q̃ are independent of z3 and are the solution of the following
generalized 2D magneto-micropolar Reynolds equation given by

−divz′

(
h3(z′)

µ
Φ(h(z′), κc, χ, µ)∇z′ p̃(z′)

)
= −divz′

(
h3(z′)

µ
Φ(h(z′), κc, χ, µ)f ′(z′)

)
,

−divz′

(
h3(z′)

12νc
∇z′ q̃(z′)

)
= 0,

where f ′(z′) = (f1(z′), f2(z′)).

The structure of the paper is as follows. In Section 2 we introduce the domain and make the statement of
the problem. The main results are given in Section 3. More precisely, in Subsection 3.1, we give the main
result concerning the derivation of the reduced limit system (Theorem 3.1) and in Subsection 3.2, we give the
expressions of the limit unknown and the generalized 2D magneto-micropolar Reynolds equation (Theorem 3.4).
The proof of the main results are in Section 4. We finish the paper with a list of references.

2 Formulation of the problem and preliminaries

In this section, we first define the thin domain and some sets necessary to study the asymptotic behavior of the
solutions. Next, we introduce the problem considered in the thin domain and also, the rescaled problem posed
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in the domain of fixed height, together with the respective weak variational formulations.

2.1 The domain and some notation.

Along this paper, the points x ∈ R3 will be decomposed as x = (x′, x3) with x′ ∈ R2, x3 ∈ R. We also use the
notation x′ to denote a generic vector of R2.

We consider ω as an open, smooth, bounded and connected set of R2, and a 3D thin domain defined by

Ωε =
{
x = (x′, x3) ∈ R2 × R : x′ ∈ ω, 0 < x3 < hε(x

′)
}
.

Here, the function hε(x
′) = εh(x′) represents the real gap between the two surfaces. The small parameter ε is

related to the film thickness. Function h is positive and smooth C1 bounded function defined for x′ such that
1/2 ≤ h ≤ 1. We define the boundaries of Ωε as follows

Γ0 = ω × {0}, Γε1 =
{

(x′, x3) ∈ R3 : x′ ∈ ω, x3 = hε(x
′)
}
.

We denote by Oε a generic real sequence which tends to zero with ε and can change from line to line. We denote
by C a generic positive constant which can change from line to line.

2.2 The problem

We consider the 3D stationary magneto-micropolar fluid equations by setting

uε(x) = (u′ε(x), u3,ε(x)), bε(x) = (b′ε(x), b3,ε(x)), wε(x) = (w′ε(x), w3,ε(x)),

at a point x ∈ Ωε, and we set additional assumptions, which will be used along the paper:

• To derive coupled effects between velocity and microrotation, we assume (see for instance [11, 32]):

κ = κcε
2, λ = λcε

2 κc, λc = O(1).

• To take into account the influence of the magnetic Reynolds number, we assume

ν = νcε
γ , νc = O(1), γ ∈ R.

• Due to the thickness of the domain, it is usual to assume that the vertical components of the external
forces can be neglected and, moreover, the forces can be considered independent of the vertical variable.
Thus, for sake of simplicity, given f ′, g′ ∈ L2(ω)2, along the paper we consider the following rescaling for
fε, gε (see for instance [42, 43]):

fε = (f ′(x′), 0), gε = ε(g′(x′), 0). (2.5)

Thus, as stated in the introduction, the 3D stationary magneto-micropolar system is expressed as follows

(uε · ∇)uε − (µ+ χ)∆uε +∇
(
pε + 1

2 |bε|
2
)

= (bε · ∇)bε + 2χrot(wε) + fε in Ωε,

(uε · ∇)wε − κcε2∆wε − λcε2∇ div(wε) + 4χwε = 2χrot(uε) + gε in Ωε,

−νcεγ∆bε + (uε · ∇)bε +∇qε = (bε · ∇)uε in Ωε,

div(uε) = 0, div(bε) = 0 in Ωε,

(2.6)

with corresponding boundary conditions

uε = 0, wε = 0, bε = 0 on ∂Ωε. (2.7)
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Definition 2.1. For ε > 0, we say that (uε, wε, bε, pε, qε) defined on Ωε is a weak solution of problem (2.6)-(2.7)
if and only if the functions uε, wε, bε, pε and qε satisfy

uε, bε, wε ∈ H1
0 (Ωε)

3, pε, qε ∈ L2
0(Ωε),

where L2
0 is the space of functions of L2 with zero mean value, and also satisfy the following equations

(µ+ χ)

∫
Ωε

Duε : Dϕdx+

∫
Ωε

(uε · ∇)uε · ϕdx−
∫

Ωε

pε div(ϕ) dx− 1

2

∫
Ωε

|bε|2div(ϕ) dx

=

∫
Ωε

(bε · ∇)bε · ϕdx+ 2χ

∫
Ωε

rot(wε) · ϕdx+

∫
Ωε

f ′ · ϕ′ dx,
(2.8)

κcε
2

∫
Ωε

Dwε : Dφdx+ λcε
2

∫
Ωε

div(wε) div(φ) dx+ 4χ

∫
Ωε

wε · φdx+

∫
Ωε

(uε · ∇)wε · φdx

= 2χ

∫
Ωε

rot(uε) · φdx+ ε

∫
Ωε

g′ · φ′ dx,
(2.9)

νcε
γ

∫
Ωε

Dbε : Dψ dx+

∫
Ωε

(uε · ∇)bε · ψ dx−
∫

Ωε

qε div(ψ) dx =

∫
Ωε

(bε · ∇)uε · ψ dx, (2.10)∫
Ωε

uε · ∇θ dx = 0,

∫
Ωε

bε · ∇ζ dx = 0, (2.11)

every ϕ,ψ, φ ∈ H1
0 (Ωε)

3 and θ, ζ ∈ H1
0 (Ωε).

Remark 2.2. Under previous assumptions, [18, Proposition 3.1] gives the existence of at least one weak solution
(uε, wε, bε, pε, qε) ∈ H1

0 (Ωε)
3 ×H1

0 (Ωε)
3 ×H1

0 (Ωε)
3 × L2

0(Ωε)× L2
0(Ωε).

The objetive of this paper is to study the asymptotic behavior of the sequence of solutions (uε, wε, bε, pε, qε) of
the problem (2.6)-(2.7) when ε tends to zero. To do that, we introduce a classical change of variables in thin
domains, the dilatation

z′ = x′, z3 = ε−1x3. (2.12)

This change transforms Ωε into a fixed domain Ω of heigh of order h, defined as follows

Ω =
{

(z′, z3) ∈ R2 × R : z′ ∈ ω, 0 < z3 < h(z′)
}
. (2.13)

The boundary of Ω is denoted by ∂Ω, where the the top boundary of the rescaled domain Ω is defined by

Γ1 =
{

(z′, z3) ∈ R2 × R : z′ ∈ ω, z3 = h(z′)
}
.

Accordingly, we define the functions ũε, w̃ε and b̃ε by

ũε(z) = uε(z
′, εz3), w̃ε(z) = wε(z

′, εz3), b̃ε(z) = bε(z
′, εz3) a.e. z ∈ Ω, (2.14)

and, similarly, the functions p̃ε and q̃ε by

p̃ε(z) = pε(z
′, εz3), q̃ε(z) = qε(z

′, εz3) a.e. z ∈ Ω. (2.15)

Let us now introduce some notation which will be useful in the following. For a vectorial function ϕ̃ = (ϕ̃′, ϕ̃3)

and a scalar function φ̃ obtained respectively from functions ϕ and φ by using the change of variables (2.12), we
introduce the operators ∆ε, divε, Dε, ∇ε and rotε by

∆εϕ̃ = ∆z′ ϕ̃+ ε−2∂2
z3 ϕ̃, divε(ϕ̃) = divz′ ϕ̃

′ + ε−1∂z3 ϕ̃3,

(Dεϕ̃)ij = ∂zj ϕ̃i for i = 1, 2, 3, j = 1, 2, (Dεϕ̃)i3 = ε−1∂z3 ϕ̃i for i = 1, 2, 3,

∇εφ̃ = (∇z′ φ̃, ε−1∂z3 φ̃), rotε(ϕ̃) =
(
rotz′(ϕ̃3) + ε−1rotz3(ϕ̃′),Rotz′(ϕ̃

′)
)
,

(2.16)
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where, denoting (ϕ̃′)⊥ = (−ϕ̃2, ϕ̃1), we define

rotz′(ϕ̃3) = (∂z2 ϕ̃3,−∂z1 ϕ̃3), rotz3(ϕ̃′) = ∂z3(ϕ̃′)⊥, Rotz′(ϕ̃
′) = ∂z1 ϕ̃2 − ∂z2 ϕ̃1. (2.17)

Thus, using the change of variables (2.12) and taking into account the rescaling of the forces (2.5), the system
(2.6)-(2.7) can be rewritten as

(ũε · ∇ε)ũε − (µ+ χ)∆εũε +∇ε
(
p̃ε +

1

2
|̃bε|2

)
= (̃bε · ∇ε)̃bε + 2χrotε(w̃ε) + fε in Ω,

(ũε · ∇ε)w̃ε − κcε2∆εw̃ε − λcε2∇εdivε(w̃ε) + 4χw̃ε = 2χrotε(ũε) + gε in Ω,

−νcεγ∆εb̃ε + (ũε · ∇ε)̃bε +∇εq̃ε = (̃bε · ∇ε)ũε in Ω,

divε(ũε) = 0, divε(̃bε) = 0 in Ω,

(2.18)

with corresponding boundary conditions

ũε = 0, w̃ε = 0, b̃ε = 0 on ∂Ω. (2.19)

According to the change of variables (2.12) applied to the weak variational formulation (2.8)-(2.10), then, for

ε > 0, a rescaled weak solution (ũε, w̃ε, b̃ε, p̃ε, q̃ε) of problem (2.18)-(2.19) satisfies

(µ+ χ)

∫
Ω

Dεũε : Dεϕ̃ dz +

∫
Ω

(ũε · ∇ε)ũε · ϕ̃ dz −
∫

Ω

p̃ε divε(ϕ̃) dz − 1

2

∫
Ω

|̃bε|2divε(ϕ̃) dz

=

∫
Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz + 2χ

∫
Ω

rotε(w̃ε) · ϕ̃ dz +

∫
Ω

f ′ · ϕ̃′ dz,
(2.20)

κcε
2

∫
Ω

Dεw̃ε : Dεφ̃ dz + λcε
2

∫
Ω

divε(w̃ε) divε(φ̃) dz + 4χ

∫
Ω

w̃ε · φ̃ dz +

∫
Ω

(ũε · ∇ε)w̃ε · φ̃ dz

= 2χ

∫
Ω

rotε(ũε) · φ̃ dz + ε

∫
Ω

g′ · φ̃′ dz,
(2.21)

νcε
γ

∫
Ω

Dεb̃ε : Dεψ̃ dz +

∫
Ω

(ũε · ∇ε)̃bε · ψ̃ dz −
∫

Ω

q̃ε divε(ψ̃) dz =

∫
Ω

(̃bε · ∇ε)ũε · ψ̃ dz, (2.22)∫
Ω

ũε · ∇εθ̃ dz = 0,

∫
Ω

b̃ε · ∇εζ̃ dz = 0, (2.23)

for every ϕ̃, φ̃, ψ̃ and θ̃, ζ̃ obtained from ϕ, φ, ψ and θ, ζ respectively by the change of variables (2.12).

3 Main results

In this section, we give the main results of this paper. In Subsection 3.1, we describe the asymptotic behavior
of the rescaled ũε, w̃ε, b̃ε, p̃ε and q̃ε, and we obtain the reduced limit system. In Subsection 3.2, we give the
expressions of the solution of the reduced limit system and as consequence, we derive the generalized 2D magneto-
micropolar Reynolds equation. The proof of the corresponding result is given in Section 4.

3.1 Effective system

Below we give the result concerning the asymptotic behavior of the rescaled functions ũε, w̃ε, b̃ε, p̃ε and q̃ε
together with the restriction of the magnetic Reynolds number.
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Theorem 3.1. Assume γ ≤ 2. Then, there exist ũ′, w̃′, b̃′ ∈ H1(0, h(z′);L2(ω)2) and p̃, q̃ ∈ L2
0(Ω), independent

of z3, such that a solution (ũε, w̃ε, b̃ε, p̃ε, q̃ε) of problem (2.18)-(2.19) satisfies the following convergences

ε−2ũε ⇀ ũ = (ũ′, 0) in H1(0, h(z′);L2(ω)3), ε−1w̃ε ⇀ w̃ = (w̃′, 0) in H1(0, h(z′);L2(ω)3),

p̃ε ⇀ p̃ in L2(Ω),

ε
γ
2−2b̃ε ⇀ b̃ = (̃b′, 0) in H1(0, h(z′);L2(ω)3), ε−

γ
2 q̃ε ⇀ q̃ in L2(Ω).

Moreover, (ũ′, w̃′, b̃′, p̃, q̃) is the unique weak solution of the limit system

−(µ+ χ)∂2
z3 ũ
′ +∇z′ p̃ = 2χrotz3(w̃′) + f ′ in Ω,

−κc∂2
z3w̃
′ + 4χw̃′ = 2χrotz3(ũ′) + g′ in Ω,

−νc∂2
z3 b̃
′ +∇z′ q̃ = 0 in Ω,

ũ′ = w̃′ = b̃′ = 0 on Γ0 ∪ Γ1,

(3.24)

together with free divergence conditions

divz′

(∫ h(z′)

0

ũ′(z) dz3

)
= 0 in ω,

(∫ h(z′)

0

ũ′(z) dz3

)
· n = 0 on ∂ω, (3.25)

divz′

(∫ h(z′)

0

b̃′(z) dz3

)
= 0 in ω,

(∫ h(z′)

0

b̃′(z) dz3

)
· n = 0 on ∂ω, (3.26)

with n the outside normal vector to ∂ω.

Remark 3.2. We have proved that there exists a critical value γc = 2, i.e. a critical magnetic Reynolds number
Recm = ε−γc = ε−2, such that for every γ ≤ γc, the nonlinear terms of the system (2.18)-(2.19) vanish in the
limit. Observe that condition γ ≤ γc = 2 means that the Rem is of order smaller or equal that Recm. Thus,
for γ ≤ 2, we have obtained the limit system (3.24)-(3.26), from which we will be able to derive a Reynolds-like
equation for pressures (see Theorem 3.4).

3.2 Generalized magneto-micropolar Reynolds equations

In this subsection, we obtain a generalized 2D magneto-micropolar Reynolds equation associated to the homoge-
nized micropolar system given in Theorem 3.1. For sake of clarity, we rewrite system (3.24) by components,
which will be useful to prove Theorem 3.4. Thus, ũ′ and w̃′ satisfy the following system

−(µ+ χ)∂2
z3 ũ1(z) + 2χ∂z3w̃2(z) = f1(z′)− ∂z1 p̃(z′),

−κc∂2
z3w̃2(z) + 4χw̃2(z)− 2χ∂z3 ũ1(z) = g2(z′),

ũ1(z′, 0) = ũ1(z′, h(z′)) = 0,

w̃2(z′, 0) = w̃2(z′, h(z′)) = 0,

(3.27)



−(µ+ χ)∂2
z3 ũ2(z)− 2χ∂z3w̃1(z) = f2(z′)− ∂z2 p̃(z′),

−κc∂2
z3w̃1(z) + 4χw̃1(z) + 2χ∂z3 ũ2(z) = g1(z′),

ũ2(z′, 0) = ũ2(z′, h(z′)) = 0,

w̃1(z′, 0) = w̃1(z′, h(z′)) = 0,

(3.28)

together with the free divergence condition

∂z1

(∫ h(z′)

0

ũ1(z) dz3

)
+ ∂z2

(∫ h(z′)

0

ũ2(z) dz3

)
= 0, (3.29)

7
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while b̃′ satisfies the following one 
−νc∂2

z3 b̃1(z) + ∂z1 q̃(z
′) = 0,

−νc∂2
z3 b̃2(z) + ∂z2 q̃(z

′) = 0,

w̃1(z′, 0) = w̃1(z′, h(z′)) = 0,

(3.30)

together with the free divergence condition

∂z1

(∫ h(z′)

0

b̃1(z) dz3

)
+ ∂z2

(∫ h(z′)

0

b̃2(z) dz3

)
= 0. (3.31)

In the next lemma, we give the expression of (ũ′, w̃′) in terms of f ′ and p̃, and the expression of b̃′ in terms of q̃.

Lemma 3.3. The solution (ũ1, w̃2) of system (3.27) is given by the following expressions

ũ1(z) =
[
− z23

2µ −
h(z′)
4µ

(
2χ

k(µ+χ) sinh(kz3)− 2z3

)
+ χh(z′)

2k(µ+χ)µ (cosh(kz3)− 1) coth
(
kh(z′)

2

)]
(f1(z′)− ∂z1 p̃(z′))

+
[
− z3

2χ + h(z′)
2χ

(
2χ

k(µ+χ) sinh(kz3)− 2z3

)
A2(z′) + h(z′)

k(µ+χ) (cosh(kz3)− 1)B2(z′)
]
g2(z′).

w̃2(z) =
[
− z3

2µ − (cosh(kz3)− 1)h(z′)
4µ + h(z′)

4µ sinh(kz3) coth
(
kh(z′)

2

)]
(f1(z′)− ∂z1 p̃(z′))

+h(z′)
2χ [(cosh(kz3)− 1)A2(z′) + sinh(kz3)B2(z′)] g2(z′),

where k =
√

4χµ
κc(µ+χ) and the functions A2, B2 are given by

A2(z′) = −1

2

1

h(z′)− 2χ
k(µ+χ) tanh

(
kh(z′)

2

) , B2(z′) =
1

2

tanh
(
kh(z′)

2

)
h(z′)− 2χ

k(µ+χ) tanh
(
kh(z′)

2

) .
The solution (ũ2, w̃1) of system (3.28) is given by the following expressions

ũ2(z) =
[
− z23

2µ −
h(z′)
4µ

(
2χ

k(µ+χ) sinh(kz3)− 2z3

)
+ χh(z′)

2k(µ+χ)µ (cosh(kz3)− 1) coth
(
kh(z′)

2

)]
(f2(z′)− ∂z2 p̃(z′))

−
[
− z3

2χ + h(z′)
2χ

(
2χ

k(µ+χ) sinh(kz3)− 2z3

)
A2(z′) + h(z′)

k(µ+χ) (cosh(kz3)− 1)B2(z′)
]
g1(z′).

w̃1(z) = −
[
− z3

2µ − (cosh(kz3)− 1)h(z′)
4µ + h(z′)

4µ sinh(kz3) coth
(
kh(z′)

2

)]
(f2(z′)− ∂z2 p̃(z′))

+h(z′)
2χ [(cosh(kz3)− 1)A2(z′) + sinh(kz3)B2(z′)] g1(z′).

Finally, the solution (̃b1, b̃2) of system (3.30) is given by the following expressions

b̃1(z) =
z2

3 − h(z′)z3

2νc
∂z1 q̃(z

′), b̃2(z) =
z2

3 − h(z′)z3

2νc
∂z2 q̃(z

′).

As consecuence of the previous result, we give the main result concerning the generalized Reynolds equation.

8
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Theorem 3.4 (Generalized 2D magneto-micropolar Reynolds equation). Defining the averaged limit velocity,
microrotation and magnetic field respectively by

Ũ(z′) =

∫ h(z′)

0

ũ(z) dz3, W̃ (z′) =

∫ h(z′)

0

w̃(z) dz3, B̃(z′) =

∫ h(z′)

0

b̃(z) dz3,

we have the following expressions

Ũ ′(z′) = h3(z′)
µ Φ(h(z′), κc, χ, µ)(f ′(z′)−∇z′ p̃(z′)), Ũ3(z′) = 0,

W̃ ′(z′) = h(z′)
4χ Ψ(h(z′), κc, χ, µ)g′(z′), W̃3(z′) = 0,

B̃′(z′) = −h
3(z′)
12νc
∇z′ q̃(z′), B̃3(z′) = 0,

where the functions Φ and Ψ are respectively defined by

Φ(h(z′), κc, χ, µ) =
1

12
+

κc
4h2(z′)

− 1

4h2(z′)

√
κcχ

µ(µ+ χ)
coth

(
h(z′)

√
χµ

κc(µ+ χ)

)
,

Ψ(h(z′), κc, χ, µ) =
1− 1

h(z′)

√
κc(µ+χ)
χµ tanh

(
h(z′)

√
χµ

κc(µ+χ)

)
1− χ

µ+χ
1

h(z′)

√
κc(µ+χ)
χµ tanh

(
h(z′)

√
χµ

κc(µ+χ)

) . (3.32)

The hydrostatic pressure p̃ ∈ H1(Ω)∩L2
0(Ω) and the magnetic pressure q̃ ∈ H1(Ω)∩L2

0(Ω) are the unique solution
of the Reynolds equations with Neumann boundary conditions

−divz′

(
h3(z′)

µ
Φ(h(z′), κc, χ, µ)∇z′ p̃(z′)

)
= −divz′

(
h3(z′)

µ
Φ(h(z′), κc, χ, µ)f ′(z′)

)
,

−divz′

(
h3(z′)

12νc
∇z′ q̃(z′)

)
= 0,

(3.33)

whose variational formulation is given as follows

∫
ω

h3(z′)

µ
Φ(h(z′), κc, χ, µ)∇z′ p̃(z′) · ∇z′θ(z′) dz′ =

∫
ω

h3(z′)

µ
Φ(h(z′), κc, χ, µ)f ′(z′) · ∇z′θ(z′) dz′,

∫
ω

h3(z′)

12νc
∇z′ q̃(z′) · ∇z′ζ(z′) dz′ = 0,

(3.34)

for every θ, ζ ∈ H1(ω).

4 Proof of the main results

In this section, we will prove the main results. In Subsection 4.1, we derive the estimates of the velocity,
microrotation and magnetic field. Using these estimates, in Subsection 4.2, we derive the corresponding estimates
of the hydrostatic and magnetic pressures together with a restriction of the value of γ. The compactness results
and the proof of Theorem 3.1, corresponding to derivation of the limit system (3.24)-(3.26), will be developed
in Subsection 4.3. Finally, the proof of Theorem 3.4 concerning the magneto-micropolar Reynolds equation is
given in Subsection 4.4.
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4.1 A priori velocity, microrotation and magnetic field estimates

In this subsection we give a priori estimates for the rescaled functions ũε, w̃ε and b̃ε. First, we recall some
important inequalities in a domain with thickness ε (see e.g. [24], [29]).

Lemma 4.1 (Poincaré and Ladyzhenskaya inequalities). For all ϕ ∈ H1
0 (Ωε)3, there hold the following inequal-

ities
‖ϕ‖L2(Ωε)3 ≤ Cε‖Dϕ‖L2(Ωε)3×3 , ‖ϕ‖L4(Ωε)3 ≤ Cε

1
4 ‖Dϕ‖L2(Ωε)3×3 . (4.35)

Moreover, from the change of variables (2.12), there hold the following rescaled estimates

‖ϕ̃‖L2(Ω)3 ≤ Cε‖Dεϕ̃‖L2(Ω)3×3 , ‖ϕ̃‖L4(Ω)3 ≤ Cε
1
2 ‖Dεϕ̃‖L2(Ω)3×3 . (4.36)

Lemma 4.2 (See Lemma 2 in [42]). For ϕ ∈ H1
0 (Ωε) and ϕ̃ obtained from ϕ by the change of variables (2.12),

the following inequalities hold

‖rot(ϕ)‖L2(Ωε)3 ≤ ‖Dϕ‖L2(Ωε)3×3 , ‖rotε(ϕ̃)‖L2(Ω)3 ≤ ‖Dεϕ̃‖L2(Ω)3×3 . (4.37)

Next, we give the a priori estimates of velocity, microrotation and magnetic fields.

Lemma 4.3 (Estimates for velocity, microrotation and magnetic field). Let (uε, wε, bε) be a weak solution of
(2.6)-(2.7) and let γ ∈ R. Then, there exists a positive constant C, independent of ε, such that we have the
following estimates

‖uε‖L2(Ωε)3 ≤ Cε
5
2 , ‖Duε‖L2(Ωε)3×3 ≤ Cε 3

2 , (4.38)

‖wε‖L2(Ωε)3 ≤ Cε
3
2 , ‖Dwε‖L2(Ωε)3×3 ≤ Cε 1

2 . (4.39)

‖bε‖L2(Ωε)3 ≤ Cε
5−γ
2 , ‖Dbε‖L2(Ωε)3×3 ≤ Cε

3−γ
2 . (4.40)

Moreover, after the change of variables (2.12), we have the following estimates:

‖ũε‖L2(Ω)3 ≤ Cε2, ‖Dεũε‖L2(Ω)3×3 ≤ Cε, (4.41)

‖w̃ε‖L2(Ω)3 ≤ Cε, ‖Dεw̃ε‖L2(Ω)3×3 ≤ C. (4.42)

‖b̃ε‖L2(Ω)3 ≤ Cε
4−γ
2 , ‖Dεb̃ε‖L2(Ω)3×3 ≤ Cε

2−γ
2 . (4.43)

Proof. We divide the proof in five steps.

Step 1. In this step, we derive some useful estimates for velocity that will be useful in the rest of the proof.

From (2.8) with ϕ = uε, we get

(µ+ χ)‖Duε‖2L2(Ωε)3×3 =

∫
Ωε

(bε · ∇)bε · uε dx+ 2χ

∫
Ωε

rot(wε) · uε dx+

∫
Ωε

f ′ · u′ε dx, (4.44)

because
∫

Ωε
(uε · ∇)uε · uε dx = 0.

On the other hand, considering (2.10) with ϕ = bε, we get

νcε
γ‖Dbε‖2L2(Ωε)3×3 =

∫
Ωε

(bε · ∇)uε · bε dx, (4.45)

because
∫

Ωε
(uε · ∇)bε · bε dx = 0.

Summing (4.44) and (4.45), we get

(µ+ χ)‖Duε‖2L2(Ωε)3×3 + νcε
γ‖Dbε‖2L2(Ωε)3×3 = 2χ

∫
Ωε

rot(wε) · uε dx+

∫
Ωε

f ′ · u′ε dx, (4.46)

10
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because
∫

Ωε
(bε · ∇)uε · bε dx+

∫
Ωε

(bε · ∇)bε · uε dx = 0.

Observe that using Cauchy-Schwarz’s inequality and taking into account that 1/2 ≤ h ≤ 1, we deduce∫
Ωε

f ′ · u′ε dx ≤ ‖f ′‖L2(Ωε)2‖uε‖L2(Ωε)3

=

(∫
ω

∫ εh(x′)

0

|f ′(x′)|2dx′dx3

)1/2

‖uε‖L2(Ωε)3

=

(
ε

∫
ω

h(x′)|f ′(x′)|2dx′
)1/2

‖uε‖L2(Ωε)3

≤ ε
1
2 ‖f ′‖L2(ω)2‖uε‖L2(Ωε)3 .

(4.47)

Taking now into account that
∫

Ωε
rot(wε) ·uε dx =

∫
Ωε

rot(uε) ·wε dx (see Exercise 1.3.3 in [24, Part II]) in (4.46),

applying Cauchy-Schwarz’s inequality, (4.47) and estimates (4.35) and (4.37)1, we get

(µ+ χ)‖Duε‖2L2(Ωε)3×3 + νcε
γ‖Dbε‖2L2(Ωε)3×3

≤ 2χ‖wε‖L2(Ωε)3‖Duε‖L2(Ωε)3×3 + ε
1
2 ‖f ′‖L2(ω)2‖uε‖L2(Ωε)3

≤ 2χ‖wε‖L2(Ωε)3‖Duε‖L2(Ωε)3×3 + ε
3
2C‖f ′‖L2(ω)2‖Duε‖L2(Ωε)3×3

(4.48)

which, in particular, implies

(µ+ χ)‖Duε‖L2(Ωε)3×3 ≤ 2χ‖wε‖L2(Ωε)3 + ε
3
2C‖f ′‖L2(ω)2 , (4.49)

and
νcε

γ‖Dbε‖2L2(Ωε)3×3 ≤ 2χ‖wε‖L2(Ωε)3‖Duε‖L2(Ω)3×3 + ε
3
2C‖f ′‖L2(ω)2‖Duε‖L2(Ωε)3×3 . (4.50)

Thus, to derive estimates for velocity, we need to obtain estimates for wε, which will be derived in the following
steps. The estimates for the magnetic field will be a direct consequence of the derived estimates for wε and uε
together with (4.50).

Step 2. In this step, we derive some useful estimates for wε that will be useful in the rest of the proof. Similarly
to the previous step, from (2.9) with φ = wε, we get

κcε
2‖Dwε‖2L2(Ωε)3×3 + λcε

2‖div(wε)‖2L2(Ωε)
+ 4χ‖wε‖2L2(Ωε)3

= 2χ

∫
Ωε

rot(uε) · wε dx+ ε

∫
Ωε

g′ · w′ε dx, (4.51)

because
∫

Ωε
(uε · ∇)wε · wε dx = 0.

Observe that using Cauchy-Schwarz’s inequality and taking into account that 1/2 ≤ h ≤ 1, we deduce

ε

∫
Ωε

g′ · w′ε dx ≤ ε‖g′‖L2(Ωε)2‖wε‖L2(Ωε)3

= ε

(∫
ω

∫ εh(x′)

0

|g′(x′)|2dx′dx3

)1/2

‖wε‖L2(Ωε)3

= ε

(
ε

∫
ω

h(x′)|g′(x′)|2dx′
)1/2

‖wε‖L2(Ωε)3

≤ ε
3
2 ‖g′‖L2(ω)2‖wε‖L2(Ωε)3 .

(4.52)
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Applying Cauchy-Schwarz’s inequality, (4.52) and estimate (4.37)1, we get

ε2κc‖Dwε‖2L2(Ωε)3×3 + ε2λc‖div(wε)‖2L2(Ωε)
+ 4χ‖wε‖2L2(Ωε)3

≤ 2χ‖rot(uε)‖L2(Ωε)3‖wε‖L2(Ωε)3 + ε
3
2 ‖g′‖L2(ω)2‖wε‖L2(Ωε)3

≤
(

2χ‖Duε‖L2(Ωε)3×3 + ε
3
2 ‖g′‖L2(ω)2

)
‖wε‖L2(Ωε)3 ,

(4.53)

which, in particular, implies

2χ‖wε‖L2(Ωε)3 ≤ χ‖Duε‖L2(Ωε)3×3 + ε
3
2

1

2
‖g′‖L2(ω2). (4.54)

Step 3. Let us obtain now the velocity estimates. By putting (4.54) into (4.49), we get

(µ+ χ)‖Duε‖L2(Ωε)3×3 ≤ ε 3
2C‖f ′‖L2(ω)2 + ε

3
2

1
2‖g
′‖L2(ω)2 + χ‖Duε‖L2(Ω)3×3 ,

i.e., we have

µ‖Duε‖L2(Ωε)3×3 ≤ ε 3
2C‖f ′‖L2(ω)2 + ε

3
2

1

2
‖g′‖L2(ω)2 .

This estimate implies (4.38)2, and by Poincare’s inequality (4.35), we get (4.38)1. From the change of variables
(2.12), we get (4.41).

Step 4. Let us obtain now the microrotation estimates. Using
∫

Ωε
rot(uε)·wε dx =

∫
Ωε

rot(wε)·uε dx (see Exercise

1.3.3 in [24, Part II]) in (4.51), Cauchy-Schwarz’s inequality, Poincaré’s inequality, (4.52), and estimates (4.35),
(4.37)1 and (4.38)1, we get

κcε
2‖Dwε‖2L2(Ωε)3×3 + λcε

2‖div(wε)‖2L2(Ωε)
+ 4χ‖wε‖2L2(Ωε)3

≤ ε 3
2 ‖g′‖L2(ω)2‖wε‖L2(Ωε)3 + 2χ‖uε‖L2(Ωε)3‖rot(wε)‖L2(Ω)3

≤ C
(
ε

5
2 ‖g′‖L2(ω)2 + 2χε

5
2

)
‖Dwε‖L2(Ωε)3×3 ,

(4.55)

which, in particular, gives
κcε

2‖Dwε‖L2(Ωε)3×3 ≤ Cε 5
2 .

This implies estimate (4.39)2 and by the Poincaré inequality (4.35), we deduce (4.39)1. From the change of
variables (2.12), we get (4.42).

Step 5. We finish by deducing estimates for magnetic field (4.40). Putting estimates (4.38)2 and (4.39)1 into
(4.50), we deduce

νcε
γ‖Dbε‖2L2(Ωε)3×3 ≤ Cε3,

which implies estimate (4.40)2, and from the Poincaré inequality, we get (4.40)1. From the change of variables
(2.12), we get (4.43) and so, the proof is finished.

4.2 A priori pressure estimates

Now, we will derive the estimate of the hydrostatic and magnetic pressures by using the a priori estimates for
velocity, microrotation and magnetic field given in Lemma 4.3.

Lemma 4.4 (Estimates for hydrostatic pressure). Assume γ ≤ 2. Then, there exists a positive constant C,
independent of ε, such that we have the following estimates

‖p̃ε‖L2
0(Ω) ≤ C, ‖∇εp̃ε‖H−1(Ω)3 ≤ C. (4.56)
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Proof. Thank to the classical Nečkas estimate

‖p̃ε‖L2
0(Ω) ≤ C‖∇z p̃ε‖H−1(Ω)3 , (4.57)

and taking into account that ‖∇z p̃ε‖H−1(Ω)3 ≤ C‖∇εp̃ε‖H−1(Ω)3 , then we just need to obtain the estimate for
∇εp̃ε to derive the estimates for p̃ε given in (4.56) with the restriction imposed on the possible values of γ.

To do this, we consider ϕ̃ ∈ H1
0 (Ω)3, and taking into account the variational formulation (2.20), we get

〈∇εp̃ε, ϕ̃〉 = −(µ+ χ)

∫
Ω

Dεũε : Dεϕ̃ dz −
∫

Ω

(ũε · ∇ε)ũε · ϕ̃ dz −
1

2

∫
Ω

∇ε(|̃bε|2)ϕ̃ dz

+

∫
Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz + 2χ

∫
Ω

rotε(w̃ε) · ϕ̃ dz +

∫
Ω

f ′ · ϕ̃′ dz,
(4.58)

where brackets are for the duality products between H−1 and H1
0 . We estimate the terms on the right-hand side

of (4.58) taking into account that ‖Dεϕ̃‖L2(Ω)3×3 ≤ ε−1‖ϕ̃‖H1
0 (Ω)3 :

• First term. Applying Cauchy-Schwarz’s inequality and estimate (4.41), we get∣∣∣∣(µ+ χ)

∫
Ω

Dεũε : Dεϕ̃ dz

∣∣∣∣ ≤ C‖Dεũε‖L2(Ω)3×3‖Dεϕ̃‖L2(Ω)3×3

≤ Cε−1‖Dεũε‖L2(Ω)3×3‖ϕ̃‖H1
0 (Ω)3

≤ C‖ϕ̃‖H1
0 (Ω)3 .

• Second term. Applying Hölder’s inequality and using estimate (4.36)2 and (4.41), we have∣∣∣∣∫
Ω

(ũε · ∇ε)ũε · ϕ̃ dz
∣∣∣∣ ≤ ‖ũε‖L4(Ω)3‖Dεũε‖L2(Ω)3×3‖ϕ̃‖L4(Ω)3

≤ Cε‖Dεũε‖2L2(Ω)3×3‖Dεϕ̃‖L2(Ω)3×3

≤ Cε2‖ϕ̃‖H1
0 (Ω)3 .

• Third term. Applying Hölder’s inequality and using estimate (4.36)2 and (4.43), we have∣∣∣∣12
∫

Ω

∇ε(|̃bε|2)ϕ̃ dz

∣∣∣∣ =

∣∣∣∣∫
Ω

b̃ε∇εb̃ε ϕ̃ dz
∣∣∣∣ ≤ ‖b̃ε‖L4(Ω)3‖Dεb̃ε‖L2(Ω)3×3‖ϕ̃‖L4(Ω)3

≤ Cε‖Dεb̃ε‖2L2(Ω)3×3‖Dεϕ̃‖L2(Ω)3×3

≤ Cε2−γ‖ϕ̃‖H1
0 (Ω)3 .

• Fourth term. Applying Hölder’s inequality and using estimate (4.36)2 and (4.43), we have∣∣∣∣∫
Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz
∣∣∣∣ ≤ ‖b̃ε‖L4(Ω)3‖Dεb̃ε‖L2(Ω)3×3‖ϕ̃‖L4(Ω)3

≤ Cε‖Dεb̃ε‖2L2(Ω)3×3‖Dεϕ̃‖L2(Ω)3×3

≤ Cε2−γ‖ϕ̃‖H1
0 (Ω)3 .

• Fifth term. Applying Cauchy-Schwarz’s inequality and estimates (4.37)2 and (4.42), we get∣∣∣∣2χ∫
Ω

rotε(w̃ε) · ϕ̃ dz
∣∣∣∣ ≤ C‖rotε(w̃ε)‖L2(Ω)3‖ϕ̃‖L2(Ω)3

≤ C‖Dεw̃ε‖L2(Ω)3×3‖ϕ̃‖H1
0 (Ω)3

≤ C‖ϕ̃‖H1
0 (Ω)3 .

13
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• Sixth term. Applying Cauchy-Schwarz’s inequality, we get∣∣∣∣∫
Ω

f ′ ϕ̃′ dz

∣∣∣∣ ≤ C‖ϕ̃‖L2(Ω)3 ≤ C‖ϕ̃‖H1
0 (Ω)3 .

Finally, taking into account all the previous estimates, we get

‖∇εp̃‖H−1(Ω)3 ≤

{
C if γ ≤ 2,

Cε2−γ if γ > 2.

To prevent that the nonlinear terms will be those of the highest order, then we only consider that γ ≤ 2, which
finishes the proof.

Lemma 4.5 (Estimates for magnetic pressure). Assume γ ≤ 2. Then, there exists a positive constant C,
independent of ε, such that we have the following estimates

‖q̃ε‖L2
0(Ω) ≤ Cε

γ
2 , ‖∇εq̃ε‖H−1(Ω)3 ≤ Cε

γ
2 . (4.59)

Proof. Analogously to the previous Lemma, we just need to obtain the estimate for ∇εq̃ε to derive the estimates
for q̃ε given in (4.59) and the restriction on the value of γ.

To do this, we consider ψ̃ ∈ H1
0 (Ω)3, and taking into account the variational formulation (2.22), we get〈

∇εq̃ε, ψ̃
〉

= −νcεγ
∫

Ω

Dεb̃ε : Dεψ̃ dz −
∫

Ω

(ũε · ∇ε)̃bε · ψ̃ dz +

∫
Ω

(̃bε · ∇ε)ũε · ψ̃ dz. (4.60)

We estimate the terms on the right-hand side of (4.60) taking into account that it holds the estimate ‖Dεψ̃‖L2(Ω)3×3 ≤
ε−1‖ψ̃‖H1

0 (Ω)3 :

• First term. Applying the Cauchy-Schwarz inequality and estimate (4.43), we get∣∣∣∣νcεγ ∫
Ω

Dεb̃ε : Dεψ̃ dz

∣∣∣∣ ≤ Cεγ‖Dεb̃ε‖L2(Ω)3×3‖Dεψ̃‖L2(Ω)3×3

≤ Cεγ−1‖Dεb̃ε‖L2(Ω)3×3‖ψ̃‖H1
0 (Ω)3

≤ Cε
γ
2 ‖ψ̃‖H1

0 (Ω)3 .

• Second term. Applying Hölder’s inequality and using estimates (4.36)2 and (4.41) and (4.43), we have∣∣∣∣∫
Ω

(ũε · ∇ε)̃bε · ψ̃ dz
∣∣∣∣ ≤ ‖ũε‖L4(Ω)3‖Dεb̃ε‖L2(Ω)3×3‖ψ̃‖L4(Ω)3

≤ Cε‖Dεũε‖L2(Ω)3×3‖Dεb̃ε‖L2(Ω)3×3‖Dεψ̃‖L2(Ω)3×3

≤ Cε2− γ2 ‖ψ̃‖H1
0 (Ω)3 .

• Third term. Applying Hölder’s inequality and using estimates (4.36)2 and (4.41) and (4.43), we have∣∣∣∣∫
Ω

(̃bε · ∇ε)ũε · ψ̃ dz
∣∣∣∣ ≤ ‖b̃ε‖L4(Ω)3‖Dεũε‖L2(Ω)3×3‖ψ̃‖L4(Ω)3

≤ Cε‖Dεb̃ε‖L2(Ω)3×3‖Dεũε‖L2(Ω)3×3‖Dεψ̃‖L2(Ω)3×3

≤ Cε2− γ2 ‖ψ̃‖H1
0 (Ω)3 .

14
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Finally, taking into account all the previous estimates, then we get for any value of γ that

‖∇εq̃‖H−1(Ω)2 ≤

{
Cε

γ
2 if γ ≤ 2,

Cε2− γ2 if γ > 2.

Similarly to what happens with the estimate of the hydrostatic pressure, to prevent that the non linear terms
will be those of the highest order, then we only consider that γ ≤ 2, which finishes the proof.

4.3 Compactness results and proof of Theorem 3.1

First, we give some compactness results about the behavior of the rescaled sequences ũε, w̃ε, b̃ε and p̃ε, q̃ε
satisfying respectively the a priori estimates given in Lemmas 4.3, 4.4 and 4.5.

Lemma 4.6. Assume γ ≤ 2. Then, there exist:

• A subsequence, still denoted by (ũε, w̃ε, b̃ε, p̃ε, q̃ε), chosen from a sequence of solutions of system (2.18)-
(2.19).

• ũ = (ũ′, 0) with ũ′ ∈ H1(0, h(z′);L2(ω)2) and ũ = 0 on Γ0 ∪ Γ1 such that

ε−2ũε ⇀ ũ in H1(0, h(z′);L2(ω)3), (4.61)

divz′

(∫ h(z′)

0

ũ′(z) dz3

)
= 0 in ω,

(∫ h(z′)

0

ũ′(z) dz3

)
· n = 0 on ∂ω, (4.62)

• w̃ = (w̃′, 0) with w̃′ ∈ H1(0, h(z′);L2(ω)2) and w̃ = 0 on Γ0 ∪ Γ1 such that

ε−1w̃ε ⇀ w̃ in H1(0, h(z′);L2(ω)3), (4.63)

• b̃ = (̃b′, 0) with b̃′ ∈ H1(0, h(z′);L2(ω)2) and b̃ = 0 on Γ0 ∪ Γ1 such that

ε
γ
2−2b̃ε ⇀ b̃ in H1(0, h(z′);L2(ω)3), (4.64)

divz′

(∫ h(z′)

0

b̃′(z) dz3

)
= 0 in ω,

(∫ h(z′)

0

b̃′(z) dz3

)
· n = 0 on ∂ω, (4.65)

• p̃, q̃ ∈ L2(Ω), independent of z3, such that

p̃ε ⇀ p̃ in L2(Ω), (4.66)

ε−
γ
2 q̃ε ⇀ q̃ in L2(Ω), (4.67)

with ∫
Ω

p̃(z′) dz =

∫
ω

h(z′)p̃(z′) dz′ = 0,

∫
Ω

q̃(z′) dz =

∫
ω

h(z′)q̃(z′) dz′ = 0. (4.68)

Proof. The convergences given in the lemma are a direct consequence of the estimates given in Lemmas 4.3, 4.4
and 4.5. We will only give some remarks, and for more details we refer the reader to [8, 29, 42]:
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– Velocity. Estimates (4.41) imply the existence of a function ũ ∈ H1(0, h(z′);L2(ω)3) such that convergence
(4.61) holds. The continuity of the trace applications from the space of ũ such that ‖ũ‖L2 and ‖∂z3 ũ‖L2

are bounded to L2(Γ0) and to L2(Γ1) implies that ũ = 0 on Γ0 ∪ Γ1.

From the condition divεũε = 0 in Ω, it can be deduced that ũ3 is independent of z3, which combined with
the boundary conditions satisfied by ũ3 on Γ0 ∪ Γ1 implies ũ3 = 0.

Finally, from the free divergence condition and the convergence (4.61) of ε−2ũε, it is straightforward the
corresponding free divergence condition in a thin domain given in (4.62).

– Microrotation. From estimates (4.42), then convergence (4.63) and w̃ = 0 on Γ0 ∪Γ1 are obtained directly.
It remains to prove w̃3 = 0. To do this, taking into account that from estimates (4.41) and (4.42) it holds∣∣∣∣ε−1

∫
Ω

(ũε · ∇ε)w̃ε · φ̃ dz
∣∣∣∣ ≤ ε−1‖ũε‖L2(Ωε)3‖Dεw̃ε‖L2(Ω)3‖φ̃‖L∞(Ω)3 ≤ Cε→ 0,

then we consider a test function φ̃ = (0, 0, ε−1φ̃3) in the variational formulation (2.21), which gives

κcε

∫
Ω

∇εw̃3,ε · ∇εφ̃3 dz + λc

∫
Ω

ε−1∂z3w̃3,ε ∂z3 φ̃3 dz + 4χ

∫
Ω

ε−1w̃3,ε φ̃3 dz

= 2χ

∫
Ω

ε−1Rotz′(ũ
′
ε) φ̃3 dz +Oε,

(4.69)

with Oε devoted to tend to zero when ε → 0. Then, passing to the limit in (4.69) when ε → 0 by using
convergences (4.61) and (4.63), we get

(κc + λc)

∫
Ω

∂z3w̃3 ∂z3 φ̃3 dz + 4χ

∫
Ω

w̃3 φ̃3 dz = 0,

which is equivalent to problem −(κc + λc)∂
2
z3w̃3 + 4χw̃3 = 0. This equation together with the boundary

conditions w̃3 = 0 on Γ0 ∪ Γ1 implies w̃3 = 0.

– Magnetic field. This follows similarly to the case of velocity just taking into account estimates (4.43).

– Pressures. Estimates (4.56)1 and (4.59)1 imply, up to a subsequence, the existence of p̃, q̃ ∈ L2(Ω) such
that convergences (4.66) and (4.67) hold, respectively. Also, from (4.56)2 and (4.59)2, by noting that
ε−1∂z3 p̃ε and ε−1− γ2 ∂z3 q̃ε also converge weakly in H−1(Ω), we deduce ∂z3 p̃ = ∂z3 q̃ = 0. Then, p̃ and q̃ are
independent of z3. To finish, it remains to prove that p, q ∈ L2

0(Ω), that is properties (4.68). Passing to
the limit when ε tends to zero in ∫

Ω

p̃ε dz = 0, and

∫
Ω

ε−
γ
2 q̃ε dz = 0,

we respectively deduce∫
Ω

p̃(z′) dz =

∫
ω

h(z′)p̃(z′) dz′ = 0, and

∫
Ω

q̃(z′) dz =

∫
ω

h(z′)q̃(z′) dz′ = 0,

and so that p̃ and q̃ has null mean value in Ω. This ends the proof.

Proof of Theorem 3.1. From Lemma 4.6, it remains to prove the equations (3.24)1, (3.24)2 and (3.24)3. To do
this, we divide the proof in four steps.
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Step 1. We pass to the limit in the variational formulation (2.20) for every ϕ̃ ∈ D(Ω)3 with ϕ̃3 = 0, which is
given by

(µ+ χ)

∫
Ω

Dεũε : Dεϕ̃ dz +

∫
Ω

(ũε · ∇ε)ũε · ϕ̃ dz −
∫

Ω

p̃ε divε(ϕ̃) dz +
1

2

∫
Ω

∇ε(|̃bε|2)ϕ̃ dz

= 2χ

∫
Ω

rotε(w̃ε) · ϕ̃ dz +

∫
Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz +

∫
Ω

f ′ · ϕ̃′ dz.
(4.70)

To do this, let us pass to the limit when ε tends to zero in every terms:

• First term on the left-hand side of (4.70). Taking into account convergence (4.61), we get

(µ+ χ)

∫
Ω

Dεũε : Dεϕ̃ dz = (µ+ χ)

∫
Ω

ε−2∂z3 ũ
′
ε · ∂z3 ϕ̃′ dz +Oε = (µ+ χ)

∫
Ω

∂z3 ũ
′ · ∂z3 ϕ̃′ dz +Oε.

• Second term on the left-hand side of (4.70). Taking into account that ϕ̃′ ∈ D(Ω)2, applying Cauchy-
Schwarz’s inequality and estimates (4.41), we get that∣∣∣∣∫

Ω

(ũε · ∇ε)ũε · ϕ̃ dz
∣∣∣∣ ≤ ‖ũε‖L2(Ω)3‖Dεũε‖L2(Ω)3×3‖ϕ̃′‖L∞(Ω)2 ≤ Cε3,

which implies ∫
Ω

(ũε · ∇ε)ũε · ϕ̃ dz → 0.

• Third term on the left-hand side of (4.70). Taking into account that ϕ̃3 = 0 and convergence (4.66), we get∫
Ω

p̃ε divε(ϕ̃) dz =

∫
Ω

p̃ε divz′(ϕ̃
′) dz →

∫
Ω

p̃ divz′(ϕ̃
′) dz.

• Fourth term on the left-hand side of (4.70). Applying the Cauchy-Schwarz inequality and estimates (4.43),
we get ∣∣∣∣12

∫
Ω

∇ε(|̃bε|2)ϕ̃ dz

∣∣∣∣ =

∣∣∣∣∫
Ω

b̃ε∇εb̃ε ϕ̃ dz
∣∣∣∣ ≤ ‖ϕ̃′‖L∞(Ω)2‖b̃ε‖L2(Ω)3‖Dεb̃ε‖L2(Ω)3×3 ≤ Cε3−γ ,

and since γ ≤ 2, then we get
1

2

∫
Ω

∇(|̃bε|2)ϕ̃ dz → 0.

• First term on the right-hand side of (4.70). Taking into account the definition of rotε(w̃ε) and convergence
(4.63), we get

2χ

∫
Ω

rotε(w̃ε) · ϕ̃ dz = 2χ

∫
Ω

ε−1rotz3(w̃′ε) · ϕ̃′ dz +Oε = 2χ

∫
Ω

rotz3(w̃′) · ϕ̃′ dz +Oε.

• Second term on the right-hand side of (4.70). Applying the Cauchy-Schwarz inequality and estimates
(4.43), we get ∣∣∣∣∫

Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz
∣∣∣∣ ≤ ‖b̃ε‖L2(Ω)3‖Dεb̃ε‖L2(Ω)3×3‖ϕ̃′‖L∞(Ω)2 ≤ Cε3−γ ,

and since γ ≤ 2, then we get ∫
Ω

(̃bε · ∇ε)̃bε · ϕ̃ dz → 0.
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Finally, from the above convergences when ε→ 0, we derive the following limit system

(µ+ χ)

∫
Ω

∂z3 ũ
′ · ∂z3 ϕ̃′ dz −

∫
Ω

p̃ divz′(ϕ̃
′) dz = 2χ

∫
Ω

rotz3(w̃′) · ϕ̃′ dz +

∫
Ω

f ′ · ϕ̃′ dz,

for every ϕ̃′ ∈ D(Ω)2.

Step 2. We pass to the limit in the variational formulation (2.21) for every φ̃ ∈ D(Ω)3 with φ̃3 = 0, which after
dividing by ε, is given by

κcε

∫
Ω

Dεw̃ε : Dεφ̃ dz + λcε

∫
Ω

divε(w̃ε) divε(φ̃) dz + 4χ

∫
Ω

ε−1w̃ε · φ̃ dz +

∫
Ω

ε−1(ũε · ∇ε)w̃ε · φ̃ dz

= 2χ

∫
Ω

ε−1rotε(ũε) · φ̃ dz +

∫
Ω

g′ · φ̃′ dz.
(4.71)

To do this, let us pass to the limit when ε tends to zero in every terms:

• First term on the left-hand side of (4.71). Taking into account convergence (4.63), we get

κcε

∫
Ω

Dεw̃ε : Dεφ̃ dz = κc

∫
Ω

ε−1∂z3w̃
′
ε · ∂z3 φ̃′ dz +Oε = κc

∫
Ω

∂z3w̃
′ · ∂z3 φ̃′ dz +Oε.

• Second term on the left-hand side of (4.71). Taking into account that φ̃3 = 0 and convergence (4.63), we
get

λcε

∫
Ω

divε(w̃ε) divε(φ̃) dz = λcε

∫
Ω

divε(w̃ε) divz′(φ̃
′) dz = λc

∫
Ω

∂z3w̃3,ε divz′(φ̃
′) dz +Oε → 0.

• Third term on the left-hand side of (4.71). Taking into account convergence (4.63), we get

4χ

∫
Ω

ε−1w̃ε · φ̃ dz = 4χ

∫
Ω

ε−1w̃′ε · φ̃′ dz = 4χ

∫
Ω

w̃ · φ̃ dz +Oε.

• Fourth term on the left-hand side of (4.71). By using Cauchy-Schwarz’s inequality and estimates (4.41)
and (4.42), we get∣∣∣∣∫

Ω

ε−1(ũε · ∇ε)w̃ε · φ̃ dz
∣∣∣∣ ≤ ε−1‖φ̃′‖L∞(Ω)2‖ũε‖L2(Ω)3‖Dεw̃ε‖L2(Ω)3×3 ≤ Cε,

which implies ∫
Ω

ε−1(ũε · ∇ε)w̃ε · φ̃ dz → 0.

• First term on the right-hand side of (4.71). By using the definition of rotε(ũε) and convergence (4.61), we
get

2χ

∫
Ω

ε−1rotε(ũε) · φ̃ dz = 2χ

∫
Ω

ε−2rotz3(ũ′ε) · φ̃′ dz +Oε = 2χ

∫
Ω

rotz3(ũ′) · φ̃′ dz +Oε.

Finally, from the above convergences, we get the limit variational formulation

κc

∫
Ω

∂z3w̃
′ · ∂z3 φ̃′ dz + 4χ

∫
Ω

w̃′ · φ̃′ dz = 2χ

∫
Ω

rotz3(ũ′) · φ̃′ dz +

∫
Ω

g′ · φ̃′ dz,

for every φ̃′ ∈ D(Ω)2.
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Maŕıa Anguiano and Francisco J. Suárez-Grau

Step 3. We pass to the limit in the variational formulation (2.22) for every ψ̃ ∈ D(Ω)3 with ψ̃3 = 0, which after
dividing by ε

γ
2 is given by

νcε
γ
2

∫
Ω

Dεb̃ε : Dεψ̃ dz + ε−
γ
2

∫
Ω

(ũε · ∇ε)̃bε · ψ̃ dz − ε−
γ
2

∫
Ω

q̃ε divε(ψ̃) dz = ε−
γ
2

∫
Ω

(̃bε · ∇ε)ũε · ψ̃ dz. (4.72)

To do this, let us pass to the limit when ε tends to zero in every terms:

• First term on the left-hand side of (4.72). Taking into account convergence (4.64), we get

νcε
γ
2

∫
Ω

Dεb̃ε : Dεψ̃ dz = νc

∫
Ω

ε
γ
2−2∂z3 b̃

′
ε · ∂z3 ψ̃′ dz +Oε = νc

∫
Ω

∂z3 b̃
′ · ∂z3 ψ̃′ dz +Oε.

• Second term on the left-hand side of (4.72). Applying the Cauchy-Schwarz inequality and taking into
account estimates (4.41) and (4.43), we get

ε−
γ
2

∫
Ω

(ũε · ∇ε)̃bε · ψ̃ dz ≤ ε−
γ
2 ‖ψ̃′‖L∞(Ω)2‖ũε‖L2(Ω)3‖Dεb̃ε‖L2(Ω)3×3 ≤ Cε3−γ ,

and since γ ≤ 2, then we get

ε−
γ
2

∫
Ω

(ũε · ∇ε)̃bε · ψ̃ dz → 0.

• Third term on the left-hand side of (4.72). Taking into account that ψ̃3 = 0 and convergence (4.67), we get

ε−
γ
2

∫
Ω

q̃ε divε(ψ̃) dz =

∫
Ω

ε−
γ
2 q̃ε divz′(ψ̃

′) dz +Oε =

∫
Ω

q̃ divz′(ψ̃
′) dz +Oε.

• First term on the right-hand side of (4.72). Applying the Cauchy-Schwarz inequality and taking into
account estimates (4.41) and (4.43), we get∣∣∣∣ε− γ2 ∫

Ω

(̃bε · ∇ε)ũε · ψ̃ dz
∣∣∣∣ ≤ ε− γ2 ‖ψ̃‖L∞(Ω)2‖b̃ε‖L2(Ω)3‖Dεũε‖L2(Ω)3×3 ≤ Cε3−γ ,

and since γ ≤ 2, then we get

ε−
γ
2

∫
Ω

(̃bε∇ε)ũε · ψ̃ dz → 0.

Finally, from the above convergences, we get the limit variational formulation

νc

∫
Ω

∂z3 b̃
′ · ∂z3 ψ̃′ dz −

∫
Ω

q̃ divz′(ψ̃
′) dz = 0,

for every ψ′ ∈ D(Ω)2.

Step 4. From the previous steps and by density, we deduce that the limit variational formulation are the following

(µ+ χ)

∫
Ω

∂z3 ũ
′ · ∂z3 ϕ̃′ dz −

∫
Ω

p̃ divz′(ϕ̃
′) dz = 2χ

∫
Ω

rotz3(w̃′) · ϕ̃′ dz +

∫
Ω

f ′ · ϕ̃′ dz,

κc

∫
Ω

∂z3w̃
′ · ∂z3 φ̃′ dz + 4χ

∫
Ω

w̃′ · φ̃′ dz = 2χ

∫
Ω

rotz3(ũ′) · φ̃′ dz +

∫
Ω

g′ · φ̃′ dz,

νc

∫
Ω

∂z3 b̃
′ · ∂z3 ψ̃′ dz −

∫
Ω

q̃ divz′(ψ̃
′) dz = 0,

for every ϕ̃′, φ̃′, ψ̃′ ∈ H1
0 (Ω)2, which are respectively equivalent to the equations (3.24)1, (3.24)2 and (3.24)3.

From the uniqueness of solution of (3.24) (see Lemma 3.3 and Theorem 3.4), it follows that the whole sequences

ũε, w̃ε, b̃ε, p̃ε and q̃ε converge weakly. This ends the proof.
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4.4 Proofs of Lemma 3.3 and Theorem 3.4

Proof of Lemma 3.3. We divide the proof in three steps.

Step 1. We derive the expressions of ũ1 and w̃2, as solution of system (3.27). First, from the first equation in
(3.27), we have

∂z3 ũ1(z) = − 1

µ+ χ
(f1(z′)− ∂z1 p̃(z′)) z3 +

2χ

µ+ χ
w̃2(z) +K1(z′), (4.73)

with K1 an unknown function. Putting this into the second equation in (3.27), we have

∂2
z2w̃2(z)− 4χµ

κc(µ+ χ)
w̃2(z) =

2χ

κc(µ+ χ)
(f(z′)− ∂z1 p̃(z′)) z3 −

2χ

κc
K1(z′)− 1

κc
g2(z′), (4.74)

whose solution is

w̃2(z) = C1(z′)ekz3 + C2(z′)e−kz3 − 1

2µ
(f(z′)− ∂z1 p̃(z′)) z3 +

µ+ χ

2µ
K1(z′) +

µ+ χ

4χµ
g2(z′), (4.75)

with k =
√

4χµ
κc(µ+χ) and C1 and C2 are unknowns functions. Using this expression in (4.73), we rewrite ∂z3 ũ1 as

follows

∂z3 ũ1(z) =
2χ

µ+ χ

(
C1(z′)ekz3 + C2(z′)e−kz3

)
− 1

µ
(f(z′)− ∂z1 p̃(z′)) z3 +

χ+ µ

µ
K1(z′) +

1

2µ
g2(z′), (4.76)

and integrating with respect to z3, we obtain

ũ1(z) =
2χ

k(µ+ χ)

(
C1(z′)ekz3 − C2(z′)e−kz3

)
− 1

2µ
(f(z′)− ∂z1 p̃(z′)) z2

3 +
χ+ µ

µ
K1(z′)z3 +

1

2µ
g2(z′)z3 +K2(z′),

(4.77)

with K2 an unknown function.

Now, denoting A(z′) = C1(z′) +C2(z′) and B(z′) = C1(z′)−C2(z′), we rewrite the expressions of ũ1 and w̃2 as
follows

ũ1(z) =
2χ

k(µ+ χ)
(A(z′) sinh(kz3) +B cosh(kz3))

− 1

2µ
(f(z′)− ∂z1 p̃(z′)) z2

3 +
χ+ µ

µ
K1(z′)z3 +

1

2µ
g2(z′)z3 +K2(z′),

w̃2(z) = A(z′) cosh(kz3) +B(z′) sinh(kz3)

− 1

2µ
(f(z′)− ∂z1 p̃(z′)) z3 +

µ+ χ

2µ
K1(z′) +

µ+ χ

4χµ
g2(z′),

(4.78)

where A,B and K1,K2 are unknown functions to be determined using the boundary conditions.

From the boundary condition ũ1(z′, 0) = 0 and w̃2(z′, 0) = 0, we get

K1(z′) = − 2µ

µ+ χ
A(z′)− 1

2χ
g2(z′), K2(z′) = − 2χ

k(µ+ χ)
B(z′). (4.79)
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Then, (4.78) are rewritten as follows

ũ1(z) =

(
2χ

k(µ+ χ)
sinh(kz3)− 2z3

)
A(z′) +

2χ

k(µ+ χ)
(cosh(kz3)− 1)B(z′)

− 1

2µ
(f(z′)− ∂z1 p̃(z′)) z2

3 −
1

2χ
g2(z′)z3,

w̃2(z) = (cosh(kz3)− 1)A(z′) + sinh(kz3)B(z′)− 1

2µ
(f(z′)− ∂z1 p̃(z′)) z3.

(4.80)

Using the boundary conditions ũ1(z′, h(z′)) = 0 and w̃2(z′, h(z′)) = 0 in (4.80), we get the following system

Q

(
A
B

)
=

1

2µ
h(z′)(f(z′)− ∂z1 p̃(z′))

(
h(z′)

1

)
+

1

2χ
h(z′)g2(z′)

(
1
0

)
, (4.81)

where Q is the matrix defined by

Q =

 2χ
k(µ+χ) sinh(kh(z′))− 2h(z′) 2χ

k(µ+χ) (cosh(kh(z′))− 1)

cosh(kh(z′))− 1 sinh(kh(z′))

 .

The solution of this system is given by

A(z′) =
1

2µ
h(z′)(f(z′)− ∂z1 p̃(z′))A1(z′) +

1

2χ
h(z′)g2(z′)A2(z′),

B(z′) =
1

2µ
h(z′)(f(z′)− ∂z1 p̃(z′))B1(z′) +

1

2χ
h(z′)g2(z′)B2(z′),

(4.82)

where A1, B1 and A2, B2 are respectively solutions of

Q

(
A1

B1

)
=

(
h(z′)

1

)
and Q

(
A2

B2

)
=

(
1
0

)
.

To compute Ai, Bi, i = 1, 2, we take into account that

|Q| = −2h(z′) sinh(kh(z′))− 4χ

k(µ+ χ)
(1− cosh(kh(z′)))

= −2 sinh(kh(z′))

(
h(z′)− 2χ

k(µ+ χ)

cosh(kh(z′))− 1

sin(kh(z′))

)
,

that Q−1 is given by

Q−1 =
1

|Q|

 sinh(kh(z′)) 2χ
k(µ+χ) (1− cosh(kh(z′)))

1− cosh(kh(z′)) 2χ
k(µ+χ) sinh(kh(z′))− 2h(z′)

 ,

and that

tanh

(
kh(z′)

2

)
=

sinh(kh(z′))

1 + cosh(kh(z′))
=

cosh(kh(z′))− 1

sinh(kh(z′))
.
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Thus, we get that Ai, Bi, i = 1, 2, are given by

A1(z′) = −1

2
,

A2(z′) =
sinh(kh(z′))

−2h(z′) sinh(kh(z′))− 4χ
k(µ+χ) (1− cosh(kh(z′)))

= −1

2

1

h(z′)− 2χ
k(µ+χ) tanh

(
kh(z′)

2

) ,
B1(z′) =

1

2
coth

(
kh(z′)

2

)
,

B2(z′) =
1− cosh(kh(z′))

−2h(z′) sinh(kh(z′))− 4χ
k(µ+χ) (1− cosh(kh(z′)))

=
1

2

tanh
(
kh(z′)

2

)
h(z′)− 2χ

k(µ+χ) tanh
(
kh(z′)

2

) ,
(4.83)

and then ũ1 and w̃2 are obtained by (4.80) as functions of p̃, f1 and g2, by the desired expressions given in Lemma
3.3.

Step 2. We derive the expressions of ũ2 and w̃1, as solution of system (3.28). To do this, we note that (ũ1, w̃2)
with external forces (f1, g2), and (ũ2,−w̃1) with external forces (f2,−g1) satisfy the same equations and bound-
ary conditions. Then, by using this fact and the expressions of (ũ1, w̃2) given in Lemma 3.3, then we easily
deduce expressions for (ũ2, w̃1) given in Lemma 3.3.

Step 3. We derive the expressions of b̃1 and b̃2, as solution of system (3.30). To do this, we rewrite (3.30) as
follows,

∂2
z3 b̃
′(z) =

1

νc
∇z′ q̃(z′).

Integrating twice with respect to z3, we deduce

b̃′(z) =
z2

3

2νc
∇z′ q̃(z′) + C1(z′)z3 + C2(z′),

with C1 and C2 unknown functions. By using the boundary conditions b̃′(z′, 0) = b̃′(z′, h(z′)) = 0, we deduce

b̃′(z) =
z2

3 − h(z′)z3

2νc
∇z′ q̃(z′),

which is the desired expression and concludes the proof.

Proof of Theorem 3.4. We divide the proof in five steps.

Step 1. We derive the expression for the averaged Ũ . First, since ũ3 = 0, then Ũ3 = 0, so it only remains to
derive the expression for Ũ ′. Integrating with respect to z3 between 0 and h(z′) the expressions of ũi, i = 1, 2,
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given in Lemma 3.3, we get

Ũ1(z′) =

∫ h(z′)

0

ũ1(z)dz3 =
[
−h

3(z′)
6µ − h(z′)

4µ

(
2χ

k2(µ+χ) (cosh(kh(z′))− 1)− h2(z′)
)

+ χh(z′)
2k(µ+χ)µ

(
1
k sinh(kh(z′))− h(z′)

)
coth

(
kh(z′)

2

)]
(f1(z′)− ∂z1 p̃(z′))

+
[
−h

2(z′)
4χ + h(z′)

2χ

(
2χ

k2(µ+χ) (cosh(kh(z′))− 1)− h(z′)
)
A2

+ h(z′)
k(µ+χ)

(
1
k sinh(kh(z′))− h(z′)

)
B2

]
g2(z′)

= Θ1(f1(z′)− ∂z1 p̃(z′)) + Θ2g2(z′),

Ũ2(z′) =

∫ h(z′)

0

ũ2(z)dz3 =
[
−h

3(z′)
6µ − h(z′)

4µ

(
2χ

k2(µ+χ) (cosh(kh(z′))− 1)− h2(z′)
)

+ χh(z′)
2k(µ+χ)µ

(
1
k sinh(kh(z′))− h(z′)

)
coth

(
kh(z′)

2

)]
(f2(z′)− ∂z2 p̃(z′))

−
[
−h

2(z′)
4χ + h(z′)

2χ

(
2χ

k2(µ+χ) (cosh(kh(z′))− 1)− h(z′)
)
A2

+ h(z′)
k(µ+χ)

(
1
k sinh(kh(z′))− h(z′)

)
B2

]
g1(z′)

= Θ1(f2(z′)− ∂z2 p̃(z′))−Θ2g1(z′).

Now, we develop Θ1 as follows

Θ1 = −h
3(z′)
6µ − h(z′)

4µ

(
2χ

k2(µ+χ) (cosh(kh(z′))− 1)− h2(z′)
)

+ χh(z′)
2k(µ+χ)µ

(
1
k sinh(kh(z′))− h(z′)

)
coth

(
kh(z′)

2

)
= h3(z′)

12µ + h(z′)χ
µk2(µ+χ) −

χh2(z′)
2µk(µ+χ) coth

(
kh(z′)

2

)
= h3(z′)

µ

(
1
12 + χ

h2(z′)k2(µ+χ) −
χ

2h(z′)k(µ+χ) coth
(
kh(z′)

2

))
,

and Θ2 as follows

Θ2 =
[
−h

2(z′)
4χ + h(z′)

2χ

(
2χ

k2(µ+χ) (cosh(kh(z′)− 1)− h2(z′)
)
A2

+ h(z′)
k(µ+χ)

(
1
k sinh(kh(z′))− h(z′)

)
B2

]
= 0.

Then, we get

Ũ1(z′) =
h3(z′)

µ
Φ(h(z′), µ, χ, νc)(f1(z′)− ∂z1 p̃(z′)),

Ũ2(z′) =
h3(z′)

µ
Φ(h(z′), µ, χ, νc)(f2(z′)− ∂z2 p̃(z′)),

where Φ is defined in (3.32).

Step 2. We derive the expression for the averaged W̃ . First, since w̃3 = 0, then W̃3 = 0, so it only remains to
derive the expression for W̃ ′. Integrating with respect to z3 between 0 and h(z′) the expressions of w̃i, i = 1, 2,
given in Lemma 3.3, we get

W̃1(z′) =

∫ h(z′)

0

w̃1(z)dz3 = −Θ1 (f2(z′)− ∂z2 p̃(z′)) + Θ2 g1(z′),

W̃2(z′) =

∫ h(z′)

0

w̃2(z)dz3 = Θ1 (f1(z′)− ∂z1 p̃(z′)) + Θ2 g2(z′),
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where

Θ1 = −h(z′)
4µ −

h(z′)
4µ

(
1
k sinh(kh(z′))− h(z′)

)
+ h(z′)

4µk (cosh(kh(z′))− 1) coth
(
kh(z′)

2

)
= −h(z′)

4µk sinh(kh(z′)) + h(z′)
4µk (cosh(kh(z′))− 1) sinh(kh(z′))

cosh(kh(z′))−1 = 0,

Θ2 = h(z′)
2χ

(
1
k sinh(kh(z′))− h(z′)

)
A2 + h(z′)

2χk (cosh(kh(z′))− 1)B2

=
h(z′)

4χ

1− 2
kh(z′) tanh

(
kh(z′)

2

)
1− χ

µ+χ
2

kh(z′) tanh
(
kh(z′)

2

) .
Then, we get

W̃1(z′) =
h(z′)

4χ
Ψ(h(z′), µ, χ, νc)g1(z′), W̃2(z′) =

h(z′)

4χ
Ψ(h(z′), µ, χ, νc)g2(z′),

where Ψ is defined in (3.32).

Step 3. We derive the expression for the averaged B̃. First, since b̃3 = 0, then B̃3 = 0, so it only remains to
derive the expression for B̃′. Integrating with respect to z3 between 0 and h(z′) the expressions of b̃i, i = 1, 2,
given in Lemma 3.3, we get

B̃′(z′) =

∫ h(z′)

0

b̃′(z) dz3 = −h
3(z′)

12νc
∇z′ q̃(z′).

Step 4. Finally, taking θ ∈ H1(ω) as test function in (3.29), and integrating by parts, we deduce∫
ω

h3(z′)

µ
Φ(h(z′), µ, χ, νc)∂z1 p̃(z

′) ∂z1θ(z
′) dz′ +

∫
ω

h3(z′)

µ
Φ(h(z′), µ, χ, νc)∂z2 p̃(z

′) ∂z2θ(z
′) dz′

−
∫
ω

h3(z′)

µ
Φ(z′)f1(z′) ∂z1θ(z

′) dz′ −
∫
ω

h3(z′)

µ
Φ(z′)f2(z′) ∂z2θ dz

′(z′) = 0,

which is equivalent to the equation for the hydrostatic pressure given in (3.33)1. It has a unique solution because
p̃ ∈ L2

0(Ω). Observe that from the expression of Ũ ′ and its regularity, it holds p̃ ∈ H1(Ω).

Step 5. We derive the equation for the magnetic pressure. Putting this expression in (3.31) and integrating by
parts, we deduce for every ζ ∈ H1(ω) that∫

ω

h3(z′)

12νc
∂z1 q̃(z

′)∂z1ζ(z′) dz′ +

∫
ω

h3(z′)

12νc
∂z2 q̃(z

′)∂z2ζ(z′) dz′ = 0,

which is equivalent to the equation for the magnetic pressure given in (3.33)2. It has a unique solution because
q̃ ∈ L2

0(Ω). Observe that from the expression of B̃′ and its regularity, it holds q̃ ∈ H1(Ω).
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