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Abstract. The Weyl pseudo-metric is a shift-invariant pseudo-metric over the set
of infinite sequences, that enjoys interesting properties and is suitable for study-
ing the dynamics of cellular automata. It corresponds to the asymptotic behavior
of the Hamming distance on longer and longer subwords. In this paper we char-
acterize well-defined dill maps (which are a generalization of cellular automata
and substitutions) in the Weyl space and the sliding Feldman-Katok space where
the Hamming distance appearing in the Weyl pseudo-metrics is replaced by the
Levenshtein distance.

Keywords: The Weyl pseudo-metric - Feldman-Katok pseudo-metric - Cellular
automata - Dill maps - Substitutions - Edit distances - Levenshtein distance - Sym-
bolic dynamical systems - non-compact dynamical systemms.

1 Basic definitions and notations

Word combinatorics. We fix once and for all an alphabet A of finitely many letters.
A finite word over A is a finite sequence of letters in A; it is convenient to write a
word as u = o Jul to express u as the concatenation of the letters ug, uy, ..., up, 1,

with |u| representing the length of u, i.e., the number of letters appearing in u, and
[0, |u|[ = {O,...,|u| — 1}. The unique word of length O is the empty word denoted by
A. A configuration x = xpx1x; ... over A is the concatenation of infinitely many letters
from A. The set of all finite (resp. infinite) words over A is denoted by A* (resp. AN),
A" is the set of words of length n € Nand AT = A*\ {A}.

Topologies over AV. Most classically, the set AN is endowed with the product topology
of the discrete topology on each copy of A. The topology defined on AY is metrizable,
corresponding to the Cantor distance denoted by 0¢ and defined as follows:

Oc(x,y) = 2~ min{ ”EN‘X"#”’},VX +ye A", and 0c(x,x) =0,Vx € AN,

Topological dynamical systems were studied using other topologies on the set of
infinite words, such as the Besicovitch and Weyl spaces [BFK97|] and the Feldman-
Katok space [RG22]. The Weyl space and a similar space that are defined using pseudo-
metrics depend on the two following distances are of interest to us in this paper.



Definition 1. /. The Hamming distance denoted by dy and defined over finite words
of the same length u,v by: dy(u,v) = |{i € [0, |u|[|u; # vi}]-
2. The Levenshtein distance dy., is defined over u,v € A* as follows:

1
dp(u,v) = Emin{m—l—m’

3.].1 <"'<jm;j/1 <"'<j;n’7Djlo"'oD./.m(M):Djllo"'oD././/(v)}7

where Dj is deletion operation at position j € [0, |u|[ is defined over word u € A*
as follows: Dj(u) = uouy ... uj1Ujyy ... Uy

Definition 2. 1. The Weyl pseudo-metric, denoted by Oy, is defined as follows:

A d ,
Sp(x.y) = limsupma H (X[ jer 0> Y [k k-]

keN ¢ Wxy €A,
{—o0

2. The sliding pseudo-metric associated to the Levenshtein distance, denoted by Oy, is
defined as follows:

A d ,
5,(x.y) = limsupmax L Xk [ Y )

,Vx, e AN,
/—s0o keN 12 Y

It is easy to verify that these are pseudo-metrics i.e., symmetric, zero over diagonal
pairs, and satisfies the triangular inequality. On the other hand, these are not distances
since we can find two different configurations between which the pseudometric is worth
zero (for example, we can take two configurations with finitely many of differences).
Hence, it is relevant to quotient the space of configurations by the equivalence of zero
distance, in order to get a separated topological space:

Definition 3. The relation x ~5 y <= 0.(x,y) = 0, is an equivalence relation. The
quotient space AN/ ~3, called the Weyl space for 0, = 0y and the sliding Feldman-
Katok space when 3, =9, denoted Xﬁ*, where ., represent previous pseudo-metrics.
We denote by x;3_the equivalence class of x € AN in the quotient space. Any map F of
AN to itself such that 9, (x,y) =0 = 3.(F(x),F(y)) = 0 for all x,y € AV, induces
a well-defined map Fy X3 — Xj over the quotient space. A map F AN AN s

2~

d..-constant if for all x,y € AN, 3, (F (x),F(y)) = 0.

Dill maps. Dill maps were defined in [ST15, Definition 2], and generelize both substi-
tutions [FBFT02] and cellular automata [BR10]. Here we give an equivalent definition.

Definition 4.

1. Amap F : AN — AN is a dill map if there exist a diameter ® € N\ {0} and a local
rule f : A® — A" such that forall x,y € AN: F (x) = f(xo.6)f (x[1,0410).f (X[2.042[) -

2. The lower norm | f| and the upper norm || f|| of a dill map F with diameter 6 and lo-
cal rule f are defined by: |f| =min{ |f(u)| |u € A®} and ||f|| = max{ |f(u)||uecA®}.

3. We extend the local rule into a self-map f*: A* — A* by: f*(u) = f(ugo,o1).f (upi,1+67) - - .f(u[“”‘fe"u‘ [[),
for u such that |u| > 0 and f*(u) = A if |u] < 6.

4. If ||f]l = |f]. then we say that F is uniform.




When it is clear from the context, we may identify a dill map with its local rule.
Remark 5.

1. Uniform dill maps with |f| = || f|| = 1 are called cellular automata.

2. The local rule of a dill maps with diameter @ = 1 is called substitution. In this case,
we denote T for the local rule and 7T for the dill map.

3. The composition of a substitution T and a cellular automaton local rule f with
diameter 0 is a dill map local rule T o f with diameter 6.

Example 6. 1. The shift is the CA with diameter 0 = 2 and local rule f defined by
Suouy) = uy for all up,u; € A.
2. Let A ={a,b}. The Xor is the CA with diameter 0 =2 and local rule f defined by:
flaa) = f(bb) = a and f(ab) = f(ba) = b.
3. The Fibonacci substitution defined over A by: t(a) = ab and t©(b) = a.
4. Let f be the local rule of the Xor CA and T be the Fibonacci substitution. Then To f
is a local rule of a dill map with diameter 2 and defined as follows:

To f(aa) = to f(bb) = ab and to f(ba) = To f(ab) = a.

In the Cantor space, an elegant characterization of cellular automata was given by
Curtis, Hedlund and Lyndon in [Hed69] as follows: A function F : AN = AN s a cellular
automaton if and only if it is continuous with respect to the Cantor metric and shift-
equivariant (i.e., F(o(x)) = o(F(x)), for all x € AY). Similarly to the case of cellular
automata, we gave a characterization of dill maps a la Hedlund. Recall that N can be
naturally endowed with the discrete topology.

Theorem 7 ([RG22, Theorem 111). A function F : AN — AN is a dill map if and only
if it is continuous over the Cantor space and there exists a continuous map s : AN — N
such that for all x € AN: F(o(x)) = 6™ (F (x)).

Before proving our main results, let us mention that this paper is a continuation of
our previous work [RG22|, and we suggest that the reader check it out.

2 Lipschitz property of dill maps with respect to 0

It is known since [BEK97]] that every cellular automaton induces a (well-defined) Lip-
schitz function over the Weyl space. Some dill maps, on the contrary, are not well-
defined.

Example 8. The Fibonacci substitution is not well-defined over the Weyl space X5,
For example, Oy (a™,ba™) = 0 but 3 (T(a*),T(ba™)) = 0y ((ab)™, (ba)™) = 1.

Let us denote, for a uniform dill map F' with local rule f and diameter 6:

d}r = max { du(f(u), f(v))

u,v EAG} andd, :min{dH(f(u),f(v))

u;éveAe}.



Lemma 9. Let F' be a uniform dill map with diameter 0 and local rule f. Then for all
Lk eN, form= [%—‘ and for p = {%J —(m+1):
dp (F () g o> F ) ik ) < At (Kpmamepr0 > Yimams po1) 0dF +2f],Vx,y € AN,

Proof. Letx,y € AN and £,k € N. Since F is uniform, we can write:

F () gero = v Kpmnt prop)w, and F (3 pessep = V' Opmnt prop) s

where |v| = V| < |f] and |w| = |w/| < |f]. By additivity, we can write then:

)4
A (F () pegeres F ) porrer) = 211 < Y du (f Opnsimsivo) S O pmsimrivor))
i=0

14

< Y di (f Xpmyimriver)sf Omtimriver))
i=0
x[[m+i,m+i+6[[7é)’[[m+i,m+i+9[[

P
+ +
< Y 4 = ¥ L 4
o 0 Jj€lmm+p+8[ic]j—m—0,j—m]
Jjelm+i,m+i+-0[x;#y; XAy

< Z ed? = dH(x[m,m+p+9[[uy[m,m+p+9[[)6d;fr' U
jelmm+p+6[
Xj#EYj

Proposition 10. Let F be a uniform dill map with diameter 0 and local rule f. Then:

2~

OH(F(X)vF(y)) < - -DH(x,y),Vx,y EAN'

0d; A .
Proof. Let us prove that F is ﬁ-Lipschitz with respect to 0y. According to Lemma

[ for large enough ¢, for k € N, m = [%] and p = {%J — (m+ 1) we obtain:

A (F () g o> F ) ek tp) < At (Kpmampl> Ymamsp1) 04 +0°d; + 1]
Hence:

dHUW@UkaFOO%kMD<<Hm&mN@wawwwthwwedf+Gaﬁ*+2V|
Y4 - Y4
- Od;  maxuen di (¥t pbsY it pl) N 0%df +2|f|
~ A p ¢ '

Since this was true for every k and since p — o when ¢ — oo, we obtain:

0d;
—|DH(xay)' O

o (F(x),F(y)) < 7



Proposition 11. Let F be a dill map with diameter 8 € N\ {0} and local rule f. If Fy,
is well-defined, then F is either constant or uniform.

Proof. Assume that F' is non-uniform, i.e., there are two words u and v of equal length
such that | f*(u)| # |f*(v)|. One can assume that their longest common suffix has length
0 — 1. Indeed, otherwise let a € A, u' = u[[‘u‘79+wl‘[[a6’l and V' = V[l —041. [[ae’l;
one can note that f*(ua®") = f*(u)f*(«') and f*(va®=') = f*(v)f*('), so that ei-
ther |f*(ua®")| # |f*(va®~ )|, or |f* ()| = [ £ (ua® )| = |f* ()| # | *(va® )| =
[F*(v)] = |f*(V')| . Note that both of these pairs of words share a common suffix of
length at least 6 — 1. Assume also without loss of generality thatk = | f*(u)| — | f*(v)| >
0.

— First assume that there exist w € A* and i € N such that f*(w); # f*(w);x. By
our previous assumption, we know that for z = w™ and w = U] |~ Jul [210.6] =

V[ 6. [Z00.61 We have: F(uz) = f*(u)f*(W')F(z). According to the proof of

[RG22, Theorem 20], we obtain: 3y (F (uz), F (vz)) > o (F (uz),F (vz)) > m

Since |u| = |v|, 0n (uz,vz) = 0, so that F is not well-defined with respect to dy.

— Otherwise, forall w € A*, i € [0, |f*(w)| — k[, we have f*(w); = f*(w);1«. Then for
every x € AN, F(x) is k-periodic and thus F(x) = (f*(x[o +6[)[o4[)"- Assuming
that F is well-defined, we get 0 (F (x), F (0" xp, g o[)) = 0. According to Propo-
sition [CFMMO7, Proposition 3], we can deduce that F(x) = F (0" Oxp 9 op).
Then, for every x € AN, F(x) = (f*(0K9) o 4()™. Hence, F is constant. O

We now reach necessary and sufficient conditions for dill maps to induce well-
defined maps over this space.

Theorem 12. Let F be a dill map with diameter 0 and local rule f. Then the following
statements are equivalent:

1. F;, is well-defined.

Ledp <
2. Fis Tf‘-Llpschltz with respect to 0p.
3. F is either constant or uniform.

Proof. = [ is clear from the definition of Lipschitz maps. Implication B —>
follows from Proposition[TI0] Implication [[]l==[Blfollows from Proposition[TT} O

3 Lipschitz property of dill maps with respect to 9,

In [RG22], we proved that all dill maps are well-defined in the Feldman-Katok space.
However, by changing the Feldman-Katok pseudo-metric for 97, one can find that not
all dill maps are well-defined. See for instance the following example:

Example 13. Let T be a substitution defined over A = {0,1}" by 7(0) = 0 and 7(1) =
11. Let x = (0,1)"neni0} and y = (0, 1)1~ Dner\0} . Note that for all j € N, since



sji=jj+1)= {:121', we obtain: dH(x[[s,-,st[[7y[[sj,sj+l[[) = 1. Let £ € N\ {0} and
keN. Forp=min{ j € N|s; > k}, m=max { j € N|s; < k+{(} and by subadditivity:

A (g0 Yk 0) = A i, [V sy ) 9 sy s [V s s GH Kl 01 Vs k01
<1 —|—dH(x[[S]hsm[[,y[[slhsm[[) +1<(m—p)+2.

Moreover, since L+ k > m*+m and k < p2 + p, we obtain mTTP < —L__"and thus:

m+p+1’
d _
H(x[[k7k+£[[7)’[[k,k+é[)§m p+2S 22
0 ¢ miprl ¢

Ay (X[ 0D YIk+01)

Since m tends to o when { tends to oo: limy_,.,

—0,Vk e N.
Thus 31, (x,y) = 0 (x,) = 0. On the other hand, it is clear that:

T(x) = (0, 1)™2ner\0} apd T(y) = (0, 1) 120 Dnemoy
For 0 €N\{0} and k=Yt (i+1)+ X 2(i— 1), hence: T(y) ke = 0. In contrast,
since (Zle i—i—Zf:l 2i) — U =k, we obtain T(X) [ k+ = 1. Thus:
dp (T ko, TO) eareg) = dr(0°,1°) = 2.

Hence, maxen dL(T(X) pppop, TO) hsep) = £ Therefore, 0. (T(x),T(y)) = 1.
In conclusion, T is not well-defined with respect ot 0.

Before giving a caracterization of well-defined dill-maps with respect to 0z, let us
recall a result from [RG22] to be used in the proof of the main result of this section.

Lemma 14 ([RG22]). Let F be a dill map with diameter 0 and local rule f. Then for all
¢eNandu,v € A’, we have: dp(f*(u), f*(v)) < ||If]| (26 — 1)dp(u,v) — v (u)‘;‘f (V)“ .
Now let us characterize dill maps which induce a well-defined function over Xj .

Definition 15. We say that a dill map with diameter 0 and local rule f is diamond-
uniform if for every £ and u,v € Al such that ugo,6] = vo,0] and uf—g o[ = V-0, On€

has | f* ()] = |f* (V)]

It is clear that all uniform dill maps are diamond-uniform. Here is an example of
non-uniform dill map which is diamond-uniform.

Example 16. Let F be the dill map with diameter 0 =2 and local rule f defined by:
flaa) = ab, f(bb) = ba, f(ab) = a and f(ba) = bab.

It is clear that for any x € AN, F (x) = (ab)* if x start by the letter a and F (x) = (ba)*
otherwise. And thus, F is neither constant nor uniform. However, F is 8, -constant, since
for every x,y € AN, 3, (F (x),F(y)) = 0. So, F;, is well-defined.



Theorem 17. If F is a dill map, then Fy, is well-defined if and only if F'is 0 -constant
or diamond-uniform.

In order to prove this, here is the key point about diamond-uniformity.

Lemma 18. If F is a dill map with diameter 0 and local rule f, then the following
statements are equivalent:

1. F is diamond-uniform.
2. 1/ (w)| = |f*(v)| is uniformly bounded, for every u,v with equal length.

Proof.
[[=1{2] Let u,v have equal length. Then

@l =1l = £1(@Nva® )| = | 7@ ugo e )| +

+ 1@ o) = G0 uge® D]+ 7O uo-1age’™)
< 2(9—1)(d;—d;).

f*(aefluaefl)} _

2l={1 Assume, by contrapositive, that there exist £ € N and u,v € A’ such that:
U[0,0—1] = V][0,0—1 [ U[r—6+1,0] = V[i—6+1,f and | f*(u)| —|f*(v)] #O0.

Then |f*(u*)| = [f*(v*)] = (If*(w)| — |f*(v)| )k, thanks to the common prefixes
and suffixes. Hence |f*(u)| — | f*(v)| is not bounded (and not upper-bounded, up to
swapping u and v). O

Proposition 19. Any diamond-uniform dill map F with local rule f and diameter 0 is

(26 —1) x M-Lipschitz with respect to y.

|1

Proof. Letx,y € AN, For large enough ¢ and k € N let us denote:

m = max (min {i € N|[f*(xjo+ep)| >k} ,min{i € N||f*(yjo,i+e[)| > k}),and
p = min (max { i € N| |f*(x[omipp)| < k+ £}, min{i € N||[f*Vpomp)| <k+C}).

Since F is a diamond-uniform dill map and thanks to[2] there exist C > 0 such that:
| omd) | = 17" Oromp)|| < € and || Gtomep)| = [ Opomp)|| < €
And thus we can write,
F () ks op = W (Xpmams pp)wz and F(9) pearep = 6V f* O pmms pp)W'?
where |u|, [u'],|z],1Z'| < ||f||, and |v],]V'],|w|,|W| < C. Hence, by subadditivity:

dp(F (%) pesereps F ) prgerer) < de(uv, V') +de(f* pmmspp) S~ Opmmetp1)) +dr(wz,w'2)
< Z(HfH +C> +dL(f* (x[[m,erp[[)vf* (y[[m,erp[[))'



According to Lemma[I4] we obtain:
dr(F () ger-op F ) peierer) < 2001711+ C) + (20 = D) F AL (Xpm et p1 Y imm-p1)-
Since £ > | f*(Xpum+p)| = (p— 0)|f| and by subadditivity:

dL(F () e, EO)perrer) _ 11 (2+6020—1)+2C (20 — D |If | dLXpmmsp—61 Yimm+p—61)
7 = / |fl(p—6)
_ Il 26? — 6+2)+2C I dL(x[[Wpfe[[,ygh,hﬂ,feg)'

(20-1)

14 |f] ~ heN p—0

Since this was true for every k € N and since p — oo when £ — co:

u(F (0, F0) < 20 - D10y O
Proof of Theorem[IZ)  According to Proposition[I9 if F is diamond-uniform then F3,
is well-defined. Suppose now that F is neither 9;-constant nor diamond-uniform i.e.,
there exists x,y € AN such that 8 (F(x),F(y)) > 0, and there exists m € N, u,v € A™
such that uo.61] = v[o,0—1]> U[m—6+1.m[ = V[m—6+1,m[ and & := [ f*(u)| —|f*(v)| > 0.
Let us define the following configurations:

Z 1= UX[0,a[Y[0,a[UX[0.2e[V[0.2a[UX[0 3 [Y[0.3¢e] - - - » And

W i= VX[0,a[V[0,a[VX[0,2[Y[0,2a[VX[0,3a[Y[0,3e[ - - - -

Let (kg)geN such that for all £ € N: max;cn dL(F (x) [[k’kJrf[[’F(y) [[k,kJrf[[) = dL(AF (x) [[k[’k[+€|I7F(y) [[kg,k[JrZ[[)-

This pair of patterns appears in (z,w), in the zone where not > ky+¢. Hence 01, (z,w) =0
but 3. (F (2), F (w)) > 0.(F (x),F(y)) > 0. O

4 Conclusion and perspectives

In this paper, we characterized well-defined dill maps over the Weyl space, indeed,
we find the same result as in the case of Besicovitch space in [RG22]. In addition,
we showed that not all dill maps are well-defined with respect to the sliding Feldman-
Katok space, in contrast the Feldman-Katok space, where all dill maps are well-defined
[RG22, Corollary 46]. Those spaces were constructed using two pseudo-metrics de-
pending on two different edit distances over finite words (the Hamming distance and
the Levenshtein distance). One natural question is which properties on distance d make
all dill maps are well-defined in the corresponding pseudo-metric space?
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