N
N

N

HAL

open science

Phase recovery from phaseless scattering data for
discrete Schrodinger operators

Roman Novikov, Basant Lal Sharma

» To cite this version:

Roman Novikov, Basant Lal Sharma. Phase recovery from phaseless scattering data for discrete
Schrodinger operators. Inverse Problems, 2023, 39 (12), pp.125006. 10.1088/1361-6420/ad03fe . hal-

04180062v1

HAL Id: hal-04180062
https://hal.science/hal-04180062v1
Submitted on 11 Aug 2023 (v1), last revised 29 Apr 2024 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04180062v1
https://hal.archives-ouvertes.fr

PHASE RECOVERY FROM PHASELESS SCATTERING DATA
FOR DISCRETE SCHRODINGER OPERATORS

ROMAN NOVIKOV AND BASANT LAL SHARMA

ABSTRACT. We consider scattering for the discrete Schrodinger operator on
the square lattice Z¢, d > 1, with compactly supported potential. We give
formulas for finding the phased scattering amplitude from phaseless near-field
scattering data.

Keywords: discrete Schrédinger operators, monochromatic scattering data,
phase retrieval, phaseless inverse scattering

1. INTRODUCTION

We consider the discrete Schrodinger equation

—Ap(z) +o(z)(z) = Ep(x), =ezid>1. (1)
We assume that A is the discrete Laplacian defined by
Ap(z)= > (@), =z ez, (2)
|2/ —z|=1

v is a scalar potential such that

supp v C D, (3)
where D is bounded in Z?, and
E € S :=[-2d,2d]\So, (4)
where
So := {£4n when d is even,
+2(2n + 1) when d is odd, n € Z and 2n < d}. (5)

The discrete Schrédinger equation appears in the TB (tight-binding) model of
the electrons in crystals, as in many cases the electrons of a crystal are strongly
attached to the atoms [Il 2] involving a very weak hopping interaction with the
neighboring atoms due to quantum tunnelling. The TB model is also closely related
to LCAO (linear combination of atomic orbitals) [3]. Moreover, for example when
d =1 and d = 2, it has played a crucial role in uncovering significant phenomena
associated with electrons in crystals [4 [5l 6]. At a different length scale, in the
domain of electrical engineering, lattice structures of LC circuits involve similar
difference equations where they play an important role in network synthesis and
filter design [7]; lately such equations also appear in the lumped circuit models for
electromagnetic metamaterials [§]. The same equation also appears, for d = 1,2, in
case of of time harmonic lattice waves [9, [I0] and reveals structure in simple cases
also for d = 3. In particular, the case d = 2 corresponds to a discrete analogue of
anti-plane shear waves in elastic continuum. Examples of forward analysis of such
equations, in the case d = 2, with an exact solution of scattering of time harmonic
lattice waves by atomically sharp crack tips and rigid constraints, can be found
1



2 ROMAN NOVIKOV AND BASANT LAL SHARMA
in [111, 12} [13] 14} 15l 16, 17, I8]. The physical literature concerning the discrete
Schrodinger equation also includes, in particular, [19].

The discrete Schrodinger equation was studied by [20], [21], [22] and [23] from pure
mathematical viewpoint.

Let
T(E)={k:keT? ¢(k)=E}, Ec[-2d,2d. (6)
Here T¢ = R?/27Z% and

d
¢ (k) =2 cosk;. (7)
i=1

For Eq. we consider the scattering solutions

PF (2, k) = by + v, (8)
where 4
Vi (z, k) =™ keT(E), ze€Zf (9)
and ¢} (z, k) is the outgoing solution for the non-homogenous equation
_A’L/}sc - Ewsc + vwsc = —Wﬁar, (10)

obtained using the limiting absorption principle; see [22]. Strictly speaking, to
consider 1T we also assume that v is real-valued or that energy E is not singular
for the case of complex v.

If

2d -4 < |E| < 24, (11)
then the surface T'(E) is smooth strictly convex with non-zero principal curvatures,
and there is a unique point

v=7(w,E)el(E), wesi, (12)

where the outward normal to the surface I'(F) is equal to w.

Remark 1.1. For positive E, it is convenient to consider I'(E) to be symmelric
with respect to the origin 0 in R%. For negative E, it may be convenient to consider
['(E) to be symmetric with respect to the point O, in R, where all coordinates are
equal to w. In addition, when 2d —4 < E < 2d (—2d < E < —2d + 4), the surface
['(E) is located strictly inside the cube [—m, m]¢ ([0,27]?, respectively); see Lemma
2 in [22].

Under assumption , T has the asymptotic expansion

N et Bl 1
(k) =e 'I‘FTJH(IC,W)‘*‘O(@)
|| 2 || 2
as |z] — o0, w= np TE 74, (13)
where
w(w, E)=vw,FE)-w, (14)

and the coefficient f* (k,w) is smooth and the remainder can be estimated uni-
formly in w [20, 21} 22]. The coefficient f* is the scattering amplitude for (1. In
many respects, expansion is similar to the related expansion for the case of
continuous Schrodinger equation, where

D(E) =80 ={keR: [k = VE}, pw E)=VE>0; (15)

see, for example, [24]. For both discrete and continuous cases, the remainder
O(|z|~4+1/2) =0 for d = 1.
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Remark 1.2. Note that in , , we have

p(w, B)la| =~v(w, E) - z, (16)
1w, E) >0 if2d — 4 < E < 2d, (17)
pw,E) =0, w+p_(w,E) if —2d< FE < —2d+4,

where p_(w, E) > 0, (18)

and 0, is defined in Remark . In addition, p in differs in sign from that
defined in [22].

In quantum mechanics, according to the Born principle, the complex values of wave
functions 1" and scattering amplitude f+ do not have direct physical interpreta-
tions, whereas the absolute values of these functions admit probabilistic interpre-
tation and can be measured directly in physical experiments. For example, in the
problem of electronic transport through interfaces, naturally described in terms of
transmission and reflection, following the Landauer-Biittiker approach [25] 26], the
scattering amplitudes (the probability amplitude) decide the conductance in the
linear response regime; see, for example, [27] 28] 29] [30] for an application to trans-
port in waveguides where the forward problem of discrete Schrédinger equation has
been solved exactly.

In the present work, we give explicit asymptotic formulas for finding complex f+
from |¢*|? measured on Z? \ D, under assumption . In many respects these
formulas are similar to the formulas in [31], B2] B3] given for the case of continuous
Schrédinger equation. In particular, for equation , these formulas can be used in
the framework of phaseless inverse scattering from |¢|?, using results on inverse
scattering from fT with phase information. For equation (1)), some results on
inverse scattering from fT, in fact, are given in [19] 211 23], 34, B5]. In connection
with inverse scattering for continuous Schrodinger equation, see, for example, the
review article [24] and references therein.

The present article can be considered as the first work on phaseless inverse scattering
for the discrete Schrodinger equation . In connection with phaseless inverse
scattering for the continuous Schréodinger equation and other continuous equations
of wave propagation, see, for example, [36], 37, B8] [39] [40, 4T, [42], [32] 24] [43] [44] and
references therein.

The main results of the present article are given in Section [2fand proved in Sections

Bland B

2. MAIN RESULTS
Let us define
a(e k) = |27 ((WF (@ k) P = 1), wez\{0}, keT(E), (19)
where ¥ (z, k) is defined as in (8) in introduction.

In particular, we consider a(z, k) at two measurement points

r=Int(sw)andy=x+¢, s>0, wes (ez?\ {0}, (20)

where ;
mt(§) = sen(&) &) e, € €RY, (21)

i=1

and |-| denotes the floor function while e; are unit basis vectors in Z% or in R%.

In dimension d > 2, we have, in particular, the following theorem.
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Theorem 2.1. Suppose that assumptions (@ and are satisfied, d > 2, and
definitions (@, hold. Then we have the following formulas:
1 ) N . N
[k, w) = B(Qz(ky—u(y,E)lyl)a(x’ k) — etke—n@ Bz gy 1) 4 O(s™))
as s — +oo,  (22)
D = 2isin (k- C+ p(, B)|z| — u(g, B)lyl),
o=1/2 ford=2, o=1 ford>3,

where k € T(E), w € S971, a(x, k) is defined by (@, and z,y,(, s are as in (@/

We consider assuming that D # 0. In addition, we use the following formula:
D =2isin((k—v(w,E))-(+0(s7h)) as s — 400, (23)
uniformly in w for fixed ¢, where & = z/|z]|.

For fixed k and ¢, in view of formula , formula can be used for finding f+
under the condition that w € S471\ & ¢ with

Ere={we ST (k—y(w,E))-¢=0 (mod 7)}. (24)

In addition,
Meas ¢ =0 in S*71, (25)
at least under assumption .

Theorem and formulas and are proved in Section

In order to improve the remainder O(s~'/2) in formula (22) for d = 2, we also give
the following result.

Proposition 2.2. Suppose that the assumptions of Theorem for d = 2 hold,
and

S ew) = % <ei<k-yu<@,E>|y>a(L k) — eilko—n(@B)lel) gy k)) , (26)
Then
Frhw) = ff- %(ei(k'y—u(@ﬂ)lyl) _ ei(kw—u(i,E)lml))Sl%ﬁfa-
+§O(sil), as s — 400, (27)

where fif = fof (k,w).
Proposition [2.2]is proved in Section

Remark 2.3. Formulas @, (@, are invariant with respect to the changes
['(E) — T(E)+27z, where z € Z%. One can see this using the formulas ju (&, E) |z| =

Remark 2.4. In many respects, Theorem is similar to Theorem 3.1 in [32]
giwen for the continuous case. However, in Theorem[2.1}, the direction § is typically
different from & in view of definitions (@), although, asymptotically these directions
become equal to w, as s — +oo. We recall that § = & in Theorem 3.1 in [32]. In
turn, Proposition is similar to Proposition 9.1 in [45] given for the continuous
case.
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Remark 2.5. Formulas (@7@ can be also considered for the continuous case,
assuming and assuming that ¢ € R\ {0} in (@ These formulas are new
even for the continuous case if ( # .

Note that, for d =1,
E E E
I'(E) = {— arccos - » arceos 5}, w(w, E) = arccos > (28)
where arccos(k) € [0,7] for k € [—1,1]. In this case, we consider T'(E) to be

symmetric with respect to the origin in R even for negative E inspite of Remark

LT

In dimension d = 1, we have, in particular, the following propositions.

Proposition 2.6. Suppose that assumption (3) holds, |E| < 2,d = 1, and k =
arccos(E/2). Let x,y € (Z\D)NR™,z #y mod (n/(2k)). Then

sa = [fT(k,—1)
1 ) ) . )
_ 5(62“@0,(33, /{3) _ eQkaa(y, k) + |S21|2(62zkac _ e?zky)), (29>
D = 2isin(2k(y — x)).

Proposition 2.7. Suppose that assumption (@ holds, |E| < 2,d =1, and k =
arccos(E/2). Let x1,x2,23 € (Z\D)NR™, and x; # x; mod (7/k). Then
1 . .
S91 = 5((62“”3 — ey (a(29, k) — alz1, k)
+ (ke _ o2tk (13, k) — a(zy, k))), (30)
D = 16i(sin(k(xe — x3)) sin(k(re — z1)) sin(k(z1 — x3))).

In these propositions, a(z, k) is defined by for d = 1.
Propositions [2.6 and [2.7] are proved in Section [5]

Formulas similar to , can be also given for sja := fT(k,1), where k =
— arccos(E/2).

Remark 2.8. In fact, propositions and [2.7 are completely similar to theorems
2.1 and 2.2 in the arXiv preprint of [33] given for the continuous case.

Remark 2.9. Formulas of Theorem[2.1) and Propositions[2.6, [2.7 are based mainly
on asymptotics and, therefore, can be extended to more general discrete Schridinger
equations [21] for which scattering solutions ¢ are as in .

Remark 2.10. A natural open question concerns finding analogues of Theorem[2.]]
in the case when the condition is not fulfilled, i.e. when |E| < 2d — 4. The
generalization of asymptotic formula , in this case, is given in [22] and involves
several scattered waves with different scattering amplitudes. We expect that, for
approximately finding these scattering amplitudes, | (z,k)|? should be measured
at several points x and not just two points as in Theorem |2.1].
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Remark 2.11. To our knowledge, open question also includes establishing the full
Atkinson-type expansion for function ¢+ (x,k) even under conditions (@, .
Proceeding from this full expansion, one could develop Theorem[2:1] in multi-points’
style as, for example, in [40).

Remark 2.12. Open questions also include extending Theorem [2.1] and formulas
, to the case of Schridinger operators on more complicated lattices, for
example, as in [A7).

3. PROOFs OF THEOREM [2.1| AND FORMULAS ([23)) AND (|25))
Due to , we have

, i@, B)|z] " e~ (&, E)|x] __
|,(/)+| =1+ e_Zk'fo+ T e'H ,.xTJH-
|z| 2 x| 2

=T 0 () sl e, (31)

x| 2
where x € Z4, & = x/|z|, f+ = f(k,2).
Due to smoothness of fT, we have that
Fr &) = fH(k,w) + 07, fT(kg) = fH(k,w) +0(s7h), (32)

as § — +oo, where x and y are defined in . Here we used also formulas
stated below.

Using , , and , we obtain

efik-:r:6+ip(i,E)|:r\f+ (k, w) + e+ik-zefip(j,E')|x\f7+ (k, w)

=a(z, k) + O(s77), (33)
e—ik-ye+iu(Q7E)\y\f+ (k,w) + e+ik-ye—iu(@7E)ly\f7+ (k,w)
=a(y, k) +0O(s77), (34)

as s — +00, where x and y are defined by and o is as in . We consider
l| and 1' as a linear system for finding f* (k,w) and f+ (k,w), approximately,
in terms of a(x, k) and a(y, k). As a result, we get (22)), where D is the determinant
of the 2 x 2 coefficient matrix.

In order to obtain formula , we use the definition of y in , the definition of
x and y in , the definition of D in 7 and the formulas:

p(@, Bl = p(g, E)lyl = w@, E)(|z] - |y])
—(u(9, E) — (@, E))lyl, (35)
(g, E) — (@, E)lyl = (@, E)-§—~( E)-2)y|
= (v, E) = (&, E)) - 9ly|
+v(&,E) - (5 — 2)|yl; (36)
yl = le+¢l=ViaP+ 22 ¢+ ICP
= |z|+&-C+O0(z|™1) as || — oo, (37)
T = w0, g=w+0(s) as s — +oo. (38)

Using , , and smoothness of 1, we get
w(d, B)(|z| = |y]) = —plw, B)w - ¢+ O(s7) as s — 4-00. (39)
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In order to estimate (u(7, E) — u(2, E))|y|, we use formulas (14), (36)-(38) and also
the formulas

V(SE’E) 77(W7E) = 0(571)7 7(@7E) 77(W’E) - O(Sil)a (40)
(’Y(gaE) *V(QaE) W= 0(372)7 (41)
g_i‘ - S_lan+O(S_2)v (42)

as s — 400, where
¢ =( = (w- Quw. (43)

As a result, using also smoothness of v, we get

(1(g, B) = u(@, B))lyl =7(w,BE)-¢—v(w, B) ww-)+0(sh).  (44)

Note that to get formula we use formulas and that y(w, F), v(&, E),
(9, E) € T'(F), where the normal to I'(E) at the point v(w, F) coincides with w,
and that T'(E) is smooth. Therefore, (v — v(w, E)) - w = O(]y — v(w, E)|?) for
v =~(z,FE) or v =v(g, F). And we use also that v(§, F) — v(Z, F) = (v(9,E) —
V(W E)) + (v(w, E) —(Z, E)).

From , , and , we get
p(, B)lal = p(, B)lyl = —v(w, B) - (+ O(s 7). (45)
Substituting in the definition of D in 7 we obtain the stated result .

Under assumption , formula follows from the statements:

(i) The function a(w) := (k — v(w, E)) - ¢ is real-analytic in w € S9! for fixed k
and (.

(ii) a(w) is not identically constant.

(iii) Meas € = 0 in S?~1 if £ is the set of zeroes of a non-zero real-analytic function
u on S41.

Statement (i) follows from the real-analyticity of v in formula (I2)). The latter
analyticity of v follows from analyticity, strict convexity, and non-zero principal
curvatures of I'(E). Alternatively, one can use explicit formulas, relating w and
~, mentioned in the Proof of Lemma 3 in [22] (where v is denoted as k and E is
denoted as \).

Statement (ii) follows from the property that v(w, E) - ¢ is not identically constant.
The reason is that I'(E) does not belong to a hyper-plane in R<.

Statements of type statement (iii) are well-known in analysis; see, for example, [48)]
and references therein.

Actually, formula follows from statement (iii) used for u = o — nw for several
integer n.

4. PROOF OF PROPOSITION 2.2]
Using formulas , , in a way similar to formulas , , we have also that

e—ik~xe+1’u(§t,E)\x|f+ + e+ik-$e—i/L(Q,E)\x|fT — a(x, ki) _ 11/2Ff+ + O(S_l), (46)
S

eV IBEN T 4 ke ETE = afy k) - T+ O, (47)
S

as s — +00, where  and y are defined by (20), and f* = f*+(k,w).
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In addition, using formulas and , we have that
—_— - 1 _ - 1 _
FH = 5+ 506 2N = [+ 50(71)

- 1 1
Toet, L A1/ 1 12
fo (fg + DO(S )+ DO(S )
- 1
= fiff+ EO(S_UQ), as s — +oo. (48)
Substituting (48) into (46), (47), we obtain

e—ik‘xe+iu(i,E)|x|f+ + e+ik~we—iu(55,E‘)\x|fT

1 — 1 _
= a(e.k) ~ S e S+ 507, (49)
e~ Ryt @Byl p+ 4 ptikyo—in(@B)lyl f+
1 — 1
— ¥+ -1
=a(y, k) — slﬁfo fo + EO(S ) (50)

as s — +o0, where fi = fi (k,w).
Solving the system , with respect to fT, we get

Frkw) = ll)(ei(’“'y“@’E)yDa(x, k) — ez‘(k.ru(is,E)lz\)a(%k)

i(k-y—p(y i(k-z—p(x x 1 - 1 —
(BN iyt i) L ey Lo 1)>

1 i(k-y—p(y i(k-z—nu(e T 1 —
_ fgr(k,w)*ﬁ(e (ky=—p(G,B)lyl) _ pilk-z—p(2,E)] D)Slﬁf(j_fg_

1
—I—EO(S_I) as s — 400. (51)

This completes the proof.

5. PROOFS OF PROPOSITIONS AND

d
Due to and , with O (|x|_%) =0 for d =1, we have

sa1e” 2T L 5o7e? R 4 50112 = alx, k). (52)
To prove Proposition we use and also with x replaced by v, i.e.,
sa1e” 2 4 557" (591 ° = aly, k). (53)

As a result we consider and as a linear system for finding ss; and S37 from
a(x, k) — |s21|* and a(y, k) — |s21]?. Solving this system, we get formula .

To prove Proposition we consider formula with = x1, z9, x3. Subtracting

equality for x = 1 from equality for x = z9 and from equality for
T = x3, we obtain the system

821(672’”6&72 o 672ikm1) +E(62ikm2 o eZikzl) _ a(xg,k) o a(xl, k), (54)
821(6—2ikx3 _ €—2ikz1) +E(€2ikms _ eQikml) _ a(l‘g,k) _ a(acl, k‘), (55)

for finding s,; and s37. One can see that
D= 2i<sin(2k(x3 — Z2)) + sin(2k(xze — 21)) + sin(2k(z1 — x3))>, (56)

where D is the determinant of the system , . This determinant can be also
re-written in the form of D in (30); see (3.7) in the arXiv preprint of [33]. Solving
, we get formula . Due to our assumption that z; # x; mod (7/k), we
have that D # 0 in .
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