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ON THE GABRIEL QUIVER OF EXTENSIONS OF LEIBNIZ ALGEBRAS

ZIWENDTAORE HERMANN BAMOGO AND FRIEDRICH WAGEMANN

ABSTRACT. We compute the Gabriel quiver of simple objects in the category of bimodules over a
simple Leibniz algebra and over the trivial 1-dimensional Leibniz algebra. Vertices of the quiver
are the classes of simple objects, arrows are given by the dimensions of Ext!-groups.

1. INTRODUCTION

The notion of Leibniz algebra § is a generalization of the notion of Lie algebra. The natural
module theory for Leibniz algebras is a theory of bimodules. In this article, we are interested in
the category of (finite dimensional) bimodules over a (finite dimensional) Leibniz algebra, more
precisely in the Ext-groups in this category. Loday and Pirashvili performed the first computation
for the Ext-groups Ext;; L(b) (M, N) between simple finite-dimensional Leibniz h-bimodules M and
N over a simple Lie algebra g = h (see [7]). Here UL (h) is the enveloping Leibniz algebra (in the
sense of Loday-Pirashvili, see Definition 2.3.1). The Leibniz h-bimodules then become simply the
left UL (h)-modules in the usual sense.

Later, Mugniéry and Wagemann (see [9]) have computed the Ext-groups for a simple (non-Lie)
Leibniz algebra b, following cohomology computations of Feldvoss-Wagemann (see [2]). One feature
of these computations is that they permit an explicit computation of the Gabriel quiver of these
categories of bimodules. The Gabriel quiveris a directed graph whose vertices are the isomorphism
classes of simple objects of the category of bimodules, and such that for two simple objects M and
N, the quiver has exactly dim Ext}]L(h) (M, N) arrows from (the class of) M to (the class of) N.

In this article, we compute the Ext-groups for the trivial 1-dimensional complex Lie/Leibniz algebra
h = C, based on the cohomology computations of Feldvoss-Wagemann (see [3]). These computa-
tions are then used for the computation of the Gabriel quiver of this category of bimodules. The
computations are, to our knowledge, the first computations of the Ext-groups for a non-simple
Leibniz algebra. The Ext-dimension of the category of bimodules for the trivial 1-dimensional
complex Lie/Leibniz algebra is infinite.

The computations of the Gabriel quiver is based on the following steps:

e Compute the cohomology of fh with values in all symmetric bimodules M* and all antisym-
metric bimodules M* for a simple left hr;-module M.

e Use the change-of-ring spectral sequences (provided by Loday-Pirashvili in |7] and Mugniéry-
Wagemann in [9]) to deduce the Ext-groups from the cohomology, showing that the spectral
sequences collapse at the second page.

e Use the computation of the Ext-groups to deduce the Gabriel quiver.

In a second part of this article, we compute the Gabriel quiver for the hemi-semidirect product
Leibniz algebra h = V,, X, sl(C) for which the Ext-groups have been computed in [9], and we
complete the main theorem of [9].
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2 ZIWENDTAORE HERMANN BAMOGO AND FRIEDRICH WAGEMANN

The content of this article is as follows. We first recall in Section 2 some definitions and properties
of Leibniz algebras and their bimodules. We then compute in Section 3 the Gabriel quiver for
the trivial 1-dimensional Leibniz algebra h = C (see Theorem 3.4.1). After that, we compute in
Section 4 the Gabriel quiver for the hemi-semidirect product h = V,, X,56[5(C). In the course of the
computation, we give a complement to the main theorem of Mugniéry-Wagemann (see Theorem
4.2.2).

Acknowledgements: This works constitutes Z. H. Bamogo’s master thesis at Nantes Université
which we thank for the financial support. This work was conducted within the France 2030
framework program, Centre Henri Lebesgue ANR-11-LABX-0020-01.

2. LEIBNIZ ALGEBRAS AND THEIR PROPERTIES

2.1. Leibniz algebras. Let K be a (commutative) field. We will suppose after the preliminaries
that K = C, the field of complex numbers (especially for all structure results on simple Leibniz
algebras and all results on representation theory).

Definition 2.1.1. A left Leibniz algebra § over a field K is a vector space endowed with a bilinear
map
[_7 _} : h X b — h
such that V z,y,z € b
[z, [y, 2]] = [[z, 9], 2] + [y, [z, 2]] -

Similarly, one can define a right Leibniz algebra. In this case, Leibniz identity is the following: V
x,Y,z2 €h

[z, 9], 2] = [[z, 2], y] + [z, [y, =]].
Observe that Loday and Pirashvili always worked with right Leibniz algebras. In this work, we only
consider left Leibniz algebras and we will just call them Leibniz algebras. In order to distinguish
in notation Lie algebras from Leibniz algebras, we will denote the former by g, while we denote
the latter by b.

Definition 2.1.2. Every Leibniz algebra b has a special ideal called the Leibniz kernel or the ideal
of squares of h. We denote it by Leib (h):

Leib (h) = ([z, 2] | = € h)x
Definition 2.1.3. To every Leibniz algebra h is associated its canonical Lie algebra. We denote
it by Brie:
brie = b/Leib (b)
Definition 2.1.4. Let g be a Lie algebra and M a g-module. The direct sum M & g becomes a

Leibniz algebra, called the hemi-semidirect product of g and M, by endowing it with the following
bracket operation. For z,y € g and a,b € M

[(a,z), (b,y)] = (x.b, [z,y])
We denote the hemi-semidirect product of g and M by M X, g

Definition 2.1.5. A Leibniz algebra b is said to be simple if 0, h and Leib (h) are the only
two-sided ideals of b with the condition Leib (h) & [b, b].

Proposition 2.1.1 (See Proposition 7.2, in [1]). Let h be a simple Leibniz algebra. Then b, is a
simple Lie algebra and Leib (h) is a simple hp;-module. Conversely, the hemi-semidirect product
of a simple Lie algebra g and a simple g-module M is a simple Leibniz algebra.
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2.2. Leibniz bimodules. The natural concept of a module for Leibniz algebras is a bimodule:

Definition 2.2.1. Let h be a Leibniz algebra over a field K. A left h-module is a vector space M
over K endowed with the following K-bilinear left operation

hbx M — M (x,m)—x-m,

satisfying
[z.yl-m=x-(y-m)—y-(z-m)
VYm e M Vx,y €h.

Definition 2.2.2. An h-bimodule is a vector space M with a left operation and a right operation
of h on M satisfying the following conditions:

(LLM) [z,y] - m=z-(y-m)—y-(z-m)
~(m-y) —m-[x,y]

VYme M Vz,y€b.

As a consequence of (LLM), every Leibniz bimodule is a Leibniz module. In fact, if M is an
h-module, M has a natural hr;.-module structure and vice-versa (See Lemma 3.3, in [1] ).

Remark 2.2.1. Given an hp;-module M, there are two ways to induce a Leibniz h-bimodule: Setting
m.x = —x.m Ym € M Vax € b, one obtains a symmetric bimodule M?. Setting m.x =0 Vm €
M Vx € b, one obtains an antisymmetric bimodule M®*.

Let M be an arbitrary h-bimodule. The antisymmetric kernel of M is denoted M, and defined by
My=(xm+max|xeh meM).

The subspace My is an antisymmetric subbimodule and the quotient M*¥™ := M /M, is symmetric.
(see Proposition 3.12 and Proposition 3.13, in [1]). This yields for any h-bimodule M an exact
sequence

0— My — M — M*¥™ = M/My — 0.

As a consequence, we obtain the following structure result on simple h-bimodules:

Lemma 2.2.1 (Loday-Pirashvili). Let h be a Leibniz algebra and M an h-bimodule. Then
M is simple < M is symmetric or antisymmetric for a simple hy;.-module M.

2.3. Enveloping algebra. Loday and Pirashvili have defined the universal enveloping algebra
of a Leibniz algebra, denoted UL (), such that the left UL (h)-modules are exactly the Leibniz
h-bimodules (see Theorem 2.3, in [6]).

Definition 2.3.1. (For the right setting, see |7], for the left setting, see Definition 1.8, in [9]) Let
b be a Leibniz algebra. Given two copies h! and h” of b generated respectively by the elements I,
and r, for x € b, the universal enveloping algebra is defined as the unital associative algebra

UL(h) =T (b'®b")/J

where
o

T (bl ® br) _ @ (hl @ hr)®”
n=0

is the tensor algebra of h'@h" and J is the two-sided ideal of T (f)l P hr) generated by the elements:
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(1) lpy =l @1, +1, @1, ,
(i) r xy — 1y ®ry+ry®lx,
(ili) ry @ (I +74).
Remark 2.3.1. Observe that [, and r, correspond respectively to the left operation and the right

operation in Definition 2.2.2. Relation (iii) corresponds to the sum of the relations (LML) and
(MLL).

2.4. Leibniz cohomology. We define the cohomology of Leibniz algebras here for the left setting
(see [9]). For the right setting, see [6].

Let b be a Leibniz algebra and M be an h-bimodule. Denote CL" (h, M) := Hom (h®", M) and
d" : CL™ (h, M) — CL"** (h, M). The K-linear map d” is defined as follows:

n—1

d"f (xo,...,xn) = (=1)'z;- f (w0, Tiy oy Tn) + (—1)71_1 f(xo, o xpy1) Tt
1=0

+ Z (—1)i+1f(l’0,.--,i‘;,...,l‘j_l,[.Ii,.flfj],$j+1,...,$n),

0<i<j<n
and we have d"*'od" = 0. Therefore {CL" (h, M), d"},> is a cochain complex and its cohomology,
denoted HL"(h, M), is the cohomology of h with coefficients in M.

By definition CL° (h, M) = M and d°m (z) = —m - x, thus HLO( M) is the subspace of right
invariants, also denoted M". For example, if M is antisymmetric, HL? (h, M) =

3. GABRIEL QUIVER FOR THE TRIVIAL LIE/LEIBNIZ ALGEBRA

The construction of the Gabriel quiver is based on the computation of Ext-groups between simple

bimodules. So, we will first collect some results in order to compute the Ext-groups for the trivial
Lie/Leibniz algebra h = K

3.1. Simple bimodules of the trivial Lie/Leibniz algebra.

Definition 3.1.1. Let h = K be the trivial Lie/Leibniz algebra. Let e = 1 € K such that K = (e).
Let M be a K-bimodule. The bimodule M is a trivial K-bimodule if:

em=0 and m.e=0 Vme& M.
The bimodule M is a non-trivial K-bimodule if:
dJneM em#D0.

It follows from the existence of eigenvectors that the simple K-bimodules when K = C are 1-
dimensional, that the simple K-bimodules are 1- or 2-dimensional if K = R, and that there are
simple K-bimodules of any dimension for K = Q and K =, (the finite field of ¢ = p™ elements).

Lemma 3.1.1. [Schur’s Lemmal Let g be a Lie algebra over C with universal enveloping algebra
Ug (in the usual sense). Let V' and W be two simple Ug-modules. Then

0 if VEW

dim Homyy (V, W) = {1 VW
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Corollary 3.1.1. Let b be a simple Leibniz algebra (over K = C). Let N be a simple h-bimodule.

K if NZ=bre and b 2 Leib (h)

K if N =Leib(h) and b 2 Leib(h)
KoK if N b = Leib(h)

0 otherwise.

HomUhLic (ba N) =

Denote by H* (g, M) the Chevalley-Eilenberg cohomology of the Lie algebra g with values in the
left g-module M.

Theorem 3.1.1. [Weyl’s Theorem| (see Chapter VII in [4]). Let g be a simple Lie algebra and
M be a finite dimensional g-module. Then

H* (g, M) = H* (3,K) @ M*

Corollary 3.1.2. [Whitehead’s Theorem| Let g be a simple Lie algebra and N be a non-trivial
simple finite dimensional g-module. Then

H*(g,M)=0.
Lemma 3.1.2. [Whitehead’s Lemmas| (see Chapter VII, in [4]) Let g be a semi-simple Lie algebra

and M be a finite dimensional g-module. Then

H'(g,M) = H*(g, M) = 0.

3.2. Computation of the cohomology of a trivial Lie/Leibniz algebra. In this subsection,
we collect several results in order to compute the cohomology of the trivial Lie/Leibniz algebra.

Definition 3.2.1. Let g be a Lie algebra. Let U and V' be left g-modules. Then Hom (U, V) is a
g-module via:

(@.f) (u) = =f (z.u) + z.f (u)
Ve € g, Vu € U and Vf € Hom (U, V).

One of the important differences between Leibniz cohomology and Chevalley-Eilenberg cohomology
of a Lie algebra g is that the latter is bounded by the dimension of g, owing to the fact that it is
defined on the exterior products of g:

Lemma 3.2.1. Let g be a Lie algebra of dimension n over a field K. Then for any g-module M,
H? (g, M) =0 forp>n+1.

Lemma 3.2.2. Let h = K be the trivial Lie/Leibniz algebra and M be a non-trivial simple
h-bimodule. In case the h-bimodule is trivial (but still simple), we denote it by K. Then,

K if p=0,1
0 if p>2

HP(K,K):{
HP(K,M)=0 V¥p=>0

Proof. This follows directly from Lemma 3.2.1 and the direct computation of H° and H! for trivial
and non-trivial 1-dimensional modules. U

The cohomology for a trivial Lie/Leibniz algebra with values in any bimodule has been computed
in Theorem 4.3 in [3]:
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Theorem 3.2.1. Let h = K = (e) be the 1-dimensional Lie algebra, and let M be a Leibniz
h-bimodule. Then

MY if n=0,
M°/(M-p) if n is odd,
MY/My if n is even and n #0,

I

HL" (h, M)

(as K-vector spaces) for every non-negative integer n, where
M°={m e M |em+m.e=0}.
Moreover, if M is finite dimensional, then (as K-vector spaces)

MO/(M - ) 2= M /M.

From Theorem 3.2.1, one can deduce the cohomology with values in a simple bimodule M:

Corollary 3.2.1. Let h = K be the trivial Lie/Leibniz algebra, and M a simple left K-module.
Then

HL (h,K) =K Vg >0
HLI(h,M*) =0 Yq>0

Me* it g=0
0 otherwise

s 0,009 - {

Proof. This is straight-forward by the computation of the spaces MY, M° (M -h) and M in each
case. 0

3.3. Two useful spectral sequences. Loday and Pirashvili (in [7]) have deviced a method for
computing the Ext-groups between simple h-bimodules for a simple Lie algebra g. The method is
based on Chevalley-Eilenberg- and Leibniz algebra cohomology computations and two change-of-
rings spectral sequences whose Fs-terms have these cohomology spaces as ingredients.

Later Mugniéry and Wagemann (in [9]) adapted the two spectral sequences to the Leibniz setting
and computed with the same method the Ext-groups between simple bimodules for a simple Leib-
niz algebra h. We will always consider finite-dimensional Leibniz algebras b and finite-dimensional
h-bimodules M. It is well-known that in this setting, every bimodule admits a finite Jordan-Holder
series, which thus makes it in principle possible to compute the Ext-groups between arbitrary bi-
modules using long exact sequences knowing the Ext-groups between simple bimodules. Therefore
we will focus on the latter.

Proposition 3.3.1. (See Proposition 2.1, in [§])
Let b be a Leibniz algebra, let X be an h-bimodule, and Y and Z be left h-modules. There are
two spectral sequences:

E3" = H” (hrie, Hom (Y, HLY (h, X))) = Ext{ ) (Y, X),
and

E = HP (bLiea Hom (Z, Eatl, 0 (Ubiie, X))) = Ext{f1 (7%, X).
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The two spectral sequences express the change-of-rings between the categories of left Uhy;.-modules
and that of left UL(h)-modules. Note that Loday and Pirashvili showed in [6] (Theorem 3.4) that
there is an isomorphism

EXt;}L(h) (UhLieaa X) = HL" (hv X) :

In order to use the second spectral sequence, one needs informations about Ext;; L(H) (UbLie®, X).
This is given by the following proposition (see [7] and [8]) giving a relation between Leibniz
cohomology and the group Exty g (Ubrie”, X):

Proposition 3.3.2. (see Proposition 2.2, in [8])
Let b be a Leibniz algebra, let M be an h-bimodule. Then there are isomorphisms:

Hom (b, HL? (h, M)) for ¢ >0
Extfly) (Ubuie’, M) = { Coker(f) for =0
Ker(f) for ¢=-1

where f: M — Hom ([], HL (b, M)) is given by :
f(m)(z)=z-m+m-x
Vr € hand Vm € M.
Corollary 3.3.1. Let h = K be the trivial Lie/Leibniz algebra and M be an h-bimodule. Then

Hom (K,HL" (K, M)) for ¢>2
Exty; ;) (Ubrie®, M) 2= { Coker(f) for ¢=1

Ker(f) for ¢=0,

where f: M — Hom (K, HL (K, M)) is given by:
f(m)(e) =em+m.e,

Ve € K and Vm € M.
3.4. Computation of Ext-groups in the case K = C. The following theorem is our first main
result:

Theorem 3.4.1. Let K = C be the trivial Lie/Leibniz algebra. Let M and N be non-trivial
simple one-dimensional K-bimodules. Then:

N K if n=0
Exty ) (K, K) = {K oK if n>1
Eatl g (M*,M*) =K for n=0,1
Extrpm (M?,M*) =K for n=0,1

All other groups Ext{r ) (M, N) are zero.

Proof. We compute Exty; ) (M, N) for every combination of simple 1-dimensional K-bimodules
and reduce it to the Chevalley-Eilenberg cohomology of the trivial Lie algebra. For this, we will
study nine cases :

% Case 1: M = N =K the trivial K-bimodule



8 ZIWENDTAORE HERMANN BAMOGO AND FRIEDRICH WAGEMANN

We apply Proposition 3.3.1 by using the first spectral sequence :
E3" = HP (hyse, Hom (Y, HL? (b, X))) = Ext{{, (Y, X).

We set Y = X = K. By Corollary 3.2.1, one has HL? (K,K) = K Vg > 0. Then E} =
H? (K, Hom (K, HL? (K, K))) = H? (K, Hom (K, K)) = H? (K, K).

By Lemma 3.2.2, one has:

K if p=0,1

0 if p>2

H” (K, K) :{

On the second page E5? of the spectral sequence, we have the second differential
. +2,0—1
dyl . B — EFTH

As there are only two non-zero columns on the second page, db? must either start from zero or
map to zero. This means that the spectral sequence collapses at the second page, and we obtain
EP = EX, Vr > 2, and thus

Exty o (K.K)= € EX = € E}.

pt+g=n p+q=n
We are thus in the following situation:
=1
n=p+q=3 P
P q=3
n=p+q=
q=72
pumy pum— 1
npa dim?2
q=1
n=p+q=20
dim?2
q=0
=0 “dim1 dimension2

Finally,
K if n=0,

Extr o (K K) = {K@K it n>1

% Case 2: M = K the trivial K-bimodule, and N = N® the non-trivial simple symmetric
K-bimodule

We apply the first spectral sequence of Proposition 3.3.1:
E3" = H” (hrie, Hom (Y, HLY (h, X)) = Ext{ ) (Y, X).

We set Y = K and X = N*® By Corollary 3.2.1, HL? (K, N*) = 0 Vg > 0. Thus E}! =
HP (K, Hom (K, HL? (K, N*))) = 0.
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Finally
% Case 3: M =K the trivial K-bimodule, and N = N® the non-trivial simple antisym-
metric K-bimodule
We apply the first spectral sequence of Proposition 3.3.1:
E3* = HP (hrse, Hom (Y, HL? (b, X))) = Ext{{, (Y, X).

We set Y =K and X = N¢. Since by Corollary 3.2.1

N* if ¢q=0

HLY (K, N9y ={ " " 1

0 if ¢g>1,
it follows that
H? (K,Hom (K, N®*)) if ¢=0

EM = H? (K, H K,HL? (K, N%))) =
2 ( ) Ol’Il( ’ ( ) ))) {0 lf qu

Furthermore, Hom (K, N*) ~ N is a non-trivial K-bimodule. Using Lemma 3.2.2, one has:
H? (K,Hom (K, N%)) = H? (K, N*) = 0.
Finally
% Case 4: M = M® the non-trivial simple antisymmetric K-bimodule, and N = K the
trivial K-bimodule
We apply the first spectral sequence of Proposition 3.3.1:
EYY = H? (B, Hom (Y, HL? (b, X))) = Extl}t, (V*,X).

We set Y = M* and X = K. Since by Corollary 3.2.1

HL? (K, K) =K
Vg > 0, it follows that

EY = H? (K, Hom (M* HLY (K, K))) = H” (K, Hom (M*,K)) .
Moreover, in H? (K, Hom (M, K)), K does not act trivially on Hom (M*, K) and Hom (M*, K) ~
M™ is a non-trivial K-bimodule. Using Lemma 3.2.2, one has:
H? (K,Hom (M*,K)) = H? (K, M*) = 0.
Finally
% Case 5: M = M?* the non-trivial simple antisymmetric K-bimodule, N = N° the
non-trivial simple symmetric K-bimodule
We apply the first spectral sequence of Proposition 3.3.1:
qu =H" (hLiea Hom (Y7 HLA (ba X))) = EXtI[)]—Eq(h) (Ya> X) :

We set Y = M* and X = N?. By Corollary 3.2.1
HL? (K, N*) =0
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Vg > 0. Then
EY = H? (K, Hom (M*, HLY (K, N*))) = 0.

Finally

% Case 6: M = M*® the non-trivial simple antisymmetric K-bimodule, and N = N* the
non-trivial simple antisymmetric K-bimodule

We apply the first spectral sequence of Proposition 3.3.1:
E3* = HP (hrse, Hom (Y, HL? (b, X))) = Ext{{, (Y, X).

We set Y = M* and X = N®. By Corollary 3.2.1
{N“ if ¢=0

HLT (K, V) 0 if ¢>1

It follows that
H? (K,Hom (M* N%)) if ¢=0

E§* = H (K, Hom (M, HL! (K, N%))) = {0 PR
it g>1.

In H? (K, Hom (M*, N%)), one determines first if Hom (M* N®) ~ K is a trivial or a non-trivial
module. Let e € K, 1,, € M* 1, € N* and f € Hom (M® N®). Let us denote the action
in M by setting eom = A\,m and the action in N by setting en = A\,n. Then, (e.f)(m) =
—fem)+e.f(m)=—fr\m+ fA,m=(\,—X;) fm#0if p#o0.
Conclusion:

Hom (M;},Ng) ~K is trivial if p=o

Hom (Mg, Nf;) ~ K is not trivial if p#o.
Thus for p # o, we have

B = [P (K, K) = 0,

and for p = o, we have
K for p=0,1 and ¢=0

E?" = H? (K, K) =
0 otherwise.

Finally if p = o,

K for n=0,1
0 otherwise.

% Case 7: M = M? the non-trivial simple symmetric K-bimodule, and N = K the
trivial simple K-bimodule

From now on, we apply the second spectral sequence of Proposition 3.3.1:

Ey' = H* (fJLie, Hom (Z’ Extyp) (UbLieS’X)» = Exty’fly (27, X).

We set Z = M*® and X = K and thus
By — 17 (K, Hom (M, Ext,, o) (VK" K)) ).
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By Corollary 3.3.1, one has :

WV

Hom (K,HL " (K,K)) for ¢>2
Exty;; ) (UK*, K) = ¢ Coker(f) for ¢=1

Ker(f) for ¢=0.
where f : K — Hom (K, HL? (K, K)) ~ Hom (K, K) ~ K is given by :

f(m)(e)=e-m+m-e

Ve € K and YVm € K. In this case, f is the zero map, because K is a trivial bimodule. So,
Ker(f) = K and Coker(f) = K. Therefore,

Ext!,, ) (UK’ K) = K
Vg > 0. And then,
B = 17 (K, Hom (M*, Extl, ) (UK*,K) ) ) = H” (K, Hom (M°,K))

Moreover, in H? (K, Hom (M?*,K)), K does not act trivially on Hom (M?*,K) and Hom (M*,K) ~
M* is a non-trivial K-module. Using Lemma 3.2.2, one has:

H? (K, Hom (M?* K)) = H? (K, M™) = 0.
Finally

% Case 8: M = M? the non-trivial simple symmetric K-bimodule, and N = N*® the
non-trivial simple symmetric K-bimodule

We apply the second spectral sequence of Proposition 3.3.1:

Eb = HP ([,Lie, Hom (Z, Ext{; ;) (UhLiest)» = Ext’;zq(h) (Z°,X).

We set Z = M?® and X = N°®. This gives
B — 17 (K, Hom (M*, Extl ) (UK*, NY)) ) .

Applying Corollary 3.3.1, one has:
Hom (K,HL* " (K, N*)) =0 for ¢ >2
Bty g (UK®, N*) > ¢ Coker(f) =0 for ¢=1
Ker(f) = N°* for ¢=0.
where f: N* — Hom (K, HL’ (K, N*)) = {0} is the zero map. Therefore,

H? (K,Hom (M?*,N*®)) for ¢=0

5 — 1 (.o (0Bt 75 )
2 om X UL(K)( ) 0 otherwise.

As for the case 6,
Hom (M?*,N*) ~K is trivial if p=o
Hom (M?® N°*) ~K is not trivial if p#o.

Thus for p # o,
EY = H? (K,K) = 0,
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and for p = o,

K for p=0,1 and ¢=0

By’ = H (K K) = {O otherwise.

Finally if p = o,

K for n=0,1

EXt?JL(K) (M?, M) = {() otherwise.

% Case 9: M = M* the non-trivial simple symmetric K-bimodule, N = N the non-
trivial simple antisymmetric K-bimodule

We apply the second spectral sequence of Proposition 3.3.1:

EPT— pp ([)Lim Hom (Z, Ext? (Ur)Li;,X)>) = Ext!} (2°.X).

We set Z = M?® and X = N* and this gives
B = 17 (K, Hom (M, Exty o) (VK" N ) ).

By Corollary 3.2.1,
Ne if ¢g=1
HL (K, N%) = ca
0 otherwise.

Applying Corollary 3.3.1, it follows that

Hom (K,HL* ™" (K, N%)) =0 for ¢>2
Exty; ;) (UK®, N*) 2 § Coker(f) =0 for ¢=1
Ker(f)=0 for ¢=0.

where f: N — Hom (K, HL’ (K, N®)) ~ Hom (K, N®) ~ N is given by:
f(m)(e)=e-m+m-e=e-m
Ve € K and Vm € N°.
So, E¥? =0 for all p, q.
Finally,
Extrr ) (M?, N*) = 0.
OJ

Remark 3.4.1. (a) Note that the theorem implies that the Ext-dimension of the category of
bimodules (finite-dimensional or not) is infinite. This contrasts with the category of finite-
dimensional bimodules over a finite-dimensional complex simple Leibniz algebra where the
Ext dimension is 2.

(b) It would be interesting to compute these Ext-groups (and then the Gabriel quivers) also
for different fields, like R, Q or [F,. In these cases, there are more simple objects.
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3.5. The Gabriel quiver of L (K). Let h be a Leibniz algebra. Denote by L () the category of
finite-dimensional h-bimodules.

Definition 3.5.1. [Gabriel quiver| (see Section 4, in |7]) A quiver is a directed graph. Let A be
a K-linear abelian category whose objects have finite length. Let us denote by Q(A) its Gabriel
quiver: The vertices of the Gabriel quiver Q(A) are the isomorphism classes of simple objects of
A.If S; and S, are two simple objects, then Q(A) has exactly dimg Ext), (S;,S,) arrows from
(the class of) S; to (the class of) Ss.

As discussed before, one knows that the simple objects of L (K) are 1-dimensional for the trivial
Leibniz algebra K = C, and that they are given by modules of the kind M*® or M*®. Let M be a
simple object of L (K). Therefore, there are three possibilities for M:

(1) M =K the trivial bimodule,
(2) M = M* the non-trivial antisymmetric bimodule,
(3) M = M?* the non-trivial symmetric bimodule.

Thus the vertices of @ (L (K)) are K, M* and M?. Furthermore, by Theorem 3.4.1, it follows that:

(1) dim Exty g, (K, K) = 2,
(2) dim Extyp g, (M, M®) =1,
(3) dim Extypgy (M*, M*) = 1.

Therefore, @ (L (K)) looks as follows :

M, o M?°

F1GURE 1. Gabriel quiver when h =K =C

4. GABRIEL QUIVER FOR h =V}, X, 5l3(C)

4.1. Preliminaries.

Proposition 4.1.1. [Feldvoss| (see Theorem 7.12, in [1]) Every simple Leibniz algebra b over the
field C is a hemi-semidirect product of a simple Lie algebra g and a simple g-bimodule Leib (),
i.e. h =g xps Leib (h).

Example: The Lie algebra g = sl, (C) is simple. Moreover, for any m > 0, there exists a unique
simple g-module V,, whose dimension is m + 1. Applying Proposition 4.1.1, the hemi-semidirect
product h = V,,, Xps sl5(C) is a simple Leibniz algebra such that by = sl (C) and Leib (h) = V,.

Remark 4.1.1. (On the dual of a simple module)

(i) Let V,, be a simple sly(C)-module. Then V> =2 V,,. Indeed in dimension n + 1, there exists
only one simple sly(C)-module, namely V/,.
(ii) The (co)adjoint module is sl (C)* = sly(C) = V4.
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4.2. Computation of Ext-groups. In this part, we collect several results in order to compute
Ext-groups.

Theorem 4.2.1. [Mugniéry-Wagemann| (see Theorem 2.3 in [9]) Let b be a finite dimensional
simple Leibniz algebra over C such that Leib (h) 2 hrie.

All groups Ext?]L(h) (M, N) between simple finite dimensional h-bimodules are zero, except
Extfp, ) (M*,N®),

with M € {Leib (h)*,bf,.} and N € {Leib (h), bri.}, which is 1-dimensional. Moreover, we have:

o ExtlUL(h) (M?,K), and Extlle(h) (K, N*) are 1-dimensional for M and N € {Leib (h),bric};

o Ext}]L(h) (M?®, N*) ~ Homyy,, (M, ]/V\>, where
N = Coker (h: N — Hom (h, N)) h(n)(z)=z-n

e All other groups Ext}] L(b) (M, N) between simple finite dimensional h-bimodules M and N are
Zero.

Remark 4.2.1. Note that the condition Leib (h) 2 b does not appear in [9], but it is clear from the
proof that this is implicitly imposed. Before continuing, we will provide a complement to Theorem
4.2.1, namely we will compute the groups Exty;, (M, N) without the restriction Leib (h) % brie.

Theorem 4.2.2. (Complement to Theorem 4.2.1) Let h be a finite dimensional simple Leibniz
algebra over C. Then:

All groups Ext?, () (M, N) between simple finite dimensional h-bimodules are zero, except
Extfp, ) (M*,N®),

with M € {Leib (h)*, b}, } and N € {Leib (h), hric}, which is 1-dimensional if bz % Leib(fh). The
Ext-group is 4-dimensional if hr;e = Leib(h) = N and bj,, = Leib(h)* = M.

) Ext}]L(h) (M?*,K), and Extlle(h) (K, N?) are 1- or 2-dimensional for M € {Leib (h)*, b}, } and
N € {Leib (h) , bric }

o ExtlUL(h) (M?®,N*) ~ Homyy,,, (M, ]/\7>, where
N = Coker (h : N —s Hom (,N)) h(n)(z) =z n.

e All other groups Ext; L(b) (M, N) between simple finite dimensional h-bimodules M and N are
Zero.

Proof. The only cases where the hypothesis Leib (h) 2 bhri. comes into consideration in the proof
of Theorem 4.2.1 were case 3, case 6 and case 8.
> Extfrr e (K, N) (see case 3 in the proof of Theorem 2.3, in [9])
In this case, K is trivial and N is non-trivial antisymmetric. We use the first spectral sequence:
BB = HP (byse, Hom (Y, HL? (b, X)) = Ext}f, (7, X)
We set Y = K and X = N® Then we have
E?" = H? (bpie, Hom (K, HL? (h, N*)))
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Furthermore
N if ¢=0
HL? (h, N*) = ¢ Homgy,, (h,N) if ¢=1
0 if ¢g>1.
Thus

v <[)Li0’ HomUbLie (h7 N)) it ¢=

qu = H? (hLie»Hom (Ka HL? (tha))) = {O otherwise

Therefore the spectral sequence collapses and we obtain
Extf @ (K, N) = H" " (hrie, Homyy,,, (b, N)).
Using Weyl’s theorem (Theorem 3.1.1), we deduce
Extf @ (K, N) = H" " (hrie, K) @ (Homypy,,, (b, N))™e
which implies in turn
Extf, ) (K, N*) = H"" (brie, K) ® Homy, (b, N),
because Homgy, . (h, N)"e = Homyy,. (h, N) by definition of the action on the Hom space.
Applying Corollary 3.1.1 to Homyy,,, (h, V), we obtain:

Hn_l (bLie7 K) if (N = bLie or N = Leib ([))) and Leib (h) ?—é hLie
Extf ) (K, N*) = § H" (brie, K) @ H* " (brie, K)  if N = hrie = Leib (b)

0 otherwise.
» Extfr e (M°,K) (see case 6 in the proof of Theorem 2.3 in [9])

In this case, K is trivial and M is non-trivial symmetric. We use the second spectral sequence:

E — HP (r;Lie, Hom (M, Ext? ;) (Ubric”, K))) = Extff! (M*,K).
We set Z = M and X = K and obtain for the codomain of the coefficient term

Hom (h, HL " (,K)) =0 for ¢>1
Extg,L(h) (Ubrie*, K) >~ ¢ Coker(f) =bh* for g=1
Ker(f) =K for ¢=0.
where f: K — Hom (b, HL° (b,K)) = h* is given by:
fm)(z)=x-m+m-zx
Vz € h and Vm € K. We deduce for the Es-term:

e _ H? (brie, Hom (M, b*)) for ¢q=
2 0 otherwise.

By Weyl’s theorem (Theorem 3.1.1), therefore
EXtTlL]L(f)) <MS7 K) = H"! (bLie7 K) ® HomUhLie (Mv h*) :
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Applying Corollary 3.1.1 to Homyy, . (M, h*), one obtains:

H" ' (hrie, K) if (M b5, or M=TLeib(h)") and bf,, % Leib(h)"
Extrrp @y (M, K) = § H* (hLie, K) ® H" " (brie, K) if M = bf;, = Leib (h)"

0 otherwise.

> Extly ) (M, N%) = Homy,,) <M, JV)

In this case, M is non-trivial symmetric and N is non-trivial antisymmetric. Here the proof given
in Theorem 2.3, in [9] for Ext%,L(h) (M*, N%) still goes through for Ext'.

» Concerning the Ext?, we have for the Fs-term of the spectral sequence as in case 8 in the proof
given in Theorem 2.3, in [9]

E§2 = Hp(hLiea K) & HomUhLie (Mv Hom(ha HomUhLie(h7 N)))

Now, we have

K if N =bre and b Z Leib(h)

K if N =Leib(h) and br 2 Leib(h)

KeK if N = b = Leib(h)

0 otherwise.

Thus the space Homyy, . (M, Hom(h, Homyyg,, (b, N))) becomes Homyy,, (M, b*), Homyy,, (M, h*),

Homyy,, (M, b* @ b*) or zero according to the four cases. If M is isomorphic to bf;, or Leib(h)*

in one of the first two cases, this gives an Ext of dimension 1. But in the third case, this gives an
Ext of dimension four if M = b}, = Leib(h)* ! O

HomUhLic(h’ N) -

4.3. Computation of Ext-groups for h =V}, x,,5l(C). Let us now specialize to the Lie algebra
sl5(C). Denote

[] = Vn Xhs S[Q(C), M = ‘/p, and N = Vm
where V,,, V,,, V,, are the simple sly-modules of dimension n + 1, p + 1 and m + 1 respectively,
and h =V, Xps 5l5(C) is the hemi-semidirect product Leibniz algebra. We will need the following
lemma:

Lemma 4.3.1. [Clebsch-Gordon| Let V;,, and V,, be the simple sl (C)-modules of dimension m + 1
and n + 1. Then
Vin @ Voo = Voo @ Vingn—2 @ . .. @ Vi)

Let us compute ExtlUL(h) (M®,N%) for h = V,, xps 6l(C), M = V, and N = V,, by applying
Theorem 4.2.2. We obtain

—
Y

Eatly ) (M*, N%) 2 Homyggc) (M, V)
where M and N are simple sly(C)-modules and

N Coker (f : N — Hom (V,, @ sl,(C), N))  f(n)(z)=z-n
= Coker (f : Vi, — Hom (V,, ® V5, V) f(n) (z) =z - n.

In order to compute N = Coker (f : V,, — Hom (V,, & Vs, V;,)), let us first compute Im(f) and
Hom (V,, & Vo, V;,):

e Computation of Im(f):
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(1) m #0, i.e. N =1V, is a non-trivial simple sly(C)-module. Then the image Im(f) must be
a non-trivial submodule of Hom (V,, & V3, V},,) isomorphic to V,,.
(2) m =0, ie. N =V} is trivial and the image is zero.

e Computation of Hom (V,, & V5, V,,,):

Hom (V,, & Vo, Vi) = (Vi @ V5) @ Vi = (Vi @ V2) @ Vi = (V@ Vi) @ (Vo @ Vi)
By Lemma 4.3.1 (Clebsch-Gordon), one has:

L4 Vn®vm = Vm+n@vm+n72®“-@v}mfn|
.‘/2®Vm: m+2€BVm€BVm72 1fm22
o Vo Vp=VaoV, ifm=1

e Vo V,=V, iftm=0

Thus

Vm+n @ Vm+n—2 D...0D Wm—n| D Vm+2 ¥ Vm S¥ Vm_Q if m >2
Hom (V, @ Vo, V) = Vo @ Vi@ Vs@® Vi if m=1
V,oVy if m=0.

e Computation of N = Coker(f)
Since N = Coker(f) = Hom (V,, & V4, V,,) /Im(f), we have

vm+n S> Vm+n—2 EB cee EB wm_n| EB Vm+2 @ Vm_z lf m 2 2
N = Vn+1@vn,1@vzg if m=1
V,®Vy if m=0.

e Computation of dim ExtlUL(h) (M*,N®)

Theorem 4.3.1. Let h = V], X, 6l5(C) be the simple Leibniz algebra. Let M =V, and N =V,
be the simple h-bimodules. Then

» Form > 2
2 if pe{m+nm+n—-2,....]m—nl|} and pe{m+2,m—2}
1 if pe 9 m— d 2,m — 2
dim Extlyp ) (V3. V) = 1 pe{m+nm+n-—2, |m—nl} and p¢&{m+2,m—2}
1 if pe{m+2m—-2} and pé¢{m+nm+n—-2,....|m—-nl|}
0 otherwise.

» Form =1
2 if pe{n+1,n—1,3} and {p}n{3}n{n+1,n—-1}#0
dimExtpgy (Vi Vi) =41 if pe{n+1,n—13} and {p}n{8}N{n+1n—1}=14
0 if pé¢{n+1,n—-1,3}
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» Form =0
2 if p=n=2
dim Exty ) (V5 Vo) =41 if pe{n,2} and n#2
0 if pé¢{n,2}.

Proof. For m > 2

dim Bt} (M, N*) = dim Extly ) (V;', Vi) = dim Homyre oy (V5 Vin)

p’>'m
and

dim Extyrp, ) (V7 Vi) = dim Homystycy (Vi Vingn @ Vinan—2 @ -+ B Vimen] @ Vins @ Vin_a) -

P> m
Applying Schur’s lemma (Lemma 3.1.1) to Homyg, ) (V;), Virin @ Vingn—2 @ ... B Vi) @ Vi @ Vm_g),
the result follows.
Form=1

dim Exth; ) (M, N%) = dim Extly ) (V2, V4) = dim Hompey o) (vp, 17;)

pr’m
and
dim EthUL(h) (Vs Va) = dim HOIIlUs[Q((c) (‘/p; Vn+1 @ Vn_l D ‘/3) .

pr’m

Applying Schur’s lemma (Lemma 3.1.1) to Homysiy(c) (Vp, Vg1 @ Vo1 @ V3), the result follows.

For m =0
dim ExtlUL(h) (Vps, V[)) = dim Homyg, (o) (V},, V0>
and
dim Extlle(b) (V;, VO) = dim Homyg,c) (V, Vi ® Va) .
Applying Schur’s lemma (Lemma 3.1.1) to Homys,(c) (Vp, Vi @ V2), the result follows. O

4.4. Construction of the quiver for h =V}, x;,5l,(C). In this subsection, we will compute the
Gabriel quiver of L (), with h = V], x5 sl5(C) for n =1 and n = 2.

Casel: n =1 and thus h = Vj X 5l5(C). In this case, we have
Vi1l @ Vi1 ® Voo @ Vipp if m > 2
N=xVoadVoa Vs if m=1
VieoVy, if m=0.
Applying Theorem 4.3.1, one has
it pe{m+1,m—-—1m+2m—-2} and m >2
if pe{0,2,3} and m=1
if pe{l,2} and m=0
0 otherwise.

—_ = =

dim Extlle(h) (Ve Vi) =

po'm

Concerning the number of arrows, this means that V{ receives two arrows: one from V;* and one
from Vi, V|* receives three arrows: one from Vj, one from V5 and one from V5, and for m > 2,
V@ receives four arrows: one from V?_,, one from V? ., one from V? ., and one from V?*_,.

m m—+1 m—1 m—+2 m—2

The quiver for L (h = Vi X, 8l2(C)) looks as follows:
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Vo

Q“’ .
o

o
i

‘/’5(1 . ~ o ‘/E'_)S

Ve

oy

‘/7a . . V'?s

FIGURE 2. Gabriel quiver when h = V; X sl5(C)

Case 2: n =2 and thus h = V5 x;, sl5(C). In this case, we have

Vm+2@vm®Vm_2@Vm+2€BVm_2 if m22
N=qVioVioV if m=1
Vo Vy if m=0.

Applying Theorem 4.3.1, one has

N\

2 if pe{m+2,m—2} and m>2
2 if p=2 and m=0
. 1 5 14) =
dim Exty (V;; , Vm) )1 if p=m and m>2
1 if p=1 and m=1
0 otherwise.

\

Concerning the number of arrows, this means that 1} receives two arrows from V5, V}* receives
two arrows from V3, one arrow from V7°, and for m > 2, V receives two arrows from V. ,, two
arrows from V?_, but one arrow from V7.

The quiver for h = V5 X5 5l5(C) looks as follows:
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[1]
2l
13]
14]
[5]
16]
17l
18]

19]
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Vo
A N
Ve . o V5
Ve, o Wi
Vi, . V5

FIGURE 3. Gabriel quiver when h = V5 X4 5l5(C)
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