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EXCEPTIONAL CASE OF THE NON SEMI-SIMPLE
REAL ABELIAN MAIN CONJECTURE

GEORGES GRAS

ABSTRACT. In the papers: “The Chevalley—Herbrand formula
and the real abelian Main Conjecture (New criterion using ca-
pitulation of the class group), J. Number Theory 248 (2023)”
and “On the real abelian main conjecture in the non semi-
simple case, arXiv (2023)”, we consider real cyclic fields K and
primes £ = 1 (mod 2p”) totally inert in K, implying implicitly,
K NQ(pp)" = Q. In this complementary work, we examine
the non linearly disjoint case.
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1. INTRODUCTION

Let K/Q be a real cyclic extension of Galois group ¥x ~ v @ T,
with ~ of prime-to-p order d and T' ~ Z/p°Z, ¢ > 1. Let S be
the p-class group of K as Zy|9k]-module, and let Ex (resp. Fk)
be the group of units (resp. of Leopoldt’s cyclotomlc umts) of K;
set &k = Ex ® Zy, Fx = Fx @ Z,. We consider éaK = EK ® ZLp,

where EK is the subgroup of Ex generated by the units of the strict
subfields of K.

The “Real Abelian Main Conjecture” (RAMC for short), stated
n [Gral977], writes as follows in terms of arithmetic p-objects (for
irreducible p-adic character ¢ = ¢yp, of K, ¢, of prime-to-p order,
¢p of p-power order):

(1.1) #jf}?ip = #(Ek ) Ex yK)Wo’
where 7% = {z € Ak, Ng/x(x) =1, VK & K}, and where
the semi-simple ¢y-components are given by the idempotents e, =

— 2 Po(T 1)7'~

#'YT’y
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We have proved in [Gra2023%, Gra2023"] that the RAMC (1.1)
holds for K as soon as there exists a prime number £ = 1 (mod 2p™),
totally inert in K, such that % capitulates in the auxiliary p-sub-
extension L/K of K(u,)/K. Obviously, when € := K N Q(pye)" is
distinct from Q, any ¢ = 1 (mod 2p") totally splits in € and can not
be totally inert in K (this was not made explicit in our papers); so we
shall look at this particular case using a similar process of capitulation
of the p-class group 7% in suitable absolute abelian extensions.

One proves the RAMC, except in the case K C Q(up ) using
Greenberg’s conjecture, and in the “special case” K NQ( Hpoo) TG K
with ¢, character of Q(u,)", which remains open.

Some proofs, identical to that given in the two previous papers, will
not be given again, as well as notations, definitions and references.

2. RECALLS ABOUT REAL ABELIAN FIELDS

Let Q2" be the maximal abelian extension of Q. We consider the
set of even irreducible p-adic characters @, for a prime p > 2, and
the set .2~ of irreducible rational characters of Q®P; then the subsets
of irreducible characters @, 2%, of K C Q*. Thus, K is the fixed
field of a unique x € & and we put K = K.

2.1. Arithmetic x and p-objects. Let k be the subfield of K = K
fixed by T' ~ Z/pZ. The field of values of ¥ | x, of degree 1, is

Q(ptape ), direct compositum Q(p1q)Q(ppe ); thus ¢ = grpy, 1o of order
d, ¢, of order p© and x = XoXp, Xo € Lk above g and x, € Lk~
above 1. Similarly, in the direct compositum Qp(1q)Qp(fpe), the
irreducible p-adic characters ¢ | x are of the form ¢ = ¢ypp, ©o | Xos

and where ¢, = xp since Gal(Qp(upe)/Qp) = Gal(Q(upe)/Q).
If o is a Zy[9x]-module, o7, := o/“0 denotes its semi-simple -

component given by the idempotent e, := #—2 > po(T7HT € Zyy].
TEY

Recall that for K = K, and ¢ | x:
( ) {%I?r = {.CL‘E%K, NK/,@(.%'):I,V/Q%K},
2.1

‘%ﬁK,gp 1= (AR X)<p0

The above definitions of x and y-objects lead to the fundamental

formula [CGra2023°, Corollary 2.3):

Theorem 2.1. For all p € X, we have the semi-simple decompo-
sition %ﬂf?;,ﬂ @ K o and for all real cyclic extension K/Q, we

have the global formula # e = ] w2 = II II#7 Kp#,

PEXK PEXK ¢lp

2.2. Analytic expression of #.7¢", and the RAMC. Since the
RAMC is trivial for x of p-power order, we assume d > 1, x, # 1.
The interpretation of Leopoldt’s analytic formulas yields the following
result for K = K, real (see the survey [Gra2023", Theorem 3.2]):

Theorem 2.2. Let %”I?rx = {z € Hk, Ng/g(z) = ,VR G K}
Then #%”]?7 (gK (5”K ,/K) where gK is the subgroup of &k gen-

erated by the & ’s for all K & K and Fk is the group of Leopoldt’s
cyclotomic units.

We have formulate in the 1970’s [Gral977] the following RAMC:
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Conjecture 2.3. Let x = xoXp; Xo # 1, be an even irreducible ra-
tional character and let K = K. For all irreducible p-adic character
@ | x (whence @y | Xo, p = Xp), we have #IG%, = #(Ex | Ex T )y,
(po-component of the x-object &k /Ex Fic ).

As we have explained, the particular case K NQ(40 )" # Q must
be examined separately; this is coherent with the specific properties
of p-adic L-functions regarding characters conductors powers of p.

Let € := KNQ(pyoo ) and 6 := kNQ(p,)" with d = [k : Q] > 1,
0o | xo # 1 and [K : k] = p¢ > 1. Note that for p < 3, 6 = Q
and ¥ is a layer of the cyclotomic Zs-extension Qu; since k # Q and
o # 1, this case will be solved in §4.2. So we can focus on the case
p > 3 in the sequel.

We will analyze the RAMC, under capitulation properties, in two
steps corresponding to the following cases:

(i) € = K C Q(upo)™ (cf. Section 3),

(i) Q & € & K, with the two sub-cases ¢y & k and the “special
case” 6y = k (cf. Section 4.1).

3. CASE K C Q(1,0)" AND GREENBERG’S CONJECTURE
Note that this framework makes sense only if Vandiver’s conjecture
is false, otherwise all the subfields of Q(u,~)" are p-principal.

Thus, k is a subfield of Q(u,)" and K is the layer k. of the cyclo-
tomic Zp-extension ko, of k.

Qup) t—— Qppet1) T ——————— Qppn+1)™
e /
k——— K=k, kn koo
s /
Q= K"=Q. Qn Qo

This case can not use an auxiliary totally inert prime £ = 1 (mod 2p™)
(since it is totally split in a non-trivial subfield of K'), but Greenberg’s
conjecture implying a capitulation principle in ks (in some sense, p
replaces ¢ and ko replaces L C K(p,)).

Assuming Greenberg’s conjecture [Gree1976, Theorem 2|, we know
that, for all m > n > ng, the arithmetic norms Ny, .+ S, — A,
are isomorphisms and that 7, = %ial(km/ k"); so, U denoting the

m—n

algebraic norm, Vi, () = I, /e, © Ny s () = 76, =
It Jkn (H,) = 1 for m > n > ng. It follows that the p-class group
of any layer k,, (n > 0) capitulates in ks; so, .#% capitulates in ks.

Since p is totally ramified in ko /Q, the Chevalley—Herbrand for-
mula [Chel933, pp. 402-406] yields #f%’chal(k"/k) = #7¢;, and in the
same way as for [Gra2023", Corollary 4.5], we have:

Gal(kn /I
Ao = (/N /i (i)) 5

n

of order #e%’iupo, as soon as f%’ic,% capitulates in k.

In terms of cyclotomic units %, , we have the fundamental norm
relation Ny /i, (Zk,,) = Fk,, for all m > n > 0; the principle of
computation giving [Gra2023°, Theorem 4.4] holds, which leads to
the proof of the non semi-simple RAMC 2.3, for K C Q(upoo)+.
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However, Greenberg’s conjecture is far to be proved and is probably
more difficult than the capitulation conjecture using primes ¢ totally
inert in K/Q, since these are infinite in number and many numerical
computations go in this direction.

4. AnaLysis OF THE RAMC WHEN K N Q)" & K

4.1. Expression of # ‘%ﬂfgfw' We will use the following definitions
when K = K, (of degree dp®) contains ¢ := K NQ(, )", such that
Q& E % K. Let ¢ = popp | X

Let My := M({)%, where M () is the subfield of degree p’v of
Q(u,) for £ = 1 (mod 2p"), N > 1, with ¢ prime totally inert in
K /% (possible from the density theorem) and let L = MK . So any
prime ideal [ | £ of K is totally ramified in L/K, then (totally if N is
large enough) split in % and totally inert in L/M:

Q(pee) /L
+ A,
M( =
pN — / €k //;
K yd
Q ;Qn;/z@mmm— Kv/

i ——

We use some notations of [Gra2023]; in partlcular let K and L be
the subfields of K and L such that [K : K] = [L: L] = p. Put N :=
NL/E? J = ']L/E' From [Cra2023", Lemma 4.3], if /% capitulates in
L, then J77 capitulates in L. By abuse, put (A: B),, = #(A/B)g, .

Under the above assumptions, the p-localized Chevalley—Herbrand
formulas for p-class groups are the following ones (to get the orders,
for ¢, # 1, of the ¢ -components c%”ﬁoo, G := Gal(L/K), we have
followed the process given in Jaulent’s Thesis [Jaul986, Chapitre 11,
p. 167] and described again in [Gra2023°, Section 4.1]):

ano
AL, = # -
#H gy = # K g X (6 + Ek N NL K (LX))g,
(4.1) p "o
#H g = #H g ¥ ’
40 R O mNL/K(LX))

= [€ : G0] dyp,, where dy, = [Qp(gy,) : Qp as usual.
Under capitulations in L/ K and L / K , we have the exact sequences:

1— A7 — HE
7900

— (6x NN/ (L*)/Npk(6L))p, — 1,

(4'2) <ﬁzﬂram N %ch

0

— (6 NNz (L) /Ng 2 (6))g, = 1,

where 7™ is the subgroup of 7 gener/z}ted by the p-classes of the
ramified prime ideals £ | [| ¢ (for L and L).
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The Zp[y]-modules Qx = {(si)i_; € G", [l si =1} and Qp =
i=1

{G)_, € G, H $; = 1}, where r = [¢ : Q], are isomorphic. Then,
i=1
from (4.1), (4.2) giving two expressions of jfLG 0 and %G

790(]
#AL o % (Ex 1 N(E1)) g,
#%Kv‘;oo = #QK o ’
Po
(4.3) » %rarz (éaf( : N(@pz))tpo
# [? = i )
o #Q K%

One sees easily that jfram = j(‘%ﬂfzm) since prime ideals over ¢
»Po

are inert in L/ L. We have the exact sequence defining ‘%ﬂlgip:
N
= (AR ) gy = iy — H oy — jff(% — 1;
then, from (4.3), and the fact that #Qx , = #(
capitulations, the fundamental relation:
Tam
(4.4) pAE = H) i (G L))o,
. K )
o= e G NG,
to be compared with X, := (é"K : é"f(ﬁK)w . So, the proof of the
0
RAMC is essentially based on N(.%#,) regarding N(&7).

Ry Ve get, under

—1

We have N(%#L) = F [1(_” , where 7, is the Artin automorphism
of £ in K/Q; it generates Gal(K /%) and is of p-power order if and
only if 6y = k, which defines the “special case”.

4.2. Proof of the RAMC when %, & k. In this case, (1 —7'[1)(359O
is invertible in Zp[¥k|e,, [Gra2023°, Proposition 3.4]. Recall that
this applies for p < 3 since %y = Q and k # Q.

The computations [Gra2023°, Proof of Theorem 4.4] leads in this
case to the relation:

(4.5) Xoy = 1o X Z,

where:
B (gRN(G?L) : N(é"i)ﬁ}()%
0 (ERN(EL)  N(6L))g,

with Zx == Fx N &% Since N(&7) I C N(&L), Zyp, is an integer
and we obtain from the relations (4.4) and (4.5) under capitulations:
#%ram
L,p,
#A ey X~ X L > #HE

#J (%riof)

X (N(&) F : N(&7)) g,

in other words, one gets the supplementary factor #Ker(j)g,0 which
was trivial in the case ¢ totally inert in K and ¢, # 1. Whence the
equality as usual implying the supplementary interesting relations:
° 9}(7% N 5}?7% - N(gij%),
L] N(gA )9}(7@0 = N(@(dL,ch);

(o) =
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4.3. The special case ¢, = k. So, 7, generates Gal(K /%), of p-
power order, and (1 — 7'[1)6%,O is not invertible in Z,[%k ey, -

Q(pe)

/ M= Moy .
M(£) / G
N =k . )

[T

~ P

Q = W = Qoo N K2 K"

Under capitulations, we still have the fundamental relation (4.4)
for which we have to prove the inequality:

#J(J“fram) (6x : N(&1))
(6 EpTi)y, > # I Lol O o,
K o K = e%}l 20 (é} : N((Opf))@o

whence to prove, since the first factor is (#Ker(j)%)_l, that:
CrE N(éaz))%(@@[( D 6 TK)
(€x : N(&L))p,

#Ker(j)% X 20 >,

We have the exact sequence:
1— éaf(N(éaL)/N(@@L) = (g{}?/gf? N N(fL) —
gK/N(gL) — éaK/(gf’f{N(é‘)L) —1
and the inclusions N(&%) C & NN(&L) C 65, giving:
(% 1 N(€7))g, (€K 1 €5 TK ),
(€x 1 N(EL)),

#Ker(j)(po X

= #Ker(J), x (% : N(gf))"" (6k : 6% JK)L‘DO
= #K (J)SOO ((50[? : g]? N N(éaL)) o ( (éDL))
ey G ONED N, ( 15 77K )¢,
= #Ke (J)% X (Ex : & e N(&L))e R

-1
We have .7 [1( " = N(ZL) C N(&L), which is not necessarily true
for .#k and prevents to conclude, contrary to the case £ totally inert.

If this case of RAMC is true, because of the product formula of
Theorem (2.1), one should obtain, under capitulation of % in L:

(é‘}? N N((gaL) : N(é"z))¢0 (éoK : ggﬁ}()@o
(6 + EpN(EL)) g,
Numerical investigations will be necessary to study the behavior
of each factor, but the relations obtained for the case ¢y & k (§4.2):
° N(gi,apo)’g}(v%"o = N(@(dL,‘pO),

=1

(4.6)  #Ker(J),, x

. Ker(j)% =1,
with the supplementary one:

° (55[?#00 N((g)L?WO) = N(éai?wo),

satisfies the relation (4.6), but this is only speculation.



EXCEPTIONAL CASE OF THE MAIN CONJECTURE 7

REFERENCES

[Chel933] C. CHEVALLEY, Sur la théorie du corps de classes dans les corps finis
et les corps locaux, These no. 155, Jour. of the Faculty of Sciences
Tokyo, 2 (1933), 365-476.
http://archive.numdam.org/item /THESE_1934__155_.365_0/ 3

[Gral977] G. GRAS, Etude d’invariants relatifs aux groupes des classes des corps
abéliens, Journées Arithmétiques de Caen (1976), Astérisque 41—42
(1977), 19 pp.
http://www.numdam.org/item/?id=AST_1977_41-42_35.0 1, 2

[Gra2023?] G. GRAS, The Chevalley—Herbrand formula and the real abelian Main
Conjecture (New criterion using capitulation of the class group), J.
Number Theory 248 (2023), 78-119.
https://doi.org/10.1016/j.jnt.2023.01.002 2

[Gra2023°] G. Gras, On the real abelian main conjecture in the non semi-simple
case (2023). https://arxiv.org/abs/2306.12836 2, 3, 4, 5

[Greel976] R. GREENBERG, On the Iwasawa invariants of totally real number
fields, Amer. J. Math. 98(1) (1976), 263-284.
https://doi.org/10.2307 /2373625 3

[Jaul986] J-F. JAULENT, L’arithmétique des f-extensions (These d’état), Pub-
lications Mathématiques de Besangon 1(1) (1986), 1-357.
https://doi.org/10.5802/pmb.a-42 4

VILLA LA GARDETTE, 4 CHEMIN CHATEAU GAGNIERE, 38520 LE BOURG D’OISANS
http://orcid.org/0000-0002-1318-4414
E-mail address: g.mn.gras@wanadoo.fr


http://archive.numdam.org/item/THESE_1934__155__365_0/
http://www.numdam.org/item/?id=AST_1977__41-42__35_0
https://doi.org/10.1016/j.jnt.2023.01.002
https://arxiv.org/abs/2306.12836
https://doi.org/10.2307/2373625
https://doi.org/10.5802/pmb.a-42
http://orcid.org/0000-0002-1318-4414

	1. Introduction
	2. Recalls about real abelian fields
	2.1. Arithmetic Lg
	2.2. Analytic expression of Lg and the RAMC

	3. Case Lg and Greenberg's conjecture
	4. Analysis of the RAMC when Lg 
	4.1. Expression of Lg
	4.2. Proof of the RAMC when Lg
	4.3. The special case Lg

	References

