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POLYNOMIAL STABILITY OF THERMOELASTIC TIMOSHENKO SYSTEM WITH
NON-GLOBAL TIME-DELAYED CATTANEO’S LAW

HAIDAR BADAWI!2 AND HAWRAA ALSAYED!:2

ABSTRACT. In this paper, we consider a one dimensional thermoelastic Timoshenko system in which the heat
flux is given by Cattaneo’s law and acts locally on the bending moment with a time delay. We prove its
well-posedness, strong stability, and polynomial stability.

1. INTRODUCTION

In this paper, we investigate the stability of a thermoelastic Timoshenko system in which the heat flux given by
Cattaneo’s law acts locally on the bending moment with a time delay. More precisely, we consider the following
system:

prpee — ki(pe + )z =0 in (0,€) x (0, 00),
(1) P2t — koo + k1(pe +10) +d(0) =0 in (0,£) x (0,00),
P30 + gz + 0y, =0 in (0,4p) x (0,00), o € (0,4),
Yqe + p1q + poq(z,t —7) + 60, =0 in (0,4y) x (0,00),
with boundary and initial conditions
0(0,t) = @(£,t) = ¢(0,t) = ¥(L,t) = q(0,1) = 0(fo,t) = 0 in (0, 00),
(12) o(x,0) = po(x), ¢i(z,0) = @1(x), ¥(x,0) = tho(z) in (0,¢),
Yi(2,0) = ¢a(2), 0(,0) = bo(z), q(z,0) = qo(x) in (0,4o),
q(z,t) = folx,1) in (0,4) x (=7,0),

where ¢ is the transverse displacement of the beam, 1 is the rotational angle of a filament, € is the temperature
deviations, ¢ is the heat flux. The coefficients p1, po, ps3, ki1, k2, v, p1, 0 are positive real numbers, us is a
non-zero real number. We define

(13) d(a) :{ 06, in (O,éo) X (0,00),

0 in  (€g,£) x (0,00).
In [17], the classical Timoshenko-beam system is expressed by

{ P1Ptt — kl(@w + w)z =0 in (0,6) X (07 OO),
ptht — kg?l)rg; + kl (S@r + w) =0 1in (O,Z) X (07 OO)

There are several publications concerning the stabilization of Timoshenko system with different kinds of damp-
ing (see [3], [7], [8] and [18]). Alves and al. [5] studied the thermoelastic Timoshenko system by coupling the
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thermal laws on both the shear force and the bending moment under Fourier’s law, by considering:

p1pe — k(@ + 1)z + 010, =0 in (0,¢) x (0,00),
P2t — kotbpa + k1(pz +9) — 010 4+ 029, =0 in (0,£) x (0,00),
(14 9300 — pabs + 610 + )1 = i (0,¢) x (0,00),
P4V — H2Usze + 021 = 0 in (0,€) x (0, 00),

they proved an exponential stability result without any relation between the coefficients of the system. More-
over,

e Fernandez Sare and Racke [12] studied system (1.4) by taking §; = 0 and they showed that the system
is exponentially stable if and only if

ki ke
1.5 ===
(1.5) p—

e Almeida Junior and al. [4] studied system (1.4) by taking do = 0 and they also proved exponential
stability result provided that (1.5) holds.
In [11], the authors studied the thermoelastic Timoshenko system where the heat flux given by Cattaneo’s law
is acting on both shear force and the bending moment, by considering:

p1ou — k1(pe + 1)z + 0160, =0 in (0,¢) x (0,00),
P20t — kotur + k1 (e +9) — 610 + 629, =0 in (0,£) x (0, 00),
(1.6) P30t + Gz + 01(pe + )¢ = 0 in (0,€) x (0,00),
Yqe +q+ 10, =0 in (0,¢) x (0,00),
PaVt + Dy + 82ty =0 in (0,¢) x (0,00),
Yopt + P+ poty =0 in (0,¢) x (0,00),

with boundary conditions

@w(oat) = cpx(f, t) = w(()?t) = 1#(47 t) = G(O’t) = 9(6’ t) = p(o,t) = p(& t) in (Ov OO),

they established an exponential stability result irrespective of the values of the coefficients of the system. How-
ever, Fernandez Sare and Racke [12] considered system (1.6) with §; = 0 and they showed that the system is
not exponentially stable even if (1.5) holds.

The originality of this work lies in the study of the thermoelastic Timoshenko system (1.1)-(1.2), in which
the heat flux given by Cattaneo’s law acts only on the bending moment and is distributed locally with a time
delay.

In fact, from a physical point of view, models with partial differential equations that take into account a
certain time delay are generally more realistic than those that do not take into account the effect of the delay,
we refer the reader to [1, 2] for systems with time delay.

This paper is organized as follows. In Section 2, we prove the well-posedness of our system by using semi-
group approach. In Section 3, following a general criteria of Arendt and Batty, we show the strong stability of
our system in the absence of the compactness of the resolvent. Finally, in Section 4, by combining the frequency
domain approach with a specific multiplier multiplier method, we prove that the energy of our system decays
polynomially with the rate ¢~1.

2. WELL-POSEDNESS OF THE SYSTEM

In this section, we will establish the well-posedness of system (1.1)-(1.2) by using semigroup approach. For this
aim, as in [15], we introduce the following auxiliary change of variable

(2.1) z(z,s,t) :=q(z,t —s7) in (0,£4y) x (0,1) x (0,00).




Then, system (1.1)-(1.2) becomes

prpw — ki(pe + )z =0 in (0,€) x (0,00),
p2thue — kothes + ki(pe + 1) +d(0) =0 in (0,£) x (0, 00),
(2.2) P30t + gz + 01y =0 in (0,4y) x (0,00),
Ve + paq + poz(x,1,1) + 0, =0 in (0, £) x (0, 00),
T21(, 8, 1) + 25(2,8,8) =0 in (0,4p) x (0,1) x (0,00),

with the following boundary conditions
(2.3) ©(0,t) = p(l,t) = (0,) = (¢, 1) = q(0,1) = 6(lo,t) = 0 in (0,00)
and the following initial conditions
(@,0) = po(@), ¢i(@,0) = p1(x), ¥(2,0) = o(z) in (0,0),
(2.4) Yi(x,0) = i (x), 0(x,0) = Oo(2), q(z,0) = qo(x)  in (0, %),
z(x,s,0) = fo(x, —sT) in (0,4y) x (0,1).
We set

¢ = (907 Pts 1/% 1/&7 07 q, Z)Ta
then system (2.2)-(2.4) can be written as the following first order evolution equation

(25) q>t = A(I)v @(O) = (DO = (g0073017¢071/}17907q0af0(" - T))T € Ha
where the Hilbert space H defined by
H = [H;(0,€) x L*(0,0)]* x [L2(0,£0)]* x L*((0,£o) x (0,1)),

is endowed with the inner product

¢ o
@0 = [ (kaCow+ 0TRET 0T + prua” + ke B+ pao?) do - [ (a6 +1q7)da
0 0

Lo 1 o
+ 7| po| / zzldsdx,
o Jo
where ® = (p,u,¥,v,0,q,2)",®' = (o', ul, ! v, 01, ¢*, 21)T € H. Besides, the operator A : D(A) C H —
‘H is defined by
u
kipr (0o + )
v
= | p2 ' (k2thea — ki(ow +9) —d(O)] |,
—p3 ' (gu + 6v)
=y Mg + poz(-, 1) + 0]

—T_lzs

N S S 26

with domain
¢ = (90’ Uﬂﬁa U79,q, Z)T eH such that

o, € H?(0,0), u,v € H(0,0),

(2.7) D(A) = 6€ HY(0,6) == {0 € H'(0.40) | 0(£o) = 0},
g€ Hp(0,6) :={qe H( 050)|(1() 0},

z € L*((0,40), H'(0,1)), 2(+,0) = g in (0,4o)
The energy of system (2.2)-(2.4) is given by

E(t) = % H(%wt,w,wtﬂ’qu)THi'
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Here and throughout the paper, the assumptions on pq and po satisfy
ol < pur.
Proposition 2.1. The operator A defined above is m-dissipative.

Proof. For all ® = (p,u,1,v,0,q,2)" € D(A), we have

14

14 4 4
RAD,®)y = R lkl / (g +0)(Pg + )dz + k1 / (0 + V) udz + ko / Vb dr + ko | tbpL0dT
0 0 0 0

£ ZU [0 _ fo ZO
—k / (o + )odax — b 0, vdx — / (g + 0vz)0dx — iy / q)?dx — ug/ z(-,1)gdx
0 0 0 0

0

Lo Lo Lo
— [ 6w — |l / 1) dz + || / lqf2de | |
0

using integration by parts and the fact that ® € D(A), we get

50
0

Consequently, by Young’s inequality, we claim

Lo
R(AD, D)y = —ul/ g|?dx — R
0

Lo
(2.8) R(AD, B) < (11 — |piz]) / lgf%dz <0,
0

which implies that A is dissipative. Let us prove that A is maximal. For this aim, let F' = (f!, f2, f3, f4, 2, f6, )7
H, we look for ® = (¢, u,,v,0,q,2)" € D(A) a unique solution of

(2.9) - AP =FecH.

Detailing (2.9), we obtain

(2.10) u = —f'eH(0,0),

(2.11) kgt ), = pif? € L20,0)

(2.12) v o= —f%e H}0,¢),

(2.13) —kothee + ki(pe + ) +d(0) = paft € L*(0,0),

(2.14) Qe +0ve = p3f’ € L*0,4),

(2.15) p1q+ poz( 1) + 60, = vf°% e L*0,4),

(2.16) zs = T1f7 € L*(0,4) x (0,1)),
with the following boundary conditions

(2.17) p(0) = ¢(€) = $(0) = ¢(¢) = ¢(0) = 0(fy) = 0 and 2(-,0) = ¢ in (0, ).
From (2.16), we obtain z € L%((0,4y); H*(0,1)). Moreover, from (2.17), we deduce that
(2.18) z= T/O fT(€0)dé +q.

Inserting (2.12) in (2.14), we get
G =0f3 +p3f°,
consequently, from (2.17) and the fact that F' € H, we deduce that ¢ € H} (0, 4y) and

(2.19) 0=+ | " (&)

Now, from (2.15), we deduce that § € Hy(0, ) and

x 1
(2.20) 6, = — (i + ) <6f3 + s /O f5(§2)d£z> — par /0 P 60)dEn + £,
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as a consequence, we get

Lo
o:/

Let (¢!, ¢?) € [H&(O,é)]z, multiplying (2.11) and (2.13) by ¢! and ¢2? respectively, integrating over (0,£), then
using formal integrations by parts, we obtain

(2.21) B((, 1), (', 6%)) = L(8",6), V(¢",¢%) € [HA(0,0)]°,

where

&3 1
(1 + p2) <5f3(§3) + p3 | f5(§2)d§2> + MzT/O f7(&, &)dér — ’Yf6(§3)] dgs.

Z J— —_ —_
Bl ). (6,6 = [ [ka(ips + ) @E + ) + ks 93] d

and
‘
£6'6) = [ (8 + paf'®) ds
+05/E0 {(#1 + p2) <5f3 + ps3 /"” f5(52)d§2> +u27/1 (&) d& ’YfG} dx.
0 0 0 ’

It is easy to see that, B is a sesquilinear, continuous and coercive form on [H&(O,E)}z x [Hg (0,6)]2 and L is
an antilinear and continuous form on [H (0, ¢)] %, Then, it follows by Lax-Milgram theorem that (2.21) admits
a unique solution (p,v) € [Hol(O,é)f. By taking test-functions (¢!, $?) € [D(0,¢)]?, we see that ((2.11),

(2.13)) hold in the distributional sense, from which we deduce that (¢, ) € [H%(0,¢) N H}(0,0)] ? and hence,
® € D(A) is a unique solution of (2.9). Accordingly, A is an isomorphism, and since p (\A) is open set of C (see
Theorem 6.7 (Chapter III) in [13]), we easily get R(AI — .A) = H for a sufficiently small A > 0. This, together
with the dissipativeness of A, imply that D (A) is dense in H and that 4 is m-dissipative in H (see Theorems
4.5, 4.6 in [16)). O

According to Lumer-Phillips theorem (see [16]), Proposition 2.1 implies that the operator A generates a Cy-
semigroup of contractions e in H which gives the well-posedness of (2.5). Then, we have the following
result:

Theorem 2.1. For all ®; € H, system (2.5) admits a unique weak solution ®(t) = e®, € CO(R,,H).
Moreover, if @y € D(A), then the system (2.5) admits a unique strong solution ®(¢) = 4@, € C°(R,, D(A))N
C'R4, H).

3. STRONG STABILITY

In this section, we will prove the strong stability of system (2.2)-(2.4). The main result of this section is the
following theorem.

Theorem 3.1. The Cy—semigroup of contraction (etA) o s strongly stable in H; i.e., for all ®¢ € H, the

>
solution of (2.5) satisfies

lim [|e"®o|/3 = 0.
t—o00

According to Theorem A.2, to prove Theorem 3.1, we need to prove that the operator A has no pure imaginary
eigenvalues and o(A) NiR is countable. The proof of these results is not reduced to the analysis of the point
spectrum of A on the imaginary axis since its resolvent is not compact. Hence the proof of Theorem 3.1 is
divided into the following two Lemmas.

Lemma 3.1. For all A € R, we have i\l — A is injective i.e.,
ker(iAI — A) = {0}.

Proof. From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*. For this aim,
suppose that A # 0 and let ® = (p,u,1,v,0,q,2) " € D(A) such that

(3.1) AD = iND.




Equivalently, we have the following system

(3.2) U = A,
(3.3) k(e + ) = idpiu,
(3.4) vo= i,
(3.5) kotwe — k1(pe + ) —d(0) = iXpadv,
(3.6) Qe +0vy; = —iApsb,
(3.7) p1g + pez(, 1) +6, = —idyg,
(3.8) Zs = —iATZ.

From (2.8) and (3.1), we obtain

(3.9) OZ%WMWQH:%MQ@M<—Wr4MDA%M%$<Q
Thus, we have

(3.10) g=0 in (0,4),

consequently, from (3.8) and the fact that z(-,0) = ¢ in (0, £y), we deduce that

(3.11) z=qe ™ =0 in (0,4) x (0,1).

Inserting (3.10) and (3.11) in (3.6), we get
6,=0 in (0,fp) and d(6) =0 in (0,¥),

since 6(¢y) = 0, we infer

(3.12) 6=0 in (0,0).
Now, (3.4) and (3.6) imply that

(3.13) ve =1y =0 in (0,4).
Since ¥ (0) = v(0) = 0, then

(3.14) v=1=0 in (0,4),

From (3.5), (3.12), (3.14), we obtain
Py = 0 in (O,ZQ),
hence, using ¢(0) = 0 and (3.2), we get

u=@ =01in (0,%).
Inserting (3.2) and (3.4) in (3.3) and (3.5), we obtain
A2 .
Prz = —Py — Tplw mn (607£)7
(3.15) . kl e
Yoo = s + =L in (6,0,
2 2

Let ¥ = (¢, ¢z,%,%,) . From the above system and the regularity of  and 1, we deduce that

U, =AU in (4,0),
(3.16)
U (ly) =0,
where
0 1 0 0
X 0o -1
_ 2
A 0 0 0 1
0 % k1—]€2202 0

The solution of the above differential equation is given by

U(z) = exp(Axr(z — £0))¥(¢y) =0, YV € (Lo, £).
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From the above estimation, (3.2) and (3.4), we deduce that
u=@p=v=1=0 in ({,¥).

Finally, we conclude that
®=0.

Lemma 3.2. For all A € R, we have
RGN — A) =
Proof. From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*. For this aim, let
F=(fY 2 034 1, 15, )T € 1, we look for @ = (o, u,1,v,0,q,2)T € D(A) a solution of
(3.17) (M- AP =F € H.
Detailing (3.17), we obtain
3.18) iNp—u = f'e H}0,0),
iptAu—ky (g +10), = p1f2 € L*(0
5 (0,
(0
ip3 A0 4 qu + dv, = p3f® € L2(0, £y
iYAG + p1q + poz(-, 1) + 0, = v % € L*(0, 4,
3.24) it Az + 2, = 77 € L*((0,£) x (0,1)),
with the following boundary condition
2(0) = (0) = (0) = ¥(6) = q(0) = (o) = 0 and 2(-,0) = q in (0, Co)-
From (3.24) and because z(+,0) = ¢ in (0, £y), we deduce that

(325) s = qe—irz\s + 7_/ eMT(f_S)f7(~,§)d£.
0

Consequently, from (3.23), we deduce that

(

(3.19)

(3.20)

(3.21) ip2 0 — Koty + k1 (0 + ) +d(0) = p2f4 e L?(0,
(3.22)

(3.23)

(

1
(3.26) 0, = —(ivA + p1 + pze” ™) g — M2T/ eNTED FT( €)de + y fC.
0

Moreover, since 0(¢y) = 0, then we get

(3.27) 0 = (iy A+ p1 + poe ™) /ZO qdy + poT /ZO /01 eAETN fT(y &)dedy — v v fSdy.
Inserting (3.20) and the above equation in (3.22), we get

(3.28) ipaA(iy A + 1 + poe™ ™) /EO qdy + qz + i6 Y, = G,

where ’

Lo 1 Lo
G = —ipspiaTA / / GNTED Ty E)dedy +ipsyA | fody + psf® + 6f3.
x 0

x

Inserting (3.18) in (3.19), (3.20) and (3.26) in (3.21), then using the fact that

—q= % v qdy,
we obtain
(3.29) — N0 = ki(pe +9)a = p1 [ +ip AL
d [t
(3.30) — P2 — kothan + k1 (0 + ) + di (dx /L qdy> = poft Hipa 2+ do (£, f7),




where .
(YA + p1 + pee” ™)X in (0,4),
di (X) = .
0 in (4o, %),

with X = 4 ffo qdy or ffo qdy, and

1
o7 / ATED T E)dE — 4 f i (0,6),

== 0
0 in (6(],5).

do(f°, f7)

We set
H = [HE(0,0)]2 x HL(0,60), V= (,%, [ qdy), and W := (®, ¥, [** Qdy) € H.

Multiplying (3.29), (3.30), and (3.28) by ®, ¥, and —ffo Qdy, respectively, then integrating over (0,¢) and
using formal integration by parts:

(3.31) (By + Bo)(V,W) = L(W), VW € H,

where
¢ L ¢ N £ b
Bi(V,W) = kl/ (@x+¢)(@z+\11)dx+kz/ wz\Ifzdfr+p3v/\2/ (/ qdy) (/ Qdy> dx
0 0 0 x x
(3.32) R o o
—ipaA / < / qdy) ( / Qdy> dr + / (Qi,
0 T x 0
¢ ¢ ¢ £ .
B2 (VW) = —pl)\2/ gp(I)dx—pz)\z/ wllld;v—/ di (/ qdy) W, dr
0 0 0 T
(3.33) | o/ ot o o
—ipapore A / ( / qdy> ( / Qdy> de +id\ | ¢Qdx
0 x x 0
and

l l Lo Lo
(3.34) E(W):/O (p1f2+z‘p1Af1)6dx+/o [p2f4+z’p2Af3+d2(f6,f7)]@dm—/o G(/ Qdy) dz.

Let H' be the dual space of H, define the following operators

B;: H — H )
such that
(3.36) (BjV) (W) = B (V,W), VW e H.

We need to prove that the operator B; + Bs is an isomorphism. For this purpose, we divide the proof into two
steps:

Step 1. In this step, we prove that the operator By is compact. Indeed, from (3.33) and (3.36) we have
(3.37) B2 (V. W) < C IV Il 120,02 % £2(0,00) W i »

for some positive constant C', and consequently, using the compact embedding from H into [L2 (0, 8)] Px L2 (0, 4p),
we deduce that By is a compact operator.

The compactness property and the fact that By is an isomorphism imply that the operator By + By is a
Fredholm operator of index

0 = dimker(B; + By) — dim R(B; + By)*.
Now, following Fredholm alternative, we simply need to prove that the operator B; + Bs is injective to obtain
that it is an isomorphism.




Step 2. In this step, we want to prove that the operator By + Bs is injective (i.e. ker(B; + By) = {0}).
So, let (@, 0, ffo (?dy) € ker(B; + By) which gives
(B1 +B) (7,0, [." ady) ,W) =0, ¥W € H.

Thus, we find that
—PIN2Q — k1(Po + )e = 0
—p2 A — Ky + bt (Bo + 0) + i (£ [ ddy) =0,
oAy + -+ pae™ ™) [y + 3o+ 63D = 0
2(0) = @(€) = 4(0) = ¥ (¢) = q(0) = 0.
Therefore, the vector & defined by

S Sy N e —iTA Lo ~ ’\’\—iT)\sT

P = (so,w,w,mw, (VA + p1 + poe™™) [ ° qdy, q, ge )
belongs to D(.A) and satisfies

(3.38)

iIAD — AD = 0,
and consequently ® € ker(i\] — A). Hence, Lemma 3.1 yields ® = 0 as a result ¢ = ¥ =0 and ker(By + Bs) =

{0}.

Steps 1 and 2 guarantee that the operator B; + Bs is an isomorphism. Furthermore, it is easy to see that
the operator £ is an antilinear and continuous form on H. Therefore, (3.31) admits a unique solution V' € H.
In (3.31), by taking the test functions W € [D(0,£)]? x D(0,4p), we see that ((3.28), (3.29), (3.30)) holds in
distributional sense, hence

q € H(0,4) and ¢, € H*(0,) N Hy(0,¢).
Moreover, from (3.25) and (3.27), we deduce that

z € L*((0,£0); H*(0,1)) and 6 € Hg(0,£p).

Finally, we claim that

= (pide — fl,ixe — f2,0,0,2) " € D(A),
is the unique solution of (3.2). O

Proof of Theorem 3.1. From Lemma 3.1, the operator A has no pure imaginary eigenvalues (i.e. o,(A)NiR =

#). Moreover, from Lemma 3.1 and Lemma 3.2, i\l — A is bijective for all A € R and since A is closed, we

conclude, with the help of the closed graph theorem, that i\l — A is an isomorphism for all A € R, hence

a(A)NiR = 0. O
4. POLYNOMIAL STABILITY

In this section, we will prove the polynomial stability of system (2.2)-(2.4). The main result of this section is
the following theorem.

Theorem 4.1. For all &5 € D(A), there exists a constant C' > 0 independent of ®( such that the energy of
system (2.2)-(2.4) satisfies the following estimation

C
E(t) < 7”‘1’0”%@4)7 vt > 0.

According to Theorem A.3, to prove Theorem 4.1, we need to prove the following two conditions

(4.1) iR C p(A)
and
. L. -
(4.2) lim sup FH(Z/\I — )M 2y < o0
AER, [A| o0




As condition (4.1) was checked in Section 3, we only need to prove the second condition. Condition (4.2) is
proved by a contradiction argument. For this purpose, suppose that (4.2) is false, then there exists {(A,, @, :=
(SOTH un, /(/}77.7 Unv 9?7,7 (Im Zn)T)}n21 - Rj, X D(A) Wlth

(4.3) Ap =00 asn—oo and || P,y =1,Vn > 1,
such that
(4.4) M) (A I — A)®,, = Fy o= (FL 2,12, 2, 2,5, /0)7 =0 in H asn — oo.

For simplicity, we drop the index n. Equivalently, from (4.4), we have

(4.5) idp —u=A"2f1

(4.6) ip1du — k1 (pz + ), = ptA 2 f?,

(4.7) i) — v = N2 f

(4.8) ipa X0 — kathaa + k1 + 1) + d(6) = p2 A7 4,

(4.9) ipsA0 + qg + 6vg = p3A T2 f7,

(4.10) YA+ paq + paz (1) 4 0 = YA S,

(4.11) iTAZ + zg = TAT2f.

Inserting (4.5) in (4.6), (4.7) in (4.8) and (4.9), we get

(4.12) PN+ k(e + ) = —p A2 —ip AT
(4.13) PN + koter — k10 +4) —d(0) = —paA 2 —ipeA T f?,
(4.14) ipsA0 + qu +i0NY, = psATEfO 4 OATEf

Here we will check condition (4.2) by finding a contradiction with (4.3) i.e. by showing [|®[|,, = o(1). For
clarity, we divide the proof into three Lemmas. From the above system and the fact that ||®|| = 1 and
IF |13 = o(1), we infer that

MA@l 20,005 1AVl 20,005 102l L2 (0,005 1%l L2 (0,05 10]] L2 0,00) = O(1),
||80wm||L2(0,€)7 ||¢m||L2(o,e) = O(A)-
Also, for all Q C (0,¢), we have

(4.16) Y2z llz2(0) < ON M|l L2(0) + O(1).
Lemma 4.1. The solution ® = (¢, u,1,v,0,q,2)" € D(A) of (4.5)-(4.11) satisfies the following estimations

Lo
/ |q|2d:v = 0()\_2),
0

Lo 1
/ / |z|2dsdx = o(A72),
0o Jo

Lo
/ (. 1)Pde = o(A~?),
0
Lo
/ 6, dx = o(1),
0

Lo
/ 102dz = o(A71).
0

Proof. First, taking the inner product of (4.4) with ® in H and using (2.8), we get

(4.15)

Lo
/0 lal?dz < A7 (1 = [ua)) TIR(E, @)y < A2 (1 = [p2)) THIF [l @[3 = o(A73).
From (4.11) and since 2(+,0) = ¢ in (0, £y), we have

e A / ENTES) T y)dy i (0,0) x (0,1),
0

10



consequently, by using Cauchy-Schwarz’s inequalities, we deduce that

Lo 1 Lo Lo 1 s 2
/ / |z|?dsdz < 2/ \q|2dx—|-27'2/\_4/ / (/ f7(.7y)dy) dsdx
o Jo 0 o Jo \Jo
ZO eo 1 S
< 2/ \q|2dfr—|—272)\_4/ / s/ If7 (-, y)Pdydsda
0 o Jo Jo
<

Lo 1 Lo 1
2/ \q|*dx + 272\ </ sds)/ / If7(,y) Pdyda
0 0 o Jo
ZO @0 1
= 2 [ ClaPdarxt [T L1y Pdyda
0 o Jo
= o(A7?),
‘% A ‘ 1
/ l2(-, DPde = / qe‘”“rr)\‘Q/ eAED (- y)dy
0 0 0
£ Lo 1 2
2 [Mlapas w2t [U( 1) o
0 0 0

E() é() 1

2/ |Q|2d$+272)\_4/ /|f7(-,y)l2dyd:v
0 0 0

= o(\7?%).

and
2

dzr

IN

IN

Now, from (4.9), we obtain
€ £ )
/ 0x[2dz = / |—ivAq — paq — paz(-, 1) + A2 0| da
0 0

Lo Lo Lo
(V222 4 123) / g2 + 2 / |2, D)[2da + 22~ / o2 de
0 0 0
= o(1).

Finally, multiplying (4.13) by (p3\) ™10, integrating over (0,¢), using integration by parts:

IN

Lo Lo Lo Lo _
/ 02de = S [(pgx)lf q@dag—m/ ¢@dx+x2/ (Psf5+6f§’)0dx]
0 0 0 0

(psX) "Ml 2(0,e0) 102 | L2(0,00) + 6 I1¥1 L2(0,80) 10211 L2(0,00) + A% (03 + O F [l 10]] £2(0,20)
—_——— —_——

=0(A\—1) =0(1)

IN

= o(A71).
([l
Lemma 4.2. The solution ® = (¢, u,1,v,0,q,2)" € D(A) of (4.5)-(4.11) satisfies the following estimations

[€allZ2 @y =0 (A7) and [[]A[|72(,,) = o(A7?).

Lo

Proof. To prove this Lemma, for some j,k € N, 1 < j <7, and 0 <e < 3§,

intervals:

we need to define the following

wr = (ke, by —ke), Vi—1<k<j
and as well we need to fix functions h; € C' (wp) such that 0 < h;(z) <1, for all x € wy and

() = 1 if zew;,
I = 0 if IEFo\wj‘_l.

11



For simplicity, let us divide the proof into four steps:

Stepl. In this step, we prove:
(4.17)

P3 1
08y < mae (5 max 01 2§ max W 1 1) (0001 + W0l [

+ A7 (1 llz2w,-0) + ¥zl z2; ) lallzae, - + A2 1P lallvell 22, ) -

For this aim, Multiplying (4.14) by = 1A~1h;¢, and integrating over w;_1, we get

(4.18)/ hj|w$2dx:%l—i%3/

i—1
Since hj(z) =0, V& € Ow;j_1, then integration by parts and Cauchy-Schwarz’s inequality yield,

/ h, 6, dx

i—1

J

. 1 . .
| hﬂ%dﬁ?—ﬁ/‘ thIwzd-T‘F)\_i%/v hj(ﬂ35_1f5+f§)1/)zd$]-

/ (W0 + h;0,)pda

j—

< <maX|h @101 £2 @, -1) + 056|L2(w7-1)> 190l 22w,

and

/ (W, + hyTm)gda

)

< (e W 1200, + Walines ) Nl
rTew;

Moreover, by Cauchy-Schwarz’s inequality, we get

/ by (06 ° + J2)ade

j—1

Using (4.18), the above inequalities, and the fact that ||@ZJ$||2L2(Wj) < ||\/hj1/)x||2LQ(wj71), we deduce (4.17).

< (p36™ " + 1) IF 9 vl 22 @, 1)

Step 2. In this step, we prove:
NGl < ma (kaps ko s )l ks o) g 0 g2 ) (el
TEW; TEW; F

(4.19) + (el 22w,y + 102l 22w, - ) 191 L2, )
+ (Hw”LQ(wj,l) + wa||L2(Wj—l)) ||()0||L2(wj—1)

1120,y + A2+ A IF el 220, ] -

So, multiplying (4.13) by pglhjﬂ and integrating over w;_;, we infer

—k2051/
w

—pg/ hj(A2f4 +i)\1f3)1/;d:c1 )

j—

Wj—1

/ h; [ \y|?dr = R

hj ((pm + w)idffj + 5p51 / hﬂg@dx

j—1 Jj—1

(4.20)

Using integrations by parts and Cauchy-Schwarz’s inequality, we get

/ hthee Od —/ hj|1/1x\2dx—/ W4, P

j—1
and

< Mo 7o -y e G (@) 192 22w, ) 10 22001)
rew;

j—1

‘— |t enTede s [ hjuids

j—1

IN

<Héax|h;‘(x)”’l/)”L2(wj1) + |¢xIIL2<wj1>) ol 2,0y + 18112, -
TEW,

12



Moreover, owing to Cauchy-Schwarz’s inequality, we obtain

/ h, 0, pda
wj_1

J

S 10ll 22w, 1Pl 22 (@, 1)

and
/ hy A2 i 3 ide

Using (4.20) and the above inequalities, we deduce (4.19).

<A IF Il 2w,y -

Step 3. In this step, we prove that

(4.21) 1M1 (yy = O (A7%) and ez |72,y = O(D).

First, taking 7 = 1 in (4.17), using Lemma 4.1, and (4.15), we get

(4.22) [Wall72 w0y = 0(A7H).

Now, take 7 = 2 in (4.19) and use the above estimation with Lemma 4.1 and (4.15), we deduce that
(4.23) I 2 gy = 0(AT).

Multiplying (4.13) and (4.14) by —iko(dA)"thst), and hzv, respectively, and integrating over wso, we have

(424) k2p3(5—1I1 — ikg(é/\)_l:[g + k‘g/

w2

hs |, |2de = —ikzg/ h3 (6 ps A3 2 + A3 3 pda

w2

and
(4.25) pg/ hs|\p|?da 4 koTIs — kl/ hs(@e + V) dx — 5/ hs0,pdx = —pQ/ hs(A™2f* +ix~L f3)dr,

where

11:/ h30),.da, 12:/ h3q,.dx and 13:/ hstpp1hda.

wa

Using integration by parts, I, Is, and I3 become

I, = —/ h301¥d$ —/ héaadl',

I, = —/ hgq@dx—/ h%qy.dx
w2

w2

and
(4.26) I3 = —/ h3|¢x|2d9€—/ hsy,Pde

Now, Cauchy-Schwarz’s inequality yields
IT1] < [Vh30zll 22 (wo) [ V'3l 22 (wy) +11}g%|hé($)\\|9||m(m)||¢||L2(wz)~

::Al

In view of (4.13), we have
kothey = —p2 X2 + k1 (Pz + 1) + 60, — pa X 2 fA +ipa A7 f3 in wa.

Hence,

koly = pz)\Q/ hgqadac—kl/ hgq(@—l—@)dx—é/hgqadx—i—pg/ hgq(/\_2F—Z.)\_1F)dl'
wa wa 2 w2

—kg/ hyqipdz.
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Consequently, we obtain

ATl < pallvVhsdl 2 en I VN3A | 22(0y) oA al 22wn) (1902122 (02) + %1122 () )
—:A,
+ A Mgl £2wa) 102l 22 () + P2(A2 + A7) gl L2 @) I F Il 2
+ koAt gé%%|hg5(z)|”an2(wZ)”1/}ac||L2(w2)-

Adding (4.24) and (4.25), then using (4.26), we infer

k iko —
VRN 2,y = |- zépglﬁﬁxﬁsz hgqlzmq/zderkl/
w2 w2

kapad [Tl + 07 koA ™ a| + by maxt g (2) 19 ] 2 o 14 22

+ kil Vhs@a | 2 ) Vsl 12(wa) TR 18172 0g) + 01V s8]l 22(wa) |V D3t 22 )

=:Az =:Ay

hs(pe + 0)Tda + 6 / haf, B

w2

IN

Thus, we get
P2V By S Ropad s+ hapsd ! maax I () 1012 o 1 2y + 5 A2

+ 0 e A gl 22 w) (el 2wy + 10022 (ws)) + A1l 22 wo) 102 | 22 ()
+ 07 o2 + A |al L2 wn) | F N2 + 6 T A ™! gé‘%f|hé(95)|||11||L2(w2)\|1/)m||L2(w2)

+ ez ma [0 ()| | 22 o) 9] £2(0) + As + R[22 0y) + As,
as a consequence of (4.15), Lemma 4.1, (4.22), (4.23), we deduce that

P2l Vsl Z2 () < kapsd AL+ 07 Ag + As + Ay + 0(A7?).

Using Young’s inequalities, we obtain
/ha Cl /e
Ay S H h30, ||L2(wz) +— || wHLz(WQ)’
0202
A; < *II\/ h3gl|72 () + —5 -V M/JHLZ@JQ),

203
A3 < 5,V 39allT2 () T H\/ 3L ()
A Vi e+ 2255 Ve
4= 24 H h30 ||L2(w2 || ¢||L2(w2)7

where ¢1 (), ¢a, c3(A), c4(N) are positive constants to be determined. Hence we can infer that

) k2p35 k2P35 71/’2 2
p2llVhs M2z, < Hv h36 (17 2 () ||\/ 3122 () + 51V h3al1 720
62,025 p2C
+ 9 v h3)\¢||2L2(wz) H Vhsox |72 (w2) T z3( || vh Wm(w)

(52 p204
—"-7 h 0I 22 w 2 w 0 °
284()\)@”\/ 3 ||L( 2) ||v 1/)||L 2) + )

Now, taking

A28y § A2
Cl(/\) = 4k2p37 Cy = 1, C3()\) = 64(/\) = —

we get

P2 2 [(ka2ps)? 2P2 k2
5”\/ h3)\7f1||2L2(w2) < o\ [ 52 + 4 H%H%Z(M) + = ||Q||L2(WQ) e, " ||S%||L2(WQ) +o(A7?).
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From the above estimation, Lemma 4.1, (4.15), and (4.16), we deduce that

M7 2 gy < IVN3AY (172 (yy = OAT2) and [[902[|72 () = O(1).

Step 4: In this step, we finish the proof, with this intention, take j = 4 in (4.17), then using (4.21), (4.15) and
Lemma 4.1, we obtain

[V2llZ2 () = 0(A72).
Finally, by taking j = 5 in (4.19) and by using the above estimation with (4.15) and Lemma 4.1, we get

N[22 (g = 0(AT).
0

Lemma 4.3. The solution ® = (¢,u,9,v,0,q,2)" € D(A) of (4.5)-(4.11) satisfies the following estimations
l90ll72 () = 0(1) and [[Al|Zs () = o(1).

Proof. First, multiplying (4.13) by hgp, and integrating over ws, then using integration by parts, Cauchy-
Schwarz’s inequality, (4.15) and Lemmas 4.1-4.2, we deduce that

kl/ he|os|?dz =
ws

/ ho(p2 N2 + Kathae — kit — 08 + pod 2 f* + ipa) L f¥)prda
ws

/ he(p2A’t) — k1th — 60, + pa A2 f* +ipa A" ) pnda — kz/ (h @z + hePrz)Yuda
ws

ws

< max (92,1, 8) P )+ 180 )+ Belseny + 72 + A F ] il
o (max )1 1) (Il + 9nel200) 1621t
= o(l).

Thus, the first estimation in Lemma 4.3 is proved . Now, multiplying (4.12) by h7;% and integrating over weg,
then using integration by parts, Cauchy-Schwarz’s inequality, (4.15), Lemmas 4.1-4.2, the first estimation of
Lemma 4.3, we obtain

Pl/ h7|Apl?dz = / h7(—k1 (e +9)e — A2 f2 —ip A7 f ) pde
we we

/ he(—pA2f — i A f Y pde 4 by / (hy@ + hos) (o + )
we

we

< AT AYNE Il £z (we)
T ky max (ggggh%(f)h 1) (l22 oy + ol 22 ny) (el 22 am + 16 2200m)
= o(l).
Finally, the above estimation finished the proof. O

Proof of Theorem 4.1: First, from Lemmas 4.2-4.3, we deduce that
(4.27) / (P11 + kilpal® + pal M| + K[z |*) d = o(1).
w7

Now, let us fix a function x € C*([0,4]) such that x(0) = x(¢) = 0. Multiplying (4.12) and (4.13) by —2x@5
and —2x1),, respectively and integrating over (0, £), then taking the real part, yield

¥/ ¢ ¢
—/ X(p1|)‘@|2+k1|90x|2) dr — R 2k1/ XY Prdr| = R 2/ X (PAT2f2 +ip A ) ada
0 z 0 0
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and

£
—/ X (P2 DU + ko ) do+ R
0 x

4 4
2k / XPaadr + 2k / xwwxdx]
0 0

+R

£ ¢
25/ Xsz/szx] =R [2/ X (pg)\_2f4 + ipg)\_lf3) wxdx] .
0 0
Adding the above equations, then using integration by parts, we get
¢

‘ L Lo L
/ ¥ (1 PP + ol + p2 N0 + o o) dxz%l—zkl / XYz — 26 / Xbathoda
0 0 0

¢ ¢
+ 2/ X (pl)f2f2 + ipl)flfl) Dpdr + 2/ X (pg/\72f4 + ipg)flfg) wwdm] .
0 0
Using Cauchy-Schwarz’s inequality in the above equation, we deduce that
¢
L (o el bl + pa NP e ) do < e x(a) 2Bl zzc0y + 2008 12000
0 .

+ 2(p1 4+ p2) A2 HAT)F 3] U3
Now, by taking x = xxo + (x — £)x1 with xo, x1 € C1([0,7],[0,1]) such that
Xo =1 in [0, 7¢],
[
[
[

X():O in 50776,6},
x1 =0 in [0, 7¢],
x1 =1 in [{y — 7e, 4],

we deduce that X' = xo + x1 + zx + (z — €)X} and

[ (ool bl 4 o2 Dl + )
(0,0\wz

< [(éo — 7e) max [xf (@) + (¢~ 7€) max |x; (@ ] / 7 (o1 NGl + Ll + p2 XL + bz [t ) o
+ max x(@) [2k1 19l 2(0.0) + 261102l L2(0,00) + 2(p1 + p2) A2+ XD F 1] [|@]9,
consequently, from Lemmas 4.1, (4.15), and (4.27), we get
(4.28) /(O N (o1 IXel? + K Loa? + p2 NP + i) i = (1),
wr

Now, from (4.27) and (4.28), we obtain

¢
(4.29) / (m INol* + kool + p2 M + Ky |ww|2) dr = o(1).
0
Finally, from the above estimation and Lemma 4.1, we deduce that
[[]l3¢ = o(1).

APPENDIX A. SOME NOTIONS AND STABILITY THEOREMS

In order to make this paper more self-contained, we recall in this short appendix some notions and stability
results used in this work.

Definition A.1. Assume that A is the generator of Cy—semigroup of contractions (etA) on a Hilbert space

>0
H. The Co—semigroup (e is said to be

(1) Strongly stable if

)tZO

lim |le"zo|r =0, Vo€ H.

t—4o00
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(2) Exponentially (or uniformly) stable if there exists two positive constants M and e such that
||6tA$C()||H < Me_8t||x0||H, vVt >0, Vxg € H.
(3) Polynomially stable if there exists two positive constants C' and « such that

||€tAJ}0||H < Ct_aHAl‘oHH, Vit > 0, Vg € D(A)

To show the strong stability of a Cy-semigroup we rely on the following result due to Arendt-Batty [6].

Theorem A.2. Assume that A is the generator of a Cy—semigroup of contractions (etA) on a Hilbert space

>0
H. If A has no pure imaginary eigenvalues and o (A) N 4R is countable, where o (A) denotes the spectrum of

A, then the Co-semigroup (e'?),_ ' is strongly stable. O

Finally for the polynomial stability of a Cp—semigroup of contractions we use the following result due to
Borichev and Tomilov [10] (see also [9] and [14]).

Theorem A.3. Assume that A is the generator of a strongly continuous semigroup of contractions (etA) >0
on H. If iR C p(A), then for a fixed £ > 0 the following conditions are equivalent -
1
(A1) limsup ——||(iA — A) " 2oy < o0,
AER, [A|—oo |Al
tAG |2 ¢ 2
(A.2) e @g |7 < t—%HCI)OHD(A), Vit >0, &g € D(A), for some C > 0.
O
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