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The Sendov conjecture asserts that if p(z) = N j=1 (z -z j ) is a polynomial with zeros |z j | ≤ 1, then each disk |z -z j | ≤ 1 contains a zero of p ′ . Our purpose is the following: Given a zero z j of order n ≥ 2, determine whether there exists ζ = z j such that p ′ (ζ) = 0 and |z j -ζ| ≤ 1. In this paper we present some partial results on the problem.

The well-known Sendov conjecture ([5] Problem 4.5) asserts that if p(z)

 proved

conjecture for sufficiently high degree polynomials. We refer the reader to M. Marden [START_REF] Marden | Geometry of polynomials[END_REF] and Bl. Sendov [START_REF] Bl | Generalization of a conjecture in the geometry of polynomials[END_REF] for further information and bibliographies.

In this paper we are interested in the following problem.

Problem: Let p(z) = (z -a) n k j=1 (z -z j ) n j , z ∈ C , (1) 
where |a| ≤ 1, z j = a and |z j | ≤ 1 for j = 1, • • • , k (k ≥ 1) with z i = z j for i = j and n, n j ≥ 1 for j = 1, • • • , k. Suppose that n ≥ 2. We want to determine whether there exists ζ = a such that p ′ (ζ) = 0 and |a -ζ| ≤ 1.

Clearly we can assume that 0 ≤ a ≤ 1. The answer is obviously positive if a = 0 and also if there exists j ∈ {1, • • • , k} such that n j ≥ 2 and |a-z j | ≤ 1.

However the answer to the problem is not positive in general. Indeed we have the following lemma.

Lemma. Let k and r be positive integers and let

|a| ≤ 1, |b| ≤ 1 be such that |a -b| > 1. Define p(z) = (z -a) k (z -b) r , z ∈ C .
Then there exists ζ = a such that p ′ (ζ) = 0 and |a -ζ| ≤ 1 if and only if k ≤ r.

Proof. We have

p ′ (z) = (k + r)(z -a) k-1 (z -b) r-1 z - ra + kb k + r , and ra + kb k + r -a = k k + r |a -b| > 1 , if k(|a -b| -1) > r . (2) 
(2) implies that k > r since |a -b| ≤ 2. On the other hand, if

2 ≤ k ≤ r ζ = (ra + kb)/(k + r) = a is such that p ′ (ζ) = 0 and |a -ζ| ≤ 1 since k/(k + r) ≤ 1/2 and |a -b| ≤ 2.
The proof is complete.

We have

p ′ (z) = m(z -a) n-1 k j=1 (z -z j ) n j -1 k j=1 (z -w j ) , z ∈ C , where m = n + k j=1 n j .
Now we can state our first result.

Theorem 1. Let p be as in (1) with a = 1, z j = 1 and

|z j | ≤ 1 for j = 1, • • • , k (k ≥ 1) with z i = z j for i = j. Let n ≥ 1 and n j ≥ 1 for j = 1, • • • , k. Then there exists ζ = a such that p ′ (ζ) = 0 and ζ - m -n m + (k -1)n ≤ kn m + (k -1)n .
Proof. Let p(z) = (z -1) n q(z) .

We have p ′ (z) = (z -1) n-1 (nq(z) + (z -1)q ′ (z)) , z ∈ C , and

p ′′ (z) = (z -1) n-2 (n(n -1)q(z) + 2n(z -1)q ′ (z) + (z -1) 2 q ′′ (z)) , z ∈ C . Since q(1) = 0 there exists ε 0 > 0 such that nq(1 -ε) -εq ′ (1 -ε) = 0 for ε ∈ (0, ε 0 ). Then, for ε ∈ (0, ε 0 ), we can write p ′′ (1 -ε) p ′ 1 -ε) = -n(n -1)q(1 -ε) + 2nεq ′ (1 -ε) -ε 2 q ′′ (1 -ε) nεq(1 -ε) -ε 2 q ′ (1 -ε) = - n -1 ε + n + 1 n q ′ (1 -ε) q(1 -ε) + A(ε) ,
where A(ε) → 0 when ε → 0. On the other hand we have

p ′′ (1 -ε) p ′ 1 -ε) = - n -1 ε + k j=1 n j -1 1 -ε -z j + k j=1 1 1 -ε -w j .
We deduce that

k j=1 n j -1 1 -ε -z j + k j=1 1 1 -ε -w j = n + 1 n q ′ (1 -ε) q(1 -ε) + A(ε) = n + 1 n k j=1 n j 1 -ε -z j + A(ε) .
Letting ε → 0 we get

k j=1 1 1 -w j = 1 n k j=1 n j + n 1 -z j . Since Re 1/(1 -z j ) ≥ 1/2 we obtain Re k j=1 1 1 -w j ≥ m + (k -1)n 2n .
It follows that, for at least one j, we have

Re 1 1 -w j ≥ m + (k -1)n 2kn . (3) 
This is equivalent to

w j - m -n m + (k -1)n ≤ kn m + (k -1)n , as required.
Corollary 1. Let p be as in (1) with a = 1, z j = 1 and

|z j | ≤ 1 for j = 1, • • • , k (k ≥ 1) with z i = z j for i = j. Let n ≥ 2 and k j=1 n j ≥ kn .
Then there exists ζ = a such that p ′ (ζ) = 0 and |ζ -1/2| ≤ 1/2.

Proof. As in the proof of Theorem 1 we obtain (3). Since m

+ (k -1)n ≥ 2kn we have Re 1 1 -w j ≥ 1 .
This is equivalent to

|w j - 1 2 | ≤ 1 2 .
In the next theorem we give another partial result. Let ϕ be defined by

ϕ(a) = (1 -a) k - a(m -n) + n m , 0 ≤ a ≤ 1 .
There exists a 0 ∈ (0, 1) such that ϕ(a 0 ) = 0 and ϕ(a) > 0 for a ∈ [0, a 0 ).

Theorem 2. Let p be as in [START_REF] Brown | Proof of the Sendov conjecture for polynomials of degree at most eight[END_REF] 

with 0 < a ≤ a 0 , z j = a for j = 1, • • • , k (k ≥ 1) with z i = z j for i = j. Then there exists ζ = a such that p ′ (ζ) = 0 and |a -ζ| ≤ 1.
Proof. We can write

p ′ (z) = q(z)(z -a) n-1 k j=1 (z -z j ) n j -1 , z ∈ C , where 
q(z) = n k j=1 (z -z j ) + (z -a) k j=1 n j k i=1 i =j (z -z i ) = m k j=1 (z -w j ) , z ∈ C .
We have

|q(0)| = m k j=1 |w j | ≤ n + a k j=1 n j = a(m -n) + n .
Therefore there exists j ∈ {1, • • • , k} such that

|w j | ≤ a(m -n) + n) m 1 k .
Then for a ∈ [0, a 0 ] we get

|a -w j | ≤ a + |w j | ≤ a + a(m -n) + n) m 1 k ≤ 1 .
The proof is complete.

Remark 1. If n 1 + • • • + n k ≥ kn, we have ϕ(a) ≥ (1 -a) k - ak + 1 k + 1 ,
and we easily show that ϕ(1/k) > 0 when k ≥ 7, hence a 0 > 1/k for k ≥ 7.

Our last result is the following theorem.

Theorem 3 . Let p be as in [START_REF] Brown | Proof of the Sendov conjecture for polynomials of degree at most eight[END_REF] 

with 0 < a ≤ 1, z j = a, |z j | ≤ 1 for j = 1, • • • , k (k ≥ 1) and z i = z j for i = j. Let n ≥ 2 and n j ≥ 1 for j = 1, • • • , k. Assume the following hypotheses: (i) n j = r j n + s j (n) where 0 ≤ s j (n) ≤ n -1 for j = 1, • • • , k and r 1 , • • • , r k do not depend on n; (ii) r j + s j (n) ≥ 1 for j = 1, • • • , k and r j ≥ 1 for some j ∈ {1, • • • , k}; (iii) s j (n)/n → 0 as n → ∞ for j ∈ {1, • • • , k}; (iv) for X = {j ∈ {1, • • • , k}; r j ≥ 1} , Y = {j ∈ {1, • • • , k}; s j (n) ≥ 1} , and 
P (z) = (z -a) j∈X (z -z j ) r j , z ∈ C , there exists ζ ∈ D(0, 1) such that P ′ (ζ) = 0 and |a -ζ| < 1.
Then there exists an integer n 0 such that for n ≥ n 0 there exists ζ = a such that p ′ (ζ) = 0 and |a -ζ| < 1.

Proof. We can assume that |a -

z j | ≥ 1 for j = 1, • • • , k. 1) If s j (n) = 0 for j = 1, • • • , k, then X = {1, • • •
, k} by (ii) and p = P n where

P (z) = (z -a) k j=1 (z -z j ) r j , z ∈ C .
Then the result follows from (iv) with n 0 = 2.

2) If there exists j ∈ {1, • • • , k} such that s j (n) ≥ 1 we can write p = P n q n where P

(z) = (z -a) j∈X (z -z j ) r j , z ∈ C , and 
q n (z) = j∈Y (z -z j ) s j (n) , z ∈ C .
We have

p ′ = P n-1 (nP ′ q n + P q ′ n ) ,
where nP ′ q n + P q ′ n is a polynomial of degree

r 1 + • • •+ r k + s 1 (n) + • • •+ s k (n). Denote by ζ i , i ∈ {1, • • • , |X|} the zeros of P ′ such that ζ i / ∈ {z j ; j ∈ X} for i ∈ {1, • • • , |X|} . We have nP ′ q n + P q ′ n = k j=1 (z -z j ) r j +s j (n)-1 n 1 + k j=1 r j |X| j=1 (z -ζ j ) × j∈Y \X (z -z j ) +(z -a) k j=1 s j (n) i∈Y \{j} (z -z i ) j∈X\Y (z -z j ) . Let f n (z) = |X| j=1 (z -ζ j ) j∈Y \X (z -z j ) + z -a n(1 + r 1 + • • • + r k ) × k j=1 s j (n) i∈Y \{j} (z -z i ) j∈X\Y (z -z j ) .
We can write

f n (z) = k j=1 (z -ζ(j, n)) , z ∈ C , where ζ(1, n), • • • , ζ(k, n) denote the zeros of nP ′ q n + P q ′ n such that ζ(j, n) / ∈ {z 1 , • • • , z k } for j = 1, • • • , k. Clearly ζ(j, n) = a for j = 1, • • • , k. Let f (z) = |X| j=1 (z -ζ j ) j∈Y \X (z -z j ) , for z ∈ C. By (iv) there is a zero ζ j of P ′ such that |a -ζ j | < 1. Let 0 < ρ < 1 -|a -ζ j |.
Since by (iii) f n → f uniformly in D(0, 1), there exists n 0 such that for all n ≥ n 0 , there exists

j n ∈ {1, • • • , k} such that ζ(j n , n) ∈ D(ζ j , ρ). Then we have |a -ζ(j n , n)| ≤ |a -ζ j | + |ζ j -ζ(j n , n)| < 1.
The proof of the theorem is complete.

Remark 2. In the first part of the proof the strong inequality in (iv) can be replaced by a weak inequality, together with the weak inequality in the statement. In such case, (iv) is just requiring that the Sendov conjecture is true for P with respect to a. Remark 4. It should be noticed that (iv) is satisfied when a < 1 is closed to 1: See [START_REF] Miller | A quadratic approximation of the Sendov radius near the unit circle[END_REF]. If a = 1 (iv) also holds unless P (z) = z k+1 -1 (see [START_REF] Rubinstein | On a problem of Ilyeff[END_REF]). Moreover, unless P (z) = z k+1 -1 as before, (iv) is satisfied when j∈X r j is sufficiently large (see [START_REF] Tao | Sendov's conjecture for sufficiently high degree polynomials[END_REF] Remark 5.8). Clearly (iv) is also satisfied if z j is a multiple root and |a -z j | < 1 for some j ∈ X.

Remark 3 .

 3 In the setting of Theorem 3 suppose that a = 1 and s j (n) = 0 for j = 1, • • • , k. Then by Corollary 1 there exists ζ ∈ D(0, 1) such that ζ = a, p ′ (ζ) = 0 and |ζ -1/2| ≤ 1/2.
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