J S C Prentice 
email: jpmsro@mathsophical.com
  
Newton-type methods of high order from a Taylor expansion

de niveau recherche, publiés ou non, émanant des établissements d'enseignement et de recherche français ou étrangers, des laboratoires publics ou privés.

Introduction

Most undergraduate students are probably aware that an equation f (x) = 0; f : R ! R can be solved numerically, if possible, using Newton's Method [START_REF] Burden | Numerical Analysis 9th ed[END_REF] [START_REF] Kincaid | Numerical Analysis: Mathematics of Scienti…c Computing[END_REF]. If we denote the solution to this equation by p (i.e. f (p) = 0); then we can show, via a Taylor expansion (which we will do shortly) that

p = x 0 f (x 0 ) f 0 (x 0 ) R; (1) 
where R denotes a residual term. From this expression we derive the iterative scheme

x i+1 = x i f (x i ) f 0 (x i ) ;
i.e. Newton's Method, with residual term R / (p x i ) 2 :
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We say that Newton's Method is of second-order, because of the quadratic nature of R; and the expression (1) is su¢ cient to represent it. It is possible to derive Newton-type methods that are of higher order using a Taylor expansion. The way in which this is done is the topic of this paper. It is not our intention to reinvent the wheel -Newton's Method has been well-studied over the years. Rather, we wish to describe a technique, for deriving higher-order versions, that may be unfamiliar to students and even teachers of the subject. We intend for this paper to be pedagogical, with the emphasis on method rather than result.

Derivation

We will use the following notation 

h p x 0 A k 1 X j=k h j f (j) (x 0 ) j!f 0 (x 0 ) = O h k ; k = 2
T = O (h m ) and C 6 = h; then CT = O (h m ) :
We use the prime notation for derivatives of f (as in f 0 ; f 00 ; f 00 etc.), and we note that

A k h k f (k) (x 0 ) k!f 0 (x 0 ) + 1 X j=k+1 h j f (j) (x 0 ) j!f 0 (x 0 ) = h k f (k) (x 0 ) k!f 0 (x 0 ) + A k+1 ; (2) 
a fact that we will use later.

The Taylor expansion of f (p) about x 0 gives

f (p) = f (x 0 + h) = f (x 0 ) + hf 0 (x 0 ) + h 2 f 00 (x 0 ) 2 + h 3 f 000 (x 0 ) 6 + : : : = f (x 0 ) + hf 0 (x 0 ) + 1 X j=2 h j f (j) (x 0 ) j! ; so that 0 = f (x 0 ) + (p x 0 ) f 0 (x 0 ) + 1 X j=2 h j f (j) (x 0 ) j! ) p = x 0 f (x 0 ) f 0 (x 0 ) 1 X j=2 h j f (j) (x 0 ) j!f 0 (x 0 ) = x 0 f (x 0 ) f 0 (x 0 ) A 2 : (3) 
The expression on the RHS of (3) represents Newton's Method with residual term A 2 (which is O h 2 ): Using

h = p x 0 = f f 0 A 2 ) 8 < : f f 0 = h A 2 h 2 = f f 0 2 + 2A 2 f f 0 + A 2 2 = f f 0 2 + 2A 2 ( h A 2 ) + A 2 2
(where we have dropped the argument (x 0 ), for notational convenience), we …nd

p = x 0 f f 0 A 2 = x 0 f f 0 h 2 f 00 2f 0 + A 3 ( using (2) ) = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 A 2 f 00 f 0 ( h A 2 ) A 2 2 f 00 2f 0 A 3 = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 + hA 2 f 00 f 0 A 3 + A 2 2 f 00 f 0 A 2 2 f 00 2f 0 = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 + hA 2 f 00 f 0 A 3 | {z } O(h 3 ) + A 2 2 f 00 2f 0 | {z } O(h 4 ) (4) = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 + O h 3 :
This is the third-order extension of Newton's Method. The residual term is O h 3 : Furthermore,

hA 2 f 00 f 0 A 3 = f 00 f 0 h 1 X j=2 h j f (j) (x 0 ) j!f 0 (x 0 ) h 3 f 000 6f 0 1 X j=4 h j f (j) (x 0 ) j!f 0 (x 0 ) = h 3 (f 00 ) 2 2 (f 0 ) 2 + f 00 f 0 h 1 X j=3 h j f (j) (x 0 ) j!f 0 (x 0 ) | {z } A 3 h 3 f 000 6f 0 1 X j=4 h j f (j) (x 0 ) j!f 0 (x 0 ) | {z } A 4 = h 3 (f 00 ) 2 2 (f 0 ) 2 h 3 f 000 6f 0 + f 00 f 0 hA 3 A 4 = (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! h 3 + f 00 f 0 hA 3 A 4 :
Using

h 3 = f 3 (f 0 ) 3 3 f f 0 2 A 2 3A 2 2 f f 0 A 3 2 and 3 f f 0 2 A 2 = 3A 2 ( h A 2 ) 2 = 3A 2 h 2 + 2hA 2 + A 2 2 3 gives hA2f 00 f 0 A3 = (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! f 3 (f 0 ) 3 3 f f 0 2 A2 3A 2 2 f f 0 A 3 2 ! + f 00 f 0 hA3 A4 = f 3 (f 0 ) 3 (f 00 ) 2 2 (f 0 ) 2 + f 3 (f 0 ) 3 f 000 6f 0 ! + (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! 0 B B B B @ 3 f f 0 2 A2 | {z } 3A 2 (h 2 +2hA 2 +A 2 2 ) 3A 2 2 f f 0 A 3 2 1 C C C C A + 0 B B B B @ f 00 f 0 hA3 A4 | {z } O(h 4 ) 1 C C C C A (5) = f 3 (f 0 ) 3 (f 00 ) 2 2 (f 0 ) 2 + f 3 (f 0 ) 3 f 000 6f 0 ! + O h 4 + O h 5 + O h 6 (6) = 3 (f 00 ) 2 f 3 + f 000 f 0 f 3 6 (f 0 ) 5 + O h 4 ; so that p = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 3 (f 00 ) 2 f 0 f 000 f 3 6 (f 0 ) 5 +O h 4 + A 2 2 f 00 2f 0 | {z } O(h 4 ) ( from (4) ) = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 3 (f 00 ) 2 f 0 f 000 f 3 6 (f 0 ) 5 + O h 4 : (7) 
This is the fourth-order extension of Newton's Method. The residual term is O h 4 : We explain the O h 4 + O h 5 + O h 6 term in (6) in Appendix A.

Following this scheme, even higher-order methods can be constructed. Also, if we are willing to work with multidimensional Taylor expansions, we can derive analogous methods for systems of equations. Those, however, are topics for another day.

Nevertheless, we leave the interested reader with a challenge: show that the …fthorder extension of Newton's Method is given by

p = x 0 f f 0 f 00 f 2 2 (f 0 ) 3 3 (f 00 ) 2 f 0 f 000 f 3 6 (f 0 ) 5 15 (f 00 ) 3 10f 0 f 00 f 000 + (f 0 ) 2 f (iv) f 4 24 (f 0 ) 7 + O h 5 :
The solution is sketched in Appendix B. We hope you have found this paper interesting and informative, and we refer you to our related work [START_REF] Prentice | Newton-type methods of high order via functional iteration[END_REF] where we discuss the derivation of the same expressions using functional iteration. and so

(f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! 0 B B B B @ 3 f f 0 2 A 2 | {z } 3A 2( h 2 +2hA 2 +A 2 2 ) 3A 2 2 f f 0 A 3 2 1 C C C C A + 0 B B B @ f 00 f 0 hA 3 A 4 | {z } O(h 4 ) 1 C C C A = O h 4 + O h 5 + O h 6 + O h 5 + O h 6 + O h 6 + O h 4 + O h 4 = O h 4 + O h 5 + O h 6 = O h 4 :

Appendix B

We gather all the O h 4 terms from the fourth-order extension (7) and expand as follows:

3A 2 h 2 = 3h 2 1 X j=2 h j f (j) j!f 0 = 3h 2 h 2 f 00 2f 0 3h 2 A 3 f 00 f 0 hA 3 = f 00 f 0 h h 3 f 000 6f 0 + f 00 f 0 hA 4 A 4 = h 4 f (iv) 24f 0 [A 5 ] A 2 2 f 00 2f 0 = f 00 2f 0 0 @ 1 X j=2 h j f (j) j!f 0 1 A 2 = f 00 2f 0 h 2 f 00 2f 0 + A 3 2 = f 00 2f 0 h 2 f 00 2f 0 2 + f 00 2f 0 h 2 f 00 A 3 f 0 + A 2 3
In each case, the term in square brackets on the RHS is O h 5 : Collecting only the terms in h 4 gives

3h 2 h 2 f 00 2f 0 (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! + f 00 f 0 h h 3 f 000 6f 0 h 4 f (iv) 24f 0 + f 00 2f 0 h 2 f 00 2f 0 2 = 3f 00 2f 0 (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! + f 00 f 000 6 (f 0 ) 2 f (iv) 24f 0 + f 00 2f 0 3 ! h 4
as the component of the O h 4 term in (7) that is proportional to h 4 (the factor

(f 00 ) 2 2(f 0 ) 2 f 000
6f 0 arises from (5)). Now, we have

h 4 = f f 0 A 2 4 = f f 0 4 + 4A 2 f f 0 3 + 6A 2 2 f f 0 2 + 4A 3 2 f f 0 + A 4 2 ! = f f 0 4 + O h 5 + O h 6 + O h 7 + O h 8 | {z } O(h 5 )
where we have used f f 0 = h A 2 to obtain the last line.

Hence,

3f 00 2f 0 (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! + f 00 f 000 6 (f 0 ) 2 f (iv) 24f 0 + f 00 2f 0 3 ! h 4 = 3f 00 2f 0 (f 00 ) 2 2 (f 0 ) 2 f 000 6f 0 ! + f 00 f 000 6 (f 0 ) 2 f (iv) 24f 0 + f 00 2f 0 3 ! f f 0 4 + O h 5 ! =
15 (f 00 ) 3 10f 0 f 00 f 000 + (f 0 ) 2 f (iv) f 4 24 (f 0 ) 7 + O h 5 after performing the appropriate algebra.

  ; 3; : : : where the O ( ) notation indicates the lowest order term (in h) in the series. We refer to a term O (h m ) as being of order m; or mth order. If we have a case where a term has the form O (h m ) + O (h n ) ; we say the term is of order O h min(m;n) : Moreover, if

Appendix A

We have