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In quantum gases, two-body interactions are responsible for a variety of instabilities
that depend on the characteristics of both trapping and interactions. These instabilities
can lead to the appearance of new structures or patterns. We report on the Floquet
engineering of such a parametric instability, on a Bose–Einstein condensate held in
a time-modulated optical lattice. The modulation triggers a destabilization of the
condensate into a state exhibiting a density modulation with a new spatial periodicity.
This new crystal-like order, which shares characteristic correlation properties with a
supersolid, directly depends on the modulation parameters: The interplay between the
Floquet spectrum and interactions generates narrow and adjustable instability regions,
leading to the growth, from quantum or thermal fluctuations, of modes with a density
modulation noncommensurate with the lattice spacing. This study demonstrates the
production of metastable exotic states of matter through Floquet engineering and
paves the way for further studies of dissipation in the resulting phase and of similar
phenomena in other geometries.

cold gases in optical lattices | Floquet engineering | parametric instability

The introduction of interactions in wave theory leads, through nonlinearities, to a
rich phenomenology. In quantum gases, it is at the root of the modification of the
equilibrium momentum distribution through the production of momentum-correlated
pairs (1–4). It can also lead to instabilities that are responsible for a new structuration
of the gas and the appearance of patterns. Such pattern formation may occur in static
systems or through parameter quenching, which has led to the realization of spin (5)
or density (6) wave patterns, or the study of supersolid order in BECs with spin–orbit
coupling (7), cavity mediated (8), or dipolar interactions (9–13). It can also originate
from parametric modulation, either of the trapping potential—which can lead to the
formation of waves (14, 15), vortices (16, 17), or arrays (18)—or the modulation of the
interaction strength (19–22).

The use of periodic parameter modulation to tailor the behavior of a quantum system
lies at the heart of the broader and expanding field of Floquet engineering (23–26), where
this modulation leads to effective Hamiltonians for the stroboscopic evolution. With
ultracold atoms, this approach has allowed to investigate a wide range of phenomena from
effective dispersion relations (27–30) to phase transitions (31–35) and to the engineering
of frustrated magnetism, artificial magnetic fields, and topological bands (36–38). In
the context of Floquet engineering, parametric instabilities are a subject of particular
interest, both as a potential source of instability, heating, and loss of coherence (39–45)
and as a way to direct pattern formation that may be used to reach specific quantum
states (21, 46–48).

In this work, we exploit the tunability afforded by a Floquet system consisting of a
Bose–Einstein condensate in a shaken 1D optical lattice, to control the appearance of a
new, crystal-like order in the system through a parametric instability. The state produced
is characterized by preserved coherence and a modulation of the density at a new spatial
scale, spontaneously breaking the symmetry of the lattice, associated with the population
of narrow, opposite, peaks in the momentum distribution. This is achieved through a
lattice position modulation, resonant with interband transitions between initially empty
modes of the ground band and an excited band. A Bogolubov analysis of the resulting
effective system exhibits narrow instabilities in momentum space at opposite momenta,
in the vicinity of avoided band crossings. This leads to the exponential growth, from
fluctuations (which may be of quantum or thermal origin) of the population in modes
with a narrow symmetrical momentum distribution. The position of these momentum
components (and therefore the period of the new spatial order in the system) is tunable
through a change of the modulation parameters. The resulting state is only metastable,
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with further heating seemingly leading to its degradation. We
focus in this work on the characteristics of this metastable state,
obtained in the less-explored regime of interband modulations.
Of particular interest are their sharpness and their tunability:
This should be contrasted with the nucleation of staggered states
(49–51) where unstable modes have a fixed position and a broad
momentum distribution or likewise the broader distributions
observed in the case of single-band parametric instabilities (43).

Our experimental observations are supported by simulations
of the many-body quantum dynamics with the truncated Wigner
method, which exhibit the modulated density correlations and
the matter–wave coherence of the resulting state, both of them
being preserved over a significant time interval.

Results

Experimental Protocol. Our experimental study relies on a
rubidium-87 Bose–Einstein condensate (BEC) machine that
produces pure condensates with 5 · 105 atoms (unless otherwise
stated) in a hybrid trap (see ref. 52 and SI Appendix 1 for more
details). The BEC is adiabatically loaded in a far-detuned one-
dimensional optical lattice of spacing d = 532 nm resulting from
the interference of two counterpropagating coherent laser beams
along the x-axis. The potential experienced by the atoms reads

V (x, y, z, t) = −
s0
2
EL cos(kLx + '(t)) + Uhyb(x, y, z),

where kL = 2�/d , s0 measures the lattice depth in units of
EL = ℏ2k2

L/2m and Uhyb is the 3D potential of the hybrid
trap, yielding a weak harmonic confinement along the lattice axis
(SI Appendix 1). The phase'(t) = '0 cos(2��t) is modulated at
a frequency resonant with interband transitions. The atoms also
experience contact interactions characterized by the scattering
length as (as ' 5.3 nm).

In Fig. 1, the frequency � = 30 kHz for s0 ' 3.4 couples the
ground-state band s to the third excited band f in the vicinity
of quasi-momentum q = ±0.36kL. The series of images shows

A

D

B

C

Fig. 1. Experimental protocol and typical results. (A) Sketch of the 1D optical
lattice potential of spacing d. The depth (resp. position) of the lattice is set
by the function s(t) (resp. '(t)). (B and C) Time-evolution of lattice depth
(B) and phase (C), showing the adiabatic loading to the ground state of the
lattice, the phase modulation experiment for an integer number of periods,
and the lattice release and time of flight (TOF). (D) Stack of experimental
absorption images after time of flight showing the stroboscopic evolution
of the momentum distribution of an initial BEC with N = 105 atoms, as a
function of the number m of periods of modulation T , with s0 = 3.40 ± 0.10
(here and throughout the article, given uncertainties refer to one standard
deviation), '0 = 20◦, � = 1/T = 30 kHz and tTOF = 35 ms.

the evolution of the matter-wave diffraction pattern measured
by absorption after a long time of flight (tTOF = 35 ms). It
represents the stroboscopic evolution of the atomic momentum
distribution in the modulated lattice at integer multiples m of
the modulation period. For short modulation times, we mostly
observe three diffraction peaks centered on integer multiples of
h/d and associated with the initial ground-state distribution of
the static lattice. A faint halo is visible between the peaks, which
originates from elastic collisions occurring during the time of
flight (53–55). After 70 modulation periods ('2.3 ms), we clearly
observe the emergence of symmetric diffraction peaks located in
between the ordinary diffraction peaks. The initial growth of the
population in the peaks appears to settle, with the new peaks
remaining sharp over many modulation periods. Over longer
timescales (see below), each narrow peak eventually seems to
slowly broaden.

Tight-Binding Effective Model and Tunability. We interpret the
emergent momentum peaks as originating from a parametric
instability favoring a four-wave mixing process in which two
atoms from the BEC with qin = 0 scatter into quasi-momenta
at q = ±q∗ with 0 < q∗ < �/d . This is associated with
the emergence of a new spatial periodicity d∗ = �/q∗ in the
system. Correspondingly, the momentum distribution exhibits
two families of peaks at momenta p = ±q∗ + `kL, ` ∈ Z,
related to the decomposition of the newly populated states in the
band structure of the lattice potential. This interpretation and the
physics at play are correctly captured by an effective tight-binding
model with two coupled bands, describing the Floquet system
of lattice bands coupled by the lattice shaking (SI Appendix 2).
For realistic parameters, the Bogolubov treatment of this model
reveals sharply localized unstable modes in the vicinity of the
avoided band crossings. The position of the most unstable mode
yields the central quasi-momenta q = ±q∗. From this modeling,
we infer that the position of the instability in quasi-momentum
smoothly depends on the model’s parameters, namely the
modulation frequency � and amplitude'0, as well as the strength
of interactions in the initial condensate.

In Fig. 2, we compare the measured position (in terms of
the reduced momentum k/kL of the unfolded band structure)
of the peaks emerging after a sufficiently long modulation time
to the position of resonant transitions from the lowest band,
as the frequency of modulation is varied. The modulation
frequency is tuned across two bands and is resonant with s to
d transitions at low frequencies (� < 26.1 kHz) and with s to f
transitions at higher frequencies (� > 28.3 kHz). As expected,
the instability experimentally occurs in the vicinity of the band
crossing. It seems however that the instability is systematically
closer to the actual band crossing experimentally than expected
from the model (which predicts it to be a few percent of kL
away from the crossing). Nevertheless, this demonstrates the
tunability of the instability position in quasi-momentum space.
The interpretation of the instability pattern for a transition
frequency near the gap between bands d and f is more involved,
as there is then a possibility of a resonant excitation of the
condensate.

Truncated Wigner Simulation and Correlations. To further in-
vestigate the coherence properties of the atomic state arising from
the parametric instability, we perform numerical simulations of
the modulated system, based on the Truncated Wigner method
at zero temperature (56–59). In these simulations, the quantum
state is expanded on the Wannier functions of the first five

2 of 5 https://doi.org/10.1073/pnas.2300980120 pnas.org

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.
or

g 
by

 U
N

IV
E

R
SI

T
E

 P
A

U
L

 S
A

B
A

T
IE

R
 o

n 
A

ug
us

t 2
, 2

02
3 

fr
om

 I
P 

ad
dr

es
s 

13
0.

12
0.

23
0.

94
.

https://www.pnas.org/lookup/doi/10.1073/pnas.2300980120#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2300980120#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2300980120#supplementary-materials


energy bands of the static lattice over a finite size system, taking
into account the external confinement Uhyb. This approach gives
direct access to the first- and second-order correlation functions,
revealing the features of the underlying many-body physics. After
a sufficiently long evolution time, the spectrum of the one-body
density matrix contains a dominant eigenvalue corresponding to
the Bose–Einstein condensate at zero quasi-momentum, plus two
other significant eigenvalues corresponding to two states with
opposite parity made of opposite quasi-momenta components
(SI Appendix 4).

The macroscopic occupation of modes having opposite quasi-
momenta in the Brillouin zone raises the question of the possible
emergence of a long-range order in the system. To answer
this question, we exploit our beyond-mean-field calculations
to compute the atom density on each site across the system.
Strikingly, in Fig. 3A, after 5 ms of evolution, we see the
evidence on individual TW trajectories of the emergence of a
new periodic modulation of the density within the lowest band
of the lattice, on a scale of about three lattice sites. This is related
to the quasi-momentum at which the instability occurs, which
is q∗/kL ' 0.29, leading to a spacing d∗/d ' 3.4, which is
reasonably close and compatible with the experimental finding
of q∗/kL = 0.36 ± 0.05 for the same set of parameters.* In
each trajectory from the TW simulation, the phase reference
of the density modulation appears random, which washes out
the modulation on the average density (full line in Fig. 3A).
We can recover evidence for the modulation by computing the
normalized density–density correlation function in the lowest
band g(2)(`) = 〈n0n`〉/(〈n0〉〈n`〉), between the central site of

A B

C

Fig. 2. Instability displacement with the modulation frequency. (A) Transition
diagram from the lowest band s over the first Brillouin zone (BZ) (solid black
line) and addressed transitions for data c1, c2, and c3 (blue dots and solid
lines) as a function of quasi-momentum q/kL. The ground state of the static
lattice initially populated by the BEC is denoted by a red disk. In (A–C), the
gap between the transitions s-d and s-f (gray-shaded area) is represented.
(B) Stack of experimental absorption images after n = 100 periods, averaged
over 3 realizations, for an increasing modulation frequency �, with s0 =
3.57 ± 0.10, '0 = 15◦, and tTOF = 35 ms. (C) Average instability position
(in terms of the reduced momentum k/kL of the unfolded band structure)
extracted from the fitted change in the position of the four 1 ≤ |p|/ℏkL ≤ 3
orders of diffraction over all realizations (blue dots, error bars correspond
to the standard deviation of the 12-point sample) and calculated position of
the resonant coupling as a function of the modulation frequency (solid black
line). The position corresponding to the edge of the first BZ is denoted by a
dashed line.

*Experimental uncertainties in the lattice depth s0 can lead to a relative uncertainty on the
determination of the quasi-momentum for which the frequency of the modulation drives
a transition resonantly, of about 5% for these parameters.

A

B

C

Fig. 3. Correlations and coherence after nucleation of the instability. (A)
Density distribution in the s band from TW simulations of a 1D modulated
lattice with realistic trapping (see text for details). The chosen lattice
parameters are s0 = 3.4, � = 30 kHz, and '0 = 20◦, with a number of atoms
N = 105. The density is computed after a modulation duration of 5 ms, when
the instability is visible in the momentum distribution. Two individual TW
trajectories (green and orange lines) exhibit a clear periodic modulation of
the density, which is washed out in the average of 1,000 trajectories (thick
black line). (B and C) In the same conditions as (A), average density correlation
function g(2)(`) (B) and average amplitude correlation function g(1)(`) (C)
between the central site and a site ` in the s band of the lattice potential (see
text for definitions).

the lattice and a site `, averaged over 1,000 TW trajectories.
This is plotted in Fig. 3B as a function of the site position `.
It reveals strong, regular, density oscillations across the system
which signal the emergence of a new extended periodic order.
Finally, in Fig. 3C, we similarly compute a normalized coherence
within the ground band between sites 0 and ` in the system
g(1)(`) = 〈â†

0â`〉/(〈n0〉〈n`〉)1/2. This shows modulations with a
similar period, demonstrating the coexistence across the system
of the initial condensate of period d as well as fully coherent states
with the new period d∗. This coherence is further demonstrated
by the time-of-flight diffraction pattern. The simulations show
that the finite extent of the correlations grows with time, with
Fig. 3 showing an intermediate stage of their development and
correlations potentially extending across the whole sample with
minimal decay (SI Appendix 4).

The appearance of these modulations is actually already
present within the tight-binding model, in an estimate of the
correlation functions (SI Appendix 2). This estimate allows us to
highlight the fact that the appearance of this new spatial order is
intimately related to the sharpness of the instability maximum in
momentum space, which distinguishes the resulting state from
staggered states (49–51). These properties of the correlation
functions are reminiscent of those of a supersolid state; however,
it must be emphasized that the produced state is metastable and
cannot to our knowledge be characterized as the ground state of
an effective Hamiltonian, thereby lacking a key property to be
qualified as a supersolid.

Nucleation Timescale. The two-band tight-binding model can
provide an estimate for the value of the instability exponents, and
therefore, the characteristic timescale for the exponential growth
of unstable modes, but it cannot provide the full dynamics of the
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A B C

Fig. 4. Nucleation time of the instability. (A) Experimental record for
determining the nucleation timescale: Using band-mapping before imaging
leads to well-isolated contributions from higher lattice bands (here for
1 < |p|/(ℏkL) < 2) signaling the growth of the instability. This growth is fitted to
extract a nucleation time tn, denoted by the horizontal line, with uncertainty
represented by the shaded area (see text for details). (B) Evolution of the
measured nucleation time of the unstable modes (see text) as a function of
the modulation amplitude '0 for � = 25.5 kHz and s0 = 3.70 ± 0.20 (blue,
coupling bands s-d) and � = 30.5 kHz and s0 = 3.56±0.20 (red, coupling bands
s-f ). Error bars correspond to one standard deviation on the fit (see text). (C)
Same as (B) as a function of the number of atomsN in the BEC for � = 25.5 kHz
and s0 = 3.58± 0.30, for a fixed modulation amplitude '0 = 15◦. Error bars
correspond vertically to one standard deviation on the fit and horizontally to
one standard deviation over four independent measurements of the atom
number.

mode growth nor their subsequent evolution. However, the real
timescale information can be readily accessed experimentally. In
Fig. 4, we measured the nucleation time tn as a function of the
modulation amplitude '0 and the number of atoms N in the
BEC. To precisely extract the value of tn, we used a band-mapping
technique (SI Appendix 5): After modulating the lattice for an in-
teger number of modulation periods, the modulation is stopped,
and the lattice depth adiabatically lowered before performing a
time of flight. This technique allows us to unambiguously identify
the population of modes in the excited bands at finite quasi-
momenta resulting from the instability and reduces the impact
of remnant collision halos on the measurement compared with a
direct time-of-flight measurement. The growth of the population
in the higher band modes is fitted with a sigmoid growth curve
to yield a nucleation time at the half-maximum point.

Our results in Fig. 4 show that the nucleation time decreases
with the modulation amplitude and the number of atoms N
(experimentally, the number of atoms in the BEC can be reduced
by a factor of up to ten in a reproducible manner by evaporating
the BEC held in the hybrid trap before loading the lattice). These
trends are similar to those observed for the single-band Bogolubov
instability leading to staggered states (50). They also are expected
from trends in the tight-binding model for realistic parameters
(SI Appendix 2): By increasing the modulation amplitude '0,
we increase the coupling between bands, which leads to larger
instability exponents. The variation of the nucleation time with
N is also qualitatively expected: Indeed, the initial interaction
energy in the condensate increases with N and is also associated
with a stronger instability. The TW simulations provide a more
accurate and complete description of the evolution of the system,
that should be qualitatively correct (within the approximations of
the model). That is indeed the case: With the shared parameters
of Figs. 1 (experiment) and 3 (simulation), the instability occurs
at the same position in momentum space. The nucleation time
in simulations is longer than in experiments, by about a factor
of 2: This may be due to a thermal activation in the experiment
(the simulations are at zero-temperature) or a contribution of the

transverse degrees of freedom, that are not included in the 1D
simulations.

We restricted our measurements to small values of '0,
beyond which the validity of the two-band model and of
our interpretation becomes questionable. Indeed, for stronger
coupling values, the Floquet spectrum increasingly contains
significant avoided crossings and fully hybridized bands, and the
evolution of the system is expected to get more complex.

Discussion

We have also investigated the survival of the produced state
after saturation of the instability. This is illustrated in Fig. 5. As
mentioned earlier, after the population of the newly formed peaks
in the momentum distribution settles (as seen from the band-
mapping data), the peaks at q = ±q∗ seem to slowly broaden,
presumably through some further instability that leads to heating.
Interestingly, this heating effect, and the eventual destruction
of correlations, seems more pronounced in simulations than in
experiments. In simulations, the sharp peaks at q = ±q∗ only
exist in a small time interval around tn, while experimentally
(Fig. 5), we can reliably see the contributions at ±q∗ after
nucleation over a duration of order 3tn. We hypothesize that this
longer persistence in experiments than in numerical simulations
may originate from the transverse degrees of freedom in the
experimental system (absent in the simulation), which offer more
possibilities for effective heat dissipation and can affect parametric
instabilities (43).

In summary, we have investigated how a tunable crystal-like or-
der with tunable periodic correlations emerges from atom–atom
interactions seeded by fluctuations in a Floquet system generated
by resonant band coupling. The tunable extended order observed
here is synthesized and controlled by the parameters of the
modulation and an atomic four-wave mixing effect stemming
from contact interactions in the ultracold regime. It is as such
applicable to other atomic species or systems with contact
interactions. A key feature of this instability is the ability, via the
coupling to higher bands, to tailor both the position and width
of the instability, which adjusts the periodicity and range of first-
and second-order correlations. Further investigations into this
effect can be envisioned to characterize the ulterior broadening
of the momentum components and the stability of the system
(with the possible existence of stable regions of modulation) to

A

B

Fig. 5. Long-term survival of the emerging crystal-like order. (A) Experimen-
tal stroboscopic evolution of the momentum distribution after band-mapping
over 510 periods of modulation. Modulation parameters are s0 = 3.8 ± 0.1,
� = 25.5 kHz, and '0 = 15 ◦. The initial growth of the instability is monitored
by counting the relative atomic population in the two stripes delimited by
dashed lines. (B) Evolution of the normalized population in momentum peaks
created by the instability [stripes in (A)]. A sigmoid fit allows us to determine
the nucleation timescale tn ' 4 ms. The population in the nucleated modes
then settles and remains identifiable on a timescale of several tn, but an
eventual broadening of the momentum peaks is clearly visible in (A).
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possibly observe in situ the density modulation, for example,
through the quantum gas magnifier technique (60, 61), or to
explore similar effects in higher dimensions and/or other lattice
geometries. This work highlights the potential of the interplay
between Floquet engineering and interactions for the preparation
and manipulation of exotic quantum states.

Data, Materials, and Software Availability. All study data are included in
the article and/or SI Appendix. The data and codes supporting the findings of
this study are available at https://zenodo.org/record/8127829 (62).
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